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Abstract

Given a number field K and a subgroup G C K™ of the multiplicative group of K, Silverman defined the
G-height H(6; G) of an algebraic number 6 as

0:G):= inf [H(g/")},
H( ) geér,lneN{ (g )}

where H on the right is the usual absolute height. When G = Eg is the units of K, such a height was
introduced by Bergé and Martinet who found a formula for H(6; Eg) involving a curious product over the
archimedean places of K (). We take the analogous product over all places of K (0) and find that it corres-
ponds to H(0; K 1), where K! is the kernel of the norm map from K* to Q*. We also find that a natural
modification of this same product leads to 7 (6; K*). This is a height function on algebraic numbers which
is unchanged under multiplication by K*. For G = K I or G = K*, we show that H(#; G) = 1 if and only
if 6" € G for some positive integer n. For these same G we also show that G-heights have the expected
finiteness property: for any real number X and any integer N there are, up to multiplication by elements
of G, only finitely many algebraic numbers 8 such that H(0; G) < X and [K(0) : K] < N. For G = Eg,
all of these statements were proved by Bergé and Martinet.
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1. Introduction

In 1987 Bergé and Martinet [BM1] defined a height function H(0; Eg) on algebraic numbers
6 which was by construction invariant under the action of the group of units Ex of a fixed number
field K. They defined

H:Ex):= inf {H(g""6)},

gEEK,nEN

where H on the right is the usual absolute height [La2, p. 52]. The choice of root g!/” is imma-
terial since H is invariant under multiplication by roots of unity.
As Silverman suggested (cf. [BM2, p. 156]), Ex can be replaced by any multiplicative group

G contained in the algebraic closure QQ of the rational field Q. One can then define a G-height
on non-zero algebraic numbers, constant on G-orbits, by

H(O; G) = geér}geN{H(gl/”H)}. (1.1)

One trivially has H(0; G) = 1 when 6" € G for some n € N, but it is not clear to us whether this
is the only kind of orbit with trivial G-height.

Despite the rather ad hoc appearance of the above definitions, Bergé and Martinet [BM1,
BM2] found an explicit formula for H(0; Eg) which is reminiscent of a product expression for
the classical height. Recall [La2, p. 51] that the absolute height H is given by

H(@)::( ]_[ ]_[ max (|o (6)

2<pLo0 0: L=C)

1/IL:Q]
» 1)) 0 eL*), (1.2)

where the product over p runs over all places of Q, L is any number field containing 6, and the
product over o runs over the [L : Q] embeddings of L into the completion C,, of the algebraic
closure of the local field Q. The field C,, is equipped with a unique absolute value | |, extending
the usual one on Q. (Usually H is defined as a product over places of L, with suitably normal-
ized absolute values, but the above formulation is equivalent and notationally more convenient
below.)

An alternative expression for H (), which treats the archimedean primes separately, is [La2,
p- 53]

H©)!" Y =Normy0(0©) [] max(jo®)|.1). (1.3)
o:L—>C

Here 0(0) ! is the fractional ideal of L generated by 6 and 1, and | |« is the usual absolute value
on the complex field C = C,. Equivalently, 0 = () is the denominator ideal of the principal
fractional ideal (9) =no~!, with n and 0 relatively prime integral ideals of L.

To state Bergé and Martinet’s formula giving H(0; Eg), for each archimedean embedding
7:K — C, order the [L : K] embeddings o ;: L — C of L extending t so that



|loc.1(0)] o <or20)| <+ <orx10)] - (1.4)
Then Bergé and Martinet’s formula reads

[L:K]
H(©O: Ex)" Y =Normp(00)) [] max( [T lowi®)]... 1). (1.5)
i=l 1: K—-C
Comparing (1.5) with the expressions (1.2) and (1.3) for the classical height, it is natural
to regard Bergé and Martinet’s height function as an asymmetric version of one that would
treat all places equally. To symmetrize (1.5) about the places, the non-archimedean contribution
Normy ;g (0(6)) should be replaced by a product over all primes p, the product to be defined at
each p in full analogy with the archimedean piece. Namely, given any place p of Q and 6 € L*,
with K C L, for each embedding 7: K — C, order the [L : K] embeddings o ;:L — C, of L
extending 7 so that

loe1O)], < |oe2©)], <+ < |ow k) ®)] (16)
and define
[L:K] 1/[L:Q]
fK(e):z( I1 Hmax( I1 yot,i(9)|p,1)) : (1.7)
2<p<Loo i=1 1:K—=C,

