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Abstract

We consider the Allen—Cahn equation e2Au + (1 — u®)u = 0 in a bounded,
smooth domain €2 in R2, under zero Neumann boundary conditions, where ¢ > 0
is a small parameter. Let I'g be a segment contained in €2, connecting orthogonally
the boundary. Under certain nondegeneracy and nonminimality assumptions for
I, satisfied for instance by the short axis in an ellipse, we construct, for any
given N = 1, a solution exhibiting N transition layers whose mutual distances
are O(e|logel|) and which collapse onto I'g as ¢ — 0. Asymptotic location of
these interfaces is governed by a Toda-type system and yields in the limit broken
lines with an angle at a common height and at main order cutting orthogonally the
boundary.

1. Introduction

Let Q be a bounded domain with smooth boundary in R2. In this paper we
consider the elliptic problem:

EAu+ 1—u>H)u =0 ingQ, (1.1)
3
M — 0 onoQ. (1.2)
v

Here ¢ > 0 is a small parameter and v denotes unit outer normal to 9€2.
Equation (1.1)—(1.2) is known as the Allen—Cahn equation and was introduced in
[2] as a model describing the evolution of antiphase boundaries.

Problem (1.1)—(1.2) and its parabolic counterpart have been a subject of exten-
sive research for many years. Its solutions correspond to critical points in H'()
of the Allen—Cahn energy,
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‘We observe that the states # = %1 represent both global minimizers of the energy,
which in the Allen—Cahn model correspond to two phases of a material isolated in
the region 2. We are interested in solutions which connect these states, leaving an
interface, a narrow region where the transition from one phase to the other takes
place. More precisely, we consider solutions u, to (1.1)—(1.2) for which J(u,)
remains uniformly bounded, which formally entails a uniform bound for the length
of the transition region. These solutions approach £1 almost everywhere as ¢ — 0
while, at least for minimizers, the energy values approach the perimeter of the
limiting interface between the regions where values +1 and —1 are taken. In the
language of I'-convergence, the I"-limit of J, corresponds precisely to the interface
perimeter, see [22,29,38].

In [22] Kohn and Sternberg constructed local minimizers using this fact. Asso-
ciated with a straight line segment I'g contained in £2 which locally minimizes length
among all curves nearby with endpoints lying on 9€2, they find a local minimizer
u, of J, with asymptotic interface given by this segment. One has

Je(ue) = co|lo (1.3)

for some universal constant cp > 0. Other qualitative properties of minimizers can
be found in [5,6,16,35,39].

It is natural to ask for existence and asymptotic description of solutions other
than local minimizers. We recall for instance that no local minimizers other than
constants are present if the domain is convex [7,30]. On the other hand rich phe-
nomena should be observable even in this case, as heat flow for the Allen—Cahn
equation becomes, in the appropriate limit, mean curvature flow of interfaces, see
[3,8,9,15,18,21,36,37].

In [17,35,40] the authors have addressed the issue of understanding asymptotic
behavior of interfaces for general families of solutions of (1.1)—(1.2) with uniformly
bounded energy through a geometric measure theoretical approach. Roughly spea-
king, they have established that asymptotic interfaces must be locally stationary
for the perimeter. More generally, in higher dimensions, they correspond locally
to (generalized) minimal hypersurfaces. However, not many concrete cases where
such objects can be found have been known. Part of the reason is that, once mini-
mization is not available, traditional variational tools do not yield existence or fine
analysis easily.

Along these lines, it is natural to consider a situation like that of Kohn and Stern-
berg [22] for a critical, not necessarily minimizing segment. We assume in what
follows that Q2 contains a straight line segment I'g which intersects orthogonally
the boundary at exactly two points Py, P; € 9€2.

We assume that ' is nondegenerate in the sense that if k (P), P € 92, repre-
sents curvature of the boundary, then the following condition holds:

K (Po) 4k (P1) — k (Po)x (P1)|To| # 0. (1.4)

Let us explain the meaning of this condition. After translation and rotation we
may assume that I'g is given by

Fo={(x1,x2) | x1 =0, 0 <x2 < £}, (L.5)



where ¢ = |Ig|. Let us assume that near the endpoints of the segment, 92
is described as the graph of two smooth functions, respectively, xo = Go(x1),
x2 = Gi(x1), with Go(0) = 0, G1(0) = £, G;(0) = 0 = G}(0), so that
G;(0) = k(Py), G (0) = —« (Py). Any curve C!-close to I with endpoints on 92
can be parameterized as

y(®) = (h(0), 1G1(h(D) + (L = 1)Go(h(0))), te [0,£]

where % : [0, £] — R? represents a small function of class C'. The length of this
curve is then given by the functional on /,

4
lyl = p(h) = /O VIG1(h(£) — Go(h(0) 1> + /(1) dt

so that in particular its first variation Dp(0) = 0. In fact, criticality of the straight
segment means just that it intersects orthogonally the boundary. A second variation
of length is then given by the quadratic form

14
D?p(0)[h]* = /0 B ()2 dr + G/ (0)h(£)> — Gy(0)h(0)>.

Nondegeneracy of I'g means precisely that this quadratic form is nondegenerate in
its natural space H'(0, £). This is equivalent to the fact that the problem

—h" = Ah, in (0, ),
k(Po)h(0) + h'(0) =0, (1.6)
—k(P)h() +h (L) =0,

does nothave A = 0 as an eigenvalue. A direct computation shows that the latter fact
is equivalent to condition (1.4). Let us observe that if both curvatures are negative
the second variation is positive and we are in the minimizing situation of [22].

The segment I' separates €2 into two subdomains 2_, €, respectively, to the
left and to the right of it. In [24] the second author has established that if (1.4)
holds then there exists a solution u, to (1.1)—(1.2) exhibiting a transition layer at
a distance O (¢) of I'g. More precisely, if s is the signed distance to I'g, then these
solutions are well approximated by U (s/¢) where U is the unique solution of the
problem

U'+(0-U»U =0, in R,

U(£o0) = £1, U(0) =0. (1.7)

One has for this solution J, (1) — co|Tg[, justasinthe I'-convergence situation
of Kohn and Sternberg (1.3) and

lim u, = +1 in Q.
e—0

The purpose of this paper is to show that in the nonminimizing situation for the
segment "9 much richer phenomena are actually present.

Before stating our results, let us discuss a bit further the nondegeneracy condi-
tion (1.4). Let us assume that, opposite to the minimizing situation both curvatures



k(Py), k(Pr), are positive, just as in the case of the short axis or the long axis of
an eccentric ellipse. In that case, parallel translation of the segment reduces the
length of its portion inside €2. On the other hand, rotation of the short axis around
its center increases length inside €2, while that of the short axis decreases it: this
translates into the fact that the short axis produces a nondegenerate critical point
of Morse index one for length (namely only one direction to decrease length is
present), while the long axis represents one of Morse index two.

In general, as direct computation of eigenvalues of problem (1.6) shows, when
both curvatures are positive, we have that exactly one eigenvalue is negative if

K (Po) + «(P1) — k(Po) k(Pr)|Tol > 0, (1.8)

which we call the short axis situation, while exactly two of these eigenvalues are
negative if

k(Po) + k(P1) — k(Po)k(P1) |0l < O, (1.9)
the long axis situation. By definition the numbers

1 1
=—— R = 1.10
k(Po) T k(P (110)

Ro

correspond to the radii of the osculating circles to 92, respectively, at Py and P,
so that condition (1.8) becomes just

R+ Ry > ¢. (1.11)
As we will see, under this condition and the additional assumption
IR1 — R2| < ¢, (1.12)

which in particular holds for the short axis of an ellipse, there exist solutions
with multiple interfaces. In fact, given N = 1, there is a solution u, to problem
(1.1)—(1.2) such that

Je(ug) — NcollT'g] ase — 0, (1.13)
. . . 1 if Nisodd .
sli%ue =—1 inQ_, slgr%)ug = [_1 i N is even inQy.  (1.14)

These are solutions exhibiting N transition layers, close and approximately
parallel to each other, which eventually collapse onto I'y.

An interesting feature of these solutions is the role played by the Toda
system in the asymptotic location of their multiple interfaces. Let us recall that
the Toda system describes dynamics of N particles, arranged on a line and interac-
ting with their neighbors with a force proportional to the exponential of minus their
mutual distance. Considering interfaces, we observe that two nearly parallel inter-
faces attract, in the sense that as they get closer to one another, energy decreases
proportionally to the exponential of the negative of their mutual distance. On the
other hand, because of assumption (1.11), interfaces raise their individual energies



proportionally to their length as they approach horizontally the segment. It is the-
refore expected that an equilibrium location, maximizing effect due to interactions
in parallel motion and minimizing in length should exist. In particular, interfaces in
such an equilibrium should prefer to stay parallel since rotation increases length in
the short axis situation. This is why the Toda system appears, in which the segment
coordinate takes the role of time.

We should take into account that at a closer look, these multiple interfaces should
not stay quite as straight lines since they need to arrive orthogonally to the boundary
near the upper and lower ends. In reality, analysis of the Toda system under boundary
conditions giving account of this orthogonality, shows that interfaces correspond
asymptotically to broken lines of the form

x1 = p(lx2 —yl+y1), p=0(loge). (1.15)
These curves intersect orthogonally the respective osculating circles for Py and

P precisely if

1 1
n=50=Ri+Ro), y1=5Ri+R—0. (1.16)
Observe that relations (1.11), (1.12) correspond to the facts
v € (0,0, y>0.

o is the xp-coordinate of the midpoint of the segment between the centers of the
two osculating circles, which we thus assume lies on I'g. Assuming y; > 0 implies
that the broken lines (1.15) do not touch I'g.

