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Abstract. We give a new region of existence of solutions to the superhomogeneous Dirichlet problem
—Apu =10, v>0inB,
—Agv=u#, u>0inB, (Sr)
u=v=0 onodB,

where B is the ball of radius R > 0 centered at the origin in RY . Here 6,0 > 0 and Apyu = div(\Vu|m_2Vu) is the
m-Laplacian operator for m > 1.
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1. Introduction and main results
Consider the quasilinear elliptic system

— pu:v5, v>0in B,

A =ut, u>0inDB, (SRr)
u=v=0 ondbB,

where B is the ball of radius R > 0 centered at the origin in R". Here 6, 1 > 0 and
Apu = div(|Vu|™*Vu)

is the m-Laplacian operator for m > 1.
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Fondap Matemiticas Aplicadas and FONDECYT 3040059 for the third author, Fondap Matematicas Aplicadas and Milenio
Grant P01-34 for the fourth author.
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In view of the invariance of problem (Sz) under rotations, it is natural to look for radially symmetric
solutions. If we still denote by u, v the solutions as functions of » = |x|, we obtain the system of ODE’s

(PN ) =
—(rN ') @) =

0<r <R,
(1.1)

0<r<R,

with appropriate boundary conditions. We are primarily interested in the existence of (regular) solutions
of (1.1), i.e., (u,v) € (C'[0, R] N C?(0, R])? satisfying (1.1) and u/(0) = v'(0) = 0, u(R) = v(R) =
Clearly, either both w and v are identically O, or both u and v are strictly positive and decreasing
on [0, R).
Observe that system (Sg) is homogeneous in the sense that if (u, v) is a solution, then (Au, vv) is also
a solution provided that A, » > 0 and \'? = 1% and »'~7 = M. So it is natural to call the system
superhomogeneous when

di=6u—(p@—1@g-—1)>0, §>0, u>0. (H))

In case that p = ¢ = 2, condition (H) is usually called superlinear condition and it is equivalent to the
condition

1 . 1 <1
S+1 " p+l '

It has been shown in [2,6,11], and [12] that under (H;), when N > 2, a necessary and sufficient
condition for the existence of radial solutions to (Sg) is
1 n 1 S N -2
6+1 p+1 N

In case that m = p = g # 2 and 6 = pu (see Remark A.1 in the Appendix) we have that if (u, v) is a
solution, then u = v and hence the system reduces to an equation. It follows then from results of [10]
that a solution exists in that case (for m < N) if and only if

1 >N—m
0+1 Nm

(1.2)

Apart from these cases no necessary and sufficient condition for the existence of solutions is known.
Sufficient conditions have been obtained in [3] where a-priori estimates are established by means of a
blow up method in the sense of Gidas and Spruck, see [5], and a degree argument. In [1], the problem
has been studied in a bounded convex domain with C? boundary.

The main goal of this paper is to exhibit a new region of existence of solutions to (Sg). This is done
in Theorem 1.5.

To our knowledge, when p # qorp = q # 2 and 0 # u, there are no nonexistence results (of
Pohozaev type) in the literature. In Theorem 1.7 we provide such a region of nonexistence.

An important ingredient in the proof of our main result Theorem 1.5 is the observation that under
condition (H1), the absence of positive “ground states” implies existence of solutions for (Sg). The
result is contained implicitly in [3,4], but for the sake of completeness we state it in Proposition 1.1
below and we outline its proof in the Appendix.
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Proposition 1.1. Letp, ¢ > 1, §, 4 > 0 be such that (H,) holds. If the system

—pu:|v|5, v>0inRY, (S)

—A = [ult, u>0inRY >
has no radially symmetric solution (u,v) in (C TRNY N CHRN \ {0)))?, then system (SR) possesses a
nontrivial solution for any R > 0.

Remark 1.2. We do not know if the converse of this proposition is true as it is in the case of a single
equation or the case of the system with p = ¢ = 2, see [2,6,11,12].

