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Abstract

We consider the semilinear equation

B AU+ V@u—uP =0, u>0,uec st(RN)

where 0 <s <1,1 < p< %i‘%i , V(x) is a sufficiently smooth potential with infg V(x) > 0,and ¢ > Ois a

small number. Letting w; be the radial ground state of (—A)Sw) + Aw) — wf =0in H> (RV), we build
solutions of the form

k
ue ()~ ) w, ((x — &) /).

i=1

where X; = V(& l.s) and the & ig approach suitable critical points of V. Via a Lyapunov—Schmidt variational
reduction, we recover various existence results already known for the case s = 1. In particular such a solu-
tion exists around k nondegenerate critical points of V. For s = 1 this corresponds to the classical results
by Floer and Weinstein [13] and Oh [24,25].
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1. Introduction and main results

We consider the fractional nonlinear Schrédinger equation

iy, =0 (=AY + WY — [y Py (1.1)

where (—A)*, 0 <5 < 1, denotes the usual fractional Laplace operator, W (x) is a bounded po-
tential, p > 1 and % designates the usual Planck constant. Eq. (1.1) was introduced by Laskin
[19] as an extension of the classical nonlinear Schrodinger equation s = 1 in which the Brown-
ian motion of the quantum paths is replaced by a Lévy flight. Here ¢ = v/ (x, t) represents the
quantum mechanical probability amplitude for a given unit-mass particle to have position x at
time ¢ (the corresponding probability density is ||?), under a confinement due to the potential
W. We refer to [19-21] for detailed physical discussions and motivation of Eq. (1.1).

We are interested in the semi-classical limit regime, 0 < ¢ := /i < 1. For small values of ¢ the
wave function tends to concentrate as a material particle.

Our purpose is to find standing-wave solutions of (1.1), which are those of the form ¢ (x, t) =
u(x)e' B/ with u(x) a real-valued function. Letting V(x) = W(x) + E, Eq. (1.1) becomes

eX(=A)u+V@u—uP'u=0 inRV. (1.2)

‘We assume in what follows that V satisfies
vecRY)NL®[RY), infV(x)>0. (1.3)
RN

We are interested in finding solutions with a spike pattern concentrating around a finite number
of points in space as ¢ — 0. This has been the topic of many works in the standard case s = 1,
relating the concentration points with critical points of the potential, starting in 1986 with the
pioneering work by Floer and Weinstein [13], then continued by Oh [24,25]. The natural place
to look for solutions to (1.2) that decay at infinity is the space H>*(R"), of all functions u €
L%(RY) such that

/(1 +E1%)]a(®)| d < +oo,

RN

where ™ denotes Fourier transform. The fractional Laplacian (—A)*u of a function u € H 25 (RN)
is defined in terms of its Fourier transform by the relation

(—Ayu=&>qeLl2(RV).

We will explain next what we mean by a spike pattern solution of Eq. (1.2). Let us consider
the basic problem

(=A)v+v— P lv=0, vest(RN). (1.4)
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We assume the following constraint in p,

N+2 ;
1<p<{N_2§ if2s <N,

(1.5)
+oo if2s > N.

Under this condition it is known the existence of a positive, radial least energy solution v = w(x),
which gives the lowest possible value for the energy

1 1 1

J) == [ v(=A) v+ = 2—_f P

) 2/v< )v+2fv —— [
RN RN RN

among all nontrivial solutions of (1.4). An important property, which has only been proven re-
cently by Frank, Lenzmann and Silvestre [15] (see also [2,14]), is that there exists a radial least
energy solution which is nondegenerate, in the sense that the space of solutions of the equation

(8¢ +¢—puw =0, ¢ecH(R") (1.6)

consists of exactly of the linear combinations of the translation-generators, %, j=1,...,N.
J

It is easy to see that the function

1

1
wy (x) ;= Ar-1 w()»ﬁx)
satisfies the equation
(=AY’ wy + Aw; — wf =0 inR".

Therefore for any point & € RV, taking A = V (£), the spike-shape function

u(x) = wv@)<$) (1.7)

satisfies
X (=AY’ u+VEu—ul =0.

Since the e-scaling makes it concentrate around &, this function constitutes a good positive ap-
proximate solution to Eq. (1.2), namely of

X3 (=A) ' u+Vxu—ul =0,
u>0, ueH*R"). (1.8)

We call a k-spike pattern solution of (1.8) one that looks approximately like a superposition
of k spikes like (1.7), namely a solution u, of the form

&

k
ue(x) = wasf)(x ji ) +o(1) (1.9)
i=1

for points £f, ..., &, where o(1) — 0 in H*(RY) as & — 0.
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In what follows we assume that p satisfies condition (1.5) and V condition (1.3).
Our first result concerns the existence of multiple spike solution at separate places in the case
of stable critical points.

Theorem 1. Let A; CRY i=1,....k k> 1be disjoint bounded open sets in RN, Assume that
deg(VV, A;,0)#0 foralli=1,... k.
Then for all sufficiently small &, problem (1.8) has a solution of the form (1.9) where £} € A; and
VV(E;’") -0 ase—0.
An immediate consequence of Theorem 1 is the following.

Corollary 1.1. Assume that V is of class C2. Let S? ey E,? be k nondegenerate critical points
of V, namely

VV(SO) =0, D2V(§i0) is invertible foralli =1, .. k.

]
Then, a k-spike solution of (1.8) of the form (1.9) with & — 510 exists.

When s = 1, the result of Corollary 1.1 is due to Floer and Weinstein [13] for N = 1 and
k=1andtoOh [24,25] when N > 1,k > 1. Theorem I for s = 1 was proven by Yanyan Li [22].

Remark 1.1. As the proof will yield, Theorem 1 for 0 < s < 1 holds true under the following,
more general condition introduced in [22]. Let A = A X - -+ X Ay and assume that the function

k
_ N _ptl N
... E)=> VE), o= 1% >0 (1.10)

i=1

has a stable critical point situation in A: there is a number 8y > 0 such that for each g € C'(£2)
with ||gllLoe(a) + IV gL (a) < o, thereis a &, € A such that Vo (§,) + Vg (&) = 0. Then for all
sufficiently small e, problem (1.8) has a solution of the form (1.9) where £° = (¢}, ...,§{) € A
and Vp(£%) > 0ase — 0.

Theorem 2. Let A be a bounded, open set with smooth boundary such that V is such that either
c=infV <infV (1.11)
A aA
or

c=supV >supV
A dA

or, there exist closed sets By C B C A such that

c= inf sup V(@ (x)) > supV, (1.12)

Pel’ xep By
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where I' = {® € C(B, A)/¢|BO =1d} and VV (x) -t #0 for all x € 0 A with V(x) = c and
some tangent vector T to d A at x.
Then, there exists a 1-spike solution of (1.8) with §* € A with VV (&) — 0 and V (§]) — c.

