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Abstract The wave friction factor is commonly expressed
as a function of the horizontal water particle semi-excursion
(Awb) at the top of the boundary layer. Awb, in turn, is
normally derived from linear wave theory by UwbTw

2p , where
Uwb is the maximum water particle velocity measured at the
top of the boundary layer and Tw is the wave period.
However, it is shown here that Awb determined in this way
deviates drastically from its real value under both linear and
non-linear waves. Three equations for smooth, transitional
and rough boundary conditions, respectively, are proposed
to solve this problem, all three being a function of Uwb, Tw,
and δ, the thickness of the boundary layer. Because these
variables can be determined theoretically for any bottom
slope and water depth using the deepwater wave conditions,
there is no need to physically measure them. Although
differing substantially from many modern attempts to
define the wave friction factor, the results coincide with
equations proposed in the 1960s for either smooth or rough
boundary conditions. The findings also confirm that the
long-held notion of circular water particle motion down to
the bottom in deepwater conditions is erroneous, the motion
in fact being circular at the surface and elliptical at depth in
both deep and shallow water conditions, with only
horizontal motion at the top of the boundary layer. The
new equations are incorporated in an updated version

(WAVECALC II) of the Excel program published earlier
in this journal by Le Roux et al. Geo-Mar Lett 30(5): 549–
560, (2010).

Introduction

Sediment transport in the marine environment is usually the
result of both wave and current action. The total shear stress
τt exerted on the bottom by these two processes can be
expressed as

t t ¼ tu þ tw ð1Þ
where the subscripts u and w indicate current- and wave-
induced stress, respectively. τu and τw must be computed in
the same manner to be compatible (Le Roux 2003), but
whereas τu is calculated from measured velocity profiles, τw
is commonly derived from the maximum horizontal water
particle velocity at the top of the boundary layer (hence-
forth referred to as the boundary velocity Uwb) using the
quadratic friction law

tw ¼ 0:5rfwUwb
2 ð2Þ

where ρ is the water density and fw the wave friction factor,
a dimensionless parameter.

Unfortunately, fw has always been somewhat of an
enigma, with numerous attempts to define it leading to
widely discrepant results (Soulsby and Whitehouse 1997).
One of the problems has been that the boundary layer was
poorly understood in terms of both its thickness and
velocity profile (Teleki 1972). A further problem is that
sediments are entrained by two processes acting simulta-
neously under waves, one related to the oscillatory shear
stress τw, which is a direct function of the wave friction
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factor as shown in Eq. 2, and an additional force due to the
horizontal pressure gradient across the grain, Pw. According
to Soulsby and Whitehouse (1997), Pw is in quadrature
with the shear stress and has an increasing effect with an
increase in grain size. The net force under waves is thus
greater than the shear stress alone, at least under rough
boundary conditions (Le Roux 2010a).

Recent developments in wave modeling (see Le Roux
et al. 2010, and references therein; Le Roux 2010a, b)
have now made it possible to resolve these parameters,
which allow a more refined analysis of the friction factor.
To carry out this study, the WAVECALC program of Le
Roux et al. (2010) was used, of which an updated version
(WAVECALC II) is available online in the electronic
supplementary material. Due to the fact that numerous
calculations are required to arrive at the results reported
here, only the most relevant equations are shown in the
text below. Those pertaining to sediment transport are
presented in Appendix 1 (see Le Roux 1992, 1998),
together with a list of symbol definitions (Appendix 2).
Other equations used in wave modeling can be derived
from WAVECALC II.

Methods

Hydraulic condition of the wave boundary layer

From early on, it was recognized that the wave friction
factor is different under hydraulically smooth (laminar) and
rough (turbulent) boundary conditions, which depend on
the Reynolds number Re ¼ rLU

m , where L is a length term, U
a velocity term, and μ the dynamic water viscosity.
However, the limit between these two conditions has been
uncertain, because at least three different Reynolds numbers
may be applicable. Komar and Miller (1973), for example,
used the grain diameter D as the length term and Uwb as the
velocity term, whereas Mirfenderesk and Young (2003) and
many others replaced L with the water particle semi-
excursion above the boundary layer, Awb. Le Roux
(2010b), on the other hand, demonstrated that the boundary
Reynolds number Re»c ¼ rDU»c

m , where U*c is the critical
shear velocity required to entrain sediments under unidi-
rectional currents (Eqs. 1–5 in Appendix 1), is well suited
to distinguish between different hydraulic conditions in the
wave boundary layer. This is also followed here.