One readily verifies that fx (9) is independent of the choice of field L containing K () and that
it shares elementary properties of the classical height function:

k@O =fx(07"),  fx(0")=(fx®)" @eN).
Having symmetrized about the places of Q to obtain a new function fx on Q*, one is lead
to wonder what it might represent. When K = Q, definition (1.7) reduces to the classical height,

since then the ordering (1.6) plays no real role in (1.7). For other K it takes some effort to see
what fx measures. If we take 6 € K*, (1.2) and (1.7) yield

fx @ = H(Normg/g(©)) (6 € K*). (1.8)

One is thus lead to suspect that fx is connected with the kernel K! of the norm map from K*

to Q*.

Theorem 1. The function fx defined in (1.7) above coincides with the K '-height:

fx@=HO: k") := inf {[H(g'"0)} (©eQ".

gek! neN

Furthermore, H(0; K') = 1 if and only if " € K for some positive integer n.



We also prove the finiteness property required of any respectable height function: for any real
number X and any integer N, the conditions H(0; K Y < X and [K(0): K] < N are satisfied by
finitely many orbits 6 K ' in Q*/K .

Our proof of Theorem 1 suggests that a variation of fx should also have a simple interpreta-
tion. Namely, in definition (1.7) we can shift the product over p into the maximum and let

[L:K] 1/[L:Q]
gk () :=< I1 max( I [T lowi® - 1)) ) (1.9)
] 2<pLoo 1: K—=C)

=1

The product formula

[T II le®],=1 ©er» (1.10)

2<pLo0 o: L->C)p
shows that gx (6) =1 if 6 € K*. We shall prove

Theorem 2. The function gg defined in (1.9) above coincides with the K *-height. Furthermore,
H@; K*) =1 if and only if 0" € K* for some positive integer n.

Again, there are finitely many orbits #K* in Q*/K* satisfying H(0; K*) < X and
[K@):K]<N.

To prove Theorems 1 and 2 we establish a more general result in which K* is replaced by the
S-units of K, and K ' by the S-units of norm 1. Here S is any set, finite or infinite, of places of Q
containing co. When S consists of the single place co, we recover Bergé and Martinet’s formula
(1.5). When S consists of all places of Q, we obtain Theorems 1 and 2. Our proof for finite S
largely follows Bergé and Martinet’s proof of the case S = {o0}. The case of infinite sets S is
obtained as a limit of the finite ones.

It would be interesting to estimate the number of orbits  K' having 6 in a fixed extension
L/K and K'-height under a given large bound. When § is finite, the S-variant of this question
can probably be solved using the geometry of numbers, as in [Sch] and [dM]. The corresponding
asymptotic estimates should involve discriminants, S-unit regulators and class numbers. The case
of infinite S seems quite different. For example, if L = K = QI[+v/—1]and S = {all places of Q},
formula (1.8) shows that the problem is equivalent to estimating the cardinality

Card{o € Q* | H(e) < X, o = x? + y? for some x, y € Q}

of the set of rational numbers which are sums of two rational squares and have height below a
given large bound X.

This paper is organized as follows. In Section 2 we give a formula for G-heights when G
is a suitable subgroup of K*. In Section 3 we use this formula to show that H(0; G) =1 only
when 6" € G for some n € N. In Section 4 we use a compactness argument to prove a finiteness
property for these G-heights.

