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1. Introduction

In this paper we deal with the periodic spectral problem associated with the Laplace operator written
in R

N (N = 3, 4, 5) from which we remove a periodic network of spherical holes. It is well-known (see
[22]) that each eigenvalue of this periodic spectral problem converges as the size of holes goes to zero,
to its corresponding eigenvalue associated with the periodic Laplace operator without holes. The aim of
our work is to study the rate of the above convergence under Dirichlet type boundary condition on the
perforations. More precisely, we look for an asymptotic expansion with respect to the size of holes for all
simple eigenvalues. The mathematical analysis of this expansion strongly depends on the dimension of
space.

Concerning asymptotics on eigenelements of different spectral problems associated with the Laplace
operator, plenty of references can be found in the literature. We briefly mention a few of them. The
asymptotic expansion of simple eigenvalues of the Laplace operator in a bounded domain with an unique
perforation is developed in the works of Ozawa, considering several boundary conditions on holes and some
particular dimensions. For instance, the Dirichlet boundary condition is considered in [17,19] for two and
three dimensional domains, and in [18] for dimension four. Moreover, Neumann and Robin boundary con-
ditions on holes are studied in [20,21], respectively. We also mention Maz’ya, Nazarov and Plamenevskij
[12], who obtained asymptotic expansions of the first eigenvalue and its corresponding eigenfunction of
classical boundary value problems for the Laplace operator in two and three dimensional domains with
small holes. In addition, a book by the same authors [13] presents a general and unified approach to the
asymptotic analysis of elliptic boundary value problems in singularly perturbed domains. Asymptotics
on the first eigenvalue of the periodic Laplace operator in periodically perforated domains are proved in
Dupuy, Orive and Smaranda [9] in the setting of two and three dimensions with homogeneous Dirichet
boundary condition on holes. As far as we know, there are no asymptotic expansions in dimension N ≥ 5,
nor for N = 4 in the periodic case.

The main novelty brought by our paper consists of finding asymptotic expansions in four and five
dimensional spaces, for any simple eigenvalue of the periodic Laplace operator written in a periodically
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perforated domain. For this purpose, we work with iterated Green operators and we use appropriate
Lp-norm estimates. The technique we employ here also allows us to recover the asymptotic expansion in
the three dimensional domain, but with a better order of the error estimate than that given in [9].

As an interesting application of the above asymptotic analysis, we consider the Bloch wave homog-
enization of a Dirichlet type problem associated with the Laplace operator in a bounded periodically
perforated domain. We assume that the size of holes tends to zero faster than the periodicity of the
microstructure. Synthesizing the approach in [9], we use the asymptotic expansion of the first eigenvalue
to completely characterize the critical size of the perforations for the situation in which the so-called
strange term appears in the homogenized equation. This problem is classical in homogenization theory
and it has been widely studied in the literature using different methods (see [1,3,11] and the references
therein). The method employed here is a spectral one and is based on Bloch wave decomposition. We give
a brief but far from exhaustive list of references in Bloch wave homogenization: Conca and Vanninathan
[8], Ganesh and Vanninathan [10] studied the classical problem of elliptic operators in arbitrary domains;
the problem of correctors can be found in Conca, Orive and Vanninathan [6,7]. In terms of using the
Bloch wave decomposition to solve problems on periodically perforated domains, the reader is referred
to papers by Conca, Gómez, Lobo and Pérez [4,5], Ortega, San Mart́ın and Smaranda [15,16].

The paper is organized as follows. In the next section we state the problem and present our main
result which is given in Theorem 2.1. Section 3 is devoted to properties of different Green functions and
operators associated with our problem which are of particular interest to us. The following section deals
with technical issues relevant to our main result, the proof of which appears in Sect. 5. Finally, Sect. 6
focuses on an application of our main result to the Bloch wave homogenization of a Dirichlet problem in
periodically perforated domains.

2. Statement of main result

Let us first give some notation. For any positive real number a small enough, we denote by Sa the
2π-periodic network of balls of radius a in R

N (N ≥ 3), that is,

Sa =
⋃

p∈ZN

B(2πp, a).

Additionally, we consider the reference cell Y = [−π, π)N in R
N and the corresponding perforated refer-

ence cell Ya = Y \ B(0, a) (see Fig. 1). Moreover, for any real number p ≥ 1, we introduce the following
space:

Lp
#(Y ) =

{
ϕ ∈ Lp

loc

(
R

N
) | ϕ is Y -periodic

}
, ‖ϕ‖Lp

#(Y ) =

⎛

⎝
∫

Y

|ϕ(x)|pdx
⎞

⎠
1/p

.

We are going to use the symbol O(·) representing the classical “big-O” Landau notation, i.e., f(x) =
O(x) ⇐⇒ |f(x)| ≤ Cx for any x > 0 small enough and we denote N

∗ = N \ {0}.
Let us now describe our problem. We are interested in studying the following periodic spectral problem

written in R
N perforated by the network Sa: find λ(a) ∈ R and φ(a; ·) �≡ 0 such that

⎧
⎨

⎩

−Δφ(a; ·) = λ(a)φ(a; ·) in R
N \ Sa,

φ(a; ·) = 0 on ∂Sa,
φ(a; ·) is Y -periodic.

(2.1)
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Fig. 1. Perforated domain and the reference cell

It is well-known that the above periodic spectral problem admits a countable sequence of strictly positive
eigenvalues, each of them having finite multiplicity. As usual, we arrange them in increasing order repeat-
ing each eigenvalue according to its multiplicity:

0 < λ1(a) < λ2(a) ≤ · · · ≤ λm(a) ≤ · · · → ∞.

One important property is that, as a goes to zero, each eigenvalue converges to the corresponding
eigenvalue of the periodic Laplace operator written in R

N without holes. More precisely,

λm(a) → λm, as a → 0, (2.2)

where {λm} are the eigenvalues of the following limit periodic spectral problem: find λ ∈ R and φ(·) �≡ 0
such that

{−Δφ = λφ in R
N ,

φ is Y -periodic. (2.3)

For a proof of this property, we refer the reader to, for instance, Rauch and Taylor [22], Dupuy, Orive and
Smaranda [9]. It is also well-known that the eigenvalues of (2.3) are positive and with finite multiplicity:

0 = λ1 < λ2 ≤ · · · ≤ λm ≤ · · · → ∞.

Let us now state our main result that gives the rate of the convergence (2.2) in three, four and five
dimensional domains:

Theorem 2.1. For all a small enough and for any m ∈ N
∗ such that the mth eigenvalue λm of (2.3) is

simple, the following asymptotic expansion of the mth eigenvalue of (2.1) holds:

λm(a) = λm + (N − 2)SNφ
2
m(0) aN−2 +

⎧
⎪⎨

⎪⎩

O
(
a2
)

if N = 3,
O
(
a3| ln a|1/2

)
if N = 4,

O
(
a7/2

)
if N = 5,

(2.4)

where φm is the eigenvector of (2.3) corresponding to λm such that ‖φm‖L2
#(Y ) = 1 and SN denotes the

area of the unit sphere in R
N .
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3. Notation and preliminary results

3.1. Properties on Green functions in the reference cell

Let us consider the Green function g(·, ·) associated with the Laplace plus Identity operator in the refer-
ence cell Y and with periodicity boundary condition, i.e., for all y ∈ Y , g(·, y) satisfies

{
(I − Δx) g(x, y) = δ(x− y) ∀x ∈ Y,
g(·, y) is Y -periodic, (3.1)

where δ denotes the Dirac mass. Moreover, for any n ∈ N
∗, we introduce the iterated Green functions

g(n)(·, ·), defined recursively as follows:
⎧
⎨

⎩

g(1)(x, y) = g(x, y) ∀x, y ∈ Y,

g(n+1)(x, y) =
∫

Y

g(x, z)g(n)(z, y) dz ∀x, y ∈ Y.
(3.2)

For any real number p > 1, let us consider the linear operator G ∈ L (Lp
#(Y )) such that for any

f ∈ Lp
#(Y ), the function Gf is the unique solution of the following differential problem:

{
(I − Δ) (Gf) = f in Y,
Gf is Y -periodic. (3.3)

Also, for any n ∈ N
∗, we consider the iterated linear operators Gn ∈ L (Lp

#(Y )) defined recursively as
follows: {

G1 = G,
Gn+1 = G ◦Gn ∀n ∈ N

∗. (3.4)

Let us recall that for any p large enough, the operator Gn admits the following integral representation
formula in terms of the Green function g(n)(·, ·) defined in (3.2):

(Gnf)(x) =
∫

Y

g(n)(x, y)f(y) dy ∀x ∈ Y, ∀f ∈ Lp
#(Y ).