Remark 1.3. If p > N, then —A,u > 0 and u > 0 in RN imply u = Const., see [7-9]. Hence from
—Apu = 0 it follows that v = 0, and from the second equation it follows that u = 0. Therefore, if p > N
or/and ¢ > N it follows from Proposition 1.1 that (Sg) possesses at least one solution (u, v). Hence in
Theorem 1.7 we may assume without loss of generality that max{p, q} < N.

Remark 1.4. In [3] is has been shown that if

max{a—N_p,ﬁ—N_q}>o, (1.3)
p—1 q—1
where
1 1
a=lplg=D+dq).  f=la—1)+pp] (1.4)

and (M), then the assumptions of Proposition 1.1 are satisfied. Hence in this case, that is, when (1.3) is
satisfied, the existence of solutions to (Sg) follows. Observe that in case that p = ¢ = m and § = p, the
condition (1.3) is equivalent to

m— 1 >N—m
0+m—1 m

, m>1,

which is more restrictive than (1.2). Hence condition (1.3) is not optimal.
We are now in a position to state our main results.

Theorem 1.5. Suppose N > 2 and that 6, i > 0 satisfy (Hy).
(1) Let

2N
N +1

<p<2 and <qg<2. (1.5)

N+1
Then problem (Sg) possesses a solution (u, v) provided that

1 n 1 - N—-m
5+1 pu+1" Nm-—-1)

(1.6)

where m = min{p, q}.
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(2) Let
2<p< N and 2<qg<N. (L.7)
Then problem (SR) possesses a solution (u, v) provided that

1 I _Nm-hH-m
S+1  p+1 N —1)

(1.8)

where T = max{p, q}.

Remark 1.6. Observe that when p = ¢ = 2, conditions (1.6) and (1.8) are the same and they are
optimal, see [2,6,11,12]. When m = p = q # 2, m < 2, and § = p, condition (1.6) reads

2 S N —m
J+1~ Nim-1)

Since (1.2), which is optimal, can be rewritten as

2 N—-—m 2(m-—1) . 2(m—1)
> , th — < 1
64+1° Nim-1) m W m

B

it follows that condition (1.6) is not optimal.
When m < 2, we note that (1.6) gives a new region of existence provided that

Nm—1) _@N+Dm=3N
N-—-m N-—-m ’

which holds if m > 1\27—]L Since 2N /(N + 1) < 2, there is always room for some m < 2, as is shown in
Fig. 1.
When m > 2, we note that (1.8) gives a new region of existence provided that

Nn—1) Nm—1)+m
N-—-m <N(m—1)—m’

which holds if

< BN+ 1+ (N - 1)(N +T7)N
2N2 42 '

Since the right-hand side of this inequality is greater than 2 for NV > 2, there is always room for some
m > 2, as is shown in Fig. 2.

Finally we have

Theorem 1.7. Suppose that N > 2 and §, ;v > 0 satisfy (H)).
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Fig. 1. The values of m < 2 for which we obtain a new region of existence.
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Fig. 2. The values of m > 2 for which we obtain a new region of existence.
(D) If2<p qg< N, and

1 1 N —m
+ < == ,
5+1 " pu+1 SNm-1

where T = max{p, q}, then system (Sgr) has no solutions (regular or not).

(2) If N/(N = 1) <p, ¢ <2and

1 1 <N(m—1)—m
5+1 pu+1 > Nm-1) °

where m = min{p, q}, then system (Sr) has no solutions (regular or not).

(1.9)

(1.10)
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m=19and N =4
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Fig. 3. The nonexistence region in grey is given by (1.10), and the new existence region is the one bounded by equality in (1.3)
and by equality in (1.6).

