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SUMMARY

In this paper we study the Navier—Stokes boundary-initial value problem in the exterior of a rotating
obstacle, in two and three spatial dimensions. We prove the local in time existence and uniqueness of
strong solutions. Moreover, we show that the solutions are global in time, in two spatial dimensions.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We consider a rigid obstacle represented by a closed and bounded set O(¢) CR", ¢>=0,
n€{2,3}, which is rotating in a viscous incompressible fluid occupying the exterior domain
Q(t)=R"\0(t). Moreover, we assume that the fluid is homogeneous and of density one.

We shall assume that the motion of the fluid is described by the classical Navier—Stokes
equations, whereas the obstacle is rotating about the x;-axis, centred at the origin, with angular
velocity w =1, for n=2 and w=(0,0,1)" for n =3, respectively. Here and hereafter, the su-
perscript t denotes the transposed of a matrix and all vectors are column ones; x = (x1,x2,x3)",
V. =(0/0x1,0/0x,,0/0x3)" and so on. The fact that the obstacle is rotating with constant
angular velocity o implies that the domain occupied by the fluid, respectively, by the solid,
at instant ¢ are given by

U0y ={00)y, ye U0}, O(1)={0(1)y, y € 0(0)}
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where
cost —sint
o= .
sint  cost

cost —sint 0

for n=2, and where

O(t)= | sint cost O
0 0 1

for n=3.
Hence, we can write the full system of equations modelling the motion of the fluid around
the rotating obstacle as

%—VAD-F(D'V)U—FVCI:f, xeQ), te(0,7) (D)
divo=0, xeQ(t), te(0,T) (2)
v(x,t)=wxx, x€00(t), t€(0,T) 3)
v(x,0)=wvp(x), x€0) 4)

For n=2, o is a scalar quantity and the notation  x x is understood as wx*, where x* = ()
for each x= (') e R%.

In the above system the unknowns are v(x,¢) (the Eulerian velocity field of the fluid),
q(x,t) (the pressure of the fluid).

Moreover, f(x,t) is the force acting on the fluid. For x, y € R”, the notation x - y stands
for the inner product of x and y and |x| stands for the corresponding norm. Moreover, we
have denoted by 00(t) the boundary of the rigid body at instant ¢. The positive constant v is
the viscosity of the fluid.

Only a few results on well posedness of problem (1)—(4) are available. As far as we know,
a local in time existence and uniqueness result of ‘mild’ solutions (in three spatial dimensions)
has been proved by Hishida [1] for initial data possessing the same regularity as in the
paper of Fujita and Kato [2]. The above mentioned paper uses a non-trivial generalization
of the semigroup method of Fujita and Kato [2]. Moreover, very recently, a local in time
existence result of strong solutions (in three spatial dimensions) has been proved by Galdi and
Silvestre [3]. In this paper, the authors show that if the initial velocity vy, in a suitable norm,
and the magnitude of @ do not exceed a certain constant depending only on the viscosity and
on the regularity of €(0), then the solution is global in time. However, the authors do not
make any reference to uniqueness properties of the solution. Both works above mentioned
deal with the problem by writing the equations of the system in a frame attached to the
obstacle.

The aim of this paper is to prove a global in time existence and uniqueness result in the two-
dimensional case, and a local in time result in the three-dimensional case, of strong solutions
of problem (1)—(4). The method that we use, in order to show the local existence and
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uniqueness of strong solutions, is inspired by the approach in Reference [4], where the body
undergoes a translation and a rotation which are to be determined from equilibrium conditions
on the boundary. The key step of this approach is to use a new change of variables instead of
the simple rotation used in most of the previous literature (see, for instance, References [1,3]
and the references cited therein). We then prove that the local solution to our problem is
actually global in time in two spatial dimensions.

In the sequel, we denote 2=Q(0) and ¢ = ((0). As usual, for me N and for pe[l,00],
we denote by W™P(§2) the Sobolev spaces formed by the functions in L”(£2) which have
distributional derivatives, up to the order m, in L?(£2), and we set H"(2) = W"™2(Q).

Denote

A"()=[H"(QU))]", A" ="(0)
L) =[LP(U))]", L7 =27(0)
Let us define the function spaces
LX0,T; HX (1)),  H'(0,T;L2(Q(1))),  C([0,T],H'(S2))) and L*(0,T;H'(SA2)))

which will be extensively used in the sequel. To do this, let ¥ : R” x [0,00[ =+ R" be such
that for each >0, Y|o(-,¢) is a C*-diffeomorphism from €2 into {2(#). Moreover, suppose
that the mappings

(3. t)= DD (y,t), oeN"

exist, are continuous and of bounded support in 2. In Section 3, we shall construct a change
of variables from 2 into (¢), which satisfies the properties stated above.

Let v(-,¢), =0 be a family of functions with v(-,¢) : (¢) — R". Denote u(y,t)=v(Y(y,t),t),
for all >0 and for all y € 2. Then the functions spaces introduced above are defined by

L*(0,T; H*(X(t))) = {v:uc L*(0, T; H*(2))}
H'0,T; L*(Q1)))={v:uc H'(0,T; L*(Q))}
C([0,T),H' (1)) ={v:ue C([0,T],H' ()}

L*(0,T; H'(2(2))) = {v:uc L*(0,T; H'(2))}

Moreover, let us denote by #(0,T;€)(¢)) the space of strong solutions for the velocity,
defined by

UA0,T;Ut))=L*0,T; #*(t))NC([0,T], #(t))NH' (0, T; £*(1)) (5)

Roughly speaking the functions in the above spaces are time-dependent vector fields defined,
at each instant ¢, on the rotating domain {2(z) and which lie in classical Sobolev spaces (with
respect to the space variable).
Finally, denote by H'(Q2) the homogeneous Sobolev space
H' () ={q € Li(D) | Vg € [LX(D)]'}

loc
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where g € LIZOC(Q) means that g € L>(QNBy) for all open balls By C R" with ByNnQ#(. We

identify two functions of A'(Q) if they differ by a constant.
The main results of the paper are:

Theorem 1.1
Suppose that 00 is a C*"*-boundary, with pe(0,1). Let f €L (0,00;[W1>°(R")]") and
vy € #' be such that

divoy=0 in
v(x)=wxx, x€d0

Consider Cy such that ||vg]| »1 <Cy. Then, there exists a time 7, depending only on C, such
that Equations (1)—(4) admit a unique strong solution

(v,q) € (0, T; Ut)) x L*(0, T; H' (1))

for any T € (0, Tp).
Moreover, we can choose 7; such that one of the following alternatives holds true:

(1) Top=o0.
(ii) The function ¢+ |[v(¢)|| »1(,) is not bounded in [0, Tj).

