Bloch approximation in homogenization on bounded
domains

C. Conca*, R. ORIVE!, AND M. VANNINATHAN?

Abstract

The classical problem of homogenization deals with elliptic operators in periodically oscillat-
ing media of small period € > 0 and the asymptotic behavior of solution u® of boundary value
problems associated with such operators. In a previous work [5], the authors introduced what is
called Bloch approzimation which provided energy norm approximation for the solution in R¥.
This paper continues with the above development and proposes a modified Bloch approzimation.
This function takes into account boundary effects. Its connection with the first order classical
correctors is also established with the corresponding error estimate. All the proofs are worked
out entirely in the Fourier-Bloch space.
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1 Introduction

This paper considers the behavior of solutions of elliptic boundary value problems when the
coefficients are periodic with small period € > 0. In particular, we take the effects of the boundary
into account.

The fundamental work of A. Bensoussan, J.L. Lions and G. Papanicolaou [1] presents homog-
enization results using an approach based on physical space analysis. Now, in this work we are
going to take a Fourier point of view and propose accordingly a new way of obtaining the classical
correctors in homogenization.

In this direction, we introduced in [5] what we called Bloch approximation of the solution of u®
in the case of the whole space (i.e. without boundaries). It was shown that Bloch approximation
contains the classical first and second correctors introduced in [1]. Roughly speaking, this incorpo-
rates multiple scale structure of the solution and provides an approximation in the energy norm.
The Bloch approximation is given by an elegant oscillatory integral involving the first Bloch wave.

However, the results in a bounded domain do not automatically follow from those in the entire
space. Further, the method of obtaining such results in the physical space offers no clue to the
construction in the Bloch space. Therefore, we propose a modified Bloch approximation such that
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the proof of the classical first corrector remains entirely within Bloch space. In this case of a
smooth homogenlized solution, it is proved that this first corrector term satisfies the classical rate
of convergence 2. In its turn, this provides an error estimate of the same order for our modified
Bloch approximation. These two issues were further substantiated by the numerical experiments
performed by C. Conca, S. Natesan and M. Vanninathan in [4] and [3].

Let us now introduce the problem to be studied in this work. We consider the operator

0 0
1.1 Adéf—< ) c RN
(1.1) Do ak@(y)aye Yy

where the coefficients satisfy
Qpe € L;E(Y) where Y =]0,27[", i.e., each az is a
Y-periodic bounded measurable function defined on RY and

Ja >0 such that age(y)mene > aln)> ¥n e RN, y €Y ae.,
age = agr, Vk,L=1,...,N.

(1.2)

For each € > 0, we consider also the operator A° where

¢ def 0 c 0 . € X
(13) A = — aixk (aké(ﬂj)aw) with a/kg(m) = akg(g) x e RN

In homogenization theory, it is usual to refer to x and y the slow and the fast variables respectively.
They are related by y = Z. Associated with A°, let us consider the following boundary-value

problem
(1.4) AwF=f in Q5 € HH),

which is posed in an arbitrary bounded domain © in RV and f is a given element in L?(Q). It is
classical that the above problem admits a unique solution.

From the classical work [1], it is known that one can associate to A° a homogenized operator
A* given by

(1.5) prief 0 < 0 >

76:% Qkfaixg

The homogenized coefficients gy are constants and their definition is

1 OXe \ , def Ixe
1.6 qu:/akg—i—ak dZMy<akg+ak —— 1,
Y
where, for any £k =1,..., N, xi is the unique solution of the cell problem
0
Ay = e in Y,
Oy

(1.7)
Xk € H;%(Y), My (xx) = 0.

The theory of homogenization gives the following result: the entire sequence of solutions u® of (1.4)
converges weakly in H&(Q) to the so-called homogenized solution u* characterized by

(1.8) A*u*=f in Q, u*cHNQ).



The problem of the first order correctors is to obtain functions u € H3(2) which are easy to
construct and at the same time have the following characteristic property

15 * 1>
(1.9) |lu® —u —6u1HHé(Q)—>O as & — 0.

To obtain such corrector, multiscale expansion method is followed in [1]. The authors consider

an asymptotic expansion (with y = Z) of the form

(1.10) uf () = ug(z,y) + cur(z,y) + 2u(z, y) + - - -,
where the functions u; are Y-periodic in the variable y. In particular, they get

uo(z,y) = u*(z), )
Ul(m7y) = Xk(y)g%(l’)’

where xy, is the solution of (1.7). Thus, an obvious candidate for the first order corrector is eu (, £);
however it does not satisfy the boundary condition on 92 and hence it is natural to introduce cut-off
functions m® having the following properties

me € D(Q),

mé(z) =0 if dist(z,I) <e,
mé(z) =1 if dist(z,I') > 2¢,
eM|DIme(z)| < ¢, VyeZV,

(1.11)

which exist, provided 0f) is smooth enough. Then, the first order correctors can be chosen as

*
(112) (@) = (@)D G @),
Under the hypotheses that y; € WH°(Y) and u* € H%(Q) it is proved in [1] that u € HE(Q) and
it is a first order corrector in the sense that (1.9) is satisfied.