Remark 1.8. In case that p = ¢ = 2, (1.9)—(1.10) are optimal, but when m = p = ¢ # 2 they are not.
Indeed, if we set 4 = ¢ in (1.9), we obtain

_@N+hm=3N _Nm-1+m

e N _m N —m forall m > 2,
and if we set u = 0 in (1.10), we obtain
N(m —1 N(m —1
= (m )+m> (m ) +m for all m < 2.

HZ Nm—1)—-m N—m

. N(m—1)+
Since i > w

is the optimal range for the case of one equation, our claim follows.

For N = 4, in Fig. 3 we show the new region of existence and the nonexistence region for the case
m =p = q = 1.9, and in Fig. 4 we show the new region of existence and the nonexistence region for
the case m =p=q = 2.1.

Our article is organized as follows. In Section 2 we give a Pohozaev type identity which is the key to
prove our main results and we prove them. Finally in the Appendix we prove Proposition 1.1.

2. A Pohozaev type identity and proof of our main results

Our main theorems are based on the two following lemmas, which give appropriate generalizations of
the Pohozaev identity used to deal with the case p = g = 2, see [6].
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Fig. 4. The nonexistence region in grey is given by (1.9). The new existence region is bounded by equality in (1.8) and the
dashed curve which is given by equality (1.3).

Lemma 2.1. Let (u,v) € (C'[0,00) N C*(0, 00))? be a solution of the system
- (?“N_l |u/’p—2u/)/ _ TN_I’U(S,
— (PN ) = N (5%)

u(r) > 0, v(r) >0, re€l0,o00),
with 6, i > 0, and assume that either
AN/(N+1)<p<q<2 or 2<p<qg<N.
Let us define

E](?") — ’I“N+kl_2|ul|p_l ‘U,’q_]

. N 7,N71|u/|p71 /OO Sk|72|v/|q71 ds — N T,N71|,U/|q71 /oo 8k|72‘u/|p71 ds
0+1 r H+ 1 r
o0 oo
+7'N/ sF2 |97 10 ds—l—rN/ P2/ [Pt ds, € (0, 00), .1)
T T
where
N-p .
p+ 1(p—2) f2ZN/(N+1)<p<qg<2
ki = o

. if2<p<a
q—1
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Then for r € (0, 00) we have

N N
Ey=k — N+ 4+ =" | pNthki=3),/1p—11,/19-!
(= (] = N 5 g )
N TN_IU§/OOSk1_2|’U,|q_1dS—f—NT‘N_l/Oogkl_z‘v/‘q_l’uéds
(5"’1 r T
N o o
- —TN_lu“/ 5k1_2|u/\p_1ds+NrN_l/ M2 [Pt ds. (2.2)
M+1 r r

Proof. We prove first that E; is well defined. Since v and v are decreasing functions we have that for
any 1" > r it holds that

T T
/ sk‘*2|v'|q*1v5 ds < v‘s(r)/ sk‘*Z\v’\q*I ds,
T T
and
T T
/ M2 PPt ds < u“(r)/ sM2 |/ |P ds,
T T

thus it is sufficient to prove that the first two integrals in (2.1) are well defined.
In order to do so, we recall that from [3, Lemma 2.1] or [4, Proposition V.1], we have

‘u/(r)| < Or—o !, ]v/(r)| < Cr A1

for some C > 0 and r large.
We deal first with the case 2N /(N +1) < p < ¢ < 2. We will see first that 1 — k1 +(a+1)(p—1) > 0,
which is the condition to have the second integral in (2.1) well defined. Indeed,

Po_py+ap—1)>0.

=kt @+ D -D=p-h+ap-D=""—

For the first integral we have

l-ki+@B+Dg-1D)=qg—k+B8g-D=2p—ki+pg—1 >0,

hence the first integral appearing in (2.1) is also well defined.
For the case 2 < p < g, it can be easily verified that a(p — 1) > k; — 1 —(p— D and B(g — 1) >
ki — 1 — (g — 1). We only verify the first inequality: as p > 2, we have that

l-(@-Dp-D _,

kh—1—-@p-1=
q—1

R

and a(p — 1) > 0, thus the first two integrals in (2.1) are well defined.
Now (2.2) follows by direct differentiation using that (u, v) is a solution to (S ). O
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Our second lemma is essentially the same Pohozaev identity as in Lemma 2.1, but in (0, R].

