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Abstract. — We construct a new class of entire solutions for the Allen-Cahn equation
Au+ (1 —u?)u = 0, in R%(~ C). Given k > 1, we find a family of solutions whose
zero level sets are, away from a compact set, asymptotic to 2k straight lines (which
we call the ends). These solutions have the property that there exist 6p < 61 < ... <
62) = Bo + 27 such that lim,_ 1 o u(re*?) = (—1)7 uniformly in § on compact subsets
of (0;,0541), for j=0,...,2k — 1.

1. Introduction and statement of main results

1.1. Introduction. — In this paper, we are interested in the construction of a new
class of entire solutions, in the entire space RY, for the semilinear elliptic equation
(1.1) Au+(1—u*)u=0,

known as the Allen-Cahn equation. This problem has its origin in the gradient theory
of phase transitions [2], a model in which two distinct phases (represented by the
values 4 = 1) try to coexist in a domain € while minimizing their interaction which
is proportional to the (N — 1)-dimensional volume of the interface. Idealizing the
phase as a regular function which takes values close to £1 in most of the domain,
except in a narrow transition layer of width e, one defines the Allen-Cahn energy,

1
Je(u) = g/Q|Vu|2dx+£/Q(17u2)2dx,

whose critical points satisfy the Euler-Lagrange equation

(1.2) EAu+(1—v?)u=0 in Q.
Replacing u by u(-/€) we obtain the equation
(1.3) Aut(1—-u*)u=0 in e 'Q.
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Therefore, equation (1.1) appears as the limit problem in the blow up analysis of (1.2)
as ¢ tends to 0. The relation between interfaces of least volume and critical points of

J. was first established by Modica in [26]. Let us briefly recall the main results in
this direction : If u. is a family of local minimizers of J. for which
(1.4) sup Jz (ugs) < 400,

e>0

then, up to a subsequence, u. converges in L' to 15 — 1ac, where OA has minimal
volume. Here 1, (resp. 1ac) is the characteristic function of the set A (resp. A° =
Q — A). Moreover, J.(us) — % HNL(OA).

For critical points of J. which satisfy (1.4), a related assertion is proven in [19]. In
this case, the convergence of the interface holds with certain integer multiplicity to
take into account the possibility of multiple transition layers converging to the same
minimal hypersurface.

These results provide a link between solutions of equation (1.1) and the theory of
minimal hypersurfaces which has been widely explored in the literature. For example,
solutions concentrating along non-degenerate, minimal hypersurfaces of a compact
manifold were found in [28] (see also [22]). As far as multiple transition layers are
concerned, given a minimal hypersurface I (subject to some additional property on
the sign of the potential of the Jacobi operator about I', which holds on manifolds
with positive Ricci curvature) and given an integer k > 1, solutions of (1.2) with
multiple transitions near T were built in [30] (see [13] for the 2-dimensional case, and
[11] for the euclidean case), in such a way that J.(u.) — % HN-L(T).

This paper is concerned with the construction of a new and rather unexpected
class of entire solutions of equation (1.1) satisfying the energy growth condition (1.5).
Recall that, in dimension 1, solutions satisfying (1.5) are given by translations of the
function H which is the unique solution of the problem

(1.5) H'"+(1—-H*)H=0, with H(+foc)=+1 and H(0)=0.
In fact, the function H is explicitly given by

H(y) = tanh (%) .

Then, in any dimension and for all a € RY with |a] = 1 and for all b € R, the
function u(x) = H(a-x + b) solves (1.1). A celebrated conjecture due to De Giorgi
states that, in dimension N < 8, these solutions are the only ones which are bounded
and monotone in one direction. Let us recall that the monotonicity property is related
to the fact that solutions u are local minimizers [14], [15].

In dimensions N = 2,3, De Giorgi’s conjecture has been proven in [16], [3] and
(under some extra assumption) in the remaining dimensions in [29] (see also [14],
[15]). When N = 2, the monotonicity assumption can even be replaced by a weaker
stability assumption [18]. Finally, counterexamples in dimension N > 9 have re-
cently been built in [12], using the existence of non trivial minimal graphs in higher
dimensions.

In light of these results, it is natural to study the set of entire solutions of (1.1).
The functions u(x) = H(a-x + b) are obvious solutions. In dimension N = 2,
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nontrivial examples (whose nodal set is the union of two perpendicular lines) were
built in [7] using the following strategy : A positive solution to (1.1) in the quadrant
{(z,y) : > |y|} with zero boundary conditions is built by constructing appropriate
super and subsolutions. This solution is then extended by odd reflections through
the lines z = y and * = —y to yield usg, a solution of (1.1) in all R%2. The function
ug is a solution of (1.1), whose O-level set is the union of the two axis. It can easily
be generalized to obtain solutions with dihedral symmetry by considering, for k > 3,
the corresponding solution within the sector {(r cos 6,7sinf) : r >0, |0| < -} and
extending it by 2k — 1 consecutive reflections to yield a solution u (we refer to [17]
for the details, see also [6] where higher dimensional versions of this construction is
given). The zero level set of uy is constituted outside any ball by 2k infinite half lines
with dihedral symmetry. To our knowledge, no other nontrivial examples of solutions
are known in dimension N = 2 (up to the action of rigid motions).

1.2. Statement of the result. — We assume from now on that the dimension is
equal to N = 2.

Definition 1. — We say that u, solution of (1.1), has 2k-ends if, away from a
compact set, its nodal set is given by 2k connected curves which are asymptotic to
2k oriented half lines aj -x+b; =0, j = 1,...,2k (for some choice of a; € R?,
laj| =1 and b; € R) and if, along these curves, the solution is asymptotic to either
H(aj-x+bj) or —H(a; -x+b;).

Given any k > 1, we prove in this paper the existence of a wealth of 2k-ended
solutions of (1.1). In a forthcoming paper [8], we will complete this analysis and
show that the solutions we construct in the present paper belong to some smooth
2k-parameter family of 2k-ended solutions of (1.1).

To state our result in precise way, we assume that we are given a solution q :=
(q1,---,qr) of the Toda system

(1.6) coq! = eV2(@-1-a;) _ oV2(a5=a5+1)
for j=1,...,k, where ¢y = g and we agree that
go = —0 and Q1 = +00.

The Toda system (1.7) is a classical example of integrable system which has been
extensively studied. It models the dynamics of finitely many mass points on the line
under the influence of an exponential potential. We recall in the next section some of
the results which are concerned with the solvability of (1.7) and which will be needed
for our purposes. We refer to [21] and [27] for the complete description of the theory.
Of importance for us is the fact that solutions of (1.7) can be described (almost
explicitly) in terms of 2k parameters. Moreover, if q is a solution of (1.7), then the
long term behavior (i.e. long term scattering) of the ¢; at +oo is well understood
and it is known that, for all j = 1,...,k, there exist af,bf € R and a; ,b; € R, all
depending on the solution q, such that

(1.7) q;(t) = a3 [t| + b7 + Ocoo(my (e 1)
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as t tends to oo, for some 15 > 0. Moreover, aﬁ_l > a;t forallj=1,...,k—1.
Given € > 0, we define the vector valued function q., whose components are given
by

(1.8) gje(x) =gjlex) — V2 (j — %) loge.

It is easy to check that the g; . are again solutions of (1.7).

Observe that, according to the description of the asymptotics of the functions g;,
the graphs of the functions g;. are asymptotic to oriented half lines at infinity. In
addition, for € > 0 small enough, these graphs are disjoint and in fact their mutual
distance is given by —v/2 loge + O(1) as ¢ tends to 0.

It will be convenient to agree that x* (resp. x ™) is a smooth cutoff function defined
on R which is identically equal to 1 for z > 1 (resp. for x < —1) and identically equal
to 0 for x < —1 (resp. for > 1) and additionally x~ + x™ = 1. With these cutoff
functions at hand, we define the 4 dimensional space

(1.9) D := Span {z — xF(z), z — zxT(2)},
and, for all g € (0,1) and all 7 € R, we define the space C2#(R) of C** functions h
which satisfy

[llezmry = [[(cosh@)™ hljcz.um) < oo.

Keeping in mind the above notations, we have the :

Theorem 1.1. — For all € > 0 sufficiently small, there exists an entire solution u.
of the Allen-Cahn equation (1.1) whose nodal set is the union of k disjoint curves
I, ..., Tk which are the graphs of the functions

T gje(z) + hje(ex),
for some functions hj. € C2*(R) & D satisfying
”hj,s”cf’#(R)@D <Ce”.

for some constants C, o, T, > 0 independent of € > 0.

In other words, given a solution of the Toda system, we can find a one parameter
family of 2k-ended solutions of (1.1) which depend on a small parameter € > 0. As ¢
tends to 0, the nodal sets of the solutions we construct become close to the graphs of
the functions gj ..

Going through the proof, one can be more precise about the description of the
solution u.. If I' C R? is a curve in R? which is the graph over the z-axis of some
function, we denote by dist (-,T") the signed distance to I' which is positive in the
upper half of R? \ T' and is negative in the lower half of R? \ I'. Then, we have the :

Proposition 1.1. — The solution of (1.1) provided by Theorem 1.1 salisfies

€& x| (

lle Ue — ul)|| oo (r2) < Ce”,
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for some constants C,a, & > 0 independent of €, where

(1.10)

k

Z 17+ H (dist (-, Tjc)) — %((—1)’“ +1).

It is interesting to observe that, when k > 3, there are solutions of (1.7) whose
graphs have no symmetry and our result yields the existence of entire solutions of
(1.1) without any symmetry provided the number of ends is larger than or equal to

6.

1.3. Comments and open problems. — Our result raises some interesting ques-
tions :

(i)

(iii)

The classification of entire solutions of (1.1) remains an important and rather
unexplored problem. In particular, the classification of entire solutions with
finite Morse index is certainly an interesting problem (the Morse index of an
entire solution u being defined as the supremum of the dimension of the space
of smooth functions with compact support over which the quadratic form

o [ (90 = (1307 %) dx

is negative definite). In dimension N = 2, we believe that these solutions are
precisely the solutions with finitely many ends. In addition, there is strong evi-
dence that the solutions with 2k ends we construct have Morse index equal to
the Morse index of the Toda system.

Still in dimension N = 2, the understanding of the moduli space of all 2k-ended
solutions is far from being complete : the result in Theorem 1.1 (see also [7])
implies that this space is non empty and contains smooth families of solutions.
Moreover, the result of [8] shows that this moduli space has formal dimension
equal to 2k (the formal dimension is the dimension of the moduli space close
to any non-degenerate solution). The main result of the present paper asserts
that, there is a one to one correspondence between an open set of solutions of
(1.7) and solutions of (1.1). In particular, this result provides a 2k dimensional
family of solutions (even if it is not clear from our construction that this family
is smooth) and this dimension count is in agreement with the result of [8]. Let
us also mention that some balancing conditions on the directions of the ends
is available (see [17]), it states that the sum of the unit vectors of the ends
(oriented toward the ends) has to be 0.

