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Abstract

A Lagrangian formalism is used to study the motion of a spinning massive
particle in Friedmann—Robertson—Walker and Godel spacetimes, as well as
in a general Schwarzschild-like spacetime and in static spherically symmetric
conformally flat spacetimes. Exact solutions for the motion of the particle
and general exact expressions for the momenta and velocities are displayed
for different cases. In particular, the solution for the motion in spherically
symmetric metrics is presented in the equatorial plane. The exact solutions are
found using constants of motion of the particle, namely its mass, its spin, its
angular momentum, and a fourth constant, which is its energy when the metric
is time-independent, and a different constant otherwise. These constants are
associated to Killing vectors. In the case of the motion on the Friedmann—
Robertson—Walker metric, a new constant of motion is found. This is the fourth
constant which generalizes previously known results obtained for spinless
particles. In the case of general Schwarzschild-like spacetimes, our results
allow for the exploration of the case of the Reissner—Nordstrom—(Anti)de Sitter
metric. Finally, for the case of the conformally flat spacetimes, the solution is
explicitly evaluated for different metric tensors associated to a universe filled
with static perfect fluids and electromagnetic radiation. For some combination
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of the values of the constants of motion the particle trajectories may exhibit
spacelike velocity vectors in portions of the trajectories.

Keywords: exact solution, conformally flat spacetimes, spinning massive
particle, cosmological spacetimes
PACS numbers: 04.20.Cv, 04.20.Jb, 04.40.Nr, 04.90.+e

1. Introduction

Relativistic spinless test particles follow geodesics according to the equivalence principle. On
the other hand, it is known that spinning massive test particles (tops) follow non geodesic
paths when moving on gravitational fields [1-5]. The pioneering works of Mathisson [4] and
Papapetrou [5] showed that the equations of motion for tops are non geodesic, deriving them
as limiting cases of rotating fluids moving in gravitational fields. On the contrary, massless
spinning particles (such as photons) do follow null geodesics as showed by Mashhoon [6]
who used the Mathisson—Papapetrou formalism for his derivation. Thus, one can argue that
the equivalence principle (interpreted as stating that test particles in a gravitational field follow
geodesics) is valid only for spinless point test particles. Extended particles are, in general,
subject to tidal forces and follow, therefore, non geodesic paths.

The rigorous derivation for the non geodesic equations of motion obeyed by tops moving
on a gravitational background can be obtained using a Lagrangian formalism. The first
derivation was obtained by Hojman [1, 2] (using a flat spacetime formalism developed by
Hanson and Regge [7]). In this Lagrangian formulation, the velocity u* and the canonical
momentum P* vectors are, in general, not parallel. For the motion of tops in the electromagnetic
and/or gravitational fields, the square of the mass m*(= P*P, > 0) is conserved implying that
the momentum vector remains timelike along the motion. However, the velocity vector may
become spacelike [1, 7-9]. It is worth mentioning that the spin (the other Casimir function
of the Poincaré group) J*(= (1/2)S*"S,,,) is also conserved for a top moving on any curved
background. A proper treatment of the lack of parallelism between velocity and momentum
is best achieved with a Lagrangian formulation of the motion of tops, because otherwise
the canonical momentum cannot be appropriately defined. Besides, while the Mathisson—
Papapetrou formulation gives rise to third-order equations of motion, the Lagrangian approach
gives rise to second-order ones [1, 10]. It is important to stress that the treatment presented
here is a pole—dipole model of a particle.

Recently, the interest for the motion of tops in curved spacetimes has staged a comeback
[11-17]. In particular, in a previous work, the motion of a top on a Schwarzschild background
was studied in detail [14]. It was found that the equations of motion can be solved exactly,
and that the spin of the particle modifies the motion significantly as compared to the spinless
particle geodesic motion. Furthermore, this formalism has been used to show that photons
must be massless [15].

In the same spirit, here we exhibit exact solutions for the equations describing the motion of
atop in cosmological spacetimes, as well as in general static spherically symmetric spacetimes.
The cosmological models studied are the Friedmann—Robertson—Walker (FRW) and the Gédel
spacetimes. The motion of a massive spinning particle is exactly solved for motion in the
equatorial plane on the FRW metric. It is important to stress that, in this case, we find a new
conserved quantity which cannot be expressed in terms of the Killing vectors of the metric.
This constant is a generalization of a well-known constant for spinless particles. For Godel
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spacetimes we solve completely the motion of the spinning particle in the plane z = 0. On
the other hand, we study a general Schwarzschild-like spacetime, showing that it is possible
to find exact solutions of the motion generalizing the results of [14]. This is shown for the
concrete case of the Reissner—Nordstrom—(Anti)de Sitter metric. Finally, a static spherically
symmetric conformally flat spacetime is studied. To show the dependence of the exact solution
for the orbits of the top on the conformal factor of the metric, we explore the conformally flat
spacetime of a universe composed by radiation and a static perfect fluid with a cosmological
equation of state. We exhibit the exact solution for the cases of a universe filled with uniform
electromagnetic radiation only, a matter-dominated universe, a radiation-dominated universe,
and a universe filled with dark energy.

In general, the motion of the top in every metric is described in terms of the constants
of motion of the particle: its mass, its spin, its angular momentum, and its energy. The latter
are constructed from the symmetries (Killing vectors) of the metric tensor. Also, for all the
models, general exact expressions for the momenta and velocities are shown.

In addition to the general exact solutions for the motion of the spinning massive particle, an
interesting consequence of the top’s spin is highlighted. We show that, in these metrics, massive
tops described by this theory may reach spacelike velocities in portion of the trajectories. This
can be achieved if their constants of motion satisfy certain relations. This kind of behavior is
extensive to almost all the metric studied in this work, and it seems to be a robust effect of the
motion of a spinning massive particle. Similar results were obtained for a trajectory of a top on
a Schwarzschild spacetime [14]. This remarkable outcome is, nevertheless, not uncommon.
Theoretical results involving superluminal propagation of massive spinning particles and fields
in interaction with electromagnetic or gravitational fields have been previously reported in the
literature by Velo and Zwanziger [8], Hanson and Regge [7], Hojman [1] and Hojman and
Regge [9]. On the other hand, although some experiments have reported hints of superluminal
group velocity in optical fibers [18], there is no solid experimental evidence of superluminal
neutrino propagation [19-217°.