Lemma 2.2. Let (u,v) € (C'[0, R] N C*(0, R])? be a solution of the system (Sg) with 8, i > 0, and
assume that either

N/(N-1)<p<qg<2 or 2<p<qg<N.
Let us define
Ep(r) = r 2/ [P |17

R R
N N l|u |p 1/ Sk272|,vl|qfld8_ N N 1| ‘q 1/ 8k272‘ul|p71d8
r r

T + 1 u+ 1
+ TN/ s 7200|9700 ds + N /R P72/ Pt ds, e (0, R), (2.3)
r r
where
e —lq-2) f2<p<q<h,
- FNJN -1 <p<g<2

Then for r € (0, R) we have

N N
El =k, — N N+ky—3y,,1\p—11,/19g—1
1) = (k= N+ g+ =g ) )
R R
N N 1 5/ Skz—Z‘UI‘q—l ds + NTN_I/ Skz—Z‘vl’q—lv(S ds
5+1 r r
N R R
— —rN_lu“/ skz_z\u']p_lds—i—NrN_l/ skz_zlu’\p_lu“ ds. 2.4)
m—+ 1 r T

Now we can prove our main results.

Proof of Theorem 1.5. In view of Proposition 1.1, in order to prove our theorem we only need to prove
that under assumption (1.6) or (1.8) system (S,) does not possess any radial solution. We will argue
by contradiction by assuming that there exists a radially symmetric solution (u, v) to (Ss). The idea
is to have E strictly increasing with lim,_,o+ F1(r) = 0 and lim,_,, E1(r) = 0 which will give a
contradiction.

We prove first (1), and start by proving that lim,_,¢o £;(r) = 0. Since « and v are regular, a simple
application of L’Hopital’s rule gives

lim[o/ ()" /r = v(©)°/N and  lim[v'()[*"" /r = u(0)*/N.

Therefore we need N +k; > 0, or equivalently, p > 3N/(2N+1).Butp > 2N/(N+1) > 3N/(2N+1)
if N > 1, hence lim,. o E1(r) =0
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We now verify that lim,_,, F(r) = 0. We have the bounds near infinity given by
u(r) < Cr™*, |u'(r)| < Cr—o 1, v(r) < Cr P, |v'(r)] < Cr—f-1

for some C' > 0 and r large, see [3, Lemma 2.1] or [4, Proposition V.1]. Next, by observing that by the
definition of «, 8 we have

1-60=—(a+Dp-1 and 1—pa=—(B0+ 1(qg-—1),
in order that lim,. ., () = 0 it is sufficient to show that
N+k-2—(a+Dp-1)—-@B+D@-1)<0.
This last inequality is equivalent to

(p — DIp(g — 1) + dq] + (¢ — DIg(p — 1) + upl
op—@—1D@-1 '

CallingA=6+qgq—1,B=pu+p—1land L = N + k; — p — ¢, this reads

N+k—p—q<

qp — DA+ p(g—1)B

< B —o-DA-@-1DB’

and since the denominator is positive, we have then to prove that

(@-D&L+p)  @-DL+9

L <
0+qg—1 w+p—1

(2.5)

Sincep < qg<2,wehavethatd +¢—1 < d+1land u+p— 1 < p+ 1, and thus, using assumption
(1.6) (with m = p), we have (using also that 0 < L +p < L + q)

(LA —p) _ (q—l)(L+p)+(p—1)(L+Q)
N S d4qg-1 p+p—1 -~

Therefore we have to prove that L < (L + p)(N — p)/N, which is equivalent to k; — ¢ < 0. Using now
that p < 2, we have