In the case s = 1, the above results were found by del Pino and Felmer [7,8]. The case of
a (possibly degenerate) global minimizer was previously considered by Rabinowitz [26] and
X. Wang [28]. An isolated maximum with a power type degeneracy appears in Ambrosetti, Ba-
diale and Cingolani [1]. Condition (1.12) is called a nontrivial linking situation for V. The cases
of k disjoint sets where (1.11) holds was treated in [9,17]. Multiple spikes for disjoint nontrivial
linking regions were first considered in [10], see also [5,16] for other multiplicity results.

Our last result concerns the existence of multiple spikes at the same point.

Theorem 3. Let A be a bounded, open set with smooth boundary such that V is such that

supV >supV.
A dA

Then for any positive integer k there exists a k-spike solution of (1.8) with spikes E; eA
satisfying V(E;?) — max, V.

In the case s = 1, Theorem 3 was proved by Kang and Wei [18]. D’ Aprile and Ruiz [6] have
found a phenomenon of this type at a saddle point of V.

The rest of this paper will be devoted to the proofs of Theorems 1-3. The method of construc-
tion of a k-spike solution consists of a Lyapunov—Schmidt reduction in which the full problem is
reduced to that of finding a critical point £ of a functional which is a small C!-perturbation of
@ in (1.10). In this reduction the nondegeneracy result in [15] is a key ingredient.

After this has been done, the results follow directly from standard degree theoretical or varia-
tional arguments. The Lyapunov—Schmidt reduction is a method widely used in elliptic singular
perturbation problems. Some results of variational type for 0 < s < 1 have been obtained for
instance in [12] and [27]. We believe that the scheme of this paper may be generalized to con-
centration on higher dimensional regions, while that could be much more challenging. See [11,
23] for concentration along a curve in the plane and s = 1.

2. Generalities

Let 0 < s < 1. Various definitions of the fractional Laplacian (—A)*¢ of a function ¢ defined
in RY are available, depending on its regularity and growth properties.

As we have recalled in the introduction, for ¢ € H?(R") the standard definition is given via
Fourier transform ™. (—A)*¢ € L>(RV) is defined by the formula

1 0E) = (—0)%¢. @1
When ¢ is assumed in addition sufficiently regular, we obtain the direct representation
¢(x) —o(y)

(=A8)'¢(x) =ds,n Ty
RN

(2.2)
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for a suitable constant d, y and the integral is understood in a principal value sense. This in-
tegral makes sense directly when s < % and ¢ € CO¥RN) with « > 2s, or if ¢ € CL4RN),
1 4+ o > 2s. In the latter case, we can desingularize the integral representing it in the form

s B0 — D) — V() (x — ¥)
eﬂ>mm=¢wf e dy.
RN

Another useful (local) representation, found by Caffarelli and Silvestre [3], is via the following
boundary value problem in the half space RTFI ={(x,y)/x RN, y>0}:

V-(y'""#Vg)=0 inRY'
H(x,0) = ¢ (x) on RV

Here ¢ is the s-harmonic extension of ¢, explicitly given as a convolution integral with the
s-Poisson kernel p;(x, y),

&mw=fmu—awmaw,
RN
where

4s—1

pS(xs y):CN,S y N—1+4s
(x> + 1% 2

and cy ¢ achieves fRN p(x, y)dx = 1. Then under suitable regularity, (—A)*¢ is the Dirichlet-
to-Neumann map for this problem, namely

(—A)¢(x) = lim y'"Z,p(x, y). (2.3)
y—=>0*t

Characterizations (2.1), (2.2), (2.3) are all equivalent for instance in Schwartz’s space of rapidly
decreasing smooth functions.
Let us consider now for a number m > 0 and g € L>(R") the equation

(=A)'¢p+m¢p=g inRV.
Then in terms of Fourier transform, this problem, for ¢ € L2, reads
(&% +m)p=2

and has a unique solution ¢ € H>*(R") given by the convolution

(Mm=mwk=/ku—nmna, (2.4)

RN
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where

1

O

Using the characterization (2.3) written in weak form, ¢ can then be characterized by ¢ (x) =
¢(x, 0) in trace sense, where ¢ € H is the unique solution of

//Vd)Vgoyl zv—i—m/d)(p /g(p, forall ¢ € H, (2.5)

RN-H

where H is the Hilbert space of functions ¢ € H, loc (RN +1) such that

el —ff|w|2 1= 2S+m/|(p|2<+oo

RN+1

or equivalently the closure of the set of all functions in CZ° (Rﬁ *+1) under this norm.
A useful fact for our purposes is the equivalence of the representations (2.4) and (2.5) for
g e L’(RM).

Lemma 2.1. Let g € L>(RY). Then the unique solution ¢ € H of problem (2.5) is given by the
s-harmonic extension of the function ¢ = T, [g] =k x g.

Proof. Let us assume first that g € C2° (RV). Then ¢ given by (2.4) belongs to H*(RV). Take

a test function ¢ € C° (Rf“). Then the well-known computation by Caffarelli and Silvestre
shows that

// Vv T dydx=fylgl})y1‘2“ay<i><y, ) dx

N+1 N
RY R

=/W(—A)s¢dX=/(g—m¢>)dX-

By taking ¥ = ¢ng for a suitable sequence of smooth cut-off functions equal to one on expand-
ing balls Bg(0) in Ri’“, and using the behavior at infinity of ¢ which resembles the Poisson
kernel p;(x,y), we obtain

[[wary>ayaxem 168 = [ o

N+1 N N
RY R R

and hence ||¢||g < C llgll;2 and satisfies (2.5). By density, this fact extends to all g € L2(RN).
The result follows since the solution of problem (2.5) in H is unique. O
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Let us recall the main properties of the fundamental solution k(x) in the representation (2.4),
which are stated for instance in [15] or in [12].
We have that k is radially symmetric and positive, k € C*®° (RN \ {0}) satisfying

C
o |k(x)|+|x||Vk(x)|<|x|N—_2s forall |x| <1,
o lim k@)|x|Vt* =y >0,
|x]—o00
C
o |x||Vk(x)|<W for all |x| > 1.
N2

The operator T}, is not just defined on functions in L2. For instance it acts nicely on bounded
functions. The positive kernel k satisfies fRN k= % We see thatif g € L®@®RN ) then

1
|7l < 5 Nsloe-

We have indeed the validity of an estimate like this for L°° weighted norms as follows.

Lemma 2.2. Let O < u < N + 2s. Then there exists a C > 0 such that
[ (1 131 T8 oo vy < CI(L A+ 1x1)" 8 [ oo vy

Proof. Letus assume that 0 < < N 4 2s and let g(x) = (lJr\lW Then

o k() k()
Tlglt = / Axpy—xpr 2t / 11y —xDr

1 1
[y—x|<7lx] [y=x|>7 x|

Then, as |x| — oo we find

NG / K xS,
A+ 1y —xr

1
[y—x|<zlx]

and since k € L' (RV), by dominated convergence we find that as |x| — oo

k) lx)” N
/ mdy*/k(z)dz_m.
RN

1
[x—y[>7lx]

We conclude in particular that for a suitable constant C > 0, we have

Tu[(1+1x]) "] < C(1+1x]) "
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Now, we have that

£ Tulg] < [ (1+ 1x0)" & [ oo vy T [(1 + 1x1) "],
and then
[0+ 1) TLg1 ooy < €1+ 131) 8] e )
as desired. O
We also have the validity of the following useful estimate.

