Variational reduction for Ginzburg—Landau vortices

Manuel del Pino ?, Michat Kowalczyk *, Monica Musso >*

& Departamento de Ingenieria Matemdtica and CMM, Universidad de Chile, Casilla 170, Correo 3, Santiago, Chile
b Departamento de Matemdtica, Pontificia Universidad Catolica de Chile, Avda. Vicuiia Mackenna 4860, Macul, Chile
¢ Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi, 24, 10129 Torino, Italy

Abstract

Let £2 be a bounded domain with smooth boundary in R2. We construct non-constant solutions to the
complex-valued Ginzburg-Landau equation e2Au + (1 — [u|®)u =0 in £2, as € — 0, both under zero
Neumann and Dirichlet boundary conditions. We reduce the problem of finding solutions having isolated
zeros (vortices) with degrees =£1 to that of finding critical points of a small C 1 -perturbation of the associated
renormalized energy. This reduction yields general existence results for vortex solutions. In particular, for
the Neumann problem, we find that if §2 is not simply connected, then for any k > 1 a solution with exactly
k vortices of degree one exists.

Keywords: Ginzburg-Landau vortices; Linearization; Finite-dimensional reduction

1. Introduction
We consider the Ginzburg—Landau equation
e?Au+(1—[u*)u=0 ing2, (1.1)

where £2 is a bounded, smooth domain in R?, u: 2 — C and ¢ > 0 is a small parameter. (1.1) is
the Euler-Lagrange equation corresponding to the energy functional
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Construction and asymptotic analysis of solutions of (1.1) and related problems as ¢ — 0 has
been a subject extensively treated in the literature during the last decade. The energy J; is com-
monly regarded as a model for the full Ginzburg—Landau energy of classical superconductivity
theory [14]. It also arises in theories of superfluids and Bose—Einstein condensates. Seeking for
unconstrained critical points of J, namely in entire H!(§2, C), gives rise to homogeneous Neu-
mann boundary condition for (1.1),

u
— =0 onodsf2. (1.3)
ov

Bethuel et al. [3] considered Eq. (1.1) subject to a boundary condition g: 92 — S!,
u=g onas2, (1.4)

with §2 star-shaped, and analyzed asymptotic behavior of families of solutions u, of (1.1)—-(1.4),
namely critical points of J; in the space

H;(2,.C)={uecH"(2,C)|u=gond2}
Problem (1.1)—(1.4) corresponds to a relaxation of that of finding harmonic maps from £2 into S I
Let us assume that g is smooth and that the degree d = deg(g, £2) > 0. It was established in [3]
that for a given family of solutions u, there exist a number k£ > 1, and k-tuples

E=(&,....6) ek, a=(d,dy,...,dy) € ZF,

with & # &; for all i # j and lef:ldj =d, such that u.(x) — wg(x, &, d) along a suitable
subsequence, in Cl% gense away from the vortices &, where

i (x, x_é/':
we(x, £, d) = e’ fd)]_[<|x_§j|) ) (1.5)

Products in the above expression are understood in complex sense and @, = ¢¢(x, &, d) is the
unique solution of the problem

A, =0 ing2, (1.6)
wg(x,&,d)=g(x) onds. (1.7)

Besides, & must be a critical point of a renormalized energy, W, (&, d), characterized as the limit

k
1
— 1; 2 2
Wg(é,d)zggrb[ / |Viwg|“dx —m E djlog;:|, (1.8)

=1
2\ By (&) !
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for which explicit expression in terms of Green’s functions is found in [3]. This result also holds
true for general domains and families of solutions u, with J.(u.) = O(loge), see [23]. In [3],
accurate information was obtained for the behavior of a family of global minimizers u, of J.
in Hg1 (£2). In such a case,

k=d, d=1=(,...,1),

and for all small €, u, possesses exactly d zeros (called vortices), each of them with degree one.
Moreover, £ is actually a global minimizer of W, (-, 1).

This result holds for general §2 as found by Struwe [35], see also [7,9]. Natural question
is, of course, the reciprocal, that of finding solutions to (1.1)—(1.4) which concentrate develop-
ing vortices at other critical points of W,. Through a heat flow method, FH. Lin [22] found
solutions which concentrate around any non-degenerate local minimum of Wg(-, 1). In [7,8],
non-degeneracy was lifted in the sense that if A C 229 is so that

then there is a local minimizer of J; with exactly d vortices of degree 1 which minimize W, (-, 1)
in A. A different proof of this fact was found by FH. Lin and T.C. Lin in [25]. Moreover,
they established existence of a solution with d vortices concentrating at any non-degenerate
critical point of Wy (-, 1), through heat flow analysis and topological arguments. In [24] boundary
conditions yielding solutions with vortices with coexisting degrees +1 and —1 were found. In [1],
Almeida and Bethuel devised a variational-topological approach to prove that if d > 2 then at
least 3 solutions exist, result subsequently improved in [36] to existence of d 4 1 solutions.

In [30] Pacard and Riviere improved the result of [24] with a completely different approach.
Their construction yields very accurate information on the solution, particularly close to the zero
set, and includes the case of vortex solutions with coexisting degrees 1 and —1. To state their
result in more precise terms we need to introduce the standard single vortex solutions w4 (x) of
respective degrees +1 and —1 in the plane, of the equation

AW+ (1= |w)w=0 inR?,
which have the form
wi(x) =U(r)e'?, w_(x)=U(r)e ', (1.10)

where (7, 6) designate usual polar coordinates x; =r cos6, x; =rsin6, and U (r) is the unique
solution of the problem

U _u HU =0 i
U'+% -5+ - UPHU=0 in(0,00), (1.11)
U@©)=0, U(+oo)=1.

It is well known, see, e.g., [6] that U’(0) > 0 and

1 1
U(r)zl—ﬁ+0(r—4) asr — +0o0.
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Let us fix a number k > 1, and sets /1 with
I_Uly={1,...,k}, I.Ni_=4@. (1.12)
Let& = (&, ..., &) be a k-tuple of distinct points of §2, and
de{—1, 1}, di==x1if jel. (1.13)

We consider an approximation to a solution of (1.1)—(1.4) of the form

Wee (x, £, d) = i) 1—[ w+<x ;5,/) 1—[ w_(x_s_gf> (1.14)

jel jel-

where the products are understood to be equal to one if /_ or I} are empty. To match the degree
of the boundary condition (1.4) we need

Uyl = 1-|=d, (1.15)

with ¢, solving (1.6), (1.7) for these choices of parameters. We observe that as ¢ — 0, wg, ap-
proaches wy given by (1.5), away from the poles.

Pacard and Riviere established in [30] that for this choice of d, and a given non-degenerate
critical point &, of W, (&, d), a solution u, of problem (1.1)—(1.4) exists and satisfies

ue(x) = wee(x, &, d) +o(1),

where o(1) — 0 uniformly in £2, and &, — &,.

The proof in [30] is based on a thorough analysis of the linearized operator around a canon-
ical approximation and an application of implicit function theorem in certain classes of Holder
spaces. This approach has the advantage of being insensitive to minimizing or non-minimizing
character of the critical point &, but it relies heavily on its non-degeneracy. This assumption is
hard to check, except for special domains and boundary conditions. On the other hand, a topo-
logical approach to the problem of existence, like that of Almeida and Bethuel [1], gives results
valid in arbitrary domains and under any boundary condition, without any non-degeneracy as-
sumption. However, the topological analysis is difficult since it relies only on general properties
of the “vortex space” and gives relatively little insight into the location or structure of the solu-
tions found.

In problems with variational structure, higher Morse index solutions are harder to find or
describe accurately through purely variational methods. This is partly the reason why less it is
known for existence of vortex solutions in the Neumann problem (1.1)—(1.3). Unlike the Dirich-
let problem, minimization does not produce non-trivial solutions of (1.1)—(1.3), minimizers of J,
in H'(£2) are just constants with absolute value one. Worse than this, non-constant local min-
imizers do not exist if £2 is convex or if §2 is simply connected and ¢ is small, see Jimbo and
Morita [18] and Serfaty [33]. If £2 is not simply connected, nonconstant local minimizers (with-
out vortices) do exist [21] for small ¢. In the full Ginzburg—Landau energy, for which natural
boundary conditions are Neumann, local minimizers with vortices do exist at proper ranges of an
external applied field [32].
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On the other hand, a classification result similar to that in [3] is available for the Neumann
problem, as found in [33]. A family of solutions u, to (1.1)—(1.3) with J; (us) = O(log ¢) satisfies
the asymptotic behavior u.(x) — was(x, &, d), where

j £.d - x—§j i
war(x, £, ) = eV E >]_[(7) , (1.16)

=g

and ¢/ (x, &, d) is the unique solution of the problem

Apn =0 in 2, (1.17)
k 1

N (x—§)— v

: =—Zdjﬁ on 9£2, f¢W=0. (1.18)

v 2 gl J

Here x* = (—x2, x1). A solution (1.17), (1.18) is easily seen to exist and be unique up to additive
constant since mean value of the boundary condition equals zero. Like in the Dirichlet problem,
& must be a critical point to the renormalized energy, Ws (£, d), defined as the limit

k
1
War(€,d) = li \Y Zdx — d>log — |, 1.19
N(E, Q) pl_r)r})[ / IVewp P dx — ) /ogpj| (1.19)

—
Uy By ’

expression for which also explicit form is available, see Section 2.

