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1. Introduction

In this article, we will study the existence and stability of an almost periodic solution of an impulsive neural network of
n-units and distributed delays, that is described by the system of n-differential equations proposed by Stamov in [1]:
_xiðtÞ ¼ �aiðtÞxiðtÞ þ
Xn

j¼1

bijðtÞfjðxjðtÞÞ þ cijðtÞgjððkij � xjÞðtÞÞ
� �

þ ciðtÞ ð1:1Þ
with i = 1, . . . ,n and t – sk ðk 2 ZÞ. The sequence {sk} is strictly increasing and unbounded at ±1. Moreover, the state xi exper-
iments at t = sk a jump to xi sþk

� �
¼ limd!0þxiðsk þ dÞ that is defined by:
DxiðskÞ ¼ xi sþk
� �

� xiðskÞ ¼
Xn

j¼0

AijðkÞxjðskÞ þ IjðxðskÞÞ þ liðkÞ: ð1:2Þ
The scalars xi(t) and xi(sk) denote the state of the ith unit at times t – sk and t = sk respectively. Consequently, (1.1) describes
the continuous behavior of the ith unit by considering three features:

(a) The leakage rate (also called resistive coefficient) of the ith unit, described by the function ai : R # R, which only takes
positive values.

(b) The external inputs on the ith unit, described by ci : R # R.
(c) Its eventual interconnections with other j units of the network, where j 2 {1, . . . ,n}n{i}. The strength (synaptic effi-

ciency) of the effect of the jth unit on the ith is given by the scalar function bij(�) P 0. Moreover, the scalar function
fj(xj(t)) denotes the activation of the jth unit at the time t and usually is described by a Heaviside function or a con-
tinuous approximation (see, [2]).
. All rights reserved.
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Nevertheless, it has been pointed out in several works (see, e.g. [3]) that the activation of a unit j can be dependent of its
state xj with time delay, either discrete or continuously distributed. In our case, the scalar function gj(�) denotes an activation
dependent of the total delayed action (kij � xj)(t) on all the states xj(t)(1 6 j 6 n), where
ðkij � xjÞðtÞ ¼
Z 1

0
kijðrÞxjðt � rÞdr
and kij : R # R is a scalar integrable function. The weight of this interconnection is denoted by the nonnegative function
cij : R # R.

On the other hand, the impulsive behavior of the ith unit is described by the matrix sequence A : Z # Rn�n (from now on
Ak = Aij(k)), the vector sequence lk = li(k) and I(x(sk)), with I : Rn # Rn.

As it has been pointed out in other works, the impulses defined by (1.2) make possible the modeling of disturbances or
can be introduced in order to control the behavior of the networks.

It is interesting to point out that in absence of impulses, (1.3) generalizes classical models: indeed, if cij(t) � 0 then (1.3)
becomes a Hopfield neural network (see, e.g. [2,4] and [5]). If cij(t) – 0 and kij(t) = dij(t � s) (Dirac’s delta function) then (1.3)
is a delayed Hopfield neural network (see e.g. [6] and references therein).

For any solution x(t) = col (x1(t), . . . ,xn(t)) of (1.1) and (1.2), the model can be summarized as follows:
_xðtÞ ¼ AðtÞxðtÞ þ BðtÞf ðxðtÞÞ þ CðtÞgððK � xÞðtÞÞ þ cðtÞ; t – sk;

DxðskÞ ¼ AkxðskÞ þ IðxðskÞÞ þ lk;

�
ð1:3Þ
where A(t) = diag{ � ai(t)}, B(t) = {bij(t)} and C(t) = {cij(t)} are matrix functions R # Rn�n. Moreover, the functions
f : Rn # Rn; g : Rn # Rn satisfies @fi

@xj
¼ @gi

@xj
¼ 0 when i – j and Ak satisfies
detðEþ AkÞ– 0 for any k 2 Z; ðE is the identity matrixÞ: ð1:4Þ
The initial conditions of (1.3) are in PC ¼ PCðR�;RÞ, the Banach space of bounded piecewise continuous functions
u : ð�1;0�# Rn with first kind discontinuities at t = sk. Throughout this paper, we will assume the existence and uniqueness
of a solution x(t,u) of (1.3) with initial condition u 2 PCðR�;RnÞ.

