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Abstract. We consider Ledrappier’s dynamical system, which was the first example of a
Z?-action which is 2-mixing but not 3-mixing. Our main result is that, excluding certain
small ‘constructible’ sets, the system is mixing of every order.

1. Introduction

Let k be a positive integer and let 71, . . ., T; be invertible commuting measure-preserving
transformations of a probability space (X, BB, it). The corresponding Z*-action (T™ ezt
(where, forn = (ny, ..., ng), we denote T"! . .. T" by T") is r-mixing, for r > 2, if

r r
u(ﬂ T“fAl-) — [Ju@n. AieB1<isr
i=1 i=l1
asn; —n; — oo forall i # jT. The question whether, for Z-actions, 2-mixing necessarily
implies r-mixing for every r is an old open problem in ergodic theory. One of the first non-
trivial results related to this problem was established by Rohlin [6], who proved that mixing
(i.e. 2-mixing) endomorphisms of compact groups are mixing of all orders. Rohlin’s result
was generalized subsequently to more general classes of transformations, and conventional
wisdom started leaning towards the belief that the answer to the above question is positive.
Since there is, on the face of it, nothing special about Z-actions, there was also a tendency
to think that the situation for Z*-actions with k > 1 is similar. To the surprise of many,
Ledrappier [3] proved that this is not the case. He provided an example of a pair o, T

t Note that the conventional notion of mixing, namely the condition that (A N T™B) e forall A, Be B,

corresponds to 2-mixing.
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of commuting mixing automorphisms of a compact abelian group G, such that for some
measurable set A C G one has

nw(ANc? ANt A)—A w(A).
n—o0

Ledrappier’s work has served as an impetus for new and interesting developments and,
indeed, has led to the creation of a new branch of ergodic theory, which studies Z?-actions
by automorphisms of compact abelian groups, and has strong connections to abstract
algebra and number theory (see [8]).

Our goal in this paper is to undertake a deeper study of the higher-order mixing
properties of Ledrappier’s example, in the hope that this will shed new light on other
similar (and more general) examples. One of the natural questions addressed in this paper
concerns the nature of the obstacles to higher-order mixing. We will show that, in fact,
Ledrappier’s example is ‘almost mixing of all orders’.

To formulate this result formally (and to prove it), we have to review first Ledrappier’s
construction and introduce some notation and definitions. To give the reader a feeling of
the kind of results to be proved subsequently, we will formulate now a special case of our
main result, which describes completely the obstacle to 3-mixing in Ledrappier’s example.

Put

L={{(a,b), (a+250b), @ b+25):a,beZ kel

(where Z4 = {0, 1, 2, .. .}). We view L as a set of triangles in the two-dimensional integer
lattice, obtained from the single triangle {(0, 0), (1, 0), (0, 1)} by dilations by powers of 2
and translations.

Denote by p(C, D) the Hausdorff distance between subsets C and D of 72,

p(C, D) =rnax{sup inf ||c —d||, sup inf ||c —d||}, C,DCZ?,
ceC deD deD ceC

where || - || is the maximum norm on Z>¥. As usual in metric spaces, we shall also denote
by p(C, D) the minimal distance between a set C C Z? and a collection D of subsets of Z2.
Two sequences (v,) and (w,) of pairs of integers grow apart as n— oo if
1V — Wyl —> oo.
n—oo

THEOREM 1.1. Let 0, T be the automorphisms from Ledrappier’s example, and
(@@, b, @5, b5, (@5, B{" )52,

be a sequence of triples of integer pairs. Then

(n

ORRO) (ORI 0) (ORI O)
wie® AN 2 BNno% % C) — pn(A)u(B)p(C),
n—oo
A, B,CehB,
if and only if the following conditions hold.

+ We shall denote by p the Hausdorff distance between subsets of (Zz)r as well.
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(1)  The sequences (ai(”), bi(")) and (a;n), b;n)) grow apart fori # j.
) p(Dy, L) —> 00, where D, = {(a”, b™) : 1 <i <3}1.
n—>oo

The theorem indicates that the only obstruction to 3-mixing in Ledrappier’s system is
what happens along powers of 2. Our main interest in this paper is to understand (the
generalized form of) this phenomenon for mixing of any order. The main result of the
paper is that, roughly speaking, the only obstacle to mixing of any order is connected to
exceptional behavior of Ledrappier’s system along certain explicitly described rarified sets.
For example, we obtain mixing of all orders along ‘most’ systems of polynomial sequences
(cf. Proposition 8.2 and Theorem 8.18).

Let us mention in passing a few relevant results regarding high-order mixing of
algebraic dynamical systems, and the related algebraic tools required to tackle such
systems. First, note that the situation is simpler for connected groups. In fact, Schmidt
and Ward [9] showed that, for such systems, mixing implies mixing of all orders. When
passing from this ergodic-theoretical result, by duality, to the equivalent algebraic claim,
one obtains certain equations over fields of characteristic 0, which have to be shown to
admit only finitely many solutions. This step is accomplished using [7]. Ledrappier’s
example shows that, in the totally disconnected case, mixing does not imply mixing of
higher orders. When studying the degree of mixing of such systems, one needs again
to consider various equations arising from considering the dual action. This time, the
equations are over fields of finite characteristic. The relevant algebraic tools are now
provided by results such as those obtained by Masser [5], who was able to show that
the degree of mixing of such systems is completely determined by the non-mixing shapes.
(For another result in this realm, which deals only with the special case of S-unit equations
with two indeterminates, see Voloch [13].)

In §2 we present Ledrappier’s example in detail, and provide some more background.
The main result of the paper is presented in §3. In §4 we digress to study in detail the
case of 4-mixing, where we manage to draw a complete picture of the situation. Section 5
contains an algebraic result, which is crucial for the proof of the main theorem. In §6 we
prove the main theorem. We would like to note that some of our arguments are reminiscent
of those in [1]. Section 7 provides more details on the sets which are the obstacles to
high-order mixing. Finally, in §8 we treat some general examples which confirm the claim
contained in the title of the paper.

2. Ledrappier’s example

Let F, denote the field of two elements. We start with the set ]FZZ, considered as the set
of all double sequences over F». Equipped with the product topology and coordinate-wise
addition, IF%Z forms a compact abelian group. The Haar measure on ]F%2 is the product

. . . . 2
measure obtained by taking the normalized counting measure of F,. On IFZZ we have a
+ Thus, for example, if ay, by, |a, — bp| —> 00, then
n—oo
an by
(A No™ Ay N Az) — w(ADu(A2)pn(Az)

for any measurable sets A, Ay, A3.
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leftward shift o and a downward shift t. The former is defined by

U((an):in:_oo) = (Vm+1,n)yono,n:_oo

and the latter by

f(("mn)?,ﬁn:_oo) = (Vm,n+1);.no’n:—oo-

Obviously, the set
G= {(an)?,inz_oo Vmn + Vm+ln + Vmntl = 0, (m, n) € ZZ}

is a compact subgroup of ]FZ2, invariant under both ¢ and t. Our object of study is the
measure-preserving Z>-action (¢ t" m.n=—oo ON the probability space (G, B, i), where
B is the Borel field of G and p the normalized Haar measure on G.

It will be convenient to identify points in F% with formal power series. Namely, a point
2. . . . .
Wimn) g n=—oc0 € ]F% is identified with the power series

o8]

Z anx_my_”-
m,n=—00
Thus the actions of o and t correspond to multiplication by x and y, respectively.
(Note that the set of all power series ano,nzfoo VmnX " y™" does not admit a ‘natural’
multiplication operation, but the product of a power series and a polynomial in
Fo[x*!, yil] is well defined.) The dual group of IF%Z may be identified with Fo[x*!, yil]
as follows. The value of a character (corresponding to a polynomial Z(m’n)e g xMy")

. 2 .
at the point (vm,,);’,ﬁn:_oo € ]F% is (—I)Z(m-">€5 Vmn - where we note that the exponent

> (m.nyes Vmn is the free term of the product »°, cg x™Y" - 320 Vmax "y
The duals & and 7 correspond to multiplication by x and y on Fo[x*!, y*1]. The subgroup
G corresponds to the set of those power series Zﬁn:—oo VX "™y ™" for which (1 +
X4+ Y)Y oo VmnX ™y~ =0. The annihilator of G corresponds to the set of all
polynomials divisible by 1 + x 4 y. Hence G is the quotient Fo[x*!, y17/(1 4+ x +y),
which may be identified with the ring of all rational functions over F, whose denominator
is of the form x* (1 + x)".