We remark that combining (3.3) with (3.4), for any f ∈ Lp
#(Y ), the following identity holds:

(I − Δ)m(Gnf) = Gn−mf ∀n ∈ N
∗, ∀m ∈ {0, . . . , n− 1}. (3.5)

Let us now recall some properties on the Green function g(·, ·) defined above. Its asymptotic behavior
is well-known (see, for instance, [23]) and is given by:

g(x, y) = b(x, y) +

⎧
⎪⎨

⎪⎩

C1

|x− y| +
C3

|x− y|3 + · · · CN−2

|x− y|N−2
if N odd,

C0 ln |x− y| +
C2

|x− y|2 + · · · CN−2

|x− y|N−2
if N even,

(3.6)

where b(·, ·) denotes a C ∞-class function and Ck, k ∈ {0, . . . , N − 2}, are real constants independent of
x and y. In addition, the constant CN−2 is given by CN−2 = 1

(N−2)SN
, for any N ≥ 3.

As a direct consequence of this asymptotic behavior, the following pointwise estimate on the iterated
Green functions holds:

Lemma 3.1. For any n ∈ N
∗, there exists a positive constant C such that, for all x, y ∈ Y, x �= y, we have

|g(n)(x, y)| ≤

⎧
⎪⎪⎨

⎪⎪⎩

C

|x− y|N−2n
if n < N

2 ,

C(1 + | ln |x− y||) if n = N
2 ,

C if n > N
2 .

(3.7)



Vol. 61 (2010) Asymptotics for eigenvalues of the Laplacian 405

Proof. We proceed by induction on n ∈ N
∗. For n = 1, the estimate is a direct consequence of the

asymptotic behavior (3.6).
Let us now assume that (3.7) is true for some n ∈ N

∗. We prove that this estimate remains true for
n+ 1. To this end, using the definition (3.2) and the induction hypothesis, we get

∣∣∣g(n+1)(x, y)
∣∣∣ ≤

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

C

∫

Y

1
|x− z|N−2

· 1
|z − y|N−2n

dz if n < N
2 ,

C

∫

Y

1
|x− z|N−2

· (1 + | ln |z − y||) dz if n = N
2 ,

C

∫

Y

dz
|x− z|N−2

if n > N
2 .

(3.8)

If n < N
2 , using estimate (A.1) from Appendix with α+ β = 2N − 2(n+ 1), we obtain

∣∣∣g(n+1)(x, y)
∣∣∣ ≤

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C

|x− y|N−2(n+1)
if n+ 1 < N

2 ,

C(1 + | ln |x− y||) if n+ 1 = N
2 ,

C if n+ 1 ∈ (N
2 ,

N
2 + 1).

On the other hand, if n ≥ N
2 , the integrals in (3.8) are clearly bounded, then the last line of the above

estimate can be extended to the case n+ 1 ≥ N
2 + 1. �

Using the above Lemma, we give some properties on the Lp-norm of the iterated Green functions. To
this end, we first introduce the following functional space: for any Lebesgue-measurable subset A of Y
and for any p ≥ 1, we denote

Lp
#(A) =

⎧
⎨

⎩ϕ ∈ Lp
loc

⎛

⎝
⋃

p∈ZN

(2πp+A)

⎞

⎠ | ϕ is Y -periodic

⎫
⎬

⎭, ‖ϕ‖Lp
#(A) =

⎛

⎝
∫

A

|ϕ(x)|pdx
⎞

⎠
1/p

.

Proposition 3.2. For all y ∈ Y , the following estimates hold:

1. If
(
n ≥ N

2 and p ≥ 1
)

or
(
n < N

2 and 1 ≤ p < N
N−2n

)
, there exists a constant C > 0 such that

‖g(n)(·, y)‖Lp
#(Y ) ≤ C. (3.9)

2. If
(
n < N

2 and p ≥ N
N−2n

)
, there exists a constant C > 0 such that, for all r > 0 small enough,

‖g(n)(·, y)‖Lp
#(Y \B(y,r)) ≤

{
C| ln r| 1

p if p = N
N−2n ,

Cr
N
p −(N−2n) if p > N

N−2n .
(3.10)

3. There exists a positive constant C such that, for all r > 0 sufficiently small,

‖g(n)(·, y)‖Lp
#(B(y,r)) ≤

⎧
⎪⎨

⎪⎩

Cr
N
p −(N−2n) if n < N

2 and p ∈ [1, N
N−2n ),

Cr
N
p | ln r| if n = N

2 and p ≥ 1,
Cr

N
p if n > N

2 and p ≥ 1.

(3.11)

4. Moreover, if n < N
2 , there exists a constant C > 0 such that, for all r > 0 sufficiently small and for

all p ≥ 1,

‖g(n)(·, y)‖Lp
#(B(y,r)\B(y, r

8 )) ≤ Cr
N
p −(N−2n). (3.12)
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Proof. Let A be a Lebesgue-measurable subset of Y . Taking the Lp-norm in the estimate (3.7) we get

‖g(n)(·, y)‖Lp
#(A) ≤

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C

∥∥∥∥
1

| · −y|N−2n

∥∥∥∥
Lp

#(A)

if n < N
2 ,

C(|A| 1
p + ‖ ln | · −y|‖Lp

#(A)) if n = N
2 ,

C|A| 1
p if n > N

2 ,

(3.13)

where |A| denotes the measure of the set A.
The estimate (3.9) is a direct consequence of the above bound by taking A = Y . In fact, for n < N

2 , the

norm
∥∥∥ 1

|·−y|N−2n

∥∥∥
Lp

#(Y )
is bounded for p ∈ [1, N

N−2n ). Moreover, for n = N
2 , the Lp-norm of the logarithm

is bounded for any p ≥ 1.
Let us now prove (3.10). To this end, in the estimate (3.13), we consider n < N

2 , p ≥ N
N−2n and

A = Y \ B(y, r). Then, we have

‖g(n)(·, y)‖Lp
#(Y \B(y,r)) ≤

{
C(1 + | ln r|) 1

p if p = N
N−2n ,

C(1 + rN−p(N−2n))
1
p if p > N

N−2n .

Thus, for all r small enough, we obtain that (3.10) is true.
In order to prove (3.11), in the estimate (3.13) we consider A = B(y, r). We obtain

‖g(n)(·, y)‖Lp
#(B(y,r)) ≤

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C

∥∥∥∥
1

| · −y|N−2n

∥∥∥∥
Lp

#(B(y,r))

if n < N
2 ,

C(r
N
p + ‖ ln | · −y|‖Lp

#(B(y,r))) if n = N
2 ,

Cr
N
p if n > N

2 .

Then, easy computations give us the inequality (3.11).
Now, in the estimate (3.13), we consider A = B(y, r) \ B(y, r

8 ) and n < N
2 . Then, we get

‖g(n)(·, y)‖Lp
#(B(y,r)\B(y, r

8 )) ≤ C

∥∥∥∥
1

| · −y|N−2n

∥∥∥∥
Lp

#(B(y,r)\B(y, r
8 ))

.

Since the above Lp-norm is computed on B(y, r) \ B(y, r
8 ), we obtain that for any p ≥ 1 the estimate

(3.12) holds. �

Corollary 3.3. For all n ∈ N
∗, there exists a positive constant C such that, for all a small enough, we

have

‖g(n)(·, 0)‖L2
#(Y \B(0, a

2 )) ≤
⎧
⎨

⎩

C if n > N
4 ,

C| ln a| 1
2 if n = N

4 ,

Ca2n− N
2 if n < N

4 .

(3.14)

3.2. Green operators in perforated domains

Let us first introduce the Green function g̃a(·, ·) corresponding to the perforated reference cell Ya, with
Y -periodicity conditions and Dirichlet boundary condition on ∂B(0, a), i.e., for all y ∈ Ya, g̃a(·, y) satisfies

⎧
⎨

⎩

(I − Δx) g̃a(x, y) = δ(x− y) ∀x ∈ Ya,
g̃a(x, y) = 0 ∀x ∈ ∂B(0, a),
g̃a(·, y) is Y -periodic.

(3.15)
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(a) (b)

Fig. 2. Change of the perforated reference cell. (a) Original reference cell. (b) New reference cell

Additionally, for any p > 1 we consider the linear operator G̃a ∈ L (Lp
#(Ya)) such that for any f ∈ Lp

#(Ya),
the function G̃af is the unique solution of the following differential problem:

⎧
⎪⎨

⎪⎩

(I − Δ) (G̃af) = f in Ya,

G̃af = 0 on ∂B(0, a),
G̃af is Y -periodic.

