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Abstract We present a simple tool to evaluate the dominant
dynamical regime of a lava flow and to estimate the order of
magnitude of the main rheological parameter (viscosity or
yield strength) controlling the length of the lava flow with
time. We consider three dynamical regimes: a Newtonian
viscous regime, a yield strength-dominated regime and a
crust-dominated regime. For each of these regimes, we present
a scaling analysis to derive relationships between front posi-
tion and time, emitted volume, slope, width of the flow and
rheological properties. We apply the resulting equations to
published data from eruptions of 10 lava flows with a range
of compositions and conditions. Comparisons of the fits of the
models to the data reveal that short-lived, high effusion rate
eruptions are dominated by the internal viscosity of the lava,
whereas low effusion rate or long-lived eruptions are domi-
nated by the yield strength in the growing crust. Finally,
blocky lavas with very high initial crystal contents are domi-
nated by the internal yield strength. The evolution of some
flows can be approximated with only two viscosity values: an
early low lava viscosity stage and a later higher viscosity
stage. The increase in viscosity is attributed to the initial
disequilibrium conditions of the magma at the vent with
further degassing and cooling triggering crystallisation of the
lava flow. For yield strength-dominated flows yield strength is
always within an order of magnitude of 105 Pa. This study
provides a practical framework for predicting the evolution of

the length of lava flows from estimates of the crystal content
of the erupting lava and its effusion rate.
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Introduction

The evolution of a lava flow depends on many factors includ-
ing the effusion rate, the underlying topography, and the rhe-
ology of the lava, which is modified by degassing and cooling.
Further complexities arise from the formation of levées, evo-
lution of a cooled crust, development of lava tubes and infla-
tion processes. Despite these complexities, lava flow evolution
can often be usefully approximated with simple models. The
simplest way to treat lava flows is as Newtonian flows (e.g.
Huppert et al. 1982; Tallarico and Dragoni 1999). More
complex rheologies include the Bingham model (Hulme
1974; Dragoni et al. 1986) or the Herschel–Bulkley model
(Balmforth and Craster 2000). Previous studies have focused
mainly on the factors that control the final length of lava flows.
Walker (1973) was the first to postulate that the final length is
primarily controlled by effusion rate. Later, Pinkerton and
Wilson (1994) refined this concept and evaluated other factors
such as terrain slope, rheology and cooling. More recently,
Harris and Rowland (2009) reviewed the role of heat loss and
its relation with the effusion rate in the control of lava flow
length. An effective and simple approach for the determination
of the maximum flow length is the use of the Gratz number
(Pinkerton and Sparks 1976; Guest et al. 1987; Pinkerton and
Wilson 1994), which is a dimensionless parameter that quan-
tifies the relative rates of advection and conductive cooling.

Numerical models are still unable to simulate all the com-
plex phenomena of lava flows and some simplifications must
be made, such as limiting to 1D or 2D, neglecting the influ-
ence of the crust on the dynamics and assuming idealised
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rheologies. For example, computer simulations assuming a
Bingham lava rheology are effective in characterising the
evolution of lava flows in specific eruptions (Ishihara et al.
1992; Miyamoto and Sasaki 1997; Harris and Rowland 2001;
Del Negro et al. 2008). However, rheological parameters
(viscosity and yield strength) need to be calibrated, and it
can be difficult to obtain a general relationship between such
parameters and conditions like temperature and crystal con-
tent. Yield strength has proved to be especially difficult to
parameterise and formulations between yield strength and
crystal content (Gay et al. 1969; Ryerson et al. 1988; Dragoni
and Tallarico 1994; Zhou et al. 1995) can vary by orders of
magnitude for the same conditions. However, estimates of the
yield strengths of lava domes and flows based on their mor-
phologies and flow rates are relatively consistent. Blake
(1992) proposed a model for lava domes controlled by the
internal yield strength and found values of ∼104–105 Pa for
domes of andesite to rhyolite compositions. Fink and Griffiths
(1998) inferred similar values for a set of 15 domes from dome
morphology and flow rate data. Pinkerton and Wilson (1994)
summarised the values of viscosity and yield strength for lava
flows of basaltic to rhyolitic composition with a maximum
yield strength of 105 Pa for all compositions, suggesting an
upper bound for the maximum attainable yield strength for
lavas.

In this work, we investigated, through a scaling analysis,
three different regimes that can control the dynamics of a
lava flow, namely a Newtonian viscosity, a yield strength in
the whole flow (YS model) and a yield strength in a diffu-
sively growing external crust (YSC model). Our motivation
comes from observations that suggest that sometimes lava
flow advance is mainly controlled by factors other than the
internal viscosity. For example, a common occurrence in
Etna lava flows is the stopping of the front flow, followed by
inflation, and finally by a breakage in the crust with the
formation of a secondary flow, composed of hot and fluid
internal lava (Pinkerton and Sparks 1976; Dragoni and
Tallarico 1996; Favalli et al. 2009). Another example is
the 1988–1989 Lonquimay eruption, Chile, where temper-
atures of ∼1,040 °C were measured in the interior of the
flow front, more than 9 km from the vent and after more
than 100 days of eruption (Moreno and Gardeweg 1989).
Despite this high internal temperature, close to the eruption
temperature, the apparent viscosity, determined from the
advance of the lava, was calculated to be as high as
∼109 Pas (Naranjo et al. 1992), suggesting a control other
than the core viscosity.

Our analysis presented here follows the previous works on
Bingham fluids of Hulme (1974) and Dragoni et al. (1986)
and the ideas about scaling of Huppert (1982), Griffiths and
Fink (1993), Kerr and Lyman (2007) and Takagi and Huppert
(2010). From this analysis, we present relationships between
flow front position and rheology and test them on published

data from 10 lava flows with a range of compositions and
initial conditions. All the eruptions considered generated sim-
ple lava flows according to the definition of Walker (1973).
We use the evolution of the flow front position, emitted
volume, terrain slope and flow width data to determine
the flow regime and estimate the lava rheology (viscos-
ity and yield strength), which we compare to rheology
determined by other methods. The study focuses on
inverting field data for flow regime and rheology, but
it also provides a method for predicting flow evolution
if the effusion rate is known.

