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Abstract
We study theoretically the spin dynamics of a magnetic dimer serving as a contact between
two electrodes. We find that the spin–spin coupling in the dimer can be dramatically modified
from its equilibrium value. We show that the interaction can be tuned in such a way that it
effectively changes its sign. The calculations show that, for large enough bias, the exchange
interaction can even be changed from antiferromagnetic to ferromagnetic. The physical
principles behind this result can be used as a new tool to achieve magneto-electric effects in
molecular magnet systems.

(Some figures may appear in colour only in the online journal)

1. Introduction

The quest for achieving greater control of the spin degrees
of freedom of nanosystems has been a main theme of
condensed matter physics and chemistry during the last few
decades. The field of spintronics, which depends upon this
control in order to create technological devices, has been a
major driving force of this topic. When an electric current
is driven through a magnetic structure it acquires a spin
polarization that is able to substantially modify the coupling
between the magnetic elements that conform the structure.
Electronic currents, then, can be used to manipulate the
magnetic configurations of nanostructures. This feat has been
accomplished in several contexts such as current-induced
magnetization reversal [1–3], current-driven domain wall
motion [4–9] and the spin wave Doppler effect [10–12].
A basic concept behind these experiments is that of spin
transfer torque (STT) [13–15]. However, knowledge on the
effects of electric currents on the magnetic coupling in the
limit of very small magnets is just starting to arise from the
experimental work of several groups [16–20]. Interest in these
features is linked to the ongoing efforts to create spintronic
devices with molecular magnets as constituents, i.e. molecular

spintronic devices [21]. The experimental work by Loth et al
[18] reported the reversal of the atomic spin of an individual
Mn adatom located on top of a CuN substrate by means
of a spin-polarized tunneling electric current coming from
the tip of an STM. The spin polarization was achieved by
attaching another Mn atom at the apex of the tip of the STM.
The explanation given by these researchers was that inelastic
scattering processes of the electrons from the electric current
with the Mn adatom excited it to states with higher spin, a
mechanism that they called spin-pumping. In this paper we
pursue the theoretical principles that dictate the behavior of
coupled magnets in the presence of a current. Our approach is
based upon the semiclassical treatment of spin fluctuations,
which is valid for molecular systems where the magnetic
moments are associated with large spin quantum numbers.
A full quantum mechanical treatment would complement this
work in the cases where such an approximation is not valid. In
the case of small magnetic moments, with quantum behavior,
such as the case of molecular nanomagnets or magnetic
adatoms over metallic surfaces, several non-equilibrium
effects [22] have been predicted. Naturally the semiclassical
effects to be described here cannot be expected to display
the complete phenomenology associated with the quantum

10953-8984/12/116001+09$33.00 c© 2012 IOP Publishing Ltd Printed in the UK & the USA

http://dx.doi.org/10.1088/0953-8984/24/11/116001
mailto:s1diaz@physics.ucsd.edu
mailto:alnunez@dfi.uchile.cl
http://stacks.iop.org/JPhysCM/24/116001


J. Phys.: Condens. Matter 24 (2012) 116001 S Dı́az and Á S Núñez

regime. A basic physical picture, nevertheless, can be drawn
from the model we use. This physical picture, that we regard
as qualitatively accurate, can be used to complement the
results of the quantum regime and, as we shall see, shed light
on their proper interpretation.

2. Basic model

For definiteness we study a simplified system-plus-reservoir-
like model to account for the dynamics of two magnets
disposed along an electronic current. Molecular magnet
dimers have been synthesized and characterized in several
works, and are an adequate platform for the experimental
realization of the ideas described here. With this system in
mind we will refer to the magnetic moments’ degrees of
freedom as belonging to a molecular dimer that is located at
the junction between two electrodes.

The physical principles we are proposing are unveiled
with a very simple model. Indeed, the basic features of the
physics we have in mind are displayed by the ideal system
depicted in figure 1. This representation is based upon the
idea of having a spin dimer connected to electronic leads. The
central dimer (hereafter, the system) is described by an s–d
exchange-like Hamiltonian. The leads are described by simple
free-electron gases, each at equilibrium but with different
chemical potentials. The net Hamiltonian of the system is H=
HR+HL+Hd+HRc+HLc,where HR/L =

∑
kσ ε

R/L
kσ c†

kσ ckσ is
the Hamiltonian describing the physics of the electrons in the
reservoirs, where εR/L

kσ stands for the single particle energies,

Hd =
∑

a
E(ESa)+ εana −1ESa · Esa

− t0
∑
σ

(c†
1σ c2σ + c†

2σ c1σ ) (1)

is the local Hamiltonian ruling the behavior of the isolated
spin dimer. Here, E(ESa) is a single spin Hamiltonian, na =∑
σ c†

aσ caσ is the local electronic number operator, ESa is
the local moment spin operator, and Esa =