Our main result reads as follows.

Theorem 1.1. Assume that the segment I'g given by (1.5) is such that k (P;) > 0,
Jj =0, 1 and that conditions (1.11) and (1.12) hold. Then for each N > 1 and all
sufficiently small g, there exists a solution ug to problem (1.1)—(1.2) which satisfies
relations (1.13), (1.14), and in a neighborhood of Ty it has the form

N . .
e (x1, x2) = 0(1) + ;(—I)HIU ()%fk(”)) + [_01 ’f}%’fs‘:ﬁn (1.17)

with the functions fi, k = 1, ..., N satisfying the asymptotic expression

N+1
Je(x2) = co|logel (k - T+) (lx2 =yl +y1+o(D)).  (1.18)

Here yy, y1 are the constants given by formula (1.16), co > 0 is a universal
constant and the quantities o(1) go to zero uniformly as ¢ — 0.

We include some pictures for different values of the parameters of the approxi-
mate shape of the interfaces in Figs. 1 and 2 below.

‘We can be much more precise in the way interfaces satisfying expansion (1.18)
arise. It turns out that functions f; solve at main order the Toda system

21 = a [e—fz(fk—fkfn _e—ﬁ<fk+1—fk)] in (0, £), (1.19)



under boundary conditions

fi©) +k(Po) fe(0) = 0 = f(&) —k(P) fe(®), k=1,...,N, (1.20)

for some universal constant ag > 0 and with the conventions fo = —oo, fy+1 =
+00. As we will later justify, this problem has a unique solution, whose expansion
as ¢ — 0 corresponds to (1.18).

The presence of higher multiplicity interfaces has been first suggested in [3].
In the one-dimensional or radial cases, concentration in the form of clusters of
transition layers or spikes has already been observed in various problems in the
literature, see [4,10,11,13,27,28,32,33], phenomena in accordance with higher-
dimensional multi-spike clustering as predicted in [20]. In particular, multiple radial
transition spheres collapsing on the boundary have been found for Allen—Cahn in
[28]. The result of Theorem 1.1 seems to be the first of its type in a fully higher
dimensional setting. Single-higher dimensional concentration phenomena has been
the subject in, among other works, [12,25,26].

A broad literature exists for the Toda system, including various representation
formulas for their solutions, we refer the reader to [19,23,31] for results and refe-
rences. The link found here seems new, and we expect that classical mechanical
systems are in agreement with various multiple-curve concentration phenomena
arising in elliptic singular perturbations, in a similar way as gravitational or elec-
trostatic interpretation of point concentration is commonly given.

In [34], Allen—Cahn in dimensions three or higher in a compact manifold has
been considered, establishing that associated to a nondegenerate minimal hyper-
surface a solution with a single interface exists, in analogy with the result in [24].
We would expect multiple concentration of codimension one interfaces dimensions
two and higher to exist, but with more difficult proofs.

The proof of Theorem 1.1 consists of finding a solution close to an initial
approximation, which is essentially the right-hand side of expression (1.17). The
correction term satisfies an equation which is solved in two steps: first, the curves
fx are just left as parameters to be determined, and a projected problem is solved
which involves a small nonlinear perturbation of a uniformly invertible operator
in suitable norms. Second, functions fj are chosen in such a way that the solution
of the projected problem is a full solution. In this second part of the process a
small nonlinear, nonlocal perturbation of system (1.19)—(1.20) arises, which is
solved thanks to nondegeneracy of the solution of the unperturbed system. We
shall develop this scheme in what remains of this paper, in which hypotheses of
Theorem 1.1 will always be assumed.

2. First approximation and outline of the proof

2.1. Approximate solution

We first formulate our problem in a conveniently chosen system of coordinates.
With no loss of generality, we may assume that the segment ' satisfies [Tg| = 1
and is given by

I'o={(x1,x) | x1=0,0<x <1}.



Fig. 1. Equilibrium configurations of 4 and 5 interfaces with £ = 1, Ry = 3/4, Ry = 1/2
and ¢ = 1/25. The dotted lines indicate the osculating circles of the boundary at points Py
and Py, respectively

Py

Fig. 2. Equilibrium configurations as in Fig. 1 with £ = 1, Ry = 1/5, Ry = 9/10 and
e=1/25

We also assume that near the endpoints of the segment, 92 is described as the graph
of two smooth functions, let us say, respectively, xo = Go(x1), x2 = G1(x1), with

Go(0) =0, Gi1(0)=1, Gy0)=0=G0).

Let us consider the scaling v(y) = u(ey). Problem (1.1)—(1.2) is thus equivalent to

a()=Av+ f(v) =0 inQ,, 2.1)
B(v) = W0 onan,. 2.2)
av

where Q, = ¢~ Q. Here and in what follows we denote
f@) =1 —=vH.

For some small, fixed number 8y, we can describe diffeomorphically all points
y € Q with |y;| < 8oe~! by means of coordinates (x, z) which straighten the



boundary as follows.

X =y, 2=y —n(ev)e ' Goley) — ne(1 —ey)e '[Gieyr) — 11.

Here 1, (s) = n(o~'s), where 7 is a smooth cut-off function such that
n(s)=1, for|s|] <1 and n(s)=0 for |s| > 2,

and o > 0 is a small e-dependent number which for our purposes we take

ool —

o=¢
The Laplacian operator in €2, expressed in these new coordinates becomes
Ay =A;+ B,

where B is a second order differential operator with small coefficients:

82 2
B = By(ex,ez)—5 + Bri(ex, ¢
20(ex z)8Z2+ 21(ex z)ax8Z

0
+ eByy(ex, €2)—,
0z

where B;; are smooth functions with B2;(0, -) = 0, B2;(0, -) = 0.
We also have, for z = 0,

d —1+|Gy(ex)* 9 G (ex) 3

v, (14 (GyEenP) 2oz (1+1GyEx) )2 9x

with a similar formula near z = 1/&. Thus we write,

Lo lip
vy v ’

where

B, =b(ex,ez)-Vy,, 1=0,1, z=1/s,

d 0
EZ(‘”M?’ 1=0,1, z=1I/e.
Z

2.3)

2.4)

Here b is a smooth function with (0, -) = 0. To define the approximate solution we
recall that U = U (s) is the heteroclinic solution to (1.7) such that U (+o0) = +£1.

More precisely we have:

U(s) — 1 =—Agpe —V2s + o(e _ﬁ"), as s — +00,
UGs)+ 1= AgeV? +0(eV>), ass — —oo,
U'(s) = ~2A0e ~V25l 4 0(e =V251),  as |s| — +o0,

where Ag is a universal constant.



In the sequel we let N > 1 be a fixed positive integer and consider f1, ..., fy
given, arbitrary functions fi : (0, 1) — R which satisfy

I fell 2o, < Hogel®,  fir1(©) = fi(@) = V2| loge| — 4v/2log | loge|.

(2.5)
For notational convenience we will also write
fo(§) = =8o/e — f1(¢) and fn11(¢) =do/e — fn(£).
Let us set
wi(x,2) = (DU (0 — fi(e2)),
and define the approximate solution to (2.1)—(2.2) by
w(x,z) = ﬁ) Wi, 2) + 2 (DY - 1), (2.6)
2

k=1

so that w(x, z) ~ wg(x, z) for |[x — fx(ez)| not too large.

2.2. Outline of the proof of Theorem 1.1.

The approximation w defined by formula (3.1) does actually make sense in the
infinite strip

S={x,2)/0<z<1/e}.

Since the approximation w approaches its limits as x — 00 at an exponential rate,
and the remainder operators B; and By, are comparatively small, it is reasonable to
believe that the solution of the full problem is essentially the same as that of the
problem in the whole strip

Ay v+n5Bv+ f(v) =0 inS, 2.7)
under boundary conditions

ov

— +n5B"v =0 ondS. (2.8)
ov
Here and in what follows we denote
¢ . elx|
na(x, Z) =n T . (29)

where 7(s) is a smooth cut-off function as in (2.4), so that
. 8 . 268
ng =1 for|x| < 2 ns =0 for|x| > -

In fact the full original problem in €2, can be reduced to one in the strip by means
of a gluing procedure developed in Section 6.



We look for a solution of (2.7)—(2.8) in the form w = w + ¢ where ¢ is globally
small compared with w. The equation for ¢ becomes

Ap+ f'(Wyp =—N(p) +E inS, (2.10)
g—‘f = —n$B’¢ + E, ondS, (2.11)

where

N(@) = f(W+¢) — f(w) = f(W¢ + n§Bo,

Iw
av

The operator N (¢) is the sum of a quadratic quantity in small ¢ and a small
linear operator in ¢. The linear operator on the right-hand side of equation (2.11)
is also small. Thus if the linear operator defined by the left-hand side of (2.10)
were uniformly invertible in suitable norms under the associated Neumann boun-
dary condition, one could recast the problem into a fixed point problem for a
contraction mapping, provided of course that the errors E and Ej, are small enough
in the involved norms. However this uniform invertibility is not expected since there
are decaying elements in an approximate kernel for the linear operator. Indeed, the
functions w; y» = Ux(x — fj(ez)) nearly annihilate the operator, and unless the
functions f; satisfy very special relations, we do not expect solvability of the ori-
ginal problem by the above means.

Thus we consider the linear operator

L(p) = Ap + f'(W)e,

E=Aw+niBw+ f(w), Ep= + nngw.

which we can rewrite as
L(¢)=A—2¢+(f'(w)+2)¢ =0.