In this paper we devise a method, which applies both to Dirichlet and Neumann prob-
lems, to find vortex solutions of combined degrees 1. This is achieved by constructing a
finite-dimensional manifold of approximate solutions, parametrized by all possible locations of
vortices, such that critical points of J, constrained to this manifold correspond to vortex so-
lutions. Existence of critical points of this reduced functional, which turns out to be a small
C!-perturbation of the renormalized energy, can be analyzed through general topological infor-
mation, without any reference to non-degeneracy. In particular this enables us to find what seem
to be first general results on existence of vortex solutions in the Neumann problem, as well as
new results for the Dirichlet case. This approach, sometimes called variational reduction, has
been successfully applied in various singular perturbation elliptic problems involving point con-
centration.

Let us consider a number k > 1, k-tuples & and d € {—1, 1}]‘ with corresponding sets I+ as
in (1.12), (1.13), and the associated renormalized energies W,, for the Dirichlet problem and W/
for the Neumann problem. Additionally, for the Neumann problem we define the approximation
wpre (x, €, d) similarly as in (1.14),

WA (X, £, d) = PN 6D l—[ w+<x —8-‘31') l—[ W_<X_T$j>_ (1.20)

jely jel-

We say that Was(-, d) (respectively Wy (-, d)) exhibits a non-trivial critical point situation
in D, open and bounded subset of £2 with

Dcfeent: &g, ifi#j},
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if there exists a § > 0 such that for any 1 € C' (D) with ||k ||C1(5) < &, acritical point for War+h
(respectively W, + 1) in D exists.
The following result holds.

Theorem 1.1. Assume that Wys exhibits a non-trivial critical point situation in D. Then there
exists a solution u. to the Neumann problem (1.1)—(1.3) such that

ug(x) = ware(x, &, d) + o(1), (1.21)
where o(1) — 0 uniformly in §2 and
& €D, VeWpr(&e, d) — 0. (1.22)

The same conclusion holds for the Dirichlet problem (1.1)—(1.4) with Wxr and w pr,, respectively,
replaced by Wy and wge.

In the Dirichlet problem this result lifts the non-degeneracy requirement in [25,30]. In par-
ticular it applies for the topological local minimum situation (1.9) in [9], now for combined +1
degrees.

We refer to a family of solutions u, of (1.1)—(1.3) with properties (1.21), (1.22) in some set D
compactly contained in {£ € Qk g & i, ifi # j}, simply as a k-vortex solution with degrees d,
similarly for the Dirichlet problem with W, and w /¢, respectively, replaced by W, and wg,.

As we have mentioned, this result applies to establish general results for existence of vortex
solution both in Neumann and Dirichlet problems.

Theorem 1.2. For the Neumann problem (1.1)—(1.3), the following facts hold.

(a) A 1-vortex solution with degree 1 always exists.

(b) Two dipole solutions, namely two 2-vortex solutions with degrees (41, —1), always exist.

(c) Assume that §2 is not simply connected. Then, given any m > 1, there exists an m-vortex
solution with degrees (1,...,1) e Z™.

Formal dynamics of vortices in the simply connected case in [19,20] suggested the presence of
the single-vortex and the dipole as well as their non-minimizing character. The latter fact actually
follows from the results in [33], also for simply connected domains.

The rather striking presence of solutions with arbitrarily large number of vortices if the do-
main has non-trivial topology, is in strong analogy with a similar phenomenon found in [11] for
singular limits in the Liouville equation —Au = ¢2¢" under zero Dirichlet boundary condition.

As for the Dirichlet problem, we have the following results.

Theorem 1.3. Consider the Dirichlet problem (1.1)—(1.4) and let d = deg(g, 02).

(a) Ifd =0 and $2 is not simply connected, then a dipole solution exists.
(b) If d > 1 then there exist at least d d-vortex solutions with degrees (1,...,1) € 74, If 2 is
not simply connected, at least d + 1 such solutions exist.

The skeleton of the proofs is simple. We construct a small function ¢ (£), in such a way that
critical points in & of J.(wpare (-, &, d) + ¢ (£)) correspond to actual critical points of J;. Such
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a procedure for Ginzburg—Landau vortices is not easy since the right functional analytic set-up
to carry out this reduction is not obvious. A technical difficulty arising is the presence of slowly
decaying elements in the asymptotic kernel of linearization. A difficulty of this type is present in
Liouville type equations —Au = 2" in two-dimensional domains, and makes construction of
bubbling solutions a delicate matter, see [2,5,11,13].

It is interesting to point out that the finite-dimensional manifold represented by the functions
W (-, &, d) + @ (£) is nearly invariant for the associated heat flow. It is thus expected that analy-
sis of dynamics near this manifold could potentially lead to a geometric approach to parabolic
vortex dynamics in the spirit of Henry [16]. In this direction, it could provide a framework al-
ternative to the variational one by Sandier and Serfaty in [31], and related to the multi-vortex
configuration reduction by Gustafson and Sigal [15]. Energy and spectrum estimates which such
a theory would require are derived in the separate work [12]. Heat flow for Ginzburg—Landau has
been analyzed in [17,24,28,31].

We shall devote the rest of this paper to the proof of the above results.

2. First approximation and error estimate

In the sections to follow we will concentrate on working out the variational reduction for the
Neumann problem (1.1)—(1.3). As it will become clear in the course of the arguments, just minor
changes are needed for the Dirichlet problem.

Let us fix a number k > 1, a k-tuple d € {—1, l}k, a small number § > 0 and & € .Qé‘ where

.Qé‘ = {é;‘ e 0k | |& —&j| > 25 foralli # j, dist(§;, 082) > 28}. 2.1
Let I be the respective sets of indices associated to £1 in d.
We consider the first approximation to a solution of (1.1)—(1.3) given by wa/. (x, &, d) defined

in (1.20).
The solution ¢ s to problem (1.17), (1.18) can be decomposed as

k
o (x) = djg}(x),
j=1
where

Ap;=0 ing2,

e’ —&)t.
_/:_w on 92, /(pT:O.
av lx —&1? I

2

We observe that if 6(x — &;) denotes the polar argument around the point &; then we have
precisely

_ &)L
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Alternative way to write was, is

WA (x) = Up(x) H PACHCORAC) 1—[ e—i(ej(x)-i-(p;f(x))’
Jelt jel-

where

Uo) = [] U('x ;”)

Jjel ul_

The function was,(x) is intended to approximate a solution of the Neumann problem (1.1)-
(1.3). Let £2; denote the expanded domain ¢~'§2. For a function u defined in £2 let us write

v(y) =u(ey), with y € £2,. Then u solves (1.1)—(1.3) if and only if v satisfies

Av+ (1= v»v=0 in 82,
3—3:0 on 052;.

We shall denote in what follows
Vo) =wpe(ey), &= %’ and  ¢7(y) =¢j(ey).
Let us consider the approximation error of Vj to a solution of (2.2) defined as
E=AVo+(1—|Vol*)Vo
Part of the error is, of course, how well Vj fits the boundary condition. We set

_ A%

F .
ov

(2.2)

2.3)

2.4)

Below we shall work out estimates for £ and F which are crucial for the reduction procedure.

Lemma 2.1. There exists a constant C, depending on § and §2 such that for all small ¢ and all

: k
points & € 25 we have

k
D N Elcrgy <3 < Ce.

Moreover, we have that E =i Vy(y)[R1 + i Ry] with Ry, Ry real-valued and

|R1(y)|\C82 el |Ry(»)| < Z e

>~

\‘

if |y —§}| > 1forall j.
Finally, we have F =iVy(y)[iS2] where S; is real-valued and

[1S20l00 + €IV S2llo0 < Ce

(2.5)

2.6)

2.7)
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Proof. Let us assume first that |y — é’l > g orall j € I, UI_. Since the functions 6; and (p}?

are real-valued and since U (r) ~ 1 — 5 for large r we get

(1-1oP) Vo—<

)Vo = ( 2) Vo
in the considered region. On the other hand, a straightforward computation gives

VU (ly — £)1)

VW (y) = Vo(y){ Z Ty —¢l)
j

jel Ul

+ i[ D (VO +VEEM) = D (V6,0 +V§ (y))“ 2.8)

jelt jel-

where by slight abuse of notation we have called 0;(y) =0(y — & j’.). Taking into account that 6;
and <p;.‘ are harmonic functions,

~ AU(y =& IVU(ly &)
AVO(”_VO(”{ 2 [Uuy—s;-o T T(y-¢£) %[ 2

jel Ul jel Ul

VU<|y—s;|>]2
Uy — &)

2
- [ D (V0,0 + V@) — Z(VHj(yHV@ff(y))]

JEL+ jel_

+2[Z(v9,(y)+v )= D (V00 +V6 (y))}

jely jel—
VU(|y - &)
x [ Z Uiﬂ} } (2.9)
jelor (Iy =§;D
Now since |V0;(y)| = ﬁ, from direct computations we get that in the region |y — & J’.l > g
j

AU(ly — &)

=o[U"(ly =€) +U'(ly — &])|Vo; = 0(&?).
Gy =g = OO (b =€)+ Uy = &DI90,0l] = 0(e)

On the other hand, in this region one also has

VU(y - &) o I .
——=0()|U —£21)0; =0l—=)=0 .
gir—g ~ oWl =ghe ol <|y—s;|3) )

Furthermore, we have that V(Z)j (y) =—¢V6;(y). Indeed, this follows from the fact that (p;‘ x) +
0(x — &;) is harmonic in §2 and it satisfies zero Neumann boundary conditions on 952.
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All this information allows us to conclude that if |y — & j’.| > g for all j then