It is tempting to conjecture that the solution ug (whose nodal set has dihedral
symmetry and whose construction is described in [17] and outlined before the
statement of Definition 1) and the solutions given in Theorem 1.1 belong to the
same connected component of the moduli space of 2k-ended solutions.

When k& = 2, it turns out that solutions of (1.7) are symmetric with respect
to the reflections through two perpendicular lines. Equivalently, one can prove
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that, when k = 2, the solutions of (1.1) which are provided by Theorem 1.1 also
share this symmetry. In fact, we believe that any solution of (1.1) with 4 ends
is symmetric with respect to reflections through two perpendicular lines.

These questions hint towards the classification of finite Morse index entire solutions
of (1.1), a program on generalizing De Giorgi’s conjecture.

1.4. Description of the proof. — Let us briefly describe the proof of Theorem
1.1. The method is based on an infinite dimensional version of the standard Lyapunov
Schmidt reduction argument, as introduced in [28] or in [11] (see also [10], [13], [22]
and [23], [24]).

Given a solution q of (1.7), we first build some infinite dimensional family of
approximate solutions u. p, which depend on a small parameter € > 0 and a some
(small) vector valued function h = (h1, ..., hy) whose components belong to C2#(R)®
D, for some a > 0, where D has been defined in (1.10). In essence, these approximate
solutions are defined as in (1.11), the curves I'; . being the graphs of the functions
e +hile).

For all ¢ small enough, we explain how these approximate solutions can be per-
turbed into genuine solutions of (1.1). To do so, we look for a solution of (1.1) of the
form

U = Ue h + O,

where the function ¢ is small in a sense to be made precise. Substituting this expres-
sion of u in (1.1), we reduce the problem to the solvability of the following nonlinear
equation

(1.11) (A+1 —3ug,h)¢+5(u€)h) — N(ten,¢) =0

where we have defined
S(u) = Au+ (1 —u?)u,
and
N(u, @) := ¢* + 3u¢?.

One of the important task will be to analyze, as € tends to 0, the mapping properties
of the linear operator A + 1 — 3“?,}1 which appears on the left hand side of (1.12).
It turns out that this analysis is quite delicate and involves some carefully designed
weighted spaces. It also requires some Lyapunov-Schmidt type reduction argument.

To set up the analysis of the linearized operator A+1—3 “z7hv we let p; be a cutoff
function such that p; = 1 in a tubular neighborhood of I'; . , and identically equal
to 0 outside some larger tubular neighborhood of I'; . ,. We will show that for all f
in a suitable weighted function space, there exists a function ¢ : R2 — R and, for
j=1,...,k, a function x; : R* — R which is defined in a tubular neighborhood of
I'j.c.n and only depend on the projection onto I'; . 1, solutions of

k
(1.12) (A+1-3uZy) o+ > rjp H (dist (\Tjcn) = f,
j=1
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and whose norms are uniformly controlled as € tends to 0. Observe that we have
introduced new unknown functions x;. These will be needed to overcome the fact
that the solution of (A + 1 — 3u§7h)¢ = f blows up as € tends to 0 unless some
orthogonality conditions are imposed on the function f.

In view of this result, instead of solving (1.12), we will look for ¢ and functions &,

for j =1,...,k, solutions of the following nonlinear problem
k
(113) (A+1-3uZp) o+ Y r,p H'(dist (\Tjen)) + S(ien) — N(uen, ¢) =0.
j=1

Now, a solution of (1.14) is a solution of (1.12) provided all functions «; are identi-
cally equal to 0. At this stage, it is worth remembering that our approximate solution
Ue,n depends on the vector valued functions h and we will see that it is possible to
choose h appropriately so that the solution of (1.14) satisfies k; =0, for j =1,... k.
This will complete the proof of the result.

2. The Toda system and its linearization

In this section, we gather some information about the theory which is necessary
for solving (1.7) since this system is at the heart of our construction.

2.1. The Toda system. — We are interested in the understanding of the solutions
of the Hamiltonian system

(2.14) co q;_/ _ e\/i(qg'—lfqy') _ e\/i(qg'*qgwrl)7

where ¢y = g and we agree that gg = —oco and g1 = +00.
We introduce the functions

(2.15) rj = \/§(Qj+1 —q;) +log (%) ,

for j = 1,...,k — 1. Tt is easy to check that, if q is a solution of (2.15), then

r:=(ry,...,Tx—1) is a solution of the following nonlinear system
(2.16) " —Me "=0
where the (k — 1) x (k — 1) matrix M is given by

2 -1 0 ... O

-1

M:=1 o o |-
: . . |
o ... 0 -1 2

and where e " is the vector whose entries are given by

et = (e_’ﬂ1 ey e_T’“*l) .
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Conversely, given a solution r of (2.17) and p, g € R, the functions

(2.17) N ESTIL o tpt g — (E2L ) 1og (0
. ;= — ; — Tr_,; Ry —_— e
% =7 l_E:Om ;:Oz ki | FPtHa+ o (T =) e 5 )

for j =1,...,k (we agree that ro = r; = 0), are solutions of (2.15).

The system (2.17) is an integrable system which has been extensively studied for
example by J. Moser [27] and B. Kostant [21]. Some explicit formula of all solutions
of (2.17) is available as well as a precise description of the asymptotic behavior of the
solutions as ¢ tends to +o00. We briefly recall the main features of this theory.

The expression of the solutions of (2.17) can be found in section 7.7 of [21]. To
describe it, we need to be given w := (wy, ..., w;) € R¥ such that

k

(2.18) D w;=0, andwjy >w;, j=1,...k—1
j=1

and g := (g1,...,9x) € RF such that

(2.19)

k
gi=1, and g¢g; >0, for j=1,...,k.
=1

J
Finally, for j = 2,...,k — 1, we define the function

(I)j (g7 Wi t) = Z RHZJ (W) Giy -+ iy eit (win obwiy) )
1§ii<"'<i]‘Sk

(see formula 7.7.10 in [21]) where R;, . ;; are rational functions of the entries of the
vector w whose precise form can be found in section 7.5 of [21]. We also agree that

(PO = (Pk =1.
It is proven in [21] that all solutions of (2.15) are of the form
(2.20) 7;(t) = —log®;_1(g, w;t) +2log®;(g, w;t) —log ®;11(g, w;t)

for some choice of g and w. Observe that we have a 2k family of solutions of (2.17)
since g and w provide 2(k — 1) independent parameters to which we have to add the
parameters p and q.

The next result is also borrowed from [21], [27]. It describes the asymptotics of
the solutions of (2.17) (see Theorem 7.7.2 of [21]) :

Lemma 2.1. — Let 79 > 0 be defined by

(2.21) T0 = j=1H.l.iAIjllc—1<wj+1 — ’LUj) .

Then, for j =1,...,k — 1, the following expansion holds
ri(t) =c;jt—d; + ej(c) + Oce ((cosht) ™),
as t tends to 00 and

rj(t) = —ck—jt + di—j + €5 (¢) + Oc=((cosh 1)),
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as t tends to —oo, where, for j=1,...,k—1,
(2.22) ¢j = w1 —wj, dj:=loggjy1 —logg;,
and where e;-: are smooth functions of ¢ := (¢1,...,¢Ck—1).

Proof. — Thanks to (2.21), we can write as ¢ tends to +oco
Dj(g, wit) =Ry (W)gi...g;e @+t (1 4 Oco((cosht) ™)),
while we can write, as ¢ tends to —oo
D;(g, wit) = Ri—j. k1 (W) gk grjpre WFFwigs)t (14 Opoo ((cosht) ™)) .

The expansions follow at once from elementary computations together with the defi-
nition of r;. We leave the details to the reader. O

2.2. The linearized Toda system. — We assume that q = (q1, ..., qx) is a solu-
tion of (2.15) described in the previous section. The linearized system associated to
linearization of (2.15) about the solution q, reads as

(2.23) cov'+Nv =1z,

where the k£ x k matrix N has coefficients which are exponentially decaying at +oo
(this follows from Lemma 2.1 which implies that the functions r; tend to 4+o0 as ¢
tends to £o0). We analyze the solvability of the above linear problem in the space
CH (R; RF) of C** vector valued functions v which satisfy

(2.24) HV”Cf"‘(R;R’C) = [[(cosh )" v[ce.nm) < o0.

We take advantage of the fact that the solution q, as described in (2.18), depends
smoothly on the parameters ci,...,cx_1 and dy,...,dr_1 as well as the parameters
q and p. Differentiating with respect to any of these parameters yields 2k linearly
independent solutions of the homogeneous problem cy v’ + N v = 0. We will write

V? = aCj q and V? = 8dJ q,
forj=1,...,k—1, and
v’ti = aﬁq and VZ = atjq

It follows from the result of Lemma 2.1 that the vector valued functions vg» are linearly

growing at +oo while the vector valued functions vg are bounded. More precisely, it

follows from Lemma 2.1 that

;

Lemma 2.2. — As t tends to oo, the vector valued functions Vv;

decomposed as

and vg. can be

vg. = ag-yi t+ bg-,i + Oc¢s((cosht)~),
and
V5 = b 4 + Oce ((cosh ) 7)
where ag’i and bg’i, b?i are fized vectors in R*¥. Moreover, {aﬁ-’L cj=1,...,k} and
{b?,b :j=1,...,k} are basis of R¥, for . = +.
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We now define the deficiency space
(2.25) D::Span{xivg,xivz:j:l,...,k},

where we recall that x* (resp. x7) is a cutoff function identically equal to 1 for
t > 1 (resp. for t < —1) and identically equal to 0 for ¢ < —1 (resp. for ¢ > 1) and
xT +x~ = 1. Observe that D is 4k dimensional and contains

K::Span{vu- v :j:l,...,k‘}7

7777

which is the 2k dimensional space of homogeneous solutions of ¢, v/ + Nv = 0.
Therefore, we can certainly decompose

(2.26) D=Ka®E.

where £ is a complement of K in D. With this decomposition at hand, we have
the following result which follows from standard arguments in ordinary differential
equations.

