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Abstract. This paper is devoted to the asymptotic analysis of the spectrum of a mathematical
model that describes the vibrations of a coupled fluid—solid periodic structure. In a previous work
[Arch. Rational Mech. Anal., 135 (1996), pp. 197-257] we proved by means of a Bloch wave homog-
enization method that, in the limit as the period goes to zero, the spectrum is made of three parts:
the macroscopic or homogenized spectrum, the microscopic or Bloch spectrum, and a third compo-
nent, the so-called boundary layer spectrum. While the two first parts were completely described
as the spectrum of some limit problem, the latter was merely defined as the set of limit eigenval-
ues corresponding to sequences of eigenvectors concentrating on the boundary. It is the purpose of
this paper to characterize explicitly this boundary layer spectrum with the help of a family of limit
problems revealing the intimate connection between the periodic microstructure and the boundary
of the domain. We therefore obtain a “completeness” result, i.e., a precise description of all possible
asymptotic behaviors of sequences of eigenvalues, at least for a special class of polygonal domains.
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1. Introduction.

1.1. Setting of the problem. This paper is devoted to the study of some
boundary layer phenomena which arise in the asymptotic analysis of the spectrum
of a mathematical model describing the vibrations of a coupled periodic system of
solid tubes immersed in a perfect incompressible fluid. This simple model is due to
Planchard, who studied it intensively (see [31], [32]). Since we introduced it at length
in section 1.2 of our previous work [3] we content ourselves with briefly recalling the
statement of this problem.

We consider a periodic bounded domain €2, obtained from a fixed bounded open
set Q in RY by removing a collection of identical, periodically distributed holes
(T;)lgpgn(s)~ The distance between adjacent holes as well as their size are both
of the order of €, the size of the period which is a small parameter going to zero.
Correspondingly, the number of holes n(¢) is of the order of e~V where N is the spa-
tial dimension. More precisely, let us first define the standard unit cell Y = (0; 1)V
which, upon rescaling to size €, becomes the period in ). Let T' be a smooth, simply
connected, closed subset of Y, assumed to be strictly included in Y (i.e., T does not
touch the boundary of V). The set T represents the reference tube (or rod) and the
unit fluid cell is defined as

Y*=Y\T.
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For each value of the small positive parameter €, the fluid domain €2, is obtained from
the reference domain €2 by removing a periodic arrangement of tubes €I" with period
€Y. Denoting by (7}) the family of all translates of €I" by vectors ep (where p is a
multi-index in Z) and by (Y,) the corresponding family of cells, we define

n(e)
(1) Q. =\ 15

p=1

Although p is a multi-index in Z, for simplicity we denote its range by 1 < p < n(e).
To obtain the fluid domain €, in (1), we remove from the original domain  only
those tubes 7} which belong to a cell Y7 completely included in €. This has the
effect that no tube meets the boundary 0€2. Analogously, (F;) denotes the family of
tubes boundaries (9T}).

We are interested in the following spectral problem in €: find the eigenvalues A,
and the corresponding normalized eigenvectors u., solutions of

7AU€ =0 in Qea
(2) Ae %1;: =eNig. / uciids  on T for 1 < p < n(e),
1—‘6
ue =0 ’ on 0,

where 77 denotes the exterior unit normal to €.

The homogenization of this model has already attracted the attention of several
authors (see [1], [14], [16], [17]). Even though it is a spectral problem involving the
Laplace operator, it is easily seen to admit only finitely many eigenvalues, exactly
Nn(e) (the number of tubes times the number of degrees of freedom in their displace-
ments). To this end, a finite-dimensional operator S, is introduced, which acts on the
family of tube displacements 5= (5,)1<p<n(c) With 5, € RY,

S, RNTL(E) N RNn(e)’

B} 1 )
(3) (5p)1<p<n(e) <€.N/ uends> ,
E 1<p<n(e)

where the fluid potential u. is now the unique solution in H(Q.) of

—Au, =0 in Q,

(4) %1:;:5_'],'77 on Iy, for 1 < p < n(e),
ue =0 on Jf).

According to [17], S, is self-adjoint, positive definite, and its spectrum, denoted
by o(Se), coincides with the set of eigenvalues of (2). Of course, since S, acts in a
finite-dimensional space, o(S.) is made up of Nn(e) real numbers. It has been further
proved that all eigenvalues of S, are uniformly bounded away from zero and from
infinity (see, e.g., Proposition 1.2.1 and Lemma 1.2.2 in [3]). As the period € goes
to zero, o(S.), considered as a subset of RT, converges to a limit set oo, which, by
definition, is the set of all cluster points of (sub)sequences of eigenvalues of S,

0o = {X € R | 3 a subsequence A € 0(S) such that A\ — A}.

Finding an adequate characterization of the limit set 0., was the main goal of our
previous paper [3]. A positive answer to this problem is given in the present article
for a special class of polygonal domains.
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1.2. Survey of the previous results. The characterization of o,, amounts
to studying the asymptotic behavior of the spectral problem (2), or, in other words,
to homogenize (2) as the parameter ¢ goes to zero. To our knowledge, this can be
done, at least, using two different approaches: the classical homogenization process
for periodic structures (see, e.g., the reference books [7], [8], [24], [28], [35]) or the
so-called Bloch wave method (also called the nonstandard homogenization procedure
in [16]; see [8], [33], [34], [36] for an introduction to Bloch waves in spectral analysis).
The former naturally yields the homogenized or macroscopic spectrum of (2), while
the latter is associated with the so-called Bloch or microscopic spectrum.

Historically the second approach was the first applied to problem (2) by C. Conca,
M. Vanninathan, and their coworkers [1], [15], [16], [17]. The key point in this method
is to rescale the e-network of tubes to size 1 and, therefore, as € goes to zero, to obtain
an infinite limit domain containing a periodic array of unit tubes. Then, the limit
problem is amenable to the celebrated Bloch wave decomposition (also known as the
Floquet decomposition; see the original work of F. Bloch [11] or the first mathematical
papers [19], [30], [36] or the books [8], [33]). The spectrum of this limit problem is
called the Bloch spectrum.

Although it seems the easiest to apply, the first approach (i.e., the classical ho-
mogenization) has only been recently applied to problem (2) in our previous article
[3]. By homogenizing the operator S, with the help of the two-scale convergence (see
[2], [29]), a homogenized equation is obtained in the domain 2. Its spectrum is called
the homogenized spectrum. It turns out that the homogenized spectrum is completely
different from the Bloch spectrum, and therefore both approaches are complementary.
This is possible since in neither case the underlying sequences of linear operators con-
verge uniformly to their limit which are noncompact operators. In addition to this
homogenization result, our paper [3] provides a unified theory for both approaches
that we called the Bloch wave homogenization method. We refer to [3] for more details
(see also [4], [5]), and we simply recall our main results.

The homogenization of model (2) amounts to analyzing the convergence of the
sequence of operators S.. Since these operators are defined on a space which varies
with €, we extend them to the fixed space [LQ(Q)N]KN, where K is an arbitrary
positive integer. Denoting by SX this extension, it will be amenable to a standard
asymptotic analysis, while keeping essentially the same spectrum as S.. Following
the lead of Planchard [32], the reference cell of our homogenization procedure is K'Y
instead of simply Y (this technique is referred to as homogenization by packets in
[32]). To give a precise definition of SX we introduce two linear maps: a projection
PX from [L2(Q)V]E" into R¥N™(©) and an extension EX from RN™(€) into [L2(Q)N]E"
such that SX = EXS.PX. To do so, some notation is required concerning the two
indices p (indexing constant vectors in RV™€) and j (indexing vector functions in
L2 (@N]T),

DEFINITION 1.1. Let KY be the reference cell (0, K)N which is made of K™
subcells Y; of the type (O, )N containing a single tube T;. The multi-integer j =
(j1,---,jn) which enumerates all the tubes in KY takes its values in {0,1,..., K—1}¥
(we use the notation 0 < 57 < K —1). Let p = (p1,...,pN) be the multi-integer
which enumerates all the tubes in Qe (see (1)). We define a third multi-integer £ =
(L1, ...,0Nn) which enumerates all the periodic reference cells e(KY') in Q. (its range
is denoted by 1 < £ < ng(€)). These three indices are assumed to be related by the
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following one-to-one map:

(5) em:E(%m), i = pm — Kby ¥m=1,..,N,

where E(-) denotes the integer-part function.
Then, PX and EX are defined by

N

PE 2@V — RO,

(6)

(5j(x))o<jcx—1 — (gp = @] Jexevy. §j(w)d$)1§p§n(e)’

N

BN RV s [2QN]KY,
7 o o o
@) (8p)i<pn( — (sj(x) = %:XE(KY)e(w)Sp)

0<j<K -1,

where p is related to (¢,7) by formula (5). One can easily check that the adjoint
(PEY* of PX is nothing but (eK)™NEX and that PXEX is equal to the identity in
RN™€) . Therefore, SX is also self-adjoint compact and its spectrum is exactly that
of S, plus the new eigenvalue 0 which has infinite multiplicity.

The homogenization of the extended operator SX is now amenable to the two-
scale convergence method [2], [29]. However, the limit operator S¥ has a complicated
form which can be simplified by using the following discrete Bloch wave decomposition
(see [1]).

LEMMA 1.2. For any family (5j)o<j<kx—1 of vectors in CN, let §(y) be the fol-
lowing KY -periodic function, piecewise constant in each subcell Y:

K-1
Sy) =" Fxv,(y) VyeKY.
j=0

There exists a unique family of constant vectors (t;)o<j<r—1 in CN such that

K-1
®) Sy) =Y 5T EPW vy e KY,
0

j=

where E(-) denotes the integer-part function. Moreover, the Bloch wave decomposition
operator B, defined by B(5;) = KN/2(t}), is an isometry on ((CN)KN.
The first main result in [3] (see Theorem 3.2.1) is the following theorem.
THEOREM 1.3. The sequence SK = EXS.PK converges strongly to a limit
SK; ., for any family (5j(z))o<j<i—1, SK(5;) converges strongly to S¥(5;) in
[LZ(Q)N]KN. Furthermore, the limit operator S is given by

(9) SK = B*TKB, with TK = dlag [(TJK)OSjSKfl} s

where the entries T]-K are self-adjoint continuous but noncompact operators in L*(Q)%,
defined by

K7 _ (A(O):I)Vu—(A(O)—IY*II)Fo if j =0,
(10) T {A%ﬁj if j # 0,
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where I is the identity matriz and u is the unique solution of the homogenized problem

(11) { ;iivO(A(O)Vu) = div((I — A(0))%) Z;%Q

and, for 6 € [0,1]V, A() is the Bloch homogenized matriz with components
(Apm’ (0))1<m,m'<n defined by

(12) Apyr (0) = . Vw), (y) - Vg, (y)dy,

where (wfn)lngN are solutions of the so-called cell problem at the Bloch frequency

0:

~Aw?, =0 n Y™,
(13) (Vg = €m) -7 =0 on oT,
y — 6*2”9'7411)&(&!) Y*-periodic.