In this work we are going to take a Fourier point of view and propose accordingly a new way
of obtaining correctors. A fundamental tool in this process is the modified Bloch approximation.
With such an approach we obtain in the dual space a first corrector of the solution u® and, using
Bloch techniques, we prove the convergence of this first corrector to the solution ¢ in the energy
norm. We observe further that the modified Bloch approximation has the advantage that spectral
methods can be implemented to approximate problems exhibiting multiple scales.

Now, let us briefly summarize how this paper is organized. In Section 2, we give a brief
exposition of previous results in homogenization of periodic structures via Bloch decomposition
along with the Bloch approximation in the case of the whole space. Section 3 introduces the
definition of the modified Bloch approximation taking into account boundary effects and presents
its main properties and its connection with the first order correctors. In the fourth section, we
establish technical lemmas useful in the sequel. In Section 5, we provide an asymptotic expansion
of the modified Bloch approximation which is used in the next section to show that it implicitly
contains first order correctors of u. In Section 7 we establish the rate of convergence for the first
corrector term. Finally, we conclude with a summary and a brief discussion about the efforts to
adapt Bloch waves to the boundary for futures advances in homogenization.



2 Survey of previous results

The basic tools of our approach are the Bloch waves associated with the differential operator A
introduced in (1.1). The Bloch waves are defined as follows:

Let us consider the following spectral problem parameterized by n € RY: To find A = A(n) € R
and 1) = ¥ (y;n) (not identically zero) such that

Ap(5m) = Amy(sn) in RY,
(2.1) P(+5m) is (n;Y)-periodic, i.e.,
Yy +2mmin) = 2T (ysn)  Ym e ZV, y € RY.

Noting that the problem (2.1) is ZV-translation invariant with respect to 7, we can restrict 1 to the
dual cell Y’ = [—1, 1[N, Seeking the solution (y; ) in the form e®"¢(y,n), ¢ being Y-periodic in
the variable y, one can prove (see [6]) that the above spectral problem admits a discrete sequence
of eigenvalues with the following properties:

0< M) <+ < Anli) < -+ — o0,
Vm > 1, An(n) is a Lipschitz function of n € Y.

The corresponding eigenfunctions denoted by 1, (-;7) and ¢,,(-;17) can be chosen to constitute
orthonormal bases in the spaces of all L?OC(RN )-functions which are (n;Y)-periodic and Y-periodic
respectively. The functions ¥, (-;n) and ¢, (+;n) (referred to as Bloch waves) introduced above
enable us to describe the spectral resolution of A (an unbounded self-adjoint operator in L?(R™))
in the orthogonal basis {e% ¢, (y;n)|m > 1,7 € Y'}. To obtain the spectral resolution of A° let
us introduce Bloch waves at the e-scale:

)‘in(‘g) = 5_2)‘m(77)a d)fn(xag) - ¢m(y; 77)7 ¢7En(xa E) = ¢m(y§ 77)7

where the variables (,&) and (y,n) are related by y = £ and n = £. Observe that ¢, (x;¢) is
eY-periodic (in x) and e'Y” periodic with respect to £&. In the same manner, ¥ (+;€) is (e£;¢Y)
periodic because of the relation ¥¢, (z;€) = e €¢, (z;€). Note that the dual cell at e-scale is e 'Y’
and hence we take £ to vary in e~'Y” in the sequel. With the above notations, we can state the
fundamental result concerning the spectral resolution of A®.

Theorem 2.1 Let g € L?>(RY). The m™ Bloch coefficient of g at the e-scale is defined as follows:

(Bog)(6) = / o(@)eEEE (s €)de Vm > 1, €€ 1Y,
RN

Then the following inverse formula holds:

o(z) = / S (B2,0) (€)™ €65, (x; €)de.

ey m=1

Further, we have Parseval’s identity:

ety m=1

/ lo(a) 2de = / S 1(Bo0)(€) e,
RN



Finally, for all g in the domain of A%, we get
w .
Aga) = [ (OB O G e
ey M=l

Using the above theorem, the classical homogenization result was deduced in [7]. To this end,
the following results were established and applied.