Lemma 2.3. — Assume that 7 > 0. Then the mapping
T: CPHR;RF)Y @& — COU(R;RF)

v — cov’'+Nv
is an isomorphism.
Proof. — Standard arguments in ordinary differential equations imply that there ex-
ists a unique solution of (2.24) which satisfies v(0) = v/(0) = 0. We will denote

v = Sy(z).
We now prove that v € C2#*(R; R¥) @ D. To do so, we observe that one can also
find a (unique) solution v of (2.24) which satisfies

V()] < Ce™ ||zl con pr):

in (—o0,0]. Indeed, using the variation of parameters formula it is easy to show
the existence of a unique solution decaying to 0 at —oo at some exponential rate.
Integrating the equation twice over (—oo, t] shows that in fact v € C2#((—o0, 0]; R¥).
Then v — v is a linear combination of the functions vg and v;. This proves that, in
(=00, 0], the vector valued function v can be decomposed into the sum of a linear
combination of elements in D and a vector valued function which is bounded by a
constant times e”*. A similar decomposition can be derived on [0,+00). Once this
decomposition is proven, the estimates for the Holder norm of v follow at once.

In other words, Sp : C2#(R; RF) — C2#(R;R¥) @ D is a right inverse for 7. The
decomposition D = K @ € induces the decomposition So(z) = So(z) + e(z) + k(z),
where Sy(z) € C2*(R;RF), e(z) € £ and k(z) € K. The operator S := Sy — k is also
a right inverse of 7" and maps onto C2#(R;RF) @ £ as desired. This completes the
proof of the Lemma. O
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3. Linearized operator for a single interface

In this section we develop the relevant analysis which will allow us to find a right
inverse for the operator which will appear in the linearization of (1.1) about an ap-
proximate solution.

3.1. Injectivity result. — We start by considering the linearized operator about
H, namely

Lo:=024+1-3H".
First, we recall that Ly has a one dimensional kernel spanned by H’ since Lo H' = 0
as can be checked by taking the derivative of H” + (1 — H?) H = 0. Since H' > 0
this implies that 0 is the bottom of the spectrum of —Lg. In fact more is known and
we recall the following result from [1] :

Lemma 3.1. — [1] The spectrum of the operator —Lq is the union of the point
spectrum, given by 0 (associated to the eigenfunction H') and % (associated to the

eigenfunction H H') and the continuous spectrum given by [2,+00).
In particular, for all £ # 0, given f € L%(R), the problem

(3.27) (Lo~ &%) ¢ = f,
is uniquely solvable in H!(R).
Let us consider operator
L:=0*+ Lo,
acting on functions defined in the plane. Obviously, we still have L H' = 0. Our first

result shows any bounded solution of L ¢ = 0 is colinear to H’. The proof of this fact
follows the method first introduced in [28].

Lemma 3.2. — Let ¢ be a bounded solution of
(3.28) Lp=0,
in R2. Then ¢ is colinear to H'.

Proof. — Let assume that ¢ is a bounded solution of L ¢ = 0. We denote by gi;(ﬁ, Y)
the Fourier transform of ¢(x,y) in the x variable. This distribution is defined by

6. 1) = (60 0). f) = / o(z,y) f(z) dx,

where f is any smooth rapidly decreasing function and where f is its Fourier trans-
form. Let us now consider a smooth rapidly decreasing function of the two variables
¥(&,y). Tt follows from L ¢ = 0 that

(3.29) /R (G(ry), Lot — € ) dy = 0,

Let ¢(y) and p(§) be smooth and compactly supported functions such that 0 does not
belong to the support of f. Then we can solve the family of equations (parameterized
by £ € R)

(Lo = €)v(&y) = f(&) v(y),
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and obtain a smooth, rapidly decreasing function ¥ (¢, y) such that ¥(¢,y) = 0 when-
ever ¢ is not the support of the function f. The fact that y — (&, y) decays
exponentially is standard and left to the reader. Using 1 in (3.30), we conclude that

/R GCv). ) oly)dy = 0.

Since ¢ is arbitrary, we have proven that (¢(-,y), f) = 0 for all f whose support does
not meet 0. This implies that the support of é(, y) is included in {0}.

It follows that ¢(-,y) is a linear combination (with coefficients depending on y)
of derivatives up to a finite order of Dirac masses at 0. Taking the inverse Fourier
transform, we get that ¢(x,y) = P,(z), where for each y € R, P, is a polynomial in x.
Since ¢ is assumed to be bounded, we conclude that P,(x) is a constant polynomial
and hence ¢(z,y) = ¢(y) is a bounded function which satisfies Ly ¢ = 0. Therefore,

¢ is colinear to H'. O
3.2. A priori estimates. — Making use of the previous Lemma, we now obtain a
priori estimates for solutions of the problem

(3.30) Lo=F,

in R%2. The results of Lemma 3.2 shows that such an a priori estimate will not be
possible without imposing any extra conditions on the solution ¢. The classification
of the bounded solutions of L ¢ = 0 suggests to impose the following orthogonality
condition on the function ¢

(3.31) /R(;S(x, Y H'dy =0,

for all z € R. With these restrictions imposed we have the following a priori estimates
for this problem.

Lemma 3.3. — There exists a constant C > 0 such that
[l o2y < CIIL @l Loo (r2) 5
provided ¢ € L™ (R?) satisfies (3.32).

Proof. — The proof of the Lemma is by contradiction (it is actually similar to the
proof of Lemma 2.2 in [9]). If the result were not true, there would exist sequences
of bounded functions ¢,, and f, satisfying

(3.32) Lép = fn, inR2

(3.33) /R(bn H'dy=0, forallzeR

with lim, 0 || fnllze = 0 while ||¢pn|lr~ = 1. For each n € N we pick a point
(%n,yn) € R? such that

(3.34) [P (@0, yn)| = 1/2.

We now consider the sequence of functions

én(wvy) =¢n(T+Tn,y+yn).
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Using elliptic estimates together with Ascoli’s theorem, we can assume (up to a sub-
sequence) that the sequence ¢,, converges, uniformly on compact sets, to a function
¢ which is defined in R? and which is either a solution of

(A-2)¢=0,
if the sequence (y)n, tends to £oo or a solution of
(A+173H2)¢;(x7'7yoo) =0,

if (yn)n converges to yoo. Moreover, gzNS is bounded and q~5 is not identically equal to 0
since (3.35) guaranties that ¢(0) > 1/2. Finally, in the latter case, we can pass to the
limit in (3.34) to get

/&(x,.fymw’dy:o,
R

for all x € R. The maximum principle implies that the former case does not occur

and the result of Lemma 3.2 implies that the latter case does not occur either. Having

found a contradiction in all cases, this completes the proof of the result. O
Using the maximum principle, we also get a prior:i estimates in weighted space.

Lemma 3.4. — Assume that o € [0,v/2) is fized. There exists C > 0 such that
(335)  l(coshy)? dlleanany < C (19l ey + | (cosh ) L ollcncasy) -

Proof — Since we have assumed that 02 < 2, we can choose v > 0 so that o2 +4 12 <
2. We consider the auxiliary function

Wy (z,y) :== (e +ve’?) cosh(vz).

We have
(A=2)W, =—(2-0> =1 W,.
The potential in L is given by 1 — 3 H?, hence, for |y| large enough, say |y| > y,, we

can write
2 _ 22
ngg—< 2U—yﬁvm.

Therefore, we get

2
() oo

in this range. We can now use the barrier W, and the maximum principle, to conclude
that

‘ Slup W, 1ol < C (9]l @2y + l(coshy)? fllp~(z2)) -

yl2ys
Letting v tend to 0 yields the desired estimate. O

For the time being, we have only considered the decay behavior of the solution in

the y variable. The next result shows that some a prior: weighted estimate with both
decay in the x and y variables is also available. The key observation is that, according
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to Lemma 3.1, the least nonzero eigenvalue of —Lj is % and its continuous spectrum
starts at 2, hence, if ¢ € H!(R) satisfies

[ oma=o.
R
we have the inequality
3

(3.36) [ os08 - a-sm6) ay= 3 [ 6 ay.

R R
Using this, we can prove the :
Lemma 3.5. — Assume that o € (0,1/2) is fived. For all a € [0, %) such that

o +a% <2,

there exists a constant C, > 0, which depends on a but remains bounded as a tends
to 0, such that

I (cosh 2)* (cosh ) @l 2y < Ca (9]l 2, + [l (cosh ) (cosh ) L |z s2))
provided ¢ € L (R?) satisfies (3.32).
Before we proceed with the proof of the result, let us emphasize that the key
property is that the constant C, remains bounded as a tends to 0, we shall further

comment on this at the end of this section. Also, the range in which the parameter a
can be chosen is not optimal and it follows from the analysis of [8] that the optimal

range is [0, \/g) but we will not need this result in the present paper.

Proof. — We already have proven the appropriate decay in the y direction. We
will now prove that, under the assumptions of the Lemma, the function ¢ has the
appropriate decay in the x variable provided y remains in some compact set. Then,
the result will follow from the use of suitable barrier functions as in the proof of the
previous Lemma.

We consider the function

(z) = / () dy,

which, thanks to the result of Lemma 3.4, is well defined (notice that here we implicitly
use the fact that o > 0). We can compute

V() =2 /R 10,0/ dy + 2 /R 6026 dy,

where ' denote the derivative with respect to z. Using the fact that L ¢ = f, we also
have, using some integration by parts,

(3.37) /R¢<9§¢dy=/R(|3y¢|2+(1—3H3)¢2+¢f) dy.
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Collecting this together with (3.37), which holds since we have assumed that the
orthogonality condition (3.32) was true for all x € R, we conclude easily that

W(z) > 2 /R'M'Q dy+3/R¢2 dy+2/R¢fdy.

Using Cauchy-Schwarz inequality to estimate the last term on the right hand side, we
find that ¢ satisfies the following differential inequality

W) 22060 - [ Fa)dy.
R
Therefore, we conclude that

—¢"(@) + 24 (x) < Ce > (cosh2)® (coshy)” £ 7 gy »

for some constant C' > 0. Observe that, thanks to the results of Lemma 3.2 and
Lemma 3.4, we know that v is bounded and we have

[¢(2)] < Cll(coshz) (coshy)” fl|Feo (ge) -
Now, we can use the auxiliary function
¥, (x) ;= M ||(coshx)® (coshy)? f||2L(x,(R2) e 4y et

where the constant M > 0 is chosen sufficiently large and v > 0 is arbitrary small. If
a € [0, %), this function can be used as a barrier and the maximum principle implies

that 0 < ¢ < 4, for all y > 0 and letting v tend to 0 we conclude that
(x) < Cl|(cosha)® (coshy)” £ o gz) € 2",

for all x > 0. A similar argument yields the corresponding estimate for x < 0. Hence
we have obtained the bound

(cosh)** [ 6%z, dy < C(cosh)® (coshy)” T o
R

Local elliptic estimates then imply that, for all yg > 0, there exists a constant C' > 0
(depending on the choice of y) such that

|6(2,y)| < C[(cosha)® (coshy)” fI|7~ (g2 (coshz) ™",

uniformly in 2 € R and |y| < yo.