N_
ki=p+—Lp-2)<q
p—1

proving (2.5) and thus E;(co) = 0.
We prove next that under the assumptions of the theorem we have E{(r) > 0 for all > 0. Since by
the choice of &

N N (N—p) N N
ky— N =_
: R T p—1 " 0+1 pu+1
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we have by assumption (1.6) that the first term in (2.2) is indeed positive. Let us set now

o N (o.0]
G(p, p, u)(r) = N/ sk 2/ |Put ds — u“/ S}c‘f2|u/\p71 ds, (2.6)
r w+ 1 r
where k| = p + %(p — 2). With this notation, for r € (0, 00), we have that F{(r) can be written as

N N
Ej(r) = (kl Nt 1>T‘N+k1_3|u/|p_1|v'|q_l

+ N 1G(p, p,w)(r) + 1V 1 GUg, 8, v)(r). (2.7)

By differentiating both sides in (2.6) with respect to r we obtain

G'(p _ k=2, /ip—1, p Np w1y 1 [ ki—2p =1
S, u)(r) = (=N + T P+ ——u T | ST WP ds. (2.8)
T

w1 w+1

Using now that (rV~!/|P~!) > 0, we have s™~![u/[P~1(s) = »N~1u/|P~!(r) for s > r, and conse-

quently, using that p < 2, we find that (sV=D/@=Djy/|(s)P~2 < (N =D/@=Djy/|(r)P~2 for s > 7.
Therefore,

o¢] e¢]
[t as = [T ) )] ds <t Ru 29

Replacing (2.9) into (2.8), we obtain
! N k=2y,,/\p—1
G (p, s U)(T‘) < —-N + ?(/‘L + 1) T |U |p u“ = 0,
I

hence G'(p, i, w)(r) < 0 for all » > 0, and since G(p, p, w)(co) = 0, we have G(p, i1, u)(r) > 0 for all
r > 0. Thus the term in the third line in (2.2) is also positive.

Finally we show that G(q, d, v)(r) > O for all » > 0, proving that the term in the second line of (2.2)
is also positive. Indeed, we define k = ¢ + %(q — 2) and note that k; < k when ¢ > p. We proceed
as above using the following inequality

k=21 q—1 * k—k (N=1)/(q=1)|,/ q—=2 1
ST | ds = s (s [0']())" “|v'(s)| ds
T T

_ o0
< rk'_k/ (S(N_l)/(q_l)\v'[(s))qizlv’(sﬂ ds < rk‘_zv(r)|vl|q_2.
T

Therefore Ej(r) > 0 for all » > 0 in contradiction with E;(0") = Fj(co) = 0. Thus under the
assumptions of the theorem there cannot exist radially symmetric solutions to (S.,) and we can use
Proposition 1.1 to obtain the existence of at least one solution to (Sr) for any positive R.
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We next prove (2) and hence we assume g = m. The proof of E;(0") = 0 follows as before. In order
to prove that Fj(co) = 0 we need to prove (2.5) in the case k; = ¢/(q — 1). Since p,q > 2, and the
function  — x/(c + x) is strictly increasing in (0, co) for any ¢ > 0, we have that

p—1 1 q—1 1
> and > .
w+p—1" pu+1 d+q—17 6+1

Since ¢ < N, we have that L + p = N + k; — ¢ > 0, hence by assumption (1.8), we have

(q—DL+p  (@-DEL+q) ( q—1 p—1 )
0+q—1 w+p—1 > (L+p) 0+q—1 p+p—1

1 1
> (5 )

>(L~|—p)(1 — i}),

and therefore (2.5) will follow if we prove that

ki
(L —|—p)(1 - N) > L. (2.10)

Now, (2.10) is equivalent to (N + k; — q¢)k; < Np.Since ky < 2,p > 2,and N + k; — q¢ < N, (2.10)
follows and E(c0) = 0.