The first component T¢< of the limit operator TX is the same for all K and is
denoted by S in what follows. It is called the macroscopic or homogenized limit of S,
((11) is also called the homogenized equation). The spectrum o (.5) is essential and has
been explicitly characterized in Theorems 2.1.4 and 2.1.5 of [3]. The other components
of TK are simple linear multiplication operators that represent the microscopic or
Bloch limit behavior of the sequence SX.

According to Proposition 3.2.6 in [3], the matrix A(6) is Hermitian and positive
definite for any value of #. Furthermore, it is a continuous function of 6, except at
the origin § = 0. Nevertheless, it is continuous at the origin along rays of constant
direction (see Proposition 3.4.4 in [3]). Denoting by 0 < A\1(0) < A2(0) < --- < An(6)
its eigenvalues, we can define the so-called Bloch spectrum by

N
O Bloch = U )\m(]O, 1[N)7
m=1

where A, (]0, 1[V) denotes the closure of the image of |0, 1[ under the maps A, (-).
We deduce our second main result.

THEOREM 1.4. The strong convergence of SX to the limit operator S¥ implies
the lower semicontinuity of the spectrum

o(S%) C lim o (SK).

e—0
By letting K go to infinity, we obtain

(14) O'(S) U oBioch C liH(lJ G(Se).

REMARK 1.5. As a matter of fact, the Bloch spectrum o gioch, and the homogenized
spectrum o (S) do not coincide. Therefore, both type of limit problems (macroscopic
(11) and microscopic (13)) are complementary. As already mentioned, the Bloch
spectrum has already been characterized by C. Conca and M. Vanninathan in [17] by
means of a different method, the so-called nonstandard homogenization procedure (see
also the book [16]).
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The question is now to see whether the inclusion in (14) is actually an equality,
i.e., if our asymptotic analysis is complete. It turns out that the homogenized and the
Bloch spectra are usually not enough to describe o, because the interaction between
the boundary 02 and the microstructure is not taken into account in our analysis.
More precisely, there may well exist sequences of eigenvectors of (2) which concentrate
near the boundary 92 of 2. They behave as boundary layers in the sense that they
converge strongly to zero locally inside the domain. Clearly the oscillations of these
eigenvectors cannot be captured by the usual homogenization method; neither are
they filtered in the Bloch spectrum which is insensitive to the boundary.

Nevertheless, the third main result of our previous paper [3] shows that for any
other type of sequences of eigenvectors (not concentrating on the boundary), the limits
of the corresponding sequences of eigenvalues belong to o(S) U opgjecn. More exactly,
introducing the subset of o4

Tboundary = {N € R | 3(Aer,5) such that SL5 = A\o5", Ao — A,

15 ' /
( ) ||§'6 HLZ(Q)N =1, and Yw with @ C Q, Hgt ||L2(W)N — 0},

where € is a subsequence of € and S} is the extension to L?(Q)" of S., we proved the
following theorem (see Theorem 3.2.9 in [3]).

THEOREM 1.6. The limit set of the spectrum of the operator S, is precisely made
of three parts; the homogenized, the Bloch, and the boundary layer spectrum

15% O'(Se) =00 = U(S) U o Bloch U Oboundary-

The proof of this completeness result is the focus of section 3.4 in [3]. It involves a
new type of default measure for weakly converging sequences of eigenvectors of S¢, the
so-called Bloch measures which quantify its amplitude and direction of oscillations.

Of course the definition of 0poyundary is nOt satisfactory, since it does not charac-
terize that part of the limit set 0, as the spectrum of some limit operator associated
with the boundary 0. In particular, it is not clear whether oyoundary is empty or
included in o(S) U ogjoen- It is the purpose of the present paper to characterize ex-
plicitly 0poundary, at least for special rectangular domains € and associated sequences
of parameters e.

REMARK 1.7. By their very definitions, the limit spectrum oo and the bound-
ary layer spectrum Opoundary depend a priori on the choice of the sequence of small
parameters €. On the contrary, the homogenized spectrum o(S) and the Bloch spec-
trum o Bioch are independent of the sequence €. We believe that opoundary 5 actually
strongly dependent on the sequence €. In particular, we shall characterize it only for
a specific sequence €. We thank C. Castro and E. Zuazua for clarifying discussions
on this topic [12].

1.3. Presentation of the main new results. There are mainly two new re-
sults in this paper which correspond to the next two sections. First, in section 2 we
introduce a new class of limit problems involving the interaction between the tubes
array and the domain boundary. We assume that the domain €2 is cylindrical;

(16) O = ©x]0; L],

where ¥ is an open bounded set in RV~! and L > 0 is a positive length. A generic
point z in RY is denoted by x = (2/,xx) with 2/ € R¥~! and zy € R (ay is the
coordinate along the axis of ). Let us define a semi-infinite band

G = Y'x]0; +o0],
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where Y/ =)0, 1[NV~ is the unit cell in RN ~1. This new “boundary layer” limit problem
takes place in the fluid part of GG, denoted by G* and defined by

G = G\UTq7

q=>1

where (T,) is the infinite collection of tubes periodically disposed in G. With each
tube T}, is associated a displacement 5, € RY. We denote by ¢2 the space of families
(84)g>1 such that 37 -, [5y[? is finite. Introducing a Bloch parameter ¢’ € [0, -t
we define a “boundary layer” operator dg by

dgr : 02 — 02,

(17) (gq)q21 = (/ UQ/ﬁdS> y
Tq g>1

where wug (y) is the unique solution of

—Aug =0 in G*,
agg'=§q~fi only, ¢>1,
ugr = 0 if Yn = O7

y e 20 0, (i yn) Y -periodic.

Our first result (see Theorem 2.18) is concerned with the continuity of the spectrum
of dg/, considered as a subset of R, with respect to the Bloch parameter ¢’.

THEOREM 1.8. For all ¢ € [0,1]N¥=Y, dy is a self-adjoint continuous but non-
compact operator in (2. Its spectrum o(dg:) depends continuously on 0', except at
0" = 0. Defining the boundary layer spectrum associated with the surface X

o J o) Uoldy),

0’€]0,1[N—1
we have

ox C lir% o(Se).

In general, o(dgs) is not included in the previously found limit spectrum o(S) U
O Bioch (see Proposition 2.17). Therefore, the new class of limit problems defined by
(17) is not redundant with the homogenized or the Bloch limit problems. Our main
tool for proving this theorem is a variant of the two-scale convergence adapted to
boundary layers, using test functions which oscillate periodically in the directions
parallel to the boundary ¥ and decay asymptotically fast in the normal direction to
Y (see section 2.1). Remark that the above result holds for any cylindrical domain of
the type (16) and for any sequence of periods e going to zero.

Section 3 is devoted to our second main result which requires additional assump-
tions on the geometry of the domain and on the sequence of periods €. More precisely,
we now assume that €2 is a rectangle with integer dimensions

N
(18) 0 = [Ji0;L;] and L;eN*

=1
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and that the sequence € is exactly
1
€n = —, n €N,
n

These assumptions imply that, for any €, the domain €2 is the union of a finite number
of entire cells of size €,. Then, the above analysis of the boundary layer spectrum
oy can be achieved for any face ¥ of the rectangle 2. Of course a completely similar
analysis can be done for all the lower dimensional manifolds (edges, corners, etc.) of
which the boundary of €2 is made up. For each type of manifold, a different family of
limit problems arise which are straightforward generalizations of (17). For example,
in two space dimensions, the corners of ) give rise to a limit problem in the quarter
of space RT x RT filled with a periodic array of tubes (see section 3.3). Finally, we
prove a completeness result (see Theorem 3.1).

THEOREM 1.9. The limit set of the spectrum of the operator S, is precisely
made of three parts; the homogenized, the Bloch, and the union of all boundary layer
spectra, as defined in Theorem 1.8,

lim o(Se,) = o(S) UoBioeh Uoaq,

€En—

with the notation

o0 = U 0%,

2Con

where the union is over all hypersurfaces and lower dimensional manifolds composing
the boundary ON2.

REMARK 1.10. The difference between the above completeness theorem and The-
orem 1.6 is that, here, the boundary layer spectrum caq is explicitly defined for the
specific sequence of parameters €, as the spectrum of a family of limit operators, while,
in our previous result, the boundary layer spectrum Opoundary was indirectly defined
for any sequence € but not explicitly characterized.

We conclude this introduction by giving a few references to related works on
boundary layers in homogenization and by a short discussion on numerical studies
concerning problem (2). Apart from the classical books [7, Chapter 7] and [26], we
refer mainly to the papers [6], [9], [10], and [27]. Planchard’s model has already been
studied numerically. The Bloch eigenvalues A;(6) were computed by F. Aguirre in a
two-dimensional example. A brief account of his work is given in [1]. On the other
hand, direct numerical computations of the entire spectrum o (S,) (for a fixed value of
¢, and without using homogenization) have been reported in [23]. To our knowledge,
these are the only available numerical results concerning a large tube array (see also
[21], [22]). Of course, these results are consistent with Theorem 1.9 describing the
asymptotic behavior of o(S,). In particular, some vibration modes displayed in [23]
are numerical evidence that osq is not empty; i.e., there exist eigenvectors which are
localized near the boundary or the corners of €.

2. Boundary layer homogenization. In this section we assume that 2 is a
cylindrical bounded open set in RY in the sense that it is defined by

(19) Q = ©x]0; L],

where X is an open bounded set in RN ~! and L > 0 is a positive length. With no loss
of generality, we assume that the axis of the cylindrical domain €2 is parallel to the Nth
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canonical direction. Therefore, a generic point z in € is denoted by = = (2/, ) with
a2’ € ¥ and xn €]0; L[. The goal of this section is to analyze the asymptotic behavior
of that part of the spectrum o(S,) which corresponds to eigenvectors concentrating
on the boundary ¥ x {0}, under the sole geometric assumption (19) (in particular, no
restrictions are made on the sequence € which goes to zero).