Having established such a decay in the x variable, the relevant estimate in the com-
plementary region can be found using appropriately designed barriers. For instance,
enlarging yo if this is necessary, in the quadrant {(z,y) : > 0,y > yo} we may
consider a barrier of the form

by (x,y) = M e~ @+ || (cosh 2)® (coshy)? f||%oo(R2) +vetts

with v > 0 arbitrarily small. Fixing M large enough (depending on yo) and letting v
tend to 0 yields the desired estimate in the right upper quadrant of the plane. Similar
argument also provide the relevant estimate in the other three quadrants, we leave
the details to the reader. O
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3.3. Surjectivity result. — As far as the existence of solutions of (3.31)-(3.32) is
concerned, provided we assume that

(3.38) / fla, ) H dy =0,
R
for all z € R, we have the following result whose proof relies on the previous analysis :

Proposition 3.1. — Assume that o € (0,1/2) is fized. For all a € [0, %) such that

ol +a® < 2,
there exists a constant C, > 0, which depends on a but remains bounded as a tends
to 0, such that, for all f satisfying the orthogonality condition (3.39) and
[[(cosha)® (cosh y)” fllco.n(rz) < +o00,
there exists a unique function ¢, solution of (3.31)-(3.32), which satisfies
[| (coshz)® (cosh ) ¢lc2.n(mz)y < Call(coshz)® (coshy)? fllco.n w2y -
Proof. — We first consider the equation on functions which are (-periodic in the x
variable for some fixed ¢ > 0. Observe that 0 is in the spectrum of the operator —L
and the corresponding kernel is spanned by the function H’. The remaining part of

the spectrum of —L is positive and (according to Lemma 3.1) is larger than or equal
to %, hence

/ (IVol? +H(1—3H3)¢2)dx2§ ¢? dx,
for any function ¢ satisfying

(3.39) GH dx =0,
R
where R% = (R/CZ) x R.
As a consequence, given f € LQ(RE) satisfying
/ FH dx =0,
R2
¢
there exists a unique solution ¢ € H'(R?), also satisfying (3.40), of L¢ = f and
||¢||H1(R§) <C Hf||L2(R§). Elliptic regularity theory then implies that

Il < C (I llz=ez) + 1l 2ez) ) -

Now, let us assume that, in addition the function f satisfies (3.39). Multiplying the
equation L ¢ = f by functions of the form () H'(y) and integrating by parts, one

checks that ¢
/ (/ ¢H’dy) O*pdr =0,
0 R

for any (-periodic function ¢. This implies that the function

x»—>/ o H' dy
R
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does not depend on x and, since its integral over [0, (] is 0, we conclude that ¢ satisfies
(3.32).
We can now apply the result of Lemma 3.3 and 3.4 to get the estimate

[ (coshy)” ¢||L<><>(Rg) < C'|(coshy)? f||Loo(Rg) )

where the constant C' > 0 does not depend on (.

Now, given a function f satisfying the assumptions of the Proposition, we define
fc to be the restriction of f to [0,¢] x R which is extended by periodicity in the x
variable. Let ¢¢ be the corresponding solution of L ¢ = f¢ obtained above. Elliptic
estimates together with a simple compactness argument allows one to pass to the
limit as ¢ tends to oo to get the existence of ¢, a bounded solution of (3.31)-(3.32).
The estimate of ¢ follows from Lemma 3.5 together with classical elliptic estimates
and the uniqueness of ¢ follows from Lemma 3.2. O

We end up this section with some comment on the orthogonality condition we
impose on the function f. Given any (bounded) function f, with the appropriate
decay as in the statement of Proposition 3.1, we want to solve the equation L ¢ = f.
We can certainly find a function z — ¢(x) such that f — ¢ H' satisfies (3.39). And
then, we can apply the result of Proposition 3.1 to solve L ¢ = f — ¢ H'. Therefore,
it just remains to solve the equation L1 = cH’, but this is rather easy since it is
enough to look for ¢ of the form ¢(z,y) = d(z) H'(y) in which case the equation
reduces to the solvability of the equation d”’ = c¢. Observe that, it is not possible to
find a solution to this ordinary differential equation which decays exponentially at
+00 unless the function c satisfies

/Rc(x)dx:/Rxc(x)dxzo.

In fact this solution is explicitly given by

xr xr
d(z) = x/ c(z)dz — / ze(z)dz.

— 00 — 00
Now if ¢ is bounded by a constant times (coshz)~?, and satisfies the two conditions
above, it is easy to check that d is also bounded by a constant (independent of
a € (0,1)) times a2 (cosh z)~%. In particular, this solution blows up as a tends to 0.
In the next section we will need to invert L on functions spaces corresponding to a
tending to 0 and, in order to get a right inverse whose norm does not blow up, is will
be necessary to impose the restriction (3.39) on the functions f.

4. The approximate solutions and the general set up

4.1. Description of the nodal curves of the approximate solutions. — We
keep the notations introduced in the introduction and in section 2 to describe an
infinite dimensional family of approximate solutions to our problem. We first choose
the data which allow us to describe the curves which will be very close to the nodal
sets of our solutions.



18 M. DEL PINO, M. KOWALCZYK, F. PACARD & J. WEI

Remark 4.1. — In order to simplify notations, if ( — Z(m1,...,mm; () is a func-
tion or operator acting on (, which depends on parameters my, ..., Ty (which might
be integers, real numbers, functions, ....), we agree that we simply write = instead of
271, ..y Tm; ) when no confusion is possible.

Let us assume that we are given a solution q := (q1,...,qx) of the Toda system
(1.7), we define g. to be the vector valued function whose components are given by

. k+1
gje(2) = gj(ex) — V2 (] — 2) loge.

We also assume that we are given v := (v1,...,v,) € £ (see section 2 for a precise
definition of £) such that
(4.40) [v]e < 1™,

where the constants «; € (0,2) and §; > 0 will be fixed later, independent of £ €
(0,1/2].

Remark 4.2. — In the following we have to estimate various quantities Z(s,v, h;-)
which depend on e, v or h. In general, we will prove statements of the following form :
there exists constants Cy, By > 0 which does not depend on the choice of the parameters
81 and oy such that ||Z(e, v, h;)|| < Co e, provided e is chosen small enough, say
e € (0,e0). And in general, 9 does depend on §1 and «y. The idea behind this type
of estimates is that there exists constants Cy, By > 0 such that [|Z(g,0,0; )| < % e’
while ||E(e, v, h; )| < % €% + Cy P provided (4.41) is satisfied. Here Cy and 31 do
depend on 61 and o but By > By and hence, for ¢ small enough, the term Cy &P is
certainly controled by % €% and this explains the general claim.

With these data at hand, we define the planar curve I';(g,v) to be the image of

(@) = (2,4, (2) +vj(ez)).

Even though the definition of f‘j also depends on the choice of q, the solution of the
Toda system, we shall not make this dependence explicit in the notation since we will
assume from now on that q is fixed. Roughly speaking, the curves fj will describe
the nodal sets of our solution, or at least they will be close to them.

For each j =1,...,k, we introduce the Fermi coordinates (z;,y;) which are asso-
ciated to the curve f‘j. More precisely, we consider the parameterization of a tubular

neighborhood of I'; by X; = X, (e, v;-)

(4.41) Xj(xj,y5) =i (x5) +yjni(x)),

where n; is the normal vector about f‘j (the curves are assumed to be positively
oriented). Observe that the coordinate y; is nothing but the signed distance to T';.
In the sequel, we will make use of the convenient notation

X7 f(@j,y;) = (f o X5)(@5,9;),

where f is a function defined in a neighborhood of T';.
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4.2. An infinite dimensional family of approximate solutions. — Now that
we have described the possible candidates for the nodal sets of our approximate so-
lution, the basic idea is to consider the approximate solution which is close to the
function +H (dist(-,T;)) (with alternative signs according to wether j is odd or even).
A possible choice could be the function

(1.0 (1P H(@ist( ) - S 1),

1

k
j:

We need to take care of two technical problems. The first one concerns the regu-
larity of the distance function to the curves I';. This distance function is smooth in
the neighborhood of I'; but is not smooth in the whole plane. More precisely, it is a
simple exercise to check that, there exists Cq > 0 (only depending on q) such that

the distance function to 1:‘]-7 is smooth in the set

(4.43) V= {(x,y) ER? : |y < Cqe™ ' V1+ |x|2} .

This follows at once from the structure of q at infinity which implies that the curve
I'; is exponentially close to half lines at infinity. Observe that the constant Cq > 0
can be chosen independently of € € (0,1/2) and also observe that

(4.44) rcv,

for € small enough.

To overcome the regularity issue, we take advantage of the fact that the function
H is almost constant (equal to either +1 or —1) away from 0 and we make use of an
appropriate cutoff function to connect the approximate solution (4.43) to the constant
functions +1 away from the curves l:‘j.

The second problem we have to face is more delicate to explain. As we will see
shortly, it takes its origin in the orthogonality condition (3.39) we have to impose to
produce a right inverse of L whose norm does not blow up as the weight parameter
a tends to 0. This problem translates into the fact that, even though the nodal
sets of the solutions we will construct are close to the curves I'; (say in Hausdorff
topology), this topology is not refined enough to perform the construction. Hence,
in some sense we need to improve the definition of the nodal sets of the approximate
solutions by allowing more flexibility in the definition of the curves I';. This is the
reason why we have already introduced the vector valued function v in the definition
of f‘j. Unfortunately this is not quite enough and we need to introduce another vector

valued function h := (hy, ..., h;) € C3#(R; R¥) satisfying
(445) Hh”Cz’“(R;Rk) = ||(COSh 1‘)7— h”czv“(R;Rk) S 51 EOtl ,

where 7 > 0 and the constants «; € (0,2) and d; > 0 will be fixed later on (indepen-
dently of €). It will be convenient to define the functions H; = H;(e, v, h;-) by the
identity

(4.46) X7 Hj(xj,y;) = H(y; — hj(ex;)).
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With these data and notations, we are now in a position to define a multiple-end
approximate solution of (1.1). We start with the definition of u° = @°(e, v, h;-) given
by

: 1
a’ = (=1)" H; - 5((—1)’“rl +1).
j=1

We let t — n(t) be a smooth cutoff function such that n(t) =1 for |t| < 1/2 and
n(t) =0 for |t| > 1 and we define for all £ > 0 small enough the function

€Y
Ne\T,Y) =N\ ——F—35 | >
o= o)
where the constant Cy is the one introduced in the definition of V.
The cutoff function 7. is now used to smooth this function and define the approx-

imate solution @ = @(e, v, h;-) in the following way

ao

0]
Let us emphasize that the approximate solution @ depends on the choice of ¢, v € £
and h € C2#(R; R¥).