Since f'(w) +2 = O(e_ﬁ“") as |x| — oo, then the operator can be visualized
as a small perturbation at infinity of A — 2. Standard elliptic regularity tells us that
the problem

Ap—2¢ = h inS, (2.12)
8_¢ =g on,dS (2.13)
av

has the uniform a priori bound

18l 25y = CllAlL2s) + 18I H1S) T

and a corresponding existence statement. The analogous assertions for the operator
L does hold true for the following projected problem which mods out its above
mentioned approximate kernel:



Given functions & € L*(S), g € H'(S), we consider the problem of finding

¢ € H?(S) such that for certain functions cj € L?(0,1), j=1,..., N we have
N
L(@$) = h + Y cjex)wj, inS, (2.14)
j=1
a
—¢ =g ondS, (2.15)
av

00 1
/ ¢ (x, ) wjy(x,z)dx =0, Vze(o,—), j=1,...,N. (2.16)
00 e

Proposition 2.1. There exists a constant C > 0, independent of ¢ and uniform for
fj’s satisfying (2.5) such that for all small & Problem (2.14)—(2.16) has a solution
¢ = T(h, g), which defines a linear operator of its arguments and satisfies the
estimate

18l 25y = ClIAlL2s) + 18I HIS) T

We will prove this proposition in Section 3. Using it, we would like to solve via
contraction mapping principles the projected nonlinear problem

N
L) = E—N(p) + > cj(en)wj, inS, (2.17)
j=1
% _ Ep —n5By¢ on dS, (2.18)
av
/ o(x,)wjy(x,z2)dx =0, j=1,...,N. (2.19)

As we will see in Section 4, the inner error E is essentially constituted by
quantities carrying £2| log £|7 times functions exponentially decaying in x from the
fj’s. This implies that

3
IEl2s) = Ce?|logel?,

for some ¢ > 0, uniformly on functions f; satisfying (2.5). This error, however,
does not match in size with that at the boundary Ej which is much larger: it only
carries ¢ rather than &2 as factors, so that we get

1
IEbllf1(sy = Ce2|logel?.

It is necessary to improve the approximation in order for both errors of approxima-
tion to share size, eliminating the terms of order ¢ in the expansion of the boundary
error. This is achieved in Section 5 by means of two steps: first, boundary conditions
are imposed on the functions f;. It is assumed that

fi©) +k(Po) fr(0) = 0 = fi(1) —k(P)f(D), k=1,...,N.  (2.20)

This assumption eliminates part of the e-terms in Ep. Second, the remaining
terms of order ¢ are eliminated by building an improvement of approximation of



the form w + ¢™* where ¢**, of size ¢, solves certain explicit linear problem and has
the property to decay exponentially in z-direction towards the interior of S. This
procedure makes the initial problem (2.17)—(2.19) equivalent to a similar one with

new errors £ and Ej with size 0(8% |log e|?) and a qualitatively similar operator
N (¢). By contraction mapping principles using Proposition 2.1, we then get a
solution ¢ of this variation of (2.17)—(2.19) with

3
ol g2s) = O(e2).

We shall get then a solution of our original problem if we are able to adjust the
functions f; in such a way that

cj(z)=0 Vj=1,...,N.

In order to solve the latter system of equations, we simply integrate equa-
tion (2.17) against w; , to get

cj(2) =[ (AW + nsBw + f(W)) wy j dx + 0 (e™tH)

for some p > 0. These quantities are given at main order in the following lemma.

Lemma 2.1. The following asymptotic formula holds

/ (AW + n§Bw + f(W)) wy  dx

—00

— (—l)kao [82b() fk// — e V2Ufi=fi-) + e—ﬁ(.fk+1—.fk)] + Py, (2.21)
for some positive universal constants ag, by, where
1Pl 20,00 S Ce*MH,  for some p > 0, (2.22)
uniformly on functions fi’s satisfying conditions (2.5).

We carry our these computations in Section 4.
In this way, the full problem is reduced to solving a system of the form

82b0fk// _ e—ﬁ(fk—fk—l) + e—ﬁ(fk+1—fk) =h,

under boundary conditions (2.20), where [|h][12 () = O (¢2t") and h itself is a
nonlinear, nonlocal operator of f. The system for # = O turns out to have a unique
solution which is of size O(|logel). This solution is nondegenerate in a suitable
sense, and the problem is finally solved via a perturbation argument. This part of
the process is carried out in Section 7.

In the rest of this paper, we will work out in detail the above outlined scheme.



3. Projected linear theory in the strip

This section will be devoted to the resolution of the projected linear problem
(2.14)—(2.16) by proving Proposition 2.1. A first claim we make is that to prove the
result it suffices to consider the case g = 0, so that we will only need to find the
operator T (h, 0). Indeed, let us consider the solution ¢9 = ¢o(g) to the problem

Ago—¢o =0 inS,

d
ﬂ:g on dS.

av
From standard elliptic theory, we find that

¢l m2s) = Cliglpics)-
On the other hand, we check directly that
¢=0—¢o
satisfies a similar equation, but now for g = 0, with A replaced by [~\, where
IA N 200.176) S CUIA 200,176y + 181 111851
and with & replaced by i = h(h, g), a linear operator in its argument satisfying
Inll2s) < CLIANL) + gl )

With the aid of this and the definition of ¢~>, the operator T (h, g, A) is thus built just
from T(fz, 0, [\), as claimed.

For the proof of the proposition we need the validity of a priori estimates for a
simpler problem. Given / € L*(S), let us consider the operator

Lo(¢) = Ag + f'(U(x))¢

and the problem

Lo(¢) = h inS, (3.1)

¢
—~ =0 ondS, (3.2)

av

1

/ o(x, ) Uy(x)dx = A(z), O0<z< - (3.3)

R

where

1Al 520,1/6) =C. (3.4)

Lemma 3.1. There exists a constant C > 0, independent of € such that solutions
of (3.1)—(3.3) with A satisfying (3.4) satisfy the a priori estimate

||¢||H2(S) § C [||h||L2(3) + ||A||H2((),1/g)]~



Proof. Assume first that A = 0. Let us consider Fourier series decompositions for
h and ¢ of the form

o]

¢(x,2) = D dr(x)cos (wkez),

k=0

o
h(x,z) = Z hi(x) cos (mkez) .
k=0
Then we have the validity of the equations

— k2% + Lo(r) = hy, x €R (3.5)

and conditions

o0
/ ¢k UX d'x = 05 (3.6)
—0Q
for all k. We have denoted here

Lo(px) = Grxx + [ (U))Pr.

Let us consider the bilinear form in H'! (R) associated with the operator L, namely

By, ) = /Rmm2 — ['@IYP1dx.
Since (3.6) holds uniformly in k we conclude that

Clldel7 2y + Ik x72@)] S B(dr, ¢ 3.7)

for a constant C > 0 independent of k. Using this fact and equation (3.5) we find
the estimate

A+ kNIl + ka7 @ S Clakl g
In particular, we see from (3.5) that ¢y satisfies an equation of the form
Prox — 20k =hi, x €R,

where ||/ || L2(R) < Cllhl 12(r)- Hence it follows that additionally we have the
estimate

I cxlFo@ S Clhel7a g (3.8)
Adding up estimates (3.7), (3.8) in k we conclude that
ID*@172s) + 1DDN725) + 101725, < Clikllzas),

which ends the proof in the case A = 0. To prove the general case it suffices to
apply the above argument with

S b — A Uy (x)
p=0¢ (Z)m-



We consider now the following problem: given & € L?(S), find functions
¢ € H%(S), c € L%(0, 1) such that

L(¢p) = h + c(ez)U; in S, (3.9
% =g ondS, (3.10)
av

/¢dex:A(z), 0<z< l (3.11)
R &

Lemma 3.2. Problem (3.9)—(3.11) possesses a unique solution

¢ = T()(h, g, A)

Moreover,

ol m2s) = Cllikll2s) + 1A g20.1/6) + 1811 (S) 1-

Proof. We first show that it is sufficient to prove this result for the case A = 0,
g = 0. To this end, let ¢9 be the solution of

Agyp—¢o =0, inS,
oo

=& aSa
E 8 on

and define
- U,
b=0—¢o-— [A(z) —/R%dex} U

B .
” Ux ”LZ(R)

Then ¢ satisfies L(¢) = h + c(ez2)U, with homogeneous boundary and orthogo-
nality conditions and the general result will follow.
For existence, we write again

o0
h(x,z) = z hi(x) cos (wkez)
k=0
and consider the problem of finding ¢ € H L(R), and constants ¢, such that

—k*&% Py + Lo(r) = hx +cxUy x € R

and

/mmmza
R

Fredholm’s alternative yields that this problem is solvable with the choices

fR hi U, dx

R NTERTE



Observe in particular that
oo
D lal® = Cellhll; (3.12)
= L2(S) . .
k=0
Finally define
oo
P(x,2) = Z @i (x) cos (mkez),
k=0
and correspondingly
[e )
c(¢) = Z cxcos (wke).
k=0

Estimate (3.12) gives that c(¢z) U, has its L?(S) norm controlled by that of /. The
a priori estimates of the previous lemma tell us that the series for ¢ is convergent
in H%(S) and defines a unique solution for the problem with the desired bounds. 00

In order to apply the previous result to the resolution of the full problem (2.14)—
(2.16), we define first the operator

Lj@) = Ap+ f'(w))¢,

and consider the following problem

Li(@) =h + cj(ezr)wjx inS, (3.13)

%9 _ g ondS, (3.14)
av

/ dw; dx = A(2). (3.15)
R

We have
Lemma 3.3. Problem (3.13)—(3.15) possesses a unique solution
¢=T;h, g, N).
Moreover,
61l 2s) = Cllnll2s) + 1A m20,176) + 18l 1 (s)]-

Proof. We recall that w; = (— DU — fj(e2)). For afunction & (x, z) defined
in § we denote below

E(x,2) = E(x + fi(e2), 2).