Let us briefly mention that there is another way of viewing the system, which may be
more convenient for certain purposes. Take IF2Z+ as the underlying group. Let o’ be the
(one-sided) shift, and let ' = I + o/, where I is the identity map. The dual group now
is F>[x], and the dual actions are again multiplications by x and by 1 4 x. This system
is basically equivalent to Ledrappier’s system. (More accurately, the transformations o’
and 7’ are non-invertible, and one should pass to the natural extension to obtain exactly the
same system.)

3. The main result
As mentioned above, our main result in this paper says, roughly speaking, that the only
obstacle to mixing of all orders in Ledrappier’s system is what happens along powers of 2.
We shall proceed to state this result in a precise form in the general case.

In view of Theorem 1.1, the following definition is natural.
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Definition 3.1. Let (X, B, w, (T™)pc72) be a measure-preserving system, » > 2 an integer
and M C (Z*)". The system is r-mixing modulo M if for any A, As, ..., A, €B
one has

lim ,u(h T“"Ai) = IL[ w(A;)

i=1 i=1
as p((mq,...,n;), M) - ocoandn; —n; — oo fori # j.

Obviously, the smaller the set M is, the stronger is the assertion that a system is mixing
modulo M. Also, if M| and M are two sets of r-tuples, such that the distance from
every point of M to the set M is at most C for some constant C, then mixing modulo
M implies mixing modulo M. In particular, if the Hausdorff distance between M and
M, is finite (which means that there exists a constant C such that every point of M is at
a distance at most C from M5 and vice versa), then mixing modulo M5 coincides with
mixing modulo M.

With this terminology, Theorem 1.1 is equivalent to the assertion that Ledrappier’s
system is 3-mixing modulo L.

Definition 3.1 may be easily modified for Z¢-actions for any d. Note that a Z?-action
(T™)ez4 On a probability space (X, BB, u) is strongly mixing, i.e. it satisfies the condition

nwANT"B) — u(Au(B), A, Beb,

if and only if it is 2-mixing modulo the empty set. Similarly, one can check that a Z4-action
(T™) ez is weakly mixing, i.e. satisfies the condition

WANT"B) — w(AHu(B), A, BeB,
n¢ M

for some Mg C Z¢ of density 0, if and only if there exists a set M C (Z%)? of density 0
such that the action is 2-mixing modulo M. It is worth mentioning that, in general, the
exceptional set M distinguishing weak mixing from strong mixing may be not too small,
in the following sense. Given any positive sequence (c,) satisfying ¢, = o(n¢), one can
show [14] that there exists a weakly mixing system (X, B, u, (T™)pe7z4), sets A, B € B
and & > 0 such that

HL<Inll <N :|p(ANT"B) — p(Ap(B)| > e}| > e

for all sufficiently large N.

Our objective in this paper is to find, for any 7, necessary and sufficient conditions on a
set of 7-tuples M., so that Ledrappier’s system will be r-mixing modulo M,.. Moreover,
we would like these conditions to be as explicit as possible. As we shall see, Ledrappier’s
system is r-mixing modulo M, for rather small sets M,..

T Note that we could avoid the condition that the distance between n; and n; tends to infinity for i # j by
adjoining to M the set

U {(n;,mp,...,np) € (Z3y" ‘n; =n;}.

I<i<j<r

However, since in any non-trivial system the convergence in question (for all r-tuples of measurable sets) implies
that the sequences n; and n; grow apart, it seems more natural to put the condition as part of the definition.
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Definition 3.2. A finite r-element set {(ai, b1), (a2, b2), ..., (ar, by)} in 7% is a special
r-gon if
X140 x20 + )2 4+ x (1 +x)b =0.
The set of all special 7-gons will be denoted by L,.
Denote by A, the set of all r-element sets in Z2, containing a special s-gon for

some s <r.
The following theorem is the main result of this paper.

THEOREM 3.3. For everyr > 3, Ledrappier’s system is r-mixing modulo A,.

As we shall see in the following, the set A, is rather small, which justifies the title of
this paper. (See §§4, 7 and 8.)

4. An explicit form of Theorem 3.3 forr = 4

Theorem 1.1 is in principle a special case of Theorem 3.3, but uses the additional
knowledge as to how special triangles look like (see Lemma 5.6). To obtain an ‘explicit’
form of Theorem 3.3 for a specific r, one needs to know explicitly the family £, as well as
all families £ for s < r. Unfortunately, these families tend to become quite cumbersome
as r increases. We shall now give an explicit description of £4. Given two polynomials

r r
Py =Y xy, o y) =3 ayhe,
i=1 i=1

we will say that the polynomial P> (x, y) is obtained from P1(x, y) by an (a, b)-translation
and 2% -dilation if
Py(x, y) = xyP Py(x, )2,
namely if
aip=a+2%a;, bp=b+2%;, 1<i<r,

for some integers a, b and k> 0. Analogous terminology will be used for r-gons.
Now consider the following families of quadrangles (of which the first consists of a
single quadrangle):

Q1 = {{(0, 0), (0, 3), (3, 0), (1, D},

Q> = {{(0,0), (0, 2F + 1), 2%, 0), (1,25} : k >0},

Q3 = {{(0, 0), (0,25, 2" +1,0), 2%, D} : k >0},

Q4 = {{(0,0), (0,25, 2" —1,0), @* =1, )} : k> 1},

Qs = {{(0,0), (0,2 — 1), 2%, 0), (1,2 = D} : k> 1},

Q6 = {{(0, 0), (0, 2% + 1), (1,0), @*, D} : k >0},

Q7 = {{(0,0), (0, 1), 2* +1,0), (1, 25} : k >0},

Qs = {{(0, 1), (0,25, (1,0), 2%, 0)} : k> 1},

Qo = {{(0, 2 + 1), (0,25, (1,0), 2" + 1,00} : k> 0},

Q1o = {{2F +1,0), (2%, 0, 0, 1), (0,25 + 1)} : k>0}.
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FIGURE 1. Some quadrangles in £4.

See Figure 1, where the quadrangles for some selected values of k are shown. A bold dot
corresponds to k = 0 (where relevant), a circle to k = 1, and a square to k = 2.

PROPOSITION 4.1. Ly is the family of all quadrangles obtained from some quadrangle in
U}il Q; by an (a, b)-translation and a 2*-dilation for some (a, b) and k.

The proof will be provided in the next section.
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5. Auxiliary algebraic results
PROPOSITION 5.1. Suppose

,
> P01+ )" =0 (M
i=1

for some Pi(x), P2(x), ..., P.(x) € Fa[x], not all 0, of degrees not exceeding 2°, and

integers ay, by, az, ba, .. ., ar, by. Then there exist constants c1, 2, . . ., ¢y € Fa, not all

0, and «;, Bi € {0, 1} such that

r
Z cix[ai/Z‘YHOli (1 + x)[bi/2“]+ﬂi —=0. )

i=1
Proof. The proof is by induction on s. It will be convenient to prove slightly more
than required. Namely, we shall prove in addition that, if deg P;(x) < 2% and @; = b; =
0 (mod 2%) for some i, then o; = B; = 0.

For s =0, all the P; are either constant or linear. Those which are constant are already
as required. If P;(x) =x, take ¢; = 1 and increase a; by 1 (that is, ; = 1). Similarly,
if P;(x) =1+ x, take ¢; = 1 and increase b; by 1. Obviously, these changes bring the
equation to the required form. Moreover, if deg P;(x) <2° =1 for some i, then the
corresponding term is already of the required form, so that o; = B; = 0.

