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Abstract

This Note investigates the boundary controllability, as well as the internal controllability, of the complex Ginzburg–Landau
equation. Null-controllability results are derived from a Carleman estimate and an analysis based upon the theory of sectorial
operators. 

Résumé

Contrôlabilité de l’équation de Ginzburg–Landau. Cette Note est dévolue à l’étude de la contrôlabilité frontière, ou interne,
de l’équation complexe de Ginzburg–Landau. Des résultats de contrôlabilité à zéro sont obtenus au moyen d’une inégalité de
Carleman et d’une analyse basée sur la théorie des opérateurs sectoriels. 

Version française abrégée

On considère le problème de la contrôlabilité pour une équation non-linéaire de type Ginzburg–Landau. Soient
Ω ⊂ R

N un ouvert borné de classe C2, Γ0 ⊂ ∂Ω un ouvert arbitraire, α un nombre réel, et f : C → C une fonction
continue, nulle en 0, et dérivable en 0 au sens complexe. Soit X = {u0 ∈ C(Ω);u = 0 sur ∂Ω \ Γ0}. On étudie le
problème de contrôle frontière suivant :

∂tu = (1 + iα)�u + f (u) dans Ω, (1)

u = 1Γ0h sur ∂Ω, (2)

u(0) = u0, (3)

où 1Γ0(x) = 1 si x ∈ Γ0, 0 sinon.
Le résultat principal de cette Note est le suivant :
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Théorème 0.1. Pour tout T > 0, le système (1)–(3) est localement contrôlable à zéro dans X. Plus précisément, il
existe un nombre R > 0 tel que pour toute donnée intiale u0 ∈ X vérifiant ‖u0‖L∞(Ω) < R, il existe une fonction de
contrôle h ∈ C(∂Ω × [0, T ]) avec supp (h) ⊂ Γ0 × [0, T ] telle que le système (8)–(10) admette une solution

u ∈ L2(0, T ;H 1(Ω)
) ∩ C

([0, T ];X)
vérifiant u(T ) = 0. De plus, la solution u et le contrôle h vérifient

√
tu ∈ L2(0, T ;H 2(Ω)),

√
t∂tu ∈ L2(0, T ;L2(Ω)),√

th ∈ L2(0, T ;H 3
2 (∂Ω)) et pour tout ν < 2, u ∈ C((0, T ];Cν(Ω)) et h ∈ C((0, T ];Cν(Ω)).

Le Théorème 0.1 se prouve au moyen d’une nouvelle inégalité de Carleman globale, et d’un argument de point fixe
mettant en jeu les effets régularisants liés au caractère sectoriel de l’opérateur de Ginzburg–Landau.

Passons à présent à la contrôlabilité interne. On se donne un ouvert arbitraire ω ⊂ Ω et on considère le système

∂tu = (1 + iα)�u + f (u) + 1ωh dans Ω, (4)

u = 0 sur ∂Ω, (5)

u(0) = u0. (6)

Le résultat de contrôlabilité à zéro qui suit peut être déduit du Théorème 0.1 comme dans [2] :

Théorème 0.2. Pour tout T > 0, le système (4)–(6) est localement contrôlable à zéro dans C0(Ω). Plus précisément,
il existe un nombre R > 0 tel que pour tout u0 ∈ C0(Ω) avec ‖u0‖L∞(Ω) < R, il existe un contrôle h ∈ C(Ω ×[0, T ])
avec supp h ⊂ ω×[0, T ] tel que le système (11)–(13) admette une solution u ∈ L2(0, T ;H 1(Ω))∩C([0, T ];C0(Ω))

vérifiant u(T ) = 0. De plus,
√

tu ∈ L2(0, T ;H 2(Ω),
√

t∂tu ∈ L2(0, T ;L2(Ω)),
√

th ∈ L2(0, T ;H 1(Ω)), et pour
tout ν < 2, u ∈ C((0, T ];Cν(Ω)) et h ∈ C((0, T ];Cν−1(Ω)).

Les preuves détaillées des résultats de cette Note figurent dans [9].