12::7781204—(1—178)

4.3. The set up of the nonlinear problem. — We now define an appropriate
weighted norm for functions defined in R2. For all o, a > 0, we need to build a weight
function W, , = W, 4(¢, v;-) which is defined to be equal to

k
Weo.a = g Wo.a.;
Jj=1

where
X5 Woa,5(x,y;) = (coshz;)™* (coshy;)™7
in V. In the lower part of R?\ V, the weight function W, , is designed in such a way
that
ce~lalmltolunl) < Wo.olz,y) < C e (almaltalnl)

for all (z1,y1) € R? such that z; is coordinate in I’y of the point which realizes the
(signed) distance y; from the point (x,y) to I'y. Here ¢ < 1 < C are fixed constants.
This being understood, we have the :

Definition 2. — Given o,a > 0, we define Cff;(ﬂ@) to be the space of Co* functions
for which the following norm is finite

(4.47) ||¢Hc§3¢;(R2) = Suﬂlsz (W;,;(X) ||¢||cw(31(x))) .
xeE

In other words, o is related to the rate of decay of the functions in the direction
transverse to the curves I'; and a is related to the rate of decay of the functions along

the curves I';. Observe that these definitions depend on € even though this is not
clear in the notations.
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Granted the above notations and definitions, the equation we want to solve reads

(4.48) A+¢)+i+¢—(i+¢)° =0,
where @ = (e, v,h;-) for some ¢ € CZ% (R), some vector valued function h e

C2H(R;RF) and some v € £. We can then formally rewrite the equation (4.49)
as

Lo =Q(¢),
where the linear operator L = L(g, v, h; ) is defined by
L:=A+1-3a?,
and where the nonlinear operator @ = Q(e, v, h;-) is defined by
(4.49) Qo) = —(Au+ (1 —a%) a)+ ¢> +3a¢>.

We now study the mapping properties of the linear operator L and the nonlinear
operator Q when defined between appropriate weighted function spaces.

5. The linear theory for multiple interfaces

5.1. Laplacian in Fermi coordinates. — It will be useful to have the expres-
sion of the Laplacian in the above defined Fermi coordinates. Observe that in the
coordinates (z;,y;) the Euclidean metric reads
X (da® + dy?) = Ajda? + dy?,
where the function A; is explicitly given by
2. 4 2
o 212 o, e G 2 &Y
A= S B 2y ey Y Ty 2 gy
J J
where
Bj(zj,y;) = (g; +v;)"(ex;)
and
Ci(wj,5) = (g5 +v;)" (e ).
In these coordinates, the expression of the Laplacian is given by
1 10, A; 1 0. A
A=0% +02 — 1) -y, - - BTy,
Tj + Yj + (A< ) T + ) Aj Yj 2 A? J

J

Observe that, there exists a constant ¢ > 0 such that
& ly;| (cosha;)™™ < C,

in V., uniformly as € tends to 0. Using this, it is an easy exercise to check that the
following estimates hold in V'

Aj =1+ Ocoe(vy(e2) + Ocoe vy (€2 |y;] e 0= 131

and hence

1 —7
(1 - A) = Oco(v) (%) + Ocoo (v (% (1 + 47)'/? (coshay) 7™),

J
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0,. A
YitJ Ocoe (v (62 (cosha;)™™)
A
and 0 A
22 S — Ocoe (v (63 1+ y]2-)1/2 (coshz;)~ ™).
J

_ We will also need the elementary fact which follows from the definition of the curves
I'; and the Fermi coordinates together with elementary geometry. In V' we have

yi = (i—j)V2loge+ Ocoo(vy(1) 4+ (14 Ocoo(v)(€2)) y;

(5.50) N N
+ € (aj —a; + Ocm(v)(al qu) + OCOO(V) (52)) Zj,

as € tends to 0 (the superscript * is equal to + (resp. —) when z; > 0 (resp. z; < 0).
Recall that the parameters a;t have been defined in (1.8). In other words, we evaluate
the sign distance to I'; in therm of the Fermi coordinates associated to T';.

Observe that the term Ogee(1/)(61 1) depends on §; and a; and since we assume
that oy € (0,2), we can absorb the term O (v (¢?) into it, keeping in mind that the
estimate does depend on §; and «;.

5.2. Linear theory for multiple interfaces. — We now want to study the map-
ping properties of the operator

L:=A+1-3a?,

where the potential is built using the approximate solution 4 = (e, v, h;-). The idea
is to glue together parametrices which have been obtained in the previous section for
the model operator L = A+1—3 H?, using a perturbation argument. We make use of
the weighted function spaces C24(R?), C2*(R; R*) which have already been defined
in (4.48) and (2.25), respectively.

Following (4.47), we introduce the functions H}; = H}(e, v, h;-) by the identity

Xi Hi(xj,y;) == H'(y; — hj(ex;)).
We also define the cutoff functions p; = p;(e, v, h;-) by
X5 pi(j,y5) = pe(y; — hj(exy)),

where

(5.51) pe(t) := (\/;Zgl> ,

and where p is a cutoff function identically equal to 1 on |t| < % and identically equal
to 0 for [t| > 1 (Remember that the distance between two consecutive curves I'; and
f‘jH can be estimated by —v/2 loge + O(1), so the supports of the cutoff functions
p; are disjoint for e small).

We will consider the solvability of the linear problem

k
(5.52) Lo+ Y kjpHj=f,

j=1
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in R?, where the unknowns are the function ¢ and the functions x; which are defined
in V in such a way that X7x; only depends on x;. To keep notations short, we set

k
L(st"{) ::L¢+Z’{jijgl'a

j=1
where we have set x := (k1,...,Kk;). Here, one has to keep in mind that L, p; and
H ]’ all depend on €, v and h and hence so does .. We will always assume that
(5.53) [h+ V”CE’“(R;R’C)@S < dpe™t

for some constants «; € (0,2) and §; > 0 which will be fixed later on. Building on
the analysis of the previous section, we prove the :

Proposition 5.1. — Assume that o € (0,4/2) and 7 > 0 are fived and assume that

(5.54) is satisfied for some fiized a1 and 1. Then, ther e exists eg > 0 (depending on

ay and 01) such that for all e € (0,eq), there exists a linear operator G = G(g, v, h;-)
G 1 COL (R?) — C22 (R?) x COA(RRY),

O, ET o,ET

whose norm is bounded by a constant (independent of €, 61 and «1), such that,
(¢; k) :== G(f) is the unique solution of (5.53) which satisfies

(5.54) [ X3 1 005 =0,
for all x; € R.

The main idea in the proof of this proposition is to first handle the case where
h = 0. In this case we glue together parametrices of L which were obtained in
Proposition 3.1 to get an approximate right inverse of I which is then perturbed into
a genuine right inverse of .. The general case, when h # 0, can then be handled
using a simple perturbation argument. We decompose the proof of this proposition
in a sequence of intermediate results.

We start by considering the case where h = 0 and v € £ is fixed and prove the
existence of G(e,v,0;-) in this case. This is the content of the following :

Lemma 5.1. — Assume that h = 0. Then, for all ¢ > 0 small enough, the existence
of G(g,v,0) satisfying the statement of Proposition 5.1 holds.

Proof. — We decompose the proof in three steps.
Step 1 - We make use of Proposition 3.1 to get the existence of ¢; solution of

(8§j +0; +1 —3H2) (X5 ¢5) = pe (X f— K} H)

where H, H' and p. are functions of y; and /{2 are functions of x;. The functions
ng are chosen so that the right hand side of this equation satisfies the orthogonality

condition (3.39), hence

K () /Rpa (H')Qdij/RpsH/Xffdyj-
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Observe that X7 KJ? only depends on x;. It is easy to check that

k
(5.55) 1K o (rery + || D £33 < Cllfllcen, @2y
=t c3E, (R2)
for some constant C' > 0 independent of €, §; and a;. The estimate for /9? follows at

once from the definition while the estimate for Z?Zl p; ¢; follows directly from the
result of Proposition 3.1. Observe that, by construction, we have

We define

k k
for=F=L Y pid; | =D kSp; Hj.
j=1 j=1
Observe that there are two main reasons why fj is not identically equal to 0. The first
being the effect of the cutoff function which implies that, away from the support of
the functions p;, we have fo = f. The second being that, close to the curves fj, even
though p; = 1, there is a small discrepancy between the Laplacian and the operator
P+ 0, .
We now give a more quantitative statement of these two facts. First we compute

k k k
fo= 1= pi | F=D (d;80;+2Vp;Vey) + > p; (0 + 05 — D) g;.
j=1

j=1 j=1
It is easy to check that we have
||f0“C31Q'T(R2) < C”f”cg;g,(uv)-

Moreover, in the region where p; = 1 we simply have fo = (8§j + 6§j —A) ¢; and still
using the expression of the Laplacian in Fermi coordinates, once can check that the
operator A — (8§j + 8§j) is a second order differential operator in d,, and 9, whose

coefficients are bounded by a constant times &2 log% in this region. Hence, we get

(5.57) 15 foll o

T.ET

(R2) < C &2 logé ||cho,u (R2) >

T,EeT

where the cutoff function x1, ..., xx are defined by X7 x;(x;,y;) = pe(2y;) -
Step 2 - We now solve

(5.58) (A=2)¢ = fo.
The existence of ¥, bounded solution of this equation, is straightforward. We claim
that

(5.59) 141l 2

o,eT

(R2) <C ||ch0’“ (R2)?

for some constant C' > 0 independent of €, a; and §;. Indeed, the maximum principle
immediately implies that

1Y/l @) < Cllfllcor @) -
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Next, arguing as in the proof of Lemma 3.4, we define the auxiliary function W, ..,
by

X; Woer =€ 7% ((cosha;) ™ + v (coshz;)7)
and, using once more the expression of the Laplacian in Fermi coordinates, we check
that

(5.60) (A-2) WU,ET’,, =—(2- o+ (’)(52 log %)) WO.,ET’,, ,

in the region V; where y; > —e7|x;| and y;41 < e7|x;j41| (i.e. in a region which
slightly encompasses the region between the curves I'; and T;;1). The maximum
principle can then be used in V; to prove that 1 is bounded by a constant (independent
on v) times V_Va er,p times the norm of f in V Letting v tend to 0 we obtain the
estimate (5.60). A similar analysis can be carned out in the region of the plane which
is above T, or below T'y.