AVo(y) =Vo[o(e?) +i0(e)],
so that we can conclude that in this region
E=AVy+ (1—|Vol*)Vo=Vo[O(e?) +i0(e")]. (2.10)

Assume now that |y — Ej’.| < g for some j € I, U I_. To fix idea, assume that j € I (the other
case can be treated in the same way, except for minor changes with some signs). Concerning the
nonlinear term, one gets

0 =%y =) TT0*(r =) =02y = €)1 + 0()).
I#j

On the other hand, using again the fact that V(ﬁj (y) = —eV0,;(y), the linear term can be esti-
mated as follows:

AU(|y — &' VU(|ly —&.DI?
(y=&D  IVU(y - +0(82)}

AVO(”:VO(”{[ Uly—&h  U2y—&)D

VU(ly — &) ; T I 2
— 40 —[(ve; \Z7 10)
[qu—s;n +0(e7) | —[(VO;() +Vgj() + 0]
VU(ly — &)
2i[(V8; \Y7) 0] — J 4o 3“
1 2[(V8;0) + T (0)) + 0)] [U(ly_gﬂ) +0(&)
( {AU(Iy—E}I) V8,002 + 296,09 VU(ly = &)
2SI ve. VO (). i
Noi—€) 7 T )
VU(ly - &)
0(e)V0; 0(e>) ———L2 4+ 0(é?
FOEVO0+0() 7y +OF)
VU(ly - &1 VU(ly — &)
| 0@E)VO;(y) ————— + 0(e’) V8, 0 71“
+’[ ©OVO0) Gy gy T OEIVEO 0@
We thus can conclude that, for |y—§;| < g one has
E=AVo+ (1—Vol*)Vo
VU(ly &)
=Vol O(e)VH; 0(e?) ————L2 1+ 0(?
"( V0,00 +0() 77— +OF)
U(ly — D)

v
+i|:0(8)V9j(y)

— 4 o(P) Ve, 0@E)VU(ly —¢& ) 2.11
Ty —ED +0())V0;(y) + 0 VU (|y EJI)] @2.11)
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From here the desired estimate (2.6) follows. Estimate (2.5) can as well be easily derived from
the explicit expressions.
On the boundary of £2,, we have

Vi
—°<y)—vvo(y) v

VU(y - €))
=V 3, Uy — s|)'

jel Ul

+vO<y>i[Z(ve,<y>+v ) = D (V) + Ve (y))}

Jely JElL

Since for y € d§2; we have |y — E | > =, we derive the estimate

3V,
a—vo(y) = Vo [O(e?) +0i] (2.12)

and the L°° part of estimate (2.7) is thus proven. Direct differentiation completes the proof.
In order to prove the second part of estimate (2.7), we observe that

VSi(y) = V< >

jel Ul

VU (ly — £)1) _U>
Uy & )

Using again the estimates proved above, we get that, for y € 082,

[V$20)]| < €&

This completes the proof. O
3. Formulation of the problem

We shall look for a solution of problem (2.2) in the form of a small perturbation of Vy. There
are different ways to write such a perturbation. Since we have a “small” error, as described
in the previous lemma, the equation for the perturbation is a linear one with a right-hand side
given by this error perturbed by a lower order nonlinear term. The mapping properties of this
linear operator are, of course, fundamental in solving for such a perturbation. Not only this, the
nonlinearity must truly remain small if, say, an iteration scheme is produced. A characteristic of
Ginzburg-Landau not present in other singular perturbation problems is its great sensitivity to
the way the perturbation is written, since good mapping properties are not at all indifferent to the
way the nonlinearity is expressed. An obvious way to write this perturbation is an additive way,
say v = Vp + ¢. The nonlinearity produced when substituting this ansatz in (2.2) is a polynomial
in ¢ carrying quadratic and cubic terms. While this looks good in principle, it turns out to be
rather disastrous for any reasonable mapping theory one develops for the linear operator that
appears. Another way to express such a perturbation is v = Vpe'¥ with small /. As we will see,
this expression adapts very well to the equation, but it is not too good near them: not all functions
close to Vp can be written in this form since this expression for v would leave the zero (vortex) set
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invariant. It turns out to be of great convenience to consider instead an ansatz that combines the
additive one near the vortices with the multiplicative one. This is the way in which we formulate
the problem next.

Let 7:R — R be a smooth cut-off function that 77(s) =1 for s < 1 and 7(s) =0 for s > 2.
Define n(y) to be the function

= illy &l

jel Ul
We shall look for solution of (2.2) of the form
v(y) =n(Vo+iVoy) + (1 —mVoe'”, 3.0

where v is small, however, possibly unbounded near the vortices. We write 1 = | + i, with
Y1 and Y, real-valued. Setting

¢ =iV, 3.2)

we shall, however, require that ¢ is bounded (and smooth) near the vortices.
The ansatz (3.1) is additive, v = Vj + ¢, close to the vortices & j/ and multiplicative as soon as
y is at distance greater than 2 from them. In terms of ¢ the ansatz takes the form

o) =n(Vo+¢) + (1 —n)Voe?/ . (3.3)
Let us observe that
v=Vo+iVoy + (1 —n)Vo[e'V —1—iy].
Let us denote
() =-mVole'V —1—iy], (34

function supported in the set {y € £2;: |y — EJ’.| > 1 for all j}.
A direct computation shows that v is a solution to the equation in (2.2) of the form (3.1) if
and only if

LEWY)=R+N®{) in 2, (3.5
d
W_s onog. (3.6)
av
where
R=iV,'E, S=iV,'F (3.7)

with E, F the error terms given by (2.3) and (2.4), £° (¥) is the linear operator defined by

E
14 (3.8

VV,
LEW) = AW + 2LV — 2i Vo Pya + 11—
Vo Vo
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and N (v) is the nonlinear operator in i defined by
N@) =iV [An + (1= 1Vol?)y1 = 2Re(Voi Vov) (i Vo + 1)

_ E
— (2Re(Voy1) + liVoy +n1*) (Vo +iVoy + yD)] + (n — 1)701&,

where y; is defined by (3.4). Directly from the form of the ansatz, we see that, in the region
ly — §}| > 2 for all j, Eq. (3.5) takes the simple form

LEW) = R —i(VY)2 +ilVol* (1 — e2V2 + 295). (3.9)

We intend next to describe in more accurate form the equation above. Let us fix an index 1 <
J <k and let us define «; by the relation

Vo) = w(y — &})e; (), (3.10)

where by w we mean w,. or w_ depending whether j € I or j € I_, in other words

aj(y) =N w(y - §). 3.11)
I#j

For |y — & ]’.| < g there are two real functions A; and B; so that
a;(y) = eiA_,-(y)-i—Bj(y); (3.12)
furthermore, a direct computation shows that, in this region, one has
VA;(y)=0(e), AA;(y) = 0(82) (3.13)
and
VB;(y) = 0(&%), AB;j(y)=0(g*). (3.14)
Observe that the estimates (3.13) and (3.14) above hold true in any region of points at a distance

greater than g from any &/, with [ # j.
Recall that ¥ = 1 + iyp with i1, ¥, real-valued. Then Eq. (3.9) for |y — & ]/.| > 2 becomes

Uly=§D) y—§; )_W/
Ully—¢€D) Iy —&/] :

—2(VAj +V0;(y)) - V2 +2Vy Vi — R =0, (3.15)

Aw1+2<VBJ-+

and

. U'lly —€/D) y—§
Ully —&) Iy — &}l

F Vo2 (e — 1= 2yn) + VY > — [¥2> — Ry =0. (3.16)

Aw2—2|v0|2¢2+2(VBj )-Vw2+2(VAj+V9j(y)) -V



M. del Pino et al.

Next we shall write the equation of problem (2.2) in terms of the function ¢ defined in (3.2) for
ly — é} | < g It is more convenient to do this in the translated variable z =y — & ; We define the
function ¢;(z) through the relation

)
$j () =iw@Y (), lzl< g (3.17)
with y = & J’ + z namely

o (y) =0¢j()a;(2),

where, with abuse of notation, we write «(z) to mean the function «(y) defined in (3.10) and
¢ in (3.2). Hence, in the translated variable, the ansatz (3.3) becomes in this region

v(y) = (2) (w(z) +¢;@ + (1 —7(2)w() [e@'WW@ —1- M]) (3.18)

w(z)
Letuscall y; = (1— Hwle?i™ —1—¢ 7/w]. The support of this function is contained in the set
|z| > 1. Let us consider the operator Li. defined in the following way: for ¢, v linked through
formula (3.17) we set
LE($)) (@) = iw@)LEW) (8] +2). (3.19)
. . S -
Then another way to say that v solves (2.2) in the region |y — & ]’.| <tis
L5($)) = Rj + N;(@)), (3:20)

where explicitly L‘;. becomes

e 0 2 - Ve,
L5(¢)) =L (¢j) +2(1 — | |*) Re(Wo;)w +27 Vo,
J

. Va; Vw _E;
+2i¢j— —— i), (32D
Olj W VO
where LY is the linear operator defined by
L%¢) = A¢ + (1 — |w|*)$ — 2Re(Wop)w, (3.22)

E | is given by
Ey=av] + (1= [)v.

where Voj is the function Vj translated to & ; namely Voj () =W(iz+E& J/.). Observe that, in terms
of aj, E; takes the expression

E;=2Va;-Vw+wAa; + (1 — o;?)IwlPa;w. (3.23)
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The term Rj in (3.20) is
Rj=—a;'E; (3.24)
while the nonlinear term N (¢;) is given by

Alajy)) +(

12 _
- 1= |VJ))y; — 2lej|* Re(Wopj) (¢ + ¥)
J

1\7j(¢j)=—|:

E.
— (2leej P Re(Wy)) + a1 + v1?) (W + ¢ + y,-)} + (7 — l)V—j.qu. (3.25)
0

Taking into account the explicit form of the function o; we get
Vaj(2)=0(), Aaj)=0(), |e;@|~1+0(?) (3.26)

provided that |y — & }| < g. With this in mind, we see that the linear operator Lj. is a small

perturbation of LY.