One of the outstanding problems in the theory of heights is that of finding lower bounds for
H (6) when 0 is not a root of unity [GH]. Any lower bound found for the heights considered here
would have applications to this problem since



H(©0) >M(0; Ex) > H(0; K') > H©O; K*), (1.11)

as follows from definition (1.1) and the inclusions {1} C Ex C K 1« K*.1f 6 has a small height,
Smyth [Sm] proved that @ and 6! are algebraically conjugate units. If we let K := Q(0 +6~1)
and L := Q(6), then L/K is a quadratic extension. For this kind of K and 6, Theorem 2 shows
that equality holds throughout (1.11).

2. fx and gk are G-heights

In this section we show fx (6) = H(0; K') and gg (9) = H(0; K*), as claimed in Theorems 1
and 2. It proves convenient to take a set S of rational places containing p = oo and deal with S-
versions of Theorems 1 and 2. We do not require S to be finite. On Q* define the functions fx s

and 8K,S by

[L:K]

frs@F Y =Normy 0 (25@) [ [] max< [T lewi®], 1) 2.1)
pesS i=1 1: K—>C,
and
[L:K]
gk, :=Normy 0 (05)) [ max(l_[ [T lowi®l, 1), (2.2)
i=1 peS 1: K—C,

where L is a number field containing K (6), the o;; are ordered just as before by (1.6), and
05 = 05(0) is the S-ideal denominator of 6. More precisely, if 0 = ]_[p pr is the factorization of
0 in (1.3) into powers of prime ideals of L, then 05 = nPﬂZ¢S pr. Note that [La2, pp. 53-54]

NormL/Q(DS)zl_[ H max(|a(9)

p¢S o: L—-C,

1) (2.3)

When S consists of all places of Q, we omit the subscript S and continue to write fx and gg
instead of fx s and gk s. Let Kg denote the S-units of K and K ; the kernel of the norm map
from Kg to Q%,

Ks:={a €K ||t(a)|,=1forall p ¢S and for all embeddings 7: K — C,},

K{:= K5 Nker(Normg q). (2.4)

Theorem 3. The functions fx s and gk s defined in (2.1) and (2.2) above coincide with the K ;-
and Kg-heights, respectively:

frs@ =H(0;K§):= inf [H(g""6)} (2.5)
gekl neN
and
gk.s(0) =H@O; Ks):= inf {H(g""0)}. (2.6)

geKs,neN



Proof. We first show that it suffices to consider finite sets S. Indeed, a straight-forward argument
working directly from the definition (1.1) of G-heights shows
H(@;Ks)zsinfS{H(@;Kg/)}, H(0; K§) =
'C

. . 1
= inf {H(6: K5)}.

where the infima are taken over finite subsets S’ of S. To prove an analogous statement for
fk.s(0) and gk 5(6), let

W

=50):=(Sn{p|2<p<oo,

0(9)|p > 1 for some o : L — Cp}) U {o0}.

Then S is finite and JTk.50) = fx50), gk 5(0) = gg 5(6), as one sees from definitions (2.1)
and (2.2). These formulas can be rewritten using (2.3) as

[L:K]
frs@FY = (ﬂ [ maX(|<f<9>|,,v1)> [TT1 maX( [T lowi® ,,,1) @7
p¢S 0:L—C, peS i=1 : K—C,
and
[L:K]
gx.50)H% = (H [T max(jo® p’l)) [1 maX(l_[ [T loei@®l, 1)-
p¢S o: L—C, i=1 peS 1:K—C,
Hence, if S| C 57,
fes®  Tlpes,—s, [y 10, max(o )]y, 1)

= 4 >
Jk5©@)  es,—s, [TET max([T, ko, 102 0], 1)

where the last inequality follows from

max<]_[a,~, 1) < [[max@. 1) (a; >0). (2.8)
Thus

fr.s0) = fx50)= Si;éfg{fK,s,(e)} = inf { fx 5 (0)}.

