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1. Introduction

We study the following model biharmonic superlinear elliptic equation
Ay = [ulP" 'y in £, (1.1)

where {2 C R” is a smoothly bounded domain or the entire space and p > 1 is a real
number. Inspired by the tangent cone analysis in minimal surface theory, more precisely
Fleming’s key observation that the existence of an entire nonplanar minimal graph im-
plies that of a singular area-minimizing cone (see his work on the Bernstein theorem [11]),
we derive a monotonicity formula for solutions of (1.1) to reduce the non-existence of
nontrivial entire solutions for the problem (1.1), to that of nontrivial homogeneous so-
lutions. Through this approach we give a complete classification of stable solutions and
those of finite Morse index, whether positive or sign changing, when 2 = R" is the
whole Euclidean space. This in turn enables us to obtain partial regularity as well as
an estimate of the Hausdorff dimension of the singular set of the extremal solutions in
bounded domains.

Let us first describe the monotonicity formula. Eq. (1.1) has two important features.
It is variational, with energy functional given by

1 1
Z(Au)? — p+1
[ 3@ =

and it is invariant under the scaling transformation

u(z) = AT u(Ax).

This suggests that the variations of the rescaled energy

e [lmu)? -
2 p+1
B, (x)

with respect to the scaling parameter r are meaningful. Augmented by the appropriate
boundary terms, the above quantity is in fact nonincreasing. More precisely, take u €
Wif(()) N ijcl(rz), fix x € £2,let 0 < r < R be such that B,.(z) C Br(z) C {2, and
define

B =5 E(Am?

_ e 1 |u|p+1:|

2 4
+pT]_<n_2_pTl)Tpgl+l_n / u2
OB, (x)
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I P T / u?
p—1 p—1/dr

9B, (z)
Pdl s 1, 4 ou\’
+3%|:7"P1 / (pl’l“ U+E>:|
OB, (x)
Ld| s 44y 2 du |’
+2d7“ [T ' <|V | or
9B, (x)
1 oul’
+§r%+3—n / (|v 12 — a_:f )
B, (x)

where derivatives are taken in the sense of distributions. Then, we have the following
monotonicity formula.

Theorem 1.1. Assume that

S n+4
n—4’

n>5, (1.2)

Letu € W22()NLPTH(2) be a weak solution of (1.1). Then, E(r; x,u) is non-decreasing

loc loc

inr € (0, R). Furthermore there is a constant c(n,p) > 0 such that

iE(T'O u) = c(n p)r””rzﬂ%1 / ( 1 T @)2 (1.3)
dr VT T p—1 or) '
9B,
Remark 1.2. Monotonicity formulae have a long history that we will not describe here.
Let us simply mention two earlier results that seem closest to our findings: the formula
of Pacard [20] for the classical Lane-Emden equation and the one of Chang, Wang and
Yang [2] for biharmonic maps.

Consider again Eq. (1.1) in the case where 2 = R", i.e.,
Ay = |ulP~ 'y in R™. (1.4)
Let
400 ifn <4,
ps(n) = { TR

denote the Sobolev exponent. When 1 < p < pg(n), all positive solutions to (1.4) are
classified: if p < pg(n), then u = 0; if p = pg(n), then all solutions can be written in the

form u = ¢, (32 *2* for some cn > 0,A > 0,29 € R", see the work of Xu and one

A
P Pl
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of the authors [31]. However, there can be many sign-changing solutions to the equation
(see the work by Guo, Li and one of the authors [15] for the critical case p = pg(n)).