The paper is organized as follows: in section 2 we introduce the Lagrangian theory for
the motion of the top. In section 3, we exhibit the exact solution to the equations of motion
for the FRW metric. In section 4 we show the exact result for the top’s motion in a Godel
spacetime. Later we study the Schwarzschild-like metric in section 5, in conjunction with the
Reissner—Nordstrom—(Anti)de Sitter metric. In section 6, we study the motion of a top in a
spherical symmetric conformally flat spacetime with the cases of a universe filled with a static
perfect fluid and radiation. Finally, in section 7, conclusions are presented.

2. Lagrangian theory for tops in gravitational fields

The theory of a spinning massive particle in a curved spacetime was developed in [1, 2] and
reviewed in [14]. In this section, we present a brief summary of the motion of a top on a
gravitational field. For a detailed description, we refer the reader to the previously mentioned
articles.

Let us denote the position of the relativistic (spherical) top by a four vector x*, while its
orientation is defined by an orthonormal tetrad e(,)*. A gravitational field is described as usual
in terms of the metric field g, [1, 2]. The tetrad vectors satisfy g,,, e)” €g)” = N(p), With
Nepy = diag (+1, -1, —1, —1) = n®#)_ and have, therefore, six independent components.
The velocity vector u** is defined in terms of an arbitrary parameter A by

6 Results on superluminal neutrinos are reported in The Net Advance of Physics MIT webpage
http://web.mit.edu/redingtn/www/netadv.
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w
ut = (1)
The antisymmetric angular velocity tensor o is
o = n(“ﬂ)e(m”De(ﬁ) - —o ', (2)
D

where the covariant derivative De )" /DA is defined in terms of the Christoffel symbols I'” ,,
as usual, by

De)”  depy
—D(i) = —d(f\) + vafe(ﬂ)pur. (3)
The general covariance is achieved unambiguously at the level of the Lagrangian
formulation [1] due to the fact that only first derivatives of the dynamical variables are
used in its construction. If no Lagrangian theory for a system of special relativistic equations
of motion is known, the introduction of gravitational interactions cannot be unambiguously
implemented.
A possible Lagrangian L = L(a;, a», as, a4) is constructed as an arbitrary function of
four invariants a; = utu,, a; = ooy, = —tr(o?), a3 = uaao‘ﬂaﬁyu” and a4 = det(0),

L(a, ay, a3, as) = (a1)'*L(az/ay, a3/ (@1)?, as/(a1)?), €]

such that the action S = [ LdA, be A-reparametrization invariant (the speed of light c is set
equal to 1). £ is an arbitrary function of three variables. Note that, unlike the spinless case, it is
not necessary that a; be positive to have a real Lagrangian (see [14] for an extended discussion
about this issue).

The conjugated momentum vector P, and antisymmetric spin tensor S, are defined by

oL oL

P = a5 = gom = S ®)

As usual, the equations of motion are obtained by considering the variation of the
action S with respect to (ten) independent variations §x* and (the covariant generalization

of) 80" = n@Pe,)"de)” = —86"*. The final equations of motion turn out to be non
geodesic [1, 2]

DpH 1

D}\' = —ER'uvalgMVSaﬂ, (6)
and

DS*Y

-Erzw%x—ﬂmxzww—ww. (7)

These results hold for arbitrary £. The dynamical variables P* and S*¥ are interpreted as
the ten generators of the Poincaré group.

In order to restrict the spin tensor to generate rotations only, the Tulczyjew constraint [22]
is considered [1, 7]

S*P, = 0. (8)

However, we would like to stress that, for a suitably chosen L, this constraint is a consequence
of the theory, i.e., the Tulczyjew constraint is derived from this Lagrangian formalism (for
details, see [14]). This is one of the strengths of this Lagrangian theory.

It can also be proved [14] that both the top mass m and its spin J are conserved quantities

m?> = P*P,, 9)

JF=18"8,,. (10)
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Finally, a conserved quantity C; given by

C; = P'E, — 15ME,.,, (11)
can be associated to any Killing vector &, of the metric
gu:v + Ev;u =0. (12)

As the general theory is established, we proceed now in the following sections to find the
exact solutions for the motion of a top in cosmological spacetimes using the FRW and the
Godel metrics. We also study the motion in general static spherically symmetric spacetimes
with Schwarzschild-like and conformally flat metrics.

3. Exact solution for cosmological Friedmann—Robertson—-Walker spacetimes

Let us consider as a first case the FRW metric, which is given by the following line element in
spherical coordinates

ds? = g, de* dx” = 2 d? — a(t)?g(r) dr* — a(t)*r*(d6? + sin® 0 d¢?), (13)

where r is the radial distance, 6 and ¢ are the polar and azimuthal angles respectively, and
gr)y=1/(1- kr?).Here a(t) = ais the time-dependent scale factor of the universe, whereas k
assumes three possible values k = —1, 0, 1, denoting a universe with negative spatial curvature,
spatially flat or with positive spatial curvature respectively. From now on, we explicitly display
the speed of light ¢ in our calculations.

Before solving the equations of motion for the top, it is useful to exhibit the three Killing
vectors of the FRW metric explicitly

£)=(0,0,0, —a’r*sin®0),
£, =(0,0,a’r’ sing, a’r* sinf cos 6 cos ),

£ = (0,0, —a’r* cos ¢, a’r* sin6 cos 0 sin @). (14)

Using these Killing vectors, we can solve the equations of motion (6) and (7) in general.
In what follows, we study the motion in the equatorial plane 8 = m /2, which is defined to
be orthogonal to the conserved angular momentum vector. This choice simplifies the analysis
because, in this case, §" = §" = §%° = 0, and also § = 0 = P = P?_ Thus, the top remains
in the plane orthogonal to the total angular momentum if it was initially there.