= inf
s'cs
Since an analogous statement holds for gg s, in proving Theorem 3 we may assume that S is
finite.
We now recall some formulas for the classical height. A useful S-version of (1.3) is (cf. [La2,

p. 53]):

H(y)[L:Q] = NormL/@(Dg(y)) l_[ l_[ max(|6(y)
peS o:L—C,

1) (el 2.9)

Since H(y) = H(y "), a more symmetric form of (2.9) is



HyPP O =Neo) [T [T max(

peS o:L—C,

o) eLy, (2.10)

where Ns(y) := Normz ;o5 (»)0s(y ™).

In calculating H(g'/"0) in (2.5), we will avoid passing to an extension field of L containing
g'/" by using H(g'/"0) = (H(g6™))'/". Note also that 95(0") = (05(0))" and d5(9) = d5(gh)
for g € K. Hence,

H(gl/n9)2[LiQ] _ H(ggn)ﬂLiQ]/n
= NS(G)( H H max(
peS o:L—C,

=NsO ] [] max(lo®] |0,

peSo:L-C,

n

1/n
P o0 e@],")

l/n

|;1|0(g)|;1/”). @.11)

We will also need a symmetric form of fx s. From (2.7) and the product formula (1.10),

fr.s@)F
:(1—[ I |a<9)|pmax(1,;a<e>|p‘))
p¢S o:L—-C,
[L:K]
1_[ 1_[ 1_[ |0,,,-(9)|pmax(l, 1_[ |au(9)|;1)
peS i=1 1:K—C, :K—>C)p
[L:K]
=<l_[ 1_[ max(|o(9 ! 1))1_[ l_[max< 1—[ |Ut,[L:K]—i(9_l)|p’1)
p¢S o: L—C, peS i=l1 1:K—>C,
= fr.s(67H)"H Y. 2.12)

In the next to last step we changed from o7 ; to o7 [1.kx]—; because the ordering determined by 6
in (1.6) is the reverse of that determined by 9. From (2.1) and (2.12) we obtain the symmetric
form we sought:

[L:K]
fes@ U =Ng@) [ | Hmax( [T leci@],. 1 \af,,-w)!;l). 2.13)
pesS i=l1 1:K—=C, :K—=>C,

Similar calculations yield

[L:K]
gx.s(0)1H Ns<9>1"[max(1"[ I1 11 11 |of,l-<e>|p1). (2.14)

peS 1: K—C, peS 1: K—C,

Comparing (2.5), (2.6) and (2.11) with (2.13) and (2.14), we see that the following lemma com-
pletes the proof of Theorem 3.



Lemma 1. Let S be a finite set of places of Q, including oo, let L/ K be an extension of number
fields and let 6 € L* determine an ordering of the embeddings o, ; : L — C, as in (1.6). Then

T {H [ maX(|0(9)|p|a(g)|;/",|a(9)|p‘|(,(g)|p1/n)}

geKSl,neN peS o:L—-C,
[L:K] 1
= ]‘[ Hmax( ]_[ oz, (0) . ]_[ |af,i(9)|; > (2.15)
i=1 peS :K—>C, 1: K—>C,

and similarly

inf {]‘[ [T max(jo®)],low@])" ;

geKg,neN
peS o:L—-C,

s, lool;")]

[L:K]
:Hmax(l_[ I1 |af,l~(9)p,]_[ I1 |ar,i(9)|;1)_ (2.16)
i=l1

peS 1: K—C, peS 1: K—C,

Note that the only difference between the left-hand sides of (2.15) and (2.16) is that the infi-
mum is taken over different g’s. When S consists of the single place co, the above result is due
to Bergé and Martinet [BM2, pp. 165-166]. In this case both Kg and K é coincide with the units
of K. Lemma 1 explains the curious ordering involved in the products defining fx s and gg_s.

Proof. Following Bergé and Martinet, we shall prove the lemma by translating it to a convexity
question in a finite-dimensional real vector space. We shall first prove (2.15). Let

V:=®V(p)’ V(P) — EB R,,

pesS o:L—>C,

where R, is a copy of R. We write elements a € V as a = (ap,,) and also as a = (a, o, ;), where
the o ; are the o’s in some order described below. Define the logarithm map

L=Lps:L* =V, L(0)p,o :=1log|o(©)

P’

and let V;, :=RL(L*) C V be the closure of the image of L* under £. By the approximation
theorem [Lal, pp. 35-36], V. consists of those a € V such that for all p € S, ap s =ap o
whenever o and ¢’ determine the same absolute value on L.