Suppose the proposition has been established when all polynomials P; (x) are of degree
not exceeding 2°~!, and suppose now that (1) holds, with all degrees not exceeding 2°. Let
P;1(x) be the polynomial obtained from P;(x) upon multiplying it by x if a; is odd and
by 1 + x if b; is odd. (Note that P;1(x) = x(1 + x) P;(x) in case both a; and b; are odd.)
Write (1) in the form

Y Pa) Gl 4 0t 22 =0, 3)
i=1

If not all polynomials P;j(x), 1 <i <r, are squares, then differentiate both sides to obtain

.
37 B o211 422 — o, 4
i=1

where not all derivatives P/, (x) vanish. Since the derivative of any polynomial over F; is
a square, we may rewrite (4) as

,
D PAGIA (1 4 )P =, (5)
i=1

where Pl.z2 (x) = P/, (x), and thus

,
> Po(ox4/2(1 4 0/ = . (6)
i=1

‘We have

deg P/, (x) - deg Pij(x) — 1 _ deg P;(x) + 1 - 25 +1

deg P; =
eg Pia(x) ) = B = B = )
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and therefore deg P;>(x) < 2°~!. Employing the induction hypothesis on (6) we arrive at
an equality of the form

,
Z Cix[[a,—/Z]/Z“’*‘]+a,-(1 + x)[[bi/z]/zkl]-i-ﬂi 0. (7)
i=1

Since [[m/2]/2° N=[m /2%] for any integer m, this is in fact an equality as required. Note
that, if deg P;(x) < 2* for some i, and a; = b; = 0 (mod 2°), then P;j(x) = P;(x) so that
deg Pir(x) <2°' —1and [a¢;/2] = a; /2 =0 (mod 2°~ 1), [b; /2] = b; /2 =0 (mod 25~ 1).
The induction hypothesis guarantees that in this case we shall have o; = ; = 0.

Now assume all polynomials P;i(x), 1 <i <r, are squares. Pass from (3) directly to
(5), and then to (6), where this time Pl.zz(x) = P;1(x). Now

deg Pii(x) _deg Pi(x) +2 _ 25 42

P. — :zs—l 1
deg P2 (x) > < > == + ¥

If we could bound the degrees of the P;»(x) from above by 25—1 the induction hypothesis
could be applied as before. Going over the chain of inequalities in (8), we see that the
left-hand side equals the right-hand side if and only if deg P;(x) =2° and both a; and
b; are odd. Denote by Ij the set of those indices i for which all three conditions are
satisfied. According to our assumption, if i € Iy then Pl.zz(x) =P1(x)=x(1+x)P;(x),
and therefore Pj>(x) is divisible by x (1 + x). Put

Piz(x)
X

P4
lz(x), i €ly,a =2°—1 (mod?2%), b; £2° — 1 (mod 2%),
P3x)=41 l+x 9

Piz(x) . ,
m, i€ly, ai=b;=2°—1(mod?2%),

Pir(x), i ¢ lop.

, i €ly,a; #2° — 1 (mod 2%),

Reordering the terms in (2), we may assume that the first condition in (9) is satisfied for
1 <i <ry, the second for r| + 1 <i < ry, and so forth. Rewrite (6) as

T 1)
Z PiS(X)X[ai/zHl(l +x)[bi/2] + Z P,'3(x)x[ai/2](1 +x)[bi/2]+1
i=1 i=ri+1

r3 r
+ Y PaCoxl P 4 2 N x4 0P = 0. (10)
i=ry+1 i=r3+1

Apply the induction hypothesis to (10). We obtain an equality of the required form,
except that the resulting «; and §; may seem to be possibly 2 instead of either 0 or 1. To
this end, we note the following.

(1) For 1<i<ry we have [a;/2] ¢23_1 — 1 (mod 23_1), and therefore [([a;/2]
+1)/27 1 = [a;/2°].
(2) Forr; + 1 <i <ry we analogously have [([b; /2] + 1)/25_1] =[b; /2°].
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(3) For rp+1<i<r3 we are in the special situation where deg P;3(x) = 25—1 and
[ai/2] +1=[b;/2] + 1 =0 (mod 2° _1), for which the induction hypothesis ensures
that the exponents of x and 1+ x in the resulting equality will be [([a;/2] +
1)/257 1 = [a; /251 + 1 and [([b; /2] + 1)/25~ 1 = [b; /2°] + 1, respectively.
(4) For r3+1<i<r we clearly obtain in the reduced equality terms as required.
Moreover, those terms in (10) which arose from terms in (1) with deg P; (x) < 2° and
a; = b; =0 (mod 2°) give rise to terms of the form Pi3(x)x%/%(1 + x)Pi/2, where
deg Pi3(x) <2°¢ —1 whence the induction hypothesis ensures that o; = 8; = 0.
This completes the proof. a

Definition 5.2. A polynomial P(x, y) € Fo[x*!, y*!] is an L-polynomial (L for
Ledrappier) if P(x, 1 4+ x) = 07.

In other words, L-polynomials are those polynomials belonging to the ideal (1 +
x +y). (Infact, if P(x, y) € (1 +x+y), then P(x,y) =1 +x + y)Q(x, y) for some
polynomial Q(x, y), so that P(x,1+x)=((1+x+1+x)Q(x,1+x)=0. On the
other hand, if P(x, 1 + x) =0, then 1 + x is a root of the polynomial R(y) = P(x, y) €
F2(x)[y], and therefore P(x, y) isdivisibleby y — (1 +x)=1+x+y.)

Definition 5.3. A polynomial P(x, y) = Zle x“"ybi e Fp[x*!, yil] is in reduced form
if (a;, b;) # (aj, bj) for i # j. The length of a polynomial is the number of monomials r
in its reduced form.

In view of Proposition 5.1, the main thing we need to do is characterize L-polynomials.
This is relatively easy for ‘short’ polynomials.

LEMMA 5.4. There are no L-polynomials of length 1 or 2.

Definition 5.5. A polynomial T (x, y) € Fo[xT!, yE1]is triangular if
T(x, y) = x%yb +xa+2kyb +xayb+2k

for some integers a, b and k > 0.

LEMMA 5.6. A polynomial of length 3 is an L-polynomial if and only if it is triangular.

Proof. The ‘if’ direction is immediate. For the inverse direction, let P(x,y)=
Z?:l x%yPi be an L-polynomial. Consider the three pairs (a;, b;) modulo (2, 2). We
distinguish between three cases according to the distribution of the pairs among the residue
classes. It will be convenient to deal with the cases in the following order.

Case 1. Two of the pairs belong to the same residue class, while the third pair belongs
to another.

Multiplying by some x%y# we may assume the class containing the two pairs to be
(0, 0). Differentiating both sides of the identity

+ Thus, a finite set ((ag, by), (a, b2), ..., (ar, by)) is a special r-gon if and only if the polynomial x%1 ybl +
x®2yb2 ... 4 x@ ybr js an L-polynomial.
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3
> a1+ =0,
i=1
we are left with a single monomial on the left-hand side, which is a contradiction.

Case 2. The pairs belong to three distinct classes.
Without loss of generality, we may assume that (a1, b;) = (0, 0) (mod (2, 2)), (a2, b2)
= (1, 0) (mod (2, 2)) and (a3, b3) = (0, 1) (mod (2, 2)). Differentiate to obtain

x27 N1+ 02 4 x5 (1 + 0 =0
This implies a; = a3 + 1 and b, = b3 — 1. Consequently
20 +02 +x8304+08 =x31 + )2 + A +x) =x3(1 4+ x)2,

so that a; = a3 and b) = b,. Hence P (x, y) is triangular.

Case 3. All pairs lie in the same residue class.