We will make use of constants of motion to find the top’s trajectory in a FRW spacetime.
The mass m? and spin J? are always conserved in any spacetime metric. The formalism
provides three constants of motion, which can be found using the three (angular momentum)
Killing vectors. Two of the three components of the angular momentum vector have been used
to define the equatorial plane. The third component j is the angular momentum component
perpendicular to the equatorial plane. The problem can be completely solved if we find a fourth
constant of motion. In this case, the energy of the top motion is not conserved because the
metric is time-dependent. Therefore, to find the last constant we have to integrate the equations
of motion.

From the constants of motion (9) and (10) we find

m’c? = (P — a®[g(P')* + 7 (P*)’], (15)
]2 — azg(a2r2 (Sr¢)2 _ Cz (Slr)2) _ a2C2r2 (St(b)z’ (16)
where we can identify J with the top’s spin. Making use of the Killing vectors, we find another

constant which corresponds to the conserved angular momentum component orthogonal to
the orbital plane
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j = —ar[raS"® + a(rP? + 5], (17)

where a = da/dt.
To find the fourth constant, we first display the Tulczyjew contraints (8)

a*rPP?S'? + a’gP’S" =0, (18)
PSS+ a*rPP?S? =0, (19)
a*gP’S™® — PP'S? = 0. (20)

The explicit form of the equations of motion can be obtained form (6) and (7). The
equations of motion for the momentum (6) are

agrdS"  ar*daS"®  agraP”  ar*¢aP®
g n o) L% n o)

> > > o tP =0, 1)
as"  Peas® aP" iaP' igP" rdgS?  rdP?
L COAST | AP TaR | TRP L r08ST TP L b0, (2)
a c a a 2g 2g g

s ia2S® paP'  aP®  igS®  HP" PP .
_8 > +¢ +——5/ +¢ +—+P? =0, (23)

a c a a 2gr r r

where the symbol ' denotes derivatives with respect to r. On the other hand, the equations of
motion for the spin (7) are

ar*daS™®  aS"T  igdS"T  rpS®
_argas? | asv igST_r¢

= - e g + P — P 4 ST =0, (24)
: 'Sr¢ 'St¢ . ; Str 'St¢ .
agraST L BT gpy e 2 e, (25)
C r r
aS'® 248" pas”  igst . ST
ra I a _ pa n g — ¢P" W mne + S = 0. (26)
a a a 2g r

Following with our analysis we have to use the constraints (18) and (19), as well as the
equations for the constants of motion (15) and (16), to get the relation

S = kP?, 27
with the function « defined as
Jr
K=+ .
c?/gm

Thus, solving for the spin components in terms of the momentum components, and using both
constraints as well as equation (27), we get

Pr
s =8 (28)
T
2, pt
o CKP
st =1 (29)
which their time derivatives are readily calculated as
. 2—giP? .
S — x <& + p¢> ’ (30)
r
Sio — _gK((g—2)3rP +rP’)’ 31)
I
G — 2k (P'(2ra + agr) — arP') ’ (32)

a3r3
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where we have used the relation ¢ = 2(g — 1)g/r. Replacing the spin components and their
derivatives in the previous set (21)—(26) we can find a set of equations for the momentum
components

-,Pt .P¢ 'Pr P¢ .
K<¢a LAy +r—+P¢>+P’—fP’=0, (33)
a a r r

3 2

gaP"  giaP'  giPT  giP"  gPr
“\~ B P + P

b po
+£> —¢P' +P? =0, (34)
r

) — P +iP? =0, (35)

+ P =0, (36)

c? c?

agiiP?  agpiP’ agiaP"  ar*¢aP?
5 2 + +

aP" iaP' ) ) ) Y o P rgpPt P
TR i R e T G A Ly
a a a-gr asr a a r g r
(37
paP'  apP? AgrP' AP gaPt gid®P'\  $PT iP?
— — —~ — +—+P=0. 38
a + a "\ a*rt ar? a*r? + r + r + (38)

The process of finding the new constant of motion consists first on substracting equation
(38) multiplied by « from equation (33) to obtain

2 2.2 2.2 2:2
grKd . gk c’k gK’a
P’ 1 P — — —1})=0. 39

(ar2 + >+r ( a’rt + azrt ar? ) (39)

In the same fashion we can add equation (34) to equation (37) multiplied by xg/r* to get
2,2 22

2 2 o2
(S )i (<SS - 1) 40)
These two above equation can be solved for P and P? in terms of P’ as
P’ =aiP', P’=adP, (41)
where the function & depends on time only
actm? + J2é® + Ak
a’c*m? + aJ%i
Note that @ = 1 if J = 0. Now, to get P" use equations (41) in (35) to find

aac?P' P!

o

= (P (—d*a’gi* — d*a*r?¢?). (42)
At the same time, using (41) in the constant of motion (9) we get

Em? = (PHY (—d*a’gi? — d*a’rd* + ). (43)
Subtracting (43) from (42) we finally find

a((P')* —m?)