2.1. Two-scale convergence for boundary layers. We begin by adapting
the classical two-scale convergence method of Allaire [2] and Nguetseng [29] to the
case of boundary layers, that is, sequences of functions in €2 which concentrate near
the boundary ¥ x {0}. This method of “two-scale convergence for boundary layers”
will allow us to understand this phenomenon of concentration of oscillations near
the boundary. The usual two-scale convergence relies on periodically oscillating test
functions with a unit period Y =]0, 1[V. Here, we use test functions which oscillate
only in the directions parallel to the boundary ¥ (with period Y’ =]0,1[V~1) and
which simply decay in the Nth direction orthogonal to 3.

Let us define a semi-infinite band G = Y’ x]0; +oo|, where Y’ =]0, 1[V~! is the
unit cell in RV~1. A generic point y is denoted by y = (y/,yn) with ¥/ € Y’ and
yn €]0;+oo[. We introduce the space L% (G) of square integrable functions in G
which are periodic in the (N — 1) first variables, i.e.,

L% (G) ={oly) € L*(G) | ¥’ — ¢(y,yn) is Y'-periodic}.

We also denote by C(X) the space of continuous functions on the closure of ¥, a
compact set in RN~

Combining the concentration effect in yx and the periodic oscillations in Y”, the
following convergence result is obtained for a sequence ¢(%) when ¢ belongs to Li (G)
(further modulated by z’ € X).

LEMMA 2.1. Let p(a',y) € L}, (G;C(%)). Then

liml/‘ (x' E)rdl'_i//' (@', y)|*dz'd
e—0 € Q QO 76 _|Y,| 5 GSO 7y y

REMARK 2.2. Remark that, in the left-hand side of the above equation, the second
argument of ¢ is x/e and not only x'/e. This implies that there is a concentration
effect near 0 in the xn variable since ¢ is not periodic in this direction. This, in turn,
explains the 1/€ scaling in front of the left-hand side, in order to get a nonzero limit.

As usual in the context of two-scale convergence, the above result is not specific
to the space Li (G; C(i)), which could be replaced, for example, by L? (E; CC#(G')),
where Cey(G) is the space of continuous functions in G, periodic in y' of period Y,
and with bounded support in yy .

In view of Lemma 2.1, we define a notion of “two-scale convergence for boundary
layers.”

DEFINITION 2.3. Let (uc)eso be a sequence in L*(Q). It is said to two-scale
converge in the sense of boundary layers on X if there exists ug(x’,y) € L?*(X x G)
such that

1
lim = [ wuc(x)e (m’, E) dr =
e—0 € Q €

1
|Y,|/E/Gu(a(r’,y)w(m’,y)dw’dy

for all smooth functions p(2',y) defined in ¥ x G such that y' — oz’ ¢, yn) is
Y'-periodic and ¢ has a bounded support in ¥ x G.
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This definition makes sense because of the following compactness theorem which
generalizes the usual two-scale convergence compactness theorem in [2], [29].

THEOREM 2.4. Let (uc)eso be a sequence in L2(2) such that there exists a con-
stant C, independent of €, for which

1
z”uellL?(Q) <C

There exists a subsequence, still denoted by €, and a limit function ug(z’,y) € L?( x
G) such that

et [ (o D) = o [ el vasdy
for all functions p(z',y) € Li& (G;C(D)).

Remark that Theorem 2.4 does not apply to sequences which are merely bounded
in L?(Q) but also converge strongly to zero in L%(£2) as the square root of €. Of course,
this is the case for a sequence of the type ¢(2', £), where ¢(z’,y) is as in Lemma 2.1;
then, the limit is nothing but p(z’,y) itself.

It is not difficult to check that the L2-norm is weakly lower semicontinuous with
respect to the two-scale convergence (see Proposition 1.6 in [2]); i.e., in the present
situation

1
hm \/HUeHL (Q) W||UO||L2(E><G)~

The next proposition asserts a corrector-type result when the above inequality is
actually an equality.
PROPOSITION 2.5. Let (ue)eso be a sequence in L*(Q)) which two-scale converges

in the sense of boundary layers to a limit ug(z',y) € L?(X x G). Assume further that
it two-scale converges strongly, that is,

li 1H | 7571 [[uol|

im Ue u

5 e L2(Q) = VaEE ollL2(=xG)-
Then,

(i) for any sequence (ve)eso in L?(Q) which two-scale converges in the sense of
boundary layers to a limit vo(z',y) € L*(X x G), one has

1 1
lim = _ ’ / I
lim Quevedx vl /E/Gtm(w s y)vo(a', y)dz'dy;
(il) if uo(a',y) is smooth, say ug € L (G;C()), then

=10 (2.5

In order to investigate the convergence of sequences of functions in H{ (£2), we first
have to define adequate functional spaces for the two-scale limit. Let CZ5 (G) be the

=0.
L3(Q)

lim —

space of smooth functions in G which are Y’-periodic in 3’ and have a compact support
in yn (i.e., they vanish for sufficiently large and small yx but not necessarily on the
whole 0G). Let H&#(G) be the Sobolev space obtained by completion of C2% (G) with
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respect to the H'(G)-norm. We denote by Hg, ;,.(G) the space of functions which are
“locally” in H&# (G), i.e., which coincide with a function of Hé#(G) in any compact
set of G. We define a Deny-Lions-type space (cf. [18]) D(l)#(G) as the completion of
C2%(G) with respect to the L?(G)N-norm of the gradient

Db, (@) = {z/J(y) € Hly1o(G) |3 ¢ € C%(G) such that

(21) .
im [V = )2y =0}
It is easily seen that a function in Dé#(G) vanishes when yy = 0 but does not

necessarily go to 0 when yy goes to infinity since D] 4(G) contains functions which
grow like % at infinity with o < 1/2. We are now in a position to state our next
result.

PROPOSITION 2.6. Let (uc)eso be a sequence in H}(Q) such that there exists a
constant C, independent of €, for which

1
ﬁ <||u6||L2(Q) + ||VUE||L2(Q)N) < (.

Then, there exists a subsequence, still denoted by €, and a limit uo(z',y) € L*(%; Dg,(G))
such that

1
lim = [ uc(x)p (x', f) dr =0,
e—0 € Q €

lim 1/ Vue(z) -9 (3:’, E) dx = L / / Vyuo(z',y) - (', y)da'dy
e=0¢€ Jo € Y Js Ja
for any functions ¢ € Li (G;C(%)) and ¥ € Li (G;C(E)N).

Remark that, in Proposition 2.6, the two-scale limit ug(z’,y) does not belong to
L3(3; HY(Q)) as could be expected. The reason is that only V,ug € L*(X x G), while
up itself has no reason to belong to L?(X x (). Since the proofs of the above results
are very similar to those of the usual two-scale convergence theory, we simply sketch
the proofs of Lemma 2.1, Theorem 2.4, and Proposition 2.6.

Proof of Lemma 2.1. Let us first assume that ¢(a',y) € Li (G;C(%)) has
bounded support in yy; i.e., there exists M > 0 such that

p(@',y) =0if yy > M.

Then, by the change of variables yy = zn /e and for sufficiently small ¢, we have

e Jolo(@', B)Pde = %f?L Js le(a’, %/» IN) 2 da’ dx y
(22) = OL efz |s0(m/7%/7yN)|2dl'/dyN
M /
= fO fzw(x/»%ny)de/dyN,
The usual convergence result for oscillating functions in RV~1 (see, e.g., [2] and
references therein) yields that for almost everywhere yn € (0; M)
. ( , ! >
lim Y\T, —YN
€

2
1
dx’i*// lp(2',y yn)[Pda’ dy’
e—0 » ‘Y’| > ’
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P\T, — YN
) €

Therefore, applying the Lebesgue theorem, we deduce that

M
li / / ( , 7 >
1m P\T, —YN
e—0 0 5 €

The density of such functions ¢(2’,y) in Li (G; C’(i)) implies the desired result for
any function in L%, (G;C(%)).

Proof of Theorem 2.4. Using the assumed uniform bound on u., by the Schwarz
inequality we obtain

%/Que(x)go (m’,%) dx’ < C(%/Q ’gp(m’, %)‘2dl‘)%.

Passing to the limit, up to a subsequence, which may depend on ¢ in the left-hand
side and using Lemma 2.1 in the right-hand side, yield

. 1 / xz ! 2 !/ %
Z z < .
lim = /Que(x)w (w , E)dm‘ _C(/Z/le(w,y)l dx dy)

Since Li (G; C’(i)) is separable, varying ¢ over a dense countable subset, by a stan-
dard diagonalization process, we can extract a subsequence of € such that (23) is valid
for all functions ¢ in this subset. By density, we conclude that the limit in the left side
of (23), as a function of ¢, defines a continuous linear form in L*(¥ x G). Then, the
classical Riesz representation theorem immediately implies the existence of a function
ug(w,y) € L?(X x G) which satisfies (20). This finishes the proof of Theorem 2.4.

Proof of Proposition 2.6. By application of Theorem 2.4, up to a subsequence,
there exist two limits u(z’,y) € L?(X x G) and £°(2',y) € L?(X x G)V such that u,
and Vu, two-scale converge in the sense of boundary layers to these respective limits;
ie.,

and that

2
da’ <|%] [ max|e(a,y', yn)Pdy’.
Y’ x'eX

2
1

da'dyn = — //Iw(x',yﬁyzv)\zdw’dy-
Yl Js Ja

(23)

1 1
(24) lim = [ wuc(x)p (m’, E) dx = —,/ / uw(x',y)p(x', y)dz'dy,
Q € Y Js Ja

e—0 €

(25) lim 1/QVug(x) X (a:’, %) dr = ‘;/| /Z/G&)(x’,y) ~p(ay)da' dy

e—0 €

for any functions ¢ € Li (G;C(%)) and ¢ € Li (G;C(X)"). Integrating by parts in
(25), we obtain

.1 : ;T _
lgr(l) <) ue(x)divyy (:c , z) dx = 0.