(3.16)

The operator G̃a admits the following integral representation formula in terms of the Green function
g̃a(·, ·), for any p large enough:

(G̃af)(x) =
∫

Ya

g̃a(x, y)f(y) dy ∀x ∈ Ya, ∀f ∈ Lp
#(Ya).

An important aspect in the proof of our main result is the value of the Green function g(·, 0) on
the boundary of holes. It is clear that due to the asymptotic behavior (3.6), for any N ≥ 3, we have
g(x, 0) = K(a) (1 +O(a)) for all x ∈ ∂B(0, a), where K(a) = 1

(N−2)SN aN−2 . This identity is not enough
in our analysis and for this reason, we introduce a new perforated geometry delimited by the level set of
the Green function g(·, 0) corresponding to the value K(a) (see Fig. 2). More precisely, we consider the
sets ωa and βa defined as follows:

ωa = {x ∈ Y | g(x, 0) < K(a)},
βa = Y \ ωa.

In this new reference perforated cell ωa, let ga(x, y) be the Green function such that for all y ∈ ωa,
ga(·, y) satisfies

⎧
⎨

⎩

(I − Δx) ga(x, y) = δ(x− y) ∀x ∈ ωa,
ga(x, y) = 0 ∀x ∈ ∂βa,
ga(·, y) is Y -periodic.

(3.17)

Moreover, for any n ∈ N
∗, we introduce the corresponding iterated Green functions g(n)

a (·, ·), defined
recursively as follows:

⎧
⎨

⎩
g
(1)
a (x, y) = ga(x, y) ∀x, y ∈ ωa,

g
(n+1)
a (x, y) =

∫

ωa

g(n)
a (x, z)ga(z, y) dz ∀x, y ∈ ωa.

(3.18)
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In addition, for any real number p > 1 we consider the Green operator Ga ∈ L (Lp
#(ωa)) such that

for any f ∈ Lp
#(ωa), the function Gaf is the unique solution of the following differential problem:

⎧
⎨

⎩

(I − Δ) (Gaf) = f in ωa,
Gaf = 0 on ∂βa,
Gaf is Y -periodic.

(3.19)

Also, for any n ∈ N
∗, we consider the iterated Green operators Gn

a ∈ L (Lp
#(ωa)) defined recursively as

follows: {
G1

a = Ga,
Gn+1

a = Ga ◦Gn
a ∀n ∈ N

∗. (3.20)

Let us recall that for any p large enough, the operator Gn
a admits the following integral representation

formula in terms of the Green function g(n)
a (·, ·) defined in (3.18):

(Gn
af)(x) =

∫

ωa

g(n)
a (x, y)f(y) dy ∀x ∈ ωa, ∀f ∈ Lp

#(ωa).

We remark that combining (3.19) with (3.20), for any f ∈ Lp
#(ωa), the following identity holds:

(I − Δ)m(Gn
af) = Gn−m

a f ∀n ∈ N
∗, ∀m ∈ {0, . . . , n− 1}. (3.21)

In the sequel, let us denote by μ̃m(a) and μm(a) the mth eigenvalues of the operators G̃a and Ga,
respectively. The aim of this subsection is to establish a relation between these two eigenvalues. To this
end, let us first prove the following geometrical result.

Lemma 3.4. There exists a positive constant C such that, for all a small enough, we have

ωa+Ca2 ⊂ Ya ⊂ ωa−Ca2 .

Proof. The result is a direct consequence of the definition of the domain ωa and of the asymptotic behavior
around zero of the Green function g(x, 0). In fact, using (3.6) we have

g(x, 0) = K(a)
(
a

|x|
)N−2

(1 +O(|x|)) . (3.22)

Let α be a positive constant such that |O(|x|)| ≤ α|x|.
On one hand, if we consider x ∈ Ya, i.e., |x| ≥ a, then by using (3.22) we obtain that

g(x, 0) ≤ K(a)(1 + αa) < K(a− αa2),

that is, x ∈ ωa−αa2 .
Let us prove the inverse inclusion. We consider x ∈ B(0, a), then by using again (3.22) we get, for all

a small enough,

g(x, 0) ≥ K(a)(1 − αa) =
K(a)

1 + α
1−αaa

.

Since α
1−αa → α, as a → 0, then α

1−αa < 2α, for all a small enough. Therefore, we deduce that for all a
small enough,

g(x, 0) ≥ K(a)
1 + 2αa

≥ K(a+ 2αa2),

that is, x ∈ βa+2αa2 . �

As a direct consequence of Lemma 3.4 and the min-max principle, we deduce the following relations
between the eigenvalues of the operators Ga and G̃a:
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Proposition 3.5. There exists a positive constant C such that, for all a small enough, the mth eigenvalues
μ̃m(a) and μm(a) satisfy the inequalities

μm(a+ Ca2) ≤ μ̃m(a) ≤ μm(a− Ca2).

4. Some technical results

4.1. Approximation of the Green operator Gn
a

In this subsection we shall approximate the iterated Green operator Gn
a defined in (3.20). To this end,

for any n ∈ N
∗, let us define the function h(n)

a (·, ·) in ωa × ωa by

h(n)
a (x, y) = g(n)(x, y) −K(a)−1

n∑

k=1

g(k)(x, 0)g(n+1−k)(y, 0) ∀x, y ∈ ωa (4.1)

and the linear operator

(Hn
a f)(x) = (Gnf̃)(x) −K(a)−1

n∑

k=1

g(k)(x, 0)(Gn+1−kf̃)(0) ∀f ∈ Lq
#(ωa), ∀q > 1, (4.2)

where f̃ represents the extension by zero of f outside of ωa. It is clear that for any q > N
2 , the following

integral representation holds

(Hn
a f)(x) =

∫

ωa

h(n)
a (x, y)f(y) dy ∀x ∈ ωa, ∀f ∈ Lq

#(ωa).

We shall study the difference betweenGn
a and the above operatorHn

a in the L (Lq
#(ωa), L2

#(ωa))-norm,
for some q > N

2 . For this purpose, for any k ∈ {1, . . . , n} let us define the following real numbers:

Ik
p (a) = sup

x∈∂βa

∥∥∥g(k)(x, ·) − g(k)(0, ·)
∥∥∥

Lp
#(ωa)

∀p ∈ [1, N
N−2k ), (4.3)

and for any p ≥ 1,

Jk
p (a) =

⎧
⎪⎪⎨

⎪⎪⎩

0 if k = 1,

K(a)−1
k−1∑

j=1

[
sup

x∈∂βa

∣∣g(j+1)(x, 0)
∣∣
]
∥∥g(k−j)(0, ·)∥∥

Lp
#(ωa)

if k ∈ {2, . . . , n}. (4.4)

Using these definitions, we prove the following result:

Lemma 4.1. Let us consider n ∈ N \ {0, 1} and p, q > 1 such that 1
p + 1

q = 1, with q > N
2 . For all

f ∈ Lq
#(ωa) such that ‖f‖Lq

#(ωa) = 1, the function u
def=(Gn

a −Hn
a )f is Y -periodic and satisfies

(I − Δ)nu = 0 in ωa, (4.5)

sup
∂βa

|(I − Δ)mu| ≤ In−m
p (a) + Jn−m

p (a) ∀m ∈ {0, . . . , n− 1}. (4.6)

Proof. Using definition (4.2), we have that for any x ∈ ωa,

u(x) = (Gn
af)(x) − (Gnf̃)(x) +K(a)−1

n∑

k=1

g(k)(x, 0)(Gn+1−kf̃)(0).
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It is easy to see that u is a Y -periodic function. Moreover, for all m ∈ {0, . . . , n − 1}, applying the
identities (3.21), (3.5) and (3.2), we obtain for any x ∈ ωa,

(I − Δ)mu(x) = (Gn−m
a f)(x) − (Gn−mf̃)(x) +K(a)−1

n∑

k=m+1

g(k−m)(x, 0)(Gn+1−kf̃)(0). (4.7)

In particular, for m = n− 1, we have

(I − Δ)n−1u(x) = (Gaf)(x) − (Gf̃)(x) +K(a)−1g(x, 0)(Gf̃)(0).

Therefore, applying the operator (I − Δ) and using (3.19), (3.3) and (3.1), we get

(I − Δ)nu(x) = f(x) − f(x) = 0 ∀x ∈ ωa.