Lemma 2.3. Assume that g € L*> N L. Then the following holds: if ¢ = Ty,[g] then there is a
C > 0 such that

lp(x) —p W)l

S Cllgllpoo @y (2.6)
X#y lx — y|* L@

where o = min{1, 2s}.

Proof. Since || T, [g]llco < Cllglloo, it suffices to establish (2.6) for |[x — y| < % We have

600 — ()| < /|k(z by -2 — k@) dz lgllse-
RN

Now, we decompose

/|k(z+y —x) —k(2)|dz
RN

= / lk(z+y—x) —k(2)|dz + / lk(z+y —x) —k(2)| dz.

|z|>3]y—x| lz|<3]y—x]
We have
1
|k(z+(y—x))—k(z)|</dt / |Vk(z+1t(y —x))|dzly — x|,
|z|>3]y—x| 0 |z|>3]y—x|

and, since 3|y — x| < 1,

dz B
|z|>3|y—x| 1>|z|>3|y—x|
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On the other hand

lk(z+y—x) —k(z)|dz <2 / k(z)]dz < Cly — x|,

|z|<3ly—x] |z|<4|y—x]|

and (2.6) readily follows. O
Next we consider the more general problem
(—AYp+Wx)p=g inRY (2.7

where W is a bounded potential.
We start with a form of the weak maximum principle.

Lemma 2.4. Let us assume that

inf Wkx)=:m>0

x€RN
and that ¢ € H* (]RN) satisfies Eq. (2.7) with g > 0. Then ¢ > 0 in RV,
Proof. We use the representation for ¢ as the trace of the unique solution é € H to the problem
// VoVey' = + f Woop = / gp, forallge H.
RﬁJrl RN RN

It is easy to check that the test function ¢ = ¢_ = min{¢, 0} does indeed belong to H. We readily

obtain
/ W&ﬁf*“+/ww3=/g¢“
RN

R{X-H RN
Since g > 0 and W > m, we obtain that ¢_ = 0, which means precisely ¢ > 0, as desired. O

‘We want to obtain a priori estimates for problems of the type (2.7) when W is not necessarily
positive. Let pu > % and let us assume that

I(1+ |x|ﬂ)gHL°°(]RN) < +o0.
The assumption in x implies that g € L>(RV).

Below, and in all what follows, we will say that ¢ € L>(RV) solves Eq. (2.7) if and only if ¢
solves the linear problem

¢ =Tn((m— W)+ g).
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Similarly, we will say that
(—A)'¢+W)¢p>g inRY
if for some g € L>(RV) with g > g we have
¢ = Tn((m — W)¢p + ).
The next lemma provides an a priori estimate for a solution ¢ € L2RN)y N L®@RN) of (2.7).

Lemma 2.5. Let W be a continuous function, such that for k points q; i =1, ...,k a number
R>0and B = Uf-;l Br(g;) we have

inf W(x)=:m > 0.
x€RN\B

Then, given any number % < < N + 2s there exists a constant C = C(u, k, R) > 0 such
that for any ¢ € H* N L®°(RYN) and g with

||'071g||L°°(]RN) <+0o0
that satisfy Eq. (2.7) we have the validity of the estimate

Hlo_l¢”LOO(RN) < C[||¢||L°°(B) + ”p_lgHLm(RN)]‘

Here

1

O LT a

i

Proof. We start by noticing that ¢ satisfies the equation
(—0)¢+Wo=4g
where
g=m—Wxsp,  W=myxp+W{l-xp).

Observe that

k
HOIES Zl+|x—q, )" M=C(Igl=m + o7 e] o)

where C depends only on R, k and u and

inf W(x) >m.

xeRN
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Now, from Lemma 2.2, since 0 < i < N + 2s we find a solution ¢ (x) to the problem
(=A)'¢+md=(1+x])"

such that ¢ = O(|x|™*) as |x| — oo. Then we have that

—i

(=2 + W) (@) > (1+1x —gil)

HM»

where
. k
Px)=M ¢o(x —qi).
i=1
Setting ¥ = (¢ — ¢) we get
(=AY + Wy =g<0

with g € L?. Using Lemma 2.4 we obtain ¢ < ¢. Arguing similarly for —¢, and using the form
of ¢ and M, the desired estimate immediately follows. O

Examining the proof above, we obtain immediately the following.

Corollary 2.1. Let p(x) be defined as in the previous lemma. Assume that ¢ € H> (RN) satisfies
Eq. (2.7) and that

inf W(x)=:m > 0.

xeRN

Then we have that ¢ € L°(RN) and it satisfies

||p_1¢||L00(RN) < CHp_lgHLoc(RN)' (28)

A last useful fact is that if f, g € L2(RN)y and W = T(f), Z = T(g) then the following

holds:
/Z(—A)SW—/W(—A)SZ=/Tm[f]g—/Tm[g]f=0,

RN RN RN RN

the latter fact since the kernel k is radially symmetric.
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3. Formulation of the problem: the ansatz
By a solution of the problem
2s s P _ : N
e (=N ’u+V@u—u?=0 inR

we mean a u € H2 (RV) N L>®(RY) such that the above equation is satisfied. Let us observe that
it suffices to solve

eX (=AY u+V@u—ul =0 inRY (3.1
where u = max{u, 0}. In fact, if u solves (3.1) then
e (=AYu+V@u=0 inRY

and, as a consequence to Lemma 2.4, u > 0.
After absorbing ¢ by scaling, the equation takes the form

(=AY v+ V(ex)v—vl =0 inRV. (3.2)
Let us consider points &1, ...,& € RY and designate

gi=¢"&, q=(q1, ... q).

Given numbers é > 0 small and R > 0 large, we define the configuration space I" for the
points g; as

re=lg=@....q0/ R<maxlg —q;l. maxlgi| <s~'s'}. (33)
i#j i

We look for a solution with concentration behavior near each &;. Letting v(x) = v(x + &) trans-
lating the origin to g, Eq. (3.2) reads

(=AY'T+V(E +ex)i— o =0 inRY.
Letting formally ¢ — 0 we are left with the equation
(=AY T+1;5—37 =0 inRY, &; =V (E)).