∑
σσ ′

1
2 Eτσσ ′c

†
aσ caσ ′

is the local electronic spin operator. Notice that in our
model the hopping within the molecular dimer is spin
independent. Finally, HLc = −tL

∑
σ (c

†
L1σ c1σ +c†

1σ cL1σ ) and

HRc = −tR
∑
σ (c

†
R1σ c2σ +c†

2σ cR1σ ) are the hopping elements

between the system and the leads. Here c†
R1σ /c

†
L1σ is the

electron creation operator at the rightmost/leftmost electron
site from the right/left electrode.

The form of the single spin Hamiltonian is quite
dependent on the specific chemical nature of the molecular
magnet, the simplest non-trivial form is one that accounts for
the Zeeman interaction with a fixed external magnetic field
B and for the magnetocrystalline anisotropy by means of an
anisotropic easy-plane:

E(ES) = −h · ES+ DS2
z − E(S2

x − S2
y), (2)

where h ≡ gµBB (µB is the Bohr magneton and g is the
g-factor) whereas D and E are magnetocrystalline anisotropic
constants defining the easy-axis and in-plane anisotropies,
respectively.

Figure 1. Model system of a spin dimer connected to two leads.
The chemical potential of the left lead is µL and different from the
chemical potential of the right lead µR . The temperatures T of both
leads are for simplicity taken to be equal.

3. Formalism

The basic formalism we will follow is described in [23]
for the case of a single spin. Basically we calculate by
formal methods the probability density function for the spin
orientations, and derive a stochastic differential equation for
it [24, 25]. A somewhat simpler calculation, based on linear
response theory, was worked out for the single spin case
in [26]. Using spin [27] and fermionic [28] coherent states
we can build a path integral representation of the probability
density P[Ω̂1, Ω̂2, t]. Denoting all the fermionic coherent
state labels by 9, we can write

P[Ω̂1, Ω̂2, t] =
∫
Ω1(t)=Ω̂1

∫
Ω2(t)=Ω̂2

DΩ1 DΩ2

×

∫
D29 δ(|Ω1|

2
− 1)δ(|Ω2|

2
− 1) e

i
h̄ S
. (3)

The action of the system consists of three contributions, S =
S� + S9 + SI . Each term of the action is given explicitly as
follows:

S� =
∫

C t
dt
∑

a

{
−h̄S

dωa

dt
− E[Ωa]

}
, (4)

associated with the isolated spin degrees of freedom (E[Ω] =
−Sh ·Ω+ S2D�2

z − S2E(�2
x −�

2
y) and ωa is the spin Berry

phase [27]),

S9 =
∫

C t
dt

{
ih̄
∑
α

9∗α(t)∂t9α(t)−H9

}
, (5)

associated with the isolated fermionic system, and

SI =

∫
C t

dt
∑

a
S1 sa ·Ωa, (6)

associated with the interaction between those two. The
time integrals are performed over a Keldysh contour C t

with two branches of time [30]. Integrating the fermion
degrees of freedom out of the problem by introducing the

average 〈(· · ·)〉 ≡
∫

D29(· · ·)e
i
h̄ S9 , it can be shown using

a cumulant expansion ([32], chapter 6) that up to second
order in 1 the probability density becomes P[Ω̂1, Ω̂2, t] =∫
Ω1(t)=Ω̂1

∫
Ω2(t)=Ω̂2

DΩ1 DΩ2 δ(|Ω1|
2
−1)δ(|Ω2|

2
− 1)e

i
h̄ S̃� .

The paths in spin space are now weighted by an effective
action, S̃� = S� + 〈SI〉 +

i
2h̄ (〈S 2

I 〉 − 〈SI〉
2), which can be

2
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explicitly evaluated as

S̃� =
∫

C t
dt
∑

a

{
−h̄S

dωa

dt
− E[Ωa(t)]

+ S1〈sa(t)〉 ·Ωa(t)

}
+

∫
C t

dt
∫

C t
dt′
∑
abij

12S2 Kij
ab(t, t′)�i

a(t)�
j
b(t
′). (7)

The kernel Kij
ab(t, t′) is given in terms of spin correlations as

follows:

Kij
ab(t, t′) ≡

i
2h̄
[〈T si

a(t)s
j
b(t
′)〉 − 〈si

a(t)〉〈s
j
b(t
′)〉], (8)

where the spin correlations can be evaluated in terms of
fermionic averages as 〈si

a(t)〉 =
∑
σσ ′

1
2τ

i
σσ ′
〈T ψaσ ′(t)ψ∗aσ (t)〉

= 0 (for our dimer model with spin-independent hopping) and
〈T si

a(t)s
j
b(t
′)〉 =

∑
σσ ′µν

1
4τ

i
σσ ′
τ

j
µν〈T ψ∗aσ (t)ψaσ ′(t)ψ∗bµ(t

′)