We prove next that E'{(r) > 0 for all » > 0. Now the first term in (2.2) is positive by assumption (1.8).
We set as before

o ki—=21,,/\p—1 N o ki1—=21,,/\p—1
G(p, p, u)(r) = N/ s P ut ds — u“/ sUTE W P s, (2.11)
r w1 r

where now k; = ¢/(q — 1), obtaining again that

G'(p, p, u)(r) = (—N-l- )rkl_zlu'\p_lu“ (2.12)

w1

N [e’e]
b [ s P s, (2.13)
p+1 r

We claim that |u/[P~! /7 is decreasing for all 7 > 0: indeed, since

ip—1
'[P L [" noas
= N s v°(s)ds,

0

r

we have that

d (Ju'|P~h) I N6 A L
ar " = T—Nr v(r)y— N 2N /o s v°(s)ds,
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and thus, using that v is decreasing in (0, co) we find that

d (P _ 1 Noys PN
i < T—Nr v(r)y— N AN Wv (r)y=0. (2.14)

Since for k = p/(p — 1), it holds that

_ |u’] p—2
sk‘_z\u']p_l — Sk]-k( 1/@1)) ’u/"
S

and since p < ¢, also k; < k. Hence we find that

o0 [ee]
/ s]““_2|u'\1”_1 ds < rk‘_2|u'\p_2/ ‘u’(s)] ds = rk‘_2]u'\p_2u(r).

T T

Thus, replacing this estimate into (2.12) we obtain that

N(u+1)

G (p. o)1) < (—N + 22T

)rk‘_z\u"’_]u“ =0.
Since G(p, p, u)(00) = 0, we have G(p, 1, w)(r) = 0 for all » > 0. Thus the term in the third line of (2.2)
is positive.

The same argument, with k = k; can be used to show that G(q, d,v)(r) = 0 for all r > 0, proving that
the term in the second line of (2.2) is also positive and thus F{(r) > 0 for all » > 0. Again we obtain a
contradiction and we can use Proposition 1.1 to obtain the existence of at least one solution to (Sg) for
any positive R. O

Finally in this section we prove Theorem 1.7.

Proof of Theorem 1.7. We will argue by contradiction assuming that there exists a solution (u, v) to
(SRr). Now we will use Lemma 2.2. The idea is to have F, decreasing with E,(0") = 0 and E>(R) > 0
yielding a contradiction.

We assume ¢ = m, p = m, and since the case p = ¢ = 2 was proven in [6], we may assume without
loss of generality that ¢ > 2 for part (1) and p < 2 for part (2).

By direct computation we have that

Ey)(R) = RN+k2_2}UI(R)’p_1|2)/(R)‘q_1 < 0.

We will show next that £,(0") = 0. By [3, Lemma 2.1] or [4, Proposition V.1], we have that any
solution (u, v) to (Sg) satisfies

u(r) < Kr™*, /()| < Kr, o(r) < Kr?, [W'(r)| < Kr7!
for some K > 0and 0 < r < 1. Hence in order to show that £»(0") = 0 we need

Ntk —2—(@+Dp—1)—(@+g—1)>0. (2.15)
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As for (2.5), this last inequality reduces to

(¢-DL+p  @-DHEL+q

L>
0+q—1 w+p—1

where L .= N +k, — p—q.
We deal first with the case 2 < p < q. Since in this case m = ¢, by assumption (1.9) we have
N —q 1 1
= + .
(g—1HON =~ 6+1 p+1

On the other hand, usingthat § +gq—1>d+ landu+p—12> p+ 1, and g > p we have

B

1 — 1)L — I)(L
(q—l)(L+q)< )2(61 L +p)  @-DLA+q

+
o+1  p+1 0+qg—1 w+p—1

which implies

LH+OWN -9 @-DL+p) @-DL+9
N ~ S+ q—1 p+p—1

Hence in order to prove (2.15) it is sufficient that L > (L + ¢)(/N — ¢)/N. But this is equivalent to prove
that ¢ + %(q — 2) > p, which is clearly true by the assumption ¢ > 2 and ¢ > p.

