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Abstract

We consider a countable system of stochastic differential equation. Euler scheme for approximating these solutions is
used, and the global error is estimated. Solutions are approximated by means of a process which takes values in a finite
dimensional space. Finally, we expand the global error for a class of smooth functions in powers of the discretization
step size. (© 2001 Elsevier Science B.V. All rights reserved

1. Introduction

The purpose of this note is to study the Euler scheme in order to approximate solutions of a countable
system of stochastic differential equations (in short CSSDE). The global error of approximating these solutions
is estimated, by showing that the standard technique used to study the Euler scheme on the finite dimensional
case can be carried out. The only problem here is that under suitable assumptions the constants appearing in
the usual bounds can be independent of the dimension. We also present a way of approximating the infinite
dimensional case by a sequence of finite dimensional processes. Finally, expansion of the global error for a
class of smooth functions in powers of the discretization step size is computed in the same way as in Talay
(1986) and Talay and Tubaro (1990). Let us consider the following CSSDE:

X(t):)((O)—l—/0 a(s,X(s))ds+/0 b(s, X (s))dW(s), (1)

or equivalently

t m t
5(O=x(0)+ [ alsx6)ds+ Y [ bl xenaw/e)
0 = Jo
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where S is a countable set and X (7) = (x;(¢))ies is a stochastic process in (R?)S. W(t) is a Wiener process
in (R™)S; a=(a;)ies where i€ S, a; : [0,T] x (R")S — R? and for i€ S, 1 <j<m, b, :[0,T] x (R?)S —
is the (j,k) component of . o

Applications of CSSDE can be found for example in Genetics, where X (¢) represents the proportion at time
t of one of two possible alleles of a certain gene, S the set of colonies, and the change of gene frequencies
is caused by random sampling, mutation and migration. Such application can be found in Kloeden and Platen
(1995) or Shiga and Shimizu (1980).

In what follows, we assume the functions a and b satisfy certain regularity conditions, so that the existence
and uniqueness of this solution are ensured. Such conditions can be found in Shiga and Shimizu (1980).

We will denote by L the infinitesimal generator associated to Eq. (1) as

1 , . ;
L— EZ ol(t.x)0y + > d'(t.x)d;, (2)
i,jeSs i€s
where a(t,x)=b(t,x)b'(¢,x).
Let y={y:}ies be a sequence of real numbers and consider

= {XG(Rd)S; X 012:=) vl < oo} .
ies
Let 0=¢) < t,...,<t,=T be a discretization of [0,7] and J the time step such that 6 =0, = T/n. The
process Y?={Y?(¢),0 <t < T} defined below will be considered to approximate the solution X. First we
define Y° at # recursively as follows:

Y°(0)=»(0),
YO(t50) = YO (1) + alt, YO(6))0 + b(te, YO )) W (tr1) = W(t)) - for k=0,...,n — 1.
Next, Y°(¢) can be defined for each ¢ € [t,#1[, k=0,1,...,n — 1 as the following linear interpolation

Y‘S(t):Y(S(tk)+/ a(ty, Yé(tk))ds—i—/ b(te, YO (1)) dW (s). (3)

173 e

2. Main results

In this section, main results are stated and their proofs are postponed to the next section. The first theorem
is concerned with a bound for the global error when the Euler scheme is used. We will make use of the
following standing assumptions throughout the paper.

(A1) [X(O)]? < oc,

(A2) [|X(0) = Y°(0)|]> < K0,

(A3) [la(t,x) = a(t, )|} + [|b(t,x) — b(, y)
(A4) [la(t, )17 + 1b(0)[; < K3(1+ [1x[),
(A5) [la(s,x) = a(t, )]} + [|b(s,x) = b(t,x)|[; < Ka(1 + [[x[[7)]s — ],

for all x,y € I’(y), s,t€[0,T] where the constants K,...,Ks do not depend on .

y < Kallx — I3,

Theorem 1. Assume (A1)—(AS5) hold. Then there exists two positive constants A and B not depending on o
such that

[E( sup || X(¢) — Y"(z)||§> < 04687
T

0<t<
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In our next result, we give a finite dimensional approximation, and for that reason we need a truncation of
a and b.