It suffices to prove our claim for the case where a;, b; > 0 for each i. We do it by
induction on the total degree of P(x, y). For degree O the claim is trivial, since there
exist no such polynomials of length 3. Suppose the proposition holds for polynomials of
degree not exceeding d — 1, and let P(x, y) be of degree d. If all the a; are odd, then
the polynomial P (x, y)/x is still an L-polynomial with all pairs of exponents in the same
residue class. By the induction hypothesis, P(x, y)/x is triangular, and therefore so is
P(x, y) itself. Similarly, we may assume all the b; to be even. Since

3 3 2
Zxai(l + x)bi — (Z xlli/2(1 +x)b,'/2> ,
i=1 i=1

the polynomial Z?:l x%/2ybi/2 i5 also an L-polynomial, and it is of degree smaller than
that of P(x, y). If all its coefficients lie in the same residue class modulo (2, 2), then
by the induction hypothesis the polynomial is triangular, and hence so is P(x, y). In the
other case, it satisfies either the conditions of Case 1 or those of Case 2, and again we
are done. O

Remark 5.7. Actually, we could have given a simpler proof, as follows. Multiplying by
some x%y? we may assume all the a; and b; to be non-negative with at least one of
the a; and at least one of the b; being 0. The two substitutions x =0 (and y = 1) and
x =1 (and y = 0) show that at least two of the a; and at least two of the b; are 0. Thus
P(x,y) =14 x% 4 y?. The equality (1 + x)”? =1 + x“ now gives b = a = 2°. However,
the proof we have given is more in line with the techniques we employ in the paper, and it
is instructive to have prior to the characterization of L-polynomials of length 4.

The characterization of L-polynomials of length 4 is essentially the contents of
Proposition 4.1, which will now be proved.

Proof of Proposition 4.1. Let P(x, y) = Z?:l x%yP be an L-polynomial. Similarly to
the proof of the preceding lemma, two of the a; may be assumed to vanish, and so may
two of the b;. Thus, there are two cases to consider.
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Case I. 1+ (14 x)22 4 x% 4+ x%(1 4+ x)P+ = 0.
Consider the four integers by, as, as, ba. We proceed by looking at how many of them
are even and how many odd.

Subcase 1(i). All four numbers are odd.
Differentiating both sides of the equality we obtain

(14 )27 x®=hp xa=l(q 4 b=t =0,

According to Lemmas 5.4 and 5.6, this means that we have here some rearrangement of
the equality

1+ +(1+0¥ =o0.

One possibility is having by — 1 =a3 — 1 =2F and a4 — 1 = by — 1 = 0. Substituting in
the original equality, we obtain

14+ +0X ! £ x2H x4+ x) =0,

which is easily seen to yield k = 1, so that b = a3 =3 and a4 = b4 = 1. This yields the
quadrangle Q. If either ay — 1 = 2% or by — 1 = 2K, then the last summand on the left-
hand side of our equality is a polynomial of degree 2X + 2, while the first three are of lower
degree, and therefore we do not get a solution.

Subcase 1(ii). Exactly one of the numbers is odd.

Since three of the numbers are even, three of the terms on the right-hand side of our
equality are squares, and so is their sum, whereas the fourth cannot be a square. Thus this
case is impossible.

Subcase 1(iii). Exactly two of the numbers are odd.

The reasoning in the preceding case shows that not both b, and a3 are even. If by
and a3 are both odd, then a differentiation takes us to the case » = 2, which shows that
by = a3z = 1, which does not lead to a solution. Suppose b, and exactly one of a4 and
by are odd. If by is the odd one, then a differentiation again leads to an L-polynomial of
length 2, implying that a4 = 0. This case is the intersection of Case 1 with Case 2, and will
be considered within the framework of Case 2 later. If a4 is odd, then differentiate

(1402 4 x4= 11+ 0P =0,
to obtain a4 = 1 and b, — 1 = b4. The original equality reduces then to
1+ (1 +x)"+x53 =0,

which by Lemma 5.6 gives a3 = by = 2% for some k. Altogether we have by =2k +
l,a3=by = 2k a4 = 1, which yields the quadrangle Q>. The case where a3 and exactly
one of a4 and b4 are odd may be transformed to the preceding case by replacing x by 1 + x,
and this gives therefore the solution by = a4 = 2k az = 2k 41, by =1, namely Q3.


http://journals.cambridge.org

Subcase 1(iv). Exactly three of the numbers are odd.

If the even number is b,, then differentiation shows that a3 =a4, by =1, and
substituting in the original equality we obtain by = 2, a3 = 2K — 1. Thus by =2k, a3 =
as =2 — 1, by=1, that is the quadrangle Q4. If the even number is a3, then by
symmetry by = by = 2k 1, az = 2k, as = 1, namely Qs. If the even number is a4, then
by differentiation

(1 +x)2 4 xa7 x4 Q40 =o0.
According to Lemma 5.6, this yields three possible solutions. One of these is by =
2K+ 1, a3 =by =1, ag = 2%, leading to Qg. The other two are by =1, a3 =2F + 1, a4 =
0, by = 2k 41, and by =a3 = 2k 1, a4 =0, bg = 1. Both of these solutions correspond
to Case 2 also, and will be treated there. If the even number is b4, then by symmetry we
arrive at the solution by = a4 = 1, a3 = 2% + 1, by = 2, leading to Q7.
Subcase 1(v). None of the numbers are odd.

Divide all four numbers by the largest possible power of 2, thus reverting to one of the
former cases.

Case 2. (1 +x)P + (1 +x)2 4+ x5 4 x4 =0.
Similarly to Case 1, we separate to subcases according to the number of even and odd

numbers among the integers by, bs, a3, aa.

Subcase 2(i). All four numbers are odd.
Multiply both sides by x and differentiate to obtain

A+ + 1+ =0,
which we know from Lemma 5.4 to be impossible.

Subcase 2(ii). Exactly one of the numbers is odd.
Exactly as in Subcase 1(ii), this yields no solutions.

Subcase 2(iii). Exactly two of the numbers are odd.

A differentiation gives an equality involving only two terms. By Lemma 5.4 the
derivative must then vanish trivially, which means that one of the a; and one of the b;
are 1, say by = a3z = 1. This yields

1+ +x)724+x% =0,
and Lemma 5.6 implies by = a4 = 2 for some k, which gives Os.
Subcase 2(iv). Exactly three of the numbers are odd.

After differentiation we revert to the case of Lemma 5.6. If the even exponent is one of
the b;, say by, then this impliesaz — 1 =0and by — 1 =a4 — 1 = 2k for some k, namely
az=1,b; =as =25 + 1. Then

(1407 =1+ 0% 4x 227 = 1+ 07,
which gives by = 2K, This yields the quadrangle Qg. If the even exponent is one of the a;

then we obtain symmetrically Q1.

Subcase 2(v). None of the numbers are odd.
Similarly to Case 1 we may divide them all by the largest possible power of 2, which
brings us back to one of the former subcases. |
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6. Proof of Theorem 3.3

The proof of Theorem 3.3, to be presented in this section, hinges on Lemma 6.2 below. We
will find it convenient to view in this section the condition of mixing modulo M somewhat
differently. Namely, this condition may be rephrased in terms of the sequences of r-tuples
of pairs of integers for which the intersections we consider converge to the correct limit.
Thus, we start by defining the following notion.

W pMy @, by, @™, b))

Definition 6.1. A sequence ((a, | of r-tuples of

pairs of integers, with (al.("), bi(")) and (a;"), bj.”)) growing apart for i # j, is mixing if

/l_[azn <")ﬁdu—>]_[[ﬁdu

for every fi1, fo, ..., fr € L*.

Note that a sequence ((a, () b(")) (a, (n) bé”)), R ") b(")))oo | is mixing if and
only if any bounded perturbation thereof is such. Clearly, 1f the system is mixing modulo
M, then every sequence ((aln) b(")) (ay (») b;”)), o (@™ b(")))n |» with (al.(”), bl.("))

and (a}'l), b;”) ) growing apart for i # j, and the distance of whose elements from M
tends to infinity, is mixing according to this definition. On the other hand, once we
characterize those sequences which are mixing according to this definition, we have
actually characterized those sets M for which the system is mixing modulo M.

For systems consisting of compact abelian groups and endomorphisms thereof, it is
usually most convenient to test mixing properties by studying corresponding properties of
the dual action. For Ledrappier’s system, the condition is given by the following lemma,
which we present without proof. (See [8, p. 263] for full details.)