+ PP =0, (44)
aa
which has the solution
P = \/ 20 2 (45)
TV @2ctm? + J2é? + Ik ’

7
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where o is a new (integration) constant of motion. This constant is one of the important results
of this work and deserves more attention. The new constant can be written in terms of P’ as

m2€4 ]2H2 ]2k , ﬂ ,
o=t | (1 )+ e e - = B - e

2
where H = a/a is the Hubble parameter and
B = a*m*ct + JPa* + Ik

The constant (46) can be written as o = K,,, P*P", associated to the tensor

K/w = g <uuuv - éguv) s (47)
where U, = (1,0, 0, 0). The constant ¢ has a well-known analogue when J = 0 for spinless
particles [23]. It is important to emphasize that K, /m? is a Killing tensor for J = 0 only.
When J # 0 we have not been able to write the new constant of motion in terms of a Killing
tensor. Therefore, we have found a generalization for that constant in the case of a massive
spinning particle J # 0 in FRW spacetimes. As far as we know, this is the first time that the
constant (46) has been found for the motion of massive spinning particles on a FRW metric.
The new extra terms (proportional to J?) are interesting. Note how the first of these two terms
combines to introduce a correction of the spin that takes in account the expansion of the
universe through the Hubble parameter. Similarly, the second term of these two terms tell us
how the curvature of the space affects the value of this constant. As we can see, this constant
is richer in information than the spinless case counterpart.

Finally, making use of (46) to complete determine P’, we can obtain the other momenta
(41). Also, we can calculate the line element (13) as

ds? 1 m? a*o p?
s e , (48)
c2de? a?  a?(P)? 28242 (20 + Bm?2)
which can be written in terms of the constants of motion
ds? 20 (J2H + J?H? + ¢*m?)? “9)
c2drr (JPH?2 + ¢*m2)2(aPm? (JPH? + ¢*m?) 4+ 20)

The line element (49) for a top in FRW metric is no longer positive definite. It can
either vanish or be negative depending on the values of the different constants involved in its
expression. Therefore, the top may follow lightlike or spacelike trajectories when ds* = 0 or
ds? < 0, for appropriate values of the constants. This results are possible only if H # 0.

This feature of the line element on portion of the trajectories is a characteristic of
dynamics of massive spinning particles. It has been previously reported for the top’s motion
in Schwarzschild spacetimes [14].

As a final exercise for the FRW metric, we can calculate 7 and q) using the equations (17),
(28), (29) and (43), to obtain

. B(Jera(jr— kP arY) . (agkriad+ )P — jr
r= =

, R 50
2B./graP (a*r* + gk2a?) aar’pt (50)

where

Y = /=r2(@2m2r2 + glm2d® + j2) + 2 (P (a2 + gk2r2d® — c2k2) + 2c2jkrP.
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4. Exact solution for cosmological Gédel spacetimes

Consider a universe described by the Godel metric which is given by [24]

c? 0 ce™ 0
0 -1 0 0
w _
g = cetto 0 % erwo 0 ’ (5 1)
0 0 0 —1

in rectangular coordinates, where wy is a constant related to the angular velocity of the rotating
universe. This metric has five Killing vectors

£) = (c*,0,ce"™,0),

£ =(0,0,0,-1),
1
& = (cew0 L),

1
£, = (—cwoy ", 1, —Jwgye™™, o) ,

1 ce WX 1 3
4 2 _wox 2 _2wox
§, = (—Ecwoy et — o , =Y, —Zwoy et — —2w0,0>. 52)

It becomes apparent that there are solutions describing trajectories in the plane z = O.
Therefore, we work in this plane with P* = 0 and Pz = 0 (this also implies that every
z-component of the spin as well as their time derivatives vanish).

We follow the same procedure than in the previous section. First we find the constants of
motion (9) and (10) as

m*c® = c*(P')? 4 2ce" PP’ + L ¥ (P')* — (PY)?, (53)
]2 — _CZ(SIX)Z _ %02 eszX(Sly)z + 2¢ ewasfxsxy _ %eszX(Sxy)Z’ (54)

while using the Killing vectors we can calculate the following non-vanishing constants of
motion

1

E = Ec(ch’ + e 2P + woSY)), (55)
1

G = 3 e (2P + wo(e™* SV — ¢S + e v pY), (56)

1 '
Cs = 5 (—wo e QeyP' — ¢8” 4 y e P) + wiy(—e") (€"SY —e8™) = 2P, (57)

1 eworpt ] 1 1 ,
Cy = —Ecwoy2 euvpt _ €8 1 ™ + ché)’z e"ors — ¢ e org 5 Cwoy eors?y
L 5 o . 3P I 220 sY
—= e~ 4 pY — —yP* — - e tSY + —. 58
4w0y + 2wo Y 4w0y + ) (58)
On the other hand, the two independent Tulczyjew constraint equations (8) read
P'S™ = ce""P'SY 4 1 P PYSY, (59)
PSY = *P'SY + cev prSy. (60)
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The above constants of motion must be used along with the equations of motion for the
top in the Godel spacetimes. The (non identically vanishing) momentum equations of motion
(6) are

wo (2% (2P — cwoS™ + e PY + 2wo e V) + (2¢ + ye”) (cwg e S + 2PY))

+4cP =0, (61)
wo(y e (2P + wp (3 e"0* S — 2¢S™) + 2" PY) + 2c(wo (e¥*SY — ¢S7) + e PY))
+4P =0, (62)
2% PY — wo(X(2¢P' + wo e SY) + c(wo e SV (¢ + y ') 4+ 2PY)) = 0, (63)
whereas the equations for the spin (7) become
wox ¢t w())& et s . . QfX t 1 - 2wox gty
EcwonSy———xP’—i—P"—i—woxS +S’x+§w0ye XS = (), (64)
¢
y e WoX §XY .
— cwp e MOTS 4+ % — P + P’ + woiSY + SY + weSY = 0, (65)
c
cwox e S + Lewgy e SV — yP* 4 P 4 59 = 0. (66)

Now, using equations (53), (54), (59), and (60), we can find the first solution for the spin
component

S = e ¥ P¥, (67)
where we define
V27
o= (68)

With these results and definitions, we can replace (67) in (60), and use the constant (55)
to obtain

E —WoX
o _ Eee™ (69)
2cowp + 4
Also, combining (59), (60) and (67) we get
2eWor gy — 208" '
————— —ce"P. (70)

e
We solve for the last component of the spin using equations (70), (69) and the constants C;
and E
oe " (Eowy e — C3(cowp +2))