Different ways to determine fw

The wave friction factor can be determined in three ways.
The first is by direct measurement using a bottom-mounted
shear plate to obtain τw, which together with direct

measurement of Uwb can be used in Eq. 2 to calculate fw
(Mirfenderesk and Young 2003). As pointed out by
Mirfenderesk and Young (2003), however, this method is
complicated and demanding, needing careful corrections to
remove spurious edge forces exerted on the plate. It can be
added that the wave friction factor for loose sediments
would also be different from that obtained by gluing sand to
a shear plate.

The second method is to measure the velocity profile
within the boundary layer with a laser Doppler anemom-
eter (Mirfenderesk and Young 2003). This involves
solving the linearized momentum equation for the flow,
r @
@t

Uwi � Uwbð Þ ¼ @tw
@zb

where zb is the vertical coordinate
measured upward from the bed, and Uwi is the instanta-
neous velocity. This equation contains two unknowns, Uwi

and τw, for which either a drag law model (Eq. 2) or an
eddy viscosity model can be used to parameterize τw and
obtain closure. In the eddy viscosity model, the shear
stress is parameterized in terms of the velocity gradient in

the bottom boundary layer, where tw ¼ ut
@Uwi
@zb

� �
in which

υt is the turbulent eddy viscosity. The main problem in
solving this equation involves the way in which the eddy
viscosity is modeled, some authors using a time-variant
eddy viscosity (Trowbridge and Madsen 1984a, b) and
others a time-invariant viscosity (You et al. 1992; Hsu and
Ou 1997), which differ in the way they describe the eddy
viscosity distribution within the boundary layer. Alterna-
tively, higher-order turbulent closure schemes can be used
to model the turbulent field within the wave boundary
layer (Justesen 1988; Aydin and Shuto 1998).

The method proposed in this paper relates sediment
entrainment under waves to the numerous experimental
studies on sediment entrainment thresholds under unidirec-
tional currents. Le Roux (1998) showed that the Shields
(1936) dimensionless critical shear stress τdc under such
currents can be calculated from the dimensionless settling
velocity Wd of the grains, which takes the grain size and
density as well as water properties into account (Eq. 4 in
Appendix 1). τdc can be related directly to the quadratic
friction law (Le Roux 2003). At the moment of sediment
entrainment by traction, the critical wave friction factor fwc
equals twc

0:5rUwbc
2 (Eq. 2). Considering that twc ¼ rU»wc

2,

where U*wc is the critical wave boundary shear velocity
under the wave crest,

fwc ¼ 2twc
rUwbc

2 ¼ 2rU»wc
2

rUwbc
2 ¼ 2U»wc

2

Uwbc
2 ð3Þ

The critical wave boundary shear velocity U*wc at the
moment of sediment entrainment can be determined using
the following equations for smooth, transitional and rough
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conditions, respectively (Le Roux 2010a): for smooth
conditions (Re*c<3.7)

U»wc ¼ 5:453� 10�2 rDU»c
2Ho

md

� �0:1630

ð4Þ

for transitional conditions (3.7<Re*c<65)

U»wc ¼ 7:174� 10�3 rDU»c
2Ho

md

� �0:2001

ð5Þ

and for fully rough conditions (Re*c>65)

U»wc ¼ 4:240� 10�3 rDU»c
2Ho

md

� �0:3630

ð6Þ

where Ho is the fully developed deepwater wave height,
d the water depth, and δ the thickness of the boundary
layer.

Although Uwbc or Uwb can be obtained for fully
developed waves at any depth (Le Roux 2010b), U*wc can
only be derived for the moment of sediment entrainment as
it requires U*c (Eqs. 1–5 in Appendix 1). fwc can therefore
be calculated in this way, but it does not give a solution to
fw when sediment is not being entrained. A general
relationship between fw and the water and sediment
properties, as well as the wave characteristics, must
therefore be sought.

fw as determined by dimensional analysis

The parameters most likely to be involved in the wave
friction factor are Uwb, D, δ, ρ, μ, Awb, the wave period Tw,
and the water depth d. Because fw is a dimensionless entity,
these variables have to be arranged into a dimensionless
group or groups, although not necessarily incorporating
every parameter.