In view of (24), this implies that

1 .
‘Y/|/Z/Gu(m’,y)dlvyw(x',y)dx’dy:O.
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Another integration by parts yields that u(x’,y) does not depend on y. On the other
hand, it belongs to L?(X x G) and G is unbounded. Since the only constant which
belongs to L?(G) is zero, we deduce that u = 0. Now, specializing (25) to test
functions v such that divyy = 0 and integrating by parts, we also obtain that

|Y1"\ /2:/(;£O($/’y) (2!, y)da'dy = 0.

As is well known, the orthogonal of divergence-free fields is exactly the set of gradients
(see Proposition 1.14 in [2] for a precise statement and references). Therefore, there
exists a function ug(2’,y) in L?(3; Dé#(G)) such that & = V,up (we use the space
Dé#(G) since g has no reason to belong to L?(X x G)).

2.2. Convergence analysis. Recall that the original operator S, defined by
(3), acts in the space RN™€) which depends on e and that our strategy was to extend
Se to a fixed space where a convergence analysis is possible. So far, the domain
Q = ¥x]0, L[ was considered periodic of period €Y. Nevertheless, from now on, § is
seen as a periodic domain with a new period GX defined by

GE dléf]0; eK[N71x]0; L],

with K an integer larger than 1. We shall construct an extension of S, well suited
for the previous two-scale convergence “in the sense of boundary layers” with such a
period GX.

REMARK 2.7. As already mentioned, we make no special hypothesis on the se-
quence of small parameters €. However, the periodic arrangement of tubes in ) is
required to be aligned with X in such a way that the first row of periodic cells €Y has
a boundary which coincides with X x {0}. In other words, the first layer of tubes close
to ¥ is at a fived distance § of ¥ x {0} (see Figure 1).

By a rescaling of ratio €, this new period GX corresponds to a finite length
truncation of the new reference cell

GK X kG =)0; K[V 1 x]0; +00[= KV’ x]0; +oc].

In the reference cell GE (see Figure 2) we put infinitely many layers of tubes in the
Nth direction, each layer being made of KV~! tubes. The tubes in GX are denoted
by T}, where j = (j’, jn) is a multi-index such that jx > 1 is an integer, which labels
the corresponding layer in G¥, and j' is a multi-integer in {0,1,..., K —1}"~1, which
locates the tube T} in its layer jy. The fluid part in G is denoted by G*¥, i.e.,

¢k =c"\ | T
0/ <K-1

1<in
To each tube T in G¥ we associate the subcell Y; and the fluid subcell Y =Y\ T;
analogous to Y and Y™, respectively (see Figure 2). The main idea is to attach to
each tube T in GE a different displacement function 5(z’), depending only on the
variable z’ € 3, such that the family (5;(2’)) 0<y/<K-1 belongs to the space L?(3; %),

SIN

where (% is the Hilbert space defined by

2 - - N -2
Uy = (Sj)OSJ’S_K—l 5;€CT, E |5j| < +o00
1SN 0<j <K -1
1<in
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F1G. 1. Cylindrical domain Q =X x (0, L).

000000000000 i
Q000000000000 L

00000 ROOBOOOO iz
Q000000000000 :ixi

i T(J"J )
In N
F1G. 2. Reference cell GX.

Remark that this definition of /% implies a decay of the displacement function §; as
JjN goes to +oo. Note also that each family (5;(z')) € L*(%; (%) can be identified
with a function 5(2’,y) € L*(X x GK) which is constant in each subcell Y;.

We now introduce the extended operator BX defined in L?(X; %) by

BE = BES.PF,

where PX and EX are, respectively, projection and extension operators between
RN™) and L?(%;¢2.). To define precisely PX and EX we need the following notation.

DEFINITION 2.8. Let j = (j',jn) denote the multi-index which enumerates all
tubes in the periodic reference cell GX. We use the notation 0 < i< K-—1to
indicate that j' varies in {0,1,..., K —1}¥=1 and jxy > 1 to indicate that jn takes
any positive integer value. Let p = (p1,...,pn) be the multi-integer which enumerates
all the tubes in Q (see Definition 1). The index p is such that the tube T is located
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in the cell whose origin lies at the point ep € Q). To describe its range we use the
notation 1 < p < n(e), where n(e) is the total numbers of tubes in Q. We define
a third multi-integer £/ = ({1,...,0n_1) which enumerates all the periodic reference
cells Gfg/ covering ) (each being identical, up to a translation, to GX ). For simplicity
its range is denoted by 1 < €' < ng(e). These three indices are assumed to be related
by the following one-to-one relationship:

— E(Pm) i o—p <m<N -
(26) { by = E(5), jm =pm — Klm for 1<m <N -1,
JN = PN,

where E denotes the integer-part function. This yields a one-to-one map between the
tubes (T;) and their location in the cell Gf, at the position j' in the layer jn.
Then, we define a projection

PK . LX(%;65) — RV,

(27) (§’J(m’)) 05{’55—1 = (gp)lgpgn(e)

given by

— 1 — ! !
5, = §i(x")dx',
P leKY”| (eKY ")y j( )

where (p, j,¢') are related by formula (26) and (e K'Y”), is the cross section of the cell
G,
We also define an extension

EX : RN — L2(5;6%),

(28) (gp)lgpgn(e) — (gj(l”/))og{'gk—l

<in

given by
gj(‘r/) = Z X(GKY/)e/ (I/)gpa
el

where (p, j,£') are related by formula (26) and x(cxy), (') is the characteristic func-
tion of (eKY’)y. By convention, §, is taken equal to 0 if the values of j and ¢
correspond to a cell truncated by the boundary 9 which therefore contains no tube.
One can easily check that PX and EX are adjoint operators (up to a multiplica-
tive constant) and that the product PXEX is nothing but the identity in RN™(€),
Therefore, the spectrum of BX consists of that of S, and zero as an eigenvalue of in-
finite multiplicity. We summarize these results in the next lemma, the proof of which
is safely left to the reader.
LEMMA 2.9. The operators PX and EX satisfy the following properties;
1. (PE)* = (k) (V- K,
2. (EX)* = (eK)N-DPK,
3. PEEK = Idgnne.
Therefore, the extended operator BE = EXS.PK is self-adjoint and compact in
L3(%;02.). Its spectrum is

o(BE) = o(Se) | J{0}-
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The convergence analysis of this sequence of extended operators BX is amenable
to the two-scale convergence method in the sense of boundary layers (as introduced
in the previous section). It turns out that the corresponding limit operator BX has
a complicated form which can be considerably simplified by introducing the so-called
Bloch wave decomposition. However, we emphasize that this decomposition will affect
only the (N — 1) first variables and not the last one, orthogonal to the boundary X.

LEMMA 2.10. Given a family (5;) o<y <x—1 in (%, there exists a unique family
1<jin
(t;)o<ir<x—1 in 03 such that, for any fived jy,

1<jin
- d . /
Y S, Y gemke
J

0<j’'<K-1 0<y’'<K-1

where E(-) denotes the integer part function and (Y )o<j<x—1 ts the family of subcells
of KY'. Moreover, Parseval’s identity holds true; i.e., for any fized jy,

Yoo sk = KNS G

0<j'<K-1 0<j'<K-1

The proof of Lemma 2.10 is standard (see, e.g., [1]). Remark that % is isomorphic
to (¢2)K""" by identifying an element (8j) o<y <x—1 of €% as a collection of KN~1
1<in

elements (5(; j))jy>1 of £3. Therefore, in Lemma 2.10, one could replace 3 by

()K" Let us define a linear map B’

N-1
(29) B : E%( - (6%)]5_1 L
(85) — (K= t(j’JN))’

where the vectors §; and t; are related as in Lemma 2.10. This Bloch decomposition
B’ (the prime indicates that it concerns only the first (N — 1) variables) is easily seen
to be an isometry from ¢% to ()K" namely, (B')* = (B))~L.

We are now in a position to state the main result on the asymptotic behavior of
BE.

THEOREM 2.11. For each fized K > 1, as € goes to 0, the sequence BX converges
strongly to a limit BX into L*(3;03%); i.e., for any function 3(a') € L*(3;0%) we
have

BE&(2') — BE&(2') in L*(Z;0%) strongly.

By using the Bloch decomposition B’ defined in (29), the operator BX can be diago-
nalized

BX = (B)*DXB' with DX = diag(DX )o<jr<xc—1,

where the entries Dﬁ are self-adjoint continuous (but not compact) operators in

L2(3:63) defined, for any (8jy (2'))jy>1 € L*(3:47), by

DJ (5, (2") = (/ Uj/ﬁd5> ,
Din in>1
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where uj/ (y) is the unique solution of

—Ayujr =0 mn G*,
(30) 85731., = _TiN -7 on Fj}\m jN > 17
Ujr = 0 on yn = Oa

_ompdl ! .
Y — e PR Yy (y,yn) Y’ — periodic,

where G* is the fluid part of the semi-infinite band G (see Figure 2).

REMARK 2.12. Of course, the solution uj of (30) depends also on the variable
x’ € ¥ since each displacement §;, (x') depends on x'. Nevertheless, ©' plays the role
of a parameter, since (30) is a partial differential equation in the variable y only. The
limit problem (30) admits a unique solution uj (z',y) in the space L*(3; Djl.,#(G*)),
where D},’#(G*) is a Deny-Lions-type space. More precisely, it is defined as Dy, (G)

n (21), the only difference being that functions in Djl-,#(G*) satisfy a (627”%,)//)
periodicity condition in ', instead of the usual Y’ periodicity. Recall that a func-
tion w(y) satisfying the periodicity condition of the limit problem (30) is said to be
(eQWl]?,Y’)-pem'odic in y' because such a function also satisfies the following (gener-
alized) periodicity condition:

w(y + (K',0)) = eQWl%w(y) Yy = (v, yn) and Vk' € ZN 71,

For more details on this class of functions, we refer to [1], [16].

The key of the proof of Theorem 2.11 is the following homogenization result for
the fluid potential when the displacements of the tubes are given in terms of the
projection operator PX. Remark that, in view of definition (27) of PX| such a family
of displacements concentrates near the boundary X x {0} as € goes to 0.

PROPOSITION 2.13. For any §(z') € L*(X; (%) let us define uec = uc(3) as the
unique solution in H'(Q.) of

_Aue =0 mn Qe,
(31) i — (PKS(a')), - onT5, 1<p<ne),
u. =0 on 0N.