By direct computation we see that Problem (3.13)—(3.15) is equivalent to

Ad+ Bi(P) + f/(U)p = h + cj(ex) Uy inS,

0 -
% =g+ By(¢p) ondS,
ov

/ ¢ Uxdx = A(2),
R
where
Bi($) = &” [](62)*bux + 8° f] (€2)¢x + 26 (62)xz,
Ba(¢) = &f}(e2)x.
This problem is then equivalent to the fixed point linear problem
¢ = To(h+ Bi(¢). § + B2(d). M),

where Ty is the linear operator defined by Lemma 3.2. The linear operators B and
B, are small in the sense that

1B1@®)ll 25 + 1 B2 @)l g1 (s) S 0Dl 2 s
with o(1) — 0 as ¢ — 0. From this, unique solvability of the problem and the

desired estimate immediately follow. O

Proof of Proposition 2.1. In order to solve for ¢ in Problem (2.14)—(2.16) we
assume that g = 0, which is sufficient as we have pointed out.
‘We search for a solution of ¢ = T (h, 0, A) in the form

N
= ni¢+v, (3.16)
j=1
where
— f; 2
m , R = £| 10g8|7
R 2
and 7o is smooth with ng(s) = 1 for |s| < 1/2 and no(s) = O for |s| > 5/6. We
will denote

n;j(x,2) =no (

N
X =1—an-
j=1

Itis readily checked that ¢ given by (3.16) solves Problem (2.14)—(2.16) withg = 0
if the functions ¢; = n;¢, ¥ satisfy the following linear system of equations.

Apj+ fl(wj)j =hnj+cj(enw;
—(f'w) = ffwi)njp; —njf'wmy inS, (3.17)
09,

—L =0 ondS, (3.18)

av
/ pjw; dx = Aj, (3.19)
R



where

Aj= /R(l —nj)$jwjxdx — Z/R”k‘f’kwj,x dx —/Rl/fwi’x’

k#j

and

N
AY + xf WY = xh+ D (1 = nj)cj(Ew;

j=1
N
= > [2Vn; - Vo + ¢ An;, (3.20)
j=1
% =0 onadS. (3.21)
av

In order to solve this system we will set up a fixed point argument. To this end,
assume that function ¢ is given and define

N
dj=dnj, ¥ =¢~>—Z¢~5j'
j=1

First we replace ¢;, ¥ by ¢~>j, & on the right-hand sides of (3.17), (3.19) and
solve (3.17)—(3.19) foreach j = 1, ..., n using Lemma 3.3. We get the following
estimate

N
i1l m2es) < ClIklaes) + 1l paes) + oD D182y (3.22)
j=1

Given I/~f we can now find functions ¢; = ¢j(&) which solve (3.17)—(3.19)
by a fixed point argument. Next we observe that the norms ||c;(e2)wj x|l12(s) are
controlled by |[|2]|;2(s) as it was pointed out in Lemma 3.2 (see (3.12) and the
argument that follows). Therefore we can now solve (3.20)—(3.21) for v which in
addition satisfies

N
1l m2es) < Clikllags) + o) D g @)l 2 s)- (3.23)
j=1

Combining this with (3.22), and applying a fixed point argument again, we get
finally a solution to (3.20)—(3.21). This ends the proof. O



4. The inner approximation: size and projections

In what follows the error terms will often involve quantities of the type
O (eP|loge]?). While keeping track of the powers of ¢ is very important, the loga-
rithmic factors turn out not to play a significant role. Therefore in the rest of the
paper we will use g to denote a constant representing a power accompanying | log €|.
The value of ¢ may change from line to line.

Our first goal is to compute the errors of approximation in a §p/& neighborhood
of I';, namely the quantities

a
Ep=a(w) =Ayw+ f(W), Eop=pWw) = %
y

We shall do this in (x, z)-coordinates.

The following result gives account of the size of the inner error of approximation
Ey in the region

Sso/e = {lx| < do/e,0 <z <1/},
Lemma 4.1. The following estimate holds:
N .
|Eo(x. 2)| < CE2(|f] (e2)| + [logel) D e V20l jn S5 )0 (4.1)
j=I

uniformly on functions f; satisfying constraints (2.5). In particular
3
||EO||L2(S50/S) < Ce?|logel.
Proof. We compute
Eo = (A + B)w + f(w) = Eo1 + Epa.

We have

N

Aw =D (=D"*U"(x - fio)

k=1

N
—&2 D (=D RU (- fi)

k=1

N
+62 D (=DMDU (x = fo).

k=1



Then, taking into account Bw we get

N
AW + Bw = Z(—l)k+1u”(x — fll — eBoi(ex, £2) f{]
k=1

N
—&* D (=D RU (x = fill + Ba(ex, £2)]
k=1

N
+e2 D (DU (x = fi)ll + Ba(ex, €2)]
k=1

N
—&*Bao(ex, 62) ) (=D LU (x — fo).

k=1
We now turn to computing Egy. We fix ak, 1 < k < N and consider the set

Ji—1(e2) + fi(ez) _ v Jer1(e2) + fi(ez)
2 = 2 '

Ap = [ (x,2) |
For x € A we write

JwW) = fwe) + Lf (W) — f(wi)]

1
= fwo) + 1/ w = we) + > [ wi) (w = wi)? 4+ O(lw — wi )

= f(wp) + f'(wi) (W — wy) + %f”(wk)(w —w)? + max 0 (e ~3V21fi=xl
J

N
=> fw))+ {f’(wk)(w —wy) — Zf(wj)}
j=1

J#k

1
= 7w (W — we)? + max O (e V2=l
2 j#k

It is convenient to introduce the following numbers.

o — (=DJ, ifj <k,
M =1/, ifj >«



Assuming that N is odd we have

F ) w—w) = > fwy) =Lf ) — £ (DW= wp)
J#k

+ {f’((—l)"“)(w —wp) - f(wj)}

J#k
=3[1 = U%(x — fe(e)](w — wi) + f'(1) [(w —wp) — D _[ogj — w;]
Jj#k

1 -_— s —_
3 Z f(orlow; — wj1* + max 0 (e ~3V21fi=xl)
J#k

1
= Bl = UG = fieDw —wi) = = > f(oklowj — ;I
J#k

+max O (e V2=l
j#

A similar argument applies when N is even. Summarizing, we get

N
1
Eyp = z fw;) + Ef”(W)(W —wi)? 4301 — U (x — fi)I(W — wy)

j=1
1 PR—
~ > = 1" o) — w)? + max O(e Vi) 4.2)
e i#k
forx €e Ap, k=1, ..., N. It follows then that for x € Ay,

N
Eog=—¢ > (=D fU"(x — f)Bai(ex, £2)
k=1

N
—&* D (=D RU (x = fill + Ba(ex, £2)]
k=1

N
+62 D (=DM U" (x = f)ll + Baa(x, 2)]
k=1

N
—*By D (=D U (x = fo)
k=1

4 max O (e ~2V2fi=xl),
J#k



Thus, denoting by x4, (x) the characteristic function of the set Ay, we have

Eog(x,z) = ZXAk(x) [0(8 [loge|?)e™ V2lfe= xl—l—O(l)maxe —2V21f; x]
k=1

and the result of the lemma readily follows. O

As we have mentioned in the outline of the proof, the computation of the
projections of the error against the functions w; , (x, z) is of crucial importance as
given by Lemma 2.1. We carry out its proof next.

Proof of Lemma 2.1. Setting (W) = Aw + n§Bw + f(w), we have to compute

/ a(W)U'(x — fi(ez)) dx = [/ +/ ] nsa(W)U'(x — fi(ez)) dx
R A S\Ax
= &1(62) + Era(e2).

We begin with

Eilez) = —e /A Z( DU = U (= fi)
k

+e /A Z( DDV (= U (x = fi)
k

(BW)U'(x — fi)
Ak

N
+/A Ey—> fw) |UG—fo=h+L+15+1
k

j=1

Using the asymptotic formula for U’ we get

L = (=)'’ f (e2) / w (s)>2ds+0(e3)2f”<sz>

j=1

Using the fact that [*°_ U”(s)U’(s) ds = 0 we get

N
L= 0() D (f](e2).

j=1

Now,

I3(e2) = & fbo (62) / (U'(5))*ds + O (0 %¢ 3)Z[|f,| +UDP+ I,

j=1



where
bs(£2) = =10 (62)G((0) — 1o (1 — £2) G/ (0).

Now we will evaluate I4. Using the expressions of the error term E, found
above we get

al 1 1
Ey = fw)) = | £ )w—w)® == > fox) o —w))?
j=1 J#k
+3(1 = UP(x = fi))(w — wy) = Ezy + En.

We have
2
1
Er = 5f// Wi + Z[Ukj —wj] Z[U"j — wj]
7k J#k
1
) Z f (oo — wil?
J#k
1 n
=5 Z[.f//(wk) - f,/(o'kj)][o'kj - wj]2 + max O(g_2ﬁ|fj—fk|)
2 J#k J#k
=-3 Z[wk - ij][gkj - wj]2 + m;l]z( O(e72ﬁ|fj*fk\)
j J
J#k

= 3=D"NUG@ - fi) + 11— Ux — fiD)P?
SBEDNUE - ) - N+ U = fig)]?
+¢&'/? max O(e_ﬁlf/'_fk‘).
Jj#k

For fixed k let us consider the following integral

S
‘/ (UG = fo) + 101 = Ulx — fio)PU'(x — fidx

fe=1+Tk
2

Z/fk O (1)e~2V20—fion) = 2V2(fi=x) g
Jie—115k

2
-0 (E*Zﬁ(fk*fk—l))'
Similarly,

Tk1+Tk
2

(U= fi) + N1 —Ux— fi DIPU (x — fi)dx = O(e 2V 1= fid),
Jx

Therefore we get

/ E21U/(x — fk)dx — 81/2 max O(C_ﬁlfj_fkl)~
Ak JjFk



We will now compute

/ ExnU'(x — fi)

Ag

= 3(—1)k*! ’ [1—Ux — )10 = U — fim)U'(x — fiodx
k

—3(— 1)kt i [1—-U— )10 +Ux — fir)U'(x — fr)
k

+£!/2 max O(e_ﬁlf-/'_f“)
J#k

— 3(—1)kA0/ a(s) [—e —V2(fi—fi-D) + e—ﬁ(fkﬂ—fk)]
R
+£!/? max O(e_ﬁ|ff_fk|),
J#k
where we have denoted
a(s) = (1 — UX(s)U'(s)e V.