We intend to solve problem (3.5), (3.6). To do so, we need to analyze the possibility to invert
the operator £° in order to express the equation as a fixed point problem. It is not expected
this operator to be in general invertible. Indeed, its version Li. in the ¢;-variable is a small

perturbation of the operator L in (3.22). When regarded in entire R? this operator does have a
kernel: functions w,, and iw annihilate it. In suitable spaces (for instance L>°), these functions
are known to span the entire kernel, see [26,30]. In a suitable “orthogonal” to this kernel, the
bilinear form associated to this operator turns out to be uniformly positive definite, a main fact
we shall use in our construction in a form established in [10]. Sections 4, 5 are intended to solve
a suitably projected version of problem (3.5), (3.6), for which a linear theory is in order, after
which the resolution comes from a direct application of contraction mapping principle. The next
step is to adjust the points £ in order to have a solution to the full problem. The latter problem
turns out to be equivalent to a variational problem in £ which we analyze in Sections 6, 7. The
theorems will be a consequence of solving this finite-dimensional problem in different situations.
We do this in Section 8.

4. Projected linear theory for £¢

Let us consider a small, fixed number é > 0, and points & € .Qk, the set defined in (2.1). We
also call é} = &;/e. We consider first the following linear problem:

5 _ 2 .
LEW) =h+coe XeAUS_, BE /e 1N £2¢, 4.1)
9
W onog., 4.2)
ov
/ Y1 =0, Re / $jwy, =0, forall j,I. 4.3)

2:\US B&}8/0) lzl<1
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The operator £° is given by (3.8), ¥| denotes the real part of { and ¢; is the function defined
from ¢ by relation (3.17). Here and in what follows we denote by x4 the function defined as

xa(y)=1 ifyeA, xa(y) =0, otherwise.

We will establish a priori estimates for this problem. To this end we shall conveniently introduce
adapted norms. Let us fix numbers 0 < y,0 < 1,denote r; = |y — & }| and define

k k
1l =D Mdjllcarque + D I$illcrr gz <3

j=1 j=1

k
+ Z 11l >2) + 17 Vil Lo >2) ]

j=1
k
+ Z ”’"HGWZ HLOO(rj>2) + ”"HUV‘W ||L°°(r >2)] 44)
j=1
koo k
Wl =D W jllcor o<y + D L1757 ] ooy + 17 h2 ] oy (45)
j=1 Jj=1

Here we have denoted I~zj () =iw()h(z + é}}). Besides, we define
Igles = g1 llLo@0,) + & 21VE1 e @ e,
+e ' gallimean + e IVellie@e,)- (4.6)
We want to prove the following result.

Lemma 4.1. There exists a constant C > 0, dependent on § and $2 but independent of cg, such
that for all ¢ sufficiently small, all points & € .Qé‘ and any solution of problem (4.1)—(4.3) we
have

1911 < C[Hog el + 118 s ]- 4.7

Proof. We argue by contradiction. Let us assume the existence of sequences ¢ = &,, — 0, points
£j — E;.‘ € 2 with S}" # &7 forall i # j, and functions ¥", h,, g, which satisfy

2 .
L (W") = ha +CntiXa, \U_, Be o6 0 2o

oy
av

/ YI=0, Re / Frwy =0, Vil

2\ B&;;.8/en) Iyl<l

=gp onos,,
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with
||1p"||*:1, [log en|1An |l sx + 11 8n s = O.

As a first step we shall show that the sequence of numbers ¢, is bounded. We observe from (3.8)

that on |y — 5,;j| > 8 /&y for all j

Re(LE(Y")) = AYT + O(e)) VYT + O(en) Vg,
and hence, integrating on §2;, \ Ul;zl B(g; i 8/en), we get the estimate

lenl < C / %_fM
m ov ov

US=1 0BG;.8/en) 082,

+Ce ("], + 1hnll)

so that

el SC(|W" ||, + I8nllss + €5 Nan s )-

It follows that ¢,, is bounded. We assume then ~that cn —> cx. Next we will find that actually
¢, = 0 and that " approaches zero. Let us set ¥ (x) = ¢"(x/ey). It is directly checked, from
the bounds assumed, that given any number 8’ > 0 we have

k
~ . /
AV} = O(E) + g\, Beny» 1n.Q\. 13(?;7,8),

J

7.n
Wi =o(l) onds,
av
and, moreover,
[Wtlo<t V9l <Cr

Passing to a subsequence, we then get that &f converges uniformly over compact subsets of
2\ {&, ..., &} toafunction ¥{ with [¢/]"| < 1 which solves

INVES X\ Bers) M52

Yy
ov

=0 onadf2.

The above relation clearly implies that ¢, = 0, and hence that &f is constant. But the orthogonal-
ity condition for 1}{“ passes to the limit and this constant must be zero. It follows that 1}{“ goes to
zero uniformly and in C!-sense away from the points & ..., & This implies in particular that

8
2en

’

Wi +e, ' |VY] >0 onlz—&},[>
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uniformly. Let us now consider the imaginary part of the equation. From (3.8) we argue that

k
. 8
_Allfg + ng = 0(8%""7) n an \ U B(E’/U’ g),
j=1 "

893

o~ =o(e)™) ond,,

while globally in this region ) = 0(8,]1+G). A suitable use of barriers yields then that actually
vy = o(e}*9) in the C'-sense, always in this region. Let us consider now a smooth cut-off
function 7 with (s) = 1if s < %, n(s) =0if s > 1, and define

. R 8n|1_§,/,/| n
4 <z>=n<f)w (2).

Let us compute the equation satisfied by 1@”. We observe that, for real and imaginary parts we
get the estimates

2 2 4
VZﬁW"z[ o ] w"Azﬁz[ o } mvzﬁz[ o }

0(er) 0(7%) Vo 0(;%)
Thus we get
“ r21+0 +8l% h)
Ly(y")y=o)| 1 | in B(g,;j, ?)’
r1_+(7 n
J
Tn / s
Y"=0 onodB Enj, ) 4.8)
n

The following intermediate result provides an outer estimate. For notational simplicity we shall
omit the subscript 7 in the quantities involved.

Lemma 4.2. There exist positive numbers Ry, C such that for all large n

I Vi ||L°°(rj>Ro) + ||er1$1 ||L°<>(rj>Ro) + ”’"JHU‘&Z ||L°°(rj>R0) + ”GHUVI/A’Z ||L°°(rj>R0)

< C[H(]S” L (rj<2Ro) + 0(1)],
where ¢ =i Voilr.

Proof. From (3.15) it is directly checked that the following relations hold for r; > 2

N 0(%)%&1 " 0(%)%22 + “”(ﬂ% +52), (4.9)

rj J J
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A A 1 n 1 A 1
— A+ 20e; P 1w, 192 + o(r—3)vwz = 0(;>w1 +o() = (4.10)
j J Tj

where o is given by (3.10) and w; (y) = w(y — E]’.). Let us call p1, p> the respective right-hand
sides of Eqgs. (4.9) and (4.10). Then we see that

B Vs
Ip2l S 7 B= |77 v HLOO(r,->1) +o().
r.
J
The use of a barrier and elliptic estimates then yield
B+ ||1/}2||L°°(r_/:2)

1+o
T

|V1/Afz|+|l&2}< , 2<rj<;.

Let us use these estimates to now estimate p;. We get

C ~ A
Ipls W[HV‘/” ooy + 1777V 2] Loy oy + 0 D] + 0(e7),
J

and hence

/

B n A
Ipil < 240 +o(e?). B'= C[||r;-’V1/f1 ”Loc(r_,>1) + v ”LOO(r_,=2) +o(h)].
J

It is easy to see that a supersolution for Eq. (4.9) is given by

B’ 1 0
0@1= 7 (15 + o0 =) g

and hence
” &1 HLOO(r,->1) <C+ ” ‘&1 ||L°°(rj:1)'

Now we seek for an estimate for VIZ/]. Let us define ¥ (z) = 1}1 (§; + R(e +z)) where |e| =1
and R < g. Then for |z] < % we have

|AY| < CB +o0(1).

Since, also, |1,Z1| < CB’ in this region, it follows from elliptic estimates that |V1Z1 0)| < CB'.
Since R and e are arbitrary, what we have established is

|1&1| + |er1ﬁ1| < C[||r;-’V1,ﬁ1 HLoc(rj>1) + ||1&1 HLOO(1<rj<2) +o(D)].

Now,

N N 1 N
HV}IVI//l ||L3°(rj>l) < Rg ”VI'”1 ||L°°(l<rj<R0) + F ||}"jV1ﬂ1 ||L°°(rj>Ro)’
0
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thus fixing Ry sufficiently large we obtain
“/A’] |+ ]er&ﬂ < C[”‘/A’l Hcl(1<rj<R0) +o(D)] forr;>2,

and also

C
+o

r
J

| + | V2| < [||1ﬁ||cl(1<r_,<R0) +o()] forr; >2.