ψbν(t′)〉. Here T represents the time-ordering operator
along the Keldysh contour [30]. The 2-spin correlation
function corresponds to a 4-fermion correlation function
and can be managed with the aid of Wick’s theorem.
In terms of the electron Green’s functions Gaσ ;bσ ′(t, t′) ≡
−i〈T ψaσ (t)ψ∗bσ ′(t

′)〉 the effective kernel is given by

Kij
ab(t, t′) =

i
8h̄

∑
σσ ′µν

τiσσ ′τ
j
µνGaσ ′;bµ(t, t′)Gbν;aσ (t

′, t). (9)

The effective dynamics can now be projected into real
time [30]. The formal manipulations involved in this process
are a straightforward extension of those described in [23].
The final outcome is two coupled Langevin equations for
the directions of the local moments in the semiclassical
approximation. The zero-mean Gaussian stochastic fields
appearing in them, namely ηa(t), are interpreted as stochastic
magnetic fields. Moreover, it is found that the retarded
and advanced components of Kij

ab(t, t′) induce effective
exchange interactions between Ω̂1 and Ω̂2, while the
Keldysh component rules the correlations of the stochastic
magnetic fields: 〈ηi

a(t)η
j
b(t
′)〉 = −ih̄S212 Kij(K)

ab (t, t′). Since
the effective kernel was a result of integrating out the
electrons, it comes as no surprise that its different components
are related to electronic spin correlation functions:

Kij(+)
ab (t, t′)+Kji(−)

ba (t′, t) = χ ij
ab(t − t′)

≡ θ(t − t′)
i

h̄
〈[δsi

a(t), δs
j
b(t
′)]〉, (10)

Kij(K)
ab (t, t′) =

i
h̄

1
2
〈{δsi

a(t), δs
j
b(t
′)}〉. (11)

Above we introduced the spin fluctuation operator δsi
a(t) ≡

si
a(t) − 〈s

i
a(t)〉. The evaluation of these correlation functions

is cumbersome but straightforward. A brief account of it is
given in the appendix. In the low energy limit, the Langevin

equations take the form

h̄S
dΩ̂1

dt
= Ω̂1 ×

[
−

∂

∂Ω̂1
(E[Ω̂1] − S2 J12Ω̂1 · Ω̂2)

+ η1 − h̄S2
∑

a
α1a

dΩ̂a

dt

]
,

h̄S
dΩ̂2

dt
= Ω̂2 ×

[
−

∂

∂Ω̂2
(E[Ω̂2] − S2 J21Ω̂1 · Ω̂2)

+ η2 − h̄S2
∑

a
α2a

dΩ̂a

dt

]
.

(12)

The effective exchange coupling constants are given by

Jab ≡
1
31

2h̄
∑

i

χ ii
ab(ε = 0) (13)

and the damping coefficients are

αab ≡ −
i
3

h̄12
∑

i

[
dχ ii

ab

dε

]
ε=0

. (14)

Furthermore, in the low energy limit the electron dy-
namics is faster than that of the local moments which
allows us to make the approximation 〈ηi

a(t)η
j
b(t
′)〉 = δ(t −

t′)[−ih̄2S212 Kij(K)
ab (ε → 0)]. In the subsequent develop-

ments, it proves useful to define cab as

Kij(K)
ab (ε → 0) = δij i

h̄
cab. (15)

Expressions for these three coefficients in terms of the Green’s
functions of the integrated out electrons can be found by
simple, though lengthy, manipulations. These coefficients
have the simplified expressions described in the appendix. We
remark that these coefficients are functions of the electrode
temperature T and chemical potentials µL, µR through the
electron Green’s functions. WritingµL = µF+

eV
2 ,µR = µF−

eV
2 we see how they also depend on the bias voltage V across

the spin dimer.µF is proportional to the so-called gate voltage.
In what follows we will use µ1/2 ≡ µL/R. The steady-state
probability density can be easily calculated for the case when
one of the localized spins is kept fixed. This case is of interest
because this situation is realized in experiments. Before we
dwell on an application of the formalism discussed above,
we find it convenient to discuss one feature of the equations
that has no simple analogy in the common treatments of
magnetization dynamics. If we define the effective energy
functional

Eeff[Ω̂1, Ω̂2] = E[Ω̂1] − S2 J12Ω̂1 · Ω̂2 + E[Ω̂2]