Theorem 1.2
Assume that the hypothesis in Theorem 1.1 hold true and suppose that n =2. Then, the strong
solution given in Theorem 1.1 is global in time, i.e. alternative (i) in Theorem 1.1 holds true.

Remark 1.3

The existence of solutions for problems (1)—(4), with initial data satisfying the same assump-
tions as in Reference [2], has been investigated in Reference [1], in three space dimensions.
In that work, the author proved the local in time existence and uniqueness of ‘mild’ solu-
tions, i.e. solutions which are more regular than weak ones and less regular than strong ones.
Moreover, the main result in Reference [3] yields the existence of a strong solution, without
any reference to uniqueness properties. The novelty of our results consists in the fact that we
obtain a solution which is more regular than in Reference [1] and that we show its uniqueness.

The plan of this paper is as follows: in Section 2, we sketch the main steps of the proof
of our main result. In Section 3 we introduce the change of variables, which plays a central
role in Section 4. In Section 4.1, we study the linearized problem associated to (1)—(4). In
Section 4.2, we give the estimates needed in order to carry out the fixed point procedure. In
Section 4.3 we implement our fixed point procedure to conclude the proof of Theorem 1.1.
Finally, in Section 5 we prove that the solution is global in two spatial dimensions.

2. OUTLINE OF THE MAIN PROOFS

For the sake of simplicity, we shall prove Theorem 1.1 in the case where f =0.
The first step in the proof of Theorem 1.1 is to reduce system (1)—(4) to a problem in
the cylindrical domain 2 x (0, 7). To this end, we use a change of variables, which coincides
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with the simple rotation used in the previous literature (see, for instance, Reference [1]) in a
neighbourhood of the rotating body, but it equals to the identity far from the rotating body.
We then obtain a system equivalent to (1)—(4), which has the form

% —v(Lu)+ (Mu) + (Nu) + (Gp)=0 in Qx(0,7)

divu=0 in Qx(0,7)
u(y,t)=wxy on 00 x(0,T)
u(y,0)=wvo(y), yeQ

The unknowns of this system are u(y,¢) and p(y,t). (Lu) is the transformed of Av, (Mu) is
a linear term in u and in Vu, whereas (Nu) is a non-linear term corresponding to (v - V)v.
All the coefficients depend smoothly on the time ¢, so (Lu) is close to Au and (Gp) is close
to Vp for small .

We next construct a smooth and compactly supported function A : R" — R” satisfying

divA=0 in R"
A(y)=wxy in a ball containing O

Thus, if we define U(y,t)=u(y,t) — A(y) and P(y,t)= p(y,t), with (u, p) satisfying the
above conditions, then it is easy to verify that (U, P) is the solution of the equivalent problem:

U WLU) + (MU) + (NU) + (BU) +(GP)=F in ©x(0.T)
()] VU =0 in Qx(0,7)

U(y,t)=0 on 00 x (0,T)

U(y70):U0(y)’ yEQ

where (BU) is a linear term in U and in VU. This term also contains A and VA. Moreover, F
and U, are given by

F=wLA) — (MA) — (NA)
U() =0y — A

The solutions (U, P) of (2) can be seen as a fixed point of the mapping
N (W, Q)= (U, P)
where (U, P) is the solution of the Stokes problem:

aa—([]—vAUJrVP:F in 2x(0,7)

divU=0 in Qx(0,7)
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U(y,t)=0 on 00 x(0,T)

U(y70): UO(y)a ye Q

with

F=vLA)—(MA)—(NA)+v(L-AYW)—(MW)—-(NW)—-BW)+ (V-G)Q)
For Ty small enough, we show that there exists a closed ball #" (in an appropriate Banach
space) such that 4" maps % into 2 and such that the restriction of ./ to this ball is a
contraction for all T €(0,7;). This will prove the local in time existence and uniqueness of

the strong solution. The last step is to prove that, in two spatial dimensions, our solution is
global in time, by means of suitable a priori estimates.

3. THE TRANSFORMED EQUATIONS

In this section, we describe the change of variables and we state the transformed equations
in the cylindrical domain 2 x (0, 7).

3.1. The change of variables

Denote by d(() the diameter of the set @ and let »>d((0). Moreover, denote by B, the open
ball centred at the origin and of radius ». Since ((¢) is the image of @ by a rotation centred
at the origin, it is clear that

O)ycB, Vt=0

Let 0 € C>(R",R) be a cut-off function, whose support is contained in B, and with 6 =1
in B,. In the sequel, we shall use the function A:R"” — R” defined by

_— — 2 -
2 6)(,‘2 |x| sz
for n=2
100, ,
2 0x x|+ 0
1
A(x)= — 3 curl(0)x|*w) = 1 ﬁm2 — Ox, ©
20
1%|x|2+9x for n=3
2 Ox :
0

A is clearly a C* function. Moreover, we have the following result, whose proof can be
easily obtained from (6).
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Lemma 3.1
The mapping A defined by (6) has the following properties:

1. A =0 outside By,.
2. divA=0 in R".
3. Alx)=w xx, if x€ 0(¢t) and t=0.

Next, consider the time-dependent vector field X (-,¢) satisfying

0
D =AX (), 120

X(»,0)=yeR"

(7)

with A given by (6).

Lemma 3.2

For all ye€ R", the initial-value problem (7) admits a unique solution X(y,-):[0,00)— R”,
which is a C* function in R” x [0,00). Moreover, for all >0, we have that the mapping
y = X(p,t) is a C*-diffeomorphism from R” onto itself and from 2 onto €2(¢). Furthermore,
its inverse Y(x,¢) is also a C*° function in R” x [0, oo[.

Proof
Since A is a C* function, from the classical Cauchy—Lipschitz—Picard Theorem, it follows
that (7) admits a unique maximal solution X(y,-), defined, say, on [0, 7}[, which is a C*°
function in [0, 7}).

Moreover, since A=0 outside By, it clearly follows that the solution X of (7) does not
blow up in finite time.

The global existence and uniqueness of the solutions of (7) imply that, for all >0, X(-,7)
is one to one and onto in R”.

Moreover, since A is a C> mapping, from a classical result (see, for instance, Reference
[5, Corollary 4.1, p. 101]), we obtain that X is a C°*° mapping from R” x [0,00) onto R".