Proposition 2.2 We assume that apy satisfy (1.2). Then there exists § > 0 such that the first
eigenvalue \1(n) is an analytic function on Bs = {n | |n| < ¢}, and there is a choice of the first
eigenvector ¢1(y;n) satisfying
{ n— ¢1(5;m) € Hy(Y) is analytic on Bs,
¢1(y;0) = [V

Moreover, we have the relations

(S) aA
A0) =0, DO EZ2E0)=0 VEk=1,..,N,
ony,
1 def1 82)\1
—D2 A (0)EZ 0) = Vkt=1,...N
2 k¢ 1( ) 2877k87]g( ) qre ) ) ) )

and there exist constants ¢ and ¢ such that

(2.2) dnl* < M(n) <@ vneY,
(2.3) 0< A <anm) Ym>2 nev,

where )\gN) is the second eigenvalue of the spectral problem for A in the cell Y with Neumann

boundary conditions on 0Y . .

Let us recall the main steps of the homogenization result deduced in [7] in the case of the whole
space RY. The first one consists of considering a sequence u® € H'(R") satisfying

Afuf = f in RV,
(2.4) u® —u* in  H'(RY)-weak,
u® —u* in L?(RY)-strong.

We can express the equation A*u = f in RY in the equivalent form

(2.5) X (O)(BLu)(©) = (BLN)(E) Ym>1, eV,

In the homogenization process, one can neglect all the relations for m > 2 (see [7] and [9]). In fact,
we have the following proposition taken from [5].

Proposition 2.3 For allv e H'(RY), we have

[e.9]

S Bl < eVl

e—lyr M=2



Thus we can concentrate our attention only on the relation corresponding to the first Bloch
wave:

(2.6) A(€)(Biu)(§) = (Bif)(€) Veee Y

With the aim of passing to the limit in (2.6) as € — 0, it was proved in [7] that the first Bloch
transform is an approximation to Fourier transform. This result is naturally expected from the
above result of regularity on the Bloch spectrum and the fact that ¢5(z;&) — (2r) /2
V¢ € RY. More precisely, we have the next result whose proof can be found in [5].

,as € — 0,

Proposition 2.4 Let ¢° and g be in L>(RY). Then

(i) If g — g weakly in L>(RY), then Xs_llﬂBfgE — § weakly in L? (]Rév) provided there is a

loc

fixred compact set K such that supp (¢°) C K, Ve.
(ii) If g € L*(RY), we have
X_ 1y, (E)Big(€) — g(&) in L*RE). =

Thus, the homogenized equation in the Fourier space

(2.7) Gelrlet®(€) = f(€) Ve e RN

is obtained from (2.6) by passing to the limit as ¢ — 0. Here, ]?stands for the classical Fourier
transformation of f.

Once the homogenization result in RY is established, it is an easy matter to deduce the corres-
ponding result in a bounded domain 2 by localization techniques using cut-off functions (see [7]).

Theorem 2.5 Let Q be an arbitrary domain in RN. We consider a sequence u satisfying (1.4).
Then

ou® N ou*
qke Oy

€
Qe 8$e

in  L*(Q)-weak, Vk=1,...,N.

In particular, u* satisfies the homogenized equation (1.8). =

The next stage of development was the introduction of the Bloch approximation of u® by the
following integral representation:

(2.8) o) [ T himod, v R,

e—1ly”
According to Proposition 2.4, the Fourier transform u* is an approximation of B{u¢, and so heuris-
tically speaking, the Bloch approximation ©°¢ is close to u® since higher modes can be neglected.

Indeed, this has been rigorously established (loc. cit.) without the hypotheses usually assumed in
literature in the justification of correctors.

Theorem 2.6 Assume that the coefficients ayp satisfy (1.2). Let u® be the sequence introduced in
(2.4). Then if f € L>(RY), we have

(2.9) (u*—©°) =0 in HYRY).
Furthermore, we have the estimate

(2.10) IV (u® =7

L2(RN) < cstHL2(RN)'



Thanks to the above result, we were reduced to expand ©°¢ in terms of € in order to be able to
compare it with the classical correctors for u®. To fulfill this task, it is clear from the definition of
©°, that it is necessary to obtain asymptotic expansion of the first Bloch mode ¢7(-;£). We state
now results in this direction and their proofs can be found in [5].

Proposition 2.7 All odd order derivatives of A1 at n = 0 vanish, i.e.,
DPA(0)=0 VB eZY, |B] odd.
Various derivatives of ¢1 at n = 0 can also be calculated, in particular:

Dy¢1(y;0) = id1(y; 0)xu(y). =

Using the above result, we deduce the following one on first order correctors.

Theorem 2.8 Assume that the hypotheses of Theorem 2.6 hold.