Forae V let

lalli:== ) _lapql, g@:= inf {latwlliy= inf {la—wli;. (2.17)
;,: ne weQL(Ké){ } we]M(K;){ }

Thus, g(L£(0)) is the logarithm of the left-hand side of (2.15). Since ¢ is a continuous function

of a, in proving that it is given by the logarithm of the right-hand side of (2.15), we may restrict a

to a dense subset of Vi . In particular, we will assume that a, » # a,, o for all pairs of embeddings

0,0’ :L — C, inducing distinct absolute values on L.



Eq. (2.15) is implied by

[L:K]
gq@=Y Y| > apo,| (acVw), (2.18)
i=1 peS't:K—C,

where for each p and 7 the o ’s restricting to T on K have been re-christened o ; and ordered so
that

Ap.or <Apory < <dp,oy (1K) (2.19)

Note that if T and 7’ induce the same absolute value on K, then a p.ori =Ap.o,, because we are
assuming a € V.
The main point of the proof of (2.18) is to show that

Fa(w) == [la—wl|; (2.20)

is a convex function of w € RL(K ;) which has a constant value ¢, on a non-empty open set
Y Cc RL(K ;). It then follows that the minimum of this function is c,, i.e. g(a) = ca. (Indeed,
given any y € Y and w € RE(K;), pick A < 1 near enough to 1 that y + (1 — X)(w — y) still
belongs to the open set Y and A > 0. Then

Fa(y) = Fa(y + (1 =) (W —y)) = Fa(Ay + (1 = )W) < AFa(y) + (1 — 2) Fa(W),

whence the inequality claimed.)

The convexity of F,(w), even for w ranging over the whole of V, is clear from the convexity
of the ordinary absolute value function. The open set Y is defined by y = (y, 5, ;) € Y if and only
ify e RC(K{) and

Upocr, < Vpori <dpoi,s1 (PES, T:K—Cp), (2.21)

with the indices k,, determined as follows. If the expression ) _a o, ;, which is monotone in-
creasing in i, changes sign as i varies from 1 to [L : K], then k, is defined by

Zal,,%kﬂ <0< X:ap,grywrl (pes).
T T

As remarked at the beginning of the proof, we need only consider strict inequalities since we
may restrict a to a dense open subset of V. If }_a,q, ;>0 foralli (ie. ) apq,., > 0),
we let k;, = 0. Likewise, if for all i we have ) a,,,; <0 (i.e. Y} apo, .4 <0), we let
kp =[L : K]. In these two extreme cases we agree to omit any condition involving indices out of
the range 1 <i < [L : K], for example in (2.21).

For any w € L(K*), we naturally have Wp.or; = Wpoyp for 1 <i <[L:K]. Thus, (2.21) and
the ordering (2.19) imply ap o, ; < ¥p,o,; fori <kp, while a, s ; > yp o, fori > k,. Note also
that any w = (wp 5, ,) € Rﬁ(Ké) satisfies

> wpe, =0 (pes). (2.22)



This follows from the definition of K é and

log[Normg /()| , = D~ logloca()], (v €K™ (2.23)
7:K—=C,

(see (2.4) and [Lal, p. 39]).
We may now calculate Fy(y) in (2.20) fory e Y:

kp [L:K]
Fa(y) = Z Z (Z(Yp,a,vl - ap,a“-) + Z (ap,a,,,- - yp,a,,1)>

peS t: K—C, \i=I i=kp+1
[L:K]

=2 2|2 e
i=1 p 't

Note that the result is indeed independent of y € Y.