Theory of lava flows on a slope

We consider a free surface two-dimensional laminar flow
down a slope of lava with a Bingham rheology:

t ¼ σy þ μ g
� ð1Þ

where τ is the applied shear stress, g
�
is the strain rate, μ is

the plastic viscosity and σy is the yield strength. The flow is
driven by gravity and the shear stress in the lava flow is:

t ¼ zρg sin b ð2Þ
where z is the coordinate perpendicular to the surface with
the origin at the top of the flow, ρ is the lava density, g is
gravity and β is the terrain slope. Considering that the shear
rate inside the flow is:

g
� ¼ � du

dz
ð3Þ

where u is the flow velocity, the average velocity, u, is:

u ¼ H2ρg sin b
3μ

1� 3hc
2H

þ h3c
2H3

� �
ð4Þ

where hc ¼ σy
ρg sin b is the thickness of the plug region (Hulme

1974; Dragoni et al. 1986), and H is the height of the flow.
For the velocity of a flow with a more complex Herschel–
Bulkley rheology, see Castruccio et al. (2010).

Assuming a rectangular channel, the effusion rate is

dV

dt
¼ u WH ð5Þ

where V is the volume and dV/dt is the instantaneous vari-
ation of volume or effusion rate. W is the width of the flow.
Combining Eqs. (4) and (5) gives:

dV

dt
¼ H3Wρg sin b

3μ
1� 3hc

2H
þ h3c

2H3

� �
ð6Þ

Thus, if we know the effusion rate, the width of the flow
and its rheology, we can solve Eq. (6) to obtain the height and,
consequently, the velocity of the flow (Dragoni et al. 1986).

681, Page 2 of 15 Bull Volcanol (2013) 75:681



Scaling analysis

In the following analysis, we assume that the driving force of the
flow is due to gravity acceleration, but we do not consider the
pressure gradient due to differences in height through the flow.
By setting the mass of the flow equal to Vρ and the acceleration
equal to gsinβ, the driving force FD is proportional to:

FD ~ Vρg sin b ð7Þ
For the stopping force, we considered three cases. First,

we assume a Newtonian viscosity in the flow. Second, we
consider the case when the flow is controlled by a yield
strength in the whole flow, and finally, we consider a yield
strength in a diffusively growing crust (Fig. 1).

Newtonian case (N)

For a Newtonian lava, the retarding force will be propor-

tional to μ g
�
, where μ is the viscosity and g

�
is the strain rate

and is proportional to U/H, where U is the characteristic
velocity of the flow and H is the thickness. As the viscous
forces act over an area equal to the base of the flow, which is
proportional to LW, where L is the length of the flow, we can
write the retarding force as:

FR ~μ
U

H
LW ð8Þ

Combining Eqs. (7) and (8) and scaling U as ∼L/t and V∼
LHW we arrive to:

L ¼ C1
V 2ρg sin bt

μW 2

� �1 3=

ð9Þ

where C1 is a constant. Note that we can arrive to the same
result from Eq. (6) if we integrate over t, set σy ¼ 0 and
assume V∼LHW.

The evolution with time of the volume V can be modelled
in different forms. For example Huppert et al. (1982) and
Takagi and Huppert (2010) used a power-law relationship in
the form of:

V ¼ Qta ð10Þ
where Q and α are constants. If α=1, the effusion rate is
constant; if 0<α<1, the effusion rate decreases with time;
and if α>1, the effusion rate increases with time. For in-
stance, replacing Eq. (10) in Eq. (9) gives:

L ~
Q2ρg sin b

μW 2

� �1 3=

t
2aþ1
3 ð11Þ

This result was obtained by Lister (1992) and was tested
by Takagi and Huppert (2010) for the evolution of lava
flows at three volcanoes.

The direct application of Eq. 9 may not be appropriate
due to changes in the terrain slope, width of the flow and
lava viscosity during an effusive eruption; furthermore, the

Fig. 1 Cartoon showing the
three regimes analysed in this
work. Also shown are the
retarding forces (FR) for each
case. The yield strength in the
crust cartoon shows crusts at the
top and base of the flow; the
scaling analysis approach
would be the same if only
considered a single crust on the
top of the flow
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change in volume with time might not be well approximated
by a simple equation such as Eq. 10. Additionally, Lipman
and Banks (1987) described three parts for the lava flows of
the 1984 Mauna Loa eruption: (a) a channelised section with
stationary levees, where the lava is transported efficiently to
the front; (b) a transition zone; and (c) a dispersed flow
section at the front without channel or levees and where the
lengthening of the flow takes place. These divisions have
been recognised in many others flows (Lonquimay, 1988–
1990, Naranjo et al. 1992; Puu Oo, 1983, Wolfe et al. 1988;
Etna, 2001, Favalli et al. 2009). In addition, Borgia et al.
(1983) observed that the dynamics of lava flows at Arenal
volcano were controlled by frontal processes and the flow
stopped when the lava supply from the channel to the front
ceased. According to this evidence, the advance of a lava
flow can be modelled as the advance of the flow front fed by
lava from the channelised section and we propose the fol-
lowing formulation for its advance:

L ¼ C1

Xn
i¼1

Vi
2ρg sin biti
μiW

2
i

� �1 3=

ð12Þ

where Vi is the volume added in each step from the channel
zone to the front (that can be equal to the erupted volume at
the vent, but not necessarily), βi is the terrain slope at the
front, ti is the time interval between each step, and μi and Wi

are the viscosity and width of the front zone. Equation (12)
will be equal to Eq. (9) when dV/dt is constant and the
width, viscosity and slope do not change.