− S2 J21Ω̂2 · Ω̂1 (16)

we can find its time derivative through the use of
equations (12):

d
dt

Eeff[Ω̂1, Ω̂2] = [η1 − S2 J21Ω̂2] ·
dΩ̂1

dt

+ [η2 − S2 J12Ω̂1] ·
dΩ̂2

dt

3
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− h̄S2

α11

(
dΩ̂1

dt

)2

+ α22

(
dΩ̂2

dt

)2

+ (α12 + α21)
dΩ̂1

dt
·

dΩ̂2

dt

]
(17)

in addition to the standard contributions we have a crossed
term that contributes to the dissipation. The time derivative of
one of the moments induces damping torques in the other in
a fashion similar to the Gilbert damping phenomenology. The
effect of the damping mechanisms will be to take energy away
from the spins as long as the matrix α is positive-definite.

4. Results with one spin fixed

In an experiment involving an STM prepared to perform
spin-polarized measurements, the tip has a more or less fixed
magnetization. Placing the tip above a localized spin lying on
the surface of some substrate and then applying a bias voltage
to generate a current is the experimental realization of our
theoretical model3. To obtain a clearer picture of the physics
that is embodied in the equations above let us suppose that
the localized spin at site 1 is fixed along the direction n̂ and
only Ω̂2 is free to move. The description of the system is then
simplified and from the two coupled Langevin equations we
are left with only one that determines the dynamics of the
localized spin at site 2. Since now Ω̂1 = n̂ we can drop the
subscript from Ω̂2 and η2 without causing any confusion. The
resulting Langevin equation corresponds to the dynamics of a
single fluctuating moment and yields the following stationary
probability density that also depends on V:

P[Ω̂,V] = N exp
[
−

2α22(V)

12c22(V)
(E[Ω̂] − S2 J21(V)Ω̂ · n̂)

]
,

(18)

with N a normalization constant. The similarity of P[Ω̂,V]
and the probability density in the canonical ensemble from
statistical mechanics motivates the definition of an effective
temperature,

kBTeff =
12c22(V)

2α22(V)
, (19)

which is a function of both the temperature of the electrodes
and the voltage drop across them.

The physics of the localized spin at site 2 is determined
by the Gilbert damping α22, the correlation strength c22
and the effective exchange interaction J21. We numerically
calculated them as functions of µF and V for the electronic
parameters ε1 = 0 meV = ε2, J = 100 meV, t0 = 2 meV,
tL = 10 meV = tR. In all the calculations reported here
we took T = 0 K, which is justified when kBT � |eV|, a
condition usually achieved in experiments. The relaxation of
this condition to include temperature effects is straightforward

3 In such a situation an asymmetric parametrization of µ1/2 emphasizing the
asymmetry between the two leads is customary. In that case it is a simple
matter to change the results below by an arithmetic transformation.

Figure 2. Gilbert damping α22. The local maxima occur along the
dashed lines µ1 = ±t0 and µ2 = ±t0, α22, being larger on
µ2 = ±t0. The global maxima are attained at the four intersection
points of the lines of local maxima. The Gilbert damping describes
energy injection, i.e. α22 < 0, in the region determined by |µ1| < t0
and |µ2| > t0.

in our calculations. To adimensionalize the coefficients a
characteristic energy value from the electrodes, denoted by
W, was used. The imaginary part of the selfenergy due to
the electrodes is related to the density of states (DOS) of the
electrodes at the point of contact with the spin dimer. Usually
this function is practically constant near the Fermi level where
the electronic processes involved occur. Then we chose W as
the value at the Fermi level of the imaginary part in the energy
representation of the selfenergy. The specific expression is

W ≡ |h̄ Im6
(+)
1/2 (ε = 0)| =

t2L/R
J , which is equal to 1 meV for

the above electronic parameters.
Key to the interpretation of our results is the DOS of

the two electronic sites of the spin dimer renormalized by
the electrodes. In the absence of electrodes, the eigenstates
of the Hamiltonian describing the two electronic sites are
the well-known bonding and antibonding states. The DOS
of this isolated system has two pronounced peaks at their
corresponding eigenenergies which for the chosen parameters
are ±t0. Coupling to the electrodes changes the DOS
broadening the peaks at these eigenenergies.

The calculated density plots for the three coefficients
exhibit a cross-like pattern with a diamond-like quadrilateral
at its center. The lines defining the crosses are determined by
the equations µ1 = ±t0 and µ2 = ±t0, which correspond to
the case when the chemical potentials are just at the center
of either of the two maxima of the DOS. This means that
electrode i tries to enforce a nearly singly occupied (for
µi = −t0) or a nearly triply occupied (for µi = t0) electronic
system.

