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Abstract. We consider a periodically heterogeneous and perforated medium filling
an open domain Q of RV . Assuming that the size of the periodicity of the structure
and of the holes is O (¢), we study the asymptotic behavior, as ¢ — 0, of the solution
of an elliptic boundary value problem with strongly oscillating coefficients posed
in ° (22° being 2 minus the holes) with a Neumann condition on the boundary of
the holes. We use Bloch wave decomposition to introduce an approximation of the
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1. Introduction

In this paper we consider the Bloch wave decomposition technique to study a homoge-
nization problem posed in an open domain containing many small periodically distributed
holes. As is well known, Bloch wave decomposition provides the spectral resolution of
certain partial differential operators with periodic coefficients; this is the standard tool
for transforming partial differential equations with periodic coefficients into a set of
algebraic equations (see [2], [11], [12] and [17] for example).

Although Bloch waves were first used by Bloch [3] in solid state physics, the basic
idea was introduced in the mathematical literature by Floquet [13]. More recently, this
method has been used by several authors in different mathematical problems. Let us
mention, for example, the studies on the analyticity of Bloch eigenvalues and eigenvec-
tors for periodic media [22] and [20]; linear thermoelasticity [21]; dispersive effective
media for wave propagation in periodic composites [19]; spectral problems in fluid—
solid structure [1]; and homogenization of elliptic operators with periodic coefficients
in domains without holes [9], [10] and [12]. In this last regard, see, for instance, [15] for
another technique related to an integral representation formula for the solution.

We deal here with the asymptotic behavior of the solution of a classical homog-
enization problem. Specifically, we consider a heterogeneous material filling an open
domain € of RN which contains periodically distributed perforations. We assume that
the size of the holes and the periodicity depend on a small parameter ¢, and both are of
the same order of magnitude O (¢). We denote by Q¢ the domain 2 minus these holes,
and study the asymptotic behavior, as ¢ — 0, of the solution of an elliptic boundary
value problem posed in 2° with a Neumann condition on the boundary of the holes.
In the case where 2 is a bounded domain, we also consider a homogeneous Dirichlet
condition on the boundary of €.

In this paper we introduce what we call the Bloch approximation 6° of the solution
u®. This is a function which can be obtained from the homogenized solution and the
first Bloch eigenfunction, and provides an approximation in the energy norm for u®.
As is well known in homogenization, the homogenized solution u° is merely the weak
limit of the solutions u® in H'. This homogenized solution has been obtained by several
authors using different techniques; we refer to [6], [7] and [16] for the different methods
and further references. In particular, in [7] the homogenized solution has been obtained
by using Bloch wave decomposition. Nevertheless, one can introduce certain corrector
terms which, when added to #°, provide an approximation of u° in the energy norm.
Usually, these corrector terms are obtained from a formal asymptotic expansion of u*
in which a multiscale structure of the solution is assumed. Even though error estimates
for correctors are sometimes found in the literature, they are usually obtained using
the maximum principle with important regularity hypotheses on the coefficients of the
operator and the datum f. Here, we obtain a first corrector term under optimal hypotheses,
namely bounded measurable coefficients. In addition, we do not need to use any problem
or function previously obtained from formal methods (see Remark 6.1).

In fact, using Bloch wave decomposition, we completely avoid asymptotic expan-
sions since, firstly, the homogenized problem is obtained directly from the Hessian of
the first Bloch eigenvalue (see Proposition 3.3) and, secondly, the new approximation in
the energy norm depends only on the solution of the homogenized problem u°, the first
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Bloch eigenvector and the Fourier transform of u° (see (5.2) for Q@ = R" and (6.2) for Q
a bounded domain). Roughly speaking, we can assert that this new approximation con-
tains the homogenized solution and the classical first-order corrector (see Theorem 6.2
and Remark 6.1).

Bloch wave decomposition is used in [12], [9] and [10] to study homogenization
problems in heterogeneous media without holes, providing both the corresponding ho-
mogenized solution and the Bloch approximation. This approximation can be useful for
numerical computations (see [8] for a detailed comparison between the Bloch approach
and the classical one). It should be noted that the methods of the above-mentioned paper
cannot be applied directly to our problem (namely, problem (2.3)). Since we are deal-
ing with a perforated domain, we are forced to develop an alternative approach which
involves, among other techniques, a different spectral resolution of the operators under
consideration and prolongation operators.

In Section 2 we pose the homogenization problem and introduce the notations
used throughout the paper. We also introduce without any proof some classical results,
obtained by different authors, in order to compare our results with those obtained by
other methods.

In Section 3, in order to make our discussion self-contained, we summarize the
main results obtained in [7] which are used throughout the paper. As a matter of fact, the
results stated in this section allow us to assert that all the information on the homogenized
problem is contained in the first Bloch eigenvalue and the first Bloch coefficient (see
Proposition 3.1) and that there is a connection between the first Bloch coefficient (defined
in Theorem 3.1) and the Fourier transform (see Proposition 3.4).

In Section 4 we prove some useful results necessary for our approach. Among
other things, the results in Section 4.1 give an extension of the Bloch coefficients and
the Parseval-Plancherel identity for functions of L? to distributions in H~' (see Theo-
rems 3.1 and 4.1 for comparison). Moreover, results in Section 4.2 improve those stated
in Section 3. Specifically, we prove that not only are the higher-order Bloch modes neg-
ligible for the homogenized problem, but also for the energy norm (see Proposition 4.2).
Besides, we characterize the asymptotic behavior of the first Bloch coefficient in L2(RY)
(see Propositions 3.4 and 4.3 for comparison). We also establish some estimates for the
Bloch eigenelements which will be used in Sections 5 and 6.

Sections 5 and 6 contain the main results of this paper. Section 5 is devoted to
the case where Q is the whole RY. We introduce the new approximation 6¢, the Bloch
approximation (see (5.2)), and prove the convergence in the energy norm of the differ-
ence between the solution of the e-depending problem and the new approximation (see
Theorems 5.1 and 5.2).

Finally, in Section 6, we study the case where €2 is a bounded domain. We introduce
a modified Bloch approximation g€ (see (6.2)) and extend the results in Section 5 to
a bounded domain Q2 (see Theorems 6.1 and 6.2). As a matter of fact, the proofs are
rather more complicated because of the localization process and the extension of the
Parseval-Plancherel identity in Section 4.1 becomes essential.

To conclude, since a corrector of the solutions has been obtained in previous works
(see [6] and [16]), we compare our Bloch approximation with this classical first-order
corrector and verify that they are asymptotically close functions, as ¢ — 0, in the norm
of H! (see Theorems 5.3 and 6.2, and Remark 6.1). Nevertheless, we emphasize that our
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approach is independent either of formal asymptotic expansions or of the other meth-
ods used in classical homogenization to prove convergence for periodically perforated
media.

2. Setting the Problem

Let Y be the unit cell in RY, Y = [0, 27)", and let T be an open bounded domain
with a smooth boundary, 97 T CYandd (T, dY) > 0. We denote by Y* the domain
Y* = Y — T and by 6 the volume fraction material constant, ® = |Y*|/|Y|. Let ¥; denote
the translation of Y to the point ¥ € 27 Z" and let T denote the translation of T to the
point Xy, Tx C Yyand Y = Yy — Ti. Let Yi (Ty, Y¥) be the homothetics of Yy (Tx, Y5),
eYy (eTx, €Y}) where ¢ is a small parameter that converges to zero.

Let {a;;}; j=1,...n be Y-periodic bounded measurable real functions defined on RY
minus the holes, a;; € L3°(Y*) satisfying the symmetry and ellipticity conditions

ajj = djj, Vi,jzl,...,N, and (21)
a;;(y)&E > alg]*  forsome « >0, VEeRY. (2.2)

Here, and henceforth, the classical assumption of the summation over repeated indices
is performed.

Let © be an open domain of RV with a smooth boundary. For each ¢ > 0, we
consider Q¢ = Q — (U, T: N Q) = @ — J;*) T¢ where N (¢) is the number of cells
Y} contained in 2. We denote by afj (x) the value of the coefficient a;;(y) at the point
x/e.

To fix ideas, we additionally assume that €2 is bounded. In this case the boundary
value problem which forms the goal of this paper can be written as follows:

d . ou® .
|t ) — ) = Q.
o, <au (x) 0%, ) f in
. ou’ . (2.3)

uét =0 on 092,

a

where f € L?(S2), and n denotes the outward unit normal to the boundary of the hole Ty.