Furthermore, since the inverse Y(-,¢) satisfies the similar initial-value problem,

G
a*f(x’t) =AY (x1)), (>0 (8)
Y(x,0)=xcR"

it follows that X(-,¢) is a C*°-diffeomorphism from R” onto itself.
On the other hand, we can check that for all y € ¢, the function

X(n.t)=0(t)y

satisfies (7). In fact, since X ( »,1) € O(t) (by the definition of (7)), and by using assertion 3
in Lemma 3.1, we have that A(X(y,7))=w x X(»,t). Thus, by means of simple calculations,
we see that 1f y€ @ and t=0 then

O 0= 0(wx ) =(00) x (@) =0 x X(11) = AKX (1)
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Therefore, by using again the uniqueness of the solution of (7), we get that for all >0,
X(-,t)(0)CO(t) and similarly that Y(-,¢)(¢0(¢)) C O. Hence, for all =0, X(-,¢)(¢)= 0(t) and
thus we get that X(-,¢): Q— Q(¢) is a C*°-diffeomorphism. O

Our change of variables satisfies the following useful property, which follows from the
condition divA =0, via a classical result due to Liouville (see, for instance, Reference
[6, p. 249]).

Lemma 3.3
Let X be as in Lemma 3.2 and denote, for each ¢>0:

a)(i> .
Jxy = , Lje{l,....n
v=(Gr) o et

the Jacobian matrix of the transformation y— X (y,t¢). Then

detJy(y,t)=1 VyeR" V=0

3.2. The equations in the cylindrical domain
Define
u(y, 1) =Jy(X(», 1), (X (y,2),1) VyeQ Vi=0 %)

i.e. for each ie{l,...,n}
n aYl
j=1 0Xj

and
Py t)=qX(y,0),t) VyeQ Vi=0 (10)

where X and Y are as in Lemma 3.2.
By using the fact that

Jx(1,0Jy(X(p,1),0)=1d  Y(y,1) € Q2 x [0, 00[
where Id is the identity matrix, we obtain the following result:

Lemma 3.4
Suppose that X and u are defined as before. Then,

divu(y,t)=divo(X(y,t),t) Y(y,t)eQ x[0,00[

For a proof see, for instance, Reference [7, Proposition 2.4].
In order to write the equations satisfied by u(y,7) and p(y,t) we define for each i € {1,...,n}
no 9 . Ou; n : Ouj
Lu), = —_ glk’>_|_2 giri L
(o .i,%;l 0yj < 0V ,,-,g,::l oy

‘ a i d myi
+ 3 L@+ S e an
Jik 1=1 Vi

m=1
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n 61/[,' n ;
(Nu); =D uj o=+ 32 Thuju (12)
j=1 Vi k=1
. n 6YJ 0u,~ n i 5Yk 6Y, asz
(Mu), _.,:Z, ot 8y, +j,k2:1 {ka o T on 5t5yj}uj (13)
n .. 61)
Gp), = v 14
(Gp) j;g 3, (14)
where, for each i, j, k€ {l,...,n}, we have denoted (see, for instance, Reference [8])
L 0Y oy; . .
g’=>" X, t),t) ==X (»,t),t) (metric contravariant tensor) (15)
— 8Xk 6xk
gij = En: %(y,t) %(y,t) (metric covariant tensor) (16)
=10y, Ok
and
12 dgu | 0gj  Ogy .
[k=_ Kl { 4+ 2L 2 Christoffel’s symbol 17
! 2/§1g dy; 0y Oy ( ymbol) 17

With this notation, we have

Proposition 3.5
The pair (v,q) satisfies

(0,q) € (0, T; Q1)) x L*(0,T; H' (1))
together with (1)—(4) if and only if the pair (u, p) defined by (9)—(10) satisfies the condition
(u, p)€U(0,T; ) x L*(0, T; H'(Q))
together with
Ju

5, — V(L) + (M) + (Nu) + (Gp) =0 in 2% (0,T) (18)
divu=0 in Qx(0,T) (19)

u(y,t)=wxy on 30 x(0,T) (20)

u(y,0)=wvo(y), yeQ 2D

Proof

The equivalence between (1) and (18) has been established in Theorem 2.5 from Inoue—
Wakimoto [7]. The equivalence between (2) and (19) follows from Lemma 3.4. The facts
that (4) is equivalent to (21) follows directly from the change of variables. We still have to
show that (3) is equivalent to (20).
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To this end, consider y € . Then, the corresponding solution to problem (7) is X(y,t)=

O(t)y. Thus, for any y € (), we have that
T t)=0(t), Jy(X(»y,1),1)=0'(t)
In particular, for all (y,¢) €00 x (0,7), we have that
u(y, 1) =Jy(X (3, 1), (X (3, 1),1) = O'()[w x X (»,1)]

{ Q' (O[O(1)y]- =wy™ if n=2
[Q'(Dw] x [Q(DOW)y]=w x y if n=3

This concludes the proof of the proposition.

4. PROOF OF THEOREM 1.1

4.1. The linearized problem

The aim of this section is to prove our local in time existence and uniqueness result for
(1)—(4), i.e. Theorem 1.1. We recall that we have assumed that f=0. From Proposition 3.5
the local in time existence for system (1)—(4) is equivalent to the local existence of

a solution for (18)—(21).
In the remaining part of this work, we denote by # the Banach space

U=1L*0,T; #*)NC(0,T], # YNnH'(0,T; £?*)
endowed with the norm

1Ullw = Ull20,7;02) + 1U oo,y + 1 Um0,

(22)

Let (u, p) be a solution of (18)—(21) and we put U(y,t)=u(y,t) — A(y), P(y,t)= p(y,t),

where A is given by (6). It is easy to check that (U, P) satisfies:

aa—[tj—v(LU)+(MU)+(NU)+(BU)+(GP):F in Qx(0,7)
divU=0 in Qx(0,7)
U(y,t)=0 on 00 x(0,T)
U(»,0)=Us(y), yeQ
where, for each i€{l,...,n}, we have denoted
(BU),-:]_Z: (Uj Z/;; + 4 ggj) +2j§_:1r’{kU"'Ak

(23)
(24)
(25)
(26)

(27)
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and
F=v(LA)—- (MA)—-(NA)

U():UQ—A

(28)

Thus, problem (18)—(21) is equivalent to problem (23)—(28), which has homogeneous bound-
ary conditions.

The solution of the above problem can be seen as a fixed point of the mapping A" : (W, Q) —
(U, P), defined from

U x L*(0,T; H'(Q))
onto itself, where (U, P) satisfies the classical Stokes system

ou

S VAU +VP=F in Qx(0.7) (29)
divU=0 in Qx(0,7) (30)
U(y,t)=0 on 00 x(0,T) (31)
U(r,0)=U(y), ye (32)

with
F=v(LA)—(MA)—(NA)+v(L-2AYW)—-MW)—(NW)—BW)+(V-G)Q) (33)

and with the operators L, M, N, G defined by (11)—(17) and B defined by (27).
The main result of this subsection yields the existence, the uniqueness and an estimate of
the solutions for linear problem (29)—(32):

Proposition 4.1
Let T>0, F€L*0,T; £?) and Uy € #"' be such that

divUy=0 1in Q
Uy=0 on O
Then, the linear problem (29)—(32) admits a unique strong solution
Ueu, PelL*0,T;H'(Q))
Moreover, (U, P) satisfies
1Ullz200,7:2) + 1U Lo o751y + NU o722 + VP 200,792
<Cexp(T)(|[Uoll w1 + |Fllz20.7:22)) (34)

for some constant C >0 depending only on 2 and on v.