LEMMA 6.2. A sequence ((aln) b(")) (a, () bgl)), ..., (a r(") b(")))"o1 is mixing if and
only if for any polynomials P1(x), P»(x), ..., P, (x), not all 0, the equation

2 H® 2 H® am Q)
Pro)x® (I4+x)"1 4+ P(x)x% (1+x)72 +--- 4+ P(0)x™ (1+x)" =0 (11)
has only a finite number of solutions n.

Example 6.3. The sequence ((0, 0), (2", 0), (0, 2"))5 ; is not mixing since
10 4+0+1-x20+0°+1-2°0+x0% =0
for each n.

Proof of Theorem 3.3. Let ((a\™, b™), (a{”, By, ..., (@, b"))> | be a non-mixing
sequence, such that (ai("), blf”)) and (a;"), b;”)) grow apart for each i £ j. We have to show
that it contains a subsequence, consisting of elements which are at a bounded distance
from A,. Indeed, by Lemma 6.2 there exist polynomials P;(x), P>»(x), ..., P-(x), not all
0, such that the equation

Ro) p® R0 R0) o™ B
Pi(x)x“t (1+x)"t +Py(x)x2 1+x)2 4+---4+ P.(x)x" (14+x)" =0
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has infinitely many solutions n. Apply Proposition 5.1 to each of these n. Ignoring the
other n, and passing to a subsequence, we obtain constants ci, ¢, . . ., ¢ € F2, not all 0,
and oy, Bin € {0, 1} such that

r (1) /ns (1) jns
Z C,'x[a" /2 ]+a,-,1(1 + x)[bi /P1+Bin — . (12)
i=1

Passing again to a subsequence, we may assume that each of the sequences «;, and

Bin is constant and that each of the sequences (ai(")) and (bi(")) is constant modulo 2°,

say a,.(") = g; (mod 2°) and bf") = b; (mod 2%). Reordering the pairs (al.("), bi(")), we may

finally rewrite (12) in the form

r/
S a2 (0721

i=1
for some 1 < r’ < r. Raising this equality to the power 2°, we find that
" g2 b —p; 425 B;
D xR (] )b A = 0,
i=1

Thus, the r'-gon

(@, by"™), @5, b5, . @l )
is obtained from a special r’-gon by a bounded perturbation, so that the r-gon
(@, 6™y, @, b3, ..., @™, b,
stays close to A,. This completes the proof. |

7. The structure of L,
We have seen in §4 that the only reason for a sequence of r-tuples of pairs to be non-mixing
is its proximity to some special r-gons (or the proximity of some of its components to
some special s-gons for a certain 3 < s < r). For r = 3, the only special triangles are those
corresponding to triangular polynomials. For » =4 we have seen that there are several
families of special quadrangles. Most of these, in fact all those obtained from one of the
r-gons of the families Oy, . .., Q1o by translation and dilation by a power of 2, correspond
to sums of two triangular polynomials. For example, for a typical quadrangle in Q»,

2k41

2 2!

k k k k k
T+ 42 40y =0 +x2 +y) 4+ yY A +x+y).

The quadrangle in Q; corresponds in two ways to sums of four triangular polynomials,
I+ 4+ +xy =T +x+ 0 +x+27+y) +y(1+ x>+ +xy(+x+y)
=0+ +y) + A+ 2+ )+ A+ x + )+ v +27 4y,

but it may be shown to correspond to no shorter sum of triangular polynomials. Our main
result in this section asserts that any special r-gon corresponds to a sum of triangular
polynomials, and the number of addends is bounded above by some constant depending
only onr.
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THEOREM 7.1. Every special r-gon corresponds to a sum of at most r> triangular
polynomials.

It will be convenient to denote by /(r) the minimal number m such that every special
r-gon corresponds to a sum of at most m triangular polynomials. Thus, the theorem asserts
that A (r) is finite for every r and, moreover, h(r) < .

Proof. We proceed by induction on r. For r =3 the theorem is a weak version of
Lemma 5.6. Assume that the theorem holds for polynomials of length up to r — 1, and
let P(x,y) e FaxE!, yil] be an L-polynomial of length r, say P(x, y) = Z;zl x“"ybi.
Assume without loss of generality that a;, b; > 0for 1 <i <r. Fora, B8 € {0, 1} put

Ryg={1<i<r:(a b)=(a, B) (mod?2)}

and
Pop(x, y) = Y x“iy",
i€Rup
so that
1
P(x,y)= Y Puplx,y).
o, f=0
Let

rap = |Rapl, @, B€{0,1}.

We may assume that g < r for each (o, B). Indeed, if 45 = r for some (a, ), then
dividing P (x, y) by x*y# and taking a square root, we obtain an L-polynomial of length r.
Continuing the process, we eventually obtain an L-polynomial of length r satisfying the
extra condition. Expressing this polynomial as a sum of several triangular polynomials, we
easily decompose P (x, y) into a sum of as many triangular polynomials.

Replacing P(x, y) by one of the polynomials xP(x, y), yP(x,y) or xyP(x,y),
if needed, we may assume that rog > rio, ro1, 11- Next, we note that the
polynomial P(y~!, xy~!) is also an L-polynomial, and by replacing P(x, y) by it we
leave the set Rqp intact and permute the other three Ryg cyclically. Hence, using this
transformation or its inverse, we may assume that ro; > rqg, 711-

Now we introduce a few more polynomials, as follows:

Vi(x, y) =x "'y Pio(x, y) 4+ Por(x, y) + x 7 P (x, ),
Va(x, y) = Poo(x, y) + x 1 Pio(x, y) + x 1y Pii(x, y),
Vi, ) =1+ x4+ x7 Iy Prote, ) + A+ x4+ x7Ty) P, y).

All three are L-polynomials. In fact

d
Vix,1+x)=(1 +x)d—P(x, 14+x)=0,
x

Va(x, 1 +x) = %((1 +x)P(x, 1 +x)=0,

and
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Va(x, y) =x" 11+ x 4+ y)(Pro(x, y) + Pii(x, y)). (13)
so that
Vi(x, 14+ x)=0.

Note that the length of Vi (x, y) is r — rgo, the length of V,(x, y) isr — ro1, and (13) shows
that V3(x, y) is a sum of rjo + r triangular polynomials. As P(x, y) = Z?:l Vilx, y),
this shows that P (x, y) is a sum of triangular polynomials.
The construction above yields
h(r) <max(h(r —roo) + h(r —ro1) +rio +r11),

where the maximum is taken over all polynomials of length r satisfying our assumptions.
In view of the assumptions on the rg it follows that

h(r)y <max{h(r —d)+h(r—c)+a+b:a<b<c<deZy,
a+b+c+d=rd<r}

It remains to prove that, for non-negative integersa <b <c <d <rwitha+b+c+d =
r, we have
r—d’+0—-cP+a+b<r. (14)

In fact, the constraints guarantee that ¢ > (r — d)/3, and therefore

3

We have to show that, for d € [r/4, r — 1], the right-hand side is bounded above by r3.
Routine calculations show that, considered as a function of d in that interval, the right-
hand side is decreasing from r/4 up to some point and increases after that. Thus we need
to check only the values at the endpoints /4 and r — 1, and it is easily seen that both
values are bounded above by r3. This completes the proof. O

3
(r—d)3+(r—6)3+a—|—b§(r—d)3+(2r+d> +r.

Remark 7.2. The upper bound of 73 in the theorem can be easily replaced by a somewhat
smaller power of r, but our method does not yield a bound of 72. It would be interesting
to know how fast A (r) grows as a function of r. The ‘worst’ example (in the sense that it
seems not to be representable as a sum of a few triangular polynomials) we have so far is
the family of polynomials
1+xy+x3 43,
1+ xy+ 33y +x7 47,

and in general

r—1_ r—1_
2 1 y2 1

2"—1 2"—1

1+xy+x3y3+x7y7+-~~+x +x +y

Denote the last polynomial by U,.. One can easily verify that

2 2!