The density plot in figure 2, corresponding to the Gilbert
damping α22, shows that its local maxima occur on the lines
that define the aforementioned cross-like pattern. It is also
observed that α22 is larger on the line of local maxima µ2 =

±t0 than on the line µ1 = ±t0, hinting that when µ2 ≈ ±t0
the energy of the localized spin at site 2 is mostly dissipated to
the closest electrode. The global maxima of α22 are attained
when both chemical potentials are at any of the maxima of
the electronic DOS, i.e., at the four points where the dashed

4
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Figure 3. The stochastic magnetic field correlation strength c22. It
is observed that c22 increases in a step-like form when the chemical
potentials from each electrode try to occupy the electronic system
with slightly more than one or three electrons. Both situations
correspond to configurations where the electronic system allows
charge fluctuations. This behavior is similar to the shot noise [29]
measured in mesoscopic conductors.

lines of the local maxima intersect. The region where instead
of dissipation the Gilbert damping describes an injection of
energy can be precisely determined from this density plot.
It turns out that α22 < 0 when |µ1| < t0 and |µ2| > t0. We
interpret this result by recalling that the entire spin dimer is
losing energy; however, nothing prevents the other localized
spin, the fixed one in this case, from giving some energy to
the one at site 2 if the net energy of the spin dimer has not
increased.

The stochastic magnetic field correlation strength c22,
depicted in figure 3, is always zero at V = 0. This behavior can
be justified by recalling that these correlations are originated
by the electronic spin fluctuations. At zero temperature, in
the absence of electric currents and within the approximation
of slow dynamics for the localized spins, the electronic spin
fluctuations and therefore c22 vanish. For nonzero bias voltage
c22 increases its value in a step-like form when the chemical
potentials from any of the two electrodes are increased and
just start to allow more than one or more than three electrons
in the system. Both situations can be understood by noting that
when the electronic system has slightly more than one/three
electrons the remnant of the bonding/antibonding state is not
fully occupied and allows charge fluctuations. This behavior
is similar to the shot noise [29] measured in mesoscopic
conductors; systems which are also described by a discrete set
of energy levels through which electronic conduction occurs.

The last density plot, figure 4, shows the behavior of
the effective exchange interaction J21. Interesting findings
are that J21 can be positive or negative at zero bias voltage
and that it can change its sign even more than once while
sweeping V at fixed gate voltage. Again, these features
depend on the center of the bias voltage window with respect
to the electronic DOS. The antiferromagnetic configuration
(J21 < 0) is attained in the region determined approximately
by |µ1| > t0 and |µ2| < t0, while the rest of the (µF,V)
plane allows a ferromagnetic configuration (J21 > 0). The
more pronounced features of the density plot of J21 are

Figure 4. The effective exchange interaction J21. The
antiferromagnetic configuration (J21 < 0) is attained in the region
determined approximately by |µ1| > t0 and |µ2| < t0, while the rest
of the (µF,V) plane allows a ferromagnetic configuration
(J21 > 0). The local maxima of J21 (ferromagnetic) are attained
along the lines µ1 = ±t0 and the global maxima are located near the
four intersection points of the dashed lines µ1 = ±t0 and µ2 = ±t0.
The global minima of J21 (antiferromagnetic) are attained along the
line µ2 = 0.

observed near the lines that determine the cross-like pattern.
The local maxima of J21 (ferromagnetic) are attained along
the lines µ1 = ±t0 and the global maxima are located
near the four intersection points of the lines µ1 = ±t0 and
µ2 = ±t0. The global minima of J21 (antiferromagnetic)
are attained along the line µ2 = 0. We can understand
such behavior by analyzing it in the zero bias regime. As
can be appreciated by studying figure 4, even in the case
of zero bias, the exchange coupling has a non-monotonic
behavior as a function of the equilibrium chemical potential.
There is a transition between a regime of double exchange
into antiferromagnetic exchange as the number of electrons
changes from an even to an odd number. The transition point
in the equilibrium regime is directly µ2 = ±t0. This point is
a zero and not a local maximum of the exchange constant.
The basic underlying process behind the change of sign in
the exchange coupling is the excitation from bonding to
antibonding states driven by the bias. The possibility of such
excitation leads to electron occupations that fluctuate wildly
between positive and negative values. Moreover, the variation
of the electronic hoppings and on-site energies can add even
more tunable possibilities that could enable an engineered
effective exchange coupling. To understand these results we
must keep in mind that the electronic energies are located at
±t0 (see figure 5(d)) but are spread by the excursions into
the leads. Such spreading reduces the voltage necessary to
excite the electronic cloud into the antibonding configuration,
changing the effective exchange.