In order to prove this result, we shall use a semigroup approach.
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We have to introduce some function spaces:
7 (Q)={d e C*(2,R") | divp =0}
H = the closure of #'(2) in £

V = the closure of 7°(§) in #!

According to classical results (see, for instance, Reference [9]), we have that
H={ve #*|divv=0 in 2'(Q), v-n=0 in H"?(00Q)}
V={ve# |dive=0 in L*()}
Let A:D(A) C H— H be the linear operator defined by
D(A)= >NV (35)
AU =P(—vAU) YU eD(A) (36)

where P: #? — H denotes the orthogonal projector on the Hilbert space H. We have that

Proposition 4.2
The operator A defined by (35) and (36) is selfadjoint and positive. Moreover, for any
U € D(A), we have that

[Ullw2 <C|(I + DU o2 (37)
for some constant C >0 depending only on 2 and on v.

The proof of this proposition can be easily obtained by means of standard arguments and
by using Theorem 2.1 from Reference [10], so that we skip it.

Proof of Proposition 4.1
First, we remark that D(4"/?)=V. In fact, the graph norm of D(4'?) is

U152y = (U, U) g2 + (AU, U) g2 = U |52 + V[V U |20

for all U € D(4). Thus, this norm is equivalent to #' norm.

On the other hand, since 7' (2) C D(4) C V, we conclude that D(4'?)=V.

Therefore, Uy € D(A'?) and by applying Lemma 3.3 and Theorem 3.1 from Reference [11]
together with Proposition 4.2, we obtain that the initial-value problem

U' +AU=PF, U(0)=U, (38)

admits a unique solution U € L2(0, T; D(4)) N C([0, T],D(A"?))n H'(0, T; H). Moreover, there
exists K >0, depending on €2, on v and on 7T, which is non-decreasing with respect to 7,
such that

IUll20.7:004y) + 1U leo.ry,pearzyy + 1U a1 oy S K[ Uoll parzy + IPF | 2c0,75m)) (39)
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In our particular case, by multiplying the first equation of (38) by U and by AU, successively,
it is easy to prove that K = C exp(T), for some constant C >0 depending only on 2 and on v.
On the other hand, if we multiply the first equation of (38) by ¢ € ¥'(£2), we obtain that

/ [U'(t) —vAU(t) - F(t)] - ¢dy=0, ae. in (0,7)
Q
Thus, by applying Propositions 1.1 and 1.2 from Reference [12], we obtain the existence of
PcL*(0,T;H'(2)) such that
U'(t) —vAU(t)+ VP(t)=F(t) in Qx(0,T) (40)
Moreover, since U(t) €V, we have that
divU=0 in Qx(0,T)
U=0 on Ox(0,7)
The above relations and (40) imply that (U, P) is a strong solution to problem (29)—(32).
In order to prove the uniqueness of the solution, it suffices to remark that all solution of
(29)—(32) is also solution of (38), whose solutions are unique. Finally, estimate (34) follows
directly from (39) and (37). 0
4.2. Estimates on the coefficients

The aim of this subsection is to provide some estimates on the operators L, M, N, G defined by
(11)—(17) and B defined by (27). These estimates are essential in our fixed point procedure.

The basic ingredient in the definition of the operators L,M, N, G and B is the vector
field A. From definition (6) of A, it clearly follows that there exists a constant K = K(r)>0
verifying

||D“A||[Loc(Rn)]n <K, VOC 6 er, |OC‘ <3 (41)
The result below yields estimates of the change of variables mappings X and Y.

Lemma 4.3
Let 7> 0. Then, there exists a constant K =K (7)>0 such that the function X defined by (7)
0X;

satisfies:
‘ dy; Lo (R (0,T))
|55
0y;0yk Lo (R (0,7))
|5
0y;0yk0y Lo(R7 % (0,T))

for all 4,j,k [€{l,...,n}.
Moreover, the same estimates above are still valid if we replace dX;/0y; by 0Y;/0x;,
0*X;/0y;0yy by 0°Y;/0x;0x; and *X;/0y;0yx0y; by 0Y;/0x;0x,0x;, respectively.

< exp(KT)

< KT exp(2KT)

< KT exp(2KT)[1 + 2KT exp(KT)]
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Proof
For each je {1,...,n} define z;(y,t) = (0X/0y;)(y,t). By differentiating both sides of Equation
(7) with respect to y;, we have that z; satisfies

& s, 130

(42)
zj(»,0)=¢,
where J(y,t) = ((0A;/0x;)(X(»,t)));; and {ey,...,e,} is the canonical basis of R".
Thus, from the Gronwall lemma together with (41), we deduce from (42) that
12 llzoe g x .y < exp(KT) (43)

which proves the estimates for the first derivatives of X.

Next, by differentiating Equation (42) with respect to y;, we obtain again from the Gronwall
lemma combined to (41) and (43), the estimates for the second derivatives of X. The proof
of the estimates for the third derivatives is similar.

Finally, the proof of the estimates for the derivatives of Y is similar, so we skip it. O

The lemma above allows us to get new estimates:

Corollary 4.4
There exists a constant K = K(r)>0 such that for all m, /€ {1,...,n}

< nKT exp(KT) (44)

H a - ml
i Lo (R % (0,T))

| gmi — Omill oo x (0.1)) < nKT exp(KT)[1 + nexp(KT)] (45)

where J,,; denotes the Kronecker’s symbol.
Moreover, the same estimates above are still valid if we replace 0X,,/dy; by 0Y,0x; and
gm by g™, respectively.

Proof
From the definition of the function X(y,¢), we have that for each m, /€ {1,...,n}

0X
7(}’: 0) 5ml

Therefore, from the mean value theorem, and since X is a C? function, we get that for any
te(0,T), there exists £€(0,¢) such that

X, 0*X, JA
= 1) — 5m - qim 5 t—0)= (X N t
S 000) = O = 552 (1N = 0) = SO (1)

% WXW£DMl

69

Thus, from Lemma 4.3 together with (41), the above equality yields estimates (44).
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Moreover, from the definition of ¢,,;, we have that

n(0Xy 0X; <6X1 )’
— — Om + > 0m | = -9
k=1 <5yk ) 6 Yk Z:: “\0 Yk .
Therefore, from Lemma 4.3 together with estimate (44), the above equation yields esti-

mate (45). Similarly, we obtain the estimates for the first derivatives of ¥ and for g¢",
respectively. n

|gml - 5ml| =

4.3. Proof of the local existence and uniqueness result

From Proposition 4.1, we have that the definition of the mapping ./" makes sense. For 7, R>0
define

A ={(W,0) €U x L*(0,T; H' ( )||W |2 + | VOl 207,92 <R} (46)

In the rest of this subsection, we shall denote by K a constant satisfying the following:

(K) K 1is positive and depends only on r (with »>d(()) and on n (the spatial dimension).