Uit = U + 27 1A+ 07 497 497 10+ 27+ 27 B2 0+ x4 ).

As Uy =1+ x4y is triangular, this shows that U, is a sum of 3r — 2 triangular
polynomials. Note that, as U, is of length r 4- 2, this example yields an infinite family of
polynomials such that the polynomial of length r is a sum of 3r — 8 triangular polynomials.
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QUESTION 7.3. Can any U, be expressed as a sum of less than 3r — 2 triangular
polynomials?

QUESTION 7.4. Assuming that the answer to the preceding question is negative, are there
even sharper examples?

While we have not found an exact expression for h(r), we are able to find, for each
special r-gon, the minimal number m such that the r-gon corresponds to a sum of m
triangular polynomials. For an r-gon R (and corresponding L-polynomial P(x, y)), we
denote this number by h(R) (or A(P)). The correspondence between special r-gons and
L-polynomials enables us to use geometrical terminology for the latter. In particular, it
will be convenient to use the diameter of an L-polynomial, meaning the diameter of the
corresponding subset of Z2. Distances in Z> will be calculated by the maximum metric.
Denote A=1+x+y.

PROPOSITION 7.5. Given a special r-gon R, it is possible to calculate h(R) effectively.
Moreover, if the diameter of R is D, then it is effectively possible to represent the
corresponding special polynomial P as a sum of h(R) triangular polynomials

P, y) =Y xtyha?, (15)
teT

. . . 3 . .
where each triangle is of diameter at most 5(5r3)"" D, and its Hausdorff distance from R
. 3
is at most (5r3)" 1 D.

We first need a lemma.

LEMMA 7.6. Let R and P be as in Proposition 7.5, and suppose P has a representation
as in (15), with |T| = h(P). Suppose there exist integers k and I, satisfying D <?2'/5
and h(P) < 2l’k/5, such that for every t € T we have either k; <k or k; >1. Then
P(x, y) has an alternative representation as a sum of triangular polynomials, in which
the terms x® ybr A% with k; < k are replaced by terms of the form xa;yb; Azkt, while the
terms x% yb: A" with k; > [ are replaced by terms of the form x“t/yb; A2

Proof. If T is of the smallest possible size, then |7| = h(P). We can define a graph on 7,
where two triangles in 7 are adjacent if they share a common vertex. This graph will be
denoted by 7 as well. Since the partial sum corresponding to any connected component of
T is itself an L-polynomial, we shall assume throughout that 7 is connected.

Split the set 7 into two parts, depending on the size of the triangles. Namely,
write 7 = Ty U T, where Ty = {t : k; > 1} and 73 = {r : k; <k}. Let Ty, . . ., Tom be the
connected components of 7, and Zg1, . . . , 7y, the connected components of 75. Note that,
shrinking each 7y; and T; into a single vertex, we obtain a bipartite connected graph T.

Put

Pyi(x, y) = Z x“’y”’Azk’, d e {b,s}.
teTy;

Let Ry ; be the union of the triangles in 7, ;, where d is either b or s. Note that all the first
coordinates of elements in R}, ; are congruent modulo 2!. In terms of polynomials, this
means that
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Py; =x5’iyl;ig,-(x2[, yZI), i=12,...,m,
for appropriate polynomials

=0l Byl okl
gi(x’y)z E x(aj_al)/Z y(b/_bl)/z AZI , i=1,2,...,m,
JEPyi

where |a;| <2/~ and |b;| < 2/~'. Multiplying P by an appropriate monomial, we may
assume d; = b; = 0.

For each 7y, ;, consider the shortest path from 7y, ; to 7y ; in the bipartite graph T. The
change from the initial values a; = 0 and 51 = 0 to the final values g; and l;,- is due to the
sets 7 ; in the path. In fact, if Ty ;,, 75 ; and 7Ty ;, are consecutive vertices of this path,
then |d@;, | < |d@;,| + 2%|75 ;|. Tt follows that |&;| < 2%|7;| <2'/5 and similarly |b;| < 2//5
fori=1,...,m.

Since each R ; must intersect some Ry ;, there must be at least one point in R
congruent to (a;, l;,-). As the diameter of Ry ; is at most 2k |75, 1 < 2! /5, the nearest lattice
point to all points 2w with w € 7Ts,; is the same point (A}, Bj) € 72, Furthermore, the
distance between (2'A;, 2! B;) and any point of Ry ; is at most 2/*1/5.

Let 7 be the set of all integer pairs (c, ) for which the monomial x®y# appears in
one of the polynomials g; (x, y). Write g; (x, y) = Zm’ﬂ)e, ei,a,ﬁx“yﬁ for suitable €; ¢ g.
Then

P(x,y) = Z leay2]ﬂ<i€i,a,ﬁx&iy5i> +i Z xa[yb,Azkt

(a,B)el i=1 j=11teTg

m ~
(a,B)el i=1 {jl(Aj,Bj)=(,p)} teTs

Notice that every term in the above sum is contained in a neighborhood of radius 2/*! /5
of the corresponding point (2'«, 2 B). Since the diameter of P is smaller than 2/ /5, one of
the terms in this sum yields P and the others vanish. By the assumption that (0, 0) € R, it
follows that P must equal the term corresponding to (0, 0), namely

m

T k

Y eioox iy’ + > Yo xy AT =P, y),
i=l1 {j1(A;.Bj)=(0,0)} reTs, ;

whereas for («, ) # (0, 0) we have

m ~
Z Si,a,ﬁxuiybi + Z Z x“ﬁz[o‘yb”zlﬂ Azk' =0.
i=l {jl(Aj,Bj)=(a,p)} teT ;

It follows that in the above expansion for P(x, y) we can replace 2o and 2/8 by «
and B, respectively, and write
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i=1

(a.p)el {jl(Aj. Bj)=(a.p)} t€Ts,

xiybigi(x, )+ Y

o /3( xa,—zlayb,—zfﬁAzkt>
(a,p)el {vI(Ay, By)=(a.B)} 1€T5

I Il
i Ms 'Ms

Z it (ar=ai)[2')  (Bit(br=bi)/2) A2
P

Z ar— 2’AU+Avyb,72’Bu+BUA2kt. 0O
j=11eT

Proof of Proposition 7.5. Take a decomposition as in (15) with max;c7 as small as
possible. Suppose, say, that 2K < ... < 2k Set kg = 0. Let m be the maximal integer
such that 2k» <5D. If s > m, and if 2%+1—Ks > 5h(R), the assumptions of Lemma 7.6
are satisfied for k = kg and [ = k;11, so that the conclusion of that lemma contradicts
our minimality assumption. It follows that 2kt < Sh(P) - 2ks for s > m, and therefore
by Theorem 7.1 we have 2knry < (5H(P)'P)(5D) < (5r3)’3(5D). Hence every triangle
in the decomposition must be within a radius of Y, 2% < (r3)(5h(P))"P)(5D) <
(5r3)r3(5D) from some point of R.

Since the number of decompositions satisfying these properties is finite, this yields an
algorithm for finding a decomposition as required. o

8. Higher-order mixing along special sequences

The main theme of this paper is that a sequence ((a, () b(”)) (a, (n) b(")),...,
(a,”) b(")))o"1 is mixing unless it satisfies certain quite restrictive conditions. In this
section we apply our previous results to study the conditions under which some ‘natural’
sequences, arising from polynomials or multiplicative semigroups, are mixing. The
examples below give further validation to our theme. We start with the following

straightforward consequence of Lemma 6.2.

PROPOSITION 8.1. Each of the following three conditions implies that the sequence

((af”, b{"™), (@, b5, ... @™, b2,
is mixing:
(1) |al.(n) (")|—>oof0r1<1<]<r
n— o0

@ b b — coforizi<j=r.
n—
(3) |(a,-(n) +b,~(n)) (a (n) —i—b("))l = ocoforl <i<j<r.

In fact, if the first condition in the proposition is satisfied, then we can bound from above
the power of x dividing the left-hand side of (11), if the second condition is satisfied then
we do the same using 1 + x, and if the third condition holds then we prove the proposition
by considering the degree of the left-hand side of (11).