We define the cutoff functions X1,...,Xx by X X;(z;,y;) := p(4y;). Observe
that we also have the following estimate

. Vao
(5.61) [1X; wncgjgr(ﬂ@) <C(e logé +eTo) Hf”cg b (R2)
which again follows from the maximum principle, using the barrier function, Wo,er,u

together with (5.58) to evaluate the right hand side in (5.59) and (5.60) to evaluate

1 the boundary of the set {X;(x;,;) : |y;| < Y5 log }.
Step 3 - We set

k k
=P+ pidi— > NipiH
j=1 3=0

and
Kj = /*62 + A /\j R
where the functions Aq, ..., \; are defined by the identity

k
XA (%yg)AP?(H’)Qdyg:/RPeH'X}‘ Y ey | dy;
j=1

Observe that X7 A; only depends on x;. We consider the operator

G(f) := (7).
It follows from (5.56), (5.60) that
G :Co* (R?) — C2H (R?) x COH(R; RY),

O,ET O, ET
is well defined and has norm bounded by a constant independent of €, §; and ;.
We compute
k k
ZR]p] = f+3(1—ﬂ2)¢—22V()\jﬂj)VH§

j=1
k

k
- Z)\j ijI‘[; - Z()\J Ap; +2VA; ij)H]/».

j=1 j=1
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Using (5.57), we can estimate
H)‘j“Cf;“(R) <Ce” ||f||c21‘;T(R2) )

and using (5.62) together with the fact that o < v/2, we check that

(1 = @) ¢l o

o,ET

®2) < O lIfllegr, ge) »
for some « > 0 (independent of € and f). Then, it is easy to check that

Lo G(f) = fllcow

o,eT

@) < O fllegr, e

for all £ small enough. When h = 0, the existence of G(e, v, 0;-) follows at once from
a standard perturbation argument. This completes the proof of the Lemma. O

We now assume that h # 0 and, using the previous Lemma together with a per-
turbation argument, we prove the :

Lemma 5.2. — For all € > 0 small enough, the existence of G(e,v,h;-) satisfying
the statement of Proposition 5.1 holds.

Proof. — Again, the proof of this result relies on some perturbation argument. To
distinguish the operators when h = 0 and h # 0, we adorn them with the subscript h
writing for example Ly, Gn, Hjn, ...instead of L(e, v, h; ), G(e, v, h; ), Hj(e, v, h;-),

We set (¢, k) := Go(f) and define the operator Gy, by G (f) := (¢, &) where

k
G=¢— NpinHjn and  Kji=wy AN,
§=0
and where the functions A1, ..., \; are defined by the identity

X5 Aj(x,y5) /Rp? (H')? dy; Z/RX;-‘ (pjon Hjy 0)dy; -

Observe that X7 A; only depends on z; and, by construction, we have

[ X (s 70 0) s = 0.
hence we can also write
DePYICINT /Rp? (H')? dy; = /RXJ ((pin Hjy, = pjo Hj o) ¢) dy; .
Since we already know that ||¢||C31’;T(R2) <C ”fHCS;‘;,(W)’ we get

(5.62) Aillez @mey < O lhllcop momey [ flleos, ey -
In particular, this implies that
G : CO1 (R?) — C21 (R?) x CO1(R; R¥)

o, ET o, ET

is well defined and has norm bounded by a constant independent of ¢, a7 and ;.
We claim that

Lt 0 G (f) = fllco.s

T,.ET

(R2) < c HhHCg.,’.‘(]R,Rk) ||fHCO’” (R2) -

T,EeT
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Assuming we have already proved the claim, the existence of G(g, v, h; ) follows again
from a standard perturbation argument. Therefore, it remains to prove the claim. To
this aim, we compute

k
Lu(b.5)—f = 3@ —up)o+ > ri(pinHjn— pjoHjo)

Jj=1
k k

— 2 V(Npin) VH) =Y Nipin (A+1-3a3) Hjy,
=1 j=1
k

— D (A Apin T2V Voyn) Hiy

j=1
Using the result of the previous proposition to evaluate the norm of f and x in terms
of the norm of f and using (5.63), it is straightforward to check that

HLh(év R) - fHCSz’;T(R% <C Hthg;‘E‘T(Rﬂ ”f”c,?j‘;T(R?) ’

for some constant C' > 0 which does not depend on . This completes the proof of
the claim. O

Finally, it remains to prove the uniqueness of G. This is the content of :

Lemma 5.3. — For all ¢ > 0 small enough, the operator G described in the state-
ment of Proposition 5.1 is unique.

Proof. — The proof is decomposed into two steps.

Step 1 - We first prove an a priori estimate for the solutions of the homogeneous
problem L(¢, ) = 0 satisfying (5.55). More precisely, we claim that there exists a
constant C' > 0 and « > 0 (independent of €, ¢ and k) such that

6ll ez mmey < C e 10llcz, e »

for any such solution.
To simplify notations, we identify X7¢ with ¢ and X7Tu with u. We start by
multiplying L(¢, ) = 0 by p; H} and integrate over y; to get with little work
— X5 K /P? (H')?dy; = /Pj H; 07 ¢ dy;
R R
+ /pj Hj (05, +1—3H3) ¢ dy;
R
+ 3/PjHJ'- (H} —a*) ¢ dy;
R

v oo - 0oy,
R
We evaluate each consecutive term. Observe that thanks to (5.55) we can write

Aij§3§j¢dyj=—A¢8§j(ij§)dyj—248xj¢6xj(ij§)dyj-
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Since
Ou; (ps Hj) = =€ W (0 Hj + p; HY)
and
0z, (py Hj) = &% (h5)* (pff Hj + 20 H + s Hi") = b (o Hj + p; HY)
it is easy to check that

I [ 0 508,60y < O Mol

for some a > 0 which does not depend on €, ¢ and k.
Using an integration by parts and the fact that (857 +1- 3HJ3) H} =0, we see
that the second term can also be written as ‘

/Rij; (95, +1—3H}) ¢ dy; =A(p3'H§+2p}H}’)¢dy.j

from which it follows at once that (reducing « if this is necessary)

H/ pi Hj (95 +1—3H}) ¢ dy;
R

< Ce|@llcze, 2y -
CZH(R) ’

Using the fact that the approximate solution % is close to H; near I';, we check
that (reducing « if this is necessary)

/Rpj Hj (H7 — @) ¢ dy;

< Ce|@llcze, (2 -
C3(R) '

Finally, using the expansion of the Laplacian in Fermi coordinates, we check that
(reducing « if this is necessary)

H JCEATS AT < Ce [0llga o -

CEH (R5R¥)

Collecting these estimates completes the proof of the claim.

Step 2 - We now assume that ¢ € C2% (R?) and x € CZ/(R; R¥) satisfy L(¢, x) =
0. We prove that ¢ = 0 and x = 0 provided ¢ is close to 0. The proof is by
contradiction and close to the proof of Lemma 3.3. Assume that for a sequence e,
tending to 0 there exist ¢, # 0 and &, solution of L(¢y,; k,) = 0. We normalize ¢,

so that
[Wads dnllpoere) = 1.
We pick up a point (z,,,y,) € R? such that Wafslf(xn, Yn) On(Tn, Yn) > % We define

the sequence qzn by

d)n(xa y) = W;;T(x’l’b7 yn) (bn(x —Tn,Y — yn)
Using elliptic estimates together with Ascoli-Arzela’s theorem, we can assume that
(up to a subsequence) the sequence ¢,, converges uniformly, as n tends to 400, to
some function ¢ on compacts of R%2. The choice of the point (z,,%,) implies that

¢(0,0) > % and hence is not identically equl to 0. To identify the equation satisfied

by ¢, we distinguish two cases according to the behavior of the sequence (2, ¥y ).
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If, for some subsequence, (., ¥yy,) stays at finite distance from any curve I';, then
6 satisfies
(A+1-=3H*(-—yy)) =0,
for some yo € R. Moreover

/&H’( —yo)dy = 0.
R

Finally, |<;~5| < C (coshy)~7 in R2. However, the result of Lemma 3.2 shows that 6=0,
which is a contradiction.

If, for no subsequence (z,,y,) stays at finite distance from the curves f‘j, then (5
satisfies

(A-2)p=0.

Finally, either |§| < C (coshy)? (or |¢| < Ce?¥ or || < Ce ¥ ) in R2. We then
consider the function W, ;(x,y) := cosh(ax) cosh(by) which satisfies (A — 2) W, =
—(2 = a® = b*) W, . Taking a € (0,v/2) and b > 0 such that a® + b* < 2, we can use
Wa,b as a barrier to prove that |¢~>| < I/me for all v > 0. Letting v tend to 0 we
conclude that ¢ = 0 which is again a contradiction.

Having reached a contradiction in all cases, the proof of the claim is complete. [

Observe that, thanks to the uniqueness result, one can also obtain G(e, v, h; -) from
G(e,v,h;-) using a perturbation argument as in the proof of Lemma 5.3. Hence we
obtain the :

Corollary 5.1. — There exists a constant C > 0 (independent of €, ay and 01 ) such
that,

G (e, v, fl% ) —=G(e, v, h; f)HcgigT(Rz) <C ||1~1 —hllc2. (R,R¥) Hf”cgzgf(w) )

g.ET

provided € > 0 is small enough.

5.3. Estimates. — We now measure how far the function @ = @(e, v, h;-) is from
a genuine solution of (1.1). To do so, we analyze the nonlinear operator Q(g,v,h;0)
which has been defined in (4.50). Recall that

Q(e,v,h;0) = —(Au +a — a®)

where @ = (e, v,h;-). The following result is close to the corresponding analysis
performed in [11].

Proposition 5.2. — Assume that o € (0,v/2] and 7 > 0 are fized so that

70

ﬁ.

Further assume that 01 and «y (defined in (5.5])) are fized. Then, there exists a

constant C' > 0 independent of €, : alphay and 61 and there exists eg > 0 such that,
for all e € (0,¢0), we have :

(5.63) 1Q(e, v, 0;0)lgo.s 52y < Ce* 2,

T <
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and
(5.64) 1Q(e, v, B;0) = Q(e, v, h; 0) [ o g2y < C'e* V2 || — h|2 -

Proof. — The proof is fairly technical and, in order to enlighten the key points and
the ideas involved as clearly as possible, we will assume that £ = 2. The estimates in
the general case follow from similar considerations but notations are more involved.
We first derive the estimates where the cutoff function 7. = 1. In this case, we
simply have
u=Hy—Hy—1,
and, we can reorganize Q(e,v,h;0) as follows

Aﬂ-ﬁ-(l—aQ)’E = (AH1+H1—Hf)—(AH2+H2—H§)

- (Hl—H2—1)3+Hf’—H§’—1.
We now restrict our attention to the subregion V_ in V where y; + y2 < 0 (similar
estimates are available in the region where y; + y2 > 0). In V_, we write
(Hy— Hy —1)® — H} + Hy + 1 =3(H2 + 1)?(H, — 1) + 3V2 H] (Hy + 1)

since 1 — HY = v/2 H|. Taking advantage of the fact that H” + H — H®> = 0, and
using the expansion of the Laplacian in Fermi coordinates, we realize that
(5.65)

Y 10, A
i _ g\ = it} _ 2™ + Yz / /
Ad+(1—a%)a (2 y i 3\/§(H2+1)+2 Y ny | Hj
10y,As LB 10nAs N\ .,
_ [ 2%e22 202 2 Ou H
(2 A S 4, T2oag )
— B(Hat )P (Hy— 1)+ (= ()2 HY — — (W) 1Y) |
Ay As

where we have defined

X Hj(zj,y;) = H'(y;)  and X _H(z;,y;) == H"(y;) .