Yield strength in the core (YS)

Next, we consider the case where the stresses driving flow
just exceed the yield strength. A force is evaluated for the
bulk flow and converted to a stress by dividing by the cross-
section. This case is analysed by equating the yield stress
and driving stress. The resistive force acting on the whole
flow is :

FRY~σyLW ð13Þ
Combining Eqs. (7) and (13) and using V∼LHW we get:

L ¼ C2
Vρg sin b
σyW

ð14Þ

Writing this equation in a summation form, adding ma-
terial to the flow front at each step, we get:

L ¼ C2

Xn
i¼1

Viρg sin bi
σyiWi

� �
ð15Þ

comparable to Eq. (12) for the Newtonian case.

Yield strength in a growing crust (YSC)

In the third case, we assume that the flow is slowing down
due to the yield strength of a crust growing by conductive
cooling, with a thickness δ:

d~
ffiffiffiffiffi
kt

p ð16Þ
where κ is the thermal diffusivity of the lava, with a value of
∼10−6 m2/s (Pinkerton and Sparks 1976; Kerr and Lyman
2007). The retarding force can be written as:

FRC~σC
d
H

LW ð17Þ

where σC is the yield strength of the crust. Equating Eqs. (7)
and (17), we get:

L ¼ C3
V 2ρg sin b

W 2σc
ffiffiffiffiffi
kt

p
� �1=2

ð18Þ

The cumulative version of Eq. (18) is:

L ¼ C3

Xn
i¼1

Vi
2ρg sin bi

W 2
i σci

ffiffiffiffiffi
kt

p
� �1=2

ð19Þ

Lava flow eruptions dataset

We selected 10 lava flows from six volcanoes: Pu´u ´O´o,
1983–1984 (four selected events, Wolfe et al. 1988); Mauna
Loa 1984 (Lipman and Banks 1987); Lonquimay, 1988–
1989 (Naranjo et al. 1992); Etna 2001 (Behncke and Neri
2003; Coltelli et al. 2007); Etna 2006 (Vicari et al. 2009);
Colima 1998–1999 (Navarro-Ochoa et al. 2002) and Santiaguito
1999–2002 (Harris et al. 2004). We chose these eruptions be-
cause they were composed of a simple flow (at least at the
beginning stages), and the evolution of the flow front and
volume erupted are well documented. The duration of the lava
flow emplacement ranges from 1 day to 2 years, the final length
from 3 to 26 km, and the erupted volume from 3.7 to 212×
106 m3 (Table 1). The composition of the erupted products
ranges from basaltic to dacitic and the terrain slopes vary be-
tween 1 and 35° (Fig. 2).

The erupted volume as a function of time (effusion rate)
is the most difficult parameter to evaluate due to the diver-
sity of methods employed, their typical poor precision and
the uncertainty of how much of the calculated flow rate
effectively contributes to the flow advance due to mass
losses derived from solidification or branching of the main
flow. According to Harris et al. (2007), errors can be as high
as 50 %. Consequently, for every eruption, we checked that
the flow thicknesses calculated from length, width and vol-
ume erupted are in the range of the actual values, and we
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Table 1 Eruptions and flow parameters used in the analysis

Volcano Year Duration
(days)

Final
length
(km)

Final
volume
(×106 m3)

Method to obtain
volume

Thickness
data

Chemical
composition

Morphology Source

Mauna Loa
(flow 1)

1984 7.5 25 54 Integration of flow rate
calculated using
velocity and cross
section of the flow

Some points Basaltic Aa—Pahoehoe Lipman and
Banks (1987)

Puu-Oo (episodes
4, 5, 11, 17)

1983–1984 1.1–4.2 7.6–10.7 8.3–11.6 Area of the flow by
mean thickness

Yes Basaltic Aa—Pahoehoe Wolfe et al.
(1988)

Etna 2001 8 6.9 15 DEM substraction Some points Trachybasaltic Aa Coltelli et al.
(2007)

Etna 2006 10 4.2 3.8 Integration of flow rate
calculated using heat
measurements by satellite

No Trachybasaltic Aa Vicari et al.
(2009)

Lonquimay 1988–1989 330 10.2 212 Area of the flow by
mean thickness

Yes Andesitic Aa—Blocky Naranjo et al.
(1992)

Colima 1998–1999 79 3.8 40 Not stated Proximal
and distal
ends

Andesitic Blocky Navarro-Ochoa
et al. (2002)

Santiaguito 1999–2001 561 4.1 27.7 Integration of flow rate
calculated using heat
measurements by
satellite

Some points Andesitic Blocky Harris et al.
(2004)
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Fig. 2 Erupted volume (a) and
front position (b) as a function
of time for the eruptions
analysed in this work. See
Table 1 for data sources and
details

Bull Volcanol (2013) 75:681 Page 5 of 15, 681



discarded flows where branching was complex. Common
methods for estimating rate of volume added to a lava flow
include periodic measurements of the dimensions of the lava
body, measurements of mean velocity of the flow in an open
channel and the cross-section in order to obtain the effusion
rate, and remote sensing techniques such as thermal data
from satellites (Harris et al. 2007). Table 1 indicates the
method and data source for each lava flow studied here.
We used a mean density of 2,500 kg/m3 for all lava flows.
The widths of the flows were taken from published maps of
the lava flows at many positions. These values may overes-
timate the actual value of the width due to subsequent over-
flows or levee formation.

Application of models to lava flow emplacement

In this section, we will analyse the data from these eruptions
using the equations developed in “Theory of lava flows on a
slope.” For each eruption, we fitted the front position versus
time data with the three models by minimizing the squared
residuals in flow front position. Our goal is to determine
which model best represents the available data and to esti-
mate the order of magnitude of the viscosity or yield
strength of the lava accordingly. The models of all three
dynamical regimes (Newtonian, YSC and YS) can be per-
fectly fit to the data if the rheology is permitted to change at
every data point (although the result may imply unrealistic
flow thicknesses). However, for the models to be of practi-
cal use, we apply the principle of parsimony and so we seek
models that fit the data with the fewest changes in rheology
and dynamical regimes during an eruption. We began by
determining the best fit where the rheology of the lava is
constant and the flow regime is the same for the whole
eruption. If none of these provided an adequate fit then
either the rheology or the dynamical regime or both were
allowed to change only once during an eruption, thus divid-
ing it into two stages.