The impulsive linear system associated to (1.3) is
_xðtÞ ¼ AðtÞxðtÞ t – sk;

DxðskÞ ¼ AkxðskÞ:

�
ð1:5Þ
Let Uk(t,s) (k 2 Z; t; s 2 ðsk�1; sk� ¼ JkÞ be the Cauchy matrix of (1.5) on Jk. Moreover, (1.4) implies that the solution of (1.5)
with initial conditions xðt0Þ ¼ limt!tþ0

xðtÞ ¼ x0 is given by x(t, t0,x0) = X(t, t0)x0 where X(t,s) is defined by:
Xðt; sÞ ¼

Ukðt; sÞ; t; s 2 Jk;

Ukþ1ðt; sþk ÞKkUkðsk; sÞ; s 2 Jk�1; t 2 Jk;

Ukðt; skÞK�1
k Ukþ1ðsþ; sÞ; t 2 Jk�1; s 2 Jk;

Ukþ1ðt; sþk Þ
Qiþ1

j¼k
KjUjðsj; sþj�1ÞKiUiðsi; sÞ; s 2 Ji; t 2 Jkþ1; si < sk;

Uiðt; siÞ
Qk�1

j¼i
K�1

j Ujþ1ðsþj ; sjþ1ÞK�1
k Ukþ1ðsþk ; sÞ; t 2 Ji; s 2 Jkþ1; si < sk;

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

where Ki ¼ ðEþ AiÞ for any i 2 Z.

1.1. Preliminaries

First, we settle some matters of terminology and notation:

Definition 1. Given x ¼ ðx1; . . . ; xnÞ 2 Rn and the bounded vector function f ¼ ðf1; f2; . . . ; fnÞ : R! Rn with
jfij1 ¼ supt2RfjfiðtÞjg, we define the vectors
jxj ¼ ðjx1j; . . . ; jxnjÞ 2 Rn
þ and jf j1 ¼ ðjf1j1; jf2j1; . . . ; jfnj1Þ 2 Rn

þ: ð1:6Þ

For x; y 2 Rn, x = col (x1, . . . ,xn), y = col (y1, . . . ,yn) real vectors, the inequality x 6 y means xi 6 yi for every

i 2 f1; . . . ; ng � N, i.e. y� x 2 Rn
þ. Similarly, for a n � n matrix A = (aij), define jAj = (jaijj)ij and jAj1 = (jaijj1)ij. Also, A P 0 if

aij P 0 for all i, j. Moreover, for k � k	 any norm on the vector space of p � p matrices we will denote by
qðAÞ ¼ limn!1 jj Ank1=n

	 , the spectral radius of A. The spectral radius is independent of the norm k�k	 and q(A) 6 kAk	.

Positive matrices and spectral radius have been used in several systems related to (1.3) in impulsive and nonimpulsive
contexts, (see, [7–15]), this method have also been employed to studying Lotka–Volterra systems in [16]. Componentwise
techniques have been used in differential and difference equations by [17,18].
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1.2. Relation with other models

There exists an impressive and extended literature devoted to the mathematical modeling of delayed neural networks. In
this context, some models related to (1.3) and its results are summarized in the following tables (the first contains non
impulsive models and the second contains the impulsive ones) and references therein:
Solution
 Asympt. behavior
 Delay
 References
Equilibrium point
 Unif. asymp. stab.
 Time-varying
 [19]

Periodic
 Global exp. stab.
 Discrete
 [8,20]

Periodic
 Global exp. stab.
 Time-varying
 [11]

Almost periodic
 Global exp. stab.
 Time-varying
 [21]

Almost periodic
 Global attr.
 Distributed
 [22–24]

Almost periodic
 Global exp. stab.
 Distributed
 [10,17]

Arbitrary
 Dissipativity
 Distributed
 [7,9]
Solution
 Asympt. behavior
 Delay
 References
Equilibrium point
 Asympt. stab.
 Distributed
 [25]

Equilibrium point
 Global exp. stab.
 Distributed
 [12]

Equilibrium point
 Global exp. stab.
 Time-varying
 [15,26]

Equilibrium point
 Global exp. stab.
 Discrete
 [13,14]

Almost periodic
 Global exp. stab.
 Discrete
 [27]

Almost periodic
 Global exp. stab.
 Distributed
 [1]

Almost periodic
 Global exp. stab.
 Time-varying
 [28]
The existence results are obtained by using Banach fixed point results and the exponential stability results are obtained
along two main directions. On one hand, there is the Lyapunov–Riccati approach developed in [12,17]. On the other hand,
one can use the Gronwall–Bellman inequality [1,28].

1.3. Novelty of this work and outline

The main contribution of this paper lies in the simplicity in which the existence and exponential stability of an almost
periodic solution is addressed: (i) The stability definitions and estimations are vectorial. (ii) Our estimations are easy to
check and the constants are independent of the initial conditions. (iii) The existence and stability conditions are given in
terms of spectral radius of explicit matrices and are better than conditions obtained by using classic norms (see, Section
4). (iv) Some byproducts of our methods are the uniform stability of the almost periodic solution, the point dissipativity
of the system and continuity with respect to initial conditions. These last topics are studied in the context of vectorial
inequalities and are interesting by its own right by noticing the few number of related results as it is shown in the tables
above.

This paper is organized as follows: in Section 2, we present a sufficient condition ensuring the existence and uniqueness
of an almost periodic solution. Moreover, we prove that this solution is uniformly stable and that the system is point dissi-
pative. In Section 3 we present a sufficient condition ensuring global exponential stability for the solution described above.
An illustrative example is shown in Section 4.
2. Existence of almost periodic solutions

2.1. Definitions

As the solutions of impulsive differential systems are piecewise continuous (see, e.g. [29]), the classical definition of Bohr
almost periodicity (see, e.g. [30]) has been extended to an impulsive framework.