(i) We have

197 —w™]| < cel|u”]]

L2(RN) HIYRN)'

(ii) If f € L2(RN) and x;, € W#OO(Y) where Xy, is the solution of (1.7) and x5(x) = xi (£), then
we have

ou*
5'ka

< ce| £
HY(RN)

£ * £
HG ST LN’

3 Presentation of new results

After discussing the case of the whole space, let us now go back to the case of bounded domains
and consider the original problem (1.4). Let us recall that the difficulties of adapting Fourier type
techniques in bounded domains are very well-known. Nevertheless, we could prove the homogeniza-
tion result (namely Theorem 2.5) in the case of bounded domains via localization techniques in the
physical space [7]. This shows that certain results on bounded domains can be deduced using the
Bloch wave method. We substantiate further this statement by showing how Bloch techniques can
be adapted to give the correct definition of the Bloch approximation in bounded domains taking
into account the boundary condition. Somewhat surprisingly, this does not involve localization
neither in the physical space nor in the momentum space but in the state space. Accordingly, we
introduce cut-off functions in R enjoying the following properties:

=% 0)=0,

p* e CH(R), ¢°(0)

(3.1) ¢ (u) =u, if |ul>e,
(¢°) € Whe(R), |¢*(u)| < clul,
(%) (u)] < e, [(09)"(u)] <cet, forucR, ae.

Explicitly, we can take, for example

u if  |ul > e,
oF (1) = usm(g—:) if 0<u<e,
um
—usin(—) if —e<u<O.

2e

7



Next, we define the modified Bloch approximation for the Dirichlet boundary value problem as
follows:

(3.2) 6" () Ef/)&ﬁaﬁk”%ﬂaﬂﬁ for € 0,

e~ 1y’

where we recall the definition of the Fourier transform used in our work:

&¥55@>=<mo¥u/¢%a%w»e“%da

RN
with u* denoting the extension of u* defined by

R A s

Throughout this paper, we use the notation ~ to denote the extension by zero outside €.

We make now a few comments on the modified Bloch approximation. First of all, it is not
difficult to compute this object numerically following the algorithm of [4] and [3]. Secondly, its
definition involves only the first Bloch mode which is also the case with RY. The main difference
lies in the fact that it depends on the boundary condition through ¢ and u*. At first glance, it
may seem strange to introduce nonlinear function of the solution in a linear set-up. However, this
introduction is natural if the reader recalls that the solution depends nonlinearly on the boundary.
One can also observe in the definition of #° that the values of u* are modified not only close to
the boundary on which u* vanishes but also at places inside Q2 where u* may be zero. (But, of
course, this modification becomes negligible as ¢ — 0). This is one of the main differences with the
classical expression of first order correctors where values of u* are taken as such.

Since ¢1(+;n) is analytic for || < 6§, we can expand it as in Theorem 2.8 and this gives rise to an
asymptotic expansion of the modified Bloch approximation (3.2). The main result in this direction
is as follows:

Theorem 3.1 Let Q be an open bounded set in RN and the modified Bloch approzimation 6° be
defined by (3.2). Then

(i) 6° converges to u* in L*(Q) as ¢ — 0. In fact, we have the estimate

167 = & (@) gy < "0 g

(i) Under the additional hypotheses that u* € H?(Q), Vu* € L*(Q) and xx € WH*°(Y), we have

ES Eaeu*
0° — @ (u") —exi G

o, —0 in HY(Q),
with the notation x5(x) = xx (£). =

The connection between the modified Bloch approximation and the corrector property is given

by:



Theorem 3.2 Under the hypotheses that u* € H%(Q), Vu* € L*(Q) and xi, € WH(Y), we have

d® (u*
22 ¢ i)

and it provides a first corrector in the sense that it satisfies

Ot (u*
u® —ut — sxiM —0 in Hj(Q).
oxy,
The proof of this theorem is based entirely on a Fourier point of view. In particular, we use
Bloch techniques to prove the convergence in the energy method. Putting Theorems 3.1 and 3.2

together, we have easily that

Corollary 3.3 Under the hypotheses of Theorem 3.2 the modified Bloch approximation approxi-
mates the solution in the energy norm:

luf = 611y — 0. =

Under suitable hypotheses on the homogenized solution and using the maximum principle, we
are now in a position to establish a rate of convergence for the ﬁrst1 corrector term as well as for
the modified Bloch approximation. This error estimate is of order €2, and more precisely, we have

Theorem 3.4 Let x € WH(Y) and u* € H?(Q) the continuous solution of (1.8) with f > 0 and
whenever N > 3, assume u* in W?P(Q) with p = 4(N + 1)/(N +4). Assume that the boundary of
Q satisfies the standard interior sphere condition at any x € 0S2. Then