So we ask that v(x) ~ wy; (x — g;) near g;. We consider the sum of these functions as a first
approximation. Thus, we look for a solution v of (3.2) of the form

k
v=Wo ¢, W@ =) wi), wi)=w,(x—q). Aj=VE)),
j=1
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where ¢ is a small function, disappearing as ¢ — 0. In terms of ¢, Eq. (3.2) becomes

(—AY¢+V(ex)p— pW! "¢ =E+N(¢) inRY (3.4)

where

N@) =W, + )" —pWl o — W),
k

k p k
E:= Z(Aj—V(sx))wj+<ij) - wh. (3.5)
j=1 j=1

Jj=1
Rather than solving problem (3.4) directly, we consider first a projected version of it. Let us
consider the functions
Zij(x) :=0djw;(x)
and the problem of finding ¢ € H Zs (RV)y N L*®(RY) such that for certain constants c; j

k N

(—AY'¢+V(Ex)p—pWe ' 9=E+N@) + > cijZij. (3.6)

i=1j=1
/¢Zij =0 forall i, J (37)
RN

Let Z be the linear space spanned by the functions Z;;, so that Eq. (3.6) is equivalent to

(—AY ¢+ V(ex)p— pW. "¢ —E—N(¢p) € Z.

On the other hand, for all ¢ sufficiently small, the functions Z;; are linearly independent, hence
the constants ¢;; have unique, computable expressions in terms of ¢. We will prove that problem
(3.6)—(3.7) has a unique small solution ¢ = @ (g). In that way we will get a solution to the full
problem (3.4) if we can find a value of ¢ such that ¢;;(®(g)) = 0 for all i, j. In order to build
®(q) we need a theory of solvability for associated linear operator in suitable spaces. This is
what we develop in the next section.

4. Linear theory

We consider the linear problem of finding ¢ € H 25 (RN such that for certain constants c; i we
have

N k
(—AY'¢+V(ex)p— pWo ™ o+ =D > cijZij. @1
i=1i=1

/qsz,,:o for all i, j. 4.2)
RN
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The constants ¢;; are uniquely determined in terms of ¢ and g when ¢ is sufficiently small, from
the linear system

Yo [ Zyzu= [ Zul-are+ veens - pw) w0+ gl 43)
i,j

RV RN

Taking into account that

/sz(—A)s¢= / ¢(=A) Zy = /(Pwlp_l — M) Ziko,

RN RN RN
we find
p—1 p—1
Cij / ZijZik = / g7 + (pwl —pWy;  +V(ex) — A[)Z[kqb. “4.4)
RN RN

On the other hand, we check that
f ZijZik = asSijig + O(d™)
RN

where the numbers ¢; are positive, and independent of &, and

d=min{|g;i —q;|/i #j} > L.

Then, we see that relations (4.4) define a uniquely solvable (nearly diagonal) linear system,
provided that ¢ is sufficiently small. We assume this last fact in what follows, and hence that the
numbers ¢;; = ¢;j(¢, g) are defined by relations (4.4).

Moreover, we have that

-1 -1 - ~N-—
[(pw] ™" = pW ™ + V(ex) =) Zu@)| S C(R™ +elx —qj ) (1+1x —gq;)
and then from expression (4.4) we obtain the following estimate.

Lemma 4.1. The numbers c;; in (4.1) satisfy:
- [ sz+0
Cii = — 0
ij o 84ij ij
RN
where

16ij1 < C (e +d ") [lIpll L2y + gl L2rm) |-

In the rest of this section we shall build a solution to problem (4.1)—(4.2).
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Proposition 4.1. Given k > 1, % <pu < N +2s, C >0, there exist positive numbers dy, &9, C
such that for any points q1, ..., qx and any ¢ with

k
C . .,
Ylal<—,  Ri=minflgi—q;l/i#j}> R, 0<e<eo

there exists a solution ¢ = T[g] of (4.1)—(4.2) that defines a linear operator of g, provided that

k
1 =
o)™y < o0, p“)—gaﬂx—%lw
Besides

||,0(X)_1¢) “LOO(RN) < CHp(x)_lg”Loc(RN)'
To prove this result we require several steps. We begin with corresponding a priori estimates.

Lemma 4.2. Under the conditions of Proposition 4.1, there exists a C > 0 such that for any so-
lution of (4.1)—(4.2) with ||p(x)"'¢ | Loo®Ny < +00 we have the validity of the a priori estimate

||Io(x)_l¢“ Loo(RN) < CHp(-x)_lg”Loc(RN)'

Proof. Let us assume the a priori estimate does not hold, namely there are sequences &, — 0,
qjns j=1,...,k, with

min{lgin = qjnl /i # j} = 00
and ¢,, g, with

Hpn(x)_lfpn “L"O(RN) = 11 “pn(x)_lgl’l ||LOO(]RN) - 07

where

k
Pn(x zg 1+|)C—

‘Zjn|)u

with ¢, g, satisfying (4.1)—(4.2). We claim that for any fixed R > 0 we have that

> liull L (Brigjn) = O- (4.5)
j=1
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Indeed, assume that for a fixed j we have that [[¢nllL>(Bg(g;,)) = ¥ > 0. Let us set Pn(x) =
$n(qjn + x). We also assume that A = V(g ) — x> 0and

(=8)'$u+ V@ + )b + p (w3 () +62(x))" ™ b = &

where

k n

8n(X) = gn(qjn+x) = Y_ Y cldiwar (gjn — i, + ).
=1 i=1

We observe that g,(x) — 0 uniformly on compact sets. From the uniform Holder estimates
(2.6), we also obtain equicontinuity of the sequence ¢,,. Thus, passing to a subsequence, we may
assume that ¢, converges, uniformly on compact sets, to a bounded function ¢ which satisfies
||<Z_5||L°°(BR(0)) > y. In addition, we have that

“(1 + |x|)u(]3||L°°(]RN) <1

and that ¢ solves the equation

(—0)'¢+ip+ pw!~'p=0.

Let us notice that ¢ € L>(R"), and hence the nondegeneracy result in [15] applies to yield that
¢ must be a linear combination of the partial derivatives d; w5 . But the orthogonality conditions
pass to the limit, and yield

/aiwﬂﬁ:o foralli=1,...,N.
RN
Thus, necessarily ¢ = 0. We have obtained a contradiction that proves the validity of (4.5). This

and the a priori estimate in Lemma 2.5 shows that also, ||0,(x) "¢, || Lo®N) — 0, again a con-
tradiction that proves the desired result. O

Next we construct a solution to problem (4.1)—(4.2). To do so, we consider first the auxiliary
problem

k N
(A ¢+ Vo=g+Y > cijZij, (4.6)
i=1 j=1
/qﬁZij =0 foralli,j, .7
RN

where V is our bounded, continuous potential with

infV=m>0.
]RN
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Lemma 4.3. For each g with ||p~'g|lc < 400, there exists a unique solution of problem
(4.1)—(4.2), ¢ =: A[g] € H¥ (RN). This solution satisfies

o™ Alel vy < o™ 8l v @)

Proof. First we write a variational formulation for this problem. Let X be the closed subspace
of H defined as

X:{qSEH/ /qbZ,'j:Oforalli,j}.
]RN

Then, given g € L?, we consider the problem of finding a ¢ € X such that

(@, V) : //wwfyl 4 /quw /gw forall ¢ € X. (4.9)

RN+1 RN

We observe that (-, -) defines an inner product in X equivalent to that of H. Thus existence and
uniqueness of a solution follows from Riesz’s theorem. Moreover, we see that

||¢||L2(RN) C||g||L2(RN)
Next we check that this produces a solution in strong sense. Let Z be the space spanned by

the functions Z;;. We denote by IT[g] the L%(R™) orthogonal projection of g onto Z and by
I1[g] its natural s-harmonic extension. For a function ¢ € H let us write

v =¢— M)

sothat ¥ € X. Substituting this ¥ into (4.9) we obtain

f/ V&V¢y1*23+/V¢<o=/ggo+/[V¢—g]m¢]+/¢(—m*‘n[¢1.