Many different dimensionless combinations can be
tested against experimental data, in this case at the
critical condition, to find the best correlation. Table 1
displays a wide variety of hypothetical wave conditions,
water depths and sediment sizes. In column 12, the critical
wave friction factor was calculated using Eq. 3, with U*c

based on numerous experimental data as summarized in
Eqs. 1–5 of Appendix 1. This was plotted against various
dimensionless groups.

Results

Equations for the wave friction factor

Using trial and error, the following equations were found to
give good results for smooth, transitional and rough

boundary conditions as defined in Eqs. 4–6 above. For
smooth boundary conditions

fw ¼ 6:848� 10�3 m2UwbTw
gr2Dd3

� �0:28

ð7Þ

with a coefficient of determination (R2) of 0.9934.
For transitional boundary conditions

fw ¼ 0:1087
gd
Uwb

ffiffiffiffiffiffiffiffiffi
rTw
m

s !�0:41

ð8Þ

where R2 is 0.9713.
For rough boundaries

fw ¼ 2; 715
Dd2

dTw2Uwb
2

� �
þ 0:0054 ð9Þ

where R2 is 0.9470.
Figure 1 compares the wave friction factor computed by

Eqs. 7–9 against that of Eq. 3. However, instead of being
limited to threshold conditions as in the case of Eq. 3, all
the variables in Eqs. 7–9 can be obtained for sediments of
different sizes in any fully developed wave condition and
water depth.

Comparison with previous equations

Most methods to calculate fw only distinguish between
smooth and rough boundary conditions. One of the earliest
equations for smooth conditions was that of Jonsson
(1966), who proposed using fw ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m

0:5rUwbdob

q
, where dob

is the orbital diameter.

Shortly thereafter, Schlichting (1968) derived an equa-

tion from analytical evaluation: fw ¼ 2 wm
rð Þ0:5

Uwb
where ω is the

radian frequency 2p
Tw
. Both these authors assumed a circular

orbit at the top of the boundary layer, so that Uwb ¼ pdob
Tw

.
This resolves to the same equation, namely

fw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8mTw
prdob

2

s
ð10Þ

More recently, Wang (2007) proposed a formula for all
boundary conditions:

fw ¼ 0:407ð Þ2 1

ln Awb
2D

� �
" #2

ð11Þ

Figure 2 compares the values obtained by Eqs. 7, 10 and
11 to those of Eq. 3. There is a reasonable, almost 1:1
correlation as shown by the regression lines of Eqs. 7 and
10, but with much less data scatter in the case of Eq. 7,
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which has an R2 value of 0.9938 compared to 0.8638 of
Eq. 10. In the case of Wang (2007), however, the values of
fw are greatly underestimated and there is hardly any increase
in the calculated value of Eq. 11 with respect to Eq. 3.

For rough boundary conditions, numerous equations
have also been proposed. For example, Jonsson (1963) used

fw ¼ 0:0604

log 30d
D

� �2 ð12Þ

Swart and Fleming (1980) proposed the following
formulae:

for 7<Awb
D <160

fw ¼ 0:00066þ 0:483
Awb

D

� ��0:91

ð13Þ

and for 160<Awb
D

fw ¼ 0:0146
Awb

D

� ��0:157

þ 0:483
Awb

D

� ��0:91

ð14Þ

Figure 3 plots the values given by Eqs. 9, 12 and 13–14
against those of Eq. 3. In the case of Jonsson (1963), δ was
here calculated using the method proposed by Le Roux
(2010b). As shown in Fig. 3, Eqs. 9 and 12 coincide
reasonably well between fw values of 0.005 and 0.015, but
for higher values of fw, Jonsson (1963) appears to deviate
sharply from Eq. 3. The equations of Swart and Fleming
(1980) greatly overestimate the value given by Eq. 3.