Stx — s 71
2(c2*w? — 4) b
and replacing §"* and $* in (70) we find
—2wox wox
P e ¥ (cCs(cowg + 2) — 2E e™) 72)
c(ce*w? — 4)
To solve for P! we use equation (60) along with the previous results to get
E —2cCye "
g c—3e. (73)
2¢2(cowy — 2)
Lastly, for P* we can use (53)
e*ll)gx
P =4 ——— [ (E2 (A2 — 4n — 4) — 4c* (A2 — 4)%m?
26(A2_4)[e (E%( ) — 4c( )2m®)
—22C3 (1 +2)> + 8cGE (. + 2) ]2, (74)

where we have defined the dimensionless constant A = cowy = (V2Jwo) /(cm). Now, our
objective is to solve for y and x. Let us start by observing that performing a time derivative of
equation (67) yields
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SV = g e WO Px — xS (75)

Replacing $% in (65) and combining this result with (62) we get, after some algebra, an
expression for y. In the same way, to get x, we use equation (63) along with the results for the
spin and momentum components. Both results are

. 2(L—=2)P
y=—"—

) 76
Cown (76)

, 22 (A — 2) (A + 2) "0 P
x=— . (77
2¢C3 (A +2)2 + E((A — 4)k — 4) ewo¥

We now solve for P*. Using (54), (59), (60) and (53) we get

2 Stx 2
P=x c\/ G =] (78)
o
Differentiate with respect to time and get
2 fass
Pr=—| —— —PP|, (79)
Px C2Q2

while the time derivatives we need are

. C3Aax e "or

X !

T 2c(A—2)" T c(A=2)
Thus, finally, using (80), (79) and (77) into (76) we can show that
) 2c(X +2) e (cCas (X + 2) — 2E ™)
YT T G+ 2P T EGI — 4k — d)emr @D
In the same spirit than the previous section we can evaluate the line element of the
trajectories of the top in Godel spacetimes to inquire about the nature of its orbits. With all the
previous results, and using the metric (51), we can find the line element of the spin particle
ds?  yPe?r — 247 + deye™ | 4c? WX (4E?A% /A 4+ A2 (h — 2)2 (A + 2)*m?)
c2dr? 2¢2 (2cC3 (A +2)2 + E(A2 — 4) — 4) ewox)2

. C © A—WoX
_ 3WoX € (80)

(82)

As it can be readily seen, the line element is always timelike. Thus, massive spinning particles
moving in the plane z = 0 of Godel spacetimes never follow lightlike or spacelike trajectories.

5. Exact solution for general Schwarzschild-like spacetimes

In the preceding sections we have obtained the exact solutions of the motion of tops in
cosmological scenarios. We showed that it could be possible for the top to follow trajectories
which may be (at least partially) described by lightlike or spacelike line elements. Now we
will study the top’s dynamics in a general spacetime which is the generalization of the results
for the Schwarzschild metric studied in [14].

Consider a general Schwarzschild-like metric in spherical coordinates, given by the line
element

2
ds® = g, dv* dx’ = g(r) dr* — % dr? — r*(d6* + sin® 6 d¢?), (83)
g r

where now g(r) = g is a generic function with radial dependence only. Examples of this kind
of metrics includes the Reissner—Nordstrom—(Anti)de Sitter case.

11
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As in previous sections, we start listing the Killing vectors of this metric
0

£0 = (2.0,0,0),

£, =(0,0,0, —r"sin’6),

éi = (0,0, ¥ sin ¢, % cos 6 cos ¢sind),

éj = (0,0, —r? cos ¢, r? cos 6 sin 6 sin ). (84)
We can use these Killing vectors to find the constants of motion. In this case, as the metric
is time-independent, we will be able to find the four constants of motion in a straightforward
manner. To study the top’s trajectories, in a way similar to the one used for the FRW metric,

let us consider its motion in the plane 6 = 7 /2. First, we can find the constants of motion (9)
and (10) as

2 P 2
mc? = — < (g ) + g(P")? — P (P?)?, (85)
2 2 qtry2 i $\2 2 atdn2
J = —c"(§") —l—?(S’) —gri(§?)-. (86)
And using the Killing vectors, we can find the constants of motion
Str
E =gP — g , (87)
2
j=—r(rP?+57). (88)

For the case of the general Schwarzschild-like metric, the constant E now corresponds to the
energy of the top, whereas j is the conserved angular momentum orthogonal to the plane of
the motion. On the other hand, the Tulczyjew contraints (8) for this case read

PrSerZ

- 2p?s =0, (89)

PPPS™ 4 gP'S" =0, ©0)
2Pr5r¢

¢ _gP'S"% = 0. 1)

The momentum equations (6) for this metric turn out to be
P'g Py rgStg Sy
L PY Y Sy sty

pt 0, 92
2g 2g 2c2 2g ©2)
, 8P’ groP’  rgStg  gS"¢"  iP'g
pPr _ _ — — =0, 93
+ 2¢2 c? 2¢2 2¢? 2g ©3)
. pP" PP ST S
poy O PP ST 808 (94)
r r 2gr 2c%r
while the spin equations (7) are
. R4
S P — P — gr¢2 =0, 95)
C
. . / Str . SI¢> Sr¢ . St¢
s gpypo g 50 P50 8T8 ST (96)
2g 2g
S (ST gSitg psé
S — gpr 4 ipt 4 o0 8508 ST 97)
r 2c2 2g
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It is important to mention that the constants of motion (87) and (88) can be derived from
the above set of equations. With this full set of equations (85)—(97) we can solve completely
for the motion of the top. Using equations (89) and (90) we get

4P¢2sr¢2 4P¢2Sr¢2 2Pr2Srr2
APPSR g BT g - SEVET o8)
g c
Thereby, using (85) and (86) we can solve for ' finding that
J
ST =P (99)
cem

New relations among the constants of motion can be found using the constants (87), (88)
and equation (90). They produce the relation
ES" — jrP? =P (P?)* — 1¢(5")°, (100)
which can be used to find the solution of Py. Using equation (99), after some algebra, we can
find
—j £ EJ/(mc?)