Then, u. two scale converges in the sense of boundary layers to 0 and Vu, two-scale
converges in the sense of boundary layers to Vyuo(z',y), where ug(x’,y) is the unique
solution in L*(%, Dé#(G*K)) of

—Ayug =0 in G*K,

Oug _ 2 = .
(32) oL =80 on ry,

Ug = 0 Zf YN = Oa

Yy —uo(2,y,yn) KY'-periodic,

and Vu, two-scale converges strongly, i.e.,

1 , 1 ,
(33) lim — o |Vue|*dx = W/E/GK |Vyuol*da’ dy.

e—0 €
Moreover, if §(x') is a sequence which converges weakly to a limit §(z') in
L2(3;02.), then the sequence of associated solutions u.(5%) two-scale converges in
the sense of boundary layers to 0 and Vuc(5%) two-scale converges in the sense of
boundary layers to Vuo(x',y), where ug is still the solution of (32).
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REMARK 2.14. A priori, the solution ue of (31) is defined only in the fluid domain
Q¢ which is a varying set as € goes to 0. However, it is a standard matter (see [13])
to build an extension operator X. acting from H' () into H*(Q) such that, for any
ve HY(Q),

X =w1in Qe and | Xv| g1 0) < Cllvllar@,),

where C' is a positive constant independent of €. In what follows, we shall always
identify functions in H'(Q.) (as u.) with their extension in H'(Q) (as Xcu.).

To prove Proposition 2.13 we need two technical lemmas.

LEMMA 2.15. The extension and projection operators EX and PX satisfy the
following estimates:

(i) [IPX5(a) [arnco < Cem 2 |[5(") | 2w, )

(i) [1EE E)llzz(mezy < Cer 1(En)rpenio levne,
where C' is a constant independent of € and the norms are defined by

||(§p)1§p§n(e)”]?g1\fn(f) = Z ‘§P|2a
1<p<n(e)
15(") 22 / S5 P
0<j/<K-1
1<in

Proof. Let us prove (i) (the other inequality (ii) has a similar proof). By definition
of PX,

- 1 . 2
IPEEE) B = D (m 5(a)da')

1<p<n(e) (eKY")

where (p, j, ') are related by formula (26). Applying the Cauchy—Schwarz inequality
and summing over ¢ yield

IPE S o > R f(EKy/ 155 (@")Pda’
(34) 1<p<n(e) 2
Ke)N T fzz |55 (") *d’,

IN

I /\

which is the desired result.
LEMMA 2.16. Let 5%(a’) be a sequence of functions which converges weakly to
§(z') in L*(3;03.). Define a piecewise constant function

ZZ 5KY|/KY/), dx) Xy, (@)

it

where Xy (z) is the characteristic function of the jth subcell of the periodic cell GX,,.

je’ y
Then, G¢ two-scale converges in the sense of boundary layers to a limit @ (x,y) €
L?(2 x GX) defined by

@(w,y) = > F)x, ),

- J
J
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where Xy (y) is the characteristic function of the jth subcell of the reference cell
J

GE. Moreover, if 5(x') converges strongly to 5(z') in L*(X; (%), then @ two-scale

converges strongly to @ in the sense of boundary layers, i.e.,

1, 1
lim %Ha (@)l 2 = —m= 18°(@, )l L2 (s xar)-

K—=

Proof. The proof is very similar to that of Lemma 3.3.2 in our previous work
[3], so we briefly sketch it. Let @(z’,y) be a suitable smooth test function defined
on ¥ x GX with values in RY such that 4/ — @(2',9,yn) is KY'-periodic and @
vanishes for sufficiently large yy. We check the definition of two-scale convergence:

L[y ac(z) - g2, %)dx
= %ZZ((EK)lN—l fe(KY’)ez g’ej(xl)dx,) : fY;, @la’, ¢)dx
] J

o £, 50 | o (F fy, 80210 e, (@) .

It is easily seen that for each fixed j the term between brackets converges strongly to
Jy. @', y)dy in L*(X)N. Remark that the sum in j is finite since ¢ has a bounded
J

support in GX. Thus we can pass to the limit and obtain the desired result

ﬁZ/Egj(x’)' </YJ 5($’,y)dy> da’.

If 5% converges strongly to 5}, the strong two-scale convergence of @(z) is obtained
by a similar proof, replacing in the above computation the test function @ by a¢(x).
Proof of Proposition 2.13. Multiplying (31) by u. and integrating by parts, we

get

Ja. |Vuc|?de = > (Pfé’)p + Jpe uetids
1<p<n(e) k

(35)

IN

I (PE5) lmwnco

()|

An easy calculation (see Lemma 2.2.3 in [3] if necessary) shows that

H (/ uJids)
s

and hence, using Lemma 2.15 we conclude that

RNn(e)

2
< CeV||VuelZ2 (g,

RNn(e)

/Q |Vue|?dz < C€”§($I)||2L2(Z;Z§()'
A standard Poincaré inequality in Q yields the same estimate for u. in L?(£,) :

|| el < Ol g
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We now apply the method of two-scale convergence for the asymptotic analysis of the
sequence 1., using test functions with G¥ as the periodic cell (since we decided to
consider G¥ to be the reference cell and not G). By virtue of Proposition 2.6 there
exists a subsequence of u. and a limit function ug(z’,y) in L*(%; Dé#(GK )) such that
(ue, Vue) two-scale converge in the sense of boundary layers to (0, Vyug). Let ¢(z', y)
be a smooth function in L?(3; D, (G*)). Multiplying the equation (31) by ¢(a’, £)
we obtain

1 , T , T
e/SZXQG(a?)VU,E Vyp (x,€>dx—|—/ﬂxﬂﬁ(x)Vu6Vw/g0 (a:,ﬁ)da:

= Z (Pf:?)p . /6 7 (:z:’, %) fids

1<p<n(e)

= %/Q (XQE(:U) —1)a(z)- (Vycp (x’, %) + eV (x', %)) dzx,

where xq.(z) is the periodic characteristic function of €. and @¢(x) is a piecewise
constant function defined as in Lemma 2.16 by

S5 (i

je’

v, dx) Xy ().

Remark that both terms involving V. ¢ go to zero with e. Applying Lemma 2.16, we
pass to the two-scale limit in the remaining terms to get

|KY/\/ /V up(x',y) - Vyo(z',y)da'dy = |KY’|/Z/SJ Vyo(z' y)dx'dy

> G*K

which is nothing but the variational formulation of the limit equation (32). A stan-
dard application of the Lax—Milgram lemma yields uniqueness of the solution ug in
L3(%; Dé#(GK)). Thus the entire sequence u. converges to the same limit ug.

The proof of the energy convergence (33) is standard by passing to the two-scale
limit in the right-hand side of (35) since @© two-scale converges strongly in the sense
of Proposition 2.5 (see Proposition 2.2.4 in [3]).

To prove the two-scale convergence of u.(5%) to ug, when 5* converges weakly to §
in L?(X; ¢%), it suffices to repeat the same above arguments since Lemma 2.16 asserts
that @ two-scale converges to @ even if 5% converges weakly. Note that in this case
we do not have the energy convergence.

Proof of Theorem 2.11. Let 5(z') € L*(%;/%) and #* be a sequence which con-
verges weakly to ¢ in L?(3;¢%). Our goal is to prove that

— —

lim <BK S(x )7t€(xl)>l/2(2;£§() = <BK§’(gc’),t(a:')>L2(E;@() )

e—0
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By definition of BX we have

—

<B6K§'(gc’)7 te(x’)>L2(E;€%{) <EEKSEPEK§($/), t_%(x/»L?(E;e%()

= (€K)N_1 <SEP6K§(1'/)7Pel({e(x,)>RNn(e)

= (EK)Nﬂ< b ( )}N(fpe uc(F)ids) - (PKT),
1<p<n(e P

= K [ Vu(3) - Vu(#)d.

By Proposition 2.13 we know that Vu,(S) two-scale converges strongly in the sense of
boundary layers to V,uo(5) while Vu,(£°) two-scale converges weakly to V,uo(f). By
virtue of Proposition 2.5 we can pass to the limit in the product and we get

—

lim (BX 5(2'), te(x/)>L2(2‘e2 )= / V,u0(8) - Vyuo(t)dz'dy,
K »JG*K

e—0

where (%) and ug(f) are solutions of the homogenized problem (32) with 5 and £,
respectively, as the right-hand side. A simple integration by parts shows that

L[ Sl Buo(®s'dy = (B0, 06) s
s JarK s

where the limit operator B¥ is defined by

Ko N\
(36) Bs(x)-(/rl

J

u0(§‘)ﬁds>

< <K-1
1<y

This proves the strong convergence of BX to BX on L?(%;¢2.). Obviously, B is

self-adjoint and continuous but not compact since =’ plays the role of a parameter in

the definition of BX.

It remains to diagonalize B¥ with the help of the Bloch decomposition B’. This
diagonalization process has already been exposed in section 3.3 of our previous pa-
per [3] in a slightly different context. For the sake of brevity, we do not repeat this
standard argument here. Let us simply indicate the three main steps of this Bloch
diagonalization. First, we apply the operator B’ to s(z’) = (§'j(m’))og_7_»/g>xl_1 which

IN

gives the Bloch decomposition of §(x') with respect to the multi-index j' (not in-
cluding jx). Secondly, plugging this Bloch decomposition in the limit equation (32)
(which holds in G*¥) and using a similar Bloch decomposition of u(5), we decompose
(32) in a family of KN~! equations defined in a single reference cell G*. In a third
step, applying again the Bloch decomposition B’ to formula (36) yields the desired
diagonalization of B¥.

2.3. Analysis of the limit spectrum. In this section we analyze the spectrum
of the limit operator BX and, from the strong convergence of BX to BX, we deduce
the lower semicontinuous convergence of the spectrum o(S.) to the limit spectrum
o(BX). Recall that for any K > 1, the extended operator BX has a spectrum given
by

o(Bf) = o(Se) U {0}.
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Since BX converges strongly to BX in L?(3;¢2.), by virtue of Proposition 2.1.11 in
[3], we have

o(B¥) Con = lintl) o(Se).