We modelled the evolution of the lava flows with the
following approach: for every eruption, we applied each of
the three models (Newtonian, YSC and YC), using the
cumulative Eqs. (12), (15) and (19), trying to use as few
rheological parameters as possible. The use of a single
rheology for the entire duration of the flow is not adequate
for most flows, with errors as high as 30 % in the predicted
length. However, using two rheologies, namely an initial
viscosity or yield strength for the first portion of the flow
and then a higher one for the remainder of the eruption, the
modelling is much better, with errors <3–5 % in the pre-
dicted final length. For some eruptions, the best fit is
achieved using an initial Newtonian regime and then a
YSC regime.

In the Lonquimay eruption case, the terrain slope and the
flow width were approximately constant, and the discharge

rate is well described by power-law relationships with time
(Fig. 5a). This makes it feasible to fit the flow advance data
with noncumulative Eqs. (11), (14), and (18) replacing V
with Eq. (10), similar to Kerr and Lyman (2007), and we
compare the results (dynamical model and rheology) with
those determined from fits with the cumulative versions of
these equations.

Pu´u ´O´o, 1983–1984

Pu´u ´O´o is an eruptive vent forming part of the Kilauea’s
east rift zone in Hawaii. At the beginning of 1983, it started
an eruptive cycle that during the first 17 months produced
19 episodes of vigorous activity alternated with longer re-
pose episodes (Wolfe et al. 1988). The eruptive episodes
generated lava flows of basaltic composition with both
pahoehoe and ‘a’a morphologies. The erupted lavas had an
initial temperature of 1,098–1,147 °C. For this study, we
selected episodes 4, 5, 11, and 17 for our analysis because
these episodes represent well the initial stages (episodes 4
and 5), where the crystal content was high and the effusion
rate low compared with the latter stages (episodes 11 and
17) where the effusion rate was higher and the crystal
content lower (Wolfe et al. 1988). There was branching of
all of the flows, especially near the vent and only the volume
in the main channel was included in this study. Figure 3
shows the evolution of the flow front for the four episodes
and the fits using Eqs. (12), (15) and (19) with two rheo-
logical parameters in each case. The best fit for the initial
stages is the Newtonian model. For latter stages (the second
portion for each flow), the Newtonian model is marginally
the best fit but this is not significant given the uncertainties
in the input parameters. The calculated viscosities for the
initial stages are 1.0–2.0×105 Pas (first day) for episodes 4
and 5, and 1.8–2.5×104 Pas (first half day) for episodes 11
and 17. For latter stages, the viscosities are ∼4.5×106 Pas
for flows 4 and 5 and 1.9–2.5×105 Pas for flows 11 and 17.
These results indicate that viscosities of episode 4 and 5 are
one order of magnitude higher than episodes 11 and 17. This
is consistent with the observations made by Wolfe et al.
(1988) of lower phenocryst contents and higher tempera-
tures in the latter episodes. The best-fit two-stage YSC
models (using the same division of stages as for the New-
tonian model fitting) give a crust yield strength of 2.4–3.5×
104 Pa in the initial stage and 2.2–2.7×105 Pa for the later
stage for episodes 4 and 5, and 1.1–2.4×104 Pa in the initial
stage and 0.2–1.1×105 Pa for the later stages of episodes 11
and 17. Values for the yield strength for the best-fit two-
stage YS model are 1.5–2.7×103 Pa in the initial stage and
1.8–1.9×104 Pa in the later stage for episodes 4 and 5; for
episodes 11 and 17, the values are 0.9–1.6×103 Pa in the
initial stage and 2.3–7.5×103 Pa in the later stage (Table 2).
Episodes 5, 11, and 17 data are well described by these
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models, whereas some points from episode 4 do not fit well
to any of the simple models applied here. We attribute this to
sudden changes in the discharge rate and slope: the com-
plexities of these transient effects are not captured by the
models.

Mauna Loa, 1984

The 1984 eruption started on 25 March at the summit
caldera and the northeast rift zone (Lipman and Banks
1987). By 29 March, flow 1 reached 25 km from its source
vent. Lava flows were mainly ‘a’a type, with pahoehoe
morphology only in the first 2 km. After 4 days, a major
branching occurred 13 km from the vent forming the flow
1A (extensively studied by Pinkerton and Wilson 1994). We
focus on the evolution of flow 1 up to the initiation of flow
1A. Our analysis shows that initially all three models ade-
quately describe the front evolution (Fig. 4). For later stages,
the YSC and YS fit the data slightly better. The viscosities
for the best fit of the Newtonian model are 6.0×104Pas for
the first 2 days and then a viscosity of 2.3×106Pas for the
rest of the flow, which are in the range of viscosities we

inferred for the Pu´u ´O´o episodes. The yield strength in the
crust model can describe the evolution of the front with an
initial strength of 4.4×104Pa and a subsequent strength of
2.3×105 Pa. The YS model fits the data with an initial yield
strength of 5×103 Pa and a yield strength of 1.2×104 Pa for
later stages (Table 2).