To compute Eo(cz) we notice that for x € S\ A we have U'(x — f) =

V2ip . . .
max j «i O (e~ "2 /i~ Jkly and thus we can estimate, using the above notation,

4
E(ez) = ¢'?max O eﬂﬁlfi*fk')—i-O(el/2 L.
(e2) max O >mZ:jl m

Now, let us define

¢ = 3A0/oo(1 —U2s)U (s)e V¥ds, o= /Oo U'(s)?ds.

—0o0 —0o0
Gathering the above estimates, we get the following system for the approximate
location of the interfaces:

/oz(w)U'(x — fr)dx
R
— (—l)k [82C0f12/(82) _ cl(efﬁ(fk*fk—l) _ e*ﬁ(karl*fk))jI
+Pr(ez), k=1,...,N, 4.3)

where, denoting ¢ = ¢z, we have

N
Pi(C) = e2c0 fibs (0) + 0o ) D 111+ 1 £]1* + 1£]1]

j=1
+e'/2 max 0 (e~ V2~ /i),
J#k
Now, we observe that
1Pl L2¢0.1) = Ce*™*, forsomepu >0, k=1,...,N. 4.4)

This last estimate is possible thanks to the fact that we have chosen o = ¢!/8. The
proof is concluded. O



5. Boundary error and improvement of approximation

Next we compute the accuracy of the approximate solution w on the boundary.
Again in (x, z) coordinates we
_ —14|Gyen)* aw G (ex) aw
A+ [Gyex)HV2 8z (1 +|Gy(ex) )2 ax

Eop(z =0)

N
a .
= e X L0 + G0 ;0177

j=1

N

8 .

e > GHEf O - fO) S
=1

N

8 .

+e2 D [0(x — fj (O] + 0(|f,(0)|2>]%
j=1

N
ow ;
+6> Y10 = FOF + 0 £ O PO L.

j=1

A similar formula holds for Eg,(z = 1/¢). Thus we see that it is natural to take the
following boundary conditions for f;.

f1(0)+ G§(0)f;(0) =0

£+ GO (1) =0 j=1...,N. (5.1)

We shall assume the validity of these conditions in the sequel. We observe that

N
|Eop(2) < Ce D lx — filea)le V2Rl forz =0, 67",
k=1
which is one order of &€ worse in size than Eg. As we have said in the outline of the
proof, the discrepancy between the order of approximation in the interior and on
the boundary (E( and Eqp, respectively) makes it necessary to improve the original
approximation w and eliminate the O (¢)-part of the error. We will construct an
improvement in approximation by first solving the problem

Ap+ (UGS =0 inS (5.2)
¢.(x,0) = —xUy, ¢,(x,1/e)=0 onaS. (5.3)

We need the following result.

Lemma 5.1. Problem (5.2)—(5.3) has a unique solution ¢* € H?(S) which is odd
in x for each z. Besides, there is a C > 0 such that for all small ¢,

™Il 52s) = C. (5.4)



In addition there exist constants v < 1/4, u > 0 and C > 0 such that the following
estimate holds:

6% (x, )| + Vo™ (x. )| + |D2* (x, 2)| < Ce [I-0V2hl+uzl (55

Proof. The existence part of the above lemma as well as estimate (5.4) follow from
Lemma 3.2. Indeed, the problem

Ap+ ff(Ux)¢p =c(ezx)Uy inS (5.6)
$.(x,0) = —xUy, ¢.(x, 1/e) =0, ondS (5.7)
/ SUdx = 0 (5.8)

R

has a unique solution ¢* € H 2(S). On the other hand, the fact that U, (x) is an
even function and uniqueness implies that ¢ is odd in x for each z and that ¢ = 0.
Besides,

16" 25y = Cligl sy
where g is any H !-extension of the boundary condition. Let us take for instance
g(x,2) = e “xUx(x)n(2¢2),

with a suitable cutoff function 7, in such a way that [|g|| 515, < C with C inde-
pendent of €. Thus we get

19" 25y = C.

as desired.
Assuming now (5.4) we will establish the decay estimates (5.5). We observe
first that since ¢* is an odd function of x therefore we have

/ o*(x,2)U'(x)dx =0

hence

o]

/ [|¢;‘(x,z)|2—f/(U)|¢(x,z>|2]dxguz/ lp(x, )P dx,  (5.9)

- —o0

where 1 is the second eigenvalue of the operator Ly = —v" — f'(U)y considered
in R. It is known that u, = 2. Consider function

w(z) =/ ¢ (x, 2)|* dx.

—00

From (5.9) it follows that

—wz; + 2w =0



and from (5.4) we get that |w;(0)| < C. Clearly we have also w,(1/¢) = 0 and
thus by a comparison argument we get that

W@ < Ce ™™, p=V2.

Using local elliptic estimates we then get
l¢*(x,2)e"* | < C, inS.

From this, passing a suitable barrier we get (5.5). O

We define the approximate solution of
Ap+ f'(W)p =0 inS
¢ (x,1/e) = SZG}’(O)(x — fj(l/s))% forl =0, 1/e,
J

N
¢(x,2) =D jx,2),

j=1

where
1
¢j(x,2) = |:G6’(0)¢*(x — fi(e2),2) + G (0)¢* (x — fi(e2), - z) ] .

Our next goal is to prove the following.

Lemma 5.2. With the notation of the previous section we have the validity of the
following fact

N
(W + ¢™) — a(w)] < Ce3(|f"(e2)| + | logel?) D e~V

k=1
N
+82 Z ¢ ~U=0V2Ifj=xll[p—nz | p—n(1/e=2),
j=l1
Consequently,
la(w + ¢™) —a(W)ll 25 = Cegﬂ‘, u > 0. (5.10)

Similar decay estimates hold for B(w + ¢**). In addition, there is an extension
of B(w + ¢™*) to the whole strip S such that

3
IBW + &™)l g1s) < Ce?|logelf. (5.11)



Proof. We have

a(w +¢™) = Eo+ [(A + 0] B)¢™ + f' (W)™ + N ($™),

where

N@™) = f(w+¢™) — f(w) — f(w)e™.

We fix a k and consider the error in the set Ag, as in the previous section. We write

N
AG™ + [l (W)p*™ = D [A¢; + f'(w))e;]

j=1

N
+ D w) (@™ —¢))

j=1

+ | Fwow —w) = D fw)) | 6™
J#k
+O(D)|w — wi*p*

4
=2 Eu.
i=1
From the decay estimate (5.5) we get
|Eq] = C83|10g8|‘1e*(1*‘))~/§\fk*xl’

while the term E, is estimated using (5.5) by

|Ep| § C82 m;gée—(l—v)ﬁlfj—x\[e —hz o e—u(l/a—z) 1.
J

The remaining terms, including B¢** and N (¢**) are easily seen to be smaller
then the ones we have just considered. Estimate (5.10) follows immediately and
(5.11) is an easy consequence of the construction. This ends the proof. O

6. Reduction to a problem in S

We will now reduce the original problem which is defined in €2, to a problem
defined in the strip S. This will be done using a gluing procedure similar to that in
[12]. We consider smooth cut-off function 1 (¢) where ¢ € R such that n(z) = 1 if
[t] < 1/2and = 0 if |¢] > 1.

Denote as well 15 (1) = n(et/8). We define our first global (that is defined in
2¢) approximation to be simply

MsODW+¢™ +1) =1, ify; <0,

w(y) = [ nhs (Y)W + ¢+ — =DV £ (=N ify > 0.



There is nothing wrong with considering § as a quantity approaching zero with ¢,
however slowly. In fact we fix in the sequel

=

§ =¢o.
We try a solution of (2.1)—(2.2) of the form v = w + ¢. Then
aW+¢) =0, BW+¢) =0

if and only if

L@ =E+N@) inQ, (6.1)

B(¢) = Ep on 9€2. (6.2)
Here we have denoted

E=aw), L@ =2d+ [ (W, Ep=—pw),
and
N@) = fW+¢)— f(w) — [ (W)

We further decompose ¢ in the following form:

¢ =550 + ¥,

where, in coordinates (x, z), we assume that ¢ is defined in the whole strip S, and
with slight abuse of notation we call the same way its expression in y coordinates
and that in (x, z). Substituting in (6.1) we find

L(nssd) + L(y) = E + N(n5s0 + ).

We achieve this if the pair (¢, ¥) satisfies the following nonlinear coupled system:

L(¢) = nSE +niN(p +¥) — n5[f'(w) + 2]y, in S (6.3)
0 -
£ + 10550 - Vi 0 = —n5Ep, 0ndS, (6.4)

and

Ay =2 =201 = Q2+ f'W))Y = (1 =n5) E + 2V15; Vo

+(Ans) ¢ + 1 —n) N(nisd + ¥) (6.5)
% _ AL, 87’28
Ty (1 —nHEp— ¢ v on 982, (6.6)

where ¢ is defined globally on S and ¥ is defined in €2,.. Notice that the operator L in
the strip S may be taken as any compatible extension outside the 65 /¢-neighborhood
of the curve.