Py = 1 (101)
where we introduce the notation
_ g
~ 2c¢tm2r

in a similar fashion to the parameter defined in [14]. Now we are able to solve for P,. Using
equations (87), (99) and (101), we find that

_EF jig/@mr)

kB ; (102)
I—n
which lead us to easily solve for P" by using (9)
v 1 D P‘Z%
PP=+- |P-—g c2m2—i-—2 . (103)
c r

We would like to solve for 7 and ¢. With this purpose in mind, we have to find first the
components of the spin in terms of the momenta. By using constraints (89) and (90) along
with equation (99) we can show that the other components of the spin may be expressed as

so =220 g JeP
mgr’ mcr

(104)

To find 7, we multiply equation (91) by £Jr/(c*m) and then we subtract equation (95).
With the help of the spin components (104) we get
gP 7 igPJ?
2m2ctr 2mictr
which, using (99), allow us to find the solution
Pr Pr
F==2 (106)
P P,
To solve for ¢ we replace 7 from the previous equation in equation (95), as well as, we have
to use (99) and equation (101) (to find P?). After some algebra we get

gPy (g —nrg")
(n—Drgp -’

: J .
+ (rP? + ;?P¢)2— —P 4P =S =0, (105)
cm

b= (107)
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When the general case is reduced to the Schwarzschild spacetime, where g(r) =
(1 — 2ry /r) and ry is half of the Schwarzschild radius, the dynamics of the top’s motion
described in [14] is recovered.

Now we can seek for the line element (83) for this metric. This is written in the plane
0 =m/2as

ds> g 2 PP mP(1—A)

- S = , 108
dr 2 g c? (P)? (108)
where we have defined the parameter
ao Do [rg/d =07 7 (CiRE@Em)P g /g =17 T o0
—omA | -1y T 2m - | (- 1)? ’

As in the previous sections, according to the sign of ds? the solution may describe timelike,
lightlike or spacelike orbits, depending on the value of A. We can see that here, analogously
to the case of the Schwarzschild metric [14], A can take different values depending on the
constants of motion of the top, such as its mass, its energy E, its angular momentum j, and its
spin. If A < 1, the top follows timelike trajectories. Instead if A = 1 or A > 1, the spinning
particle follows lightlike or spacelike trajectories (at least partially).

5.1. Reissner—Nordstrom—(Anti)de Sitter metric

To evaluate the previous calculations in explicitly scenario, let us calculate A, from (109), for
the Reissner—Nordstrom—(Anti)de Sitter. This metric is given by

2GM Y
g(r):cz(l— G ﬂ_i)’

cr ctr? 3 (110)
where G is the gravitational constant, ¥ is Coulomb’s constant, Q is the charge of the black
hole, M its mass and A is the cosmological constant.
For this case, the parameter (109) becomes
278G r0 (Bc*Mr—4k 0%) (¢ jm+EJ) (6 m*r* +2c* 2 At 43¢ GI* M r—6k GJ* Q?)
A= 67172 a2 2GT2 2024 .
Bcm?rA4-c*J2art —3c2 G2 Mr+-3k GJ* Q%)

(111)
We have found that searching for parameter combinations that produce A > 1 is a very
difficult task when selecting known values for different particles. For example, trying to make
an electron accelerate to the speed of light is practically impossible on an extremely large
range of central object masses (from Earth like to extreme black holes) under even the most
extreme scenarios for values of E and j. Another interesting result is that the cosmological
constant has no effect on the line element when there is no central object present (M = Q = 0).
This can easily be seen from equation (111).

6. Exact solution for static spherically symmetric conformally flat spacetimes

As well as in the other metrics studied in this work, the motion of a top in a conformally
flat spacetime with spherical symmetry may be solved exactly. The conformally spherical line
element is

ds? = g ' A, gy = 1, (112)
where © = Q(r) is the spherical symmetric conformal factor, and 7,,, as the flat spacetime

metric written in spherical coordinates, such that n,, dx* dx" = c?d* — dr* — r2(d9* +
sin® 0 d¢?).
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Because the metric is time-independent, we can find a general expression for the conserved
energy using the general conserved quantity (11). We get the conserved energy E for the motion
of the top

E =P —?QQ's", (113)

associated to the Killing vector Sli = (2Q2%,0,0,0). Similarly, the three components of the
conserved vectorial angular momentum of the top can be found in a similar fashion. Without
loss of generality, we again restrict ourselves to motion in the equatorial plane 6 = 7 /2, as in
the previous sections. The conserved angular momentum component orthogonal to the orbital
plane is

Jj=—QQ+rQ)rs? — Py, (114)
which can be checked from (11) using the Killing vector &ﬁ = (0,0,0, —r?Q2).
On the other hand, the mass and spin conservation laws give rise to new relations. From
(9) we find that
2
LP PP P = PQPm e, (115)
c
whereas from (10) we have
(877)?

7= P2 (PP — P — *r°PY), (116)
where use has been made of the constraints (8)
SPP, ST P,
Sr=—"_"2 gt (117)
P, P,
We notice that equations (115) and (116) can be used to get the condition
JFP;
S = 118
mr23c? (118)

This condition allows us to rewrite the conserved energy and angular momentum in terms of
momenta. Using (117) and (118), we can write the energy (113) and the angular momentum
(114) as

J
E=P+— P, (119)
. J(Q+rQ")
I= T e 1T (120

Notice that two solutions for the energy and the angular momentum have emerged now.
Their origin are the two possible solutions for S” of the condition (118) related to the fact that
the spin vector may be parallel or antiparallel to the angular momentum vector.