The lemma is proven. 0O

Continuation of the proof of Lemma 4.1. Let us go back to the contradiction argument. Since
|1+ = 1, and the corresponding portion of this norm of / goes to zero on the region r; > &' /e
for all j, for any given 8’ > 0, we conclude from the previous lemma that necessarily, for some
index j and m > 0 we have

(7] P—— @.11)
where, as in (3.17),
$;(2) =iw(@) V(& +2).
Let us consider the decomposition

U(E +2) =00+t @), r=1zl

Vo) =s— | V(& +2)do2),

and correspondingly write
pi=¢"+o,  O=iwy?, gt =iwyt. (4.12)
From Eq. (4.8) and analyzing the remaining terms, we see that
L°($;) =G in B(0,8/e),
$;=0 ondB(0,5/e), (4.13)

where G = o(1/|loge|) for r <2 and

1 2
240 +8
H=iw"'G=o(l) [“"gf"f ] forr > 1.

Let us decompose G = G° + G in analogous way to (4.12). We directly check that

L°(¢) =G+ in B(0,8/e),
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ét=0 ondB(0,5/e).
From this estimate and the fact that || 1& I« is uniformly bounded we find that
Re / GLtot =o0(1).
B(0,8/¢)

Define B(¢, ) = Re f B0.%) LO(¢)¢. From the result in Lemma A.1 in Appendix A, it follows
that there exists a number o > O such that

12
a{ / 1|¢)+|err / [Re(¢*w)|* + f |V¢L}2}<B(¢L,¢>L), (4.14)

B(0,8/¢) B(0,8/¢) B(0,8/¢)

where the orthogonality conditions

Re / prw, =0, j=1.2,
B(0,1/2)

are used. Now, since B((;SJ-, (ﬁl) =o0(1), it follows that

64> =o0(1)

B(0,3Rp)

and elliptic estimates yield qSJ- — 0in C'-sense in B(0, 2Ry). Let us consider now (ﬁo = iw&o.
Then

AY° +2 w —2ilwl*¥) =H in B(0,8/e),

¥°=0 ondB(0,8/s).

This equation translates into the uncoupled system

02U 90
I)l/] + U ar 1 (r)7
~o 20U 990 .
AYY + 78—r2 — 20290 = HY(r)

forO<r < g The first equation, plus the boundary condition has the unique solution

8¢

&?(r):—/ SU2Gs )/Hl (OU()t dt.

r
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Since

0 o(l) 2
HY(r) = W+0(8 ), r>1,

Hl0 (r)= o(l)%, r < 1, it follows from the above formula that @?(r) = 0(1). On the other hand,
a barrier shows that on 1/}? we have the estimate &?(r) = o(1)r. As a conclusion we finally derive
2012 212

%"+ 6™ |" = o(D),
B(0,3Rp)

and hence, from elliptic estimates, ¢3 i —>0inC _sense on B(0, 2Ry). The final conclusion is that
actually [|¥ ||« — 0. This is a contradiction with || ||, = 1, and the result has been proven. O

We consider now the following linear problem.

LW =h+ 0 Xo\ 4 e 5)+ZC]1 W (V=6 xiy<12) i 2 (415)

oy
— =g onads2,, (4.16)
ov

f Y1 =0, Re/é,-wx,=0, Vi i,

2\ BE.8/e) jzl<1
9j(2) =iw@)¥ (&} +2). (4.17)

Here we have called (with some abuse of notation) w(z) = w¥(z) if J € I+. The following is the
main result of this section.

Proposition 4.1. There exists a constant C > 0, dependent on § and S2 but independent of cy,
such that for all small ¢ the following holds: if ||h||sxx =+ || g |l s+ < 00 then there exists a unique
solution = Ty (h, g) to problem (4.15)—(4.17). Besides,

[Te(h, &), < C[llogellI~llsx + 118l ]- (4.18)
Moreover, the constants c¢;j admit the asymptotic expression
aj==c'Re [ b+ OCloge V. (4.19)
{lzl<d/e}

where c, is the constant in (4.22). Here

hj(2) =) 'h(E] +2).
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Proof. Expressed in terms of ¢ = i V1, the weak H' formulation of this problem can be written
via Riesz’s theorem in the form ¢ + K (¢)) = S where K is a linear, compact operator in the closed
subspace of functions of H'(£2,) which satisfy the orthogonality conditions

Re / ¢jwy, =0 foralll, j.

{lz1<1/2}

In fact, let us consider the space

H= {¢ € Ho($2,)

Re / ¢>jv"vxl=0foralll,j}
{lzl<1/2}

endowed with the usual inner product [¢, ] = f 2. V¢ V. Problem (4.15)—(4.17) expressed in
weak form is equivalent to that of finding a ¢ € H such that

(¢, ¥]1=((k(x)¢ —s),¥) Yy eH.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in the opera-
tional form

$+K@) =5

with certain § € H which depends linearly in s and where K is a compact operator in H.
Fredholm alternative then yields the existence assertion, provided that the homogeneous equa-
tion only has the trivial solution. But this is a direct consequence from the estimate in Lemma 4.1
if we establish the a priori estimate (4.19).
In|y — ‘5;.| < g, Eq. (4.15) is equivalent to

L%(¢)) Zﬁ,‘ +ZCJ'1Wx,X{\z|<1/2}- (4.20)
[

Here we have denoted ﬁj (z) = iw(2)h(§; + z). Multiplying Eq. (4.20) against w,,, (y — S}),
integrating all over B(0, g) and taking real parts one gets,

Re / L ($j)Wy, =Re f R jWy,, + CjmCas (4.21)
B(0,5/¢) B(0,8/¢)
where
Cy = / W, | (4.22)
B(0,1/2)

The desired result will follow from estimating the left-hand side of equality (4.21).
Integrating by parts, we write
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R Li(¢p))Wy, =R 09) N
e [ Lepw,=rel [ Wa - [ elw,

B(0,5/¢) 9B(0,8/¢) 9B(0,8/¢)
+Re f ¢ (LS — L%)wy,,. (4.23)
B(0,8/¢)

The boundary integrals can be estimated as
3¢> _
‘Re{ / — Wy, / b S W, H < Cel| ¥
3B(0,8/¢) 3B(0,8/¢)
The remaining term in (4.23) can be estimated in the following way:

Re / (L* — L%)wy,d; =Re f (Vo Vwy,

B(0,8/¢) B(0,8/¢)

+ Aajwy, + O (eH) Wy, )d;.
So we get
8/e

/
e &
/(—2 + —)r dr
r r
1

< Celloge|[[ |-

@10

Re / (LF - L%)wy, ¢j| < C

B(0,8/¢)

Combining the above estimates we obtain the validity of (4.19). In particular, it readily follows
that

lcjil < CLIA N+ llgllons +ellog el IV 1] (4.24)

On the other hand, applying Lemma 4.1 one gets

1911+ < C[llogel Al + lloglle ] + l1g Il ]- (4.25)
Estimate (4.18) then follows combining (4.24) and (4.25). O

Remark 4.1. The result of Proposition 4.1 holds true, with no significant changes in the proof,
for the Dirichlet problem

/Js(l/f)—h-i-zcjz le(y E)X{r,<1/2} in £2,,

Y =0 onads2,
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Re / (Z;ijl:(), Vj’l9

lz]<1

where V) is defined from wy, instead of w .. In fact, proofs go through the same way, without
the need of introducing the parameter cq or the extra outer orthogonality condition.

5. The projected nonlinear problem

Our goal is to solve problem (3.5), (3.6) for a suitable small . Rather than doing this directly,
we consider first its projected version, for & € .Qk,

1
LEW)=NG)+ R+ chl%le (x = &})xurj<1/2)
Jil

2 .
+ coe XQE\U/jg:l B(&,5/¢) in £2g, 5.1
) 1 aVp
a—‘f}’ =gy oM % (5.2)
/ Y1 =0, Re / $jwy, =0, Vj,l,
2\Uj- BE).8/¢) Iyl<1
¢ (@) =iw@¥ (&} +2). (5.3)

We prove

Proposition 5.1. There is a constant C > 0 depending only on § and §2 such that for all points
Ee .Qé‘ and ¢ small problem (5.1)—(5.3) possesses a unique solution  with

e < Ce'=c.

Moreover, automatically one has that co = 0.