What we want to do next is to reduce the problem to one in the strip. To do this,
we solve, given a small ¢, Problem (6.5)—(6.6) for .



Since 1 — w? = O(e ~7%%) for |y;| > 8¢, then the problem

Ay =29 + (1 =052+ /(W)Y =h, inQ;, 6.7
% =g onodf (6.8)
vy

has a unique solution ¥ € HZ?($2;) whenever 7l 2 ) 18I H1 @y < +o00.
Moreover,

IV ll2 @) = Clikll2 @) + 18lH1 @0)]-

Assume now that ¢ € H2(S2,) satisfies that

w

1l 2, = Ce?2. (6.9)

|

Then from Sobolev’s embedding
$llL>(@.) < Ce.

Since N has a power-like behavior with power greater than one, a direct application
of contraction mapping principles yields that Problem (6.5)—(6.6) has a unique
(small) solution ¢y = v (¢p) with

IV D)l 2, < CUIA =05 Ell 2, + 11— 05 Ebll g1 q,)]
+Ces Ml 2, - (6.10)

The nonlinear operator i satisfies a Lipschitz condition of the form

I (@) — (@Dl < Ced™'Tlgr — dall g, )- (6.11)

The full problem has been reduced to solving the (nonlocal) problem in the
infinite strip S

Lo@) = nSE + n5N(@ + ¥ () — n5Lf/ (W) + 21 (9) (6.12)

foragp € H 2(8) satisfying condition (6.9). Here L, denotes a linear operator that
coincides with L on the region |x| < 66—5.
We shall define this operator next. The operator L for |x| < % can be extended

in coordinates (x, z) to functions ¢ defined in the entire strip S as follows:
La(@) = Ax ¢ +ngs B(P) + f/ (W) = L(9) + ngs B(9). (6.13)

Rather than solving problem (6.3)—(6.4) directly, we shall do it in steps. We
consider the following projected problem in H>(S): given f = (f1, ..., fy) satis-



fying bounds (2.5), find functions ¢ € H*(S),and¢ = (c1, ..., cn),c; € L*(0, 1)
such that

N

L($) = nSE — Na(p) + D cj(emwj, inS, (6.14)
j=1

a¢ e e

T +n35b - Va0 = —nsEp,  0nas, (6.15)

1
/d)(x,z)wj,x(x,z)dx:O, O<z<-, j=1,...,N. (6.16)
R &
Here

No(§) = s B(@) + 5N (& + ¥ (@) — n§Lf' (W) + 219 ().

We will prove next that this problem has a unique solution whose norm is controlled
by the L? norm of E and H' of the suitable extension of Ej,. After this has been
done, our task is to adjust the parameter f in such a way that ¢ is identically zero. As
we will see, this turns out to be equivalent to solving a nonlocal, nonlinear second
order differential equation for f Robin boundary conditions. As we will see this
system is solvable in a region where the bound (2.5) hold.

6.1. Solving the nonlinear intermediate problem
Next we will solve problem (6.14)—(6.16).

Proposition 6.1. There exist numbers D > 0 such that for all sufficiently small &
and all £ satisfying (2.5) problem (6.14)—(6.16) has a unique solution ¢ = ¢ (f)
which satisfies

3
¢l p2(s) = Dezllogel?,

for certain q depending on the accuracy of the approximation by the approximate
solution w only. Besides ¢ depends continuously on f.

Proof. Let Tt be the operator defined by Proposition 2.1, in which its dependence
on the chosen f is emphasized. Let us denote

M($) = —n35b - Vi 29

Then, given f the equation (6.14)—(6.16) is equivalent to the fixed point problem
for ¢ (f):

¢(F) = Te (5 E(F) + Na(p (£)), =15 Ep(F) + M (¢ (), 0) = A, ). (6.17)

In the sequel we will not emphasize the dependence on f whenever it is not
necessary.

We will define now the region where the contraction mapping principle applies.
We consider the following closed, bounded subset of H 2(S):

B={p e H*S) | Iplly2s) < De?llogel?, |



where ¢ > 0 is such that
IEN2s) + 1 Ebllgi(s) < Ce¥/?[logel?.

Recall that the existence of such g has already been established in Lemma 5.2.

We claim that there is a constant D > 0 such that the map A defined in (6.17) is
a contraction from B into itself, uniform with respect to f. Given ¢ € B we denote
¢ = A(¢, f). First notice that using (6.10) and Lemma 5.2 we get forg € B

InSE + N2l 125y < Coe™llogel? + Clil 3 s, (6.18)
+Ce*|p ]l . (6.19)

Using Lemma 5.2, and the fact that |b(ex, £2)| < Ce|x| we getfor the H' extension
of —77§ Ep + M(¢) (denoted by the same symbol)

I = n5Ep + M)l y1(s) < Cre¥*|logel? + C8lllly2is).  (6.20)

Since § = ¢!/ from (6.19) to (6.20) we get that A indeed applies B3 into itself
provided that D is chosen sufficiently large.

Next, let us analyze the Lipschitz character of the nonlinear operator involved
in A for functions in 53, namely N2(¢ + ¥ (¢)). For ¢1, ¢» € B we have, using
(6.10) and (6.11):

[N2(¢1 + ¥ (1) — Na(d2 + ¥ (92Dl 12(s)

< e’ logel 1 — b2l y2(s)-
6.21)

Using this, we readily find that .4 is a contraction map in 3 and thus show the
existence of the fixed point.

A tedious but straightforward analysis of all terms involved in the differential
operator and in the error yield that the operator A(¢, f) is continuous with respect to
f.Indeed, denoting ¢; (f;) = .A(d;i ,fi),i = 1, 2, and indicating now the dependence
on f;, let us write:

Lot (p(£1)) — Lot (9(£2)) = Lot [¢(F1) — ¢(f2)]
+[f'(w(E) — f(wE))]e (),

and

N
ns > lejezi f) wjc (1) — cjlez: f2) .« (£2)]
j=1

N
=05 D lcjez: i) — cj(ez; B)Iw; ()
Jj=1

N
+n5 > cjlez B)lw;x (f) — wj ()]
Jj=1



and finally, foreach j =1,..., N

/R[d)(fl) — o) ]w;(f1)dx = _/R¢(f2)[wj,x(fl) —wjx(f2)]dx.

Using this decomposition one can estimate [|¢ (f1) — ¢ (f2)[| y2(s) employing the
theory developed in the previous section. Observe that this estimate does not depend
onc;(ez; f1) — cj(ez; f2). A rather lengthy but straightforward computation shows
that in fact for fixed ¢ the fixed point of .4, ¢ (f) is Lipschitz with respect to f:

16 E) = @)l 12(s) < Ce™'Pllogel?llfy — Ball 20,1 (6.22)
and thus continuous with respect to f. This ends the proof. O

Clearly a solution to (6.14)—(6.16) will be a solution to (6.1)-(6.2), and conse-
quently yield a solution to our original problem (2.1)—(2.2) if we can find f such
that

c(f) =0. (6.23)

As we will see this leads to a small perturbation of a system of N nonlinear ODE’s
for N. We carry out this argument in the next section.

To prepare for this argument we will examine more closely the dependence of
¢ on f. Notice first that the error term E can be written in the form

E(x,z:6) = E1(x, : £, ) - (X)) + Ex(x, z: £, ),

thatis E (x, z: f) is actually linear as a function of &2f”

the boundary 8(w) can be written as

. Similarly the error term on

BWI(0) = B(x; )(£) = O(e%)B1(x; £(£)) + O(e%) o x; £(£)) - (eF'(£)),

where £ = 0, 1/¢. Taking advantage of this structure of the error term we can refine
estimates in Proposition 6.1 indicating their explicit dependence on f” as follows.

lo® 25y < CUELC ) - () 1205y + 18201 6) - () sy ]
+CUEC £ ) 125y + 181G Dl gis)]
< D& |l 20,1y + D26**|log g4 (6.24)

Exploring the linear dependence on 2f” further we can refine estimate (6.22) as
follows

lpE1) — d )l p2(s) < Ce*?|logel? i — B2l 20,1y
+Ce7Pllogel?|fy — B2l 0.1y (6.29)



7. Location of the interfaces and the Toda system

7.1. Location of the interfaces

By integrating equation (6.14) against wy , and integrating only in x, we obtain
that relations (6.23) are equivalent to the following system of equations for f:

/R[HEE + No(p) — L) wgxdx =0, k=1,...,N.

We decompose on [x| < 68—5,
E =a(w) +a(w+¢™) —a(w),
where
a(w) = Aw + nggBw + f(w)

and recall that Lemma 2.1 gives us an expansion of the form
/Rn(?a(W)U’(x — Jfi) dx
= (—=Dkay [g2b0fk// — e V2Ufi—fi-) + e—ﬁ(fkﬂ—fk)] + P
for some positive universal constants ag, bg, where

1Pl L20.1) = Ce*>™™, forsome u > 0,

uniformly on functions fi’s satisfying conditions (2.5).
On the other hand, let us set

Riez) = — /R (@(w + ") — a(W)U'(x — fi) dx.
Using Lemma 5.2 we get
Riez) = — /R (@(W + ™) — a(W)U'(x — fi dx

that

IRkl 20,1y S Ce* P

(7.1)

(7.2)

(7.3)

(7.4)

Continuing with the terms involved in (7.1), using the contracting nature of N, (¢)

and Proposition 6.1 we get for

Qu(0) =/RN2<¢>)U’<x — fodr, ¢=ez,
a similar estimate

19kl 20,1y = Ce*MH, k=1,...,N.