To finish the proof of (2.15), we must still show that Y is not empty. To this end, we give
an explicit description of RL(K ;). The Dirichlet S-unit theorem [Lal, p. 104] characterizes the
larger space RL(Ks). Indeed, a simple dimension count shows that w = (w5, ;) € RL(K) if
and only if the following three conditions hold

[L:K]

+Z(2k,, —[L: K])Z)’p,vz,l = Z Z
> - i=1 p

(2.24)

: :ap,o'r.i ‘
T

® Wpo = Wpo forallpe S, 1: K — Cp, 1 <i <[L:K], (2.25)
® Wp o =Wpo,, whenever 7 and 1’ define the same absolute value on K,  (2.26)

> > wpe, =0 (2.27)

peS 1: K—C)p

From (2.23) one checks that elements w € RL(K é) are characterized by (2.25), (2.26) and (2.22).
Hence Y contains the explicitly given pointy = (yp,s, ;) defined for 1 <i <[L: K] by

Spkp

Vpoes = Apoes, — @p,oespr = Apoes,) (1 <kp <[L:K]),

spvkp+1 - Sp,kp

where

while in the two extreme cases

Sp.1
Yp.ori :zaP,Ur,l - [Lp—K'] (kp = 0)’

) Sp,[L:K] )
Yp,ovi = Ap.or k] — (L:K] (kp =[L: K])~

This concludes the proof of (2.15).
The proof of (2.16) is very similar, the main difference being that (2.22) is replaced by (2.27).
Instead of k, we define k as the index at which Zp > dp.o,,; changes sign. Thus



Z Z Ap,orp < 0< Z Z Ap,or ket

peS :K—C, peS 1: K—=C,

Again, k =0 or k =[L : K] means that there is no sign change, i.e.

Yo Y ape, >0 k=0 > Y apeyg <0 (k=[L:K]).

peS 1:K—C, peS t:K—C,

We replace Y C RE(K;) by X C RL(K) defined by x = (xp ¢, ;) € X if and only if

Apoex <Xpory <Apoy (PES, T:K—Cp).
The set X contains the point X = (x, 4, ;) defined by

Sk .
Xp,ori = Ap,ory — (ap,o i1 —ap,ory) 1<k <[L:K],
Sk+1 — Sk

where

si=) . > apey,; (1<j<IL:K]),

peS :K—-C,

while in the two extreme cases

S1 .

X .=da Il ———— lfk:()

POz P,0r 1 )
2p2cl

. —0g S[L:K]
P07, ~— Yp,ogL:K] T
2p2]

One then finds for x € X,

ifk=[L:K].

k [L:K]
Fa(x) = Z Z < Z(xp’oz,l —apor;) + Z (@p.or; — xp,ar.l))
)4 i=1

T i=k+1
[L:K]

+ (k=LK Xpor= D
p T

i=1

’

[L:K]
R
i=

: : Z apsar,i
V4 T

: :: :apao-r.i
)4 T

from which (2.16) follows. O
3. Trivial values of fx and gk

In this section we identify elements with fg s(0) =1 or gk s(6) =1 (see definitions (2.2)
and (2.3)). We first characterize roots of elements of K by their absolute values.



Lemma 2. Let L/K be an extension of number fields and let o« € L. Then a" € K for some
positive integer n if and only if for all rational places p (2 < p < 00), for all embeddings 7 :
K — C,, and for all pairs of embeddings o, o' : L — C,, extending t, we have

|G(a)|p = |a’(a)|p. 3.1

Proof. One implication is clear: if «” € K, then (3.1) holds after replacing « by «”. Hence (3.1)
itself holds. To prove the converse, take o # 0 and let

/ ol LK

o =—.
Normy g (o)

Then (3.1) implies that |a(oc’)|p = 1 for all places p and all embeddings o : L — C,,. Hence o
is a root of unity, whence the lemma. O

We now characterize trivial values of gk s.

Proposition. Let 0 be a non-zero algebraic number and let S be any set of places of Q with
00 € S. Then gk s(0) =1 if and only if 0" € K for some positive integer n.

In particular, gx (6) = 1 if and only if 6” € K* for some positive integer 7, as claimed in
Theorem 2.