Lonquimay, 1988–1989

The 1988–1989 Lonquimay eruption began on 25 Decem-
ber 1988 on the NE flank of the volcano, forming a cinder
cone almost 200 m high. The morphology of the andesite
flow has a transitional character between ‘a’a and blocky
(Moreno and Gardeweg 1989). Near the beginning of the
eruption, there was a small branch directed to the north,
which was not included in our analysis. The simplest model
that adequately describes the evolution of the flow is the
YSC with a constant crust yield strength of 4.7×105 Pa
(Fig. 5a). Both Newtonian and YS models need two rheo-
logical parameters to fit the data adequately; even with two
fit parameters (i.e. separate viscosities for early and late
stages of the flow), the Newtonian model gives a poorer fit
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Fig. 3 Flow length (L) as a function of time (circles) for four episodes
of the 1983 Pu´u´ ´O´o eruption. The lines are the best fits using Eqs.
(12), (15) and (19). Arrows indicate the point delimiting the two stages

in the flow and thus indicates where the rheology changes in the fits of
the models to the data
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than the YSC with a single yield strength. For this particular
eruption, the erupted volume as a function of time can be
described by two power law relationships, one for the first
21 days (time exponent, α=0.66) and a second (α=0.39) for
the rest of the eruption (Fig. 5b). The terrain slope and flow
width are approximately constant and can be set to β=3.5°
(Naranjo et al. 1992) and W=600 m respectively. Conse-
quently, the evolution of the flow front can also be modelled
using continuous Eqs. 11, 14 or 18. Using the α, β and W
values listed above, these equations predict power-law rela-
tionships between front position (L) and time (t): the New-
tonian model predicts time exponents for the front evolution
of 0.77 (first 21 days) and 0.59 (after 21 days), the yield
strength in the core model predicts 0.66 and 0.39 and the
yield strength in the crust model predicts 0.41 and 0.14. The
power-law fit to the field L(t) data has time exponents of
0.42 and 0.17 for the first 21 days and subsequent days,
respectively (Fig. 5c); thus, the yield strength in the crust
model is clearly the best match to the actual flow front
evolution. The calculated yield strength [a fitting parameter
of the YSC model; Eq. (18) with prescribed V–t power-law
relationship] is 2.8×105 Pa and the modelled advance is
shown in Fig. 5c. This value is lower than the estimate using
the accumulative equation (Eq. 19) but is the same order of
magnitude. The discrepancy is related to the different
assumptions implied by Eqs. (18) and (19). Equation (18)
assumes that the whole flow is moving and adjusting (e.g.,
H changes) to changes in Q, and the crustal strength is
acting over the entire flow, while Eq. (19) assumes that once
established, the lava flow geometry does not change, and all
the action is at the flow front. Reports of the eruption (Moreno
and Gardeweg 1989) suggest that the flow motion isT
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Fig. 4 Flow length (L) as a function of time (circles) for the flow 1 of
the 1984 eruption of Mauna Loa. Arrow indicates the point where the
rheology changes. The last two points are not analysed due to uncer-
tainties in flow rate (breakage and generation of flow 1A).
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concentrated at the front, with a central channel feeding the
front with new lava. Kerr and Lyman (2007) estimated a higher

yield strength with a value of 2 MPa for the same flow with a
similar model involving a yield strength in a thickening crust.
However, they did not include the effect of slope and assumed
that volume discharge rate decreased exponentially with time.

Etna, 2001

The 2001 eruption lasted from 17 July until 9 August. It
generated seven main flows on the S and E flanks of the
volcano (Behncke and Neri 2003). In our analysis, we focused
on the flow F4 according to the nomenclature of Behncke and
Neri (2003) (LFS1 according to Coltelli et al. 2007). The flow
has an ‘a’a morphology and a trachybasalt composition, with a
maximum length of 6.4 km. We only use data up to 25 July
because after this date the flow was complicated by both the
formation ofmajor branches and the flow of lava on top of lava
from earlier in the eruption. Our analysis reveals that the best
fit using two rheological parameters is the Newtonian model
(Fig. 6a). However, the calculated thicknesses in the latter stage
of the flow are much greater than the field measurements
(Fig. 6b). The best solution to fit both the front evolution and
flow thickness is an initial Newtonian viscosity for the first
3 days and then the YSC model for the rest of the flow. If we
use the Newtonian model with a change in viscosity after
3 days, then the initial viscosity is 3.8×106 Pas and the second
viscosity is 2.4×108 Pas. The two stagemodel with Newtonian
behaviour followed by the crustal yield strength model gives
an initial viscosity of 4.5×106 Pas and a crustal strength of
1.0×106Pa. (Note that the initial viscosity is slightly higher
than in the first stage of the best fit for the two Newtonian
viscosities case. This is due to the fitting procedure, which
requires that the position at the end of the Newtonian stage
matches the position at the start of the YSC stage.) A fit with a
Newtonian-then-Yield strength in the core is also shown in
Fig. 6a, but the calculated value of the strength (4.5×104 Pa) is
too low to dominate over the initial viscosity of 4.6×106 Pas
(Table 2), as discussed in “Discussion.”

Etna, 2006

The lava flow analysed here started on 14 July and stopped
on 24 July, reaching more than 3 km from the vent through
the Valle del Bove on the east flank of the volcano (Vicari et
al. 2009). We did not include the small branch of the flow
mapped by Vicari et al. (2009) on 21 July. The best fit to the
L(t) data using two rheological parameters is the model with
two Newtonian viscosities with an initial viscosity of 1.3×
107 Pas for the first 3 days and a second viscosity of 4.2×
108 Pas for the rest of the flow (Fig. 6c). However, as for the
Etna 2001 case, the calculated flow thicknesses associated
with this model (up to 70 m) are much thicker than typical
Etnean flows (although no thickness data were found for
this particular eruption). Again, the best fit to the flow front
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Fig. 5 a Flow length (L) as a function of time (circles) for the 1988–
1990 Lonquimay eruption and the best fit with the three models. The
arrow indicates the point where the rheology changes for Newtonian
and YSC models; the YS model is for a constant rheology (i.e.,
constant yield strength). b Erupted volume as a function of time for
the 1988–1989 Lonquimay eruption. The lines are the fit to data for the
early (circles) and late (squares) stages of the eruption. c Best fit
(dashed line) for the flow advance using Eq. 18 with W=600 m and
β=3°. The best fit is for a growing crust with a yield strength of 2.8×
105 Pa
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evolution data with feasible flow thicknesses is an initial
Newtonian phase with viscosity of 4.5×106 Pas and a

subsequent YSC phase with crustal strength of 1.1×106 Pa
(Table 2).