1. Introduction

The classical cubic Ginzburg–Landau (GL) [6–8] equation

∂tu = (1 + iα)�u + Ru − (1 + iβ)|u|2u, t > 0, x ∈ Ω ⊂ R
N (7)

plays an important role in the theory of amplitude equations, and provides a simple model of turbulence.
The Carleman inequalities constitute the main tool to investigate the controllability of semilinear parabolic equa-

tions [4,2]. In [3], Fu established a Carleman inequality for the operator (a + ib)∂t + ∑
j,k ∂k(a

jk∂j ) ((ajk) denoting
a smooth uniformly elliptic matrix) and deduced a zero-controllability result for a linear PDE of GL type with an
internal control.

The aim of this Note is twofold. First, we show that the Carleman estimate proved in [3] may be improved by a
control in some weighted space of the time-derivative and of the Laplacian of the function, as for the heat equation.
Secondly, we extend the null-controllability result in [3] to the nonlinear GL equation with a quite general nonlinear
term.

The fixed-point argument applied here proves to be more tricky than for the heat equation, as many classical
properties of the heat equation (comparison principle, maximum principle, etc.) fail for GL. The smoothing effect
needed to apply Schauder fixed-point theorem is carefully proved with the aid of the theory of sectorial operators [5]
in all the spaces Lp(Ω), N < p < ∞. Finally, the use of that theory allows to improve the results in [2], as far as the
regularity of the trajectories is concerned.

2. Main results

Let Ω ⊂ R
N be a bounded open set with a C2 boundary ∂Ω . Let Γ0 ⊂ ∂Ω denote an arbitrary open set. We

introduce the spaces

C0(Ω) = {
u0 ∈ C(Ω);u = 0 on ∂Ω

}



and

X = {
u0 ∈ C(Ω);u = 0 on ∂Ω \ Γ0

}
.

Let α ∈ R, and let f : C → C be a continuous function such that f (0) = 0 and limz→0 f (z)/z = l exists (i.e., f is
differentiable at 0 in the complex sense). Clearly, f (z) = Rz − (1 + iβ)|z|2z (resp. f (z) = Rz − (1 + iβ)|z|4z) are
concerned.

We will consider first the following boundary control system

∂tu = (1 + iα)�u + f (u) in Ω, (8)

u = 1Γ0h on ∂Ω, (9)

u(0) = u0, (10)

where 1Γ0(x) = 1 if x ∈ Γ0, 0 otherwise.
One of the main contributions of this Note is to show that this boundary control system is locally null controllable.

Theorem 1. For any T > 0, the system (8)–(10) is locally null controllable in X. More precisely, there exists a
number R > 0 such that for any u0 ∈ X with ‖u0‖L∞(Ω) < R, there exists a control input h ∈ C(∂Ω × [0, T ]) with
supp(h) ⊂ Γ0 × [0, T ] such that the system (8)–(10) admits a solution

u ∈ L2(0, T ;H 1(Ω)
) ∩ C

([0, T ];X)
satisfying

u(T ) = 0.

Moreover, the solution u and the control h satisfy
√

tu ∈ L2(0, T ;H 2(Ω)),
√

t∂tu ∈ L2(0, T ;L2(Ω)),
√

th ∈
L2(0, T ;H 3

2 (∂Ω)) and for all ν < 2, u ∈ C((0, T ];Cν(Ω)) and h ∈ C((0, T ];Cν(Ω)).

It is easy to see that the uniqueness of the solution of (8)–(10) in the above class holds provided that f is locally
Lipschitz continuous.

The following result is a direct consequence of Theorem 1 and of [6, Theorem 4]:

Corollary 2. Assume that f (z) = Rz + μ|z|2σ z with σ ∈ R
+∗, R ∈ R and μ ∈ C. Then the system (8)–(10) is locally

null controllable in the space Lp(Ω) for any p > σN , and in the Sobolev space Hq(Ω) for any q > N
2 − 1

σ
provided

that 2σ � 1 and Nσ � 1.

The space Hq(Ω) for q < 0 is defined as the dual space of the space D((−�D)
|q|
2 ) with respect to the pivot space

L2(Ω).
Following [2], one can also deduce:

Corollary 3. Assume that lim|z|→∞ f (z)/(z ln |z|) = 0. Then the system (8)–(10) is globally null controllable in X,
i.e., R may be given any value in Theorem 1.