Definition 2 [29, p.183]. Let {nk} with k 2 Z a sequence in Rn, an integer ‘ is called an e-almost period of {nk} if
knkþ‘ � nkk < e ð2:1Þ
for any k 2 Z (here k�k is a norm in Rn ). Hence, {nk} is almost periodic if for any e > 0 there exists a relatively dense set of its
e–almost periods, i.e. there exists NðeÞ 2 N such that there is at least one number ‘ 2 ½k; kþ N� \ Z satisfying (2.1).
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Definition 3 [29, p.195]. Given a sequence {nk} we define a family of sequences by nj
k ¼ nkþj � nk (j 2 Z). We say that the fam-

ily fnj
kg is equipotentially almost periodic if for an arbitrary e > 0 there exists a relatively dense set of e-almost periods that

are common to all the sequences fnj
kg.
Definition 4 [29, p.201]. A piecewise continuous function u : R # Rn, with first kind discontinuity points defined by an
unbounded and strictly increasing sequence fnkgk2Z is almost periodic (i.e. APðRÞ) if:

(i) The set of sequences nj
k

n o
; nj

k ¼ nkþj � nk; ðj ¼ 0;
1;
2; . . .Þ are equipotentially almost periodic.
(ii) For any e > 0, there exists a positive number d(e) > 0 such that if the points t0 and t00 belong to the same interval of con-

tinuity and jt0 � t0 0j < d, then ku(t0) � u(t00)k < e.
(iii) For any e > 0 there exists a relatively dense set C of e-almost periods such that if s 2 C, then ku(t + s) � u(t)k < e for all

t 2 R which satisfy the condition jt � nij > e (i = 0,±1,±2, . . .).

In addition, we introduce some definitions tailored for the componentwise setting presented in the sub Section 1.1:

Definition 5. The system (1.3) is point dissipative if there exists a positive vector r > 0 such that for any initial condition
w 2 PC satisfying sups2(�1,0]jw(s)j < r, there exists a positive vector v > 0 satisfying supt2[0,+1)jx(t,w)j < v.
Definition 6. The solution x(t,u*) of (1.3) is uniformly stable if given a vector e > 0, there exist a vector d(e) > 0 such that for
any solution x(t,w) with initial condition w 2 PCðR�;RnÞ satisfying 0 < supr 2(�1,0]jw(r) � u*(r)j < d implies
sup
t2½0;þ1Þ

jxðt;u�Þ � xðt;wÞj < e:
Definition 7. The solution x(t,u*) of (1.3) is globally exponentially stable if for any solution x(t,w) with initial condition
w 2 PCðR�;RnÞ, there exist a scalar a > 0 and a matrix C > E satisfying
jxðt;u�Þ � xðt;wÞj < Cju� � wje�at t P 0:
2.2. Assumptions

We assume that the following assumptions on (1.3) hold:

(AP1) The matrices functions A(t), B(t), C(t) are Bohr almost periodic.
(AP2) The vectorial function c(�) is Bohr almost periodic.
(AP3) Ak and ck are almost periodic.
(AP4) The sequence of impulses {sk}k is of type
sk ¼ kT þ ak; T 2 R; ð2:2Þ

where ak is an almost periodic sequence satisfying 2 supk2Zjakj ¼ 2a < T .

(L1) The functions f and g satisfy the inequalities
jf ðuÞ � f ðvÞj 6 Lf ju� v j and jgðuÞ � gðvÞj 6 Lg ju� v j;

where Lf ¼ diag Lf
1; . . . ;Lf

n

� �
> 0 and Lg ¼ diag Lg

1; . . . ;Lg
n

� �
> 0.
(L2) I satisfies the vectorial Lipschitz condition
jIðxÞ � IðyÞj 6 LIjx� yj; with LI ¼ diagðLI
1; . . . ;LI

nÞ > 0:
(S1) There exist k > 0 and a nonnegative matrix M P E such that the matrix X(t,s) satisfies the inequality
jXðt; sÞj 6 Me�kðt�sÞ with t P s:
(K1)
R1

0 jkijðsÞj ds ¼ ~kij for i, j = 1, . . . ,n.