The aim of this subsection is to prove that for 7; small enough, and for R large enough,
we have that A/ (#") C A and that 4" : % — A is a contraction for any 7 € (0, Tj).

Lemma 4.5
Suppose that (W,Q) € ", and that L, M, G and B are given by (11), (13), (14) and (27),
respectively. Then, there exist constants K, K satisfying (K) such that

Lo [v((L = AW 201,92 <KTR exp(Ki T).
2. |(MW)||20.7,22) SKT V2R exp(K, T).

3. [(BW)|20.22) KT 'R exp(K,T).

4. IV = G)Oll20.r.92) <KTR exp(KiT).

Proof
From (11), it follows that for each i € {1,...,n}:
no n Jk ; n
Wy = 3o gt W S Ry S g B
Jok=1 5)’]5)% Juk=1 5)’j OYx ok 1=1 @J’I
< ag 8F K i
+ > T + g E 1y s ghr i1 Vim ¢ W (47)
Jok =1 Oyk Yk m=1

Next, we estimate all coefficients which appear in expression of (LW);.
From (15) and from Lemma 4.3, it clearly follows that for all j, k€ {1,...,n}:

197 |z oo,y <1 exp(2KT) (48)
Moreover, from (15), and by means of simple calculations, we have that

dg’* 2":2":6)( Y, oY, | Y 0V
ﬁyz o =1 0Y1 \ 0Xp0xyy 0%y 00Xy Oy
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Thus, from Lemma 4.3, we deduce from above equation that for all j, &,/ € {1,...,n}:
og’*

: <2n*KT exp(4KT) (49)
oyi

L (R"x(0,T))

Similarly, from (16) and from Lemma 4.3, we get that for all 4, j, /€ {1,...,n}:

E
oy

<2nKT exp(3KT) (50)
Lo (R X (0,T))

Furthermore, by using (48) combined to (50), we obtain from (17) that for all i,
ke{l,...,n}:
1T ]| ow e 0,7y < 3n° KT exp(SKT) (51)

Moreover, by means of simple calculations, by using (48) combined to (49) and to (50), we
obtain from (17) that for all 4, j, k, [ € {1,...,n}:
oT

‘ 0y

On the other hand, according to a classical Sobolev embedding, we have that

<3’ KT exp(SKT){1 + KT exp(KT)[3 + 2nexp(KT)]} (52)
Loo(R"x(0,T))

”W”LZ(O,T;J/")<T1/2‘|W||L°°(O,T;y/‘)<TI/ZR (53)
Thus, by using (48)—(52), we obtain from (47) that for each i€ {1,...,n}:

n . 62VV,
> (6"~ 05 5t
JsK=

L—A W,' 2 - P2 <
I1(C Wil 2o, 22) 3y,0mc

L2(0,T;%2)

+ {2n°KT exp(4KT) + 6n°KT exp(7KT)

+3n°KT exp(7TKT)(1 + 2nKT exp(2KT) 4 3n*KT exp(5KT)
+ KT exp(KT)[3 + 2nexp(KT)])} T*R

Therefore, from (45) in Corollary 4.4, we obtain assertion 1. Similarly, we prove assertion 2.
Moreover, from (14) we have that for each i€ {1,...,n}:
n 0
(Y~ G)0) =35~ ¢") 2
=1 Vi
Thus, again from (45) in Corollary 4.4, we deduce from above equation assertion 4.

Finally, from (27), we have that assertion 3 is a direct consequence of relations (41), (51)
and (52). O

The following useful lemma has been proved in Reference [13].

Lemma 4.6
Let % be the space defined by (22). Then, for any V, W € %, we have that (W - V)V € L*?
(0,T; %), and for all i, j€{l,...,n}, we have that W;V; € L>(0,T;L*(Q2)). Moreover, there



WELLPOSEDNESS FOR THE NAVIER-STOKES FLOW

exists a constant C >0, depending only on €, such that

1/5 4/5
H(W ! V)V”D 2(0,7;%7) < C”W”LW(O,T;,W‘)HV”]‘/oo(o,r;%’l)HV”Lé(oj;;f’z) (54)
IWiVill o 0,7:0220) < ClIW || zo 0,250 |V [ 250 0,751 (55)

The previous lemma allows us to get estimates on the non-linear term (N#W).

Corollary 4.7
There exist constants K; satisfying (K) and C = C(n,2)>0 such that for all (W,Q)e X"

(N 20,7522 <CTV'R? exp(K,T)

Proof
By using relation (54) in Lemma 4.6, we have that

6/5 4/5
H(W ’ V)W”H 2(0,7;.42) <C” WHL/oc(o,T;:#l)H W”LZ(O,T;yﬂ) <CR2
Thus, by the Holder inequalities, we deduce that
(W - W || 20700 STV (W - VYW || 520,792y < CRETV1O
0.7:27) 0.7:22)

To conclude, we use the above relation together with (51) and (55) in Lemma 4.6. O

Corollary 4.8
For R large enough and 7, small enough, we have that A"(#") C ¢, for any T € (0, 7).

Proof

Let (W,0)e " and set A (W,0)=(U,P), i.e. from definition of the mapping A4~ (see
Section 4.1), we have that (U, P) is the solution of (29)—(32), with F' given by (33). There-
fore, according to (34) in Proposition 4.1, combined to Lemma 4.5 and to Corollary 4.7, we
obtain that

|Ul# + IVPl 20,22y < Cexp(T){ || Ul 1 + C(A) + 2KTR exp(KiT)
+2KT"?Rexp(K T) + C;TV'°R? exp(K, T)} (56)

where C(A)>0 is a constant depending only on A. Let To<1, R>1 and set
C=Cexp(l), C,=2Kexp(K;), C,=Cyexp(K;), C3=C;+2C, (57)

Therefore, from (56) we clearly have that for all 7 € (0, 7y):

Ul + [IVP| 20702 < C{| Ul +C(A)+CoToR+Co Ty *R+-C T, R?}

< C{||Uo]la + C(A) + C5 T, °R?} (58)
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On the other hand, let R>0 and 7, >0 be such that

1 .
R > max |1, ——=,2C{||Upl|| 0 + C(A > 59
(2a% (1Tl + C(A)} (59)