Next we deal with the case N/(IN — 1) < p < ¢ < 2. Using again the monotonicity of the function
x +— x/(c+ x), where ¢ > 0, using now that p — 1 < 1 and ¢ — 1 < 1, we find that

-1 1 -1 1
P < and a < )
pw+p—1 " p+1 0+qg—1 " 6+1

Hence by assumption (1.10) and using that L + ¢ > 0 we find that

(g—DL+p)  @-DEL+9 ( g—1 p—1 )
+ <(L+ +
0+q—1 w+p—1 ( e 0+q—1 pu+p—1

<t+o(57+ )

o+1 p+1
k»
< — = ).
\(L+q)(1 N)

Hence in order to establish (2.15), it is sufficient that

(L+q)(1 - %) < L.

Since this inequality is equivalent to Nq < (N + ky — p)k», and ¢ < N, k; > 2, a sufficient condition
so that it holds is that N < N + k, — p, which is clearly true since p < 2 and k; = p/(p — 1).
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Finally we prove that E}(r) < 0 for all » € (0, R). To this end we define

R N R
G(q,d,v)(r) = N/ skz_z\v'\q_lv‘s ds — mv‘s/ 31‘32_2|U'\q_1 ds, (2.16)
so that
N N
El(r) = N—1< - N ) ka—2y, 1jp—1y, /191
S =r ka Tt t) '[P o
+ NG, 6, v)(r) + G(p, p u)(1)). (2.17)

We claim that F(r) < 0 for r € (0, R). Indeed, differentiating in (2.16) with respect to 7, we obtain

N N f
)Tk2_2|v'|q_lv5+5 5_1|U/|/ M2 [|77 ! ds. (2.18)
T

!/ — — _—
G(q,a,w(r)—( N+ N

Assume first that 2 < p < ¢. Using that (rV~!2/|971) > 0 we have
SN )9 (s) = N [W'[7 () fors >,
and consequently, (sN=D/@ D]/ |(s))?2 > (N =D/@D|y!|()?2 for s > r. Hence using that

ko —2 = %(q — 1) we obtain

R R
[ ds = [N )l )] ds > Rl (2.19)
r r

Thus replacing (2.19) into (2.18), we get

N

/ S [
G(q,a,uxr)/( N+

(6 + 1)) k=2 ! |91 = 0,

implying G'(q, §,v)(r) > O for all r € (0, R). -
Similarly we obtain that G’(p, i, u)(r) > 0 for all r € (0, R). Indeed, we define k = p + %(p -2)

and note that k, > k when ¢ > p. We proceed as before, but using the inequality

R kr—21, Ip—1 4. _ R ky—k( (N=1)/(p—1)y, =2
sPTE P ds = [ s (s [u'](s))" “|u'(s)| ds

T T

_ rR
> ek [ (VD 9) )] ds > oGl
T

This implies G'(p, i, u)(r) = 0 for all r € (0, R). B
For the case N/(IV — 1) < p < g < 2, we argue as follows: we set k = ¢/(q — 1) < k, to obtain

R ka—21, 71g—1 3. _ R kr—k [v'|(s) -2 / kry—2 )
s |09 ds = s |V'(s)|ds = ™ 2u(r)|v’|772, (2.20)

sl/(g=1
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hence in this case we find that

N
G'(q,6,v)(r) > <—N + 5_’_—1((5 + 1)) Tk272|v’|q71v5 =0.

Similarly, setting k& = k,, we find that
/ N ka—21,/1q—1,,0
G'(p, p,u)(r) = | —N + ?(M‘F D )r2 |77 0% = 0.
I

Since G(q, 9, v)(R) = G(p, u, uw)(R) = 0, we conclude G(q, 5, v)(r) < 0 and G(p, u, u)(r) < 0O for all
r € (0, R).