(S1) is a stability condition of (1.5) and can be viewed as a componentwise version of a stability condition considered
in [1,27,29]. On the other hand, it has been proved in [31, Cor.5] that every sequence arising an equipotentially
almost periodic family can be represented by (2.2). In addition T > 2a implies
inf
k2Z

s1
k ¼ inf

k2Z
skþ1 � sk P T � 2a ¼ h > 0: ð2:3Þ
Finally, other consequence of (AP4) is the following result (see e.g. [29, Ch.4]):



M. Pinto, G. Robledo / Applied Mathematics and Computation 217 (2010) 4167–4177 4171
Lemma 1. Let i(s, t) be the number of terms of the sequence {sk} in the interval (s, t). If t � s > h = T � 2a and (AP4) holds, then it
follows that
iðs; tÞ
t � s

<
2
h
¼ 2

T � 2a
: ð2:4Þ
2.3. Main result

In order to shorten the statement of the Theorem, we will define the following matrices:
bA ¼ fbaijg with baij ¼ sup
t2R
jaijðtÞj and eK ¼ f~kijg;
the constant matrices bB and bC are defined in a similar way. Now, we can define
D ¼ jbBjLf þ jbC jLg eK ð2:5Þ
and by using (S1), we can prove that the matrices
XD;LI ðtÞ ¼
Z t

�1
jXðt; sÞjDdsþ

X
sk<t

jXðt; skÞjLI ð2:6Þ
and

K ¼ sup

t2R
XD;LI ðtÞ ð2:7Þ
are well defined.

Theorem 1. If (AP1)–(AP4), (L1)–(L2), (S1), (K1) are satisfied and q(K) < 1, then (1.3) has one solution x�ð�Þ 2 APðRÞ.
Proof. Let /ðtÞ 2 APðRÞ an arbitrary almost periodic function with first kind discontinuities defined by the sequence {sk}.
We build the auxiliary system
_xðtÞ ¼ AðtÞxðtÞ þ BðtÞf ð/ðtÞÞ þ CðtÞg ðK � /ÞðtÞð Þ þ cðtÞ; t – sk;

MxðskÞ ¼ AkxðskÞ þ Ið/ðskÞÞ þ lk; t ¼ sk:

�
ð2:8Þ
As /ðtÞ 2 APðRnÞ, it is easy to prove that ðK � /Þ 2 APðRnÞ. In addition, by (L1) we have that f and g are uniformly con-
tinuous and Theorem 77 from [29] implies that f ð/ðtÞÞ; gð/ðtÞÞ 2 APðRÞ and
C/ðtÞ ¼ BðtÞf ð/ðtÞÞ þ CðtÞgððK � /ÞðtÞÞ þ cðtÞ 2 APðRÞ:
Moreover, (2.3) combined with Lemma 37 from [29] imply that /(sk) is an almost periodic sequence. Now, by using (S1)
and Theorem 81 from [29], it follows that
ðS/ÞðtÞ ¼
Z t

�1
Xðt; sÞC/ðsÞdsþ

X
sk<t

Xðt; skÞ Ið/ðskÞÞ þ lk

	 


is an almost periodic solution of (2.8). Hence, we have defined an application S : APðRÞ# APðRÞ and the Theorem follows if
we prove that S has a fixed point.

Let w, u two functions in APðRÞ. Notice that
ðSwÞðtÞ � ðSuÞðtÞ ¼ H1ðt;w;uÞ þ H2ðt;w;uÞ; ð2:9Þ
where Hi(t,w,u) (i = 1,2) are defined by
H1ðt;w;uÞ ¼
Z t

�1
Xðt; sÞ CwðsÞ � CuðsÞ

	 

ds and

H2ðt;w;uÞ ¼
X
sk<t

Xðt; skÞ½IðwðskÞÞ � IðuðskÞÞ�:
Now, j�j will denote either the module of a vector or the module of a matrix (see Sub Section 1.1). By using (L1) and (K1),
we can deduce
jCwðsÞ � CuðsÞj 6 jBðsÞjLf jwðsÞ �uðsÞj þ jCðsÞjLg jðK � wÞðsÞ � ðK �uÞðsÞj:
6 jBðsÞjLf jwðsÞ �uðsÞj þ jCðsÞjLg eK sup

r2ð�1;s�
jwðrÞ �uðrÞj:
Hence, it follows that
jH1ðt;w;uÞj 6
Z t

�1
jXðt; sÞj jbBjLf þ jbC jLg eKh i

ds
� �

sup
t2R
jwðtÞ �uðtÞj:
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On the other hand, it can be proved that:
jH2ðt;w;uÞj 6
X
sk<t

jXðt; skÞjLI

( )
sup
t2R
jwðtÞ �uðtÞj:
Finally, (2.9) combined with the estimations for Hi(t, �, �) imply
jSw� Suj1 6 Kjw�uj1
and the existence of a unique fixed point follows by the contraction principle of Banach [32, Th. 9.1.2.] because q(K) < 1.
Remark 1. This result extends and simplifies to an impulsive framework a similar existence and uniqueness result obtained
in [17, Th.1]. On the other hand, by following the lines of this proof, we could made an alternative result by using vector
norms and induced matrix norms, obtaining an inequality of type
Sw� Suk k
H
6 kKk	kw�uk

H
;

where k�kw and k�k	 are respectively a vector norm and its induced matrix norm.
Nevertheless, we point out that q(K) 6 kKk	 implies that we can obtain better conditions with a componentwise

approach. An example is shown in Section 4.
Corollary 1. If the constants a, T and k defined in (AP4) and (S1) are such that
qðeKÞ < 1; with eK ¼ 1
k

MDþ e2ka

1� e�kT
MLI ð2:10Þ
then, the system (1.3) has one solution x�ð�Þ 2 APðRÞ.
Proof. By (S1), it follows that for t 2 (sk,sk+1):
XD;LI ðtÞ 6
Z t

�1
e�kðt�sÞdsMDþ

Xk

j¼�1
e�kðt�sjÞMLI;
now by using t P sk combined with (AP4), implies t � sk�j P jT � 2a for j P 0 and we can conclude that XD;LI ðtÞ 6 eK. Hence,
it follows that K 6 eK and the Corollary is consequence of Theorem 1.