O (u”)

1
< ce2. n
oxy -

-

Finally, combining Theorem 3.4 and the classical error estimates of the first corrector term
proved in [1] (see pp. 66), we get

Corollary 3.5 Under the hypotheses of Theorem 3.4 and if Vu* € L*(Q), the modified Bloch
approrimation approzimates the solution as:

[ = 0% gy < 27w

In general, u* may be zero inside €. Thus, to obtain the error estimate of order £3 is as follows:
Remark 3.6 In the case f changes sign, we decompose u* in
u*(x) = ul (z) —u’ (x) x e Q,

where u’ (x) is the solution of (1.8) with fi(x) = max(0, f(z)) and u* (x) is the solution of (1.8)
with f_(x) = max(0, —f(x)). Now, we consider the modified Bloch approximation for uf,

bi@) = [ SO @Od  forseRY,
E—ly/
and, analogously, 0% is the modified Bloch approxzimation of u® . Then, applying Theorem 8.4 and
Corollary 3.5, we establish

4 = 05 + 0% || pra ey < 2.



4 Preliminary lemmas

Here, we prove a couple of results about the convergence behavior of ¢ (u*).
Lemma 4.1 Let ¢ be as in (3.1).
(i) If u € L?(Q) then ¢°(u) € L*(Q) and we have the estimate

() =l < €.

(ii) If u € HY(Q) (resp. HE(Q)) then ¢ (u) € HY(Q) (resp. HE(Q)) and
©°(u) —u in HY(Q) (resp. H§(Q)) ase — 0.
Proof. First let us prove the estimate in L?(Q2). To this end, let us note

¢ (u) —u=(p"(u) —u)xes n€

where x _ is the characteristic function of the set
w

(4.1) Ww={zeQ; |u(x) <e}.
Hence, using (3.1) we get
() — ul® < clu(z)Px . 2 €Q

wE

A simple integration yields the estimate
()
H(p (’LL) - UHL2(Q) S ce.

The next step is to prove the strong convergence in L?(Q) of the first order derivatives. We
apply Dominated Convergence Theorem. By Chain Rule, we have

org” T
Thus, the following relation holds:
o (9(0) — ) = () (w) = 1) ox, @€ R
from which we can deduce the uniform bound, namely,

a (3
2, W)~y

2
<c

ou |?

oxy,

To show the point-wise convergence a.e. in §2, we introduce the set
w={xeQ; u(x)=0}Cw
and use the property that
Vu(zx) =0 a.e. onw

to deduce 9
—ux —0 ze€ae
Oxy, " we

This completes the proof of Lemma 4.1.

10



Lemma 4.2 For u € H%(Q) with Vu € L*(Q), we have ¢*(u) € H*(Q) and
eof(u) — 0 in H*(Q).
Proof. By virtue of the previous lemma, it is enough to show

0% ° (u)

(4.2) € Ju:dz,

—0 inL*Q) Vi,j=1,...N.

First of all ¢°(u) € H?(Q) since ¢ € CL(R), (¢°) € WH*(R) and u € H?(2). Further, by Chain
Rule, we have

2, € m 2u " "
Eaam(ia(xj) (x) = 5((p5)/(u(x))azawj (x) + g((pa)//(u(x))aaxi ($)aax](x) in Q.

(4.3)

The first term on the right side of (4.3) obviously tends to zero in L?(f2). Regarding the second
term, we note that it is bounded above by

(4.4) | Vu(a) 2

we’

This is because (¢°)'(t) = 1 if |t| > ¢ and (¢°)"(u(z)) = 0 if z € w®. Since Vu € L*(Q), it follows
from our arguments in the last part of the proof of Lemma 4.1, that (4.4) converges to zero in
L*(9). This finishes the proof. =

Remark 4.3 We will use the above lemma with uw = u*, the solution of the homogenized equation.
Thus, assuming 0K is smooth and that f € L*(Q) and f = div(g) with g € L*(Q)Y, it follows from
classical regularity results that u* € H?(QY) and Vu* € L*(Q)N. Thus the hypotheses of Lemma 4.2
are satisfied in this particular case. .

Remark 4.4 It is important to note that if the homogenized solution u* lies in H*(Q) N H} ()
and Vu* € LY Q)N then ¢°(u*) is not only in H*(2) N HE(Q) but also in HZ(Y). Hence, ¢ (u*)
H2RYN). .