Let us now deduce (4.6). To this end, we take an arbitrary x ∈ ∂βa. Since Gn−m
a f = 0 on ∂βa, for all

m ∈ {0, . . . , n− 1}, the relation (4.7) yields

(I − Δ)mu(x) = −(Gn−mf̃)(x) +K(a)−1
n∑

k=m+1

g(k−m)(x, 0)(Gn+1−kf̃)(0).

Moreover, since q > N
2 , the above identity is written using the integral representations of Gn−m and

Gn+1−k as follows:

(I − Δ)mu(x) =
∫

ωa

(
−g(n−m)(x, y) +K(a)−1

n∑

k=m+1

g(k−m)(x, 0)g(n+1−k)(y, 0)

)
f(y) dy.

Since g(x, 0) = K(a), we get

(I − Δ)mu(x) =
∫

ωa

(
g(n−m)(y, 0) − g(n−m)(x, y) +K(a)−1

n∑

k=m+2

g(k−m)(x, 0)g(n+1−k)(y, 0)

)
f(y) dy,

for all m ∈ {0, . . . , n− 2}, and

(I − Δ)n−1u(x) =
∫

ωa

(g(y, 0) − g(x, y)) f(y) dy.

Then, using the Hölder inequality and taking into account that ‖f‖Lq
#(ωa) = 1, we get

|(I − Δ)mu(x)| ≤ ∥∥g(n−m)(x, ·) − g(n−m)(0, ·)∥∥
Lp

#(ωa)

+K(a)−1
n−m−1∑

j=1

∣∣g(j+1)(x, 0)
∣∣∥∥g(n−m−j)(0, ·)∥∥

Lp
#(ωa)

,

for all m ∈ {0, . . . , n− 2}, and

|(I − Δ)n−1u(x)| ≤ ∥∥g(x, ·) − g(0, ·)∥∥
Lp

#(ωa)
.

From these inequalities, we easily get (4.6) by taking the supremum on ∂βa. �
Let us now estimate the terms Ik

p (a) and Jk
p (a) defined in (4.3) and (4.4):

Lemma 4.2. For all p ∈ [1, N
N−2 ), there exists a constant C > 0, independent of a, such that

I1
p(a) ≤

⎧
⎪⎪⎨

⎪⎪⎩

Ca if p ∈
[
1, N

N−1

)
,

Ca| ln a| 1
p if p = N

N−1 ,

Ca
N
p −(N−2) if p ∈

(
N

N−1 ,
N

N−2

)
,

(4.8)

for a small enough.
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Moreover, for all p ∈ [1, N
N−2 ) and k ∈ {2, . . . , n}, there exists a positive constant C, independent of

a, such that

Ik
p (a) ≤ Ca, (4.9)

Jk
p (a) ≤

⎧
⎨

⎩

Ca if N = 3,
Ca2| ln a| if N = 4,
Ca2 if N ≥ 5,

(4.10)

for all a small enough.

Proof. Let us first prove the estimate (4.8). As a direct consequence of the asymptotic behavior (3.6),
the following bound holds: for all x, y ∈ Y such that x �= y and y �= 0,

|g(x, y) − g(0, y)| ≤ C|x| + C

∣∣∣∣
1

|x− y|N−2
− 1

|y|N−2

∣∣∣∣ . (4.11)

Due to this estimate, we obtain that

I1
p(a) ≤ Ca+ sup

x∈∂βa

⎛

⎝
∫

ωa

∣∣∣∣
1

|x− y|N−2
− 1

|y|N−2

∣∣∣∣
p

dy

⎞

⎠

1
p

. (4.12)

Then, using Lemma A.2 from Appendix, we deduce the estimate (4.8).
In the sequel, we shall prove the estimate (4.9). Using the definition of the iterated Green function

given in (3.2), for all x, y ∈ Y , x �= y, y �= 0 and for any k ≥ 2 we get

|g(k)(x, y) − g(k)(0, y)| ≤
∫

Y

|g(x, z) − g(0, z)||g(k−1)(z, y)|dz.

Then, due to the estimate (4.11) and Lemma 3.1, we deduce that

|g(k)(x, y) − g(k)(0, y)| ≤ C|x| +

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C

∫

Y

∣∣∣∣
1

|x− z|N−2
− 1

|z|N−2

∣∣∣∣
1

|z − y|N−2(k−1)
dz if k < N

2 + 1,

C

∫

Y

∣∣∣∣
1

|x− z|N−2
− 1

|z|N−2

∣∣∣∣ | ln |z − y||dz if k = N
2 + 1,

C

∫

Y

∣∣∣∣
1

|x− z|N−2
− 1

|z|N−2

∣∣∣∣ dz if k > N
2 + 1.

We now use Lemmas A.2 (with p = 1) and A.3 from Appendix and it follows that

|g(k)(x, y) − g(k)(0, y)| ≤ C|x| +

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C|x|
∫ 1

0

1
|tx− y|N−2k+1

dt if k <
[

N
2

]
+ 1,

C|x|
∫ 1

0

| ln |tx− y||dt if k =
[

N
2

]
+ 1,

C|x| if k ∈ ([N
2

]
+ 1,+∞),

where
[

N
2

]
denotes the integer part value of N

2 . Taking the Lp
#(ωa)-norm in the previous estimate and

using Hölder and Fubini inequalities, we get

‖g(k)(x, ·) − g(k)(0, ·)‖Lp
#(ωa) ≤ C|x| +

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

C|x|
{∫ 1

0

∫

ωa

1
|tx− y|p(N−2k+1)

dydt
} 1

p

if k <
[

N
2

]
+ 1,

C|x|
{∫ 1

0

∫

ωa

| ln |tx− y||pdydt
} 1

p

if k =
[

N
2

]
+ 1,

C|x| if k ∈ ([N
2

]
+ 1,+∞).
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We observe that the integral of the logarithm is convergent for all p and the integral of the fraction is
also convergent because p < N

N−2 . Therefore,

‖g(k)(x, ·) − g(k)(0, ·)‖Lp
#(ωa) ≤ C|x| ∀x ∈ ∂βa,

and this estimate finishes the proof of (4.9).
Let us now prove (4.10). To this end, we use Lemma 3.1 and we get that for all j,

sup
x∈∂βa

∣∣g(j+1)(x, 0)
∣∣ ≤

⎧
⎪⎪⎨

⎪⎪⎩

C if j > N
2 − 1,

C| ln a| if j = N
2 − 1,

Ca−N+2(j+1) if j < N
2 − 1.

On the other hand, since p < N
N−2 , the estimate (3.9) gives us

‖g(k−j)(·, 0)‖Lp
#(ωa) ≤ C ∀j ∈ {1, . . . , k − 1}.

Then, combining the above estimates and using the definition (4.4), we deduce (4.10). �

Let us now prove a technical result:

Lemma 4.3. For all n ∈ N, if ua is a Y -periodic function satisfying (I − Δ)n+1ua = 0 in ωa, |ua| ≤ M0
a

on ∂βa and |(I − Δ)kua| ≤ Mk
a on ∂βa, ∀k ∈ {1, . . . , n}, then

|ua(x)| ≤ K(a)−1
n∑

k=0

Mk
a g

(k+1)(x, 0) ∀x ∈ ωa.

Proof. We proceed by induction on n ∈ N. For n = 0, it is easy to observe that the function Φa(x) =
K(a)−1M0

a g(x, 0) satisfies (I − Δ) Φa = 0 in ωa and Φa = M0
a on ∂βa. Then, using the maximum

principle we get that Φa is a Y -periodic upper bound of ua.
Let us now suppose that the result is true for some n ∈ N. We prove that it is still true for n+ 1. To

this end, we consider a Y -periodic function wa that satisfies

(I − Δ)n+2wa = 0 in ωa,

|wa| ≤ M0
a on ∂βa,

|(I − Δ)kwa| ≤ Mk
a on ∂βa, ∀k ∈ {1, . . . , n+ 1}.

Is is clear that va = (I − Δ)wa is a Y -periodic function satisfying

(I − Δ)n+1va = 0 in ωa,

|va| ≤ M1
a on ∂βa,

|(I − Δ)kva| ≤ Mk+1
a on ∂βa, ∀k ∈ {1, . . . , n}.

Since the induction hypothesis holds, we get that

|va(x)| ≤ K(a)−1
n+1∑

k=1

Mk
a g

(k)(x, 0) ∀x ∈ ωa,

that is,

|(I − Δ)wa| ≤ K(a)−1
n+1∑

k=1

Mk
a g

(k)(·, 0) in ωa.