Let 1 <i <N, and @ : [0,T] x (R")N — R? defined as a;(t,x1,...,xy) = ai(t,x1,...,xy,0,...,0,...), b} :
[0,7] x (RN — R? x R™ defined as bl(t,x1,...,xy)=b!(x1,...,x,0,...,0,...), and Y>V be the process
defined on #; recursively as

2V (0)=%(0) V1<i<N,

PN W) = 0V (0 + @ (s YN 1)+ > by (1 YN W)W (t150) — W (1),
=

for 0=ty <t; <---<t,=T. Again for t € [, t;11[, k=0,1,...,n — 1, 1 <i <N we define

AO=w)+ [ @ ands+ 30 [ 6w a0 anie) )
j=1 7k

I

Theorem 2. Assume (A1)—(AS), and the additional assumptions hold
(HI) sup;cg ¥2(0)]* < Ks,

(H2) > icqvi <00,

(H3) sup,cs (Jai(s. ) + |bi(s.x)) < Ko(1+ [lx]12).

Then

0<r<

fE( supT||Y5<t> - Y(’?N(oll%) <K:) o
i=N

In the following theorem, we assume for simplicity d =1, and for technical difficulties y;, =1 for all i € S.
Let us now consider the class 2%(RS) of C* functions ¢ : RS — R with polynomial growth in all the
derivatives (with respect to |x|,).

Let us define for f € 2% the global error for CSSDE as

Er(7,6) = E(f(X(T))) — E(/(Y(T))). (5)

Theorem 3. Let us assume that the functions a and b are C*>, whose derivatives of any order are bounded,
and Y°(0)=X(0). Then for the Euler method, the Global error is given by

T

Err(7,8)=— 9 / Ey(s, X (s))ds + O(6%),

0
where the function \ is defined as
1 1
Y(t,x)= 3 Z a;(t,x)a;(t,x)0;;u(t,x) + 3 Z a;i(t,x)0 i (t,x)0;jru(t, x)
ijes ijkes
2

1 10
+3 ;ES 01 (6X)0k 1 (62) Dgegua(t, ) + 5 = 5u(tx)
L7

0 1 0
+Zai(f,x)a5iu(hx) + EZ @i (1,%) 7 Oiju(t; x), (6)

ieS iL,jES
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and u(t,x)=E(f(X"(T)))=E(f(X(T))) verifies the following equation:

ou
M ru—0
o TH=0 7

w(T,x)= f(x), xeRS.
3. Proofs

The proof of Theorem 1 is based upon the following Lemmas 3.1-3.3, whose proofs are standard using
Cauchy—Schwarz’s inequality, Doob’s inequality and Gronwall’s Lemma.

Lemma 3.1. Let X(t) be the process satisfying Eq. (1). Then under (A1)—(AS) there exists two positive
constants Cy; and Cy such that

[E( sup ||X(t)|§,) < Ci(1+ [|X(0)[12)e™T.

0<t<T

Proof. Since X(¢) satisfies the Eq. (1) we have
2 m
+ 3mz
j=1

From hypothesis (A1) and growth bound (A4) the following inequality holds for 0 <R < T

2

(O < 3[x(0) +3 ‘ /t ai(s,X(s))ds /t bl (s, X (s))dW/(s)
0 0

S sup o)) <30x00)

ics 0<t<

R
§+3TK3(T+4m)+3K3(T+4m)/ [E< sup Zyi|x,-(u)|2> ds.
0 €s

O<u<s i

By applying Gronwall’s inequality we obtain

S (s 0P ) < G+ O

i€s O<us<T

where C} =max{3,3K;T(T + 4m)} and C, =3K3(T + 4m). Finally, since

[E( sup IIX(t)Iﬁ) <ZME< sup Ixf(t)2>,

0<t<T ieS 0<t<T

we obtain the result. [J
The following two lemmas are proved in the same way, whose proofs are left to the reader.

Lemma 3.2. Under (A1)—(AS5), there exists two positive constants Cy and C4 such that

[E( sup [|Y(1)

0<t<T

5) < G5(1+ [[Y2(0)]3)e.