Our next result is a generalization of Parseval’s identity of Theorem 2.1.
Lemma 4.5 For ¢° € L*(e™'Y") and p € L*°(Y'; H#(Y)), we define

(4.5) G*(x) = / (oL iceye, o e R
6—1Y/

Then, we have

Gy = [ 5O IO, ,
6_1Y/
HvaEHiP(RN) - /Vgs(&)IQIIifp(';Eﬁ)JrEIVyP('?sf)”iuy)Ndf'
5—1Y/

11



)
m=1

Proof. We expand p(y;n) as a function of y in the orthonormal basis {¢,(y;n)}
parameter:

where 1 is a

py;n) = am(n)ém(y;n).
m=1

Introducing this expression in (4.5), we get

[e.e]
G@)= [ FOD an(c)e 56, (i)
ey’ m=1
Applying the Parseval’s identity of Theorem 2.1, we get

IGe2, = / FEOP S am(ee)Pde.

L2(RN)

ey’ m=1

This completes the proof of the first part of the lemma if we use the Parseval’s identity in L?(Y):

oo

leCsmIT, oy, = 2 lamm) Yo €Y.
m=1

For the second part of the lemma, we differentiate formally G(x) with respect to . We obtain

V.G = [ g (e (igp(Fic0) + =Vl Tic) de
E—lY/

We remark that the above integral is of the same type as the one analyzed in the first part. This
completes the proof.

5 Asymptotic expansion of the modified Bloch approximation

In this section, we are going to prove the Theorem 3.1. To this end, we use the results established
in Proposition 2.2 and Proposition 2.7.
First, we show

(5.1) 16 = & (@) L2 gny < celle” o)
We use the decomposition
(5.2) 0°(x) — " (u(2)) = wilz) + us(z) + uz(x).

where

() = / o (@) ()65 (1 €) — 5 (; 0)) €

e 1B;s

u(r) = / = (07) ()6 (33 €)™,
e 1 (Y'—B;s)

(e) = —(2m) % / (7)) Ede.

RN—a‘*lBg

12



Applying Parseval’s identity we get:

2
4512, g, <

VG >\2d£<cé“/rs| = (@) e,

e~ 1(Y'—B;s)

and

12 < / o2 (@) [2de < 62 2/|§! o= (a") [2de.

On the other hand, using Parseval’s identity and the estimate

[@1(5m) — (5 0)[ vy < celn|  for n € By,
we get
€112 < * 2
012, gy < e[ TP P
87135
Now, we apply Lemma 4.1 which shows, in particular that ¢°(%*) is bounded in H'(R") and hence

= clu”|?

* 2 2
/ P 1g=(an) P < el 2 o

H(RN)
Therefore, (5.1) is proven.
Now, we are going to prove (ii) of Theorem 3.1. Because of (5.1), it remains to prove that

00° 0@ (u*)  Oxy 0p°(u*) e 9" (u¥)
oxy oxy oyy Oxy k 0x,0xy

(5.3) —0 inL*RY) Vk,=1,...,N.

A simple application of Lemma 4.2 immediately yields that the fourth term in (5.3) goes to
zero in L2(RY). The remaining terms in (5.3) are decomposed individually as follows:

= Al - s oleer [ FE e et +
e 1Bs e~1(Y'—Bj)
N — , — N O ;
+(2m)" 2 / = () (€)igee™ Sdg + &7 / P (@) €)ict(2m) "% G (D )eSde +
e~ 1B;s e~ 1B;s
O e P kAL s : N OXk (T e
et [ @O (i) —ietulemF JE (et +
8_135
1 () 0PL (T g gint
[ @O e,
~H(Y'—Bs)
W~ et [ F@@dssaront [ F @
e~ 1B; RN —¢—1B;s
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Oxk 0P (u*) TR (s N OXE (T i

SO @) = [ i en E G e tds +
67135
- / ) Fa©iuen) ¥ 2 )t

Putting them together, we reach the decomposition

00°  0p°(u*)  Ox5 0p°(u*) ouy — Ouf
5.4 — = — = ] 5 5
( ) 813( 813( ayﬁ 8:% U1($)+U2(ZE)+U ( )+ 8(13( 8$g’
where u5 and u5 were already introduced and where
i) = [ FEOE( 0 - 61l 0)e e
871B5
_ — 095 an T
£ — 1 (7% _ 2 (24 £d
Ba) = e [ F@O(G w6 —ietulzm)F GED) e s
E_IB(;
_ N OX%L — . iz
g = - i5ke [ Figet
]RN—€7135
Applying Lemma 4.5 to the expression defining u5, we deduce easily
ous ||
S T S
8$g L2(RN)
e 1 (Y'—Bs)
A more direct application of Parseval’s identity yields
ous || _
o < o [P
Tell2®y)
RN—E_lBL;
952y < el [ el P
RN—E_lBg