The asymptotic behavior of the solution of (2.3) has already been studied in [6]
and [7] by using the energy method and Bloch waves, respectively (see [16] for other
techniques). Since we are dealing with a perforated domain, most of the results are
obtained on the basis that there is an extension operator P¢, P*: V¢ — H (l)(Q) such that

IV PévllL2@) < ClIVivllage, Yv e V¥, (2.4)

where V¢ is the space V¢ = {u € H'(Q®) |u = 0 on dQ}. Here, and in what follows,
C denotes different constants independent of ¢. The following homogenization result
holds:
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Theorem 2.1.  Let u® be the solution of (2.3) with coefficient a;; € L (Y™) satisfying
assumptions (2.1) and (2.2). Let f be a function of L*(2). Then P°u® converges weakly
in Hy () towards u°, as ¢ — 0, where u° is the solution of the homogenized problem:

82 0
—a 2 —f6  in g,
0x; 9x; (2.5)
u’=0 on 0%2.

The homogenized coefficients a?j in (2.5) satisfy the symmetry and ellipticity conditions
and are given' by

1 ov/
h _ B . e P
a[j_ |Y| v <al](y)+alm(y)aym) dy7 l’]_lszv"'3N7 (2'6)
where v is the local variable, y = x /¢, and for eachk = 1,2, ..., N, v is the solution

of the local problem on the unit cell Y

Bl vk oay;
- (aij(y)i> =2y

ayj ayi ayj

vk
aija_yinj = —ag;n; on 3T, (27)

1
vk Y-periodic, My (%) = T / vk dy =0.
Y*

We refer to [6], [7] and [16] for different proofs of results in Theorem 2.1, for further
references, and for references which avoid extension operators.

A classical approximation of u° is constructed by means of the solution of the homog-
enized problem and the correcting terms, which are obtained from a formal asymptotic
expansion of the solution of (2.3). In fact, by using a two-scale asymptotic expansion
(see [18] for the technique), we have

3%u®

Bxk 3)61

9 0
W (x) = u®(x) + et (f) U () + 2 (f) o (2.8)
e/ 0xy £
where u° and v* are the functions defined in Theorem 2.1 and v¥ are the solutions of
the problem

d oM 1, 0 ; !
—— a0 — ) =auy— = —(ajxv —  inY*,
oy, (a i () oy, ) A — gy + oy, (@jiv") + axj 5=

Vi

e 1 2.9)
a,-ja—ynj = —daijv n; on 8T,

vk Y-periodic, My-(*) = 0.
A justification of (2.8) is given by the following result:

! Another characterization of the homogenized coefficients is obtained from the Hessian of the first Bloch
eigenvalue (see (3.10)).
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Theorem 2.2. Let u® be the solution of (2.3) with f € L*(Q) and the coefficients
ajj € LP(Y™) satisfying the symmetry and ellipticity conditions (2.1) and (2.2). We
assume that the solutions v* of problem (2.7) satisfy v* € W;’OO(Y*). Then

0
ut(x) — ul(x) — vt (f) aL(x)

e/ 0xy

e—0
— 0.

HY(QF)

The proof of Theorem 2.2 can be obtained using the technique in [2], for nonperforated
domains, suitably modified (see also Remark 6.1). We refer to [6] and [16] for another
proof of this result with stronger restrictive hypotheses on the coefficients a;; and the
datum f. See [5] for a very different technique to obtain correctors in periodic media.

The purpose of this paper is to provide a new approximation, 6°, of #® which has
the following property:

lu® — 0%l g1y — O as ¢ — 0.

This approach can be found in Theorems 5.1 and 5.2 for the case where €2 is the whole
RY and in Theorem 6.1 for © a bounded domain. We use a different approach to that in
(2.8), namely, the Bloch approximation 6°, which has been introduced in [9] for domains
without holes. The basic tool of this new approximation is the Bloch wave decomposition,
which allows us to obtain the result for #® avoiding any a priori assumption on the
structure of the solution. In fact, in Sections 5 and 6 we give the formula for 6° in
RY -, T]f (see (5.2)) and 2—J, Tﬁ (see (6.2)), respectively, which depends only on
the solution of the homogenized problem and the first Bloch eigenvector.
We denote by HL(Y*) and L3(Y*) the spaces

Hy(Y*) = {u € Hy, <RN -U Tk) | uis Y—periodic] :
K

LY = {u eL?, (RN -U Tk> | uis Y—periodic} :
k

where the union is extended to all the holes T in RV.

3. The Bloch Transform. Previous Results

In this section we introduce the basic tool of this new approximation: the Bloch wave
decomposition for the case of domains with holes. This technique is used in [7] to prove
the classical homogenization result stated in Theorem 2.1. Here we outline the main
results proved in [7], which will be of great use throughout the paper.

Let A be the operator,

0 (o in (RY _| |7
A= >, (a,_,(y)ayi) in (R LkJTk>
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with a homogeneous Neumann condition on the boundary of the holes, i.e.
a
aij(y)—nj =0 on BTk, Vk.
9Yi

For each n, n € Y,vY being the dual cell to Y, Y = [—%, %)N, we consider A(7n)
the shifted operator,

d 0 _
A(n) = — <5 +i77i> |:aij(y) (@ +i77j>i| in (RN - U Tk) ,
i J K

acting on the Y-periodic functions, with the boundary conditions

0
a;; ——|—in,-)n‘ =0 on 07y, Vk.
! (3%‘ !
For each n € Y', the operator A(n) is a self-adjoint operator on Lﬁ(Y*) with a
compact resolvent. Thus, the spectral problem

Ame=2rp  in RN —J, T, a1
¢ Y-periodic, ’

has a discrete spectrum. Let 0 < A1(n) < A(n) < --- < Ap(p) < -+ — 00 be
the sequence of eigenvalues of problem (3.1) with the classical convention of repeated
eigenvalues. Let {¢,, (-, n)},~_, denote the corresponding eigenfunctions that form an or-
thonormal basis in Lﬁ(Y *). As usual, {A,, ()}, arereferred to as the Bloch eigenvalues
and {¢,, (-, n)}5,_, as the Bloch eigenvectors or the Bloch waves.

Notice that for n = 0, the first eigenvalue of problem (3.1) is A;(0) = 0 and
the corresponding eigenfunctions are the constants. We have chosen ¢ (-, 0) as the

normalized function in Lﬁ(Y ),

1
@i1(-,0) = W (3.2)

It is worth noting that the functions ¥ (y,n) = €Y@, (y,n) are the so-called
generalized eigenfunctions of A associated with the generalized eigenvalues 1, (n):

AY(C.m) =2y (. n) in RY — U, To),
¥ (-, n)is (n, Y)-periodic, i.e.
VmeZN, yeRN,  y(y+2mm,n) =Y (y, ),

with the Neumann condition on the boundary of the holes.
We consider A® the operator defined by

& 3 & a : N e
A =~ (aij(x)a—xj) in (R —LkJTk>,

with the boundary conditions on the holes T :

0
a;;—n; =0 ondTy, Vk.
E)x,»
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In order to state the spectral resolution of A® in the x variable, we introduce here
the notations:

y=2, &=1 (3.3)
& &
1
hn(®) = 2D, () = ou (), (34

where y € (RN —J, To), x € RY —J, T§).n € Y and & € Y'/e. Using the spectral
resolution of A as an unbounded self-adjoint operator on L>(RY — Uk Tx) in terms of
the Bloch eigenelements (see [7]), the following theorem holds:

Theorem 3.1. Let g € L*>(RY —Uk Tlf ). Then g admits the expansion:

o0
HOEDS f (B;,@)(E)e* ¢t (x, £) dE,
m=17Y'/e

where (B}, g)(§) denotes the mth Bloch coefficient

(B} 9)(§) = / g™ (x, €) du.

®RY=U T)
Moreover, the Parseval-Plancherel identity
—_— oS e —
/ - gh(x) dx = Z(Big)(é)(Bﬁ,h)(E) d§ (3.5
®RN=U T Y'/e =1

holds for all g, h € L*(RN —Ug Tf). In addition, we have
> .
Au@) =) / 3o (&) (B 1) (§)e™E g, (x, £) dE (3.6)
m=1 Y'/e

foreachu € {v e LA RN —J, T{¥) | A%v € L2 (RN —J, T)}.