 7

Fig. 1 Wave friction factors
given by Eqs. 7–9 plotted
against Eq. 3 for smooth, tran-
sitional and rough boundary
conditions

,
,

s

Fig. 2 Wave friction factors
given by Eqs. 7, 10, and 11
plotted against Eq. 3 for smooth
(laminar) boundary conditions
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Discussion

From the comparisons above, it appears that those
equations using the water particle semi-excursion at the
top of the boundary layer, Awb, yield results deviating
sharply from the wave friction factor as calculated by Eq. 3.
This is probably because Awb is commonly determined from
linear wave theory using the equation

Awb ¼ UwbTw
2p

ð15Þ

However, it can be shown that Eq. 15 is in fact no longer
valid at the top of the boundary layer. Le Roux (2010b)
calculated the horizontal semi-excursion Awhz for any depth
z below the displaced mean water level DWL (Le Roux
2008a) by

Awhz ¼ Ho

2

cosh pd�z
MCDw

� �
cosh pd

MCDw

� � ð16Þ

where MCDw is the mean crest diameter in any water depth
(Le Roux 2008b). Setting z=d gives the horizontal semi-
excursion at the top of the boundary layer Awb. At the DWL
(z=0) itself, Eqs. 15 and 16 give the same results, but at the
top of the boundary layer under linear (deepwater) wave
conditions, Awb as determined by Eq. 15 is half the value
given by Eq. 16.

The vertical semi-excursion Awvz at any depth z is found
by (Le Roux 2010b; Le Roux et al. 2010)

Awvz ¼ Ho

2

sinh pd�z
MCDw

� �
sinh pd

MCDw

� � ð17Þ

which reduces to zero at the top of the boundary layer.
The difference between these models has important

implications with regard to the general consensus that

water particle motion in deep water is circular right down to
the bottom, and that the decrease of the orbital diameter do
with depth below the surface is in accordance with the
standard Airy (1845) equation:

do ¼ Ho exp
�pdz
Lo

� �
ð18Þ

where Lo is the deepwater wavelength.
This principle has been incorporated in most, if not all,

linear wave models and equations. However, there is a
conceptual problem with Eq. 18, as shown in Fig. 4. The
center of the circular orbit coincides with the DWL at the
surface, but at a depth of z=d below the latter it must lie
just above the bottom itself. Using the first case in Table 1
as an example (a 12.8 s wave propagating at 163 m depth,
thus defining deepwater conditions according to the
currently accepted limit of Lo

2 ), the boundary layer is only
0.045 cm thick. However, the orbital diameter is 16.64 cm
at this depth. Therefore, 8.28 cm of the circular orbit
must lie below the sediment surface, which is clearly
impossible.

Equations 16 and 17 also model circular orbits near the
surface, where both 2Awhz and 2Awvz correspond exactly to
do as given by Eq. 18. Up to a distance of about Lo2 from the
surface, the value of 2Awhz deviates less than 5% from do,
but from this level it begins to diverge increasingly until it
reaches exactly 2do at the top of the boundary layer, where
2Awvz reduces to zero (Fig. 4). This should be so, because
the water particle motion in the boundary layer by
definition must be only to-and-fro. Furthermore, because
the particles accelerate from zero to a maximum below the
passing wave crest and back to zero at the arrival of the
trough, and since the acceleration and deceleration are
uniform and along a straight line, the maximum velocity
must be twice the mean velocity. The latter is given by 2pdo

Tw
,

i.e., at a depth of 163 m for a 12.8 s wave it would be

Fig. 3 Wave friction factors
given by Eqs. 9, 12, and 14
plotted against Eq. 3 for rough
(turbulent) boundary conditions
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4.08 cm s–1. This is modeled correctly by the equation of
Le Roux (2010b):

Uwb ¼ gTwHoLw
4MCDw

2 ð19Þ

where Lw is the wavelength in any water depth. This yields
a maximum boundary velocity of 8.16 cm s–1 under the
wave crest. It is therefore proposed that Eqs. 17 and 18 be
used instead of Eq. 15 to calculate horizontal and vertical
water particle semi-excursions at any depth below the
surface, and particularly for the top of the boundary layer.
These equations also have the advantage that they are valid
for both linear and non-linear wave conditions.