It remains to estimate v{ and v5. Once more invoking Lemma 4.5, we obtain

5y < ¢ [ IR 01(359) — 613 0 sy
87135
2 < 2 (012 e (2m) ¥ Xk 2 d
gy < = [ IFER | Gortse0 —istan F 0| ag
8_135

Applying Proposition 2.2 and Proposition 2.7, we arrive at

2 *
0612, < e [T P
67135

2
6312, g, < e [ Il P
87135
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Therefore, we get the following estimate

00 @) 0t @) ()|’

oxy oxy Oy Oz ~ Xk 0x,0xy

65 |

L2(RN)

S GRS
RN
According to Lemma 4.2, e (u*) — 0 in H?(RY) and so

/ra¢<>ﬂweo

67135

It then follows from the above estimates that each individual term of the right side of (5.4) converges
to zero in L2(RY) and hence (5.3) is proven. This concludes the proof of Theorem 3.1. .

6 First order correctors

The aim of this section is to provide a proof of Theorem 3.2 which is concerned with first order
correctors for uf.

As per the recipe provided by our earlier work [5], in order to get an expression of the first order
corrector, we must seek an expansion of the modified Bloch approximation which is precisely what
we have done in Theorem 3.1. Our choice for the first order corrector is thus the following:

Ip°(u”)
oxy,

(6.1) 2(x) = ¢ (u (x)) + exj(2) ().

Let us begin remarking that 2¢ defined by (6.1) indeed belongs to H}(€2) under our hypotheses
that u* € H2(Q) N Wy’ 4(Q) and yi, € WE(Y). In the statement of Theorem 3.2, we have ¢°(u*)
in the place of u* which is perfectly legal according to Lemma 4.1.

The result announced in Theorem 3.2 would follow if we show

IV (a® — — 0, ase—0,

2N L2y

(or) equivalently

(6.2) / Z N (€)[BEAE(E) — BEE(€)2dE — 0, as e — 0.
e-1yr m=1

In order to prove this, we observe that u® is the solution of

(6.3) AW+ N =f inRY, and @ € H'(RV),

where Nu° is defined as an element of H~'(RY) by

€
(6.4) < N%F, v > Ou

— _ It 1 N
A D Y ey T Tabe0) Gny Yo € HA(RY).

U2 1t o0

The above equation (6.3) can be written equivalently in terms of Bloch coefficients:

(6.5) X (6)BE,U° + BE, N0 = B, f, VYm>1,¢ee Y

15



Now, we expand the integral of (6.2)

(6.6) / Z (B F(OBRTEE) + Xa(©)IBLZ (O — BL(©) B3 7€) - By = (€)Bof () de

v [ X (CBNT BT + BN T OB + B F OB NT©) de

e~ly’ m=1

The last three terms of (6.6) vanish because, in fact, for all v € HZ(Q) we have

Z B;Nsas(f)B%%(f)df :H—l(lRN<) New,v > H1(RN)= 0.

Regarding the first term of (6.6), we have to distinguish two cases: m = 1 and m > 2. For
m = 1, we use the Proposition 2.4. For the case m > 2, using the Proposition 2.3, we see that the
contribution of all higher modes together tends to zero. Thus, the first term converges to

/ futdz.
RN

The treatment of third and fourth terms of (6.6) is similar and their sum has the following limit
since z° — u* weakly in H!(RM):
-2 / futdz.
RN

So, it remains to study the limiting behavior of the second term in the expression (6.6). Below, we
prove that

(6.7) GG / Fardes (7,
ety m=1

with will establish (6.2) and thereby Theorem 3.2. We introduce the notations

a(u,v) = / S (OB u() Bao@)de,  Vu,v e HY(RY),

e-lyr M= 1
a*(u,v) = / ¢ii&Eu(6)v()de,  VYu,v € HYRY).
RN
Now, we decompose a®(z¢) and ( f ):
aj(%f) = a(Z5,2° —0°) +a®(Z° — 6°,0°) + a®(6°),
(f,u") = a™ (@ u" —¢"(u")) +a* (@ — ¢ (u"), p°(u")) + a” (" (u")),

where 6° is the modified Bloch approximation (3.2). Then, thanks to (5.3) and Lemma 4.1 we have
(25 —6°) — 0in HY(RY) and ¢ (u*) — @* in H'(RY). Thus, proving (6.7) is equivalent to showing

a
a

(6.8) a®(6°) — a*(¢°(u*)) - 0 ase—0.
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Now, by definition of ¢, we get
0= [ NI
e—1ly?