Proof. As we computed in Lemma 2.1, we see that the boundary condition for i becomes in
real and imaginary parts 91 /v = 0 and

W _

S
ov 2

with

$HSM=0(), V() =0(*
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uniformly on 9£2,. As for the error R = R + i Ry, Lemma 2.1 yields
| LN
Ri=0 — = _
1 <8Zr3>’ R2 0<EZI‘]'>

j=1"J j=1
if r; > 1 for all j. Calling R ; the error in ¢ j-coordinates (see (3.24)) we also find

||Rj||c0vy(|z\<3) =0(e),
and then we conclude

IR s < C51_0~

Here and in what follows C denotes a generic constant independent of €. We make the following
claim: if |||, < Ce® then | N () ||ss < Ce2729 . In fact, for rj > 2 forall j, N(v) reduces to

N1 ==2Vy1Vin,  N@)a=IVyi P — [Vinl? + [Vol2 (e 272 + 1 — 2yn)

(see (3.9)). The definitions of the *-norm easily yields that in this region

1 1
IN(W)| < Ce¥ % el IN()a| < c82—20r—2.
J J

On the other hand, calling N j(¢;) the operator in the ¢;-variable, as defined in (3.25) we see
that

Nj(@)) = A1z, 8;, Vo)) + Az(z, ), V. D*6;),
where A; are smooth functions of their arguments, with A, supported only for |z| < 2, and with
A1 p. )| <C[IpP +1glP], |42z p.g. 0| < C[IpP + gl +1r?]
near (p, gq,r) = (0,0, 0). By assumption we have
l—o

IPjllc2y (z1<2) F 1@jllcry z1<3) < Ce 7,

from where it is straightforward to check || 1\7]- @)l cor(z1<2) < C&>729 and the claim is proven.
On the other hand, it is also true that if |||, < Ce'~ for £ =1, 2 then

IN@") =N, < Ce Tyt =92,
Problem (5.1)—(5.3) is equivalent to the fixed point problem

v =T,(NW)+R,iS),
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where T, is the linear operator introduced in Proposition 4.1. Since || T;|| = O (loge), the above
estimates yield a unique solution with size ||{ ||« < C ¢!=9 . Hence we have proven the existence
of a unique solution in this range for problem (5.1)—(5.3).

Let us observe now the following. If v satisfies (5.1)—(5.3) then v given by (3.1) satisfies

Av+(1— |v|2)v = c0e%iv You + ZleOllexl (v— S})X{r,»<1/2}-
jil

— T A | — o ;
Here xout = XQE\U_I;=I B 8/0)" Moreover, if r; < 5 then v(’g‘]/» +z) = aj[w(z) + ¢;]. Hence,
multiplying the above equation by v, using the orthogonality conditions assumed and integrating

by parts we get
—/|Vv|2+/(1 - |v|2)|v|2=icoezf|v|2xout.
@

The conclusion is that automatically c¢o = 0. The proof is concluded. O

The function v (&) defined in the above proposition turns out to be continuously differentiable
as we argue next.
Emphasizing the dependence on &’ in the fixed point characterization of ¥, we write

Y =T:(E)RE)+NW,EN) =MW, §).

Somewhat lengthy but straightforward verification yields differentiability of the operator in the
right-hand side of the above equation in the variables (i, &’) for the norms considered. In partic-
ular, the fixed point characterization renders continuity of v (£') in the *-norm.

Formally, the partial derivative 85121 Y satisfies

9 ¥ = (3, To(€N) (N, §) + REN) + T () (3, [N (¥, ) + R(EN]),
equation that takes the form
(I = TN ((Dy N) (. ©))) [0 ¥ = H(E) (5.4
for a continuous function H (§'). The estimate

|Dy N, O], < Ce” lI¢ s

for some 0 < ¢’ < 1 is found from direct computation. Since we also have ||T.|| < C|loge], it
follows that the linear operator on the left-hand side of (5.4) is invertible for all small ¢ and hence
one can solve for 3% . But this condition is precisely that making the implicit function theorem

applicable, so that ¥ is indeed of class C! as a function of &'.

In order to construct a solution to (3.5) corresponding in original space variable to that pre-
dicted by Theorem 1.1, what we need to do is to find § € D in such a way that ¢;; =0 for all j, !
in (5.1)—(5.3). As we will see, this problem is equivalent to a variational problem neighboring
that of finding critical points of the renormalized energy Ws. We carry out this conclusion in the
next two sections.
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6. Role and expressions of renormalized energies

In this section we will compute expansions for the quantities Je (wse) and Jg (wge). We shall
carry out the computation for the Neumann problem. The Dirichlet case is similar, and it is
essentially contained in [3].

Let us observe that s given by (1.17), (1.18) can be represented as

k
on(x, & d) =) djg;(x),

Jj=1

where ¢;(x) solves

Ap;j =0 1in £,
AQ; x—E&)t v
ﬁ:—i( 51) on ds2, /(pj:O.
av lx —&;1?
Q
Let Iy be the outer component of 92, and let us denote by I,/ =1,...,n, its inner compo-

nents, if any. Let us observe that f n dpj/0v =0, forall/ =1,...,n. These relations imply the

existence of a harmonic conjugate for ¢, namely a harmonic function goj- that satisfies

8)6290]4_ =0y, @), a)fl‘pjL =—0n¢;.

Observe that this harmonic conjugate thus satisfies on each I the relation

8<¢J‘()+10g ! ) 0
(X =
" e — &1

and hence there is a number ¢;(§;) such that

1
GOJJ"(X) +log——— =ci(§;) onlIj.
lx — &l

Since harmonic conjugate is defined up to an additive constant, we impose co(§;) = 0. Now, let
@1 (x) be the solution of the boundary value problem

A¢;=0 in 2,
¢1=68; onlj, Vj=>0.
Let Go(x, &) denote the Green’s function for the problem
—AGy=2né(x —§&;) in$2,

Go(x,€)=0 onas2,
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and Hy(x, &) its regular part,

Hy(x,&) =log

1
—Go(x,§).
g~ G0t ®

Then we can represent

1
Ix —&;l

o7 (x) + log =Y aENdi(x) + Golx, £)).
=1

The existence of a harmonic conjugate for ¢ j‘ implies that the mean value of its normal derivative
must be zero on each component 7, > 1. This yields the relations

cz(sJ»)/amz(x)+/auGo(x,éj>=o.
I I

We observe that the following identity holds:

2n¢z(s>=favco(x,s,-).
I

Then if we set
-1
VZEZH(/8V¢1> k]
I

we get ¢;(§;) = yi¢1(§). Let us denote

G(x,8) =) npi(E)pi(x) + Go(x, 8), (6.1)

=1

where the sum is understood to be zero if the domain is simply connected. Consistently we denote
n

H(x,&) ==Y y¢1Edi1(x) + Ho(x, &). (6.2)
=1

Let us write W(x —§&;/¢e) = U(rj/s)eief where U is the solution of (1.11) and (7}, 6;) are polar
coordinates relative to &;. We decompose

WNe (X) = Up (x)e®™),

where @ = 21;21 dj(pj+6;) and U, (x) = 1_[];':1 U(rj/e). Then we have

f|VwNe|2=/|VUs|2+/|V¢'|2U82=11 + 5.
2 2 2
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Now,
—k/|VU|2+0(82)
]RZ

and, denoting G j(x) = G(x, §;), we have

Zd VG

U? —Z/dd VGiVG, U2+Z/|VG PUZ = I + Ina.

i#j 0 i=1g

We easily compute that

/VGiVGl(l —U2) = 0¢),
2

while, integrating by parts,
[ v6iv6,=2mGe. ),
2

since [;5 3yGi G = 0. In fact, we have [}, 3,G; =0 for all  # 0 while G is constant on 7.
Besides, G j =0 on Ip. It follows that

Iy =27 " did;jG(&. &)+ O(e).
i#]

Now, consider a small number § > ¢, to be fixed later. We have
/ IVG; U2 = f IVG; U2 + f VG, >+ 0(57%&?).
£2 Bs(&)) £2\Bs (&)

Now,

2
VG| = / G;0,Gj

£2\Bs (&) 0Bs(§)

1 1

9Bs(§))

1 2
= ~27H ().§)) + 2 log  + 0(8?).
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On the other hand, we have that

5
d 8
IVG,I’U; = 0(5?) +2JT/U2(F/8) el 0(8%) +co+ 2 log -,
r €
Bs (&) 0

where ¢( is an universal constant. Let us make now the choice § = ¢!/2

expansions we then get

. Combining the above

k
1
Iy =— Zan(gj, £j) + 2km log Stet O(e)

j=1
and in total
Je(wpre (-, €, Q) =k logé + Wa(€,d) + e+ O(e), (6.3)
where
k
WaE, &) =m Y did;jG(&,&)— Y mHE) &) (6.4)

i#] j=1

and c1, ¢y are absolute constants which depend on the number k of points. Actually examining
the expressions in the expansions above we also see that it holds in the C'-sense, namely

VeJe(ware (-, €,d)) = Ve Wpr (€, d) + O(e). (6.5)

Expression (6.4) for the renormalized energy in the Neumann problem was derived in [18] as
a tool to analyze formally dynamics of vortices, in the simply connected case, G = Gy. Also in
the simply connected situation, it appears in the analysis in [33]. Estimate (6.3) is also pushed to
the C! and C? orders in [31,33]. Examining the above proof, we observe that W/ corresponds
precisely to expression (1.19).

As we have mentioned, the corresponding computation for the Dirichlet problem is basically
contained in [3]. In such a case, the following expansion is found:

Te(wge (-, &, @) =kn 1og§ + W (6, d) + ¢34 O(e), (6.6)

where now W, is given by formula (1.8), which corresponds to the following explicit description.
Let @ be the unique solution of the problem

k
A® =21 ) d;s(x — &) ing, 6.7)
j=1

P
o, =8X 8 on 342, @ =0, (6.8)
2
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and set
k
R(x)=®(x)— Y djlog|x —&jl. 6.9)
j=1
Then
k 1
%@ﬂﬁrﬂE}Mﬂ%@—w—ﬂiﬁﬂ@ﬂ+§/¢@X&) (6.10)
I#j j=1 EY9;

7. Variational reduction

Let us consider the equations cj;(§) = 0 in (5.1)—(5.3) for the solution ¥ = v (§) predicted
by Proposition 5.1. We denote by v(§) the ansatz (3.1) for this ¥ and consider the functional

Pe(§) = Je (v()).