We can relax the assumption (S1) by.

(S10) There exist ki > 0 (i = 1, . . . ,n) and a nonnegative matrix M P E such that the matrix X(t,s) satisfies the inequality
jXðt; sÞj 6 diagðe�k1ðt�sÞ; . . . ; e�knðt�sÞÞM; t P s
and prove the following result:

Corollary 2. If (S10) is satisfied and the constants a, T and ki defined in (AP4) and (S10) are such that q D1MDþD2MLI� �
< 1 with
D1 ¼ diag
1
k1
; . . . ;

1
kn

� �
and D2 ¼ diag

e2kia

1� e�kiT

� �n

i¼1
then, the system (1.3) has one solution x�ð�Þ 2 APðRÞ.
2.4. Consequences

The following result will show some stability properties of system (1.3) and its unique almost periodic solution x*(�).

Lemma 2. If (AP1)–(AP4), (L1)–(L2), (S1) and (K1) are satisfied and q(K) < 1, then:

(i) Given two initial conditions u, w 2 PC of (1.3), it follows that its solutions x(�,u) and x(�,w) satisfy the inequality:
jxðt;wÞ � xðt;uÞj 6 ðE�KÞ�1Mjw�uj1; t P 0: ð2:11Þ
(ii) For any initial condition u 2 PC, it follows that
jxðt;uÞj 6 ðE�KÞ�1M juj1 þ
jcj1
k
þ e2kajlkj1

1� e�kT

� 

; t P 0: ð2:12Þ
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Proof. Let y(t) = x(t,u) � x(t,w) and define Q(t,y(t)) as follows
Qðt; yðtÞÞ ¼ BðtÞ~f ðyðtÞÞ þ CðtÞ~gðyðtÞÞ; ð2:13Þ
where ~f ðyðtÞÞ ¼ f ðyðtÞ þ xðt;wÞÞ � f ðxðt;wÞÞ and ~gðyðtÞÞ ¼ gððK � ½yþ xð�;wÞ�ÞðtÞÞ � g ðK � xð�;wÞÞðtÞð Þ. Hence, by (1.3) it follows
that y(�) satisfies
_yðtÞ ¼ AðtÞyðtÞ þ Qðt; yðtÞÞ; t – sk

MyðskÞ ¼ AkyðskÞ þ hðsk; yðskÞÞ:

�

with h : R� Rn # Rn defined by h(k,y(sk)) = I(y(sk) + x(sk,w)) � I(x(sk,w)).

Now, it can be proved that
yðtÞ ¼ Xðt;0þÞyð0Þ þ
Z t

0
Xðt; sÞQðs; yðsÞÞdsþ

X
sk<t

Xðt; skÞhðk; yðskÞÞ: ð2:14Þ
In addition, (L1) and (K1) imply that
jQðs; yðsÞÞj 6 bBLf jyðsÞj þ bCLg eK sup
r2ð�1;s�

jyðrÞj 6 D sup
r2ð�1;s�

jyðrÞj
and (L2) implies the estimation
jXðt; skÞkhðk; yðskÞÞj 6 jXðt; skÞjLIjyðskÞj:
Now, by (2.14) and (S1), for any t 2 Rþ we can deduce that
jyðtÞj 6 M sup
r2ð�1;0�

juðrÞ � wðrÞj þK sup
r2ð�1;t�

jyðrÞj: ð2:15Þ
It is straightforward to verify that (2.15) for s 2 [0, t) implies
jyðsÞj 6 M sup
r2ð�1;0�

juðrÞ � wðrÞj þK sup
r2ð�1;t�

jyðrÞj:
and we conclude that
sup
r2ð�1;t�

jyðrÞj 6 M sup
r2ð�1;0�

juðrÞ � wðrÞj þK sup
r2ð�1;t�

jyðrÞj:
As q(K) < 1, a well known result of nonnegative matrices (see e.g. [32]) says that (E �K) is invertible and its inverse is po-
sitive. Hence, we can deduce
sup
r2ð�1;t�

jyðrÞj 6 ðE�KÞ�1Mju� wj1:
and the statement (i) follows.
Now, by choosing w � 0 and inserting in (2.11), we obtain:
sup
r2ð�1;t�

jxðr;uÞj 6 ðE�KÞ�1Mjuj1 þ sup
r2½0;tÞ

jxðr;0Þj;
and (2.12) follows if we prove that the solution x(t,0) satisfies
sup
r2½0;t�

jxðr;0Þj 6 ðE�KÞ�1M
jcj1
k
þ e2kajlkj1

1� e�kT

� �
: ð2:16Þ
Indeed, it is clear that x(t,0) = x(t) satisfies the integral equation
xðtÞ ¼
Z t