5. Discussion

The experimental work by Loth et al [18] reported the reversal
of the atomic spin of an individual Mn adatom located on top
of a CuN substrate by means of a spin-polarized tunneling
electric current coming from the tip of an STM. The spin

5
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Figure 5. 〈�z〉 current-driven reversal. (a) Plot of the z component of the free localized spin of the spin dimer that represents the atomic
spin of the Mn adatom. The fixed localized spin is pointing in the k̂ direction. The plot was calculated for µF = 0 meV, T = 0 K, S = 5/2,
g = 1.9, B = 7 T, D = −0.39 meV, 1 = 20 meV, and E = 0.07 meV. It shows that at V = 0 the spin dimer has an antiferromagnetic
configuration. Upon increasing or decreasing the bias voltage, approximately near ±3 mV, a reversal occurs toward a ferromagnetic
configuration. (b) Plot analogous to (a) but fixing the chemical potential of one lead (µ2 = 3.5 (meV)) while tuning the other with the bias
voltage (µ1 = µ2 + eV). (c) Similar to (b) with µ2 = −3.5 (meV). (d) Energies of the electronic states in the isolated dimer. The bonding
and antibonding states are respectively spread by the coupling to the leads. Cartoon of the density of states of the isolated dimer illustrating
the spreading of the electronic states.

polarization was achieved by attaching another Mn atom at
the apex of the tip of the STM. The explanation given by
these researchers was that inelastic scattering processes of the
electrons from the electric current with the Mn adatom excited
it to states with higher spin, a mechanism that was coined as
spin-pumping.

The theoretical model that we have developed allows us
to give a semiclassical explanation of this reported reversal
phenomenon. First we should note that the basic physics
describing the dynamics of electrons and localized moments
has been treated in several places with model Kondo-like
Hamiltonians [33, 34]. The atomic spins of the Mn atoms
are modeled by the localized spins of our spin dimer and
the tunneling electric current is incorporated by the bias
voltage between the electrodes. Considering that what must
be described in this experiment is the relative positions of
the atomic spins of the Mn atoms, we regarded the localized
spin representing the atomic spin from the Mn atom at the
tip as fixed. Using the electronic parameter values used above
and the parameters reported in [18] (S = 5/2, g = 1.9, B =
7 T, D = −0.39 meV, 1 = 20 meV and E = 0.07 meV)
we determined the steady-state probability density for the
direction of the free localized spin for an arbitrary bias voltage
V (18). Then, we numerically calculated the z-component,
〈�z〉, of the free localized spin that represents the atomic spin
of the Mn adatom, as a function of the bias voltage (figure 5).

It is observed that at V = 0 mV and in its neighborhood,
〈�z〉 is negative which means that the localized spins tend
to be aligned antiferromagnetically. As the bias voltage
decreases/increases this situation is maintained; however,
approximately near V = ±3 mV, 〈�z〉 changes its sign and
the localized spins tend to be ferromagnetically aligned.
This result is due to the excitation, when the bias is large
enough, of the antibonding electronic states. The effects of
this contribution alter the effective exchange interaction J21,
the correlation strength c22 and the Gilbert damping α22.
These three coefficients determine the steady-state probability
density for the direction of the free localized spin, as can be
seen in (18).

The exact mechanisms involved in the reversal can be
further investigated by looking at the probability density more
closely. Plots like those shown in figure 6 are particularly
enlightening. Study of the evolution and reordering of the
probability density on the sphere as the bias voltage changes
could shed light on the microscopic details and the role of
the magnetic anisotropies, modeled by D and E, that lead to
the reversal. Before we finish we will discuss the applicability
of spin transfer physics. Truncation of the action to terms
proportional to second order in 1 makes it inviable to attach
to STTs any role in the reversal process just described. This
can be checked easily as follows. In the geometry described
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Figure 6. The probability density for the direction of the free
localized spin. The parameters used are the same as those in
figure 5(b). The probability density plots at V = −10, −5, −4.43,
−3.5, −2.61 and 10 mV are displayed. The color code for the
probability density is given in the inset. At V = −3.5 mV the plot
shows a higher probability density near the ‘south pole’ that gives a
negative value for 〈�z〉, while the plots at V = −5, 10 mV have a
higher probability density near the ‘north pole’ which gives a
positive 〈�z〉. These plots represent an antiferromagnetic and a
ferromagnetic configuration, respectively, as explained in the text.
The plots at V = −4.43 and −2.61 mV that exhibit a more complex
distribution of the probability density are characteristic of the
reversal of 〈�z〉.

above the generic form of the spin transfer torque is

δEτSTT ∝ (Ω̂1 × Ω̂2)× Ω̂2; (20)

this term clearly breaks time reversal symmetry leading to
a dissipative torque. On the other hand the reversal we are
arguing for is driven by the form

δEτneq−exchange ∝ (Ω̂1 × Ω̂2), (21)

evidently a time reversal invariant contribution. This form has
been found in the literature on spin torque [35]. We present an
analysis of its dynamical consequences in the regime where it
is the dominant term.