(7.5)



We should point out here that by Proposition 6.1 Qy, is a continuous function of f.
Finally, with ¢ = ez, we will write

Se(t) = /R La@U'(x — fi)dx = /R $::U'(x — fi)
+ /R B@)U (x — fi) dx + /R SIU. + /(WU (x — f)ldx.

It is fairly straightforward to estimate L? norms of the functions involved in the
definition of Si. For example, using the orthogonality conditions we can write

Sk¢) = /R $::U'(x — fo) = 26f] /]R .U (x — fi) dx
e /R SLITU"(x = fi) — (FOPU" (x — f)ldx.

Using now Proposition 6.1 we get for ||S,3 l2(0.1) an estimate similar to (7.5). As
before it is also clear that S depends continuously on f.
Let us define

Ne@ £, 887 = (=D [P + Qi + Ric — Skl

where Py is the quantity in expansion (2.21).
Examining the formulas obtained above we see that ; can be decomposed in
the following way

Ni(@s £, 87, 87) = Na (& £ 8 7)) + Nia (¢ £, 1),

where N, i = 1,2 are continuous functions of its arguments. Function N
satisfies in addition
N @ 88 ) 1201y S CaHH (7.6)
N1 (€ £ 81 8)) — N (&5 £2. 85, 8) 111201y
< Ce**loge| Ity — Ball g2(0,1)- (7.7)

and the function N}, satisfies
INk2 (¢ £, )l 20,1y E Ce™ - (7.8)

In addition, the functions f; need to satisfy boundary conditions (5.1). Thus,
after obvious algebra, setting 6 = 2(¢ — 1/2), and using expansion (2.21) in
Lemma 2.1 we have the following system to deal with

aoﬁesz” _ e—ﬁ(fk—fk—l) + e—ﬁ(karl—fk) =N, —1<6<1 (7.9)
RE=D +K_fi(—=1) =0, (7.10)
fi) + K4 fi(1) =0, (7.11)

where K_ = $G{(0), K4 = 3G//(0) and ag = co/(c1+/2).

To solve the nonlinear system (7.9)—(7.11) we will first consider its version with
N replaced by a given function /. Our goal is to prove the following:



Theorem 7.1. Assume that the following conditions hold:

K_>0, Ky <0, (7.12)
K_—Ki+2K_Ky >0, (7.13)
K_+K
AR (7.14)
2K_K4
and let functions hy be such that
el 21y S Ce*FF

with some p > 0. Then, for each sufficiently small € there exists a unique solution
to the system (7.9)—(7.11) (with hy, replacing Ny ) which satisfies

”fk”Hz(—l’l) § C|10g8|, k=1,...,N,
and
fit10) — fi(0) > V2| loge| — 2+/210g | log |,
c>0, k=1,...,N—1.

Moreover; there exist A, A = c|loge| + O(log|logel), 6y € (0, 1) such that we
have the following representation

1 - - -
Jir1®) = fu®) = — [911G:60 = 60)) = gu (.60 — 00)) — log 3%

+oik+10), k=1,...,N —1.
Functions gy are explicitly given solutions of the Toda system
g — W17 4 @) — 0 inR, k=1,...,N -1,
where we take gy = —00, gn+1 = 00, and functions @ii+1(0) satisfy

’
lork+1ll2 = Ce,
with some ' > 0.

We observe that since we have assumed |I'g| = 1 and
K_ = : (Py), Ki= : (Py)
- - 2K 0)s + = 2K 1),

then the assumptions of Theorem 1.1 are precisely equivalent to (7.12)—(7.14).

In what follows we will first outline the proof of the theorem. Next we will
prove a special case of two interfaces and then we will consider the general case.
Finally we solve our nonlinear problem (7.9)—(7.11) thus concluding the proof of
Theorem 1.1.

Let us set

1

ﬁ(ﬁ — (k — 1) log(e?))

fi =



so that (7.9)—(7.11) becomes

ao fl — i1 =f0 4 oUi=feed) = i —1 <9 <1, (7.15)
F=1) +K_fi(=1) = K_(k — 1) log(?), (7.16)
RO+ Ky fie(1) = Ko (k — 1) log(e?), (7.17)

where h; = &£ 2hy. To solve the above problem we will take advantage of the
fact that some explicit solutions of the equations (7.15) considered on the whole
real line are explicitly known. To this end we introduce two parameters 6y and
|X] > 1, define a change of variables t = A,/ag(6 — 6p), and look for a solution to
(7.15)—(7.17) in the form:

fi(0) = g (A0 — 6p)) — (k — 1) log A2,

where for convenience we have set A = A /og. To solve

qp — W17 o @ma) = 32y 1T < <1, (7.18)
A (1) 4+ K_qi(t™) = K_(k — 1) log(22%), (7.19)
At 4+ Kyqrt™) = Ky (k — 1) log(?2%), (7.20)
where 1= = —A(1 + 6p), 1T = A(1 — 6y), we first solve (_approximately) the

homogeneous problem to determine just two parameters 6y, A and next we need
to determine the corrections ¢. This procedure will be described in detail in the
sequel.

7.2. Cluster of two interfaces

In this section we will prove Theorem 7.1 in the special case when N = 2.
System (7.18)—(7.20) can then be reduced to a single scalar equation foru = g1 —¢g»

W +2e" =1"2h, 7 <t <ttt (7.21)
Ml (7)) + K_u(t™) = —K_log(e21?), (7.22)
() + Kpu(th) = —K 4 log(e222). (7.23)

The homogeneous version of the equation (7.21) considered on R has an explicit
solution

1
otr) = log (m) '

It can be seen easily that uo(f) < 0 and also that
uo(t) = —t|+ 0", t > +oo.

We will now look for the first approximation of the solution of (7.21)—(7.23) in the
form u(t) = ug(t). We get the following system for 6y, A:

aiy(—A(1 4 60)) + K_ug(—r(1 +60)) = —K_log(?A%),  (7.24)
auy(A(1 = 60)) + Krug(A(1 — 6p)) = —K 4 log(?2%).  (7.25)



This is in fact a nonlinear system for (6, A). Although it is in principle possible
to find (6, 1) in such a way that (7.24)—(7.25) are satisfied exactly we will not do
it here. Instead, taking into account the asymptotic behavior of ug, we will look for
(60, ) that solve the following system

A1 — K_(1+60)] = —K_log(¢22?),

A1 — Ky (1—60)] = —Ky log(e232), (7.26)

which has a solution (6, A) such that » = O(|loge|) > 0,6y € (—1, 1) thanks to
(1.4) and our assumption. In fact we have that:

Ky +K_

P K log(g%2?%) . K_K log(¢21?)
0= 2K K-

. A= — ,
1+ Ki(1—06)) K_—Ky+2K_K4

(7.27)

Notice that to find 2 in (7.27) we have to solve a simple nonlinear equation.
One can show that

2K,
—1+ K (1 —6p)

r= logé +0 (log log é) . (7.28)
Now, denoting
):ué)(t) + Kiup(t) + K+ log(eziz) =gy, fort = :F)_L(l + +6p), respectively
we get from (7.28)
g+l = Ce, (7.29)
with some p > 0. We will seek an exact solution to (7.21)—(7.23) in the form
u(t) = uo(t) + ¢(@).

To find ¢ we will use a fixed point argument and thus we need to study the linearized
version of (7.21)—(7.23).

¢ +2eMp=h, t~<t<tT, (7.30)
AT+ K_¢p(17) =g, (7.31)
AT+ Kiph) =gy, (7.32)

with a given function i € L?(¢+~, t*) and constants g+. The functions
Y1 (1) = ug (1),
Vo (t) = tug(t) +2

form the fundamental set for (7.30)—(7.32) and their Wronskian is actually
W (Y1, ¥2) = 1. By the variation of constants formula,
13

(1) = —wr)/_
—A(1+60)
+e1yr (1) + c2v2(2).

t

V() (s) ds + va(0) / V1 ()h(s) ds

A(146p)



The functions 1, ¥ satisfy the asymptotic formulas
Vi) =F1+ 0™, ¥o) =—ltl+ 0", 1 - £oo
from which it follows easily
16112 < CRP[IAN L2 + 27 el + leal]. (7.33)
To determine the constants ¢y, ¢ we need to solve the system

ctlM] + K-yl + caldph + K-yl = g—, att = —A(1 + 6p) (7.34)
c1lAy] + K4yl + Ay + Kyl = g4

x(1+60)
+K+iw1 / T paeh(s) ds

—A(1+60)
A(146p)
—wz/_ Yi(s)h(s)ds ¢,
—(14+6p)
att = A(1 4 6p). (7.35)

This system has a unique solution for A >> 1 since the matrix

K- 1—K_(1+6p)
—Ky —1— Ky(1—6p)

is nondegenerate thanks to the nondegeneracy condition (1.4). In fact we find
let] < Clig-1 + lg+| + 2211l 21,
leal £ CA7lg—| + lg+| + 22 1Al 2]
From (7.33) we get
19112 £ CO2 AN + 22 (1g—| + 184 D]. (7.36)
By a straightforward argument we get a further estimate
1911z = 16" 2 + 1¢ll2 + g1l 2 < CIAZ Al 2 + 212 (1g-] + g+ D]-
(7.37)
Given (7.29) and assuming in addition that
Il = &,

it is easy to solve (7.21)—(7.23) using a standard fixed point argument in the set of
functions

X={o|lol; <&}, withp' <p.