Using the above theorem, the classical homogenization result in Theorem 2.1 is
proved in [7]. In order to be self-contained, we outline the main r_esults used for the
proof. Thanks to (3.6), solving equation A°u® = f in (RN —(J, 7) is equivalent to
solving

A (E)(BLu*) (&) = (B, (&), mx=1, £eY/e. (3.7

We observe that the information on the homogenized problem is contained in the first
Bloch eigenvalue (see Proposition 3.1). Then Propositions 3.2-3.4 lead us to obtain the
homogenization result for 2 = R". For Q a bounded domain, techniques of localization
lead us to Theorem 2.1.
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Proposition 3.1.  Let f be afunction_osz(RN) and let u® be the solution of A*u® = f
in RY =, T9), u® € H' (RN —J, T). Then

< Cé?,

L2RNJ, T¥)

o BLuHEE g (x, ) dk

m=2 Y'/e

where C is a constant which does not depend on ¢.

Proposition 3.2. There is a neighborhood D of the origin where the first eigenvalue
M1 (n) of problem (3.1) remains simple and defines an analytic function of n. Besides, the
first eigenvector ¢, (-, 1) can be chosen in such a way that the map
D — HLY"
n— ¢@i(,n),
is analytic and ¢, (-, 0) = |Y*|~1/2,

(3.8)

Proposition 3.3.  The first Bloch eigenvalue )| (n) satisfies the following relations:

oAl

_(0)207 k=1725"'7Ns (3.9)
O

1 3% ay,

= 0) = —, k,1=1,2,...,N, (3.10)
2 0n Omy 0

where a,i’l are the homogenized coefficients defined in (2.6) and 6 = |Y*|/|Y].

Proposition 3.4. Let {g°}. be a sequence g° € L*(RN—{_J, Tlf ). Let g° be the extension
by zero on T} of g°. We assume that g° converges weakly in L>(RN) towards some
function g € L>(RN), as ¢ — 0, and supp g° C K; K being some fixed compact set of
RN. Then

X Bé‘ 5€

veBi& — weakly in L? (RN), ase — 0,

loc

gt

where x, is the characteristic function of B and g is the Fourier transform of g.

4. Some Useful Results

In this section we prove certain results which will be useful in Sections 5 and 6 in order
to obtain the new approximation 6° mentioned in Section 2.

4.1. Extension of the Parseval-Plancherel Identity

Results in the following theorem extend the Parseval-Plancherel identity stated in The-
orem 3.1 to distributions in H~'(RY —{J, T®) providing a precise definition for Bloch
coefficients of these distributions (see Remark 4.1). We also obtain certain general
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estimates involving oscillatory integrals. All these results prove to be essential for the
results in the rest of the paper.

Theorem 4.1. Leth € H'(RY =, T{). Let u € H' RN —|J, Ty be the unique
solution of A’u +u = h in (RN—Uk T). Then, for all v € H! (RN—Uk o),

(o 0) 3 vy 1 R, Ty = /Y D EmEEDE . @)
€ m=1

where (B h)(&) is defined by
(B, 1) (€) = (4, (6) + D(B,u) (&), m=1, £eY'/e, 4.2)
and (-, ) g1y, 7o)< 1) @V, Tr) denotes the product of duality in the spaces

H' RN -, Ty¥) and H' RN =, T?).

Proof. Since u € H'(RY —|J, T¢) is the unique solution of A°u + u = h in (RY —
U T¥), it is clear that for all v € H' (RN —|J, T}),

(h, v) / LILLI / 5
» U) g-1(RN. TeyH! (RN Tey = a;’ —dax uvdax.
EIPAEOIO ™ Jany, 7y 01 0, ®Y-U, )

Then we apply the Second Representation Theorem for sesquilinear and symmetric
forms (see, for example, Section VI.2.6 of [14]) and we have

du v
/ afj “ —dx +/ uvdx
@V, Ty 0% 9%; ®YU, T

= (A" + D"?u, (A° + D'?0) 2@y 7

Now, the spectral resolution of (A® + I)'/? gives
(A" +D'"2u, (A" + D"?0) 2y 7y
o0
= f 305 €) + D(BLW ) B0 @) dt,
Y'/e p=1
that is, (4.1) is proved. O
Remark 4.1. We observe that the isomorphism (A® + I): H'(RY —J, ) —
H'RN — U Ti¥) allows us to extend the definition of the mth Bloch coefficient to
elements of H ' (RY —Uk ). As a matter of fact, (4.2) is referred to as the mth Bloch

coefficient of the distribution h € H™'(RN — Uk Tlf).

Lemma4.1. Forallg e H'(RV — Uk Tks), we have
o0
CillVxgllTagn g, 7)< fy ,/SZI I ©)(B1,)(E)*dE < CalIVeglfan ) 70y

where the constants Cy, C, are independent of € and g.
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Proof.  On account of the properties of the coefficients a;;, we have

g 9g
C1/ |ng|2dx§/ a2 —gdx<C2/ IV, g|? dx.
R, T Ry 1) T ox; 8.)6] R, T¢)

Then, applying Theorem 4.1, we obtain

/ _aj % B_gdx = (A8, &) g1V, 7o) H' @V, )
@RV, Te) * 0x; Ox; kK kK
= [ e,
and the lemma is proved. |
We consider g¢ = g®(&) a measurable function defined on Y'/¢ and p = p(y, n)

another measurable function defined on Y* x ¥' which is Y-periodic in y. We define the
function

G®(x) :/ g5 (&) ™ p(x/e, €€) dE, xe (RN—U Tf) . 4.3)
Y'/e k
The following estimates of G* in L2(RY —|J, 7;) and H'(R"Y —|J, T;¢) are obtained:

Lemmad4.2. Letg® e L>(Y'/e)and p € LY, Hﬁ} (Y*)). Then

1G B s, 0y = Sy 187©F 106, 6832y, dE
1V2G gy, 0y = Jyrge 187 |56 pCo28) + 1V,00, 08,

Proof. For each n € Y, we expand p(y,n) € H#I(Y*) in the orthonormal basis
{om (v, MYy

p(y.n) = Zam(n)wm(y m and (o, M7y = Zlam(n)l

m=1

Introducing this expansion in (4.3),

cw=[ s Zam@s)gom(x £)de
and applying (3.5), we obtain

16 s 70 = f, 18P 3 lan (6 ds

m=1

=// 18P, 8172y dE.
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To estimate V,G* in the L2(RY —J, T¢) norm, we differentiate G° with respect
to x,

0G* . it (s X 10p sx N -

= - -\ dg, x e RY—| JT],
o /Yl/sg é)e lékp(8 Es)+£8yk (8 8%) £, x lkJ K
and apply the same arguments as in G°. a

We consider g = g(x) a measurable function defined on (RY — Uk Tlf )and p =
o(y, n) another measurable function defined on Y* x Y which is ¥-periodic in the y
variable. We define the function

J°g (&) =/ g e ™ p(x/e, e8) dx, EeY'/e (4.4)
®RY{J, T)
(see (4.3) for comparison). For J¢g, we obtain the following estimate in L>(Y’/e):
Lemma4.3. Ifge L>(RN—J, T{) and p € L®(Y', H} (Y*)), then
1728l 2ryey < ||g||L2(]RN_Uk 7e) ||P||L0<>(y’,HJ(Y*))-

Proof. As in the proof of Lemma 4.2, for each n, we expand p(y, n) as a function of
y in the orthonormal basis {¢,, (v, 1)}°°_,, and we have

m=1>

Jog(€)= (x) (&Y, (x /e, 86)| e ™ 5dx =) " a,(¢£)BEg(&).
g (RN_kaf)gx (;a € x/e, € )e X Z:a € g

m=1
By the Cauchy-Schwarz inequality,
[e¢] o0 o0
[T@E <Y lan(e)* Y IBLgE) = loC. e8)ll20m Y |BLgE),
m=1 m=1 m=1
and therefore, integrating with respect to & € Y’/e and using (3.5), we obtain the

result. 0

4.2. Bloch Eigenelements

In this section we improve the general results given in Section 3. By Proposition 3.2,
there is a neighborhood D of the origin where the first eigenvector ¢; (-.n) can be chosen
in such a way that the map defined by (3.8) is analytic and ¢, (-, 0) = |Y*|~!/2. In order
to prove Proposition 4.1 it is necessary to add a new condition, namely

Im | ¢i(y,n)dy =0, vn e D. 4.5)
Y*

This condition can be achieved by reducing the neighborhood D. In fact, if we multiply
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@1 (-, ) by the complex number

d(n) = —Re/ o1y, n)dy+ilmf e1(y,ndy,
Y* y*

which is analytic with respect to 1, then

Im/ dmei(y,n)dy =0, vneD.
y*

It is evident that this procedure has destroyed the normalization condition but not the
analyticity. Itis enough to divide by |d ()|, which is different from zero in a neighborhood
of the origin because d(0) # 0, to regain (4.5).
Note that the three conditions about ¢ (-, ), namely, that the map defined by (3.8)
is an analytic function, ¢; (-, 0) = |Y*|~'/2 and (4.5), only fix the eigenvector ¢ (-, 1).
We denote by Ds a §-neighborhood of the origin where Proposition 3.2 and (4.5)
are satisfied. Let a(n; -, -) be the bilinear form associated with the operator A(n):

. ou . v P 1 *
a(n; u,v) = *a,-j(y) 3_y, +in;u g —in;v ) dy, u,v e H,(Y").