The following proposition is an immediate consequence of Proposition 8.1.
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PROPOSITION 8.2. Let p;(x), qi(x) € Q[x] be polynomials without constant term such
that pi(Z), qi(Z) C Z, 1 <i <r. Suppose at least one of the following conditions holds:
(1)  the polynomials p;(x) are mutually distinct;

(2)  the polynomials q;(x) are mutually distinct;

(3)  the polynomials p;(x) + qi(x) are mutually distinct.

Then the sequence ((p1(n), q1(n)), (p2(n), g2(n)), ..., (pr(n), q-(n))),2, is mixing.

Denote by Z* the multiplicative semigroup of non-zero integers. Let 7; : Z™ — Z be
the jth coordinate map, j =1, ..., m.

LEMMA 8.3. Assume that G is a finitely generated subsemigroup of the m-fold cartesian

product (Z*)™ with a set of generators hy, ..., hy, such that for all j =1, ..., m and
i=1,...,twehave mj(h;) #£2° for s > 1. Letl:Z"™ — 7 be a linear function, and
let (gn) be a sequence in G such that |l(g,)| —> oo. Then, for any fixed integer d and
any fixed ao, . .., aq, there exist at most ﬁni?e_l)yoomany n for which 1(gy,) is of the form
Yo a2,
Proof. Let R ={2, 4, 8, ...} be the subsemigroup of Z* generated by 2. The conditions of
the lemma imply that, forevery g € Gand j =1, ..., m, the set Rm;(g) N 7;(G) is finite.
Let (g,,) be a sequence in G such that |[(g,)| —> oco. Letl(xy, ..., xn) = Zf”zl o X;.
Replacing {1, ..., m} by a subset thereof anél ;gsing to subsequences if needed, we

may assume that no subsum of /(g,) = Z;"Zl o gni vanishes. Thus we need to prove that
the equation

d
(gn) = > a2 =0
Jj=0
has at most finitely many solutions (n, rg, ..., ry) with no vanishing subsums of
Z?:O a;2'i. (If there is a vanishing subsum, replace it by a shorter sum.) In particular, it
suffices to prove that

d
1Q70g) =Y b2 =1, bj=a;'a;
j=1
has finitely many solutions (g, rg,...,rq) with g€ G and r; as above. By

[2, Theorem 1.1], there exist at most finitely many solutions of
d
18— b2 =1, g'ed
j=1
without vanishing subsums, where G is the subgroup of R* generated by G and
{2, 1,....,),1,2,....,),....,(,1,...,2)}.

Since Rm;(g) Nm;(G) is finite for each g € G, it follows that for every such g’ there
are at most finitely many possible values for rg such that g =2"0¢" € G. In particular,
I(gn) — Z?:O a ;2" = 0 has finitely many solutions without vanishing subsums. Now we
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take a general solution of /(g,) — Z?:o a;2" =0 and rewrite it as a sum of minimal
vanishing subsums. We decompose a linear function into subsums in the form

Lxt, ovoy X)) =@ix) + - - - + QX :le(xlv cees Xm),
J

where T = (T3, ..., Ty} is a partition of {1, ..., m} and [;(x1, ..., xn) = ZieTj o X;.
The partition T can be chosen so that the minimal vanishing subsums are of the form
li(gn) — ZieUf a;2"i, where U= {Uy, ..., Us} is a similar partition for {0, ..., c¢}. For
any such pair of partitions (T, U) there are a finite number of solutions so that the
minimal vanishing subsums are actually /;(g,) — Zieuf a;2", so that there are finitely

many solutions of /(g,) — Z?:o a;j2"i =0. O

LEMMA 8.4. Let G be as in the preceding lemma and letly, ... 1., 1}, ... 1} : Z" — 7
be linear. If (yu);2 | is a sequence in G satisfying

o (i yn)s LiCyn))s (i), L (vn)) =00 l=i<j=r

then the sequence (I (yn), [y (Yn)). - - -, (Lr(¥n), [.(¥))) is mixing.

Proof. If the sequence in question is not mixing, then by passing to a subsequence we
may assume that, say, the sequence (/1(y,) — l2(¥,)) is unbounded and is composed of
numbers each of which is of the form Zflz 1 €i2", where d < h(r) and ¢; = %1 for each i.
This contradicts Lemma 8.3, and thus proves our lemma. O

Let D C Z?. A Z?-action (T, S) on (X, B, ) is r-mixing along D if
r r
u(ﬂ T'"“”S"f(”Ai) — [[wan. 4. A €B
i=1 i=1

as (m;(t), n;(t)) € D for each i and p((m;(t), n;(t)), (m;(t), nj(t))) 2 fori # j.

THEOREM 8.5. Let ' be a finitely generated multiplicative subsemigroup of Z*. If
rNn{2":n=1,2,...} =0, then Ledrappier’s system is mixing of all orders along I" x T.

Proof. If Ledrappier’s system is not mixing of order » along I' x I', then there exist
sequences (m;(1))72; and (n;(¢));2, in ', fori =1, ..., r, such that

r r
M( a,mi(t)-[”i(l)Ai> — K # l_[ n(A;),
L t—00 o

and p((m; (1), ni(t)), (m;(t), n;(t))) 200 Let yy = (m1 (1), ..., mp(t), n1 (), ...,
ny(t)eG= 2" and apply Lemma 8.4. O

THEOREM 8.6. Let I' be as in Theorem 8.5, and p;(x), qi(x) be integer polynomials
without constant term, 1 <i <r, such that the pairs (p;(x), qi(x)) are distinct. Then

r r
u(ﬂ (,p,(m)tqi(n)Ai) e )

i=l (m,n)elxT i=1
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Proof. We proceed similarly to the proof of the preceding theorem. If the conclusion does
not hold, then there exist sequences (m,)fi , and (n,);’i | in T" such that

r r
pi(me) qi(ne) 4. .
u<ﬂa ) g4 Al) tjgoK#_]_!u(A,).
i=

i=1

Puty, = (m,...,mM n;, ..., nM)e G=T?M where
M = max{deg p1, ..., deg p,, degqy, ..., degq,}.
Now apply Lemma 8.4. |

To present our next result, we first need the following.

Definition 8.7. A polynomial p(x) € Q[x] with p(Z) C7Z is 2-exceptional if the
diophantine equation p(m) = 2" has infinitely many positive solutions (m, n).

LEMMA 8.8. A non-constant polynomial p(x) € Q[x] with p(Z) C Z is 2-exceptional if
and only if it satisfies the following conditions:

@ pkx)= 2] (ax + b)k for certain integers a, b, j, k with b, k > 1 and j > 0;

(b) aisoddand (a,b)=1;

(¢c) b is congruent to some power of 2 modulo a.

Proof. Suppose first that p(x) is 2-exceptional. By [11, Theorem 10.2], the polynomial
p(x) has a single root, so that p(x) =d(ax —|—b)k for some d, a, b, k with a, k > 1.
Clearly, d must be a power of 2, and we may assume that (a, b) = 1. Also, the arithmetic
progression (am + b)>°>_| must be a power of 2 infinitely often. For 2" to be of the form
am + b we need to have 2" = b (mod a).

The converse direction is trivial. O

Going over the proof, we see that, moreover, given such a 2-exceptional polynomial, it
is easy to characterize the argument values for which it assumes a power of 2 value.

To formulate our next theorem, it will be convenient to use the following
notion. Let p;(x) and g;(x) be integer polynomials (or, more generally, rational
polynomials, assuming integer values at all rational points) for 1 <i < 2. The quadruple
(p1(x), q1(x), p2(x), g2(x)) is exceptional if up to some additive constants it is of one of
the forms

(pv Oa Oa p)5 (0? P, P, 0)5 (0’ —pP, =P, _p)’ (_pa —P, 07 _p)v
(_p7 P, —D, O)’ (_pv O? —P> p)v (16)

where p(x) = 2" (ax + b)", for some integers f, a, b, r with t >0, r > 1, a odd and b in
the orbit of 2 modulo a.