0
Xðt; sÞfBðsÞf ðxðsÞÞ þ CðsÞgððK � xÞðsÞÞg dsþ

X
sk<t

Xðt; skÞIðxðskÞÞ þ
Z t

0
Xðt; sÞcðsÞ dsþ

X
sk<t

Xðt; skÞlk:
By following the proof of Corollary 1, we can verify that for any t > 0 we have
jxðt;0Þj 6 K sup
u2½0;t�

jxðu;0Þj þ
Z t

0
jXðt; sÞkcðsÞjdsþ

X
sk<t

jXðt; skÞklkj 6 K sup
u2½0;t�

jxðu;0Þj þM
jcj1
k
þ e2kajlkj1

1� ekT

� �
:

Finally, (2.16) can be deduced by following the same ideas developed for (2.15).
Some consequences of Lemma 2 are the dependence of solutions of (1.3) with respect to initial conditions and the

point dissipativeness of the solutions stated by (2.11) and (2.12). Moreover, another consequence is given by the following
result:

Corollary 3. Under the assumptions of Theorem 1, it follows that the almost periodic solution x*(�) of (1.3) is uniformly stable.
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Proof. Let e > 0 be an arbitrary positive vector. By positiveness of (E �K)�1M, it follows that the set
d 2 Rn

þ : ðE�KÞ�1Md 6 e
n o

is non empty. We choose a vector d > 0 and by using (2.11), we can verify that for any initial con-
dition u 2 PC such that supr2(�1, 0]ju(r) � x*(r)j < d it follows that supt2[0, +1)jx(t,u) � x*(t)j < e and the uniform stability of
x*(t) follows.
3. Exponential stability of the almost periodic solution

From now on, we will assume that the following property is satisfied

(K2) There exists a constant k� 2 (0,k) such that K(�) satisfies
Z 1

0
jkijðsÞjek�s ds < þ1:
Let us define Xr(t,s) = er(t�s)X(t,s) with t P s, r 2 (0,k�) and the matrices:
eD ¼ jbBjLf þ jbC jLg
Z 1

0
KrðrÞ dr with KrðrÞ ¼ KðrÞerr: ð3:1Þ
By using (S1) and the fact that r 2 (0,k�), we define the matrices
XeD;LI ;k�r
ðtÞ ¼

Z t

�1
jXrðt; sÞjeD dsþ

X
sk<t

jXrðt; skÞjLI; ð3:2Þ

Kk�r ¼ sup
t2R

XeD;LI ;k�r
ðtÞ: ð3:3Þ
Theorem 2. If the assumptions of Theorem 1 and (K2) are satisfied and for r 2 (0,k�) we have q(Kk�r) < 1, then the
unique APðRÞ solution x*(t) of (1.3) is globally r–exponentially stable on [0,+1). Namely, given any initial condition u 2 PC, it
follows:
xðt;uÞ � x�ðtÞj j 6 e�rtðE�Kk�rÞ�1Mju� x�j1 ð3:4Þ
Proof. Note that q(Kk�r) < 1 implies q(Kk) < 1 and by Theorem 1 there exists a unique solution x�ðtÞ 2 APðRÞ. Let x(t,u) be
an arbitrary solution of (1.3) and define y(t) = x(t,u) � x*(t). As in the proof of Lemma 2, y(�) satisfies (2.14). Let u(t) = y(t)ert

and multiply (2.14) by ert, it follows that u(�) satisfies for t P 0:
uðtÞ ¼ Xrðt;0þÞuð0Þ þ
Z t

0
ertXðt; sÞQðs; yðsÞÞdsþ

X
sk<t

ertXðt; skÞhðk; yðskÞÞ:
By using (2.13), we can prove that
Z t

0
ert jXðt; sÞkQðs; yðsÞÞjds 6 H1ðt; yÞ þ H2ðt; yÞ
with H1 and H2 defined respectively by
H1ðt; yÞ ¼
Z t

0
erðt�sÞjXðt; sÞkbBjLf jyðsÞersjds and

H2ðt; yÞ ¼
Z t

0
erðt�sÞjXðt; sÞkbC jLgers

Z 1

0
jKðrÞjerre�rr jyðs� rÞjdr

� �
ds:
Hence
X2

i¼1

Hiðt; yÞ 6
Z t

0
jXrðt; sÞj jbBjLf juðsÞj þ jbC jLg

Z 1

0
jKrðrÞkuðs� rÞjdr

� �
ds 6

Z t

0
jXrðt; sÞjeDds sup

r2ð�1;t�
juðrÞj:
Using this fact combined with r < k� < k, implies
juðtÞj 6 jXrðt;0Þkyð0Þj þ
Z t