In conclusion we have discussed a set of phenomena
expected to affect the coupling between small magnets under
current. We have illustrated, using a simple toy model, that
the non-equilibrium electrons are able to severely alter the
exchange constants of the equilibrium situation. Finally, we
have used the ideas above to discuss and explain the spin
dynamics in the experimental setting described in [18].
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Appendix. Electron correlation calculations

The interactions between the localized spins of the spin
dimer are mediated by the electronic environment and are

determined by an integral kernel. This kernel also has a
dependence on the electronic sites of the spin dimer

Kij
ab(t, t′) ≡

i
2h̄
[〈T si

a(t)s
j
b(t
′)〉 − 〈si

a(t)〉〈s
j
b(t
′)〉]. (A.1)

The total electronic spin at the electronic sites appears in this
definition. Using the Grassman fields corresponding to site a,
the ith component of the total electronic spin at site a can be
written as

si
a(t) =

∑
σ,σ ′

1
2ψ
∗
aσ (t)τ

i
σσ ′ψaσ ′(t). (A.2)

This integral kernel can also be decomposed into its lesser and
greater components

Kij
ab(t, t′) = θ(t − t′)Kij>

ab (t, t′)+ θ(t′ − t)Kij<
ab (t, t′). (A.3)

Moreover, the retarded, advanced and Keldysh components
are given by

Kij(±)
ab (t, t′) = ±θ [±(t − t′)][Kij>

ab (t, t′)−Kij<
ab (t, t′)], (A.4)

Kij(K)
ab (t, t′) = Kij>

ab (t, t′)+Kij<
ab (t, t′). (A.5)

We shall now express the various components of Kij
ab(t, t′)

first in terms of electronic spin correlations and secondly in
terms of the electronic Green’s functions. Regarding the first
of the two aforementioned intentions, it can be shown that

Kij
ab(t, t′) =

i
2h̄
θ(t − t′)〈δsi

a(t)δs
j
b(t
′)〉

+
i

2h̄
θ(t′ − t)〈δsj

b(t
′)δsi

a(t)〉. (A.6)

To get this result, the definition of the time-ordering operator
T was used together with the property that for any two
operators A and B it holds that 〈AB〉 − 〈A〉〈B〉 = 〈δAδB〉, with
δA ≡ A− 〈A〉 being the fluctuation of A. For the present case,
the ith component of the total electronic spin fluctuation at site
a is defined as δsi

a(t) ≡ si
a(t)− 〈s

i
a(t)〉. The lesser and greater

components are then expressed as the following correlations
of electronic spin fluctuations:

Kij>
ab (t, t′) =

i
2h̄
〈δsi

a(t)δs
j
b(t
′)〉, (A.7)

Kij<
ab (t, t′) =

i
2h̄
〈δsj

b(t
′)δsi

a(t)〉. (A.8)

Some trivial index gymnastics allows one to prove that
Kji≷

ba (t
′, t) = Kij≶

ab (t, t′). With this last result we find that the

retarded and advanced components of Kij
ab(t, t′) are directly

related to the magnetic susceptibility,

Kij(+)
ab (t, t′) = Kji(−)

ba (t′, t) = 1
2θ(t − t′)

i
h̄
〈[δsi

a(t), δs
j
b(t
′)]〉

=
1
2χ

ij
ab(t − t′), (A.9)

and the Keldysh component to the symmetrized correlation of
the electronic spin fluctuations,

Kij(K)
ab (t, t′) =

i
h̄

1
2
〈{δsi

a(t), δs
j
b(t
′)}〉. (A.10)
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Using the Green’s function decomposition, Gaσ ;bσ ′(t, t′)
= θ(t − t′)G>aσ ;bσ ′(t, t′) + θ(t′ − t)G<aσ ;bσ ′(t, t′), and the

Heaviside function properties, θ (t)2 = θ(t) and θ(t)θ(−t) =
0, we finally find

Kij>
ab (t, t′) =

i
8h̄

∑
σσ ′µν

τiσσ ′τ
j
µνG>aσ ′;bµ(t, t′)

× G<bν;aσ (t
′, t), (A.11)

Kij<
ab (t, t′) =

i
8h̄

∑
σσ ′µν

τiσσ ′τ
j
µνG<aσ ′;bµ(t, t′)

× G>bν;aσ (t
′, t). (A.12)

Since the hopping in the spin dimer is spin independent
the electronic Green’s functions are diagonal in spin space,
Gaσ ;bσ ′(t, t′) = ( 1