THEOREM 8.9. Let p;(x), q;(x) € Q[x] with p;(Z), qi(Z) C Z fori =1, 2. Then
1(Ag NPt Mgt Ay N oML Ay — (Ao (A1) (Ar),
(m,n)—o00
Ag, A1, A2 € B,

if and only if the quadruple (p1(x), q1(x), p2(x), g2(x)) is not exceptional.
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Proof. The convergence condition is satisfied if and only if the triangle

{(0,0), (p1(n), g1(n)), (p2(n), g2(n))}

is not a special triangle, up to some additive constants, infinitely often. Then it must be of
one of the forms in (16), where p(n) must be a power of 2 infinitely often. It follows that
p must be special. O

The analogue of Theorem 8.9 for higher-order mixing seems unreachable with the
current knowledge on the emerging diophantine equations. We start with the following.

Example 8.10. Consider the polynomials

pi(x) =0, q1(x) =0,
p2(x) =0, @ (x) =x7,
p3(x) = x7 —x3, q3(x) =0,

pa(x) =x" —x3, qa(x) =x>.

According to Theorem 3.3 and Proposition 4.1 (using the quadrangle Q3), the sequence

((p1(), g1 (n)), (p2(n), g2(n)), (p3(n), g3(n)), (pa(n), qa(n))),;,
is not mixing.

Thus, a 4-tuple of pairs of polynomial sequences may fail to mix even if some of the
differences are not (up to a constant) polynomials with a single root. The reason is that
these polynomials are allowed to assume values which are sums or differences of two
powers of 2, so that [11, Theorem 10.2] is not applicable any more. To characterize
mixing polynomial sequences of length 4, one would need to find which polynomials
are guaranteed not to assume infinitely often values of the form 2 £2/. In view of
Theorem 7.1, to characterize r-tuples of pairs of polynomials for which we have mixing,
one needs first to find which polynomials may assume infinitely often values which are
sums and/or differences of up to some fixed number of powers of 2. As even the resolution
of the very special case, of finding which sums/differences of up to three powers of 2 are
squares, is quite recent [12] (see also [4] and [10]), it seems that a lot of work still needs to
be done to that end. In this connection, we raise the following.

QUESTION 8.11. Given any positive integer C, characterize those polynomials p(x) for
which the diophantine equation

p(m)=2"£2" 4 ... 427
may have infinitely many solutions m, ny, ..., nc.

THEOREM 8.12. If {(a1, b1), (a2, b2), ..., (ar, b)} is a special r-gon, then:

(1) theset{l <k <r:ar =mini<;<, a;} is of even size, and in particular consists of at
least two numbers;

(2) theset{l <k <r:by=mini<;<, bj} is of even size, and in particular consists of at
least two numbers;

(3) theset {1 <k <r:ay+ by =maxi<j<,(a; + b;)} is of even size, and in particular
consists of at least two numbers.
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Proof.

(1)  Suppose min;<;<, a; = a, where the minimum is obtained an odd number of times.
Then the coefficient of x* in the polynomial ) ,_,_, x% (1 + x)? is 1, and in
particular ), _; ., x% ybi is not an L-polynomial. o

(2) This part follows from the preceding part by interchanging x and 1 + x.

(3) Suppose maxi<;j<,(a; + b;) = ¢, where the maximum is obtained an odd number of
times. Then the coefficient of x© in the polynomial ) ; _; ., x% (1 + x)P is 1, and in
particular ) ;_; ., x% ybi is not an L-polynomial. o O

Example 8.13.

r . r
u<[ ]o"’r"A,-) — [[ua). A1 As ... A eB.
n—oo
i=1 i=1

Example 8.14. If p1(x), q1(x), p2(x), ¢2(x), ..., pr(x), g-(x) are polynomials of
mutually distinct degrees, then

p r
M(ﬂ O-Pi(”):ﬂ]i(”)A[.) n:;HM(Ai), Ay, A, ..., A €B.

i=1
Definition 8.15. A set E C N is rarified if
{l <n<N:neE}|=0(log N)°)
for some constant C.

We shall sometimes say rarified with exponent C when we wish to specify the constant
C in the definition.

LEMMA 8.16. IfEy, ..., E, are rarified with exponent C, then so is Ey U - - - U E,,.

Proof. Trivial. O

LEMMA 8.17. Let [ :7Z — Z be a function that is at most M-to-1 and that satisfies
f(n) = 0®) for positive constants M and R. If E is rarified of exponent C then so
is f~Y(E). In particular, the inverse image in N of a rarified set under a polynomial map,
which maps N into itself, is rarified as well.

Proof. Let K be a constant such that f(n) < Kn® and F = f~1(E). Put E(N)=
{l<n<N:nekE}and F(IN)={1<n<N:neF}. Then y € F(N) implies f(y) €
E(K N®). Therefore,
|F(N)| < MIE(KN®)| = O(llog(KN)I)
= O([log K + Rlog NI)
= 0((log N)©). O
Note that this lemma applies in particular to polynomials.
THEOREM 8.18. Let p;(x), gi(x) € Q[x], 1 <i <r, be polynomials without constant

term, assuming integer values on integers, and such that (p; (x), q;(x)) # (p;(x), g;(x))
fori # j. Then there exists a rarified set E C Z such that
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r r
M(ﬂ “pi(n)fqi(")Ai) — l_! w(A)), A1, A, ..., Ar€B,
i=

i=1
as n — oo along values outside E.

For the proof, we need the following fact.

PROPOSITION 8.19. Let ((a\”, ™), @{”, b{"), ..., (@™, b))%, be a non-mixing
sequence of r-tuples of pairs of integers. Denote by Dy, C Z the set of sums and differences
of at most h powers of 2, where h = h(r) is as defined in §7. Then, for some pair
@i, j) = (i(n), j(n)), the difference ai(n) — aﬁn) tends to oo with n, and is at a bounded
distance from Dy, infinitely often.

Note that, by passing to a subsequence, we may assume (i, j) to be constant.
In the proof we shall use the notion of a minimal special r-gon, which is a special r-gon,
containing properly no other special r-gon.

Proof of Proposition 8.19. Obviously, any special r-gon is a union of minimal ones. Let
f be a minimal special r-gon. Write f = Zlh:l A;, where each A; is triangular. Consider
the graph G, whose vertices are vy, . . ., v, and containing the edge v;v; if the triangular
polynomials A; and A; have a common term. In other words, a term of A; may cancel a
term of A ; only if v;v; is an edge of G. In particular, there can be no cancellation between
triangular polynomials corresponding to vertices in different connected components of G.
It follows that, if v;/, . . ., v;, are all vertices in one connected component, then Z;zl A;,
is a subsum of f and a special r’-gon. Thus, G must be connected. Note that we can
transform a triple (i, a, b), where x“ yb is a term of A;, to any other by a sequence of
alternating steps of the following types:

(1) replace (i, a, b) by (j, a, b) ifx“yb is also a term of A ;;

(2) replace (i, a, b) by (i, ¢, d) ifxcyd is also a term of A;.

Only the steps of the second type change the coordinates, and they do so only by a power
of 2. By choosing a simple path in the graph, we see that we need at most 4 steps of type
1, and therefore also at most & steps of type 2. Since a special r-gon contains at least 3
non-collinear points, it follows that every special r-gon contains terms of the form x¢y”
and x¢ yd , where a — ¢ € Dj,. Now the result follows from Theorem 3.3. O

Proof of Theorem 8.18. By Proposition 8.19, if every sequence a; (n) — aj(n) or b;(n) —
bj(n) that tends to infinity gets away from Dy, then the sequence

((a1(n), b1(n)), (a2(n), b2(n)), . . ., (ar(n), br(n)))

is mixing. Note that there exists a rarified set E, such that the sequence x(n) satisfies
p(x(n), D) —> oo provided that x(n) —> 0o and x(n) ¢ E. Now the result follows
n—oQ n— oo

from Lemmas 8.16 and 8.17. O
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