Next proposition states that the above system of equations corresponds to finding critical points
of P.. Moreover, asymptotics of P, in terms of renormalized energy hold in C!-sense.

Proposition 7.1.

(@) If VeP(§)=0thencjj(§) =0forall j,I.
(b) We have the validity of the expansion

Ve Po(§) = VeWnr(E,d) + O(e'77), (7.1)

uniformly on § € .Qg.

Proof. We write £ = (&1, ..., &). We also denote §; = (§;1,&},) and 51’. = (g;.l, g]’.z). We have

—0g  Pe(§) =—J;(v(S))[vS}OIO]:Re/[Av+ (1- |v|2)v]175/

Joio Jolo
£2¢

:Zc~lRe/ iy (@ve (87 +72)
-/ o |2 HAST 8 joig N> )
L lz]<1
Now, near éJ’. we have

Ve, (V) =g [ (v —&5.8)(w(y = &) +¢,(v = &}, )]

=g )W H )+ ;@ j) = 8jjodzy, (@jW+ ;).
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We observe that both d;¢; and dgrarj are functions of size O (¢) in the region |z| < % As for ¢;
and 9,¢;, they are of order 0(81_"). On the other hand, we know that

Re / $j(z,6)W;(z)dz=0 andhence Re / 8g;,010¢j(2,$)\7vx1(2)dz=0.
B(0,1/2) B(0,1/2)

It holds as well

e *
Re Wy Wey = €81,

B(0,1/2)

where ¢* = f B(0,1/2) Wz, |2 dz. Combining the above facts we then find

Oy, Pe®) = IZCJ'I[C*Sjon +0(e'7)],
sJ

from where part (a) follows.
According to Proposition 4.1, we have the validity of the estimate

c*cij =Re / (Nj (@) + R;)Wy, + O(272),
{lz1<8/¢)

cf. (3.24) and (3.25). On the other hand,

Re / (Nj(¢j)+15,-)v'vx,.=/[Av0+(1—|v0|2)](v0)§;i+0(82—20)
{Iz1<8/e) 2

= 3g1’.i Je(Vo) + 0(52_2").
But, according to expansion (6.5), we see that
0, Je (Vo) = edg, War (€. 0) + 0 (£27%7).

Combining the above estimates we find

Ve Po(§) = VeWpr(E,d) + 0(e'77)
and the proof is complete. O
8. Proof of main results
8.1. Proof of Theorem 1.1

Let us first consider the case of the Neumann problem. Let ¢ = ¢/ (§) be the solution of
problem (5.1)—(5.3) predicted by Proposition 5.1. Then the function v = v(§) given by (3.1) is
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a solution to (2.2) if we adjust the points & to that ¢;;(§) = 0 in (5.1)—(5.3). Proposition 7.1(a),
says that this is equivalent to find a critical point for P (&) = J.(v(€)). Again Proposition 7.1(b),
gives the validity of expansion (7.1), namely

VeP(§)=VeWn(,a) + 0(' )

uniformly on £2 § Now, by assumption, the function W/ (-, d) exhibits a non-trivial critical points
situation in .Q§ . By definition, then also P (&) has a critical point the same region. This gives
(1.22). The fact that (1.21) holds true follows by construction.

For the Dirichlet problem the proof is basically identical, taking into account Remark 4.1 for
the associated linear problem.

8.2. Proof of Theorem 1.2

For part (a), we consider the choice k = 1, d = (1). According to Theorem 1.1, it suffices to
establish the presence of a set D C £2 where Wxs (€, d) has a non-trivial critical point situation.
We observe that in this case W, reduces just to

War(§,d) = —mHo(&, ) +7 Y viei(§)?,

=1

where the second sum appears only if the domain is not simply connected. A standard fact on
Robin’s function Hy(&, &) is that it approaches +o0o as & gets close to the boundary 9£2. The
other term, in the above expression remains instead bounded. Thus if we choose

D={¢ € 2 |dist(§,082) > 5}
with § sufficiently small, we obtain that

sup War(€,d) > sup War(€,d),
&eD £€9D

and a maximum situation for Wy is present in D, which certainly remains for any small C'-
perturbation, and part (a) is proven.

For part (b) the argument is similar. Now let us take k =2 and d = (1, —1). Then Wxs now
becomes

2
Wi (6. d) = n[—G@l, £) - HE, &-)}.
i=1
A maximum situation is now present in the region
D={t e 2?|dist(£,02%) > 8, 1§ — &> §)

if § is chosen small enough. Moreover, if § is very small, it is easily argued that D is topologically
equivalent to the region £2 x (£2 \ {P}), with P a point in §2. The Ljusternik—Schnirelmann
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category of this region is at least two. Using that the boundary values are close to —oo, together
with the maximum value we have a second critical value,

sup infWy, ACD.
Cat(A)>2 4

This second critical value does persist under small C! perturbations. If these two values are
distinct, then two distinct critical points (modulo permutation of coordinates) are present. If for
the perturbation they turn out to be equal, then standard theory gives that infinitely many critical
points exist. This concludes the proof.

Now, for part (c), we consider the choice of k =m >2and d=1=(1,...,1). According
to the result of Theorem 1.1, it is sufficient to establish that Wxs(€, 1) has a non-trivial critical
value in some open set D, compactly contained in £2%. Our choice of D is just given by

Ds = {& € 2™ | dist(§,002™) > 8},

where § is a small positive number yet to be chosen. We observe that with no ambiguity, we may
set War(§) =+ooif & =§&; for some i # j.
Let £2; be a bounded non-empty component of R? \ 2, and consider a closed, smooth Jordan
curve y contained in £2 which encloses £21. Let S to be the image of y,and B =S x - -- x § = Sk,
Then define

C = sup inf War(P(2), 1), (8.1)
Per 2€B

where @ € I if and only if @ (z) = ¥ (1, z) with ¥ : [0, 1] x B — D continuous and ¥ (0, z) = z.

We want to prove that this number defines a critical value for W in D, and besides, for any
small C!-perturbation of this function. This is a consequence of the following two intermediate
facts.

Claim 1. There exists K > 0, independent of the small number § used to define Ds such that
C<K.

Claim 2. Given K > 0, there exists § > 0 such that if (&1,...,&y,) € 0Ds, and |Wpr (&1, ...,
En, V)| < K, then there is a vector T, tangent to dDs such that

VWN(élﬂvgmﬂl)T#O

From these facts the quantity C is finite, and from a standard deformation argument, it must
define a critical value in Ds. These conditions do survive for any small C'-perturbation of Wy,
and hence Theorem 1.1 applies to yield the desired result.

To establish Claim 1, we need to prove the existence of K > (0 independent of small § such
that if @ € I', then there exists 7 € B with

Wp(®(2),1) <K. 8.2)
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Let us assume that 0 € £2; and write

D(2)=(D1(2), ..., Pn(2).

Identifying the components of the above m-tuple with complex numbers, we shall establish the
existence of z € B such that

Di(z ji
Lf)zez'cn forall j=1,...,m. (8.3)
1@ ()]

Clearly in such a situation, there is a number x > 0 depending only on m and §2 such that
|2, — 212)| > w.

This, and the definition of W/ clearly yields the validity of estimate (8.2) for a number K only
dependent of £2. To prove (8.3), one builds, based on the coordinates (8.3), a map of the torus 7",
which can be extended naturally to a map of a solid torus embedded in R”*! which is homotopic
to the identity. By a degree argument this map turns out to be onto which inherits in particular
the existence of 7z as in (8.3).

As for Claim 2, let us assume the opposite, namely the existence of a sequence § — 0 and of
points & = £% for which £ € 9D and such that

Ve WGt ....6m, 1) =0 if§ € £25, (8.4)
and
Ve Wa(Er, .. 6m, 1) - i =0 if § €982, (8.5)
for any vector 7; tangent to 02 at &;, where 25 = {x € £2: dist(x, 952) > §}.
From the assumption it follows that there is a point & € 9525, such that H (&, &) — oo as
8 — 0. Since the value of Wy remains uniformly bounded, necessarily we must have that at
least two points &; and &; that are becoming close. Let §, = L ogn — (&7,....&n) €825, bea

Z’
sequence of points such that (8.4), (8.5) hold, and

Pn = inf|§;’ —Si"| — 0, asn— oo.
i#]

Without loss of generality, we can assume that p, = |£]' — &)/|. We define

& — &7
=21 (8.6)
Pn
Clearly there exists k, 2 < k < m, such that
lim x| <oo, j=1,....,k and lim [x7|=00, j>k
n—0o0 n—oo
For j <k we set
Xj= lim x".
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We consider two cases:

(1) either

dist(€!', 9925,
—— >
Pn

)

(2) or there exists ¢y < oo such that for almost all n» we have

dist(E}, 0925,) _ .
- 0
On

Case (1). It is easy to see that in this case we actually have

dist(£", 0425,)
Pn

—o00, j=1,...,k.

Furthermore, points &', ..., & are all interior to £2s, hence (8.4) is satisfied for all partial deriv-
atives 85,1., Jj < k. Define

WA (X1, ey X)) = WACGEL + puX1, ooy &1+ Prm, 1)
We have foralll=1,2,j=1,...,k,
Oy WAr(x) = 0, War (€' + xpn, 1).
Then at X = (X1, ..., X, 0,...,0) we have
3, War (%) =0.