0
jXrðt; sÞjeDdsþ

X
sk<t

jXrðt; skÞjLI

 !
sup

r2ð�1;t�
juðrÞj 6 Mjyð0Þj þXeD;LI ;k�r

ðtÞ sup
r2½0;t�

juðrÞj

6 Mjyð0Þj þKk�r sup
r2ð�1;t�

juðrÞj:
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By following the lines of the proof of Lemma 2 combined with q(Kk�r) < 1 and u(t) = ert(x(t,u) � x*(t)), it can be proved that
sup
r2½0;þ1Þ

err jxðr;uÞ � x�ðrÞj 6 ðE�Kk�rÞ�1Mju� x�j1: ð3:5Þ
and (3.4) follows straightforwardly.
Remark 2. The assumption (K2) plays a key role in our proof and it was employed in [10,12,17] and references therein.
Corollary 4. If the constants a, T and k are such that qðeKr�kÞ < 1, with
eKk�r ¼
1

k� r
MeD þ e2ðk�rÞa

1� e�ðk�rÞT MLI; r 2 ð0; k� Þ;
then, for any r 2 (0,k�), the solution x*(�) is r–globally exponentially stable.
Corollary 5. If (S10) is satisfied and the constants N, ki and ni = ki � r > 0 are such that qðD1MeD þD2MLIÞ < 1 with
r < k� < min{k1,k2} and
D1 ¼ diag
1
n1
; . . . ;

1
nn

� �
and D2 ¼ diag

e2nia

1� e�niT

� �n

i¼1
;

then, for any r 2 (0,k�) the solution x*(�) is r–globally exponentially stable.
Remark 3. A set of conditions for global exponential stability of APðRÞ solutions are given in [1,27] and [28]. These results
employ Lemma 26 from [29], which states the existence of a constant N 2 N. Nevertheless, this result does not provide an
effective method to estimate it. In this sense, the characterization of equipotentially almost periodic sequences stated in
(AP4) avoids this problem and contributes to obtain conditions easier to check as Corollaries 4 and 5. See also Theorem 3.
4. An explicit impulsive Hopfield neural network

We will study a concrete Hopfield neural network with distributed delays and impulse effects. This model shows how our
results are useful and are better than a treatment with a classical norm: let us consider the 2 � 2 system (1.3) with
AðtÞ ¼ diagf�aig and Ak ¼ diag aðiÞk

n o
; i ¼ 1;2: ð4:1Þ
where k 2 Z, ai > 0 and aðiÞ ¼ aðiÞk

n o
are almost periodic sequences satisfying
�1 < inf
k2Z

aðiÞk 6 sup
k2Z

aðiÞk for i ¼ 1;2: ð4:2Þ
We consider B(�), C(�), Ak, lk and c(�) such that (AP1)–(AP3) are satisfied. Moreover, the sequence of impulses is defined in
(AP4)
sk ¼ kT þ vk; T > 2 sup
k2Z
jvkj ¼ 2jv j1; ð4:3Þ
where vk is an almost periodic sequence. Finally, the functions f(�), I(�) and K(�) satisfy (L1), (L2) and (K1) respectively.

Theorem 3. If the following inequalities are satisfied:
ki ¼ ai �
2 ln j1þ aðiÞj1

T � 2jv j1
> 0 for i ¼ 1;2; ð4:4Þ

�1 <
Y2

i¼1

dii

ki
þ LI

i
e2ki jv j1

1� e�Tki

� �
� d12d21

k1k2
< 1; ð4:5Þ

P2
i¼1

dii
ki
þ LI

i
e2ki jv j1

1�e�Tki

� �
1þ

Q2
i¼1

dii
ki
þ LI

i
e2ki jv j1

1�e�Tki

� �
� d12d21

k1k2

< 1: ð4:6Þ
Then, the Hopfield neural network (1.3) with (4.1)–(4.3) has a unique APðRÞ solution x*(t). In addition, if
Z 1

0
er� sjkijðsÞj < þ1; with r� 2 0;minfk1; k2gð Þ; ð4:7Þ
then there exists rþ� 2 ð0;r� Þ such that x*(�) is globally r–exponentially stable with r 2 0;rþ�
� �

.
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Proof. Indeed, let t 2 [sn,sn+1) and verify that
Z t