Colima, 1998–1999

The eruption began in November with the emission of a
dome at the summit. After the partial collapse of the
dome and the generation of pyroclastic flows, a blocky,
andesitic and crystal-rich lava flowed down the south
flank of the volcano, reaching a maximum distance of
3.8 km (Navarro-Ochoa et al. 2002). There were two
branches of the flow; we modelled the east branch that
had a simpler geometry than the west branch. In this
case, the best fit for the flow evolution and thickness is
given by the core yield strength model with a single
strength of 1.6×105 Pa (Fig. 7).

Santiaguito, 1999–2002

A blocky dacitic lava flow started to advance in July
1999, reaching a length of 3.7 km by January 2001
(Harris et al. 2004). During this period, the flow rate
was ∼0.5 m3/s with heights up to 88 m. Here, we only
modelled the advance between January 2000 and January
2001 because before these dates, the available data have
large uncertainties. Figure 8 shows the best fits with the
three models. The Newtonian model gives a viscosity of 3.8×
1010 Pas, in agreement with the values given by Harris et al.
(2004), based on the Jeffrey’s equation. The YSC model gives
a crust yield strength of 6.7×105 Pa and the YS model a core
yield strength of 1.3×105 Pa (Table 2). Of the three models, the
YS model fits slightly better, but this is not significant given
parameter uncertainties and the poor fit of all three models
around 3.8×107 s.
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Fig. 6 a Flow length (L) as a function of time (circles) for the 2001
eruption of Etna. The two Newtonian (N1–N2) and Newtonian-then
yield strength in the crust (N-YSC) models fit the data, but the calcu-
lated thicknesses are too high in the Newtonian case (b). The yield
strength in the core model also fits the data with a calculated yield
strength of 104 Pa. c Flow length data for the 2006 Etna eruption
(legend is same as in a)
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Fig. 7 Flow length (L) as a function of time (circles) for the East flow
of the 1998–1999 eruption of Colima volcano. The best fit is the yield
strength in the core model (YS) with a yield strength of 1.6×105 Pa
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Discussion

Dynamical regimes of lava flows

Our modelled flows suggest that for eruptions where the
effusion rate is high (50–100 m3/s), the duration is short
(0.5–5 days) and the initial crystal content is relatively low
(∼1–10 % phenocrysts), such as the Hawaiian eruptions
analysed in this study (Pu´u ´O´o, 1983–1984; stages 4, 5,
11 and 17), the dynamical regime is best described by the
Newtonian model. In the initial stage (first day or half-day)
of each of these flows, the Newtonian model clearly fits the
data better than the two models that include a yield strength.
In the later stage of each flow, however, the goodness of fit
of the three models is similar and within the uncertainties of
the input parameters. Thus, a “best” model cannot be dis-
criminated on goodness-of-fit alone. Some features of these
flows distinguish them from the other analysed flows where
we found that yield strength is important, such as low
thicknesses (typically <5 m) and exposed incandescent inte-
riors (see photographs of the flows in Wolfe et al. 1988 and
Lipman and Banks 1987) with a discontinuous or almost
absent covering crust, even at distal parts. In addition, the
calculated viscosity values are in excellent agreement with
previous studies (see next subsection). On the other hand,
calculated core yield strengths for the YS model are too low
to dominate over the viscosity of the flow or are in disagree-
ment with previous works, supporting a preference for the
Newtonian regime for the Pu´u ´O´o flows studied here.
However, the possibility of a yield strength in the crust
control (YSC model) in the later stage of these flow, as fits
the 1984 Mauna Loa eruption, cannot be discarded. In

contrast to our results, Takagi and Huppert (2010) suggested
that for some episodes of the Pu´u O´o eruption, a single
(unspecified) viscosity can explain the advance of the flow,
and thus heat loss does not have a significant effect on the
front advance rate. However, they did not consider the total
length of some flows (episode 4) as we did, or their linear fit
of L(t) data is not good in the initial stages of the flow
(episode 17). Furthermore, they did not consider in detail
variations in slope, width and flow rate of the flows, which
we found account well for the nonlinearity of the L(t) data.

Lava flows at Etna and Lonquimay had lower (<20 m3/s)
effusion rates or longer durations (1 week–1 year) and
usually greater degrees of crystallisation (phenocrysts plus
microlites, Naranjo et al. 1992; Pinkerton and Norton 1995)
than the Hawaiian lava flows analysed. Other differences
include larger thicknesses (10–40 m, Naranjo et al. 1992;
Favalli et al. 2009), less exposed interiors, with a more
continuous external covering crust. Both two-stage New-
tonian and Newtonian followed by YSC models fit the data
for Etna well, but the calculated thicknesses are too high in
the two-stage Newtonian case, suggesting a crustal control.
Our calculated rheologies for the two stages of both the Etna
2001 and Lonquimay 1988 eruptions are consistent with the
conclusion of Takagi and Huppert (2010) that the advance
rates of these flows were affected by significant cooling and
corresponding rheological change.

The Colima and Santiaguito lava flows are better mod-
elled with the YS model using a single value for the yield
strength. Both of these lava flows have a blocky flow
morphology and are more silicic (andesitic to dacitic) and
more crystalline than the other lava flows analysed, which
are dominantly ‘a’a in morphology. This suggests that cool-
ing effects are less important to the advance rate of silicic
blocky flows compared with basaltic ‘a’a flows.