On the other hand, using the fact that

1 1
ViH(x, VyH (x, < Cmi = C 8.7
[VeH (x, )|+ |VyH (x, y) 1mln{|x_y| d1st(y,8(2)}+ 2 (8.7)
and letting p, — 0, we get
. 1
nli)nolo Pn g, War(&] +xpp) = —4 Z 0y logm =0.

i), i<k

This last equality is true for any j < k, [ = 1, 2. On the other hand, consider the function

Wi(xr, ..., x0) =—4) log|x; — x|
i#]

defined for x; e H = {(x', x?): x! > 0}. Denote I the set of indices i for which xl.l > 0 and Iy
that for which xi1 = 0. Then explicit computations show that, either

ViW(x1,...,x) #0, forsomei ey, (8.8)
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or

Yr(x1,...,x¢) #0, forsomei € Iy. (8.9
0x;2

This fact proves impossibility of the case (1) above.
It remains to consider:
Case (2). In this case there exists a constant C such that

dist(E}l ,0825,)
Pn

<C, j=1,...,k

If there points & 7 are all interior to £2s, then after scaling with p,, we argue as in case (1) and we
reach a contradiction with the fact that the function ¢; given by

Or(x1, ..., xk) = 4210g +4Zlo |
i#] X

has the property that

Vor(xy, ..., xx) #0

for any k distinct points x; € int(H).
Therefore, if case (2) is to hold, we assume that for certain j = j* we have

dist(£",, 9525,) = 0.

Jj#?

Assume first that there exists a constant C such that §, < Cp,. Consider the following sum
(summation here is taken with respect to all i # j):

sn=_G(&}.&")
i#]

The leading part, as n — oo, of s, comes just from the points that become close as n — 0. We
can isolate groups of those points according to the asymptotic form of their mutual distances. For
example we can define:

1 _ n_ n
Pn i#j, 1J>k|%—

and consider those points whose mutual distances are 0(,0,1), and so on. For each group of those
points (also those with indices higher than k) the argument given above in the case (1) applies.
This means that not only those points become close to one another but also that their distance to
the boundary 0§25, is comparable with their mutual distance. Applying the asymptotic formula
for the Green’s function we see that

sp,=0(), asn— oo. (8.10)
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Since |§;.1* — _j’f*| < 26, (because SI’.@ € 0825, ) we have that

ZH(S}?,E}’)eoo, asn — 0o,
J

which together with (8.10) contradicts the fact that Wxr(€”, 1) is bounded uniformly in 7.
Finally assume that p, = 0(8,). In this case after scaling with p,, around éj’f* and arguing
similarly as in the case (1) we get a contradiction with (8.8), (8.9) since those points S;’ that are
on 052s,, after passing to the limit, give rise to points that lie on the same straight line. Thus
case (2) cannot hold.
In summary we reached a contradiction and Claim 2 follows. The proof is complete.

8.3. Proof of Theorem 1.3

For part (b), let us consider now k =d and d = (1, ..., 1). Topologically, the domain D of
W, is equivalent to

2 x (2\{P1}) x - x (2\{P1, ..., Pa}),

where the P;’s are distinct points of §2. Since W, approaches in this situation +o0 near the
boundary, i = Cat(D) critical values c; can be defined as

cij= inf supW,, ACD.
Cat(A)=j A

If these values are all distinct, the same is true for any small C 1-perturbation, and at least k
critical points, distinct up to permutations of coordinates, are present. If two of them coincide,
automatically an infinite number of critical points is present. If §2 is simply connected, # is at
least equal to the category of the (d — 1)-torus, namely # > d. If £2 is not simply connected this
category is at least that of the d-torus, namely d + 1. This concludes the proof.

For part (a) we consider k =2 and d = (41, —1). In this case we consider Neumann Green’s
function, solution of

1 .
—AG(x,8)=2n (8(x —&)— ﬁ) in £2,

0G
— =0 onaoas2, /G:O,
oVy

2

and write H(x, &) = G(x, &) 4+ log|x — &|. Then, from representation (6.10) we find that

We(, ) =-2nG(1,5) —mH(1,61) — T H(82,86) + 061, 5),

where © and its derivatives are bounded. Asymptotic behavior of this function when points &;
are either close to the boundary or to each other is analogous to that of the function W, in the
proof of Theorem 1.2(c) for m = 2 except that here it carries opposite sign. The same arguments
as in that proof then apply to construct a non-trivial critical point situation for W, and the desired
result follows.
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Appendix A
In this appendix we will prove an estimate leading to formula (4.14).
Let us consider the bilinear form associated to the operator LY in (3.22) with w(x) =

U(r)e'd?, d =+1.

2
>

B<¢,¢>=/|V¢|2—/(1 —UZ)|¢|2+2f|Re<v'v¢)
RZ

R2 R2
defined in its natural space H of all locally-H! functions with
D)
g1l = / IVoI* + /(1 ~ U)ol + f\Re<w¢)| < +00.
R2 R2 R2

Let us consider, for a given ¢, its associated ¢ defined by the relation

¢ =iw. (A1)
Let us decompose
V=00 + Y [Ym () + Y ()], (A2)
m>1

where

Yo =Yo1(r) +ivoa(r),
Wl =l (1) cos(m8) + iy, sin(mé),
Y2 = Y2, (r) sin(mb) + iy2, cos(m).
This bilinear form is non-negative, as it follows from various results in [3,4,26,27,34], see

also [10,29].
We want to prove the following fact.

Lemma A.1. There exists a constant C > O such that if ¢ € H decomposes like in (A.1), (A.2)
with Yo = 0, and satisfies the orthogonality conditions

Re f wy¢ =0, [=1,2,
B(0,1/2)

then

912
1+r2

Bp.¢)>C f (A3)

R2
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Proof. Let ¢ be as in the statement of the theorem. We shall establish the above result assuming
first that ¢ is smooth, compactly supported and that its support does not contain zero. Then we
have the identity

B(¢, ¢) = B(iwy, iwyr) = Bo(yr, ¥),
where, explicitly,

Bo(, ) = / IV |2U? +/ [y 2U* — vae W1V — ¥V JU2
R2

R2 R2

The function i satisfies then the orthogonality conditions

LRGN
Re{ / w[daxj—i-U 0%, }U (r)}_O, (A4)
B(0,1/2)

j =1,2. Itis easy to check that By separates Fourier modes. Since ¥ = 0 we get

Bor, v) =Y _[Bo(¥m ¥im) + Bo(¥ Vi) |-

m>1
Expressed in terms of 1, the bilinear forms take form

Bow.y)=m Y > Biu(Wi Vi),

j=12m>1

where for a radial R%-valued function ¢ = ¢(r) we denote
o o0 (0.¢]
B,];,(gp, Q)= / |¢/|2U2rdr + 2/¢§U4rdr + / B,{ﬂp . @Uzrdr,
0 0 0

where

gL m 2=m
"2\ 2(=1)im m? '

Then we need to show that

U2(r)r dr

A5
1472 (A-5)

Bo(yr, ) > C f[|wm1|2+|wmz|2]
0

m>1

under assumption (A.4).
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Claim 1. There exists C > 0 such that

B{(¢,¢)>C
0

j=12, (A.6)

for each function ¢ radial and compactly supported which satisfies

1/2
/ ¢-ZoU?rdr =0, (A7)
0

where
Zo(r)=(d/r,-U'/U).

In [10, Proposition 2.1], it was proven the identity
o
J / 2.2
By (¢, ) =/|g0 —A(r)(p| U“(r)rdr, (A.8)
0
where A(r) is a 2 x 2 symmetric matrix of functions for which a function ¢ satisfies

o
¢ =A@, f l|>U%r dr < +00,
0

if and only if ¢ is a constant multiple of the function Zo(r).
Next, let us notice that for a sufficiently large R and M we have

R R R
U2
wa%rdr+f(|¢1|2—4gom+|¢z|2)r—2rdr>cf|go|2rdr,
0 0 0

with certain constant ¢ > 0. It then follows that there exist constants ¢y, ¢ > 0 such that

00 R
i rdr
B (¢. ) 201/|¢I21+r2 —czfco%rdr. (A9)
0 0

Now, if (A.6) were not true then for a sequence of &, — 0 and functions ¢" satisfying (A.7) we

would have
T d
a2 rdr
=1,
/|<p | 1472
0
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while simultaneously ]BS{ (¢", ¢"") — 0. Estimate (A.9) additionally implies that if we set
o
2 i, el 2, 2 \772
||¢||H*Ef P17+ =7+ Ulleal™ U rdr,

then ¢, is bounded in this space. In particular we may assume the this sequence has a weak limit
@ € H*. Moreover, this function satisfies, thanks to (A.8), ¢’ = A(r)@ and hence ¢ = CyZy. But
also

12
/(Z)-ZoUzr dr =0 (A.10)

0

and then ¢ = 0. But from (A.9) we infer that ¢ # 0. We have reached a contradiction that com-
pletes the proof of the claim.

Claim 2. For each m > 1 we have

: lpPPrdr
By (¢, 9) > C . j=12 Al
m (@, @) 2 (A1)
0
for each radial function ¢.
To prove this we just observe that
; ; (m —1)?
(Bi—B])p -0 >—5lol.
r

hence, using IBS{ (¢, ¢) = 0, one proves the claim.

Going back to the proof of (A.3) we see that from the above claims we readily obtain (A.5).
To establish the final result, lifting the requirement that ¢ vanishes near the origin we argue by
approximation using a shrinking sequence of cut-off functions, as similarly done in [10]. This
concludes the proof. O
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