The previous relations can be solved for P; and P,. It is again convenient to define the
dimensionless auxiliary function

Q(Q+rQ)J?

n=n0) = (121)
in order to find the top’s momentum from (119) and (120)
1 EJ(Q + rQY
Py = iy S+ (122)
1—n mc2Q2
1 JIY
P = E+ . (123)
1—n mrQ?
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Lastly, from the condition (9), we get

1/2
P> P
P=+ [—’2 -2 - m2c2§22:| . (124)
c r
Once we find the momenta in terms of the conserved quantities, it is possible to solve the
system for the velocities 7 and ¢. With the help of (117), the equations of motion (7) for S
and S become

_ S?Py DP, DS Py  S*" DPy

Pi—P - :
P2 DL Dr P P Di

(125)

S®"P. DP, N DS?" P, 4 S®" DP,
P> D. DA P P D\’

P¢—PF=— (126)

where this time we have not written explicitly the covariant derivatives. Using (6), these
equations may be solved for 7 and ¢ in the equatorial plane to give

s _Sr e (B L a(BY v (B
() () S5 o

where we have defined

2 ~1-1
t=m-1 [n +1— m(m/ +rQ"| (128)
and
J? 7
y=>0-n" [1 + m«mz -QQ")|. (129)

Thereby, the motion of the spinning massive particle has been solved exactly, remembering
that J may be identified with the top’s spin. It is worth noting that the preceding expressions
coincide with the usual results for geodesic motion when the spin is neglected, J = 0, being
n=0,P,=—j, P =E,and P> = E?/c* — j?/r* — m*c*Q. Thus, the velocities are reduced
to 7 = —c*P,/E and ¢ = ¢2j/(F*E).

Again, another interesting aspect of the motion of the top is the evaluation of its interval
(112). This becomes

2 s L mAc Q!
N

(1—=A), (130)

where we have introduced the parameter

(B2 -1
I o VI )

From (130) we realize that, even for massive particles, there could be some initial
conditions such that ds?> < 0, at least in part of the top’s trajectories. The contribution of
A depends on the conformal factor and also depends strongly on the value of the mass, being
important for small mass values. When the spin is neglected, then ds? = ¢ dt?Q*(m?c*/E?) >
0, and the top always travels in timelike trajectories.

To show this behavior with explicit conformal metric, we will study different scenarios
where the conformal metric is relevant.

A (131)
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6.1. Conformally flat spacetime for static perfect fluid and radiation

As an example, we study the motion of a test top in a conformally spherically flat universe
filled with a static perfect fluid and radiation. We will focus our attention in four different cases:
radiation only, matter-dominated, radiation-dominated and inflation-dominated universes.
The universe will be filled with a static fluid, with energy density € and pressure p, and a
electromagnetic radiation field F,,, which has origin in a electrostatic potential, i.e., its only
non-vanishing component is Fj,.

Assuming that the fluid pressure p is proportional to the fluid energy density €, the Einstein
equations for the conformal metric (112) can be solved exactly. A general conformal factor
can be found [25]

Q(r) = Q) (r /130 — g, g)(1H30)/2 (132)

where Q) and Q, are constants, « = p/e is the constant ratio between pressure and the energy
density, and B = (1 + 3¢) @ +3)/U+30) AJso, the energy density has the form [25]

2
e= POt 2t _ g, g)ae (133)
4rGQA(1 + 3a)

where G is the gravitational constant. Notice that we must require O, > 0 in order to have a
positive semidefinite energy density. The radiation field can be found to be

—6-6
2 _ 6'2 ri +3o{u

~ GO(1 + 3a)

where F? = F o, F* = 2F, F = —2(Fy,)?/(Q2*c?). Because Q, > 0, this solution could
have an intrinsic singularity in the metric [25].

(r* B Q2ﬂ>_3_3a [2 6o 424 3a)ﬂQ2,,ﬁ] , (134)

6.1.1. Uniform electromagnetic radiation universe. If Q, = 0, the conformal factor will be
simply

Q== (135)
r

This conformal metric describing this kind of universe is known as the Bertotti—-Robinson
solution [26-28]. It is important to notice from (133) that the energy density and the
pressure vanish. Therefore, there is no fluid. On the other hand, from (134), we get that
F? = —2¢%/(GQ?) is constant. Thus, this universe is filled only with a static uniform
electromagnetic radiation field.

The motion of a top in this universe can be studied using the Bertotti—Robinson metric.
From (121) we find that n = 0. This fact simplifies the previous expressions, finding from
(122), (123) and (129), that

, il J?

Py=—-j, P=E+—, =1-———, 136

¢ J t mQr y m2C2 Q2 ( )

respectively. Also, from (128) we get ¢ = —1. This implies that the nature of the interval ds?

of the top particle (130) is controlled by A only. From (131) we find that

272
JjJ

= M6 0O (J? =2m’ Q). (137)

With these quantities we can evaluate the velocities (127), and thus, the motion of the spinning
particle is completely described.
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Lastly, notice that A can be positive, negative or null depending on the properties of the
top and of the spacetime through Q. This determines the sign of the interval ds?, which it is
_dre
- ARmtQ?
where P, is given in (136). If the previous expression for ds? is positive, the spinning massive
particle follows timelike orbits. Otherwise, the particle can travel in lightlike or spacelike
orbits. Interesting enough is that this condition depends only on the properties of the particle
J, J and m, and not on the top’s path. Thus, depending on the top’s properties, the previous
desciption is for the motion of bradyons, luxons or tachyons [29].

ds® Q217 + mbc8 Q8 — j2uh), (138)

6.1.2. Matter-dominated universe. If we choose o = 0, then we describe a matter-dominated
universe [30]. In this case, the energy density is dominant over the pressure, and the fluid is
composed by non-relativistic matter (cold dust, p = 0). For this case, the conformal factor
will be given by

1 1/2
Q=0 (—2 - Qz) ) (139)
T
making the evaluation of the n function a straightforward calculation
J2010,
"= s~ (140

This allows us to write the other auxiliary functions in terms of . We find that ¢ =
(n—1)/@2n+1)andy = [1+3n—1n/(#?*Q2)]/(1 — n). In this case, the momenta (122) and
(123) take the form

1 - EIQI0, 1 %
P‘Z’:l—ﬁ(_]:t me2Q3 )’ le—ﬁ B et ) (4

With these values, the evaluation of P, or of F? could now be done using (124) and (134).