To evaluate these terms, we will use the following facts
Hé = OCOO((,OO’O))(eﬂyQ) and Hy+1= Ococ(,oo’o)(e\/é'w)

while

H1 —-1= OC“’(O,OO) (e_\/iyl) and H1 —-1= OC‘X’(—OO,O)(]-) .
And we also make use of (5.51) which gives yo in terms of y; and x;
(5.66)
y2 = (1+ Oc vy (€%) y1 +€ (a7 — a5 + Ocoe vy (51 6™)) |21] + V2 log e + Ocoe (v (1)
with + according to wether 1 > 0 or 1 < 0 (remember that «; € (0,2)). We find
with some work

a

(5.67) Slel‘lf; W;,elf [A e + (1= u2) el con (B, (x)) < Ce* V5.

Let us now explain where the estimate comes from. It turns out that the parameters
o and 7 which define the weights have to be chosen so that o € (0, \/5) and also
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T € (0, %) This is needed to ensure that the function we evaluate has the appropriate
decay in both the = and y directions so that its weighted norm is finite. With this
choice, a quick inspection of the structure of A 4. + (1 —1u2) 4. shows that, to estimate
the norm of this function, there are two region of interest (namely regions where the
norm is actually achieved) : the region close to the curve defined by y; = 0 (namely
the curve I';) and the region close to the curve defined by y; + y2 = 0. It turns out
that the estimate comes from the evaluation of the term (Hs +1)? H{ along the curve
y1 + y2 = 0. Indeed, we have

WL (Hy+1)2 H| ~ eV (coshy;) V2 (coshz1)7,

O,ET

when y; + y2 < 0. Therefore, we find that

WL (Hy+1)2H) ~el072 V2 (cosh )™,

o ET
when y; + y2 = 0. Now, along this curve, we have from (5.67)

+

9
1 =5 (a5 —ai +0(81e™)) || — —5 loge + O(1).

1
V2
again with + according to wether x; > 0 or z1 < 0. Therefore, we conclude that

sup WL (Hy+1)2H, <Ce* V3.

g, 67—
y1+y2=0

Observe that we have implicitly used the fact that
o
T< (\f—§) (af —af),

so that the above supremum is finite. Since, by definition of 79 we have a2i — ali > 70

and since we assume that o € (0,v/2), then one can check that this inequality holds
provided 7 < 770

a
= A H’ contribute to the estimate

Using similar arguments, we find that the terms

by at most a constant times 2 and the term (Hj —|— 1) (H1 — 1) contributes to the
estimate by at most a constant times 2. All other quantities involving the functions
h; give a contribution of size a constant (depending on ;) times 271 to the estimate,
and hence this contribution can be absorbed into C'&®~ V2 provided € is chosen small
enough.

We finally have to take into account the effect of the cutoff function 7.. We denote
by V C V the set where 7. is not equal to either 0 or 1. It is easy to check that

(5.68) sup W;’slT 1A @ +a. (1 — ﬂg)”co,u(gl(x)) < Ce?.
xeV
The estimate then follows from (5.68) and (5.69). O

We are now interested in the estimates of the functions

Fj(e,v,h;-) :/(Aﬂ—‘r’lj—ﬂg)p]HJ/dyJ,
R
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as functions of  (or x;). As we will see in the proof of the next result, there exists
B > 0 such that

Fj(£,0,0;2) = —¢2 (c* qj + ¢ (e\/i(qf"““) — e\/g(qf'*l’qf)> (ex) + O(*TP),
on any compact of R. Here the constants ¢* and c, are given by
=62 / eV (H' (1)) dt = 12 / et (cosht) ™4 dt = 32,
R R

and

Cy 1= ()2 dt = cosht)™* _4 :
Y /R(H(t)) dt \/i/R( he)~ dt gﬁ

The estimate we have obtained in the previous proposition is quite general and does
not use the fact that the functions ¢; are required to be solutions to the Toda system
(1.7). In contrast, this expansion shows that the estimates of F} strongly relies on
this assumption and indeed, Fj(e,0,0;-) = O(e2+7) if q is a solution of (1.7).

It will be convenient to define

F(e,v,h;z) := —¢? (C* (v + hy)" + ¢ V2 (V2 W5 (0 + by — w41 — i)

— V2= (u; g by g vy — hj))>(5$) ;

o

and we finally define F := (F, ..., F},) where
ﬁ‘j = Fj — FJO .
We have the :

Proposition 5.3. — Assume that ¢ € (0,v/2) and 7 € (0,7) are fired. Further
assume that oy and 01 are fized. Then, there exists $1 € (0,1) and C > 0 (which
neither depend on €, a1 and 61, nor on o and 7) such that the following estimates

hold
|F(e, v, h; Mo @mpey < Ce?thr
and
||ﬁ(€aV7 h; ) - Fo‘(&va h; ')HCS;"'(R;W) < Ce*th ||fl - th’;’;ﬂ(R;Rk) )

for all € small enough and provided v, h and h satisfy (5.54).

Proof. — Again, we only consider the case where k£ = 1 since this simplifies the
notations.

The starting point if the formula (5.66) which was obtained in the proof of the
previous Proposition. The result then follows at once from the integration of this for-
mula against p; H{. Let us mention the most important aspects of this computation.
For brevity we will denote q = q + v.
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We can write

10y, 4; 2 e2qj
/R§ A; (H_;) pjdy; = (1_|_€2 j 1/2/A p]dyj
et (g )
j .

Since A; is close to 1, we can estimate

10, A; .
/R§ y/]LJ (Hj)? pjdy; = _52(1;//(}[]’,)2% dy; + O(c* (coshy) %) .
J

Now
/(Hé)ij dy; = /(H’)Qdy+0(€ﬁ),
R R

where 3 > 0 is fixed (and in fact depends on the definition of the cutoff function p.
see (5.52)). Hence, reducing g if this is necessary, we conclude that

10,,A;
(5.69) / — (Hj')2 pjdy; = —¢° q;’/(H’)2 dy + O(e?*P (coshz;)~°7).
rR2 A R
Similarly, we have
1
(5.70) ,62;1;// I(H;-)ij dy; = f€2h;’/(H')2 dy + O(e*™P (cosh 1) ~°7),
R 44 R

for some 3 > 0.
Considering in (5.66) the remaining terms which carry the factor Hj, we have

/R(HQ +1) (Hy)? prdys = /]R (H(y2 — ha(exs)) + 1) (H' (11 — h1(€$1)))2/)1 dy1

Elementary geometry and the fact that ¢; ~ ex; at +oo yields the following estimates
(please compare with (5.51))

y2 = Gi(ex1) — Ga(em1) + V2 loge + y1 (1 + O(e2)) + O(€® |z ),
and
= (14 0() 14+ O(ey1) + O(e log 1),

in the region where y;+y2 < 0. Using this together with the estimate Ha+1 ~ 2 eV2vz
which holds in a tubular neighborhood of I'y, we conclude that

/]R (H(y2 — ha(ex1)) +1) (H'(y2 — 711(89731)))2 p1dy:

—9g2 / \fy dye\f(th*qz)(iﬂﬂl)
(5.71)

) \/56 / \fy dye V2(q1—qz2)(ez1) (v, 4+ hy — vy — h2)(5x1)

+ O(e?*P (cosh ) ~°7),
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for some constant 3 > 0.

As already mentioned, the fact that g; is a solution of the Toda system implies that
the leading parts in (5.70), (5.71) and (5.72) cancel. The other terms resulting from
multiplication of (5.66) by H}p; can easily be estimated by O(e2+” (coshz1)™%") and
similar estimates can be obtained for the Holder derivatives, completing the proof of
the first estimate. The other estimate follows using similar arguments. O

5.4. Solvability of the nonlinear problem. — We are now in a position to apply
a first fixed point theorem, to find, close to the approximate solution % a solution of
(1.1) which has the desired features. First, we assume that we are given v € £ and
h € C2#(R;R*) satisfying (5.54) and we look for a function ¢ = ¢(e, v, h;) solution
of

(5.72) L(e,v,h;¢,x) = Q(e, v, h; ¢)

Thanks to the result of Proposition 5.1, this equation can be rewritten as a fixed point
problem

(5.73) (¢, k) = G(e,v,h; Q(e, v, h; ¢))
We choose o € (0,+/2) and 7 € (0, %) so that the results of the previous sections

apply for € small enough. Collecting the results of the previous sections, we prove
the :

Proposition 5.4. — Assume that o € (0,v/2) and 7 € (0, %) are fized. Further

assume that aq and 61 are fized. Then, there exists Cy > 0 (independent of the choice
of a1 and 61) and there exists €9 > 0 such that, for all € € (0,¢), there exists a
unique (¢, k) € C2E (R?) x C2H(R; RF) solution of (5.73) which satisfies

O,ET

-
H¢||C§;’;T(R2) + ||’<~'||c§;ﬂ(m;Rk) < Coe™ V2.
Proof. — The result of Proposition 5.2 and Proposition 5.1 show that

PR .
2

~ 2
1G(e, v, h; Q(e, v, 1;0) [l ez oy w2 mmry < Ce™ V2

o,EeT

for some constant C' > 0 which does not depend on €. We now choose Cy = 2 C. Next,
observe that the nonlinearity with respect to ¢ in @ is simply given by ¢ 4+ 3@ ¢
and it is easy to check that

HQ(&,V, h7 (5) - Q(S,V,h; QS)”CS’E‘T(R?) S 0627% ||Q§ - ¢||C3157(R2) )

provided ¢, ¢ are both in the ball of radius Cj e V3 in nggT (R?). Tt is now standard
to prove that, provided ¢ is chosen small enough, (5.74) has a solution which can be
obtained as a fixed point for contraction mapping in this ball. O

The solution we have obtained in the previous proposition will be denoted by
(¢(e,v,h; ), k(e, v, h; ). Tt is standard to check that, reducing e if this is necessary,
¢ depends smoothly on the parameter h and, in some sense to be made precise, also
depends continuously on v. However, more will be needed and, with little work, we
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can estimate the Lipschitz dependence of this solution with respect to h. This is the
content of the following :

Lemma 5.4. — Under the assumptions of the previous Proposition, there exists C' >
0 such that the following estimate holds

Hﬁb(é‘, v, fl, ) - ¢(57 v, h, )HC??T(R% S 0627\/50- ||l~‘l - h”Cg’T“(]R;Rk)'

Proof. — To distinguish the operators depending on different values of h we will
adorn the operators and functions with a subscript h, writing Ly, @, ...instead of
L, a, ... We also write Qn = Q(g,v, h; ¢n).
Taking the difference between the equation satisfied by ¢, and the equation satis-
fied by ¢y, we find
(¢fl - (bha Ry — K/h) = G(Ea \Z) h) Qh - QB) + G(€7 v, h7 Qfl) - G(€, v, fla Qfl) .
We have

Qn — Qf, = (Atin + i — G}, — Al — U, + U3

+0f = Oh + 3n (0F — ¢R) +3 (a7 — Th) 6 -
We evaluate each term on the right hand side. Making use of the bound of the
solutions of (5.73) which have been obtained in Proposition 5.4, we can write

13 (@, — ) & llco

o,.eT

20— o =
@) <O 7 [ =iz ey -

Similarly, we get

163, — i + 3an (6 — o )llco.n

o,eT

2

(R2) <Ce _% H(bh - ¢ﬁ||c§;“(]R;le) .