1 10
n<(,w> (60)
2CC3R

Thus, according to the above equations and from (58), we clearly have that for any 7 € (0, T)
1Ullw 4+ VPl 120,722y <R
which means that (U, P) € #". This achieves the proof of the corollary. O

In order to apply the Banach fixed point theorem, we have to show that for R and Tj as
in the previous corollary, the mapping 4" : # — A" is a contraction for any T €(0,7p). Let
us consider (W', O"),(W? ,0?)ec . In the sequel, we denote by F’ the function defined by
(33) corresponding to (W', Q%),i€{1,2}, and by A (W', Q")=(U',P"),ic{1,2}. Moreover,
we set

w=w'-w? 0=0'-0* U=U'-U? P=P'—-P?, F=F'—-F?
Then, (U, P) is the solution of the Stokes problem

aa—([]—vAUJrVP:F in Qx (0,T)
divU=0 in Qx(0,T)
U(y,1)=0 on 00 x (0,T)
U(3,0)=0, yeQ
where
F=vw((L—A)W)—(MW)—(NW")+(NW?>) — (BW)+ (V- G)Q) (61)

As before, we first estimate the terms which appear in the expression of F'. For the linear
terms we have

Lemma 4.9 .
There exist constants K, K; satisfying (K) such that for all (W,Q)€ % x L*(0,T; H'(Q))
LoAW((L = D)) 207,22 KT || W || exp(Ki T).
2. |(MW)|20,7,22) SKT'2 || W || exp(KiT).
3. B 2o.r,0n) < KT || W |4 exp(KiT).
4. |((V =GO 2,12 < KT [[VO| 120,1:22) exp(K1 T).

The proof of this lemma is the same as that from Lemma 4.5, so that we skip it.
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For the non-linear term we have

Lemma 4.10
There exist constants K| satisfying (K) and C=C(n,Q)>0 such that for all (W',Q"),
(2,0 e

[(NW") — (NW2)||L2(O,T;$2) <CRT''? 1w

w exp(KiT)

Proof
We clearly have that

(WY — (W2 - NOWE=(W - )W + (W - V)W?
Thus, from relation (54) in Lemma 4.6 combined to the above relation, we obtain that

|7 - = (W -V a0 < CAT | 4+ [ 177210 < CRIT |

u
Therefore, from the Holder inequalities, the above relation implies that

W NOW — (W )2 20,7500y SCRT V' | W |14 (62)
On the other hand,

n
>
k=

. n . n X n X
W Wl — S Wi = 5 TiWim + ';lr}lkVZVVkl
J Jo k=

1 k=1 Jok=1
Thus, from relations (51) and (55) in Lemma 4.6, combined to the above relation, we obtain
that

SO — S TPt <3n°KT exp(SKT)CR||W ||
= k= Loo(0,T5L2(9)

1 Js

J

Finally, from above relation together with (62), we get the result. O
We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1
From Lemmas 4.9 and 4.10 together with relation (61), combined to (34), we obtain that

Ul + IV Pl 2072y < Cexp(TKT||W ||l exp(KiT) + 2KT" (| W

u exp(KiT)
+KT||VO| 20,92 exp(Ki T)
+ CRT| W |4 exp(KiT)} (63)
Therefore, for R>0 and 7, >0 as in (59) and (60), respectively, we get from (63) that
Ul + [IVPl 20122y < CLC/2)To [W |0 + CaTy [|W | + (Co/2)To IV Qll 0.7 2)
)}

a + HVQ”U(O,T;Sﬁ)}

+ C\RT)" ||w

< CCT)R{|\W
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where C, C;, C, and C; are defined by (57). Then, for R and Ty as in (59) and (60) respec-
tively, we get from above inequality that 4" : #" — X% is a contraction for all 7 € (0, Tj).
This proves that /" admits a unique fixed point, and consequently problem (23)—(28) admits
a unique strong solution

(U,PYeU x L*(0,T; H'(Q))

for any T € (0, Tp).

Finally, we have to prove that we can choose the time 7, such that one of the alternatives
(1) or (ii) holds true. The result follows in a standard manner from the fact that the local
existence time 7Ty obtained in Corollary 4.8 is uniform with respect to vy, provided that
lvo]| 1 < Co. We have thus proved our local existence and uniqueness result. O

5. PROOF OF THE GLOBAL EXISTENCE AND UNIQUENESS IN 2-D

According to Theorem 1.1, in order to get global existence, it suffices to show that the H'
norm of v does not blow up in finite time. Therefore, the aim of this section is to prove that
the mapping

t = [o()|| e

is bounded on [0,7) for all 7T €(0,7y), where T, is the maximal time existence of the
solution .
We introduce a new change of variables. Let

w(y, 1) =v(y,1) — A(y) (64)

where (v,q) is the solution to problem (1)—(4) given by Theorem 1.1, and A is defined by
(6). Clearly (w,q) satisfies

A

ow

S VAW (- VW Vg =F — (w-V)A = (A-V)w in Q) (65)
divw=0 in Q) (66)
w(x,)=0 on 30(t) (67)
w(x,0) =wo(x) in © (68)
where
F=vAA—(A-V)A (69)
wo =g — A (70)

Next, we shall give some results which are valid in two or in three space dimensions.
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Lemma 5.1
Let (v, q) be the strong solution to problem (1)—(4) given by Theorem 1.1. Then, v is bounded
in the energy space

L=(0,T; £2(1)) N L0, T; (1))
i.e. for any T €(0,Ty) there exists a constant C7 >0 such that

0]lzo0 0,7;22y) + V]l 20,751 1)) < Cr

Proof

Clearly, it suffices to prove the estimate in the lemma for the function w defined by (64). If
we take the inner product in #?(¢) of (65) with w and we integrate by parts the second term
on the left-hand side, we obtain that

/ ow -wdx + v/ IVwW() = (F,w) g2y — (W VIA, W) g2y ace. in (0,7) (71)
o Ot 0

On the other hand, since A is the velocity of the domain €(z), by applying the Reynolds

transport theorem in the first term on the left-hand side of (71), combined to the fact that
divA =0 in R", we obtain that a.e. in (0,7)

/ a—Wwvd)c:li/ \w|2d)c—1 A - V[|w[*]dx
oy Ot 2 dt Jou 2 Jou

_1d
274 Jog

N —

w|2dx;/9( )[(A~V)w]~wdx: ((:t/g()wfdx (72)
t t

Moreover, by using (41) and assertion 1 in Lemma 3.1, we get from (69) that
|F]| g2 <C  Vt€[0,T] (73)

where C =/ u(By.)K[v+ K], and u(B,,) denotes the Lebesgue measure of the ball B,,.
Therefore, by applying the Holder inequality in (71) and by using (72), (73) combined to
(41), we obtain that