We now proceed to the internal controllability. Assume given an open set ω ⊂ Ω . We investigate the control
properties of the following forced initial-value problem.

∂tu = (1 + iα)�u + f (u) + 1ωh in Ω, (11)

u = 0 on ∂Ω, (12)

u(0) = u0. (13)

The following null controllability result may be deduced from Theorem 1 as in [2]:



Theorem 4. For any T > 0, the system (11)–(13) is locally null controllable in C0(Ω). More precisely, there exists
a number R > 0 such that for any u0 ∈ C0(Ω) with ‖u0‖L∞(Ω) < R, there exists a control input h ∈ C(Ω × [0, T ])
with supp h ⊂ ω × [0, T ] such that the system (11)–(13) admits a solution

u ∈ L2(0, T ;H 1(Ω)
) ∩ C

([0, T ];C0(Ω)
)

satisfying

u(T ) = 0.

Moreover,
√

tu ∈ L2(0, T ;H 2(Ω),
√

t∂tu ∈ L2(0, T ;L2(Ω)),
√

th ∈ L2(0, T ;H 1(Ω)), and for all ν < 2, u ∈
C((0, T ];Cν(Ω)) and h ∈ C((0, T ];Cν−1(Ω)).

Corollary 5. Assume that f (z) = Rz+μ|z|2σ z with σ ∈ R
+∗, R ∈ R and μ ∈ C. Then the system (11)–(13) is locally

null controllable in the space Lp(Ω) for any p > σN , and in the Sobolev space Hq(Ω) for any q > N
2 − 1

σ
provided

that 2σ � 1, Nσ � 1.

Corollary 6. Assume that lim|z|→∞ f (z)/(z ln |z|) = 0. Then the system (11)–(13) is globally null controllable in
C0(Ω), i.e., R may be given any value in Theorem 4.

The key tool to prove Theorem 1 is a Carleman inequality for the Ginzburg–Landau operator ∂t + (a + ib)�. It is
given in the next section.

3. Carleman inequalities

Let S− denote any open subset of ∂Ω , and let S+ = ∂Ω \ S−. Let n denote the unit outward normal vector to ∂Ω ,
and ∂nu = ∂u/∂n. According to [4], we may pick a function ψ ∈ C4(Ω) such that ψ > 0 and ∇ψ �= 0 on Ω and
∂nψ � 0 on S−. Clearly, we may as well assume that

ψ(x) >
3

4
‖ψ‖L∞(Ω) ∀x ∈ Ω. (14)

Let Cψ = (3/2)‖ψ‖L∞(Ω) and

θ(x, t) := eλψ(x)

t (T − t)
, ϕ(x, t) := eλCψ − eλψ(x)

t (T − t)
, ∀(x, t) ∈ Ω × (0, T ) (15)

where λ denotes some positive number whose range will be specified later. We also introduce the set Z := {q ∈
C2,1(Ω × [0, T ]); q = 0 on ∂Ω × [0, T ]}.

The following result gives a Carleman estimate for the Ginzburg–Landau equation, which improves that given
in [3]:

Proposition 3.1. Let a > 0 and b ∈ R. Then there exist some constants λ0 � 1, s0 � 1, and C0 > 0 such that for all
λ � λ0, s � s0 and all q ∈ Z it holds

T∫
0

∫
Ω

[
(sθ)−1(|∂tq|2 + |�q|2) + λ2(sθ)|∇q|2 + λ4(sθ)3|q|2]e−2sϕ dx dt +

T∫
0

∫
S−

λ(sθ)|∂nψ ||∂nq|2e−2sϕ dx dt

� C0

( T∫
0

∫
Ω

∣∣∂tq + (a + ib)�q
∣∣2

e−2sϕ dx dt +
T∫

0

∫
S+

λ(sθ)|∂nψ ||∂nq|2e−2sϕ dx dt

)
. (16)

To deal with the controllability of the nonlinear GL equation, the following form of the Carleman inequality is
needed:



Corollary 7. Let a > 0, b ∈ R and R > 0. Introduce the set Z+ := {q ∈ Z; ∂nq = 0 on S+ × (0, T )}. Then there exist
some numbers λ0 = λ0(Ω,T ), C0 = C0(Ω,T ), and s0 = s0(Ω,T ,R) with s0 � C(1 + R2/3) where C = C(Ω,T ),
such that for all λ � λ0, all s � s0, all d ∈ L∞(Ω × (0, T )) with ‖d‖L∞(Ω×(0,T )) � R, and all q ∈ Z+, it holds

T∫
0

∫
Ω

[
(sθ)−1(|∂tq|2 + |�q|2) + λ2(sθ)|∇q|2 + λ4(sθ)3|q|2]e−2sϕ dx dt

� C0

T∫
0

∫
Ω

∣∣∂tq + (a + ib)�q + dq
∣∣2

e−2sϕ dx dt. (17)

Notice that an internal Carleman estimate may be derived along the same lines. Let ω be any given open subset
of Ω , and let ψ denote now some function of class C4 on Ω such that (14) holds true, ∂nψ � 0 on ∂Ω , and ∇ψ �= 0
on Ω \ ω (see [4]). The functions θ and ϕ being defined as in (15), we have the following Carleman estimate:

Proposition 3.2. Let a > 0 and b ∈ R. Then there exist some constants λ0 � 1, s0 � 1, and C0 > 0 such that for all
λ � λ0, s � s0 and all q ∈ Z it holds

T∫
0

∫
Ω

[
(sθ)−1(|∂tq|2 + |�q|2) + λ2(sθ)|∇q|2 + λ4(sθ)3|q|2]e−2sϕ dx dt +

T∫
0

∫
∂Ω

λ(sθ)|∂nψ ||∂nq|2e−2sϕ dx dt

� C0

( T∫
0

∫
Ω

∣∣∂tq + (a + ib)�q
∣∣2

e−2sϕ dx dt +
T∫

0

∫
ω

λ4(sθ)3|q|2e−2sϕ dx dt

)
. (18)

4. Sketch of the proof of Theorem 1

STEP 1. NULL CONTROLLABILITY OF A LINEARIZED EQUATION. Introduce the space V := C([0, T ];X) endowed
with the uniform norm. Let g ∈ C0(C;C) be defined by g(z) = −f (z)/z for z �= 0. Pick an initial state u0 ∈ X, a
function z ∈ V , and set d := g(z). Using Corollary 7 and following a classical method due to Fursikov–Imanuvilov
(see [4]), we can assign a solution {u,h} to the null controllability problem⎧⎪⎨

⎪⎩
∂tu − (1 + iα)�u + du = 0 in Ω × (0, T ),

u = 1Γ0h on ∂Ω × (0, T ),

u(0) = u0, u(T ) = 0,

in such a way that u ∈ V ∩ L2(0, T ;H 1(Ω)), h = u|∂Ω ∈ C(∂Ω × [0, T ]) with supp h ⊂ Γ0 × [0, T ], √
tu ∈

L2(0, T ;H 2(Ω)),
√

t∂tu ∈ L2(0, T ;L2(Ω)),
√

th ∈ L2(0, T ;H 3
2 (∂Ω)), and for any ν < 2, u ∈ C((0, T ];Cν(Ω))

and h ∈ C((0, T ];Cν(∂Ω)). To prove the above regularity properties, we use a bootstrap argument and the fact that the
operator Apu := −(1+ iα)�u with domain D(Ap) := W 2,p(Ω)∩W

1,p

0 (Ω) ⊂ Lp(Ω) is sectorial for any p ∈ [2,∞).
STEP 2. THE FIXED POINT ARGUMENT. Define a map Λ : V → V by Λ(z) = u. It may be seen that Λ is continuous.
Pick any number r > 0. For ‖u0‖L∞(Ω) small enough, it may be proved that Λ maps the closed ball Br(0) ⊂ V into
itself, and that Λ(Br(0)) is relatively compact in V . By virtue of Schauder fixed-point theorem, Λ has a fixed point
z = u in Br(0). �

The reader is referred to [9] for the details of the proof.
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Note added in proof

After [9] was submitted, the authors learned that similar results were obtained by Boldrini, Fernandez-Cara and
Guerrero in [1].
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