N+1 N N N N
RY R R R R

Here we have used that /7 [¢] is regular and

//vwn 1= 2S—f¢( A M[g).

RN+1

Let us observe that for f € L>(R") the functional

€ =f¢(—A)517[f]

RN
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satisfies

1LCH] S CIPI 2@ IV 1 2@y,
hence there is an h(¢) € L2(RN ) such that
L) = / h.
RN
If ¢ was a priori known to be in H>(RV) we would have precisely that
h(g) = M[(—A)'¢].

Since 17 is a self-adjoint operator in L>(R") we then find that

// VoVpy' =¥ + / Voo = / gy

RYH RN RN
where

g§=g+1[V$ —gl+h(p).
Since g € L2(RV), it follows then that ¢ € H>(R") and it satisfies
(—A)¢+Vop—g=M[(-A)'d+Vp—g|eZ,

hence Eqs. (4.6)—(4.7) are satisfied. To establish estimate (4.8), we use just Corollary 2.1, ob-
serving that

[ I[(=2)¢+ Ve — ]| Loy < CUIBN 2 @M + gl 2mN))
< Cligllewny

N

-1
||,o 8||LO°(RN)'
The proof is concluded. O
Proof of Proposition 4.1. Let us solve now problem (4.1)—(4.2). Let Y be the Banach space
Yi={pecCRY)/Iglly =] p~"¢| ogn, < +o0}. (4.10)

Let A be the operator defined in Lemma 4.3. Then we have a solution to problem (4.1)—(4.2) if
we solve

¢ —A[pW[/ 6] = Algl, ¢ev. 4.11)



J. Davila et al. / J. Differential Equations 256 (2014) 858-892 877
We claim that

Blg]:= A[pW/ ']

defines a compact operator in Y. Indeed. Let us assume that ¢, is a bounded sequence in Y. We
observe that for some o > 0 we have

-1
(W™ | < Clignllyp'+o.

If o is sufficiently small, it follows that f, := B[¢,] satisfies

o~ fu] < Cp°.
Besides, since f,, = T,,((V — m) f,, + gn) We use estimate (2.6) to get that for some o > 0

[fu(x) — fn()] <

sup <C.

xX#y |x - yla

Arzela’s theorem then yields the existence of a subsequence of f;, which we label the same way,
that converges uniformly on compact sets to a continuous function f with

o™l f] < Cp.

Let R > 0 be a large number. Then we estimate
-1 -1
o= (fu = 1) ”Loo(RN) <[p™'fa - f)”LOO(BR(O)) +C ‘gcrlle;%p”(x).
Since

max p°(x) >0 as R— o0
|x|>R

we conclude then that || f;; — f|lco — 0 and the claim is proven.

Finally, the a priori estimate tells us that for g = 0, Eq. (4.11) has only the trivial solution.
The desired result follows at once from Fredholm’s alternative. 0O

We conclude this section by analyzing the differentiability with respect to the parameter g of
the solution ¢ = T, [g] of (4.1)—(4.2). As in the proof above we let Y be the space in (4.10), so
that 7, € L(Y)
Lemma 4.4. The map q — T, is continuously differentiable, and for some C > 0,

104 Tyl ccyy < C (4.12)

for all q satisfying constraints (3.3).
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Proof. Letus write ¢ = (q1, ..., qx), i = (qi1, ..., qin), ¢ = T;[g], and (formally)

V=g, Tylgl, dife = 3g;; Clic-

Then, by differentiation of Egs. (4.1)-(4.2), we get

-1 -1
(=AY + V(ex)y — pWy ¢ = pdy,, W) ¢+261k3q,~jzlk+2d1kzlk,
Lk Ik

/wz,kz_/wq,.jzlk for all [, k.

RN RN

We let

=y — Y]

(4.13)

(4.14)

where, as before, I1[{] denotes the orthogonal projection of i onto the space spanned by the

Zii. Writing

Oyl=Y " anZi
Lk
and relations (4.14) as

fH[W]ZlkZ—/¢3qi_,Zlk for all I, k,
RN RN

we get

k] < Clliglly < Cliglly-

From (4.13) we have then that

(=AY P+ V()T — pWs =g+ Y duZu.
ING

or Y = T,1g] where

§=pdg,Wo' ¢+ cudy, Zik — [(—A)° + Vex) — pW ™ | [y,
1,k

Then we see that

¥y <Clgly.

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Using (4.17) and Lemma 4.1, we see also that

Iglly < Cliglly, [Tyl < Cligly

and thus

[l < Cligly- (4.20)

Let us consider now, rigorously, the unique ¥ = v + T[] that satisfies Egs. (4.14) and (4.19).
We want to show that indeed

V= aq,-j Iylgl.
To do so, g/ = q; +tej where e; is the j-th element of the canonical basis of RY, and set

qt: (qlv"'qi—lvqitv"'vqk)~

For a function f(g) we denote

D f=t""(f(¢") - f(@)

we also set
¢ =Tylgl,  DjTylel=v¢'=9"+[y']
so that
(=AY + V)P — pWE T =+ Y dfy Zu,
Lk
where

g =pDl[w)! ¢+Zczk0’ Zi = [(=A) +V(ex) — pwy '] 1[y'],

dy = Djjcik

and
t t
] = Zalkzlk,
Lk

where the constants al’ « are determined by the relations

[17 |Zi=- f¢Dt Zi.
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Comparing these relations with (4.15), (4.16), (4.18) defining v, we obtain that
li r_ =0
tim|[v' v,

which by definition tells us y» = 9, T;[g]. The continuous dependence in g is clear from that of
the data in the definition of . Estimate (4.12) follows from (4.20). The proof is concluded. O

5. Solving the nonlinear projected problem

In this section we solve the nonlinear projected problem

k N
(A P+ V(ex)p—pWe 'O =E+N@) + > cijZij, G.1)

i=1 j=I

/qbZij =0 foralli,j. 5.2)
RN

We have the following result.