Let us now consider the function

ϕa(x) = K(a)−1M0
a g(x, 0) +K(a)−1

n+1∑

k=1

Mk
a g

(k+1)(x, 0),



Vol. 61 (2010) Asymptotics for eigenvalues of the Laplacian 413

which is Y -periodic and satisfies

(I − Δ)ϕa = K(a)−1
n+1∑

k=1

Mk
a g

(k)(·, 0) in ωa,

ϕa ≥ M0
a on ∂βa.

Therefore, ϕa is a Y -periodic upper bound of wa, that is,

|wa(x)| ≤ K(a)−1M0
a g(x, 0) +K(a)−1

n+1∑

k=1

Mk
a g

(k+1)(x, 0).

�

As a direct consequence of the above Lemmas, we obtain the following result concerning the approxi-
mation of the iterated Green operator Gn

a by Hn
a :

Theorem 4.4. For all n ∈ N\{0, 1} and q > N , there exists a positive constant C such that, for all a
small enough, the following estimate holds:

‖Gn
a −Hn

a ‖L (Lq
#(ωa),L2

#(ωa)) ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ≥ 5.

Proof. Let us consider q ∈ (N,∞) and f ∈ Lq
#(ωa) such that ‖f‖Lq

#(ωa) = 1.
We observe that due to Lemmas 4.1–4.3, for all n ≥ 2, the function (Gn

a −Hn
a )f satisfies the following

estimate: for all x ∈ ωa,

∣∣((Gn
a −Hn

a )f)(x)
∣∣ ≤

n−1∑

k=0

CaN−1g(k+1)(x, 0).

Now, taking the L2
#(ωa)-norm and using estimate (3.14), we have

‖(Gn
a −Hn

a )f‖L2
#(ωa) ≤ CaN−1‖g(·, 0)‖L2

#(ωa) ≤ CaN−1

⎧
⎨

⎩

C if N = 3,
C| ln a| 1

2 if N = 4,
Ca2− N

2 if N ≥ 5.

Thus, we get the result. �

Remark 4.5. Theorem 4.4 shows that, for all n ≥ 2, the upper bound of ‖Gn
a − Hn

a ‖L (Lq
#(ωa),L2

#(ωa)) is
independent of the iteration number n. Therefore, for simplicity, we restrict our computations to n = 2
in the remainder of the paper.

4.2. Approximation of the operator H2
a

In this subsection we shall introduce a new operator in L2
#(Y ) that we denote by H̃2

a and we find an
asymptotic expansion of its eigenvalues (see (4.16) and Theorem 4.7 below). Then, we prove that the
eigenvalues of H̃2

a are approximated eigenvalues of the operator H2
a (see Theorem 4.10 below).

Let us consider the following extension of the function h(2)
a (·, ·): for all x, y ∈ Y ,

h̃(2)
a (x, y) = g(2)(x, y) −K(a)−1

[
g(2)(x, 0)g(y, 0)ψa(y) + ψa(x)g(x, 0)g(2)(y, 0)

]
, (4.13)

where ψa ∈ C ∞(RN ) such that ψa(x) =
{

1 if |x| ≥ a
2

0 if |x| ≤ a
4

.
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Now, for any real number q > 1, we define the associated linear operator H̃2
a ∈ L (Lq

#(Y )) by:

(H̃2
af)(x) = (G2f)(x) −K(a)−1

[
g(2)(x, 0)G(ψa · f)(0) + ψa(x)g(x, 0)(G2f)(0)

]
, (4.14)

for any f ∈ Lq
#(Y ). For any q > N

4 , its integral representation is the following

(H̃2
af)(x) =

∫

Y

h̃(2)
a (x, y)f(y) dy ∀x ∈ Y, ∀f ∈ Lq

#(Y ).

In the sequel, we denote by μm = 1
1+λm

the mth eigenvalue of the Green operator G and we recall
that its corresponding normalized eigenvector is denoted by φm. If μm is a simple eigenvalue, then the
problem of finding a vector ξ̃a orthogonal to φm such that

(G2 − μ2
m)ξ̃a(x) = −2μ2

mφm(0)φm(x)G(ψa · φm)(0) + g(2)(x, 0)G(ψa · φm)(0) + μ2
mg(x, 0)ψa(x)φm(0)

(4.15)

admits an unique solution in L2
#(Y ) because the right-hand side is orthogonal to φm.

We use this function ξ̃a in order to construct an approximate eigenvalue of the operator H̃2
a . To this

end, we consider the following quantities:

ν(a) def= μ2
m − 2K(a)−1μ2

mG(ψa · φm)(0)φm(0), (4.16)

φ̃∗(a;x) def= φm(x) +K(a)−1ξ̃a(x) ∀x ∈ Y. (4.17)

Let us also recall the following classical result of spectral perturbation theory (for a proof we refer the
reader to Section III.1 from [14]):

Proposition 4.6. Let X be a separable Hilbert real space with norm ‖ · ‖ and let us consider A a compact
self-adjoint operator in X. Assume that λ ∈ R\{0} and v ∈ X satisfy the properties ‖(A−λ)v‖ ≤ δ (with
δ > 0) and ‖v‖ ≥ 1, then there exists at least one eigenvalue λ� of the operator A that satisfies |λ�−λ| ≤ δ.

We now prove that the quantity ν(a) is an approximate eigenvalue of the operator H̃2
a :

Theorem 4.7. For all a small enough, there exists an eigenvalue of the operator H̃2
a , denoted by ν̃(a),

such that

∣∣ν̃(a) − ν(a)
∣∣ ≤

⎧
⎨

⎩

Ca2 if N = 3,
Ca4| ln a| 1

2 if N = 4,
Ca

3
2 N−2 if N ∈ {5, 6, 7},

(4.18)

where C is a positive constant independent of a.

Proof. First of all, using the definition (4.14) in the particular cases f = φm and f = ξ̃a, we have

(H̃2
aφm)(x) = μ2

mφm(x) −K(a)−1
[
g(2)(x, 0)G(ψa · φm)(0) + μ2

mψa(x)g(x, 0)φm(0)
]
,

(H̃2
a ξ̃a)(x) = μ2

mξ̃a(x) + (G2 − μ2
m)ξ̃a(x)

−K(a)−1
[
g(2)(x, 0)G(ψa · ξ̃a)(0) + ψa(x)g(x, 0)(G2ξ̃a)(0)

]
.

Then, combining these two identities with the definition (4.17), we get

H̃2
a φ̃

∗(a;x) = μ2
mφ̃

∗(a;x) −K(a)−1
[
g(2)(x, 0)G(ψa · φm)(0) + μ2

mψa(x)g(x, 0)φm(0)
]

+K(a)−1(G2 − μ2
m)ξ̃a(x) −K(a)−2

[
g(2)(x, 0)G(ψa · ξ̃a)(0) + ψa(x)g(x, 0)(G2ξ̃a)(0)

]
.
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Using (4.15)–(4.17), we deduce the following identity:

(H̃2
a − ν(a))φ̃∗(a;x) = −K(a)−2

[
g(2)(x, 0)G(ψa · ξ̃a)(0) + ψa(x)g(x, 0)(G2ξ̃a)(0)

−2μ2
mφm(0)G(ψa · φm)(0)ξ̃a(x)

]
.

Let us now take the L2
#(Y )-norm in the above expression. Since the estimates (3.9)–(3.10) hold, we get

that there exists a positive constant C, independent of a, such that, for all a small enough,

∥∥
(
H̃2

a − ν(a)
)
φ̃∗(a; ·)∥∥

L2
#(Y )

≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca4| ln a| 1

2 if N = 4,
a

3
2 N−2 if N ∈ {5, 6, 7}.

Thus, applying the classical result on spectral perturbation theory given in Proposition 4.6, we conclude
the result. �

In the remainder of this subsection, we shall compare the operators H̃2
a and H2

a . To this end, we first
prove the following technical result:

Lemma 4.8.

(i) If
(
N ∈ {3, 4} and p ≥ 1

)
or
(
N ∈ {5, 6, 7} and 1 ≤ p < N

N−4

)
, there exists a positive constant C

such that, for all a small enough,

‖h̃(2)
a (·, ·)‖Lp

#(βa;L2
#(Y )) ≤ Ca

N
p . (4.19)

(ii) Moreover, if N ∈ {3, . . . , 7} and p ≥ 1, there exists a positive constant C such that, for all a small
enough,

‖h̃(2)
a (·, ·)‖Lp

#(ωa;L2
#(Y )) ≤ C. (4.20)

Proof. For all x ∈ Y , let us first compute the L2
#(Y )-norm of the function h̃(2)

a (x, ·). To this end, we use
the definition (4.13) and we obtain

‖h̃(2)
a (x, ·)‖L2

#(Y ) ≤ ‖g(2)(x, ·)‖L2
#(Y ) +K(a)−1

[
|g(2)(x, 0)| ‖g(·, 0)ψa(·)‖L2

#(Y )

+ |ψa(x)g(x, 0)| ‖g(2)(0, ·)‖L2
#(Y )

]
.