J

Proposition 4.1. The first Bloch eigenvector ¢1(-, n) of problem (3.1) satisfies the
following relations:

0

a_w(.,O)zilY*rl/zvk, k=1,2,...,N, 4.6)
Nk

1_82<p1 =172~k Kl

Fon gy CO= TR A, k=12 N, @7

where K = (VX + v"%) /2, vk and V¥ are the solutions of (2.7) and (2.9), respectively,
and B = Q2|Y*)! [, v*v! dy.

Proof. We take derivatives with respect to 1, in the variational formulation of A(#)
@1(1) = A1(1)¢1() and we obtain, V¢ € Hy (Y*),

I -
=a (77; =1 1//> + 2n; / ajre1 ¥ dy
Nk Y+

. oV A -
+ 1/ (akjwl_ — ag 4 1/f> dy. (4.8
y ay; dyi

Making n = 0 and taking into account A;(0) = 0, (3.9), (3.10) and (3.2), we have

d (¢ oY i Y .
ajj— —(-,0)>—dy=— / agj—dy, V€ Hy(Y"),
/;* Ty, <3771< ay; |[Y*172 Jy. jay_,- #

and (d¢;/dn) (-, 0) is determined up to a constant.
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Taking derivatives with respect to 1 in [|¢; (-, 77)||2L2 = 1 and (4.5), yields

0 d
Re/ g dy=0 and Im [ “l(y.dy=0, VneDs. (49)
v 0Mk M

Y*

Now, thanks to (3.2) and (4.9) for n = 0,

0 0 _
/ ﬂ(y,mdy:W*WzRe/ 901 (s 0)gi(y, 0 dy = 0,
y* 87’]k *877/(

and (4.6) holds. Note that (d¢;/9n;) (-, 0) = i|Y*|~1/2v¥ is purely imaginary.
In order to compute the second derivatives of ¢; (-, n) at n = 0, we take derivatives

with respect to n; in (4.8) and make n = 0; thus, since A;(0) = 0, (3.9), (3.10), (3.2) and
(4.6), we obtain, Yy € H; (Y™"),

0 92 v
/ ajj— ( d (s 0)) i dy
» 0y \ 0 Omy ay;
1 1\ =
- W . —2 ayx] — gakl Wdy

alﬂ alﬂ Bv"_ Bvl_

1 k

+ agiv — 4+ a; ——ai—gb—ai— d ,
/*<k]U Byj ok 8)/‘j Zay,- ka))[w Y

and (8%¢; /31 dn;) (-, 0) is determined up to a constant.
Taking derivatives with respect to 7; in (4.9), we have

e _ dg dor
Re/ (. mer(y. m)dy + Re/ Ly, ==y, mdy =0,
y+ 0Nk Omy v+ 0Nk an

and

32901
m (y,mdy =0, vn € Ds.
y+ 0nk Omy

Then, by virtue of the last two expressions for n = 0, (3.2) and (4.6), it follows that

3% N CR) .
f (v,0)dy = |Y*|'/? Ref (v, 0)@1(y, 0) dy
y+ 0Nk Om; y+ 0Nk Om;
0 001
_ —|Y*|1/2Re/ 921 (3, 0228y, 0y dy
v+ OMk on;
1

_ _ kol g opkljy*(1/2
= IY*II/Z/y*vvdy_ 2B Y*|/-,

which completes the proof. O

Lemma 4.4. Leta;; € L (Y*) satisfying the symmetry and ellipticity conditions (2.1)
and (2.2). Then, the Bloch eigenvalues and eigenvectors of problem (3.1) satisfy the
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following relations:

Ciln* < a(m) < Ganl®,  VnevY, (4.10)
A< da() < Aw(p),  Ym=>2, VpeV, .11)
9¢m 1/2 / —
(.7 77) S CS)\'m(n) k] vn e Y ’ m Z 19 k - 17 A ] Na (4'12)
a)’k LZ(Y*)

where the constants C; are independent of m and n and A is the second eigenvalue of
the Neumann problem on Y*.

Proof. Ttis well known (see [11], for example) that there exists a constant C independent
of 1 such that
IVyullZacyy + NP Mullfs gy, < CIVyu +iunlsy,,  Yu € Hi(Y). (4.13)

Besides, there exists an extension operator P : H'(Y*) — H'(Y) such that for any
g e H'(Y",

IPellzyy < Cllellzye,
IVy(Po) L2y < CIV@IlL2re-

Hence, using the extension operator P, formula (4.13) and the ellipticity of the coeffi-
cients a;;, we obtain

IVe@llZa ey + NP1 @1 72y < Caln; @, 9), Vo € H(Y™).

Now, the variational formulation of (3.1) and the normalization of ¢,, lead us to obtain
(4.12) and the left-hand side of (4.10).

In order to prove the right-hand side of (4.10), we show that for all m > 1, A,,,(n) is
a Lipschitz function of n. We write

a(n,v,v) =a®’,v,v) + R, n,v,v), nneY, wveH}(Y"),
where
, 0 . D
Rm,n',v,v) = | a;(M-—i(m —npvdy+ | ai;(»)i(n; —n)v.—dy
* Byj y* 8)7,

+/ a s — o dy, v e HA(Y.
.

By the Cauchy—Schwarz inequality, R can be estimated by |R| < C|n — 1/| ||v||fql
Using the above estimate on R and the minimax principle:

¥=-

3

. a(n; v, v)
Am() = min —
En CH\(Y) veE, IVI7y.

dim(E,,) =m v#0
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we deduce that A, (n) < X,,(n") + C,u|n — 1'|. Next, interchanging n and n’, we obtain
that |A,,(n) — A ()| < C,uln — 1’|, which is our assertion.

If |n| < &, the right-hand side of (4.10) holds from Propositions 3.2 and 3.3. If
In] > &, as A1(n) is a Lipschitz function of n, we have

@) < Clpl < €87 'nl%,

and the right-hand side of estimate (4.10) also holds.
Finally, estimate (4.11) is a direct consequence of the minimax principle. |

Proposition 4.2.  Let u® be the solution of problem A*u® = f in RN -y Tlf) with f
a function of L*(RV), u® € H' (RN —J, T). Let v* be the function defined by

Ve (x) = X;/Y//E(B,;Lﬁ)(e;)e”‘E ¢ (x, &) dE, x € (RN—LkJ T,f). (4.14)

Then we have the estimates

2 3
10l 2y, 7y < CEXNFllz@y, and V0% |y, 70y < Cellfllm.

where C is a constant that does not depend on €.

Proof. Because of (3.5), (3.7), (3.4) and (4.11), we have

112 / BN
v } =
LR 1) vi/e b=y | A (8)

(B, ?

</ £
Y'/e

m=2

e dé < C*| f2@n)»
2

and the first estimate holds. In order to prove the estimate of the gradient of v*, we apply
Lemma 4.1 with g = v® and obtain

IV e 7y < / Z 2, (E) | BLus (§)* dé.
¥ &
It is enough to use again (3.7), (3.4), (4.11) and (3.5) to obtain the result. O

Finally, we show the relation between the first Bloch coefficient and the Fourier
transform (see Proposition 3.4 for comparison):

Proposition 4.3. Forall g € L2@RM), we have
Xy /e Big — 01/2 strongly in Lz(RN), as ¢ — 0. 4.15)

Moreover, if g° is a sequence in L*>(RN) which converges towards g strongly, as ¢ — 0,
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then

Xve Big® — 0'%g strongly in L*(RY), as ¢ — 0.