Proposition 5.1. Assuming that || E ||y is sufficiently small problem (5.1)—(5.2) has a unique small
solution ¢ = D (q) with

|2@)|, <CIEIy.
The map q v~ ®(q) is of class C', and for some C > 0
16,2 @), < CLIEly + 13, Elly]. (5.3)
for all q satisfying constraints (3.3).
Proof. Problem (5.1)—(5.2) can be written as the fixed point problem

¢:Tq(E+N(¢)) = K,(¢), ¢eVY. 5.4)
Let
B={peY/|¢lly <p}
If ¢ € B we have that
IN(@)| <ClglP,  B=min{p,2},
and hence

IN@ |, < Clipll*.
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It follows that

| K@), < Co[IEN + p?]

for a number Co, uniform in g satisfying (3.3). Let us assume

1
=2Cy|| E|, E|l<—.
14 ol Ell, IIE] 2Cy

Then

1
Ikl < o 50+ 02| <0

so that K, (B) C B. Now, we observe that
IN@1) = N@2)| <C[Ig17" + 117 ]Ig1 — 2l
and hence
IN@) —N@2) |, <CoP Vg1 — ¢2lly
and
| Kq (@) — Kq(@2)| < CoPlig1 — g2y
Reducing p if necessary, we obtain that K, is a contraction mapping and hence has a unique

solution of Eq. (5.4) exists in B. We denote it as ¢ = ®(g). We prove next that @ defines a C'!
function of ¢g. Let

M(¢p,q):=¢ —T,(E + N(@)).
Let ¢9 = @ (g0). Then M (¢o, go) = 0. On the other hand,
M (p. Y] =3¢ —T,(N'($)¥)
where N'(¢) = p[(W + ¢)P~! — WP~1], so that

IN' @], < CoP Il

If p is sufficiently small we have then that Dy M (¢, qo) is an invertible operator, with uniformly
bounded inverse. Besides

M (9. q) = 3T (E + N @) + Ty (3 E + 9N (9)).

Both partial derivatives are continuous in their arguments. The implicit function applies in a small
neighborhood of (¢, go) to yield existence and uniqueness of a function ¢ = ¢ (q) with ¢ (qo) =
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¢o defined near gop with M (¢(q), q) = 0. Besides, ¢(g) is of class C!. But, by uniqueness, we
must have ¢ (g) = @ (g). Finally, we see that

3,P(q) =—DgM(®(q). q)‘l[(aq TH(E+N(9(@)) + T, (0E + 3,N(D(q)))].
I N(@)=p[(W+¢)P~" — pWwP™' — (p — DHWP 9], W
and hence
l@M(@@)], <cle@ly <clel.

From here, the above expressions and the bound of Lemma 4.4 we finally get the validity of
estimate (5.3). O

5.1. An estimate of the error
Here we provide an estimate of the error E defined in (3.5),
k k p k
._ . . . p
E._Z(AJ—V(sx))wJ+(ZwJ) —ij
j=1 j=1 j=1
in the norm || - ||y. Here we need to take u € (%, %). We denote

R=min|g; —q;|> 1.
i#]

The first term in E can be easily estimated as

k
p_l(X)Z()\.J — V(gx))wj < Cgmin(Zs,l).
j=1

To estimate the interaction term in E, we divide the RY into the k sub-domains

In £2;, we have

(Zk:wJ')p —Xk:wf

p—1 1
gij Z |x_ql.|N+2s
i#]

<c : P
T =g DV S g — gy N2 s

< C,O(x)RM_N_ZS.



J. Davila et al. / J. Differential Equations 256 (2014) 858-892 883

In summary, we conclude that

|E|ly < Ce* +CRFN=2, (5.5)
As a consequence of Proposition 5.1 and the estimate (5.5), we obtain that

le@], < Ce™n®D 4 cREN=2,

Let us now take

T=Ce™®D L CRINTE,

6. The variational reduction

We will use the above introduced ingredients to find existence results for the equation

(=A)*v+ V(ex)v —vf =0. (6.1)

An energy whose Euler—Lagrange equation corresponds formally to (6.1) is given by

. 1 s 2 1 2
J.(0) = 3 v(—A)Y v+ V(ex)v® — ? Viex)v~.
RN b RN

We want to find a solution of (6.1) with the form
v=u,:= W, +P(q)

where @ (g) is the function in Proposition 5.1. We observe that

(=)' vy + V(e — W) =D cijZi (6.2)
i

hence what we need is to find points g such that ¢;; = 0 for all 7, j. This problem can be formu-
lated variationally as follows.

Lemma 6.1. Let us consider the function of points ¢ = (q1, . .., qx) given by

1(q) := Je(Wy + @(9)),

where Wy + ®(q) is the unique s-harmonic extension of Wy + @(q). Then in (6.2), we have
cij =0foralli, j if and only if

3,1 (q) =0.
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Proof. Let us write v, = W, + ¢ (q). We observe that
~ ~ _ -1
dgi; 1 (q) = / VgV (g, 5)y" ™% + / V(ex)vgdg,vq — /(vq)fr i, Vg
Rﬁ‘“ RN RN

_ /[(_A)qu + V(ex)vy — (Uq)—l:—]a‘h‘j Vq
RN

=ch1/2klaqijvq. (6.3)
k,l

RN
We observe that
341_/. vy =—Zij + O(ep) + 3qij(1>(q).
Since, according to Proposition 5.1
log@@) |y = O(IElly + 13, Elly)
and this quantity gets smaller as the number § in (3.3) is reduced, and the functions Zj; are
linearly independent (in fact nearly orthogonal in L?), it follows that the quantity in (6.3) equals

zero for all i, j if and only if ¢;; = 0 for all i, j. The proof is concluded. O

Our task is therefore to find critical points of the functional 7(g). Useful to this end is to
achieve expansions of the energy in special situations.

Lemma 6.2. Assume that the numbers § and R in the definition of I' in (3.3) is taken so small
that

IEIly + 1105 Ell <7 <K 1.
Then
I (q) = J:(Wy) + O(7°)
and
1 (q) = 34T (W) + O(7?)
uniformly on points q in I'.
Proof. Let us estimate

I(q) =Je(vg), vg=W;+P(q).
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We have that

1 1 1
é) 2/vq( ) vg + Vg 1) v
RN

Thus we can expand

1(q) = Js(Wy) + / D[(—A) vy + Vg — v ]+ % f D(—AV D + V2
RN RN

/[(Wq +o)Pt —wrt — (p+ Wl o).

RN

o+l
Since, | E|ly < t then ||@|y = O(7), and from the equation satisfied by @, also ||[(—A) @ |y =
O (t). This implies
1 i
‘5/¢(—A)A¢+ Vo? <C/p2“r2<Cr2
RN RN

and
U[(Wq+cp)l’+1—wj+1 —(p+1)w,f<p]'<c/p2ﬂrzgcr2.
RN RN

Here we have used the fact that u € (%, N%ZS).

On the other hand the second term in the above expansion equals 0, since by definition
(=A)vg+ Vv, —v) € 2
and @ is L?-orthogonal to that space. We arrive to the conclusion that
1(q) = Je(W) + O(z?)
uniformly for ¢ in a bounded set. By differentiation we also have that
g1 (q) = 9,Je(Wy) + / WP(—A)’ P+ VP, P
RN

+ /[(Wq + @) — WP — pW T D)0, W, + [(W, + &)” — WP, .