Finally, Proposition 5.2 yields

2—

| Aty + tin — @, — Aty — G + 0 [l con g2y < Ce” V2 B =2 gy -

Therefore, we conclude that
2— < -
1Qn — Qpllcon gey < Ce™ V2 (Ilfn — Pillez e (rey + b — h”c?;”(]R;R’“)) .
On the other hand, using Corollary 5.1 and Proposition 5.2, we get

||G(€7 v, h7 Qfl) - G(€7 v, fla Q};)”CZ‘”

o eT

92— =
®)xezr@msy < Ce V2 [h—hlezu g -

Summarizing the above we have:

2— < =
IPn = billezy, g2y < Ce™ V2 (”‘bh = billezy ey + 1R — h”cS#(R;R’“)) :
The desired estimate follows by taking e small enough. O

We now explain in which sense the solution ¢(g, v, h;-) depends continuously on
v. To this aim, let us denote by X . instead of X; the parameterization defined in
(4.42) so that its dependence with respect to v becomes apparent. Similarly, we will
write p; v, instead of p;, HJ , instead of H, ... We define a family of diffeormorphism
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Y, smoothly depending on v € £ (satisfying (4.46)) and designed in such a way that
Yo = Id and that
[V(Yy = Id)[lcoe(r2) < Ce[v]le,

and, for all j =1,...,k,
Yo (Xjv(25,5)) = Xj0(25,95)
for all (x;,y;) such that |y;| < % log % Observe that, with this choice
Pji~v = Pj,0© Y,,
and
Hj,=HjgoYy,
on the support of p;.

Lemma 5.5. — The mapping
velr— g, oY, € C?,ng(RQ) ,
is continuous (beware that the weighted space of the right had side is the one corre-
sponding to v=20).
Proof. — We denote by ¢, the solution obtained in Proposition 5.73. We can write
(A+1-3a2) ¢y = — (Aty +uy —ud) + 63 + 31y ¢2.
We can write
Oy =¢yoYy
and, composing with Y, !, we can write the equation satisfied by év as

(5.74)
(A+1-383)dy = —(Aby+uy —ud) oY, +¢3 +3a, 0V, 162

b 3@ oY — ) by + (A(asv oY) oYyl — A&v) .

By definition of Yy, we see that ¢y satisfies the orthogonality condition (5.55) with
v = 0. It is easy to check that d~>v is also the unique solution of (5.75) whose norm
is bounded by a constant times £>~V3 and which can be obtained as a fixed point
for contraction mapping (this implicitly uses the uniqueness result of Lemma 5.3).
Observe that we are now working in a fixed function space C2#, (R?) whose definition
corresponds to v = 0. Using this formulation we can check that the mapping v €
E —— ¢y o Y, is continuous. O

We now explain how to choose v and h so that
(5.75) k(e,v,h;-) =0.

Observe that, multiplying the equation (5.73) by p; H j' we see that the equation
k(e,v,h;-) =0 can be written as

[ @ira=a) oy iy + [(Ao+o-3 0 1y dys = [ (68 +306%) gy 1y
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for j =1,...,k. It is worth mentioning that both @ and ¢ depend on €, v and h. We
study each of the three terms which compose this equation. First we observe that in
Proposition 5.3 we have already derived an estimate for F = (Fi,..., F}), where

Fj(e,v,h;-) ::/(Aﬂ—&-ﬁ—ﬂs)ijJ'-dyj.
R

Next, let us define E := (E4,..., E}y) where

Byevibe) = [ (o4 6= 3 0)p; 1} dy.
We have the following :

Lemma 5.6. — Assume that o € (0,v/2) and 7 € (0, %) are fized. Further assume

that oy and 61 are fixed. Then, there exist a constant Bz > 0 (which does not depend
on e, o, a; and 41) and a constant C' > 0 such that

||E(E7Va h7 ')HCS;.”(]R;]R") < 0627%+ﬁ2 ,
and
- - i
IE(e, v, ) = Ble,v, b )l gos ey < €22 B = bl g -
for all & small enough, provided v, h and h satisfy (5.54).

Proof. — The proof is very close to the analysis we have a already performed in the
proof of Lemma 5.3. Indeed, following a similar computation we can rewrite E; as

B = 2:H /}R (0 HY + py HY) By, 6dy; + <2 1! /R (0, 7! + p; HY) 6y,
20 [ (o Hy 4 20 1+ 0, 1Y) 0
v [ ey 3 [ oy ) 0,

v [ oo -0 ) o,
R

Instead of going through a technical proof, we simply explain where the estimate
comes from. We observe that, thanks to the result of Proposition 5.4, all the terms
which carry a factor of hf, (h})? or hff in front can be estimated by a constant times
TVEtTe

Using the definition of the cutoff function p; and the exponential decay of functions

1+ H, H and H”, we can estimate

| [+ 2010y 00, 43 [ oy 122 = ) o

CoH (R;RF)

where § > 0 only depends on the definition of p. given in (5.52). The estimate for
the last term in the expression for F; is straightforward using the expression of the
Laplacian in Fermi coordinates.
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The second estimate follows from similar consideration together with the result of
Lemma 5.4. We leave the details to the reader. O

Let us define E := (Ey,..., Ey) where

Ej(e’:‘,V, h, ) = /(¢3 —+ 3’&(]52) pj H], dy]
R
We have the:

Lemma 5.7. — Under the assumptions of the previous Lemma, there exists C > 0
such that the following estimates hold
|E(e, v, b ')||cg;“(R;Rk) < CetmV2e )
and
IE(e, v, ;) = B(e, v, b5 ) oo ) < Ce' V2 |h— bl oo, (zier)
for all & small enough, provided v, h and h satisfy (5.54).

Proof. — The proof follows at once from Lemma 5.4 and the estimates for the solu-
tions of (5.73) provided by Proposition 5.4. O

We are now in a position to explain how the constant «;, which was used in
(5.54), is fixed. We fist assume that o € (0,v/2) and u € (0,1) are chosen so that
2—vV2—pu>0, f% + 02 —p > 0and B; —p > 0, where 8 and [, are the constants
which appear in the last Lemmas. Observe that it is crucial that G2 > 0 could be
chosen not to depend on o. Then we define

al:min{Q—\/i—u,—%+ﬁ2—H751—M} :

With this choice, it follows from Proposition 5.3, Lemma 5.6 and Lemma 5.7 that the
condition (5.76) is equivalent to

(5.76) e?(co(v+h)” + N(v+h)), = Ej(c,v,h; )

where N is the matrix of the linearized Toda system associated to linearization of
(2.15) about the solution q (see (2.24)), and where E := (Ey,. .., E}) satisfies

Lemma 5.8. — Assume that o, p and T are fived as above. Then, there ezists a
constant Cy > 0 (independent of € and 1) such that the following estimates hold

HE(&‘,V,h; .)HCS;"’(R;R’C) <0 2 tartu ’

and
||E(5a v,h;-) - E(ga v, h; ')||cg¢(R;Rk) < Oy ettty [h— h”cg;f‘(R;Rk)

for all € small enough, provided v, h and h satisfy (5.54).

In view of the result of Lemma 2.3 and the previous Lemma, it is natural to solve
(5.77) in the space C2#(R;R*) @ £. At this point, it is worth mentioning that for a
function g: R — R* we have the obvious estimate

lg(e ')Hcﬁ;“(ﬂ{{;[[{k) <C ||g||c£v“(R;]Rk) J
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while on the other hand we have

||g||c£’“(R;Rk) <Ce le(e ')”cg;ﬂ(R;Rk) .
Collecting the previous analysis, it is easy to check that :
Lemma 5.9. — There exists 61 > 0 such that, for all v € £ satisfying ||v]|e < §; ™
and for all e > 0 small enough, there exists a unique h € CZ*(R;RF) and v € &
satisfying
(5.77) £2(co(v4+h)" + N(¥ +h)) = E(e,v,h; ),
and
[V +hllczngmne < Fe -

Moreover v depends continuously on v.
Proof. — The proof of this lemma follows immediately from the theory developed in
section 2 and more specifically Lemma 2.3, the result of Lemma 5.8 and the use of a

fixed point theorem for contraction mapping.
Using the result of Lemma 2.3, we can rewrite the equation we want to solve as

V+h=¢c27""1 (E(e,v,h;~)) )

Thanks to the result of Lemma 5.8 and the above remark, we can estimate for all
€ > 0 small enough

||<‘3‘_2 T_l (:E(E,V7 0, )) ||C72.’“(]R;]R"") < C_11 e ’

for some constant C; > 0 which does not depend on the choice of 4;. In particular, we
can choose, we can choose §; = 4 C'; and the previous estimate will be valid provided
we take £ > 0 small enough. Let us denote by II the projection

IT: C2*(R;R*) @ £ — C2H(R;RF).

Using Lemma 5.8 together with a fixed point theorem for contraction mapping, we
get the existence of a (unique) fixed point h, for the mapping

h— e 207! (E(s,v, h; )) ,

in the ball of radius & ' in C2#(R; R¥). This fixed point h then induces a (unique)
v € &€ by the identify

vi=e 277! (E(e,v, h; )) —h.
We clearly v + h is a solution of (5.78) and we have the estimate

= )
||V + hHCE’“(R;R’“)@g S 7150‘1 .

This completes the proof of the result. Continuity with respect to v follows from
Lemma 5.5. O
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We will write v. = v(g,v) for the element of £ which is given by the previous
Lemma. Therefore, in order to complete the proof of the result it remains to find v
such that

v =v(e,V).

This can be easily achieved by using Browder’s fixed point theorem in the ball of
radius d; €** in £. Observe that we do not apply a fixed point theorem for contraction
mapping to determine v since this would require to prove Lipshitz dependence of all
solutions with respect to v. Even though this Lipshitz dependence holds, it would
require some extra work and will complicate the notations. Therefore, we have chosen
to solve this last equation using some topological fixed point result instead of a fixed
point theorem for contraction mapping.
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