Conclusions

The fact that Uwb as determined by Eq. 19 and employed in
Eqs. 7 and 9 yields wave friction factors similar to those
given by Jonsson (1963, 1966) and Schlichting (1968) not
only supports the model of water particle motion shown in
Fig. 4, but also suggests that Eqs. 7–9 can be used with
confidence to predict sediment transport in conjunction
with the maximum and critical wave boundary velocity.

As shown in WAVECALC II, for a 12.81 s wave,
entrainment of 0.01 mm grains should commence at a depth
of about 163 m, when the maximum boundary velocity
under the wave crest begins to exceed the critical boundary
velocity. However, the wave friction factor only exceeds the
critical wave friction factor at a depth of about 147 m. On
the other hand, for a 10 mm grain under the same wave

conditions, entrainment according to the wave friction
factor would take place at a depth of 56 m, compared to
55 m using the maximum boundary velocity. This is
because of an additional force related to the pressure
gradient under waves, which increases into shallow water
(Le Roux 2010a). Although both methods may therefore be
employed to predict sediment entrainment, the wave
friction factor has the added advantage that it can be used
in combination with unidirectional currents.

Acknowledgements I am grateful to three anonymous reviewers
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Appendix 1

Equations used to determine sediment entrainment by
traction (Le Roux 1992; 1998)

U»
c
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gDr gtdc

r

s
ð1Þ

tdc ¼ �0:717log10Wd þ 0:0625 ¼ forWd < 2:5

tdc ¼ 0:0171 log10Wd þ 0:0272 for 2:5 < Wd < 11

tdc ¼ 0:045 forWd > 11

ð2Þ

Wd ¼ 0:2354Ddð Þ2 forDd < 1:2538

Wd ¼ 0:208Dd � 0:0652ð Þ3 2= for 1:2538 <Dd < 2:9074

Wd ¼ 0:2636Dd � 0:37ð Þfor 2:9074 <Dd < 22:9866

Wd ¼ 0:8255Dd � 5:4ð Þ2 3= for 22:9866 <Dd < 134:9215

Wd ¼ 2:531Dd þ 160ð Þ1 2= for 134:9215 <Dd < 1750

ð3Þ

Wd ¼ W3

ffiffiffiffiffiffiffiffiffiffiffi
r2

gmrg

s
ð4Þ

Dd ¼ D3

ffiffiffiffiffiffiffiffiffiffi
grrg
m2

r
ð5Þ

Appendix 2

List of symbols

Awb horizontal water particle semi-excursion at top of
boundary layer

Awhz horizontal water particle semi-excursion at any
depth z below DWL

Awvz vertical water particle semi-excursion at any depth
z below DWL

d water depth
do orbital diameter

Fig. 4 Model of water particle motion for the specific case of a 12.8 s
wave propagating in deep water, showing how vertical (2Awvz) and
horizontal (2Awhz) water particle excursions change with depth as
compared to orbital diameter (do). Bottom left Traditional model of
water particle motion, bottom right model proposed here
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dob orbital diameter at top of boundary layer
D median grain size
Dd dimensionless median grain size
DWL displaced water depth
fw wave friction factor
fwc critical wave friction factor
g acceleration due to gravity
Ho fully developed deepwater wave height
L length
Lo deepwater wavelength
Lw wavelength in any water depth
MCDw median crest diameter in any water depth
Pw horizontal pressure force across grain under

waves
Re Reynolds number
Re*c boundary Reynolds number
SWL still water level
Tw wave period
U velocity
Uwb boundary velocity
Uwbc critical boundary velocity
Uwi instantaneous velocity
U* shear velocity
U*c critical shear velocity required to entrain

sediments under unidirectional currents
U*wc critical wave boundary shear velocity under wave

crest
Wd dimensionless settling velocity
z depth below DWL
zb vertical coordinate measured upwards from bed
δ thickness of boundary layer
μ dynamic water viscosity
ρ water density
ρg submerged sediment density (grain density minus

water density)
tc critical shear stress
t t total shear stress
tu current-induced shear stress
tw wave-induced shear stress (oscillatory shear

stress)
twc critical shear stress under waves
tdc dimensionless critical shear stress (Shields 1936)
υt turbulent eddy viscosity
w radian frequency
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