Here, we allow u to be sign-changing and p to be supercritical. Instead, we restrict
the analysis to stable and finite Morse index solutions. A solution w to (1.4) is said to
be stable if

/|A¢>|2 dx > p/ u[P~1¢? dx,  for all ¢ € H?(R").
R™ Rn

More generally, the Morse index of a solution is defined as the maximal dimension of all
subspaces E of H?(R™) such that

/ AP dz < p / P2 da,
]R'Vl ]R'Vl

for any ¢ € E \ {0}. No assumption on the growth of u is needed in these definitions.
Clearly, a solution is stable if and only if its Morse index is equal to zero. It is also
standard knowledge that if a solution to (1.4) has finite Morse index, then there is a
compact set K C R™ such that

/\A¢\2dx > p/ lulP~'¢? dw, V¢ € H*(R™\K).
R™ Rn

Recall that if
v=—= Ko=71(v+2)(y—n+4)(y-n+2), (1.5)
then
ug(r) = Ké/(p_l)r%/(p*l) (1.6)

is a singular solution to (1.4) in R™\ {0}. By the Hardy-Rellich inequality with best
constant [25]

2 2 2
2 n (TL _4) (b 2 (on
>\ T 2
/|A¢| de > o dz, V¢ e H*(R"),
Rn R™

the singular solution u, is stable if and only if

n?(n — 4)2.

Ko <
DPHo 16
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Solving the corresponding quartic equation, (1.7) holds if and only if p > p.(n) where
pe(n) > pg(n) is the fourth-order Joseph—Lundgren exponent computed by Gazzola and
Grunau [12]:

12,
13.

A\YZRV/AN

400 if n
pc(n) = n+2—v/n2+4—nv/n2—8n+32 if n
n—6—v/n2+4—nv/n2—8n+32

Equivalently, for fixed p > pg(n), define n,, to be the smallest dimension such that (1.7)
holds. Then,

(1.7) & p=pn) < n=n,

The existence, uniqueness and stability of regular radial positive solutions to (1.4)
is by now well understood (see the works of Gazzola—Grunau, of Guo and one of the
authors, and of Karageorgis [12,16,18]): for each a > 0 there exists a unique entire radial
positive solution u,(|z|) to (1.4) with u,(0) = a. This radial positive solution is stable if
and only if (1.7) holds.

In our second result, which is a Liouville-type theorem, we give a complete charac-
terization of all finite Morse index solutions (whether radial or not, whether positive or
not).

Theorem 1.3. Let u be a smooth solution of (1.4) with finite Morse index.

o Ifpe (1,p.(n)), p# ps(n), then u =0;
o Ifp=ps(n), then u has finite energy i.e.

/(M)? - /|u|p+1 < fo0.

Rn Rn

If in addition u is stable, then in fact u = 0.

Remark 1.4. According to the preceding discussions, Theorem 1.3 is sharp: on the one
hand, in the critical case p = pg(n), Guo, Li and one of the authors [15] have constructed
a large class of solutions to (1.1) with finite energy. Since in this case W =p+1, by
a result of Rozenblum [26], such solutions have finite Morse index. On the other hand,

for p > p.(n), all radial solutions are stable (see [16,18]).

Remark 1.5. The above theorem generalizes a similar result of Farina [10] for the classical
Lane—-Emden equation.

Now consider (1.1) when (2 is a smoothly bounded domain of R™ and supplement it
with Navier boundary conditions:
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A?u=Nu+1)?P in £, (18)
u=Au=0 on 042, .

where A > 0 is a parameter. It is well known that there exists a critical value A* > 0
depending on p and {2 such that

o If A € (0,A*), (1.8) has a minimal and classical solution uy, which is positive and
stable;

o If A = X*, a unique weak solution, called the extremal solution uy~ exists for (Py«).
It is given as the pointwise limit uy« = limy4 uy;

o No weak solution of (1.8) exists whenever A\ > A*.

An outstanding remaining problem is the regularity of the extremal solution uy«. An
application of Theorem 1.3 and standard blow-up analysis give

Theorem 1.6. If n < n, (equivalently p < p.(n)), the extremal solution ux- is smooth.
More generally,
Theorem 1.7. Assume p # 2t} and n < n, (equivalently p < p.(n)).

o Let 2 be a smoothly bounded domain and u be a smooth solution (1.8) of finite Morse
index k € N. Then there exists a constant C' > 0 depending only on k, N, 2, p such
that

|lul| oo () < C.

o Let 2 be any open set and u be a smooth solution of (1.1). Then, there exists a
constant C' > 0 depending only on k, N, {2, p such that for every i < 3,

’Viu| < Cdist(x,&())_ﬁ_i a.e. in 2.