Proof. Let L = K(0) and assume gg_s(6) = 1. By the ordering defined in (1.6),

0], <|owin®)], (e, (32)

for all embeddings 7 : K — C,, and all indices i (1 <i < [L : K]). In particular, for 1 <i <
[L:K],

[T II leci®l,<IT TI lowit1®l, (3.3)

peS t:K—C, peS t: K—C,

Note that (3.3) would be strict if (3.2) were strict for a single p and 7. From gk s(0) =1,
(2.2) and (2.3) we have
9 1) b
P

1:(]‘[ I1 max(\a(e)p,1)>[ﬁ]max(]_[ [T lowi®

p¢S o: L—>C, peS t:K—C,
whence
[T II lei®], <1 (1<i<IL:K]), 3.4)
peS t: K—Cp

and



lo@], <1 (pgS. o:L—>Cp). (3.5)

The product formula (1.10) yields

K]

(1T 11 leol,) by

p¢S o: L—>C) i=1

(1_[ I1 !af,i(9)|p> — 1,

peS t:K—C,

From this, (3.4) and (3.5) we conclude

IT II lo0i@®)], =1 (1<i<I[L:K])

peS t:K—>C,

and
|a(9)|p=1 (p¢S, o:L—Cp). (3.6)

It follows that we have equality in (3.3) for all i. As remarked above, this implies |07 ; (0)], =
loz,i+1(8)|p for all p € S, and i. By (3.6), |[0(0)], = |a’(9)|p trivially holds for p ¢ S,
0,0':L — C,. Lemma 2 now implies 0" € K* for some positive integer n. From (3.6) we
see that actually 6" € K, as claimed.

To prove the converse, note that 6" € K* implies |07 ;(0)|, = |o¢,j(0)|, for 1 < i, j <
[L : K], and hence

[T lewi®],= |N0rmL/Q(9)i;/[L:K].
: K—C)
If in addition, 6" € K, then
[L:K]
gK,S(e)w@:(]_[ ]_[ max (|o (6) p,l)) ]_[ max(l_[ ]_[ |02, (6) p,l)
p¢S o:L—C, i=1 peS t:K—=C,

=max<H|NormL/@(9)|p,l>=max< [] [Normg,q®) p,l):l, (3.7)

PES 2€psoo

where the last steps follow from the assumption that 6” is an S-unit and from the product formula
for Q. O

We now deduce a characterization of trivial values of fx s.
Corollary. fx s(0) =1 if and only if 6" € K; for some positive integer n.

In particular, fx () = 1 if and only if 6" € K for some positive integer n, as announced in
Theorem 1.



Proof. Assume fx s(6) = 1. The elementary inequality (2.8) shows that fx s(0) > gk s(6).
Hence gk s(0) =1 and, by the proposition, " € Kg. A calculation analogous to (3.7), but now
with the product over p € S outside the maximum, shows that for 6" € Ky,

, 1) = H(Normz /g (0)). (3.8)

frs@W =TT max(

2<p<oo

This, together with the assumption fx s(0) = 1, shows that Normy, ,(¢) = 1. Hence 9% ¢ Ké,
as claimed.
The converse claim in the corollary follows from (3.8). O

We note that when 6 € K5, we may take L = K in (3.8). This proves (cf. (1.8))

fx.50)F Y = H(Normg 9(6)) (6 € K).
4. Finiteness

In this section we prove a finiteness property of G-heights for G = Kg or G = K é Namely,
we now show that for any real number X and any integer N there are, up to multiplication by ele-
ments of G, only finitely many algebraic numbers 6 such that H(6; G) < X and [K(0) : K] < N.
Once again, we do not assume that S is a finite set.