We use some properties of the discrete Fourier transform to prove Proposition 4.3.
In order to make the exposition self-contained, we introduce here some notations and
lemmas that we use later.

Let {Y/};ezv be the mesh of RY generated by the cell ¢Y. More precisely, Y, ;=
x; + €Y where x; = 2mel is the origin of the cell Y;. Corresponding to this mesh, we
can introduce the discrete Fourier transform of a function as follows: For g € W!?(R")
with compact support and p > N we define

Fig&) = Z g(xf)e i, VE eY/e.

leZN

Note that F¢g is well defined since for p > N, W17 (R") is embedded in C(R").
Lemma 4.5. For g € WHP(RYN) with compact support K, p > N, we have
N e 1 A 2N
8Xyr/8Fg—>Wg in L(R™), ase— 0.
The proof of Lemma 4.5 can be found in [9].

We consider p(y, 17) a measurable function defined on Y* x ¥' which is ¥ -periodic
in the variable y. We define 5@ as the function

- 1 Ziv-
pOm) = —/ p(y,me™"dy,  neY.
Y| Jy
With this notation, we obtain the following result.

Lemma 4.6. We assume p € LY, Li(Y*)). Then, for all g € WLP(RY) with
compact support K and p > N, we have

Xy E)YI &) — MmN 5V (e6)8(€) - 0 strongly in L*(R"), ase — 0.

Proof.  For each fixed ¢, we consider the e-mesh {Y*} of RV, 7_"]5 ) and decompose
Jég as

Ie) =Ygty [ e pta/e, st dx
YIS*

leZN

+ Y 6w =gt [ pt/e e dx. (4.16)

leZN
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By introducing the change of variable x = x; + &y in the first term of the right-hand
side of (4.16) and taking into account Lemma 4.5, we obtain

Xy €) {Z gx) fy e p(x/e, e) dx — (Zn)N/zﬁ‘O)(EE)é(S)}

leZN

L2(RY)

=[xy O Y157 €6 F g(5) — Y1260 )] g, o,

Hence, we have established the lemma if we prove that the second term of the right-hand
side of (4.16), which we denote by r®(£), converges towards zero strongly
in L2(RM).

We denote by g{ and g5 the functions

Z =) (@) —g@xye () and  F@) =Y (8(x) — g&))xy: (x).

leZN leZN

Itis clear that g] = g5 x @~ 7) and

rO= [ Bwe oG/ st dx = I'E.
R, T
Thus, applying Lemma 4.3,

17N 2y ey < ||P||Lx(Y',HJ(Y*))||§i||L2(RNUka8)
= ||,0||L°c(Y',H;(y*))||§§||L2(RN)-
By Morrey’s estimate (see [4], for example) and the Holder inequality, it follows that
183117 2n) < C(p, N, K)e? [ Vagll7
2 LZ(]RN) — p’ L) xg L”(]RN)’

where C(p, N, K) is a constant which depends on p, N, and K. This completes the
proof of Lemma 4.6. O

Proof of Proposition 4.3. First, we prove (4.15) for g € D(RV). By the definition of
JEwith p(-, n) = @1(-, n), J°g = B g. Thus, thanks to Lemma 4.6, it is enough to show
that

Xy QN2 (e£)8(6) — 0'78(E)  strongly in L*(RY), ase — 0.
4.17)

However, on account of Proposition 3.2, it is easy to check the pointwise convergence
(27‘[)N/2,5(0)(8E) — 91/2’ V%- c ]RN, as & — 0’

and consequently, (4.17) holds.
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Now, on account of estimate
2
| isis@ras
Y'/e
< 2dx < *d Vg € L*RY 4.18
< _ g7 dx = lg(x)|” dx, g € L*(R™), (4.18)
(RN, T¥) RV

and by density, we obtain (4.15) for all g L*(RM).
The second assertion follows from (4.15) and the uniform estimate (4.18). O

5. The Corrector and the Bloch Approximation in RY

Throughout this section we consider 2 = R". We use the results in Section 4 concerning
the Bloch transform to obtain correctors in RY. We assume u® € H'(RY —Uk IY) is the
solution of

AUl = f in (RN—U T,f), (5.1
k

with suppu® € K; K being a fixed compact. It is known that the solution u°, extended
to H'(R"Y) by the operator defined in (2.4), converges weakly in H'(R") towards the
solution of the homogenized problem (2.5) with Q = R¥ (see [7] for a proof). Our aim
is to find, by means of Bloch waves, a function 8° which approximates the solution u*
of problem (5.1) in the norm of H'(RYN —|J, T;¢), as ¢ — 0.

We define the following function:

ef(x):/ 0'200(8)e bt (x, £)dE,  x € (RN—U Tk) (52)
Y'/e k

where u® is the solution of the homogenized problem (2.5) with Q@ = RN. 6° is the
function that we call Bloch approximation for periodically perforated media since,

as stated in the following theorem, #° — u° provide a corrector of the homogenized

solution u®.

Theorem 5.1. Let u® be the solution of problem (5.1) with f € L2@RN)Y and the
coefficients a;j € L (Y™*) satisfying (2.1) and (2.2). We assume that

lu® =l pryy 76y > 0 as & —0. (5.3)
Then

lluf — 9£||H'(RN{Jka) -0 as ¢ — 0.

Proof. We denote by D;s a é-neigbourhood of the origin where Proposition 3.2 and
(4.5) are satisfied. We write the functions u® and 6° as

u® =uj+u5+v° and 0°=06{ 405,
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where
i = |, . BuIO e, ds,  x e (RY-ULTY),
|E] > /¢
ug(x) = / (B{u®) (&)™ of (x, ) dE, xe(RV=-U,TY),
1§1<8/e (5.4)
i) = [, 0@ G (6 dE, e (RY-ULTY),
|1 >4/
0= [ ord@E g nds  ve (R -UT).
[§1<é/e

and v® is defined by (4.14). By Proposition 4.2 we have that ||U8||H1(RN_U]( ey =

Cell fll12y). We estimate the functions u$ and 6§ in H' (RN —|J, Tf).
Applying Lemma 4.2 with po(y, 7) = ¢1(y, n), and taking into account the normal-
ization of the eigenfuctions ¢,, (-, ), we obtain

1S 1 vy, 7) = /m,/a |(Bfu®)(€)” dE. (5.5)

€] > d/e
Now, formulas (3.7), (4.10) and (3.5) lead us to

» |(B{ (&)
N o vy, 7y = _/seY’/s e
|§] > é/e

< Ce's™t (B} /)N ds < Ce*s™*)| fll 2 @m)-

EeY/e
1] > d/¢e
In order to prove the estimate of the gradient of u{, we apply again Lemma 4.2 and
take into account formulas (4.10) and (4.12):
IVufll C |(B{u®)(€)°A5 (§) dE. (5.6)

2 . <
L2RNJ, TY) — geY/e

[§] > é/¢
Combining (3.7), (4.10) and (3.5), we have

g2 |(Bff)($)|2 20-2 2
Vet 1) = C/éeY’/g Tdé = Cer T flzay)-
I > 8/

Similar considerations give us estimates for 6]. As a matter of fact, by Lemma 4.2,
we have

£2 o - 2 404 4,70 2
165172 v, 70 —/m,/a 0lu0(¢) d§ < Ce*s /M,/E E111u0@)I ds,
€] > &/e |E] > 8/e

and, since f € L2(R"), it is well known that u° € H*>(R") and

[l < Ce* Nl G p@ny < CeS T2y (5.7)

2
” LZ(]RN_LJk Tke)
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Following the same procedure as that for u{ with minor modifications (see (5.6)),
we obtain

2 “0 2
V.0 B <€ [y, IPOPKE ds.
|1 > é/¢
Now, from estimate (4.10) it follows that
&2 - 21612
IV:65 1 gy, 7y < Cfsms W@ PIEP &

& > 8/e
< Ce*5 U’ I3y < CE287 20 F 172y (5.8)

The proof is completed by showing that
flus — 9§IIHI(RN{ka£) -0 as ¢ — 0.