Therefore, if we decompose

a®(6°) —a™(p°(u")) = / (AT () — qis€i) e (@) [2de + / X5 (6) | ()| de +
e~ 1B;s e~ 1(Y'—Bys)
+ / Qijfifj’ﬂﬂ\*)ﬁdéa
RN —¢—1B;s

we see that each term on the right side can be estimated using Proposition 2.2 and Proposition 2.7.
We finally arrive at

|a°(07) —a™(p" ()] < ce /Ié! o= () [Pde.

A direct application of Lemma 4.2 shows that this last term tends to zero. This completes the
proof of Theorem 3.2.

7 Error estimates

Finally, in this last section we prove Theorem 3.4. To this end, we prove the following estimates
of ¢ (u*).

Lemma 7.1 Assume that u* € H?(Q) is continuous solution of (1.8) with f > 0 (not zero) and
whenever n > 3 u* € W2P(Q) with p = 4(n + 1)/(n + 4). Moreover, assume that the boundary
satisfies the standard interior sphere condition at any x € 092. Then,

Lo«
() [ ), < e
and
2 2
(7.2) | VZp® (u )H RN)gc. .

Proof. By Lemma 4.1, we only need to prove (7.1) that

0

< cet||ut
0,1 < ce?||[ut|| g2

L2(RN)

(7.3) ’ S (U — ("))

Since (¢°)'(t) = 1 if |t| > € and is bounded, we get

2
ou*

<ec
B o0xy,

)

a*
H ka )) L2(w*®)

with w® defined as in (4.1). Thanks to the strong maximum principle (see Lemma 3.4 in [8]), there
exists ¢ > 0 such that

L2(RN)

wt C{x e Q; dist(z,T) < ce}.
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For v small enough (v < 1g), let us denote by S, the boundary of the domain defined by {z €
Q| dist(z, 0) > v}. By virtue of the imbedding theorem (see [2] pp. 197) we have

/s [0 dS < Cllvll (weq | aist@onyzvy < Cloling, Vo€ HY(Q).

Considering this inequality with v = Jpu* and integrating with respect v from 0 to ce, we obtain
ou* ||?

a$k

< 05”“*”?{2(9),
L2(w8)

(7.4 |

and we prove (7.3).
Now, we see (7.2). By (3.1) and (4.3), we get

|27 @)
8952-8%-

2 2 2

9%
8xi8x]~

ou* ou*
81‘1- 8x 7

-1

+¢€
L2(Q)

< ce

L2(RN)

L2(w#) '

By imbedding theorems (see [2]) we have

/S v|*dS < CHUH%VLp({meQ\dist(z,ag)z,,}) < CH”H%{/LP(Q), Vo e WHP(Q).

Considering this inequality with v = |Vu*| and integrating with respect v from 0 to ce, we obtain

|

and we conclude the proof of (7.2).

ou* ou* ||?

E)xi 8a;j

< Ce,

L2(we)

Proof of Theorem 3.4. By (i) in Theorem 3.1 we have the estimate in L?(Q2). Now, applying
Lemma 7.1 in (5.5) we conclude the proof.

Finally, thanks to Lemma 7.1, Corollary 3.5 is proved using the Theorem 3.4 and error estimate

(see [1] pp. 66)

uf — u* — el < ce3,

Hy (2)

u§ defined in (1.12) and if Vu* € L= (Q)V.

Conclusions

We have shown a better approximation of the solution (which we have been calling Bloch
Approximation in [5]). To take into account boundary effects, we have modified the Bloch ap-
proximation. We have established its connection with the first order classical corrector worked out
entirely in the Fourier-Bloch space. Now, taking into account that the Bloch approximation has
for future advances we thought that it will not be out of context to include the following brief
discussion about our on-going efforts to adapt Bloch waves to domains with boundaries. Details
will appear in a future publication.

Just as in the case of Fourier analysis in domains with boundary, it will be convenient to proceed
systematically in steps to see the effect of boundary on Bloch waves. We start with half-space, then
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analyze quarter space and so on. It is important to realize that the basic object in the Bloch
analysis is the following transform:

f(y; k) = Z Fy + 2my)e - WH2m), keY'
yezN

This has been well exploited in [5] in our proposal of Bloch approximation in the entire space. It
is therefore natural to seek the corresponding transform which takes into account the presence of
boundary, study its properties and apply them to homogenization problems. To this end, our idea
is to restrict suitably the translations used in the above expression. For instance, in the case of
half-space, translations will be chosen to be tangential to the boundary, more precisely, in Zf . This
will produce an object of interest in the half-space. As already demonstrated by our earlier work
[5] in the case of the entire space, above efforts will throw more light in the homogenization process
in domains with boundary. In particular, it will lead to a better approximation of the solution. We
plan to carry out this analysis in a future publication.
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