�1
jXðt; sÞjds ¼

X1
k¼1

Z sn�kþ1

sn�k

jXn�kðt; sÞjDdsþ
Z t

sn

jXnðt; sÞjDds ð4:8Þ
and for any s 2 [sn�k,sn�k+1), Xn�k(t,s) is defined by eAðt�sÞQk�1
j¼0 ðEþ An�jÞ when k P 1 and Xn(t,s) = eA(t�s). In particular, it fol-

lows that for k P 1:
Xn�kðt; sÞ ¼
e�a1ðt�sÞ Qk�1

j¼0
ð1þ að1Þn�jÞ 0

0 e�a2ðt�sÞ Qk�1

j¼0
1þ að2Þn�j

� �
266664

377775:
Hence,
jXn�kðt; sÞj 6
j1þ að1Þjk1e�a1ðt�sÞ 0

0 j1þ að2Þjk1e�a2ðt�sÞ

" #
ð4:9Þ
for any k P 0. Moreover, it is straightforward to prove that i(s, t) = k. Hence, (4.9) can be written (for any k P 0) as follows:
jXn�kðt; sÞj 6 diag e
iðs;tÞ
t�s ln j1það1Þ j1�a1

� �
ðt�sÞ; e

iðs;tÞ
t�s ln j1það2Þ j1�a2

� �
ðt�sÞ

� �

By using Eqs. (2.4) and (4.3), it follows thatjXðt; sÞj 6 diag e�k1ðt�sÞ; e�k2ðt�sÞ� �

and we conclude that (S10) is satisfied with M = E
and ki defined in (4.4). Now, from Xr(t,s) = er(t�s)X(t,s) with r 2 (0,r�), we obtain
jXrðt; sÞj 6
e�ðk1�rÞðt�sÞ 0
0 e�ðk2�rÞðt�sÞ

" #
:

By (4.7), we have that (K2) is satisfied and we can define �kijðrÞ ¼
R1

0 jkijðsÞjersds. In addition, let us define the square matrixeDðrÞ ¼ f~dijðrÞg:
eDðrÞ ¼ bb11Lf
1 þ bc11Lg

1
�k11ðrÞ þ bc12Lg

2
�k21ðrÞ bb12Lf

2 þ bc11Lg
1
�k12ðrÞ þ bc12Lg

2
�k22ðrÞbb21Lf

1 þ bc21Lg
1
�k11ðrÞ þ bc22Lg

2
�k21ðrÞ bb22Lf

2 þ bc21Lg
1
�k12ðrÞ þ bc22Lg

2
�k22ðrÞ

" #
:

Notice that limr!0
eDðrÞ ¼ D because limr!0

�kijðrÞ ¼ ~kij. Now, let ni(r) = ki � r and n(r) = (n1(r),n2(r)). Finally, leteKnðrÞ ¼ D1
eDðrÞ þ D2LI , where Di are defined in Corollary 5. It is straightforward to prove that
eKnðrÞ ¼
~d11
n1
þ Gðn1ÞLI

1
~d12
n1

~d21
n2

~d22
n2
þ Gðn2ÞLI

2

24 35 with GðniÞ ¼
e2ni jvj1

1� e�Tni
:

The characteristic polynomial of eKnðrÞ is given by z2 � p(n)z + q(n) with
pðnÞ ¼
X2

i¼1

~dii

ni
þ GðniÞLI

i

 !
and qðnÞ ¼

Y2

i¼1

~dii

ni
þ GðniÞLI

i

 !
�

~d12
~d21

n1n2
:

Now, by using the Schur–Cohn Theorem combined with p(n(r)) > 0 for any r 2 [0,r�), it follows that qðeKnðrÞÞ < 1 if and only
if the inequalities
q2ðnðrÞÞ < 1 and p2ðnðrÞÞ < ðqðnðrÞÞ þ 1Þ2 ð4:10Þ
are verified for any r 2 [0,min{k1,k2}).
On the other hand, Eqs. (4.5) and (4.6) imply that (4.10) follows at r = 0, which is equivalent to qðeKnð0ÞÞ ¼ qðeKkÞ < 1, with

k = (k1,k2). Hence, Corollary 2 implies that the impulsive Hopfield neural networks has a unique APðRÞ solution.
In addition, by continuity properties, there exists d > 0 such that (4.10) and qðeKnðrÞÞ < 1 are still valid for r 2 [0,d). Finally,

the r-exponential stability follows by any r 2 ð0;rþ� Þ with rþ� ¼minfd;r�g.

As we mentioned in Remark 1, we will see that our results give a better result compared with estimations obtained by
using vector norms and matrix induced norms. Indeed, let piðkÞ ¼ diik

�1
i þ GðkiÞLI

i (i = 1,2) and notice that
kKkk1 ¼ max p1 þ
d12

k1
;p2 þ

d21

k2

� �
;

where k�k1 denotes the row matrix norm.
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Now, let us consider matrices diag{ � a1(t), � a2(t)} and Ak such that k1 = k2 = 1. Moreover, we consider 2 � 2 matrices D
and LI such that
d12 ¼
1
2
; d21 ¼

1
4
; p1 ¼

3
4

and p2 ¼
1
4
:

It follows that p(k) = 1 and qðkÞ ¼ 1
16, which implies that q(Kk) < 1. On the other hand, notice that qðKkÞ < 1 < kKkk1 ¼ 5

4. In
consequence, our result can be applied but a version inspired in vectorial norms and its matrix induced norms cannot be
employed in this case.
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