Lemma 3.3. Under (A1)—(AS), there exists a positive constant Cs such that the solution X(t) of Eq. (1)
satisfies

Ell X (2) — X (s)

2 < Cs(t—s)(1+ X))
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Proof of Theorem 1. Let Z(7T) = E{supy., (||X(¢) - Y‘S(t)||$)} and c(s)=[sn]/n, s €[0,T]. We have

Z(T)s[E(Zw sup |x,-(r>—y?(r)|2>

ies Osis<T

<4E (Z v sup (bu(0) — YO + 7it) + File) + %:(r))) :
ics OSIs

where
Ji(t)= ’/O ai(c(s), X (c(s))) — ai(c(s), Y(c(s))) ds
2

5

30 [ Bl X el = Bl et a0
=1

fi(t):‘/O(ai(c(s)aX(s))_ai(c(s)aX(c(s)))dS
2

i

Y { /O (BJ(c(), X (s) — iﬁ(c(sxX(c(s)))dW,f(s)}
=1

Aty = ‘ /0 (@5, X(s)) — ac(s), X (s))) ds
2

+ Z{ /0 (bi(s,X(s)) —b{(c(s),X<s)>>dW,-’<s>}
j=1

We have the following estimates

T
E <ZW sup J,(t)) < (2T + 8m)K, / Z(s)ds,
0

jes Osi<T

[E(Zvi sup fl-(r)) < 32T + 8m)TKCs(1 + X (0)2),
T

ies 0sIs

E (Zy,— sup %‘,-(r)) < (2T + 8m)K4T(1 + Ci(1 + X (0)[})e=T).

ies OsIs<T

By combining these estimates and using hypothesis (A2) we obtain
T
Z(T) <A5+B/ Z(s)ds, (8)
0

where 4 =4K, + (8T 432m) K>CsT (1+ ||X(0)[|2)+ (8T 432m) K4 T (1+ C1 (14 [|[X (0)[|2)e“") and B= (8T +
32m)K,. By applying Gronwall inequality to Eq. (8) we have Z(T) < 64e?”. [
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Proof of Theorem 2. From relations (3) and (4) we get as before

> [E< sup [»/(1) - yf’N(t)lz) <3E ( 3 yily?(0)|2>

= 0<r< n=N+1

T N e’}
+3T[E< /0 (Zm(c(s), Yo(e(s))) — a (c(s). YN (NP + Y v
i=1

i=N+1

ai(c(s), Y5<c(s)))2> ds)

Bl(c(s), Y(c(5))) — b (c(s), YOV (c(5)))

T m N
+ 12mE / ZZ%
0

j=1 i=1

+ZVi

i=N+1

bl(c(s), Yb‘(c(s)))|2> ds) )

From the Lipschitz condition (A3), hypothesis (H1)—(H3), Lemma 3.2, and since Zf\/:l yilxl? < JIX H% we
obtain

- 0 T - o
> E(% supTIy?(t)—y?’N(t)2> <D> w+E/ E( sup IIYO(u)—Y()’N(u)H%) ds,
0

ies Osts i=N+1 Osuss

where D= (3Ks + K¢T(3T + 12m))(1 + C5(1 + ||Y5(O)||5)6C4T) and E = (3T + 12m)K;. Finally, by applying
Gronwall’s inequality to ¢ 7;F (sup0<t<T |0(t) — y?’N(t)|2) we obtain

oo
2) <K; Z Vis

i=N+1

EE( sup [|¥2(6) — YON(1)

0<I<T
where K; =DefT. O

The proof of Theorem 3 is based upon the following Lemmas 3.4-3.8, following the same ideas of Talay and
Tubaro (1990). Let X“*(s), t < s < T be the strong solution of the following stochastic differential equation:

X(s)=x + / a(r, X (r)) dr + / b(r, X (r)) AW (). 9)

t

Lemma 3.4. Let us suppose that the functions a and b are C°, whose derivatives of any order are bounded.
Let f in P%9(RS), then u(t,x)=E(f(X**(T))) is in 2%([0,T] x RS).

Proof. We analyze the case o =«y, i.e., we consider the first derivative, the general case follows by induction.
It is well known that under the assumed regularity on @ and b there exists a smooth version of the stochastic
flow defined in Eq. (9). We assume X%*(s) is this smooth version. Moreover for all integer £ > 0, the family
of the processes equal to the partial derivatives of the flow up to the order &, solves a system of stochastic
differential equations with Lipschitz conditions (see Protter (1990) and Karatzas and Shreve (1988)). Then

(1, x) = S(ECS XN =F | D 0,/ (X" (T))(X[(T))

JES
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A small modification of Lemma 3.1 allow us to conclude that

sup E supTZ Z |6,~Xj"x(T)|2 < o0.