We now estimate the L2
#(Y )-norm of g(2)(x, ·), respectively g(·, 0)ψa(·) by using (3.9) (with n = 1, 2

and p = 2) and (3.10) (with n = 1 and p = 2). For any N ∈ {3, . . . , 7}, we get

‖h̃(2)
a (x, ·)‖L2

#(Y ) ≤ C + CaN−2|ψa(x)g(x, 0)|

+CaN−2|g(2)(x, 0)|

⎧
⎪⎨

⎪⎩

1 if N = 3,
| ln a|1/2 if N = 4,
a2− N

2 if N ∈ {5, 6, 7}.
(4.21)

Taking the Lp
#(βa)-norm in the above estimate and using (3.12) (with n = 1) and (3.11) (with n = 2),

we deduce

‖h̃(2)
a (·, ·)‖Lp

#(βa;L2(Y )) ≤ Ca
N
p + Ca

N
p

⎧
⎪⎨

⎪⎩

a if N = 3 and p ≥ 1,
a2| ln a|3/2 if N = 4 and p ≥ 1,
a4− N

2 if N ∈ {5, 6, 7} and p ∈ [1, N
N−4 ),

and thus we conclude (4.19).
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If we now take the Lp
#(ωa)-norm in the estimate (4.21) and we use (3.9)–(3.10), it follows that

‖h̃(2)
a (·, ·)‖Lp

#(ωa;L2
#(Y )) ≤ C +

⎧
⎪⎨

⎪⎩

CaN−2 if p < N
N−2

CaN−2| ln a| 1
p if p = N

N−2

Ca
N
p if p > N

N−2

+

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

CaN−2 if N = 3,
CaN−2| ln a|1/2 if N = 4,
Ca

N
2 if N ∈ {5, 6, 7} and p < N

N−4 ,

Ca
N
2 | ln a| 1

p if N ∈ {5, 6, 7} and p = N
N−4 ,

Ca
N
p +4− N

2 if N ∈ {5, 6, 7} and p > N
N−4 .

The estimate (4.20) is a direct consequence of the above inequality. �

Let us now denote by φ̃(a; ·) the normalized eigenvector in L2
#(Y ) of H̃2

a , corresponding to the eigen-
value ν̃(a) defined in Theorem 4.7. Then, we split this eigenvector over ωa and βa as follows:

φ̃ωa
(a; ·)def= φ̃(a; ·) · χ

ωa
and φ̃βa

(a; ·)def= φ̃(a; ·) · χ
βa
,

where χ
ωa

and χ
βa

denote the characteristic functions on ωa, respectively βa.

Using the above notations, the identity ν̃(a)φ̃(a; ·) = H̃2
a φ̃(a; ·) can be written as follows:

ν̃(a)φ̃ωa
(a;x) =

∫

Y

h̃(2)
a (x, y)φ̃(a; y)dy ∀x ∈ ωa, (4.22)

ν̃(a)φ̃βa
(a;x) =

∫

Y

h̃(2)
a (x, y)φ̃(a; y)dy ∀x ∈ βa. (4.23)

We prove an useful estimate on the vector φ̃ωa
(a; ·) in Lq

#(ωa)-norm:

Proposition 4.9. For all N ∈ {3, . . . , 7} and q ≥ 1, there exists a positive constant C such that, for all a
small enough,

∥∥φ̃ωa
(a; ·)∥∥

Lq
#(ωa)

≤ C.

Proof. Using the identity (4.22) and the fact that ‖φ̃(a; ·)‖L2
#(Y ) = 1, we obtain

ν̃(a)
∥∥φ̃ωa

(a; ·)∥∥
Lq

#(ωa)
≤ ‖h̃(2)

a (·, ·)‖Lq
#(ωa;L2

#(Y ))‖φ̃(a; ·)‖L2
#(Y ) = ‖h̃(2)

a (·, ·)‖Lq
#(ωa;L2

#(Y )).

Since the estimate (4.20) from Lemma 4.8 is true, then for any N ∈ {3, . . . , 7} and q ≥ 1,

ν̃(a)
∥∥φ̃ωa

(a; ·)∥∥
Lq

#(ωa)
≤ C.

Thus, the result is a direct consequence of the above estimate and the fact that ν̃(a) → 1, as a → 0. �

Let us now prove the following theorem concerning the comparison between the operators H̃2
a and

H2
a :

Theorem 4.10. For all N ∈ {3, . . . , 7}, there exists a positive constant C such that, for all a small enough,
∥∥(H2

a − ν̃(a))φ̃ωa
(a; ·)∥∥

L2
#(ωa)

≤ CaN (4.24)

and
∥∥φ̃ωa

(a; ·)∥∥
L2

#(ωa)
≥ 1

2
. (4.25)
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Proof. Let us observe that

H2
a φ̃ωa

(a;x) =
∫

ωa

h̃(2)
a (x, y)φ̃(a; y)dy,

because h̃(2)
a (x, y) = h

(2)
a (x, y) and φ̃(a; y) = φ̃ωa

(a; y) for all x, y ∈ ωa. We now use the identity (4.22),
the fact that φ̃(a; y) = φ̃βa

(a; y) for all y ∈ βa and we get

(H2
a − ν̃(a))φ̃ωa

(a;x) = −
∫

βa

h̃(2)
a (x, y)φ̃βa

(a; y)dy ∀x ∈ ωa.

Then, due to the symmetry of the function h̃(2)
a (·, ·), we deduce that

∥∥(H2
a − ν̃(a))φ̃ωa

(a; ·)∥∥
L2

#(ωa)
≤ ‖h̃(2)

a (·, ·)‖L2
#(βa;L2

#(ωa))‖φ̃βa
(a; ·)‖L2

#(βa).

Since the estimate (4.19) from Lemma 4.8 holds, then
∥∥(H2

a − ν̃(a))φ̃ωa
(a; ·)∥∥

L2
#(ωa)

≤ Ca
N
2 ‖φ̃βa

(a; ·)‖L2
#(βa), (4.26)

for all N ∈ {3, . . . , 7} and a small enough.
On the other hand, using the identity (4.23) we get

ν̃(a)
∥∥φ̃βa

(a; ·)∥∥
L2

#(βa)
≤ ‖h̃(2)

a (·, ·)‖L2
#(βa;L2

#(Y ))‖φ̃(a; ·)‖L2
#(Y ) = ‖h̃(2)

a (·, ·)‖L2
#(βa;L2

#(Y )).

Since the estimate (4.19) holds and ν̃(a) → 1, as a → 0, then
∥∥φ̃βa

(a; ·)∥∥
L2

#(βa)
≤ Ca

N
2 , (4.27)

for all N ∈ {3, . . . , 7} and a sufficiently small.
Combining the estimates (4.26) and (4.27), we get (4.24).
Finally, the inequality (4.25) is a direct consequence of the estimate (4.27) and the fact that

‖φ̃ωa
(a; ·)‖2

L2
#(ωa)

+ ‖φ̃βa
(a; ·)‖2

L2
#(βa)

= 1. �

5. Proof of Theorem 2.1

In this section we shall prove the asymptotic expansion (2.4). Let us first observe that to prove (2.4) is
equivalent to prove that

∣∣∣μ̃m(a) − (μm − μ2
m(N − 2)SNφ

2
m(0)aN−2

) ∣∣∣ ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca7/2 if N = 5,

where μ̃m(a), μm are the mth eigenvalues of the Green operators G̃a, respectively G defined in Sects. 3.2
and 3.1. Moreover, using Proposition 3.5, the above inequality is equivalent to

∣∣∣μm(a) − (μm − μ2
m(N − 2)SNφ

2
m(0)aN−2

) ∣∣∣ ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca7/2 if N = 5,

(5.1)

where μm(a) is the mth eigenvalue of the Green operator Ga defined in Sect. 3.2.
With these remarks it is enough to prove (5.1). To this end, let us first estimate the following norm:

∥∥(G2
a − ν̃(a))φ̃ωa

(a; ·)∥∥
L2

#(ωa)
≤ ‖G2

a −H2
a‖L (Lq

#(ωa),L2
#(ωa))‖φ̃ωa

(a; ·)‖Lq
#(ωa)

+‖(H2
a − ν̃(a))φ̃ωa

(a; ·)‖L2
#(ωa).
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We use Theorems 4.4, 4.10, Proposition 4.9 and we deduce that, for all q > N and N ∈ {3, . . . , 7},

∥∥(G2
a − ν̃(a))φ̃ωa

(a; ·)∥∥
L2

#(ωa)
≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ∈ {5, 6, 7}.