After this is done one can go back to the original problem solving the following
equation for f}

fll==22e" 4+ &2 + O(e“/)et

with the boundary conditions (7.10)—(7.11). The solution to this problem satisfies
estimate || f1] 2 < C|loge| as required. The rest of the Theorem 7.1 for N = 2
follows now easily.



7.3. Solvability theory for the general Toda system

In this section we will prove Theorem 7.1. This will be done in several steps.
We will assume here N > 2 since the case N = 2 has just been treated above.
For given functions ¢;(¢), pj(t), j = 1,..., N such that

N N
2,41 =27 =0,
j=1 j=1
we define the Hamiltonian
N P N—1
_ A _ (qj—qj+1)
H—ZZ-FV, V—Z:‘e/ .,
]:

From what we have seen above (4.3), to determine the location of the interfaces it
is necessary to develop a solvability theory for a Toda system of the form:

dg;

—L = p;, 7.38
dr Pj ( )
dp; __2H (7.39)
dr 36]]'. '

In this section we will often make use of classical results of Konstant [23] and in
particular we will use the explicit formula for the solutions of (7.38)—(7.39) (see
formula (7.7.10) in [23]). We will first introduce some notation. Given numbers
wi, ..., wy € R such that

N
Zwk =0, and wg > wgy1, k=1,...,N
k=1
we define
wo = diag (wy, ..., wN).
Furthermore, given numbers g1, ..., g, € R such that
N
[Jec=1. andgi>0, k=1,....N
k=1
we define

go = diag (g1, ..., 8gn)-

The matrices wy and gp can be parameterized by introducing the following two sets
of parameters

Ck = Wk — Wit1, dp =loggr+1 —logge, k=1,...,N—1. (7.40)



We define functions ®(gp, wo; 1), t € R,k =0,..., N, by

Pg =PIy =1
Dy (g0, wos t) =

(DR L (W0)giy - i expl—t (i + -+ wi)], (T.41)
15 < <iy SN

where r;, i, (Wo) are rational functions of the entries of the matrix wy. It is proven
in [23] that all solutions of (7.38)—(7.39) are of the form

qj(t) =log®; 1(go, wo; t) —log®;(go, wo;1), j=1,...,N. (742)

We introduce variables uy = g — qr+1. Interms of w = (uq, ..., uy—_1) system
(7.38)—(7.39) becomes

u + Me" =0, (7.43)
where
2 -1 0--- 0
-1 2 —1-. 0 el
M = , e =
0 2 —1 e!N-l
—1

As a consequence of (7.41) all solutions to (7.43) are given by

uj(t) =q;j(t) —qj+1() = —21log @ ;(go, wo; 1) + log ®;_1(go, Wo; 1)
+1log ®@;41(go, Wo; 7). (7.44)

Our first goal is to prove the following:
Lemma 7.1. Let wg be such that

N1 1
(N —k . k=1,....N. 7.45
‘w" W =B+ =571 = Toon (745)

Then there holds

) = —eykt—dyk + 1@+ 0" P) ast — +oo, k=1,... N1,
et +di + 7 (©) + 0™ ) ast — —o0, k=1,....N—1,
(7.46)

where Iki (¢) are smooth functions of the vector ¢ = (c1,...,CN—1)-



Proof. Letg;, j =1,..., N be asolution of the system (7.38)—(7.39) depending
on the (matrix valued) parameters wg, go and defined in (7.42). We need to study the
asymptotic behavior of ® ;(wo, go; ¢) ast — =00 with the entries of wy satisfying
(7.45) and still undetermined gj.

Note that inequalities (7.45) together with the condition Z,[(V: | wx = 0 imply

lex — 1| < ——=, k=1,...,N. (7.47)
By (7.41) and (7.47), we get thatas t — —o0
@ = (=N O i(wo)gr ... gre” 1T O (e THIATHNEL/D),
hence

Qpi1Ph—1 Gk+171..k—1) (WOIT1__ (k1) (Wo)e ™

7]
14+ 0 2)). (748
&2 oir? L (Wo) ( (e72)). (748)

It follows that as t — —o0

Dt 1 Pp—1
) = log(—z)
n

r —1(Wo)r W
— _cut + log Ltk 1)5 0)71...k+1) (Wo)
8k k (wo)

)4—0e—§) (7.49)

7]
=ct+dp+ 1, () + O™ 2), (7.50)

where

T (© = log(rl“'(k1)(W0)r1..‘(k+1)(wo)).

2
r1mk(WO)

Similarly, as t — +o00 we get

b 1Dy
() — log(szl)
ch

= —en it —dyk+ T+ 0@ 1), (7.51)

where

2
"Nt1—k..n (W)

7 (¢) = log (VN+2—k...N(Wo)rN_kmN(Wo)) .

This ends the proof. O



Next we need to choose (ck, di): let (X, 6p) be defined at (7.26) as in the case
of N =2 and

|
o =1+ . (7.52)

‘We need to choose u; such that it satisfies

il (17) + K_up(t7) = K_log(¢*2%) + 0(eM), (7.53)
2l (1) + Koup () = Ky log(e222) + O(eM), (7.54)

for some 1 > 0. To this end, we set (¢, di) such that

>0 =

~(1+ Ko (1= 00)éy—k — Kydy i + Kyt (Co + é) =0, (7.55)

=)

o _ 1,
(1 —-K_(14+60)ck +K_di + K_7, (Co + C) =0, (7.56)

p

wherecg =(1,...,1),¢6=(C1,...,CN=1).
By changing k to N — k in (7.55), we see that (7.55)—(7.56) is equivalent to

—(1+ K (1 —00)& — Kydy + Kyty_i(€) =0,k=1,...,N—1, (757
(1= K- (14+600)& +K-di + K-t () =0,k=1,...,N —1, (7.58)

which can be uniquely solved by the implicit function theorem since the matrix

—(1+K;(1—-6)) —-Ki O 0

(I1-K-(1+6p)) K- 0 0
0 0 —(I+K+(1—-060) —-K+
0 0 (1—-K_-(1+6p)) K-_

is again nonsingular thanks to the nondegeneracy condition (1.4).
Then we define the new errors

)_\.u;((ti)—i-Kiuk(t_)—Ki log(esz):z)zgmE forr = :FX(I + +6p), respectively.
(7.59)

We get from (7.26) and (7.55)—(7.56) that
gk x| = Ce¥, (7.60)
with some p > 0.
The rest of the proof of Theorem 7.1 follows basically the steps of the proof

of the special case in the previous section. Thus we have to consider the following
linear system



2ett —e'2 0--- 0

—e 7ML 2e¥2 —e!3 ... 0
¢ = ¢T. b =(d1.....dn-)
0 DeN-2 —eUN-1
0 —eUN-2 Qe lUN-1

(7.61)

‘We first observe that

1, ]=k+1s [—)OO,
-1, j=k, t—> o0
a : 9 9
gja—ukz I, j=N4+2—-k, t— —o0,
8J -1, j=N+4+1—k, t—> —o0,
0, otherwise.

Hence by a transformation we can find a set of linearly independent solutions to
(7.61)

ér, 1 — 00,

Similarly, considering derivatives of u; with respect to w; we can find solutions of
(7.61), Yok (), k =1,..., N — 1 such that

Yor(t) = éxlt| + O(1).

The functions {1z (¢), Y2k ()} form a fundamental set for the system (7.61), whose
behaviorast — o0 isanalogous to that of the functions 1 (¢), ¥ (¢), respectively.
Denoting by ug(#) the solution to (7.43) where the parameters wo and gy satis-
fying (7.55)—(7.56) and setting uy (t) = qx(t) — qk+1(t), u = (U1, ..., un—1), we
look for the solution to (7.18)—(7.20) (expressed now in terms of u) in the form

u(t)=u0(t)+(z(t)’ (;Z:(‘Pls--wﬁoN—l)v

where the boundary conditions are given at t = —A(146p) and t = A(1 —6p) with
2 and 6y defined in (7.26). By (7.60), uy satisfies the required boundary condition
up to order O(g"), for some w > 0. Following the scheme in the case N = 2,
using the fundamental set {/1x, Y2« }, we can solve for the correction ¢. The rest
of the proof is an equally straightforward adaptation of the method of the previous
section. We leave the details to the reader.

7.4. Conclusion of the proof of Theorem 1.1

To solve system (7.9)—(7.11) we will set up a fixed point argument scheme. To
this end let f € H'(—1, 1) be given and such that

£l 111y < llogel®



and define foreachk =1,..., N
he(®) = N (8,8 87) + Nio(F, ).

With this h = (hy, ..., hy) we can use Theorem 7.1 to solve the (now nonlinear)
problem

ao«/zesz” _ e*ﬁ(fk*fk—l) + e*ﬁ(fk-%—]*fk) =h(f), —1<6<1, (7.62)
H(=D+K_fi(-1) =0, (7.63)
Se) + K4 fi(1) = 0. (7.64)

Here it is important that NV is a contraction in H 2(—1, 1) and therefore, making
use of the theory developed above for the linearized Toda system and employing
the Banach Contraction Mapping theorem we find f given f. This way we define
a mapping 7 (f) = f and the solution of our problem is simply a fixed point of 7.
Continuity of AV;, i = 1, 2, with respect to its parameters and a standard regularity
argument allows us to conclude that 7 is compact as a mapping from H'(—1, 1)
into itself. Then the Schauder Theorem applies to yield the existence of a fixed
point of 7 as required. Finally, we should remark that uniqueness of the solutions
found for system (7.62)—(7.64) for hy = 0 implies the symmetry fact fr = — fy—_¢.
This symmetry is thus approximately inherited for the inhomogeneous perturbed
problem. The construction itself provides the validity of the asymptotic expressions
(1.18). This ends the proof of Theorem 1.1. O
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