Now using that (6, u) satisfies (1.9), respectively (1.10), G(q, d,v)(r) < 0 and G(p, u, u)(r) < 0 for
all » € (0, R], by (2.17) we obtain E}(r) < 0 for all r € (0, R], which is a contradiction.

Thus the theorem follows. O

Appendix
We start this section by proving Proposition 1.1.

Proof of Proposition 1.1. In order to prove Proposition 1.1, we will make use of the ideas first used in
[3] and later in [4]. For the convenience of the reader, we summarize below the results that we shall use.
To this end, we define the operator 1" associated to system (Sg):

For (u,v) € C[0, R] x C[0, R], we set

R s 1/(p—1)
T(u,v)(r)—( / (sl—N /0 tN_llv(t)\édt) ds,

R s VICESY
/ <31N/ tNlu(t)|“dt> ds),
r 0

and denote by B(0, s), s > 0, the open ball in C'[0, R] x C[0, R] of radius s centered at the origin.
T has the following properties:

(A) () T maps C[0, R] x C[0, R] into C[0, R] x C[0, R].
(ii) (u,v) € C[0, R] x C[0, R] is a solution to (Sg) if and only if T'(u, v) = (u,v).
(iii) T is completely continuous.
See [3].
(B) Assume (Hy). If T'(u,v) = (u,v), (u,v) € C[0, R] x C[0, R], and if there exists ¥ € [0, R) such
that (u, v)(7) # (0,0), then for any r € (0, R) it must be that u(r), v(r) > 0 and u'(r),v'(r) < 0
[4, Lemma III.1].
(C) Assume (H;). Then there exists p; > 0 such that

(i) For any p € (0, p11, (0, 0) is the only fixed point of T" in Ep.
(ii) For any p € (0, p1), the Leray—Schauder degree d;s(I — T, B(0, p),0) = 1 [4, Proposition
111.2].
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(D) Assume (H;). Then we can choose 7 € ((p — 1)(¢ — 1), ) and set = /(g — 1). Then

p—1 I
— << —,
0 q—1

and for (u, v) € C[0, R] x C[0, R] we can define T},(u,v) = T'(u+ p, v+ 9. Asin[4], Ty =T
and {7}, } is a family of compact operators satisfying the assumptions of the homotopy theorem
on any bounded interval [0, jz]. If either

(i) there exists ;& > 0 such that (u,,v,) is a solution of T},(u,v) = (u, v) for some p > 0, then
M < b, Or

(i1) there exists M > 0 such that (u,v,) is a solution of T},(u, v) = (u,v) with u < i + 1, then
HUuHoo + ||Uu||oo <M,

is not satisfied, then (.S) has a radially symmetric solution (u,v) € C'(RY) N C?RN \ {0}) such
that u, v are decreasing in (0, oo) and

0<ulr)y<Cr™©, 0 <o)< Cr P,

where «, (3 are defined by (1.4) [4, Proposition IV.1].

The proof of Proposition 1.1 is now very simple:

Since (S) does not have any nontrivial solution, by [4, Proposition IV.1], both (D)(i) and (D)(ii) must
be satisfied. Hence dps(/ — T}, B(0, M + 1),0) is well defined and has value O for all » < fi + 1, and
by the homotopy theorem

dis(I — T, B0, M +1),0) = dys(I — Ty, B0, M + 1),0)
— dys(I — Ty, BO, M +1),0) = 0.

Hence by (C)(ii) and the excision property of the degree, there exists a nontrivial fixed point of T', which
by (A)(ii) is a solution to (Sg). O

Remark A.1. Let u > 0, v > 0 satisfy (Sg) forp = ¢ = m > 1l and x = § > 0. Then, since from
(SR), one has that u and v satisfy

0> / (v’ (x) — ud(2)) (u(z) — v(x)) dz
B
:/ (IVu™*Vu — Vo™ *Vv) - (Vu — Vv)dz > 0,
B
it follows immediately that u = v.
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