An analysis similar to (5.5) leads us to
llus — OSIIiZ(RNka;) < [s|<s/e [(B{u®) (&) — 6"%u0(&)|* d&
<[ B - aterd
|§]<d/e

+ / |BLu(€) — 0120 (5)[2 de. (5.9)
[E1<8/e

Taking into account (4.18), (5.3) and Proposition 4.3, we have that both terms of the
right-hand side of (5.9) converge towards zero as ¢ tends to zero, and, consequently,

e pnep2 e e 127076412 e=>0
s = 0512 7y < /; . |(B{u®)(€) — 6'2u0(&))> df — 0. (5.10)
Finally, as in (5.6), we show that
IV @i = 0172 @y 7y < € /E . (B{u®) (&) — 0" 2u0 @) PA5(E) dE.  (5.11)
By virtue of (3.7) and the homogenized equation (2.5) in the Fourier space, we can write
2 EIB{u)E) — 60 @)
= (B /)(&) — ' F () (B{us) () — 612u0(%))
+ (07l i — 1566 U0 ) (Bfu)(E) — 120 (6)). (5.12)

Moreover, by Propositions 3.2 and 3.3 and (3.3) and (3.4),

Ai(eg) 1 3%

)\‘é‘ _9—1 h £ | = -
-0 ahg1=| S

)
(0)&&| <Celg]?, El==. 613
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and since u° € H*(RY), we have

f Ol — A5 EN 0@ dE < C / 1€1062u0(8) > dg
|§]<d/e |&]<8/e

< s / E[*[u0(&))* d&
[§1<é/e
< C&u® 3@y (5.14)

Therefore, using the Cauchy—Schwarz inequality and combining (5.11), (5.12), (5.14),
(5.10) and Proposition 4.3, we can assert that || V (15 —605) || 12 g~ U, 7y) converges towards
zero as € — 0 and the proof of the theorem is complete. |

Remark 5.1. Note that unlike the case of a nonperforated domain (see [9]), we have
not managed to obtain a precise bound of the type

V(@ — QS)HLZ(]RN—UK 7e) < Ceg” with « > 0,
mainly because the Bloch coefficients in our problem are defined in RY minus the holes.

We have proved that the function 6° is an approximation of first order for the problem
(5.1). Notice that hypothesis (5.3) may, at first sight, look artificial. Nevertheless, we
observe that this is not the case. Indeed, if 2 is a bounded domain, Theorem 2.1 shows that
P?u?® converges weakly in HO1 (2) towards u°, and consequently the strong convergence
in L2() holds. On the other hand, if Q@ = R”, it is natural to replace the operator A®
by (A? + I) and, in this case also, the convergence of P®u® towards u° follows. More
precisely, the following result holds:

Theorem 5.2. Let w® be the solution of problem (A® + w® = f in (RN —J, Tks)
with f € L2 RN and the coefficients a;; € L (Y*) satisfying (2.1) and (2.2). Let w?
be the weak limit in H'(R") of Pw® as ¢ — 0. Then

|lw® — w0||L2(RNUk 7oy = 0 as ¢— 0, and
|w® — 98||H|(RN{kakE) -0 as ¢ — 0,

where 0° is given by (5.2) with u® = w°.

Proof. 'We first consider
w (x) — w’(x)

= [ Bt - @i s der Y [ Bt e ds
Y'/e /e

m=2

- 2/ (B:w®)(§)e™ €t (x, £)dE, x € (RN—U Tk> (5.15)
=2 ¥/ K
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By rewriting the arguments in the proof of Proposition 4.2 with minor modifications we
obtain that the norm in L*(RY —J, 7¢) of the last two terms in the right-hand side of

(5.15) converges towards zero as ¢ — 0. Hence, by Lemma 4.2, we have only to show
that

[ it - wterde 0.
Y'/e

In order to do this, we write

Xy E)Bf (w' — w”)(&)]
= [X,,,, () (Bjw)(§) — 0"2w0(E)] + [02w0 () — x,., E)(B{uw)(E)].

Proposition 4.3 leads us to assert that the norm in Lg(RN ) of the last term tends to zero
as ¢ — 0. Hence, it remains to be proven that

Xy (Biw®) — 01200 — 0 strongly in Lé(RN).
By virtue of Theorem 3.1, it is clear that
A1(E) + D(Bjw*)(§) = (B ) (), EeY'/e.

Besides, since P°w® converges weakly in H I(RM) towards w?, as ¢ — 0, wO verifies
the homogenized equation in the Fourier space

aliE&uIE) + 0w E) = 0/E). R,
Using both expressions, we have

Ko (OYBIw)(E) — 0'2u0(E) = 5{(8) +555), & eRY,

where
e E)(BT ) — 0'2 £ (&)
s1(6) = Xr, ;f(é) 1 and
0—1 h & — A€ R
$5(6) = WG HE) e gy

(A5E) + DO alEE + 1)

Since A5(§) + 1 > 1, Proposition 4.3 allows us to assert that s{ converges to zero in
L*(RM). The convergence of s5 is not straightforward. To prove this, we take a fixed
constant y and write

g2 _ g2 g2 g2
[sras= [ wlas [ P [ s

1§ < é/e |&] < 8/e
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Thanks to (5.13) and (4.10), we have

oo, sPde= [ i@ -0 dhes ol F @) de <CeyN flan,
|§] < é/e |§] < é/¢

0~ lal&E -1 (&) .
|s5 7 d& < f : 01 @)PdE <C®y 2 £ 1132 gn) -
f.lf":az Sl P agagP e

Finally, the third integral can be estimated by

0~ a5 =21 A
jaes e ferdssc [ 1@
/|e|>6/s el el=0/e 1M (E)+071al 5517 @RS \sw>a/s|f§ e

which tends to zero because f € L?(R"). This completes the proof of the first assertion
in the theorem.
The second assertion holds as that in Theorem 5.1 with minor modifications. O

In the following theorem we obtain the first terms of the asymptotic expansion of
the Bloch approximation. We verify that this asymptotic expansion coincides up to the
second order with the asymptotic expansion of u® (2.8).

Theorem 5.3. Let u® be the solution of problem (2.5) with Q@ = RY. We assume that
the functions a;; € L (Y™) satisfy (2.1) and (2.2). We denote by vi‘(x) and vifl (x) the
functions vk (x/e) and vk (x/€) where vk and v¥ are the solutions of (2.7) and (2.9),
respectively. We have:

@) If f € L>RY) and v* € W (Y*), then

= Celfllewy)-
HIRY-, T)

) If f € H'(RY) and v*, v € WL (Y*), then

e 0 kauo 2, ki ki *u’ 2
0° —u —ev,— —e (v, +B7)—— < Ce || flla vy
8xk Bxk 3)6[ H' RV, fkg)
Proof. 'We first prove that
16° — ull ooy, 7oy < CENLFlli2gem. (5.16)

To show this inequality, we write 8¢ — u° as

£ 0 & 0 &
0°—u =0 —u, +w,
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where 67 is defined by (5.4),

1 - ix- e
u?(x)ZWf|5>a/e WE)eEdE,  x e (RN—LkJ Tk> (5.17)

w (x) = / 01210(&)e (1 (x /e, £6) — i (x /e, 0) dE,  xe€ (R” -U Tlf)
|§1<é/¢ k

and we estimate each term in the L>(R"Y — Uk Tf)-norm.
67 has already been estimated in (5.7). On account of the Plancherel identity and
u® € H*(RV), we have

I gy, 7y = 6787 L RO E = O gy (19)
Besides, applying Lemma 4.2 and using the analyticity of ¢; (-, n) in Bs, we obtain

l g 7o) = / OO E)Pllgr -, £8) — 1 (-, 0) 3y, dE
|E]<é/e

sce [ DEPIERdE = CN e,
|&]<d/e

and (5.16) holds.
It is clear that the proof of (i) is completed by proving that

e __ 0 _ ka_uo
Vi 0° —u" —ev; ™ < Ce|l fll2wn)- (5.19)

L2RNJ, T¥)

o / i6,0(5)6¢ di
— X)) = —— u e
3xx QN2 Jon F
and then, by (4.6),
8 0
o° —uo—avfa—zk = 6F — 1+ wf — u, (5.20)

where 67 and u? are defined by (5.4) and (5.17), respectively, and

wim=[ 0D (o (2oo6) -0 (£.0) -t 3 (£.0)) e ana

£|<d/e e’

1 ~ B}
wg(x)zev’;(x)W/ i&u0 (€)™t de, x e (RN—LkJ lf) (5.21)

&1>3/¢

For 67, we have estimate (5.8). For u(l), the Plancherel identity leads us to

IVt N2y 7y < %672 f WO P1E1 dE < C672 fllpy,.  (5:22)
|§1>d/¢
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For w{, applying Lemma 4.2 and the Taylor expansion for ¢; (-, n) in n = &§,

we have

< C*lEP, (5.23)
H(Y*)