2

∑
ρGaρ;bρ(t, t′))δσσ ′ ≡ Gab(t, t′)δσσ ′ , and

then the lesser and greater components of the kernel take the
simple form

Kij≷
ab (t, t′) =

i
4h̄
δijG≷

ab(t, t′)G≶
ba(t
′, t). (A.13)

Anti-Fourier transforming the Green’s functions components,
the following integral representation is obtained:

Kij≷
ab (t, t′) =

i
4h̄
δij
∫

dε′

2π

∫
dε′′

2π
e

i
h̄ (ε
′′
−ε′)(t−t′)

× G≷
ab(ε

′)G≶
ba(ε

′′). (A.14)

Using this integral representation, the magnetic susceptibility
and the Keldysh component are written in energy representa-
tion as

χ
ij
ab(ε) = −

1
2h̄
δij
∫

dε′

2π

∫
dε′′

2π
Gab−(ε

′, ε′′)

ε + ε′′ − ε′ + iη
, (A.15)

Kij(K)
ab (ε) =

1
4h̄
δij(2π i)

∫
dε′

2π

×

∫
dε′′

2π
δ(ε + ε′′ − ε′)Gab+(ε

′, ε′′), (A.16)

where Gab±(ε
′, ε′′) ≡ G>ab(ε

′)G<ba(ε
′′) ± G<ab(ε

′)G>ba(ε
′′).

Finally, from the definitions (13)–(15), the effective exchange
couplings, the Gilbert damping coefficients and the strengths
of the stochastic magnetic field correlations are respectively
given by

Jab = −
1
2
12

∫
dε′

2π

∫
dε′′

2π
Gab−(ε

′, ε′′)

ε′′ − ε′ + iη
, (A.17)

αab =
i
2
12

∫
dε′

2π

∫
dε′′

2π
Gab−(ε

′, ε′′)

×
∂

∂ε′′

[
1

ε′′ − ε′ + iη

]
, (A.18)

cab =
1
4

∫
dε′

2π
Gab+(ε

′, ε′). (A.19)

For the special case in which the localized spin at the
electronic site 1 of the spin dimer is kept fixed, only J21, α22
and c22 are of importance to describe the spin dimer. These

coefficients have the simplified expressions

J21 = −
1
2
12

∫
dε′

2π

×

∫
dε′′

2π

G>21(ε
′)G<12(ε

′′)− G<21(ε
′)G>12(ε

′′)

ε′′ − ε′ + iη
, (A.20)

α22 = −
1
4
12

∫
dε′

2π

×

[
G>22(ε

′)
∂

∂ε′
G<22(ε

′)− G<22(ε
′)
∂

∂ε′
G>22(ε

′)

]
, (A.21)

c22 =
1
2

∫
dε′

2π
G>22(ε

′)G<22(ε
′). (A.22)

Following the standard procedure explained in detail
in [31], the lesser and greater components of the electron
Green’s functions are calculated as

G>ab(ε) = −i
2∑

c=1

[1− nF(ε − µc)]Ac;ab(ε), (A.23)

G<ab(ε) = i
2∑

c=1

nF(ε − µc)Ac;ab(ε), (A.24)

with nF(ε) = {exp[ εkBT ] + 1}−1 the Fermi–Dirac distribution
function, µ1/2 ≡ µL/R and the spectral functions given by

Ac;ab(ε) = G(+)ac (ε) Im[−2h̄6(+)c (ε)]G(−)cb (ε). (A.25)

The retarded and advanced Green’s functions are

G(±)11 (ε) =
g(±)2 (ε)

g(±)1 (ε)g(±)2 (ε)− t20
, (A.26)

G(±)12 (ε) = G(±)21 (ε) =
t0

g(±)1 (ε)g(±)2 (ε)− t20
, (A.27)

G(±)22 (ε) =
g(±)1 (ε)

g(±)1 (ε)g(±)2 (ε)− t20
, (A.28)

where g(±)a (ε) ≡ ε − εa − h̄6(±)a (ε). The parameters εa are
the on-site energies of the electronic sites of the spin dimer
introduced in (1). The retarded selfenergies, that encapsulate
the effect of the electrodes, were taken to be

h̄6(+)1 (ε) = t2L
ε

2(J2 + ε2)
− it2L

J2

J2 + ε2 , (A.29)

h̄6(+)2 (ε) = t2R
ε

2(J2 + ε2)
− it2R

J2

J2 + ε2 , (A.30)

with tL and tR being the tunneling amplitudes from site 1
to the left electrode and from site 2 to the right electrode,
respectively. This simple model for6(+)a (ε) captures the basic
physics where each electrode has an electron band whose
energy band-width is approximately 4J.
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