In Theorem 1.7 one has the same results for p = Z—fi if u is a stable solution.

Next, we are interested in partial regularity for the extremal solution 3.

Definition 1.8. A point  belongs to the regular set of a function u € L}, (£2) if there

exists a neighborhood B of x such that u € L°°(B). Otherwise, z belongs to S, the
singular set of .

By definition, the regular set is an open set. By elliptic estimates applied to (1.1), u is
smooth in its regular set. Now, we state the interior partial regularity for wy~.
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Theorem 1.9. Let n > ny, and let ux+ be the extremal solution to (1.8). Then the Hausdorff
dimension of its singular set S is no more than n — n,. Moreover, when n =n,, S is a
discrete set.

We now list some known results. We start with the analogous second order equation
Au+ |[ulP7lu =0, inR" (1.9)

As mentioned earlier, Farina completely classified finite Morse index solutions (positive
or sign-changing) in his seminal paper [10]. His proof makes a delicate use of the classical
Moser iteration method. More precisely, if one multiplies Eq. (1.9) by a power of u, say u?,
q > 1, Moser’s iteration works because of the following simple identity

/ 1(—Au) = +1 /|vu"¥1 2 Vue CRM).

R

There have been many attempts to generalize Moser’s iteration technique (or Farina’s
approach) to fourth order problems like (1.1). Unfortunately, this runs into problems:
the corresponding identity reads

qiA2 q+1 . ( _1)2 q—3 4 4 (on
u?(A%u) +1 |A — v [Vul*, Vue C5(R"),

R™ Rn

and the additional term [, u973|Vu|* makes the Moser iteration argument difficult to
use.

Another strategy is to use the test function v = —Awu. This allows to treat exponents
less than "< + ¢, for some €, > 0, see the works of Cowan-Esposito-Ghoussoub [3]
and Ye and one of the authors [32]. Another approach, obtained by Cowan and Ghous-
soub! [4], and further exploited by Hajlaoui, Harrabi and Ye [17], is to derive the following
interesting interpolated version of the inequality: for stable solutions to (1.1), there holds

\/13/Iu\%¢>2 < /|v¢|2, Vo € C3(R™).

Rn Rn

This approach improves the first upper bound "% + €,, but it again fails to catch the
optimal exponent p.(n) (when n > 13). It should be remarked that by combining these
two approaches one can show that stable positive solutions to (1.1) do not exist when
<12 and p > 241 see [17].
In the above references, only positive solutions to (1.1) are considered. One reason is
their use of the following inequality, due to Souplet [29]

1A similar method was first announced in [7], and later published in the work by Farina, Sirakov and one
of the authors [8].
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2 1/2 pt1

As observed in [9] for a similar equation, the use of the above inequality can be completely
avoided.

In this paper we take a completely new approach, which also avoids the use of (1.10)
and requires minimal integrability. One of our motivations is Fleming’s proof of the
Bernstein theorem for minimal surfaces in dimension 3. Fleming used a monotonicity
formula for minimal surfaces together with a compactness result to blow down the min-
imal surface. It turns out that the blow-down limit is a minimal cone. This is because
the monotonic quantity is constant only for minimizing cones. Then, he proved that
minimizing cones are flat, which implies in turn the flatness of the original minimal
surface.