1d

5t By + VITWOIE e < Wl + Kl

[22(00))
< Ml g2 (1 + W]l 22)

M? 1
< THWH@)Z({) + 5(1 + Wl g2

M2 2 .
<1+ 1—1—7 [wllg2qy ae in (0,7)
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In the above inequality K is the constant in (41) and M = max(C,K). Thus, by integrating
the above estimate with respect to ¢, we obtain that for all 1[0, T]:

1 2 ‘ 2
E”W(‘[‘.)Hg)z(r) + v~/0 HVW(ZL)H[LZ(Q(I))]HZ dt

1 2 M? t 5
<ol T+ (12 [ ) ar

2 2 ) ),
<Ll 7+ @rm) [ g v [ 19w dsbar
S 7 IWolly , 12 22(1) A (L))

Finally, by applying the Gronwall lemma in the above estimate, we obtain that

1 ! 1

for all T€[0,T]. We have thus proved the result in the lemma. 0
Next, we prove a technical result, which will be used in the proof of Theorem 1.2.

Lemma 5.2
Let we L2(0,T; #%(t)) N C([0,T], #'(¢)) N H'(0,T; £*(t)) be such that w|ae,=0 for all
t€[0,T]. Define

d*w  ow
Then, we have that for a.e. 1€ (0,7)
1 A
73/ | Vw)?dx= — Aw W gy Vw: [Vw - VA]dx (74)
2 dt Joq ) dt Q)

Proof
By differentiating with respect to the time the equation

w(X(y,t),t)=0, yedl, te(0,T)
we obtain that
ow oX

- - . = 0
6t+(6t V)w 0, yedo, te(0,T)

Thus, since dX/0t=A(X) (see (7)), by putting x=X(y,¢), we obtain that

%V F(A-VIw=0, xecdo@t), tc(0,T)

On the other hand, with the notation introduced in the lemma, we clearly have that the above
equation reads as
d*w

—3 =0 on a0(), te(0,7) (75)
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Moreover, simple calculations show that

d? d*w
Next, we follow the proof in two steps. In the first step, we assume that
dw
TGL (0,T;.#' (1)) (77)

From the Reynolds transport theorem, combined to the fact that divA =0 in R”, we obtain
that

1d / ) 1 dA
= Vwldx == Vw|?)dx = Vw: —(Vw)dx (78)
2.dt Jou IVl 2 Jow df (‘ ) Q) dr

On the other hand, integrating by parts, and by using (75)—(77), we obtain that

d d*w
Vw: —(Vw)dx = Vw: |V|[—— ) —Vw-VA|dx
103) dt Q1) dt

Ay
=— Aw - dw dx — Vw : [Vw - VA]dx (79)
Q) dr Q)

Hence, from (78) and (79) we get the result in the lemma, if w satisfies (77).

The second step is to prove formula (74) in the general case. To this end, let
z(y,t)=w(X(y,t),t), where X(y,t) is defined in (7). Since X is smooth and its derivative
with respect to the time is a compactly supported function, it clearly follows from regularity
of w that

ze L*(0,T; #*)NC([0,T), #) NH'(0,T; £?) (80)

Moreover, from Lemma 3.3, and making the change of variables x =X(y,¢) in (74), we
formally obtain, after some calculations, that for a.e. 1€ (0,7):

0?z; 0z;
24, ki i i
5 dt/|VZ Jy|~dy A(Q EI I +(VZ)1kAYk> N dy
/ [Vz-Jy]: [Vz-Jy - (VA -Jy)] dy (81)
Q

where Y is the inverse of X, Jy =Jy(X(y,t),t) is the jacobian matrix of ¥ composed with
X, A(y,1)=A(X(y,1)) and g* is defined by (15).

On the other hand, let V' =#? N #} be endowed with the norm |||y =||(I — A)P| ¢-.
According to classical results about of elliptic regularity for Laplacian (see, for instance,
Reference [14, p. 181]), it clearly follows that this norm is equivalent to the usual H? norm.
Moreover, let H = #}. With these definitions, it clearly follows that V', the dual space of V
with respect to the pivot space H, is V' = %?2. Thus, from (80) it follows that

zeIX0,T;V), % cL2(0,T; V")
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Therefore, according to a classical result (see, for instance, Reference [12, pp. 261-262]), we
have that there exists a sequence z” € C*°([0,T7]; V') (n€ N) such that

Z" =z strongly in L*(0,T; V)

82)
0z" 0z . i (

pr — o strongly in L=(0,T; V")

Let E={te(0,T): z"(t) — z(¢) strongly in V'}. After passage to a subsequence, it follows
that £ is a set of complement negligible in (0,7). Let s, <€ E. Thus, by integrating (81)
(which is valid for z" taking into account its regularity) from s to ¢, we obtain that

3 [ 190y = 5 [ 1926) - an(s)f ay

= t ki 822;’ n 82?
- _[ /Q(g O gy (V2 >,»k(r)AYk(r)) () dyde

—/ /Q[VZ”(r) -Jy(7)] : [VZ"(7) - Jy(7) - (Vf\(r) -Jy(7))]dydz

From (82), and since Y is a smooth function, we can pass to the limit as n — oo in the
above equation and we obtain the same for z, which implies (81). This concludes the proof
of the lemma. 0

We are now in a position to prove that the H' norm of v(¢) does not blow up in finite
time.

Proposition 5.3

Let (v,q) be the strong solution to problem (1)—(4) as in Theorem 1.1 and suppose that
n=2. Then, the mapping ¢ ~ |[v(¢)| 41, is bounded in [0,T) for all T €(0,7p), i.e. there
exists a constant Cr >0 such that

[l <Cr V2€[0,T)

Proof

Again, it suffices to prove that |[w(¢)|| 1) <Cr for all £€[0,T), where w is defined by (64).
In order to show this result, consider the function ¢ defined by ¢ =(d*w/dt) — (w - V)A,
where we have used the notation introduced in the previous lemma. This function has the
following properties:

1. ¢ €L*(0,T; £%(t)) for any T €(0,Tp).

2. divp=0 in 2'((t)), a.e. in (0,T).

3. ¢ -n=0 in H~2(00(t)), a.e. in (0,T).
The two first properties above are direct from the regularity of v. Property 3 is a direct
consequence of (75) combined to the fact that w0 =0.