RN

Since we also have [|0,® |ly = O(t), then the second and third term above are of size 0(&2).
Thus,
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— 2
aql(Q) = aqja(Wq) + 0(,0 )
uniformly on ¢ € I and the proof is complete. O

Next we estimate J.(W,) and 9, J.(W,). We begin with the simpler case k = 1. Here it is
always the case that

IENy + 184 Elly < .

Let us also set £ = ¢q. We have now that

We(x) =wi(x —q), A=V().

We compute
1
Je(Wy) = J*(w;) + 3 /(V(s +ex) — V(&) wi(x)dx
RN
where
1 A 1
(v) 2/v( )v+2/v —p+1 v
RN RY RV

We recall that
1 1
wy (x) ;= Ar-T w(kZ_sx)
satisfies the equation
(=AY wy +rw, —w! =0 inRY,
where w = w is the unique radial least energy solution of
(—Aw+w—wP=0 inRV.

Then, after a change of variables we find

1 A 1 ptl_N
JA(wA)ZE/wA(_A)SwA—FE/w%_ ﬁ wf“ — pp1 fol(w).
RN RN RN

Now since w is radial, we find

/ xiw; (x)dx =0.

RN
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Thus,
/(V(s +ex) = V(E)wi(x)dx =VV(E) - /xw,\ +0(e?) = 0(&?).
RN RN

On the other hand

3y /(V(g +ex) — V(&) wi(x)dx

RN

—¢ /(VV@ +ex) — VV(E))wi(x) dx + 2/(V(£;‘ +ex) — V() wydgws dx

RN RN
=0 (82).
Lemma 6.3. Ler 60 = Z—f} - %, ¢y = J1(w) and k = 1. Then the following expansions hold.:

1(@) = VO () + O (™),
VqI(Q) = C*SVS(VQ)(,E) + 0(8min(4s,2)).

For the case k > 1 and min;-; |g; — ¢;| 2 R > 1, we observe that, also, | Elly = O(t) and
hence we also have

1@ =T (W) +0(t?),  8,31(q) =d,J:(Wy) + O(7?).
By expanding I (q) we get the validity of the following estimate.
Lemma 6.4. Letting £ = eq we have that

k
_ 0,6y Cij min(4s,2) 1
I(q) =cx Z Vi) Z i — q; 1V + 0(‘8 + R2(N+2s—u)>’
i=1 oy :

k
_ 0 Cij min(4s,2) 1
Vel (q) = c48Ve |:ZV é) 27@_ —q;|N+2S:| + 0(8 + FEEET=]

i=1 i)
where ¢y and c;j = co(V (§)) (V(éj))ﬁ are positive constants.
Proof. It suffices to expand J.(W,). We see that, denoting w; (x) := w;, (x — g;),

k
Te(Wy) = J (Zwi)

i=1
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k
:EJg(w,-)—i—%Z/wi(_A)swj-F/V(sx)wiwj

i#jRN RN
q k p+1 k
p+1
S p+l (Zw’) Ranih o
gy Ni=l i=l
We estimate for i # j,

RN RN RN RN

2s
= (cij +o(1)) ¢ ) (6.5)

|Qi _qj|N+2s + 0<RN+2S/,L

where ¢;; = co(V(é,-))"‘((V(éj))ﬁ) and cg, o, B are constants depending on p,s and N only.
Indeed,

- 1
wi(x) =1 w (x —qi)
and it is known that

w(x) = (I4+0(1)) as|x| - oc.

]
|x|N+2s

Then, we have

RN R
and hence
Cijzco)\.?)\.?
where
1 n+2s )4 n
L=V (&), ri=V(E)), = — — = — = —.
=VE. h=VE). e=—— - =05

To estimate the last term we note that

[((z) 5)

RN

p+1
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=1, i=1 i=1
k < 2
in(p—1,1)
S (i () oo (2 ))
j=19; i#] i#]
K 1
:Z p+l)/w w'+0<4R2(N+2S M)>
J=1i#j BN
c¢ij +o(l) 1
= lg( +1) |N+23+0 s ) (6.6)
J=1i#j

Substituting (6.5) and (6.6) into (6.4) and using the estimate of J,(w;) in the proof of
Lemma 6.3, we have estimated J, (w;), and we have proven the lemma.

7. The proofs of Theorems 1-3
Based on the asymptotic expansions in Lemma 6.4, we present the proofs of Theorems 1-3.
Proof of Theorems 1 and 2. Let us consider the situation in Remark 1.1, which is more general

than that of Theorem 1. Then, in the definition of the configuration space I" (3.3), we can take a
fixed 8 and R ~ ¢! and achieve that A C ¢I". Then we get

IElly + 134 Elly = O (™" 1),
Letting
1§):=1(cq)
we need to find a critical point of I inside A. By Lemma 6.4, we see then that
1€ —cp@ =o0(1), Vel (§) = cxVep(€) = o(D),

uniformly in § € A as ¢ — 0, where ¢ is the functional in (1.10). It follows, by the assumption on
¢ that for all ¢ sufficiently small there exists a £ € A such that VI(£%) =0, hence Lemma 6.1
applies and the desired result follows.

Theorem 2 follows in the same way. We just observe that because of the C !_proximity, the
same variational characterization of the numbers ¢, for the functional 7(£) holds. This means

that the critical value predicted in that form is indeed close to c. The proof is complete. O

Proof of Theorem 3. Finally we prove Theorem 3. Following the argument in [ 18], we choose
the following configuration space

A={@ 80/ € 1 omings — &) > 618 (7.1)
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with I" given by (3.3), and we prove the following Claim and then Theorem 3 follows from
Lemma 6.1:

Claim. Letting & = eq, the problem

max I(q) (7.2)
G1seenbp)€A

admits a maximizer (&7, ...,&;) € A.

We shall prove this by contradiction. First, by continuity of 7 (g), there is a maximizer £§% =
f.....8§) € A. We need to prove that & € A. Let us suppose, by contradiction, that &° ¢ A,
hence it lies on its boundary. Thus there are two possibilities: either there is an index i such that
él.k € aI, or there exist indices i # j such that

& el __ e — 1=
Is,'—;,|—rln¢1;1|s, Ejl=€""".

Denoting ¢° = %, and using Lemma 6.4, we have in the first case that

I(q ) C*V9 —i—c*X:V(9 +Cszs
J#i
<ceyk max VO (x) + ey (rral%x vO(x) — max v (x)) +Ce>. (7.3)
In the second case, we invoke again Lemma 6.4 and obtain

I(qg) < gk max VP (x) — cred + Ce¥

for some ¢ > 0. On the other hand, we can get an upper bound for 7 (¢%) as follows. Let us
choose a point &y such that V (§p) = max, V(x) and let

Ej=£ +e78(1,0,...,0), j=1,... .k
It is easy to see that (&1, ..., &) € A. Now, we compute by Lemma 6.4:
1(¢°) = maxI(q) c*kmlnge(x)—0388 (7.4)

For ¢ sufficiently small, a contradiction follows immediately from (7.3)—(7.4). O



J. Davila et al. / J. Differential Equations 256 (2014) 858-892 891

Acknowledgments

e J.D. and M.D. have been supported by Fondecyt grants 1130360, 110181 and Fondo Basal
CMM. J.W. was supported by Croucher-CAS Joint Laboratory and NSERC of Canada.

e After completion of this work we have learned about the paper [4] in which the result of
Corollary 1.1 is found for k = 1 under further constraints in the space dimension N and the
values of s and p.

e We would like to thank Enrico Valdinoci for interesting discussions and for pointing out to
us the physical motivation in Refs. [19-21].