Then, since (4.25) holds, we use the classical result on spectral perturbation theory given in Proposition
4.6 and we obtain the existence of at least one eigenvalue of the operator G2

a, denoted by μ(a)2, such that

|μ(a)2 − ν̃(a)| ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ∈ {5, 6, 7}.

Combining the above estimate with (4.18) from Theorem 4.7, we get

|μ(a)2 − ν(a)| ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ∈ {5, 6, 7}.

(5.2)

Using the definition of ν(a) given in (4.16) and the fact that

|G(ψa · φm)(0) − μmφm(0)| ≤ ‖g(0, ·)‖L1
#(B(0,a/2))‖φm(·)‖L∞

# (B(0,a/2)) ≤ Ca2,

the estimate (5.2) becomes

∣∣∣μ(a)2 − μ2
m

(
1 − 2(N − 2)SNμmφ

2
m(0)aN−2

) ∣∣∣ ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ∈ {5, 6, 7},

that is,

∣∣∣μ(a) − μm

(
1 − (N − 2)SNμmφ

2
m(0)aN−2

) ∣∣∣ ≤
⎧
⎨

⎩

Ca2 if N = 3,
Ca3| ln a| 1

2 if N = 4,
Ca

N
2 +1 if N ∈ {5, 6, 7}.

(5.3)

Passing to the limit in the previous expression, as a goes to zero, we get that lim
a→0

μ(a) = μm. Since

μm is a simple eigenvalue of the operator G, we deduce that, for any a small enough, μ(a) is the mth
eigenvalue of Ga, that is μ(a) = μm(a). This identity implies that the estimate (5.1) is true, and therefore
(2.4) is also true.

6. Application to homogenization

In this section we use our main result stated in Theorem 2.1 in order to prove a homogenization result.
This result is based on Bloch waves associated with the Laplace operator which we define now. Let us
consider a family of spectral problems parameterized by η ∈ R

N : find λ(a; η) ∈ R and ψ(a; ·; η) (not
identically zero) such that

⎧
⎨

⎩

−Δψ(a; ·; η) = λ(a; η)ψ(a; ·; η) in R
N \ Sa,

ψ(a; ·; η) = 0 on ∂Sa,
ψ(a; ·; η) is (η;Y )-periodic,

(6.1)

where the condition ψ(a; ·; η) is (η;Y )-periodic means

ψ(a; y + 2πm; η) = e2πim·ηψ(a; y; η) ∀m ∈ Z
N , ∀y ∈ R

N .
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Next, by Floquet theory, we define φ(a; y; η) = e−iη·yψ(a; y; η) and the problem (6.1) can be rewritten
in terms of φ as follows: find λ(a; η) ∈ R and φ(a; ·; η) (not identically zero) such that

⎧
⎨

⎩

A(η)φ(a; ·; η) = λ(a; η)φ(a; ·; η) in R
N \ Sa,

φ(a; ·; η) = 0 on ∂Sa,
φ(a; ·; η) is Y -periodic,

(6.2)

where the operator A(η) is the so-called shifted operator, and is defined by

A(η) = −(Δ + 2iη · ∇ − |η|2).

It is well-known that for each fixed η ∈ Y ′def=
[− 1

2 ,
1
2

[N (Y ′ is called the dual cell or Brilouin zone),
the above spectral problem (6.2) admits a countable sequence of positive eigenvalues λm(a; η). Their
associated eigenvectors {φm(a; ·; η)}m≥1 (referred to as Bloch waves) enable us to describe the spectral
resolution of the Laplace operator in the orthogonal basis {eiη·yφm(a; y; η) | m ≥ 1, η ∈ Y ′}.

For any positive real number ε, let us consider a periodic network of balls of radius r(ε) and centered
in 2πεZN :

T ε =
⋃

p∈ZN

B(2πpε, r(ε)),

where r : (0,+∞) −→ (0,+∞) is a continuous map satisfying the condition r(ε) < πε.

We now introduce Bloch waves at the ε-scale:

λε
m(r(ε); ξ) = ε−2λm

(
r(ε)
ε

; η
)
, φε

m(r(ε);x; ξ) = φm

(
r(ε)
ε

; y; η
)
, ψε

m(r(ε);x; ξ) = ψm

(
r(ε)
ε

; y; η
)
,

where the variables (x; ξ) and (y; η) are related by y = x
ε and η = εξ. We note that φε

m(r(ε); ·; ξ) is
εY -periodic and ψε

m(r(ε); ·; ξ) is (εξ; εY )-periodic.
With these notations, we define the classical Bloch transform at the ε-scale of an arbitrary function

h ∈ L2(RN\T ε) as follows (for more details, see for instance [2, p. 614]):

(Bε
mh) (ξ) =

∫

RN \T ε

h(x)e−iξ·xφε
m (r(ε);x; ξ) dx ∀m ∈ N

∗, ∀ξ ∈ ε−1Y ′. (6.3)

Let us now state the homogenization problem that we are interested in. We consider Ω ⊂ R
N (with

N ∈ {3, 4, 5}) an open bounded set with a smooth enough boundary. We perforate this set by the network
of balls T ε obtaining the periodically perforated domain Ωε = Ω \ T ε.

For a given f ∈ L2(Ω), we study the asymptotic behavior, as ε goes to zero, of the solution uε of the
following homogeneous Dirichlet boundary-value problem:

{−Δuε = f in Ωε,
uε = 0 on ∂Ωε,

(6.4)

when the radius of balls tends to zero faster than the microstructure size, i.e.,

lim
ε→0

r(ε)
ε

= 0. (6.5)

Using the asymptotic expansion given in Theorem 2.1 and Bloch waves we prove the following homog-
enization result:

Theorem 6.1. The extension by zero inside of balls of the solution uε of problem (6.4), denoted by ũε,
weakly converges to u in H1

0 (Ω). Depending on the radius of balls r(ε), we have the following character-
izations of the limit u:
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(i) If lim
ε→0

ε−Nr(ε)N−2 = � ≥ 0, then u is the unique solution of the following homogenized problem:
{(

(N − 2)SNφ
2
1(0) �

)
u− Δu = f in Ω,

u = 0 on ∂Ω, (6.6)

where φ1 is the first normalized eigenvector of problem (2.3) in L2
#(Y ).

(ii) If lim
ε→0

ε−Nr(ε)N−2 = +∞, then u is identically equal to zero.

Proof. It is easy to prove that, up to a subsequence, ũε ⇀ u weakly in H1
0 (Ω), as ε → 0.

In the sequel, our goal is to use the spectral method of Bloch waves in order to identify the limit u as
solution of a partial differential equation, called the homogenized equation.

To this end, let us consider an arbitrary function ϕ ∈ D(RN ), with supp ϕ = K ⊂ Ω. Since uε satisfies
(6.4), then ϕũε is solution of the following problem:

{−Δ(ϕũε) = F ε in R
N \ T ε,

ϕũε = 0 on ∂T ε,

where the right-hand side is defined by F ε = fϕ− 2∇ϕ · ∇ũε − Δϕ ũε.
We now apply the Bloch transform defined in (6.3) to the above problem and we obtain

λε
m(r(ε); ξ) Bε

m

(
ϕũε

)
(ξ) = Bε

m (F ε) (ξ) ∀m ≥ 1, ∀ξ ∈ ε−1Y ′.

It is well-known that all superior modes can be neglected in the homogenization process. Therefore, we
pass to the limit as ε goes to zero, only in the first Bloch equation:

ε−2 λ1

(
r(ε)
ε

; εξ
)
Bε

1

(
ϕũε

)
(ξ) = Bε

1 (F ε) (ξ) ∀ξ ∈ ε−1Y ′. (6.7)

For this purpose, we shall use some properties on the convergence of the first Bloch transform and on
the analyticity of the first Bloch eigenvalue which are detailed, for instance, in Sect. 4 from [9].