0
010+ €E) — @1 (-, 0) — sska—g"‘(-, 0)
Nk

IVewila gy, 7 < € L . 0 @) 181° + e 1511 d&
< Gy / DEPIEN dE < Coe? [ oz,
|§1<é/e
Besides, since vy, € W#I(Y*),
IVews 72y, 7y < € / 0 @)*E1° dé + Ce? / 0 @)7IEI* dE
|§]>8/¢ |&|>8/e
< Ces7? f 0@ P16 dE < C872| [l aqy, (5:24)
|§1>8/¢
and (5.19) holds, which completes the proof of (i).
In order to prove (ii) we consider again the decomposition (5.20). For 6; and u(l),

we have estimates (5.7) and (5.18) in L?(RN -, Tlf ), respectively. Moreover, applying
Lemma 4.2, (5.23) and the Plancherel identity, we obtain

1§ gy, 7y < CE* / @) PIEN d < Ce*l f 12 gn, and
|§]<d/e

IS l7e g, ) < Ce° /|s L IO PP dE < CTIS g

Therefore, the remaining part is to prove that

ou 0 82 0
H <9 —u —evka——s (vk'~|—ﬁk’) )
Xk

E)xk axl

L2RN{J, )
< C| fllm@m).- (5.25)

To do this, thanks to (4.6) and (4.7), we write

ou’ a2
0f — 10 — et _ ¢ (Ukl a2 u’

_ea_uo_’_wa_ws_i_ws
saxk dxp 0 1 1 1 2 3

where 67, u? and wj are defined by (5.4), (5.17) and (5.21), respectively, and

st = [ oo (5.o6) o (120) st (10

~ass o (L0))as

2 9dn 0my

|
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w_i(x) = SZ(UI;I(X) + ,Bkl) / Ek&,;b(é:)eix'é dE,
|§1>8/¢

Qm)N/?

for x € (RN—Uk ]_"ke). Since f € H'(R), from (5.8), (5.22) and (5.24), we obtain the
estimates

2 deo—4 2
||vX9iS”L2(RN—Uk7—E) S C‘c/‘ 8 ||f||H1(RN)1

02 do—4 2
IVt s r ) 7y = €671 I v, and

IVaws |l < Ce*$ I I3

LXRNJ, TY) — RN

For w{, we apply Lemma 4.2 and the Taylor expansion for ¢, (-, ) in n = €&,

and we obtain

32901
any Oy

< C&EP,
HI(Y*)

.0

8(,01 2 1
01, 88) — @1(-,0) — 8§k8—(', 0) —e°&8 =
Nk 2

IVei oy, ) = € f 0@ L& + £ 1dE < Co® Il £ -
|§]<é/e

Finally, since V¥ e W#1 (Y™), similar considerations as in (5.24) lead us to

402 2
||wa§ <C¢&"$ ”f”HI(RN)y

2
” L2 (RN_Uk Tkg)

and the theorem is proved. |

6. The Corrector and the Bloch Approximation in a Bounded Domain

Once we have studied the problem in RY, we extend the result to the case in Section 2,
where €2 is a bounded domain and #° is the solution of problem (2.3). For the sake of
simplicity, we assume that this boundary does not cut any hole T (see Remark 6.3).

For each ¢ > 0, we introduce a cut-off function m® that satisfies the following
properties:

mf € D(RQ), 0<m®(x) <1, VxeQ,
mé(x) =0 if dist(x, 0Q2) <e,

mé(x) =1 if dist(x, 0Q2) > 2¢,
8""'|D;‘m8(x)| < Cy, Ya € Zﬁ.

6.1

Obviously, this function exists provided that d€2 is sufficiently smooth.
We define the following function:

6° (x) =[ 0\ 2 (meud) (E)e it (x, £)dE,  x € (RN—U ;) (6.2)
Y'/e k
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where u° is the solution of the homogenized problem (2.5). The following theorem
assures that 6° is an approximation at first order for the solution of problem (2.3).

Theorem 6.1. Let u® be the solution of problem (2.3) with f € L*(2) and the co-
efficients a;; € LZ(Y™) satisfying (2.1) and (2.2). We assume that the solutions V¢ of
problem (2.7) verify v~ € Wé’oo(Y*). Then

& Ae B
lu® — 6 ||H1<Q_UKT§)—>0 as ¢ — 0.
To prove Theorem 6.1, we first deduce some properties of the cut-off functions m?®

and obtain an asymptotic approximation of the Bloch approximation #¢. These results
are respectively in Lemma 6.1 and Theorem 6.2 below.

Lemma6.1. Letu € HOl (2) and let us consider the functions m® defined by (6.1).
Then we have

méu — u in HOI(SZ), ase — 0.

Moreover, if u € H*(Q),
8% (m°u)

8xk 8)C1

172

1/2
”ms”_u”Hl(Q)SCg/ lullgz@) and e <Cllullg2g- (6.3)

LX)

Proof. We denote by wy. the domain w,, = {x € Q|dist(x, 92) < 2¢}. By the
definition of m?, it is clear that

2 -2 2 2
| Vy(mu — u)”LZ(Q) <C(Cle ”u”Lz(sz) + ”qu”Lz(sz)]'

Besides, since u vanishes on 92, we have
lull L2y < CellVattllL2(wy,) 6.4)

which allows us to assert that
IVi(mu — u)|l 2@y < CllVittll 12(wn)s

and m°u — u converges strongly in HOI(Q) towards zero, as ¢ — 0.

Now, we prove (6.3) under the assumptions that u € HOl () N H*(R). For v
small enough (v < vp), we denote by S, the boundary of the domain defined by
{x € Q|dist(x, 9€2) > v}. By virtue of the embedding theorem we have

2 2 2 1
| 1wl dS = CIl e disti g = Cl0lingy Vo€ H'(@).

Integrating this inequality with respect to n from 0 to 2¢, we prove

lwllis,) < Celwling,  Ywe H(Q), (6.5)

(@2
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in particular, for w = du/dx;. Consequently, we obtain
IV 0m*u — w)ll72q) < ClIVull; < Cellul;
x LY(Q) = YENL2 () = HX(Q)

Finally, the properties of m® and (6.4) and (6.5) lead us to

2 2
3% (mfu) I 5 ” 9%u
= C e ulliag,, +& I Vaull tla
‘ 90Xk 0x1 | 120 Len) T2 X 0 || 12
1y, 012
< Ceullya 0
and the proof is complete. |

Theorem 6.2. Let u® be the solution of problem (2.5) with [ € L%(Q). We assume that
the functions a;; € L (Y*) verify (2.1) and (2.2) and the solutions vk of problem (2.7)

satisfy v € W, (Y*). Then

‘ 9 0 r d(mtu®)

172
 =Ce¢ / 112
(@, T

0° —mu’ — ev;

Bxk
where 0° is the function defined by (6.2) and v’; (x) = vk (x/e).

Proof. We follow the proof in Theorem 5.3 with suitable modifications that we outline
here. First, we prove that

16° = m*u’ll 2oy, 75y < Cell flle- (6.6)

To this end, we write 8¢ — m°u® = 7, + z» + z3 where

2 = fé » 0172 (meu%) (£)e™ (@1 (x /2. £) — @1 (x /&, 0))dE.
X € <RN—U Tf) ,
k

o (x) = / oy 0P E G (x, ),
€] > d/e

xe <RN—U k) ©6.7)
k

1 O ix- e
23(x) = _W/M/e (meu0) (&)e™ € dt, x € (RN—LkJ k). (6.8)

Applying Lemma 4.2, and taking into account the analyticity of the first Bloch eigen-
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vector in Bs and the normalization of the Bloch eigenvectors, we have

211720, 70 < C&° / |(meu®)(§)*|E]* d§  and (6.9)
|§]<d/e
12ill72 0 7y < CE672 f ((meu®) ()16 dE, i =2,3. (6.10)
[§1>6/¢