Viscosity magnitudes and crystallisation

The viscosity values we calculated for the Hawaiian lava
flows are in excellent agreement with published values
determined by others methods. Fink and Zimbelman
(1986) calculated values of 0.2–8.6×106 Pas for the viscos-
ity of the distal part of the episode 5 Pu´u ´O´o lava flow,
using topography profiles of the final flow morphology and
velocity and effusion rate data, bracketing the value of 4.6×
106 Pas estimated in this study. Moore (1987) calculated
values between ∼1×104 Pas (proximal to the vent, flow 1)
and 0.6 – 1×107 Pas (flow 1A) for the Mauna Loa eruption,
using velocity profiles at the surface and flow dimensions,
again in close agreement with our values of 6.1×104 Pas for
early stages and 2.4×106 Pas for distal flow 1.

In each Hawaiian eruption here considered, the evolution of
the flow can be effectively modelled with two viscosities: an
initial low viscosity for the first 1/2–1 day and a second higher
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Fig. 8 Flow length (L) as a function of time (circles) for the lava flow
of the 1999–2001 eruption of Santiaguito volcano. The best fit is with
the yield strength in the core model (YS), using a yield strength of
1.3×105 Pa. The calculated viscosity for the Newtonian model is 3.8×
1010 Pas, and the crustal yield strength is 6.7×105Pa
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viscosity for the rest of the flow. A first implication of this result
is that the calculated apparent viscosities are heavily weighted
towards the viscosity of the flow front as new lava is continu-
ously erupted at the vent with the same initial low viscosity
(with the exception of the Mauna Loa eruption where the
crystallinity of the eruptedmagma increased with time, Lipman
and Banks 1987). This is supported by Kilburn and Lopes
(1991) who stated that lava flow lengthening depends mainly
on the flow front dynamics, and by numerical simulations
based on the conditions at the flow front (Wadge et al. 1994).

It is well known that crystallisation increases the viscos-
ity of lava (e.g. Pinkerton and Norton 1995; Costa 2005)
and that the degree of undercooling affects the crystallisa-
tion rate (e.g. Wadge et al. 1994). We have found that the
advance of some lava flows can be modelled with just two
lava viscosities, but as magma crystallises its bulk viscosity
increases and there will be a continuum of viscosities in a
lava flow. To explore how a lava flow might be approxi-
mated by two viscosities despite this continuum, we consid-
er the Einstein-Roscoe equation which relates the viscosity
of a suspension with the crystal content:

μ ¼ μo 1� f
fm

� ��2:5

ð21Þ

where μo is the melt viscosity, Ф is the crystal content and
Фm is the maximum packing fraction. For instance, if we
assume Фm=0.66, then for Ф up to 0.3, the viscosity
increases less than an order of magnitude and we can ap-
proximate the initial advance of the lava with a single
viscosity. As crystallisation continues, the viscosity will
increase markedly because of the sensitivity of viscosity to
quite small changes in crystallinity at relatively high crystal
contents. The viscosity could reach a second relatively con-
stant (but higher) viscosity when crystallisation slows down
because near-equilibrium conditions are reached.

Cashman et al. (1999) found that the cooling of Hawaiian
lava flows is stronger during the first few kilometres. Crisp
et al. (1994) noted that the downstream crystallinity increase
of the 1984 Mauna Loa lava flow was mainly due to the
microlite crystallisation, with crystal growth and nucleation
rates being much higher in the first stage of flow due to
strong disequilibrium. Cooling in lava-feeding fire fountains
and degassing at the vent are likely causes of strong initial
disequilibrium (Sparks and Pinkerton 1978). Crisp et al.
(1994) determined nucleation and growth rates of 3×10−8

to 1×10−7 cms−1 and 1×104 to 3×105 cm−3s−1 , respective-
ly, noting that these values are higher than previous esti-
mates for other volcanic rocks based on crystal size
distributions. Following the approach of Crisp et al. (1994)
the microlite content as a function of time is estimated from:

fmicðtÞ ¼ 1� exp �kvJG
3t4

� �� �
1� foð Þ ð22Þ

where Фmic is the microlite content as a volume fraction, κv
is a shape factor, ranging from 0.6 to 6 in the 1984 Mauna
Loa crystals, J is the nucleation rate, G is the growth rate, t is
time and Фo is the volume fraction of microphenocrysts
(Kirpatrick 1981 and Cashman 1990). For example, in
12 h (comparable to the typical duration of the first stage
in our fitting of flow regimes to eruption data), the microlite
content increases to 0.4, using the low-end values of G and J
given by Crisp et al. (1994) and an initial microphenocryst
content of 0.1. With longer time scales (up to 2 days; the
longest duration of stage 1 in our fits) and different G and J
values (in the range of estimates of Crisp et al. 1994), the
total crystal content could be up to 1 (i.e. holocrystalline),
which is clearly too crystalline but supports the idea of a fast
increase in viscosity during the initial stages.

The same authors suggest that the inferred lower crystal-
lisation rates in the second stage of the flow could be
common in lava flows as a consequence of new near-
equilibrium conditions being reached after initial degassing
and cooling. In addition, the release of latent heat can reduce
the subsequent crystallisation once near equilibrium condi-
tions are reached after the initial burst of microlite forma-
tion. Other studies have shown that after a certain distance
from the vent, the temperature and crystallinity of the lava
flow remain more or less constant because of thermal insu-
lation due to the crust, as in the 1783–1784 Laki eruption
(rubbly flow, Guilbaud et al. 2007), or a lava tube (a mor-
phology not analysed in this work) as in the 1859 Mauna
Loa eruption (Riker et al. 2009). Initially, the crust is thin
enough and it does not affect the dynamics of the flow but if
the crust thickens substantially it may control the flow
advance as in the YSC regime.

Yield strength magnitudes

The calculated yield strength values are in the order of 105–
106 Pa for all lava flows where yield strength models (YSC
or YS) fit better than the Newtonian model. This is similar to
the yield strengths estimated for lava domes by others
authors using scaling arguments (Blake 1992) or the mor-
phology of the flows, together with analogue experiments
(Fink and Griffiths 1998).