XERS 0<t< ics jes

Therefore, we have sup., 7 > |0iu(z,x)|* has the same polynomial growth in x as > jes 10; f(x)|?, and
the result follows. [OJ

Lemma 3.5. Let f in 29, then u is a smooth solution of Eq. (7).

Proof. From Lemma 3.4 we only have to prove the function u(z,x)=E(f(X**(T))) satisfies the Eq. (7).
First, for t =T we have

u(Tox) =E(f (X)) = E(f(¥)) = [ (x).
By applying 1td’s formula to f(X“*(T)) we obtain

T
D)= F@)+ [ LA ) ds + b
where M is a martingale. Taking expected value we have
T
u(t,x)=f(x)+ / E(Lf(X"*(s)))ds.

Differentiating with respect to ¢ and evaluating in t =7 we obtain

Ou(t,x .
WD BT s = — Lu(T ) (10)
=T
Now, from the Markov property, we have u(t,x)= E(u(s,X"*(s))), for s > ¢ and from Eq. (10) we obtain
Ou(t,x)
=-1L .
o | u(s,x)

This proves that u(z,x)=F(f(X**(T))) verifies the Eq. (7). [

Lemma 3.6. There exists a positive constant C(T'), which does not depend on J, such that
n—1

E(u(T, Y2(T))) = Eu(0,X(0))) + & S EGW(j8., Y°(j5)) + S (),
Jj=0

and 52;’;01 ElW(jd, Y°(jd))| < C(T), #(5) < C(T), where v is defined on Eq. (6).

Proof. Since f € 2% and u(t,x)=E(f(X"*(T))) solves the Eq. (7) with final condition u(7,x)= f(x), we
have Err(7,0) =Eu(T, Y %(T)))—E(u(0,X(0))). By computing an expansion in Taylor series for u at the point
((n —1)8,Y°((n — 1)5)) we obtain

E(u(T, Y°(T))) = E(u((n — 1)8, Y°((n — 1)8))) + S*EQp((n — 1)3, Y*((n = 1)6))) + & Ro(9).

It is not hard to prove using the fact u solves Eq. (7) that there exists a constant C(7") which does not depend
on J such that |R,(d)| < C(T). Continuing in this way » times, we arrive at
n—1
E(u(T, Y°(T))) = Eu(0,X(0))) + 6° > EW(jo, Y°(j8))) + 5 A(3),

J=0
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where %(5):52}:01 R} < C(T). We decompose 67 2;12—01 EQy((jd,Y%(j6))) according to Eq. (6). We
analyze the first term, being the others completely analogous. Since

n—1
8 B ai(t, YO (kd))ay(t, YO (k6))d; ju(t, YO (ko)) < 8 |la|l’E (Z |65, ju(t, YO (k3))|?
k=0

k=0 |ijes ijes

From Lemma 3.4 and a generalization of Lemma 3.2, we deduce

8 E| D ailt, YO(kd))a(t, YO(kS))d jult, YO (k)| < SnK(T)=TK(T).

k=0 |ijes

) |

Using the same technique, we obtain a bound for y( /&, Y°(jd)), and therefore exists a constant C(T') inde-
pendent of 6 such that

n—1

5y EW(js, Y°(jo) < C(T). O

J=0

Lemma 3.7. Under the assumptions of Theorem 3

Proof.

n—1 T
53 B3, Y(j8))) — /0 EU(s. X (5))) ds| = 0(6).

j=0

First note that

n—1 T
03 EG(j6, Y°(j5))) /0 E(Y(s.X(5))) ds
j=0

n—1 n—1

. T
< 6| ST EW, YO(j6)) — B8, X(jo))| + |03 EW(j6, X (j6))) — /0 E(Y (s, X (5)) ds)|

Jj=0 Jj=0

Since the function y belongs to 2%([0,T] x RS), Lemma 3.6 implies that

[EW(j8, Y°(j8))) = EW(j8, X (j6))| < C(T)3,

and therefore

On the other hand, since the function s — E(y/(s,X;)) has a continuous first derivative, one concludes

n—1

S EW(6, Y(j8))) — EW(8, X (j6)))| = O(1),

J=0

n—1

T
8> EW(j8,.X(j8))) — /0 EQY(s, X (s))ds)| = 0(3). O
j=0

Proof of Theorem 3. Follows immediately from Lemmas 3.7-3.9. [

(1)
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