Moreover, as u® € H'(2), Lemma 6.1 gives us

2 2 e, 0y 2 2 012 2 2
”Zi”LZ(Q{kai) = Ce ”Vx(m u )||L2(RN) = Ce ”VXM ||L2(Q) = Ce ||f||L2(Q)’

fori =1, 2, 3 and (6.6) holds.
It remains to be proven that

d(mtu’
H v, (05 —m°u® — gvt (a )> - =Ce f e (6.11)
Yk L@, 79
Now, we write
d(mu’
0° —mu’ — ev* (ax ) =851+ 52+ 22+ 23,
k

where z, and z3 are defined by (6.7) and (6.8), respectively, and
_ 12 (e g0) (£) 156 * Co (5 0) g 20 (X
nw=[ 0P (o (L o) =0 (5.0) -3 (£.0) ) de

|<d/e

and
i (meud) (€)e™Ede,  x e (RN—U T;) .
k

Then, as in Theorem 5.3, we apply Lemma 4.2, the Taylor expansion of order 2 for
@1(-, n) in n = & and the fact that v; € W' (Y*), and with minor modifications we
obtain

IVesil g, 7y < Cog® / |meu®) (€)% 1€]* dE,
|§1<é/e

k 1
$2(x) = —€vy, (X)W f

[EP>8/e

1Vas2l3aq oy, 7y < €67 /m N Pel e,

1Vazil2, 1) < €787 /|s et =23

Finally, as f € L*(R2), u® € H*(Q) and taking into account the properties of the
test functions m® and Lemma 6.1, we can assert that

— 32meu®) |
f |(m6u°)(§)|2|s|“dss/ F ')
RN Q axka)q
< Ce I f 72

which completes the proof. O

(x)

—1y,,0112
d-x S CS ”u ||H2(Q)
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Proof of Theorem 6.1.  We first introduce some notation and results which will be useful
throughout the proof. Forv € L?(Q—{J, T%), v denotes the extension by zero of v outside
Q. For each ¢ > 0, we define N*u® € H-'(RN —{J, T?) by

N f oy f out 0b
us, v)yg-1mn T H (RN Tey = vax— a. . —dax
( _Uk ¢ )X ( _Uk ¢ ) Q_Uk f; Q_Uk f; Y axl 8x.1

forallv e H'(RN—J, T¢). Since u® € H'(Q—|J, T}) is the solution of problem (2.3)
with f € L*() and a;j € L (Y*) satisfying (2.1) and (2.2), it is clear that

1t 1oy 7o) < €1 and  [IN“EE | oy 7o) < Ca (6.12)

where C; and C, are some constants independent of &. Moreover, u* € H' RY —UL T¥)
is the solution of

A+ Nowd =f  in (RN—U T;) .
k

Therefore, from Theorem 4.1, it follows that

Ao (E)(BLUP) (&) + (BLN“UuH) () = (BL H)(E), m=1,6€Y /e and (6.13)

fY » Z(BSNS ?)(€)(B}v) (€)dE

= <N l;é, U)H—I(RN_Uk fks:)XHl(]RN_Uk Tl:) = 0, (614)
for all v € H' (RN —J, T¢) such that v = 0 on 9.

By the definition of #¢, equation (3.5) and Lemma 4.1, it is easy to check that
Theorem 6.1 holds once we prove

fWZKBS @) ~ (B VEPdE >0 as £ 0 (6.15)
and

fy //SZ/\F(E)I(BS )@~ BLIVELPdE >0 as >0 (616)

In order to prove (6.15), we write

fy » Z|<Bm )(E) — (BLE) (6 dé

= [ Bi© e Perdr s+ [ L@ e

Y'/e m=2

sc// ((BS)(8) — (BEuO) ()2 ds+c// [(B{uO)(§) — 6'2u0(€) > d&
Y' /e Y

/e

+C// 01(u® — uo)(é‘)l ds + ZI(BS ut) (&) dk. (6.17)
Y'/e

Y'/e m=2
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From (3.4), (4.11) and Lemma 4.1, we have

- ~ A8 (E)E?
|(BEu®)(§)|7dg < / o |(BLuf)(§)*dE

< Ce2|IVu |7, (6.18)

RV, T¢)*
Then, using (6.18), (3.5), Proposition 4.3, Lemma 6.1 and the strong convergence of P*u®
towards u° in L?(Q) as ¢ — 0, we obtain that the last four terms in (6.17) converge to
zero as ¢ — 0 and (6.15) holds

To prove (6.16), we use (6.13) and write

f 3 AL (B i) — (BLH%) [ dt
Y

/€ m=1
= | BiHBiut)de— | (B{fOV2(meu®)de— | (Bi fP'*(meud)ds
Y'/e Y'/e Y'/e
—_— 0 ~ ———
+ f K01 (meu®) | dt + / > (B H)(Bit) di
Y'/e Y'/e =2

—f Z(B;st?)(Bfnzﬁ)ngre‘/Z/ (BEN*0) (meud) d&
Y'/e mzt v/e
+ 91/2/ (m*u0) (BEN*ir*) dé. (6.19)
Y'/e
On account of the decomposition

f 6'/2(BE N* %) (m* u0) d
Y'/e

= f Z(B;N%ﬁ)(Bg,éa)dg
Y

/& m=1

0 - o d(meud
= / Z(B;NSMS)B;; (08 — meu® — gvk (s )> dg
y

//8 m=1 8Xk

sl - d(meud
+/ Z(B;NEMS)B; <m€u0+8v’gm> dg,
Y

e o 0xy

(6.14), (4.1) and (6.12) and Theorem 6.2, it is easy to check that the last three terms in
(6.19) tend to zero as ¢ — 0. Besides, the Cauchy—Schwarz inequality, (3.5) and (6.18)
lead us to

/ > (B (Bt dE < Cell fll @I Vi ll 2@, 70)-
Y'/e =2

Finally, the strong convergence of P*u® towards u’ in L?(2) as ¢ — 0, Proposition 4.3
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and Lemma 6.1 allow us to assert that

~———~_ e—0 = =
(BE FY(Biu) de ——% / 012 F 9120 g — 6 / Fu dx.
Y'/e RN Q

~ e—0 =) =~
(Bff)Ol/z(msuo)dé—>/ 0'2f0'2u0 dg =9/ fuldx.
Y'/e RN Q

Therefore, to complete the proof of (6.16) it remains to prove the convergence
— —0
f 20| (meud)? dg —— 0 / fuldx. (6.20)
Y'/e Q
To do this, we use (2.5) and write
/ 220) (meud)? de —ef fu®dx
Y'/e Q

=f , ,\§9|(W)|2d5+/ O — 07" al £:8)0 | (meud) |2 d&
e /e IE1<8/e !
|&] > 8/e

——

+f a8 (meu® — %) (meu) di +f ali&;&ud (meu® — u0) dg
|El<8/e HEE

~ 9110 9120
+/ a8 U0 de —/ a2 g, (6.21)

HES RN 8)Cl‘ 8)Cj
Then, applying (3.4), (4.10), (5.13), Lemma 6.1 and the fact that u® € H?(Q), we obtain
(6.20), which ends the proof of the theorem. O

Remark 6.1. It should be noted that using the technique of [2] we can prove that the
asymptotic approximation of 6° in Theorem 6.2 is a first-order corrector for the solution
u® of (2.3); that is, the convergence

d(mtu®)
u® —mfu® —ef——2

A -0 as ¢—0

L VICER )

holds (see Theorem 2.2 for comparison). Nevertheless, we point out that this fact only
confirms the convergence of |[u® — 0°| 41 q U, T towards zero, as ¢ — 0, obtained in
Theorem 6.1.

We also note that the functions v¥, solutions of (2.7), appear in the Bloch approxi-
mation in a natural way as the partial derivatives of the first Bloch eigenvector (see (4.6)).

Remark 6.2. Note that in the case where 2 is a bounded domain, the difference of
the new approximation #° and the solution #° in the H'-norm converge towards zero, as
g — 0, at arate of £'/? (see Remark 5.1 for comparison). This holds from Theorem 6.2,
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Lemma 6.1 and the error estimate

< Cel?

H'(QF)

0
ut(x) —ul(x) — ev* (f) ai(x)

e/ 0xy

(see, for example, Section II.1 of [16] and Section 1.2 of [6]).

Remark 6.3. As we noted in [7], the technique of Bloch wave decomposition allows
the assumption on the geometry of the domain €2 and the holes to be weakened. For
example, if the holes meet the boundary of €2 and the Dirichlet condition is imposed
onI'* = 9Q — [ J T?, the proofs in Section 6 still hold: we require the existence of the
extension u* € H'(RY —|J, Ty) in the proof of Theorem 6.1, a uniformly bounded
family of extension operators P? (see, for example, Section 1.4 of [16]), and the bound
for the solutions [[u®]| g1(qsy < C, with C a constant independent of &, which obviously
holds.
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