On the other hand, notice that, according to the definition of ¢, Equation (65) can be
rewritten as

O —VAW+w-VIw+Vg=F —2(w-V)A in Q), t€(0,T)
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By taking the inner product in #?(¢) with ¢, the above relation implies that a.e. in (0,7):

||€D||?y22(t) —v(Aw, (P)gz(r) +((w-V)w, (P)gﬂ(z) =(F, ‘P);/Z(z) —2((w-V)A), q’);ﬂ(z) (83)

Next, we need to integrate by parts the second term in the left-hand side of Equation (83).
To this end, we apply Lemma 5.2. Hence, we have that

A
—v Aw-pdx=—v Aw-udx—l—v Aw - [(w-V)A]dx
(1) (1) dt )

_vd

_f—/ |Vw|*dx + v Vw: [Vw: VA]dx
2.dt Jo )

—v Vw: V[(w-V)A]dx (84)
Q1)

Thus, by replacing (84) in (83) and rearranging the terms, we get that
v d
o320y + EEHVWO)HELZ(QO))]“

=v Vw:V[(w-V)A]ldx —v Vw : [Vw - VA]dx — (W - V)W, @) o2
1) Q1)

+(F, @) oy — 2((w- V)N, @) 92y ae. in (0,7)

On the other hand, by applying the Holder inequality in the above estimate, and by using
(41) and (73), we deduce that

2 v d 2
lolle2) + §a||vv"(l)||[y(9(t))]4

< 2VK||VW||%L2(Q(t))]4 + VK[| VWl z2np Wl 220y + 1w - VW 220 | @]] 221y

+ Clloll 22 + 2K |[W]| o2y |9l 22y ace. in (0,T) (85)

Furthermore, by applying that

1 1 2.2 1 2
A - < _
(ea) (613) <z + 252b Va,b,e >0 (86)

with ¢ small enough, and by integrating (85) with respect to ¢, we get that

1 [ v
3 | W0l s+ S0 oo
v 2 ' 2 t
< EHVWOH[LZ(Q)]4 + 2VK/O VW2 95 + VK/O VW2 Wil 22

t t
+/ H(W.V)wniﬂm+C2T+41<2/ Wi ds Vre[0,T]
0 0

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:595-623
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Finally, by applying the Cauchy—Schwartz inequality in the above estimate, and by using
Lemma 5.1, we get that

1 t v t
3 | 10 s+ SIVWO e <M+ [ 100 Dpwlids wienT] (87

where M = (v/2)|[Vwo|?. i + 2VKC? + vKC*T'24+C?T + 4K*C°T and C=C(v,r,
llvoll 2, T)>0 is a constant satisfying

W0, 220y + Wl 20,7500 1)) < C (88)

We then have to estimate (w - V)w in terms of the left-hand side of (87). To this end,
we use the change of variables x =Q(¢)y. Consider the functions z(y,t)= Q'()w(Q(¢)y,t)
and p(y,t)=q(Q(t)y,t), with (w,q) solution of (65)—(70). By means of simple calculations,
it is easy to see that

(w-Vow=0(z-V,)z

Thus, it follows that
/Q RIS /Q 10z -V, )2I? [det O(1)] dy = /Q @ V)2 dy (89)
t

Therefore, by using a Holder inequality combined to the continuous Sobolev embedding of
H'2(Q) in L*(2) and to an interpolation inequality (see, for instance, Reference [15, p. 23]),
we obtain that

/Q (z Vy)Z|2 dy < ||ZH%L4(Q)]2 HVZH%L“(Q)]”* <Cilzll 2 IVzll iz I V2l 2 lI2]] 22 (90)

for some constant C; = C(£2)>0.
On the other hand, it is easy to see that z € D(4), where 4 is defined by (35) and (36).
Thus, by using (37) in Proposition 4.2, we get that

I12ll> < Ca(llz]l 2 + [142][ 22) o1
for some constant C; = C,(v,2)>0.
Furthermore, we can consider (w,q) as the solution of the homogeneous resolvent Stokes
problem at some fixed time ¢>0:
w—vAw+Vg=f+w in Q¢)
divw=0 in Q(¢)
w=0 on 0(t)
where

f=F-2(w-V)A—¢p—(w-V)w (92)
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By means of simple calculations, it clearly follows that (z, p) satisfies the similar homogeneous
resolvent Stokes problem

z—VvAz+Vp=f+z in Q
divz=0 1in ©
z=0 on 09

where f(y,1)=0'(¢)f(O(t)y,t). Thus, as consequence of Theorem 2.1 in Reference [10], we
obtain that

2]l + 142 2 < C3(Il f | 220y + [12]] 22)

for some constant C3 = C5(v,2)>0.
Finally, from (89)—(91) combined to the above inequality, we deduce that

/Q(t) l(w- Vow| dx<C4||W||«(f2(t)HVWH%LZ(SZ(I))]“(Hf”ffz(t) + Wl (93)

for some constant Cy = Cy(v,2)>0.
On the other hand, from (92) combined to (41), it follows that

1/l 22y SN[l 220y + 2K Wl 2200) + ([ @]l 220y + 1w - VIW|[ )
Therefore, by replacing the above inequality in (93), we obtain that

[[(w - V)Wniﬂ(t) < C4HWH?fz(t)||VWHfL2(Q(t))]4
+ C4HW||JZ’2(t)||VWH[2LZ(Q(t))]4(”F”J/Z(t) + 2K Wl 22
ol 22y + 1w - V)Wl 22)) (94)

Hence, by integrating the above inequality with respect to ¢, and by using Lemma 5.1
combined to (73), we obtain that

t t
/o [[(w - V)WH%/Z(S) ds <L+ C4C/O ||VWHfL2(sz(s))]4||(PH$2(s) ds

t
+ C4C/O HVWH%LZ(Q(S))]“”(W V)W 25 ds (95)

where L= C,C*+C4;C3C +2KC*, and C,C >0 are the constants in (88) and in (73), respec-
tively. Then, by applying (86), we deduce from (95) that for any ¢>0:

' 2 CA% 62 ' 4
100wl ds < Lt S [P

t
+s2/(|\<p
0

3?’2(3) + [|(w - V)W”i,ﬂ(s))ds
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Therefore, by choosing € small enough in the above inequality, (for instance, €2 = é), and by
replacing in (87), we obtain that

L[ » 2y )
5, 12125y ds + = IVWOliz2aeyye

AM 5C3C? [ 1/
S5 +L+ ; /()“VW||?L2(Q(S))]4dS+ g/o @[5 ds V2 €[0,T]

Hence, from the above inequality, we get that for all £ €[0,T]:

2M 5L 25C3C? [t
VWl <—+—+—4/ 1992y e 0
eor ST T 5, P A [

Therefore, by applying the Gronwall lemma in the above estimate, we conclude that for any
te[0,T]:

4M + 5L 25¢c2¢c? (T
VW12 < 5y SXP 41 /0 IV 20y ds

which combined to Lemma 5.1 implies that the mapping

t= IVl 2 e

is bounded in [0, 7). This achieves the proof of our global in time existence and uniqueness
result in two spatial dimensions. O
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