From Rellich’s theorem, the strong convergence of the spectral family associated with

BX to that of BX is also easily deduced (see Theorem 3.2.5 in [3]). This gives some

(partial) information on the convergence of eigenvectors that we shall not use below.
In view of Theorem 2.11,

BK = (B/)_lDKB/ with DK = diag(D;"()OS_j’SK—la

where each D;f is a self-adjoint continuous operator in L?(X;¢%). Since B’ is an
isometry, we have

o(B¥)=|J a(Df).
0<j’'<K-1

By the very definition of D]I.,( , the macroscopic variable ' € ¥ plays the role of a

parameter. Therefore, for any fixed value of x’, D;,( can be identified with an operator

d, acting in ¢2 which does not depend on z’. Introducing the Bloch parameter
K

0" = % € [0,1]¥=1, this new operator dg: is defined by

dor = 03 — 02,

(37) (gq)qzl = (/ Uug’ - ﬁds) s
T'q g>1

where ug (y) is the unique solution of

—Aug =0 in G*,
6573' =35,-1 only, ¢>1,
Ugr = 0 if YN = 0,

y e 20 0, (y  yn) Y -periodic.

In (37) the positive integer ¢ is nothing but the index jy introduced in Definition 2.8.
Clearly, we have

J(Df) =o(dy).

A

As is well known, the spectrum of a self-adjoint operator can be decomposed in its
discrete part, made of, at most, a countable number of isolated eigenvalues of finite
multiplicities, and its essential part, for which the Weyl criterion applies (see, e.g.,
[25], [33], [34]). The next proposition characterizes the spectrum of dp.

PROPOSITION 2.17. For all 0’ € [0,1]V71, dy is a self-adjoint continuous but
noncompact operator in (3. Labeling the eigenvalues of the discrete spectrum o gisc(dg:)
by decreasing order, each discrete eigenvalue is piecewise continuous in 0'. The es-
sential spectrum is given by

Uess(dG') = U U(A(QI,QN)),

On€[0,1]
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where A(0',0y) is the Bloch homogenized matriz, defined by (12), which is continuous
in 6 €]0,1[V but discontinuous at @ = 0. Moreover, the entire spectrum o(dg:),
considered as a subset of RT, depends continuously on 0’, except at §' = 0.

Because we use the usual convenient labeling of the discrete eigenvalues by de-
creasing order, we can merely prove that they are piecewise continuous. This is due
to the fact that, when 6’ varies, an analytical branch (if any) of discrete eigenvalues
may merge into the essential spectrum: this yields a “jump” in the labeling of dis-
crete eigenvalues. Therefore, one cannot hope to prove a global continuity of these
eigenvalues with such an ordering.

Let us postpone for a moment the proof of Proposition 2.17 and define the so-
called boundary layer spectrum associated with the surface 3:

(38) on ™ U o(dg) Uo(dp).

6'€]0,1[N -1
By virtue of Proposition 2.17, we have
(39) OBloch C Ox.

Therefore oy, also has a band structure since it includes the Bloch spectrum, but
it may include new bands of eigenvalues of og;sc(dgr). It also contains the isolated
eigenvalues of 04;s.(dp). Therefore oy, can contain elements which are not included in
the previous limit spectrum o (S) U 0pioch (see section 1.2). The continuity of o(dy)
with respect to 8’ ensures that oy is the closure of the union of all spectra o(dy/) with
0’ rational.

U U U(d%)zgz.

K>10<j/<K-1

We summarize our results in the following theorem.
THEOREM 2.18. The boundary layer spectrum associated to X is included in the
limit spectrum

0y C 0xo-

REMARK 2.19. Of course oy, is not the complete boundary layer spectrum since
it is concerned only with that part of the spectrum concentrating near 3. A completely
similar analysis has to be done for all the (N — 1)-dimensional surfaces and all other
lower dimensional manifolds (edges, corners, etc.) of which the boundary of Q) is made
up. Then, we shall prove in the next section that the union of all these contributions,
the so-called boundary layer spectrum, plus the usual homogenized spectrum and the
Bloch spectrum, is equal to 0o, at least when € is made up only of entire cells €Y .

Proof of Proposition 2.17. Let us first prove that the essential spectrum of dy is
included in the Bloch spectrum, and, more precisely,

Uess(dG') = U O'(A(GI,QN)),

0<On<1

where A(0) is the usual Bloch homogenized matrix defined in (12). In particular, this
proves that o.ss(dgr) # {0}, so dgs is not compact.
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Let A() be an eigenvalue of A(6) and u(6) be the associated potential solution of

—A,u(6) = 0 myr,
81575?) = A*l(a)!u(e)ﬁds on T,
y — e~2m0 vy (0, ) Y-periodic.

We construct a Weyl sequence u,, associated with the spectral value A(6) by

()
" Tu@)enllegey

where 9, (yn) is a cut-off function defined by

Yn(yn) = YN when 0 < yy <1,
Yn(yn) = 1 when 1 < yy <mn,
Ynlyn) = n+1l—yy whenn<yy<n-+1,
Ynl(yn) = 0 when yy > n+ 1.

By definition, ||un||z2(g+) = 1 and limy, 4 oo [[u(0)Yn ]| 12(G+) = +00. Then, it is easily
checked that, for any ¢ € Dé#(G) (the Deny—Lions-type space defined in (21)),

/G*VumV(pdy:)je);(/lﬂqunﬁds)-(Aqwﬁd8)+<rn,¢>,

where 7, is a negligible remainder term in the sense that

fim (Tny )

— =0.
n—+oo ||V p2(geyn

Furthermore, 3, = ([,

r, upds)g>1 converges weakly to 0 in £% since

Jm ([w(@) | p2(g-) = +o0.

Therefore, &, is a Weyl sequence associated with A(f) for the operator dy.. This
proves that A(0) € o.ss(dgr). To prove the converse inclusion,

Oess (dﬁ’) C U J(A(e/’ 9N))7

0<On<1

we consider a Weyl sequence &, for a spectral value A € o¢ss(dg/). Let u, be the
associated potential solution, i.e.,

—Au, =0 in G*,
(40) G = (Fn)g 7 on L'y, g 20,
Up = 0 if YN = O,

y — e 20y (i yn)  Y'-periodic.

Since [|Shllz = 1 and 8, — 0 in 3 weakly, it is easily seen that u, converges to 0
weakly in H!'(G*). Furthermore, since the weak convergence to 0 of 5, implies that
its components (5,)q go to 0 for fixed ¢, it is not difficult to check that, for any
compact set K of G*, u,, converges strongly to 0 in H'(K) (multiply equation (40)



Downloaded 03/18/13 to 200.89.68.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

BOUNDARY LAYERS IN SPECTRAL HOMOGENIZATION 367

by ¢u, where ¢ is equal to 1 in K and is compactly supported away from infinity).
Introducing a sequence

Yy,

Uy = —————
" unl L2

where ¢ (yn) is a cut-off function defined by

Yyn)= 0 for yn <0,
Y(yn) = Y~ for 0 < yny <1,
Y(yn) = 1 for yy > 1,

it is straightforward to prove that

/*VU”Vgodz:%Z(/F

qEZ q

vnﬁds) : ( /F goﬁdS) + (Tns )

for any ¢ € D;ﬁ (B*), where B* is the infinite band Y’ x| — co; +00] perforated by the
periodic arrangement of tubes (T})qez, and r, is another negligible remainder term
such that

) _
n—+too [Vl p2(pey~
Therefore,
t, = </ v,jids)
Ty q€Z

is a Weyl sequence for an operator similar to dy: but defined in the whole infinite
band B* instead of the semi-infinite band G*. A standard Bloch decomposition with
respect to the variable yx yields that A belongs to <, <1 o(A(0,0n)).

To conclude the proof of Proposition 2.17, it remains to prove that the isolated
eigenvalues of finite multiplicity A(0') € ogisc(dgr) are piecewise continuous with re-
spect to 0. Let !, be a sequence converging to 6 in |0, 1[¥ =1, Obviously, the sequence
of continuous operators dg; uniformly converges to dp/ in /2. Now, let us invoke a
classical theorem (see, e.g., Theorem 3.1., Chapter 1.3 in [20]) which states that for
any closed curve 7 in the complex plane, which encloses a finite number of eigen-
values of 04;5.(dg’) and does not intersect o(dy ), there exists ng such that for any
n > ng, the curve -y contains the same number of eigenvalues (including multiplicities)
of 7gisc(de: ) and does not intersect o(dp: ). This is nothing but the local continuity of
the eigenvalues of 04;sc(dgr) (enumerated, for example, in decreasing order). Remark
that the continuity of the pth eigenvalue of o4;s.(dg:) breaks down only when one of
the previous eigenvalues (with label between 1 and p— 1) meets the essential spectrum
Oess(dpr) as 0’ varies. In any case, since o.s5(dgps) depends continuously on 6" # 0, this
proves that the entire spectrum o(dy/) depends also continuously on 6’ # 0. The lack
of continuity for o(dy/) at 8’ = 0 is a phenomenon already explained in our previous
work (see Proposition 3.3.4 in [3]).

REMARK 2.20. When the tube T is symmetric in Y (in other words, by reflexion
with respect to the hyperplane [yn = 0], G* yields the infinite periodic array of tubes
B*), it can readily be checked that there is no isolated eigenvalue of finite multiplicity
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for dg:; i.e., dgise(dg) = O for all @ € [0,1)VN=1. If this were not the case, by
symmetry an eigenvalue of 04isc(dp/) would also be an eigenvalue of finite multiplicity
for a similar operator in the infinite band B*, which is impossible since by translation
there exists an infinite number of eigenvectors.

We conclude this section by proving that the eigenvectors corresponding to iso-
lated eigenvalues of finite multiplicity of dy- are localized in the vicinity of the bound-
ary [yn = 0] since they decay exponentially at infinity.

PROPOSITION 2.21. Let A\ be an eigenvalue in og4isc(dgr) and let (55)q>1 be a
corresponding eigenvector. There exists a positive constant a > 0 such that (€*P5y)g>1
belongs to (3.

Proof. The argument is by contradiction of the Weyl property for eigenvalues
in the essential spectrum. For A € ogs.(dg), let § = (8,)4>1 be a corresponding
normalized eigenvector and u(y) the corresponding potential, solution of

—Au = in G*,
ou 2 .2

) =% on Ly g2 1,
u = if yv =0,

y e 20y (y yn)  Y'-periodic.
By definition, for all ¢ > 1, it satisfies
/ u-nids = As,.
Fq
Let us define a sequence (5"),,>¢ in ¢% by
0 ) if ¢ < n,

It is easily seen that 5" converges weakly to 0 in £ with ||5"||,2 = 1. However, since
A does not belong to the essential spectrum of dy., any subsequence of §" cannot be
a Weyl sequence for A\. This implies the existence of a positive constant C' and an
integer ng such that, for any n > ng,

8" = (87)a1 Withgg:{ if ¢ > n.