We first carry out the argument for G = K ; Let L = K (0). For the purpose of proving the
finiteness property, we can take [L : Q] to be fixed. By Theorem 3 and (2.7)

H(0; k§)HY
[L:K]
:(H [T max(lo®],.1 )]_[ I1 max( I1 ]om(é)}p,l) @.1)
p¢S o: L—-C, peS i=l1 7:K—C,

We note that a non-trivial contribution to the right-hand side of (4.1) from any prime p # oo
yields at least a factor of p!/IL“@" since [L : Q]! is certainly a common multiple of all possible
absolute ramification indices of primes of L. Let

T=Txny:= {p|p<X[L:Q][L:@]!}U{oo}, S:=SNT.

The advantage of S over S is that the former is a finite set of places. Since we are assuming that
H; K;) < X, wehave |[o(0)|, <1and |o;; ()], <1if p¢T.Thus,

[L:K]
H(9 KS [LQ H H max 1_[ l_[ max( 1_[ p,l)
p¢S, peT o:L—>C, pes i=1 :K—>C)p
[L:K]
“TT T mex( Hnmax( 1 loe p,l)
pes 0:L—C, pes i=1 1:K—C,

= H(0: k). (4.2)



As S is finite, we can assume not only that [L : K] is fixed, but also that the splitting pattern in
K and L of all places above p € § is fixed. Thus, using the notation of the proof of Lemma 1,
the vector space V, = RL(L*), its subspace RL(K %) and the full lattice £(K %) C RE(K%) can

all be fixed. Here L= L 5: L* - P 5 V),
In the proof of Theorem 3 (see (2. 13) and (2.24)) we established

H(6: Ké)z[u@] _ N§(9)6|\£(0)+Xll]

for some x € RL(K%), with N3(0) as defined after (2.10). Note that N3(0) = N3(0¢) for any
¢ € K5. By compactness of the quotient space RL(K é) /L(K é«), any x € RL(K é) can be written

asx = L(¢g) +y, where ¢ € Ké, ye RE(K%) and |ly|l1 < A, where A is independent of 6 and L
(Il lI1 is the 1-norm defined in (2.17)). Hence

H(@; K%)Z[L:Q] — N§(9)6\|5(9)+£(8)+Y|\1 = N5(0¢) el LOe)+yl > N§(98)6\|C(96)H1*HY\|1

> N (0e)elE0e=A = [ (ge)2lLQe=4, (4.3)

where in the last step we used (2.10) and Q(0e) C K(6) = L

It follows from (4.2) and (4.3) that H(0¢) < X exp(A/(2[L : Q])). By Northcott’s finiteness
theorem for the classical height [La2, p. 59], [HS, p. 177], 6¢ can be only one of finitely many
algebraic numbers. Since € € K é CcK ;, we have proved our finiteness claim for K ; -heights.

The proof of the corresponding finiteness property for Kg-heights is nearly identical. One
need only shift the product over p € S in (4.1) into the maximum, observe that £(K%) is a full
lattice inside RL(K3) and proceed exactly as above.

References

[BM1] A.M. Bergé, J. Martinet, Minorations de hauteurs et petits régulateurs relatifs, Sém. Théorie des Nombres de
Bordeaux, 1987-1988, exposé 11, 1988.

[BM2] A.M. Bergé, J. Martinet, Notions relatives de régulateurs et de hauteurs, Acta Arith. 54 (1989) 156-170.

[dM] A.C. de la Maza, Counting points of bounded relative height, Mathematika 50 (2003) 125-152.

[GH] E. Ghate, E. Hironaka, The arithmetic and geometry of Salem numbers, Bull. Amer. Math. Soc. (N.S.) 38 (2001)
293-314.

[HS] M. Hindry, J. Silverman, Diophantine Geometry: An Introduction, Springer, Berlin, 2000.

[Lal] S.Lang, Algebraic Number Theory, Addison—Wesley, Reading, MA, 1970.

[La2] S.Lang, Fundamentals of Diophantine Geometry, Springer, Berlin, 1983.

[Sch] S. Schanuel, Heights in number fields, Bull. Soc. Math. France 107 (1979) 433-449.

[Sm] C.J. Smyth, On the product of the conjugates outside the unit circle of an algebraic integer, Bull. London Math.
Soc. 3 (1971) 169-175.