To test the importance of the yield strength on the dy-
namics of lava flows, we compared the mean flow velocity
and height from Eq. (6) for Newtonian and Bingham flows
with a range of yield strength values, in a similar way to
Dragoni et al. (1986). We set β=5°, ρ=2,500 kg/m3 and μ=
106 Pas and used effusion rates from 0.1 to 1,000 m3/s.
Figure 9a and b shows that with increasing effusion rates the
velocity and height of the Bingham flow are more similar to
the Newtonian case. For yield strengths up to 104 Pa, H and
u are very close to the Newtonian case (σy=0) when the
effusion rate is higher than 5 m3/s.
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Figure 9c shows the calculated apparent viscosity (usingH
and velocity u with the Jeffrey’s equation: μ=H2ρgsinβ/3u)
for a lava with a yield strength of 1.5×105 Pa (mean value for

the Colima and Santiaguito lava flows) for different plastic
viscosities (μ in Eq. 1), using β=15°, ρ=2,500 kg/m3 andW=
200 m. For plastic viscosities up to 108 Pas, and effusion rates
in the range of 0.5–10 m3/s (typical of Colima and Santiaguito
lava flows), the apparent viscosities are all of order 109–
1010 Pas, in accordance with viscosities estimated by
Navarro-Ochoa et al. (2002) and Harris et al. (2004) for these
eruptions. This supports our conclusion that the flow front
advance rate for these two lava flows was controlled by the
yield strength, and that the calculated apparent viscosities
reflect the yield strength of the lavas.

If a flow is controlled by the yield strength of a growing
crust, the retarding force of the crust should be much bigger
than the viscous force of the core:

σc
d
H

>> μ g
� ð23Þ

If we scale g
�
~ u

H�d , the relationship can be written as:

σc >> μ
u

d
H

H � d

� �
ð24Þ

Using Eq. (6), we can evaluate the minimum value of σc
necessary for it to dominate over the viscous stresses of the
core, for a given μ, β,W and effusion rate. For example, using
a slope of 5°, a flowwidth of 200 m, a core viscosity of 106 Pa
s and a flow rate of 10 m3/s, the yield strength dominates for
σc >>2×10

4 Pa after 1 day (δ∼0.3 m) or σc >>4×10
3 Pa after

10 days (δ∼0.9 m). If we use an effusion rate of 100 m3/s, the
yield strength value required for it to dominate is larger: σc>>
1×105 Pa for 1 day and σc>>5×10

4 after 10 days. This
analysis shows that short-lived eruptions and high effusion
rates favour a viscous control of the flow, as is the case with
the Hawaiian eruptions, where an effusion rate higher than
100 m3/s is typical and the duration of the flows typically is in
the range of 1–10 days. Lower effusion rates as in the Etna
eruptions or long-lived episodes as in the Lonquimay erup-
tion, favour a crustal control as confirmed by our previous
analysis. In addition, higher effusion rates will tend to reduce
heat loss per distance flowed (Harris and Rowland 2009), thus
preventing the growth of an external crust and, consequently,
favouring a viscous control of the flow.

These analyses suggest that yield strengths of about ∼105 Pa
or greater are necessary in the crust or core of the flow in order
for yield strength to dominate over the viscosity in resisting the
lava flow advance. The tensile strength of solid crystalline rocks
is in the order of 106 to 107 Pa (e.g., Iverson 1992; Rocchi et al.
2004). Crusts undergoing cooling may be even weaker than
these values because of internal tensile stresses created by cool-
ing (Dance et al. 2001). Stresses higher than 105–106 Pa will
thus cause the rock to fracture, reducing the effective strength of
the lava, and this can explain the consistency of the yield
strength values we determined from flow front advance data.
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Fig. 9 Velocity (a) and flow height (b) as a function of effusion rate
for a lava flow using a two-dimensional model (Eq. 6) with an internal
viscosity of 106 Pas, a slope of 5°, and a flow width of 200 m. Different
curves represent different yield strengths. c Calculated apparent vis-
cosities (using Jeffrey’s equation) for a lava with a yield strength of
1.5×105 Pa, β=15°, ρ=2,500 kg/m3 and W=200 m. Different lines
represent different plastic viscosities
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Conclusions

In this study, we investigated the front evolution of simple
lava flows on a slope using three rheologically simple models
based on scaling arguments. The models were tested with
previously published data of front evolution from diverse
eruptions and our analysis suggests that for short-lived basal-
tic eruptions with high effusion rate, the best fit of the data is
with the use of two viscosities (Newtonian case). For mafic
eruptions with lower effusion rates (Etna eruptions) or long
duration andesitic eruptions (Lonquimay eruption, Chile), the
flow is controlled by the yield strength of a growing crust.
Finally, for very crystalline blocky lavas (Colima, Santia-
guito), the flow is controlled by its core yield strength. If our
method is used as a predictive tool, the calculated advance
rates should be considered as maxima, given that we did not
consider down-flow mass loss such as branching, channel
overflow or avalanching of blocks from flow fronts.

The viscosities from our analysis are in the same range as
previous studies using field measurements on the same lavas.
In all cases where the yield strength of the core or a growing
crust, rather than a Newtonian viscosity, control the flow front
advance rate, the yield strength value is in the order of 105 Pa,
which is similar to yield strength estimates for lava domes
(Blake 1992). We suggest that the consistency of yield
strength (∼105 Pa) is because larger stresses cause fracturing
of very crystalline magma, which limits values of yield
strength, since a layer of fractured rock clasts has effectively
no strength. Furthermore, we used a 2D analysis of a Bingham
fluid flow on a slope to conclude that, for lower yield strength
values, the flow is controlled mainly by its plastic viscosity
and the lava can be effectively modelled as Newtonian.

Our analysis provides a simple tool to evaluate the main
controlling forces in the evolution of a lava flow, as well as
the magnitude of its rheological properties. The method is
effective for eruptions of different compositions and con-
ditions and may be useful to predict the evolution of lava
flows if the effusion rate is known.
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