(42) ldg: 3" — A5" |2 = C > 0.

As usual u,(y) is the potential associated with §" through an equation similar to
(41). We introduce a smooth cut-off function v, (yn) such that +,, = 0 on all tubes
T, for ¢ < n, and 9, = 1 on all tubes T, for ¢ > n. Let us denote by w,, the bounded
support of Vi, which lies between T;,_; and T;,. Introducing an approximation v,
of the potential w,,, defined by

Un(y) — wn(yN) (u(y) - Cn) with Cp = ﬁ/ u(y)dy,

2pen 15]

we write

dg5" = A§" + /
r

(U, — vp) - ﬁds)

1 g>1
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From (42) we deduce
IV (un = v0)l|L2(G+)yv > C >0 for n > ny.
Using the equations for u and u,, a simple computation yields
(U, — vn) VU — (4 — ¢,) V(Up — vp)

Z;in |§}P|2

Remark that the integral in the right-hand side reduces to w,, since V,, has bounded
support in w,. Applying the Poincaré~Wirtinger inequality in w,, to (u—c,) and (u, —
vp,) (this last term has not zero average in w,, but (43) is invariant by substraction
of a constant to (u, — v,,)), we obtain from (43)

(43) / IV (ty, — vp)|?dy = » Vb, -

Vv w
Hv(un - vn)”LQ(G*)N < CM’

2 pen 15l

which implies
(44) Z 15,° < ClIVul 2, )~
p=n

On the other hand, multiplying equation (41) by ¢, (u — ¢,,) and integrating by parts
gives

/ z/Jn|Vu|2dy+/ (u—cn)Vu-andyz)\Z|§'p|2.
G- G-

p=n

Applying again the Poincaré-Wirtinger inequality in w,, to (u — ¢,) yields

(45) [ nlVuly < A3 5 + OVl v

p=n

Let us denote by G,, the subset of G* defined by G,, = {y € G*|yn > n}. From (44)
and (45) we deduce

2
IVullzz,,,

v < ClIVula, < C (IVulZag, v = IVulZag, 0~ )
which implies, for n > ng,

C n—no
(16) Vel < (T5g)  IVulaam

Tt is easily seen that (46) implies the desired result.

3. Completeness of the boundary layer spectrum. In this section we as-
sume that €2 is a rectangle with integer dimensions, i.e.,

N
(47) Q = [l L[ and L; eN*.

i=1
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The sequence of small parameters € is also assumed to be
]' *

(48) €, = —, n €N
n

Remark that all the previous results in this paper hold for any type of sequence € going
to zero. From now on, we restrict ourselves to the sequence ¢, since, for any n > 1,
the domain (2 is the union of a finite number of entire periodic cells Y;». However, to
simplify the notation, we shall not indicate the dependence on n and simply denote
by e the particular sequence defined in (48).

Remark that the assumption on the geometry of € can be slightly relaxed. Any
polygonal domain with faces parallel to the axis (i.e., the normal is everywhere one
of the basis vectors) and having vertex with integer coordinates could equally be
considered.

3.1. Presentation of the main result. This section is devoted to the so-called
completeness of the limit spectrum. Recall that in our previous work [3] we proved
that

(49) Occ = U(S) U o Bioch U Oboundary s
where Opoundary 15 defined in (15). In section 2, we proved that
0 O 0%,

where oy is the boundary layer spectrum associated with the surface X, defined by
(38). Remark that, due to our hypotheses on the domain 2 and on the sequence e,
the surface ¥ can be any of the faces of €2 defined by

N N
[100:L;(x{0} or  J]I0;Li[x{Li} for1<i<N.
j=1 j=1
J#i JF#i

Of course, the analysis of section 2 can be repeated for any other lower dimensional
manifolds (edges, corners, etc.) which compose the boundary of Q. For 0 < m < N—1,
let us define the m-dimensional parts of 92 as

m N
S = [[10:Legylx JT {zrgy = 00r Loy},
j=1 j=m+1

where 7 is any permutation of the numbers {1,2,..., N}. There are 2N’mCII\\,[_m
m-dimensional manifolds of the type ¥,, .. A simple adaptation of the two-scale
convergence in the sense of boundary layers for such manifolds allows us to prove
that, for any m and T,

Oso O Ox%

m,T

where ox,, . is the spectrum of a family of limit problems posed, not in a semi-
infinite band as in section 2, but rather in a periodic domain bounded in the variables
Tr(1),- -+ Tr(m) and unbounded with respect to the other variables (see section 3.3
for the case of corners in two space dimension). Eventually, defining the union of all
these spectra

(50) oon =] os,...
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we deduce from Theorem 2.18 and from the geometric assumptions (47), (48) that
(51) 0o D 080-

Comparing our results (49) and (51), a completeness result amounts to link the two
definitions of the boundary layer spectrum oo and opoundary-

THEOREM 3.1. For the sequence €, defined by (48), the boundary layer spectrum
satisfies

Oboundary Coaq-

Therefore, the limit spectrum of the sequence S, is precisely made of three parts; the
homogenized, the Bloch, and the boundary layer spectrum

Elig a(Se,) = 0(S) Uopioeh Uoaq,
where the boundary layer spectrum oaq is explicitly defined by (50).

REMARK 3.2. Remark that Theorem 3.1 does not state that Tpoundary, defined by
(15), and opq coincide. Indeed, we have shown in (39) that opq contains the Bloch
spectrum. It is not clear whether opoundary contains the Bloch spectrum too. The
comparison of caq and Opoundary 5 definitely a very difficult question. We suspect
that if the definition of Cpoundary 15 modified in such a way that it contains only limit
eigenvalues corresponding to sequences of eigenvectors which decay exponentially fast
away from the boundary, then it may coincide with that part of coa made of discrete
eigenvalues (which also have exponentially decreasing corresponding eigenvectors).

To prove this completeness result, we need an intermediate result in the spirit of
section 2.

THEOREM 3.3. As in section 2, let Q be a domain defined by

Q =%x]0; L],

with ¥ a bounded open set in RN~ and L > 0. Recall that S} is the extension of S,
to L2(Q)N. Consider a sequence of eigenvalues . and eigenvectors 5 such that

505 = A5 with ||| 2@y =1 and lim A = .
Assume that for all subset w such that @ C 2, we have
(52) lim |5 2wy~ = 0.

Assume further that there exists an (N — 1)-dimensional open set o, witha C X, a
positive number I, with 0 < 1 < L, and a positive constant ¢ such that
(53) Lim {15 L2 (o xjo.apy = ¢ > 0.
Then, X belongs to the boundary layer spectrum associated with the surface 3
A E oy,

where oy, is defined by (38).

The proof of Theorem 3.3 is the focus of the next section. If we admit it for the
moment, as well as its generalizations concerning all other manifolds ¥,, ; making up
the boundary 90, we are in a position to complete the following proof.
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Proof of Theorem 3.1. Let A € 0poundary- By definition there exists a subsequence
(still denoted by €), eigenvalues A, and eigenvectors 5% of S! such that

505 = A5 with || z2v =1 and lim Ae = A,
and, for all subset w satisfying w C €2,
Lim (|5 L2 )y = 0.

If there exists an (N — 1)-dimensional open subset o;, compactly embedded in
H] ! ]O L;], a positive length 0 < I; < L;, a positive constant ¢, and another subse-

quence (still denoted by €) such that
(54) 21{% ||§E||L2(ai><]0,li[)1\’ >c>0 or l% HEEHLZ(U,-X]l,-,Li[)N >c>0,

then, by application of Theorem 3.3, the limit eigenvalue belongs to ggq as desired.
If (54) does not hold true for any such o;,1;, ¢, and subsequence e, it implies that
the L2-norm of 5% concentrates near the lower dimensional edges of the rectangle €.
In this case, we repeat the above argument with an (N — 2)-dimensional open set
included in one of the set ¥ _2 -, and so on up to the 0-dimensional set made of one
of the vertices of Q. A tedious but simple induction argument on the dimension m
shows that there exists at least a dimension 0 < m < N —1, a permutation 7, positive
lengths (I(;))m+1<j<N, & positive constant ¢, and a subsequence € such that

251(1) HEEHLZ(UJ)N >c>0,

with w C Q of the type

w=0X H 10,1y [ or 175y Le ) ) H 105 L)
j=m+1 j=1

Then, applying an adequate generalization of Theorem 3.3, this proves that the limit
eigenvalue belongs to ogq.

3.2. Proof of the completeness. This section is devoted to the proof of Theo-
rem 3.3 which is divided in several lemmas and propositions. Let us begin by recalling
the definition of the associated potential u., solution of

(55) %7:: =51 onTy, 1<p<n(e),
Ue = on 0f).
The spectral equation S = \.5° implies that

56 WeTT = A5,
(56) »
% 1<p<n(e)

By assumption (52), for all subsets w such that @ C Q, we have

lim [[5°[| L2 )~ = 0.
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In other words, all the energy of the eigenvectors §¢ concentrates near the boun-
dary 09. This concentration effect has important consequences on the associated
potential ..

LEMMA 3.4. The sequence u. defined in (55) converges to 0 in H}(Q) weakly and
strongly in L*(Q). Furthermore, u. converges strongly to 0 in Hlloc(Q).

Proof. Multiplying equation (55) by a test function v € Hg () yields

n(e)

/Qe V- Vode =3 5 - (/F Uﬁds) - /Qs“(x)-z‘(a:)dx,

p=1 P
where

n(e)
Z(z) = — Z eiN( . Vv(x)dx) Xy((z).

p=1 ’

It is easily seen that z* converges strongly to —%Vv(m) in L2()V. Since 5* converges
weakly to 0 in L2()" by virtue of (52), we deduce that u. converges to 0 weakly in
H}(Q) and, by the Rellich theorem, strongly in L?*(2). Finally, for any open set w
such that @ C Q, let ¢ be a smooth function with compact support in 2 and equal
to 1 on w. Multiplying (55) by ¢?u. and integrating by parts leads to

n(e)

5T (/ PPucids).

p=1 Fp

(57) / WQ\VUJQdSU = —2/ pu Vi - Vucdr +
Qe

€

Since u, converges weakly to 0 in H}((2), the first term in the right-hand side of (57)
goes to 0 with e. In view of (56), the second term is bounded by

||50||%°°(Q) H?H%Q(supp(g&))?

which goes to 0 by virtue of the assumption (52). Therefore, we deduce from (57)
that Vu, converges strongly to 0 in L?(w)¥. This concludes the proof of Lemma 3.4.