References

[1] A. Ambrosetti, M. Badiale, S. Cingolani, Semiclassical states of nonlinear Schrodinger equations, Arch. Ration.
Mech. Anal. 140 (3) (1997) 285-300.
[2] C.J. Amick, J. Toland, Uniqueness and related analytic properties for the Benjamin—-Ono equation—a nonlinear
Neumann problem in the plane, Acta Math. 167 (1991) 107-126.
[3] L. Caffarelli, L. Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial Differential
Equations 32 (7-9) (2007) 1245-1260.
[4] G. Chen, Y. Zheng, Concentration phenomenon for fractional nonlinear Schrodinger equations, preprint
arXiv:1305.4426.
[5] S. Cingolani, M. Lazzo, Multiple semiclassical standing waves for a class of nonlinear Schrodinger equations,
Topol. Methods Nonlinear Anal. 10 (1) (1997) 1-13.
[6] T. D’Aprile, D. Ruiz, Positive and sign-changing clusters around saddle points of the potential for nonlinear elliptic
problems, Math. Z. 268 (3—4) (2011) 605-634.
[7] M. del Pino, P. Felmer, Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var.
Partial Differential Equations 4 (2) (1996) 121-137.
[8] M. del Pino, P. Felmer, Semi-classical states for nonlinear Schrodinger equations, J. Funct. Anal. 149 (1) (1997)
245-265.
[9] M. del Pino, P. Felmer, Multi-peak bound states of nonlinear Schrodinger equations, Ann. Inst. H. Poincare Anal.
Non Lineaire 15 (1998) 127-149.
[10] M. del Pino, P. Felmer, Semi-classical states of nonlinear Schrodinger equations: a variational reduction method,
Math. Ann. 324 (2002) 1-32.
[11] M. del Pino, M. Kowalczyk, J. Wei, Concentration on curves for nonlinear Schrodinger equations, Comm. Pure
Appl. Math. 60 (1) (2007) 113-146.
[12] P. Felmer, A. Quaas, J. Tan, Positive solutions of the nonlinear Schrodinger equation with the fractional Laplacian,
Proc. Roy. Soc. Edinburgh Sect. A 142 (6) (2012) 1237-1262.
[13] A. Floer, M. Weinstein, Nonspreading wave packets for the cubic Schrodinger equations with a bounded potential,
J. Funct. Anal. 69 (1986) 397-408.
[14] R. Frank, E. Lenzmann, Uniqueness and nondegeneracy of ground states for (—A)*Q + Q — 0t =0in R, Acta
Math. 210 (2) (2013) 261-318.
[15] R. Frank, E. Lenzmann, L. Silvestre, Uniqueness of radial solutions for the fractional Laplacian, preprint arXiv:
1302.2652v1.
[16] M. Grossi, On the number of single-peak solutions of the nonlinear Schrodinger equations, Ann. Inst. H. Poincare
Anal. Non Lineaire 19 (2002) 261-280.
[17] C. Gui, Existence of multi-bumps solutions for nonlinear Schrodinger equations via variational methods, Comm.
Partial Differential Equations 21 (1996) 787-820.
[18] X. Kang, J. Wei, On interacting bumps of semi-classical states of nonlinear Schrodinger equations, Adv. Differential
Equations 5 (7-9) (2000) 899-928.
[19] N. Laskin, Fractional quantum mechanics, Phys. Rev. E 62 (2000) 31-35.
[20] N. Laskin, Fractional quantum mechanics and Levy path integrals, Phys. Lett. A 268 (2000) 29-305.
[21] N. Laskin, Fractional Schrodinger equation, Phys. Rev. E 66 (2002) 056-108.
[22] Y.Y. Li, On a singularly perturbed elliptic equation, Adv. Differential Equations 2 (6) (1997) 955-980.
[23] E. Mahmoudi, A. Malchiodi, M. Montenegro, Solutions to the nonlinear Schrodinger equation carrying momentum
along a curve, Comm. Pure Appl. Math. 62 (9) (2009) 1155-1264.


http://refhub.elsevier.com/S0022-0396(13)00449-X/bib616263s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib616263s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6174s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6174s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6373s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6373s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib787878s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib787878s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib63696E676F6C616E696C617A7A6Fs1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib63696E676F6C616E696C617A7A6Fs1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib64617072696C65s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib64617072696C65s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646631s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646631s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646632s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646632s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646633s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646633s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646634s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646634s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646B77s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib646B77s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib667174s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib667174s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6677s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6677s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib666Cs1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib666Cs1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib666C73s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib666C73s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib67726F737369s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib67726F737369s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib677569s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib677569s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6B77s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6B77s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib3134s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib3135s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib3136s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib79796C69s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6D61686D6F756469s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6D61686D6F756469s1

892 J. Davila et al. / J. Differential Equations 256 (2014) 858-892

[24] Y.-G. Oh, Stability of semiclassical bound states of nonlinear Schrodinger equations with potentials, Comm. Math.
Phys. 121 (1) (1989) 11-33.

[25] Y.-G. Oh, On positive multi-lump bound states of nonlinear Schrodinger equations under multiple well potential,
Comm. Math. Phys. 131 (2) (1990) 223-253.

[26] P. Rabinowitz, On a class of nonlinear Schrodinger equations, Z. Angew. Math. Phys. 43 (2) (1992) 270-291.

[27] S. Secchi, Ground state solutions for nonlinear fractional Schrodinger equations in RY, J. Math. Phys. 54 (2013)
031501.

[28] X.F. Wang, On concentration of positive bound states of nonlinear Schrodinger equations, Comm. Math. Phys.
153 (2) (1993) 229-244.


http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6F6831s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6F6831s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6F6832s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib6F6832s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib726162696E6F7769747As1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib736563636869s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib736563636869s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib77616E67s1
http://refhub.elsevier.com/S0022-0396(13)00449-X/bib77616E67s1

	Concentrating standing waves for the fractional nonlinear Schrödinger equation
	1 Introduction and main results
	2 Generalities
	3 Formulation of the problem: the ansatz
	4 Linear theory
	5 Solving the nonlinear projected problem
	5.1 An estimate of the error

	6 The variational reduction
	7 The proofs of Theorems 1-3
	Acknowledgments
	References