Along with this results, it is possible to obtain an expression for the interval (130) in this
spacetime. As in the previous case, the spin introduces enough freedom to enrich the behavior
of ds?. It can be shown from (130) that

ds? _ Q?
Ad2 (41— 2n2)2PR2
8n(1 2 204\ 2+ 620t
_(l_n)zp¢2< n(1 4 n)e +< 0 ) _ @6 Ql)] (142

r2 Qb¢ m2r’ QOm2y8

[3:7(2 + ) (1 = n)*P* +m*c*Q*(1 —n)*

written in terms of 7 given in (140) and the momenta (141). If this expression for ds? is null,
the motion will be lightlike, and it will be spacelike if the right-hand side of (142) is negative.
Otherwise, the trajectory will be timelike. In addition to its dependence on the top’s properties,
the above expression for ds® also depends on r, implying that the particle can achieve velocities
larger than speed of light in certain regions of its path. A rigorous evaluation of this condition
requires the knowledge of the top’s energy E, mass m and angular momentum j, and the
constants O and O, of the metric.

6.1.3. Radiation-dominated universe. The radiation-dominated phase of the universe (very
early universe) can be studied for « = 1/3 [30], implying an equation of state for ultra-
relativistic matter. In this case, the conformal factor (132) becomes

1
Q=0 (; - 4Qz) . (143)
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which produces now that
42070,
= Bmroh
Then, the auxiliary functions become ¢ = (3 — 1)/(n + 1), and y = [1 + 21 — n/(4r0>)]/
(1 — n), whereas the momenta are

1 . 4EJ0O1 0> 1 JJO
P¢7:1—n<_]:t mc2Q2 )’ Pt:1—17<E:Fmr3Q2 ’ (145)

which can be used to find the velocities of the particle.

Again, using the previous solution an explicit expression for the top’s interval could be
found. We again obtain a possibility for a behavior different to a timelike interval. It can be
shown from (130) that

> 0. (144)

ds* @ 4n(1 —n)*P? + m*c* Q2 (1 — p)?
= — m-c —
Zdr T (G —pepE| e T 1

2 4 4 202
3n2+n)c J*O] 2+ 4n)J Ql)i|» (146)

2p2
—=m7F < 2 Q¥mic2ri0 Q4m2s6

in terms of 7 defined in (144) and momenta (145). Thus, ds* could define timelike, lightlike or
spacelike motion for the spinning massive particle, if it is positive, null or negative, respectively.
Anew, the lightlike or the spacelike behavior of the top’s interval will depend on the distance
and on its properties. For some appropriated values of the energy, mass and angular momentum
of the massive particle, the spinning massive particle can be have different behaviors for the
velocities in some part of the trajectory.

6.1.4. Inflation scenario. As a final example, we perform a theoretical exercise studying a
universe filled with dark energy. In this case the universe will be in an inflationary state with a

cosmological constant. A simplest case is to consider a fluid with the equation of state « = —1
[30, 31]. Thus, the conformal factor acquires the form
_ @ (147)
r—0
while from (121) we find that n = Q,J?/(Q3rm*c?). Remarkably, this metric produces huge
simplifications. It implies that { = —1. Also, we obtain that y = r(J> — QIm*c*)/(Q2J* —
rQm?c?), and the momenta are
1 EJ 1 iJ
Py = LU D YL R (148)
1—n mc?Q) I—n mrQ;

Finally, we get that the interval (130) of the top particle is controlled only by A (due to
the fact that 2 = 1). For this case, we get

ds? B m2cl Q4 Y o
A (Qrmic? — 0,2)' PP (702 = Qirmc’)
—2(r = 02)* (jQime® F EIQ2)* (P (r + 02) — 2Q1rm*c?) . (149)

The interval ds? could be null or negative, and the motion could be lightlike or spacelike. This
condition also depends on the distance. So, a spinning massive particle moving in a universe
with dark energy could reach velocities larger than speed of light due to its spin.
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7. Conclusions

We have find exact solutions for the motion of a spinning massive particle in different
spacetimes. First, we study two are cosmological models, the Friedmann—Robertson—Walker
and Godel spacetimes. Later we study a general Schwarzschild-like spacetime and finally the
static spherically symmetric conformally flat spacetime.

The top’s motion in each metric is exhibited in detail. For the case of the FRW spacetime,
we found a new conserved quantity that allow us to solve completely the problem. For the
general Schwarzschild-like spacetime the case of the Reissner—Nordstrom—(Anti)de Sitter
metric is shown, whereas for the conformally flat spacetimes, we show different solutions for
different universes filled with a perfect fluid and/or radiation.

In any case, the solutions are written in terms of the momenta and velocities of the spin
particle. The spin strongly modifies the dynamics of the spinning particle (as compared to
the spinless case), which modifies the momenta, the velocities, and, in particular, the nature
of its line element for the orbital motion. Although most of the solutions produce timelike
trajectories with ds> > 0, for various cases there are some specific relations between the energy,
the spin and the angular momentum that can give rise to luminal (ds* = 0) or superluminal
(ds?> < 0) motion for massive particles. These are the cases of the motion for the spin particle
in the FRW, general Schwarzschild-like and static conformally flat spacetimes. These results
generalize those found for spinning massive particles in a Schwarzschild background [14].
The results presented here seem to indicate that the effects due to spin are robust.
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