By assumption (53), there exists an (N — 1)-dimensional open set o, with @ C %,
such that the sequence of eigenvectors concentrates partly near o. By translation, one
can always assume that the origin lies inside 0. The strategy of the proof is to rescale
the domain € by the change of variables y = £ and then to transform the sequence
of eigenvectors s¢ in a Weyl sequence for a limit operator. The limit domain will be
RY = {y € RN|yn > 0} since we have carefully choose the origin to belong to o. The
limit fluid domain is denoted by G**°, which is defined by

G =ri\ U 1,

: N
]EZ+

where T; denotes the tube j placed in the subcell Y; (centered at the point j = (j/, jn)
with 5/ € ZN~! and jy € Z,). In this limit domain we define a limit operator B>,
which acts from ¢3° in itself, by

B>*5= </ uﬁds) V5 e l5°,
Fj JEZQJ
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where u(y) is the unique solution in D§(G**) of

~Au=0 inG*>,

(58) %_SJ it onT;, jeZf
u=0 on RN=1 x {0}.

Recall that elements in D} (G*>) are restrictions to G**° of functions wnin D§(RY)
which, in its turn, is the closure, with respect to the L?-norm of the gradient, of
smooth functions with compact support in Rf .

REMARK 3.5. The limit domain G**° is nothing but the limit as K goes to infinity
of the domain G*¥ defined in section 2.2. By the same token, the Hilbert space (3° is
the limit of (X (it is also equal to lo(Z%;CN)). In some sense the limit operator B>
is also the limit of the operator B¥ defined in Theorem 2.11.

Let ¢ be a smooth function, equal to 1 in w = 0x]0, L[, with compact support
in ¥x] — L; L] (i.e., ¢ vanishes on all faces of Q except on that defined by zx = 0).
We use ¢ to locahze the sequence of eigenvectors s in a vicinity of w. Let us define
a sequence t¢ by

t = E; P (p(2)5(2)),

where E! P! is the projection operator in L%(Q)" on piecewise constant functions (cf.
their definitions (27) and (28)).
Remark that, by assumption (53), the sequence #* satisfies

lgl% ||t€HL2(w)N >c>0.

Let us define G;* as G** rescaled to size €. Let v be the potential in G}* associated
with t¢, defined by

“Av.=0  in G,

(59) %”nf—té i onl%, peZl,
ve=0 onRN L x {0}.

LEMMA 3.6. The sequence v. defined by (59) converges to zero in D§(RY ) weakly
and in H} (RY) strongly.

Proof. The argument is similar to that of Lemma 3.4, except that the Rellich
theorem applies only for compact sets in Rf .

LEMMA 3.7. The difference we = ve —pu. converges strongly to zero in Dé(Rf).

Proof. A simple calculation provides the following key identity:

(60) / \Vw€|2 :/ Vo, - Vw, —/ Vue - V(pwe) — Vo - (ueVwe —wVu,).
RN RY RY

¥ RY
By virtue of Lemmas 3.4 and 3.6, u. and w. converge to zero strongly in L? of the

support of ¢. Therefore, the last term in (60) goes to zero with e. On the other hand,
an integration by parts yields

" Vo, - V., — /vus cpwe—z(_:[ (/ ﬁ)—gz.(/;gpweﬁ)].
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Since ff) * fye pspdr and [p(z) — p(z5)| < €||Ve||L~, where xj is the center of
the cube Y which contains x, we obtain

< e[Vl 15l 2 @)n [Vwell 2 gy

Vo, - Vw, — / Vue - V(pw,)
Qe

.
GSOQ

which gives the desired result.
LEMMA 3.8. From Lemma 3.7 we deduce the following approximation result for
the displacement vector t€:
/ veiids — At}

lim E eV
e—0

peZy

2
=0.

Proof. We have

2
& fog (v —puiids| < 5 V(e = pud)lZa
peZy P

||V(U€ - QOUE)H%Q(Rf)N7

(61) pEZN

IN

which goes to zero as € — 0 by virtue of Lemma 3.7. Furthermore,

2

peZY

2

/ PUeTids — A t6 < €l|Vollpee Vel 2oy~

since, 5° being constant in each cell Y,

. 1 1 - .
o~ | Yucfids = o /6 (gp(s) ey / 6 @(t)dt)usnds + A (Plpse),.

Summing these two estimates yields the desired result.
Now, let us define a sequence 7¢ in £3° by

T = N/2 (tﬁ )pEZN7

which plays the role of a Weyl sequence for the limit operator B*.
PRrROPOSITION 3.9. The sequence T¢ satisfies

and
(62) BT = AT + 7,

where 7 is a remainder term which goes to zero strongly in £5°.
Proof. A simple rescaling in (59) shows that #.(y) = €2 v.(ey) is the unique
solution in D}(G**) of

—Av. =0  in G**,
(63) %1; =75t onTy,, peZl
=0 on RV-1 x {0}
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Furthermore, ||V, Vc||p2(Groeyn = [[ViVel|L2(g2)n . By definition,

- _N .
B¢ = (/ vmds) =€ 2 (/ vmds) .
r ~ Ie ~
P peZY P pEZY

Defining 7™ = (FZ)peZﬁ by

we get
BF = \F + 7,

which, by virtue of Lemma 3.8, is the desired result.

To conclude the proof of Theorem 3.3, we remark that either 7¢ converges weakly
in £5° to a nonzero limit 7 (up to a subsequence) or 7¢ converges weakly to 0 in £3°. In
the first case, passing to the limit as € goes to 0, we obtain that 7 # 0is an eigenvector
of B* for A (the limit of the sequence A.). In the latter case, this proves that 7¢ is
a Weyl sequence for the spectral value A which belongs to the essential spectrum of
B. Now, it is a standard matter (see, e.g., [15], [16]) to show, by a Bloch wave
decomposition analogous to that of section 2.3, that the spectrum of B*° is nothing
but limg _, 4+ o(B¥), i.e., the boundary layer spectrum associated with the face X of
Q.

REMARK 3.10. Let us remark that Theorem 3.3 is valid for any choice of the
sequence € and not only for the particular sequence €, defined in (48). The interested
reader will not fail to notice that the present proof of the completeness result is different
from that of our previous work [3]. In this paper, we used the concept of Bloch measures
in order to prove a similar completeness result by means of an energetic method. Here,
we propose a new proof (in a slightly different context), based on a rescaling argument,
which is simpler, although less precise, and which could equally be applied in [3].

3.3. Analysis of the corner spectrum. In section 3.1 the boundary layer
spectrum oyq was defined as the union of all spectra of the type oy, where ¥ is any
lower dimensional manifold composing the boundary 9. When ¥ is an (N — 1)-
dimensional hyperplane, a complete derivation of oy has been given in section 2.
However, for lower dimensional manifold we have been a little cavalier in saying that
the analysis of section 2 can be easily generalized to the case of edges, corners, and so
on. The purpose of this section is to briefly indicate some details of this generalization
when analyzing the corner spectrum. Since the physical problem of interest is truly
two-dimensional, we restrict ourselves to the case of corners of the plane square domain
Q (this has the advantage of simplifying the exposition).

Therefore, our domain €2 is now a rectangle with integer dimensions, i.e.,

Q =]0; L1[x]0; La.

We describe the limit spectrum associated with the corner located at the origin. We
introduce the space Ki of displacements defined by

+oo
2 _ )z - 2 22
o= (Sj)j:(jh]é) 11 | S €RY E 81,217 < o0
Ji1,j2=1
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Remark that this definition of ¢3 implies a decay of the displacement §; as j; or jo
goes to +o00.
We extend the operator S, to the larger space Ei by the following formula:

Oe = EeSeP€7

where P. and E, are, respectively, projection and extension operators between RN"(€)
and Zﬁ_. Their definition is very simple. Recall that a tube T§ in {2 is located in a cell
Y whose origin is €j. We denote the range of all indices j such that T is included
in Q by 1 <j < n(e). The projection is defined by

P.: 1% — RN™E
—

(gj)j:(jl,jz) J121,j2>1 (gi)lngn(e) ’
and the extension by
E.: RN — 2

Gircjent = E)i=(rg) 1215215
with £; = 5 if 1 < j < n(e) and ; = 0 otherwise.

One can easily check that P, and E. are adjoint operators and that the product
P.E. is equal to the identity in RN™(€), Therefore, the spectrum of C, consists of that
of S and zero as an eigenvalue of infinite multiplicity.

The convergence analysis of C. is much simpler than that in section 2 because £3.
is not a space of periodically oscillating displacements. There is no need to introduce
any notion of two-scale convergence for corner boundary layers. A simple rescaling
argument is enough. More precisely, denoting by @ the first quadrant in the plane

Q4+ = ]0;400[x]0; +o0],

we replace the two-scale convergence by the weak convergence in L2(Qy): with each
bounded sequence u.(z) in L?(£2), we associate the rescaled sequence v (y) defined by

Eucley) if ey €,
ve(y) = { 0 otherwise,

which is also bounded in L?(Q. ).
Then, a similar analysis to that of section 2 shows that the sequence of operators
C. converges strongly in E(ﬁi) to a limit operator Cy, defined by

(64) Cw : Z%r — fi

(65) (87)j=(1,2) 1214221 F (/F Wids) ;
J

j=(j1,32) j12>1,j2>1

where u(y) is the unique solution of

“Au=0 in Q1 =Q+\UTj,
j
Gu=51 onTj, ji >1j2>1,
u=20 on 0Q 4,
lim wu(y) =0.
[y|—-+o0

Clearly, Cy, is a self-adjoint noncompact operator acting in éi. As in Proposition
2.17, one can prove that the essential spectrum of C, is precisely the Bloch spectrum.
However, the discrete spectrum of C, may contain new eigenvalues which correspond
to eigenvectors localized in the corner of Q.
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