First of all, since ϕũε ⇀ ϕu weakly in H1(RN ) and F ε ⇀ F
def= fϕ − 2∇ϕ · ∇u − Δϕu weakly in

L2(RN ), as ε → 0, we have that

Bε
1(ϕũε) ⇀ ϕ̂u and Bε

1(F
ε) ⇀ F̂

weakly in L2
loc(R

N ), as ε → 0. Here, we have denoted by ·̂ the classical Fourier transform.

Second, we write the following Taylor expansion of λ1

(
r(ε)

ε ; η
)

around η = 0:

λ1

(
r(ε)
ε

; η
)

= λ1

(
r(ε)
ε

)
+ δklηkηl

[
1 +O

(
λ1

(
r(ε)
ε

))]
+O(η3),

where we have used that λ1

(
r(ε)

ε ; 0
)

is equal to the first eigenvalue of problem (2.1) for a = r(ε)
ε , i.e.,

λ1

(
r(ε)

ε ; 0
)

= λ1

(
r(ε)

ε

)
.

With these computations, the equation (6.7) leads us to
[
ε−2 λ1

(
r(ε)
ε

)
+ δklξkξl +O

(
λ1

(
r(ε)
ε

))
+O(εξ3)

]
Bε

1

(
ϕũε

)
(ξ) = Bε

1 (F ε) (ξ) , (6.8)

and passing to the limit as ε → 0, we get
[
lim
ε→0

(
ε−2 λ1

(
r(ε)
ε

))
+ δklξkξl

]
ϕ̂u(ξ) = F̂ (ξ), (6.9)

for each ξ ∈ Y ′.
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Since the first eigenvalue λ1

(
r(ε)

ε

)
is simple, we use the asymptotic expansion given in Theorem 2.1

and we have

S
def= lim

ε→0
ε−2 λ1

(
r(ε)
ε

)

= lim
ε→0

⎡

⎢⎢⎢⎣(N − 2)SN ε−Nr(ε)N−2φ2
1(0) +O

⎛

⎜⎜⎜⎝ε
−Nr(ε)N−2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

r(ε)
ε if N = 3

r(ε)
ε

∣∣∣ln r(ε)
ε

∣∣∣
1/2

if N = 4
(

r(ε)
ε

)1/2

if N = 5

⎞

⎟⎟⎟⎠

⎤

⎥⎥⎥⎦.

Let us prove (i). If we assume that lim
ε→0

ε−Nr(ε)N−2 = �, we get

S = (N − 2)SN �φ
2
1(0).

Therefore, the equation (6.9) becomes

(N − 2)SN �φ
2
1(0)ϕ̂u(ξ) − Δ̂ (ϕu)(ξ) = F̂ (ξ).

Applying the inverse Fourier transform and taking into account that ϕ is arbitrary in D(Ω), we get that
u is the unique solution of problem (6.6).

Finally, if we assume lim
ε→0

ε−Nr(ε)N−2 = +∞, the equation (6.9) is reduced to ϕ̂u(ξ) = 0, which

implies that u = 0 and thus (ii) is true. �

Appendix

We first recall that the reference cell is Y = [−π, π)N . Let us prove some useful estimates:

Lemma A.1. For any real numbers α, β < N , there exists a positive constant C such that, for all x, y ∈ Y ,
x �= y, the following bounds hold:

∫

Y

1
|x− z|α · 1

|z − y|β dz ≤

⎧
⎪⎪⎨

⎪⎪⎩

C if α+ β < N,
C(1 + | ln |x− y||) if α+ β = N,

C

|x− y|α+β−N
if α+ β > N,

(A.1)

and ∫

Y

1
|x− z|α · | ln |z − y||dz ≤ C(1 + | ln |x− y||). (A.2)

Proof. Let us estimate the first integral. To this end, we consider the change of variable z = y+ u|x− y|
and we get

∫

Y

1
|x− z|α · 1

|z − y|β dz ≤ 1
|x− y|α+β−N

∫

B
(
0, 2π

√
N

|x−y|
)

1∣∣u− x−y
|x−y|

∣∣α|u|β du,

because |u| ≤ 2π
√

N
|x−y| . Since α, β < N , the above integral is convergent near u = 0 and u = x−y

|x−y| . The
estimate (A.1) is a consequence of the fact that this integral has an asymptotic behavior of type

2π
√

N
|x−y|∫

1

dρ
ρα+β+1−N

as |u| → ∞.
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We now estimate the second integral. Using the above change of variable, we obtain
∫

Y

1
|x− z|α · | ln |z − y||dz ≤ | ln |x− y||

|x− y|α−N

∫

B
(
0, 2π

√
N

|x−y|
)

1∣∣u− x−y
|x−y|

∣∣α du

+
1

|x− y|α−N

∫

B
(
0, 2π

√
N

|x−y|
)

| ln |u||∣∣u− x−y
|x−y|

∣∣α du.

Since α < N , both integrals from the right-hand side of the above inequality are convergent near u = x−y
|x−y| .

The estimate (A.2) is a consequence of the fact that these integrals have an asymptotic behavior of type
2π

√
N

|x−y|∫

1

dρ
ρα+1−N

, respectively

2π
√

N
|x−y|∫

1

ln ρ
ρα+1−N

dρ as |u| → ∞.

�

Lemma A.2. For any p ∈ [1, N
N−2 ), there exists a positive constant C such that, for all x ∈ Y , we have

∫

Y

∣∣∣∣
1

|x− y|N−2
− 1

|y|N−2

∣∣∣∣
p

dy ≤

⎧
⎪⎪⎨

⎪⎪⎩

C|x|p if p ∈
[
1, N

N−1

)
,

C|x|p(1 + | ln |x||) if p = N
N−1,

C|x|N−p(N−2) if p ∈
(

N
N−1 ,

N
N−2

)
.

(A.3)

Proof. For all x ∈ Y \ {0}, we introduce the change of variable y = |x|z and we obtain
∫

Y

∣∣∣∣
1

|x− y|N−2
− 1

|y|N−2

∣∣∣∣
p

dy ≤ |x|N−p(N−2)

∫

B
(
0, π

√
N

|x|
)

∣∣∣∣∣
1

| x
|x| − z|N−2

− 1
|z|N−2

∣∣∣∣∣

p

dz.

Since p < N
N−2 the above integral converges near z = 0 and z = x

|x| . Moreover, as |z| → ∞, this integral
is of type

π
√

N
|x|∫

1

dρ
ρp(N−1)−N+1

,

then we obtain the result. �

Lemma A.3. For any real number k > 0, there exists a positive constant C such that, for all x, y ∈ Y ,
x �= y, we have

∫

Y

∣∣∣∣
1

|x− z|N−2
− 1

|z|N−2

∣∣∣∣
1

|z − y|N−2k
dz ≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C|x|
∫ 1

0

1
|tx− y|N−2k−1

dt if k < N−1
2 ,

C|x|
∫ 1

0

(1 + | ln |tx− y||)dt if k = N−1
2 ,

C|x| if k > N−1
2 ,

(A.4)

and

∫

Y

∣∣∣∣
1

|x− z|N−2
− 1

|z|N−2

∣∣∣∣ | ln |z − y||dz ≤ C|x|
1∫

0

(1 + | ln |tx− y||)dt. (A.5)
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Proof. Let us consider the real function ϕ defined by

ϕ(t) =
1

|tx− z|N−2
,

which derivative is given by ϕ′(t) = − (N−2)(tx−z)·x
|tx−z|N . Then, the first integral can be bound as follows:

∫

Y

|ϕ(1) − ϕ(0)| 1
|z − y|N−2k

dz =
∫

Y

∣∣∣∣∣∣

1∫

0

(N − 2)(tx− z) · x
|tx− z|N dt

∣∣∣∣∣∣
1

|z − y|N−2k
dz

≤ C|x|
1∫

0

∫

Y

1
|tx− z|N−1 |z − y|N−2k

dz dt.

We now use the estimate (A.1) from Lemma A.1 and we obtain (A.4).
Similarly, using (A.2) we get the bound (A.5). �
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Romania
e-mail: smaranda@dim.uchile.cl

(Received: January 27, 2009; revised: September 16, 2009)


	Asymptotics for eigenvalues of the Laplacian in higher dimensional periodically perforated domains
	Abstract
	1. Introduction
	2. Statement of main result
	3. Notation and preliminary results
	3.1. Properties on Green functions in the reference cell
	3.2. Green operators in perforated domains

	4. Some technical results
	4.1. Approximation of the Green operator Gan
	4.2. Approximation of the operator Ha2

	5. Proof of Theorem 2.1
	6. Application to homogenization
	Appendix
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