At last, let us sketch the proof of Theorem 1.3: we first derive a monotonicity for-
mula for our equation (1.1). Then, we classify stable solutions: this is Theorem 4.1
in Section 4. To do this, we estimate solutions in the LP*! norm, utilizing the afore-
mentioned methods available in the literature, and then show that the blow-down limit
u®(z) = limy_, o0 /\ﬁu()\x) satisfies E(r) = const. Then, Theorem 1.1 implies that u™
is a homogeneous stable solution, and we show in Theorem 3.1 that such solutions are
trivial if p < p.(n). Then similar to Fleming’s proof, the triviality of the blow-down limit
implies that the original entire solution is also trivial. In Section 5, we extend our result
to solutions of finite Morse index. Finally, in Section 6 we prove an e-regularity result
and use the Federer’s dimension reduction principle to obtain the partial regularity of
extremal solutions. This approach was used in [30] for (1.9), see also [6].

2. Proof of the monotonicity formula

In this section we derive a monotonicity formula for functions u € W*2(Bg(0)) N
LP1(Bg(0)) solving (1.1) in Bg(0) C £2. We assume that p > 242,

Proof of Theorem 1.1. Since the boundary integrals in E(r;z,u) only involve second

order derivatives of u, the boundary integrals in ‘fl—f(r;x,u) only involve third order
derivatives of u. By our assumption u € W*2(Bg(0)) N LP*1(Bg(0)), for each B,(z) C
Br(0), u € W32(0B,(x)). Thus, the following calculations can be rigorously verified.

Assume that z = 0 and that the balls B, are all centered at 0. Take

~ P 1 1
E()\) = )\41’?17” / §(AU)2 — m|u|p+l.
Bx

Define

vi=Au
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and

ut(x) = )\v;ilu()\x), v Mz) = )\ﬁ'ﬂv()\x).

We still have v} = Au?, Av* = [u*[P~1u?, and by differentiating in A,

du? _ dv*
A d\’

Note that differentiation in A commutes with differentiation and integration in =x.

A rescaling shows

E()\) :/E(UA)Q 1 |UA|P+1.

2 B p+1
B
Hence
d ~ do? 1 dul
ZE()\) = AY AP AT
Y /” 7S Gl
B1
du? du?
A A
- AT AT
/ R S W)\
By
7/ Aéﬁf@@ (2.1)
or d\ or d\
0B
In what follows, we express all derivatives of u» in the r = || variable in terms of

derivatives in the X variable. In the definition of u* and v*, directly differentiating in A

gives
du? 1 4 our
ﬁ(x) =3 (E“A(m) + TW(f))a
dv? 1/2(p+1) o

In (2.2), taking derivatives in A\ once again, we get

d2u? du? _ 4 du/\( )+ 0 du?
o

Ao @+ @ = oy

().

Substituting (2.3) and (2.4) into (2.1) we obtain

dax d\2 " p—1dx) dx
8B,

—v

dE / Sy vt p—5 dul du* [ dv 2(p+1)
= v A A—r —
d\ p—1

)
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d?ur du? du? dv?
= Aot 3N —— - N — —. 2.5
/”dA2+”dA N A (2:5)
0B1
Observe that v* is expressed as a combination of x derivatives of u*. So we also transform
v into A derivatives of u*. By taking derivatives in 7 in (2.2) and noting (2.4), we get
on 8B1,

o%u? 0 dud  p+30out

o2 "ord\ p—10r
d>u? p—5>\du’\ p+3 )\@7 4
d2 p—1 dx p-1

an p—1"

o d2u? 8 . du’ 4(p—|—3)u/\
a2 p—-1"dx (p—-1)2

Then on 0By,

A 82u>‘+n—18_u>‘+i
 Or2 r  or r?
T 8 dur  4(p+3) du* 4

v

A2 p—1"dx ' (p—1)2

d?u? 8 du? 4 4
_ 2 1 — 4+ — [ —— —n+ 2]+ A
A e +<n 1 p—1>)\d)\ +p—1(p—1 n+ >u + Agu

u)‘) + Agu

Here Ay is the Beltrami-Laplace operator on 9B; and below Vy represents the tangential
derivative on 0B;. For notational convenience, we also define the constants

8 4 4
=n-1—- — = — — 2.
a=n Py I5] pl<p1 n—|—>

Now (2.5) reads

B 2, A 2. A
iE(A):/A(AQd“ —l—a)\di—&-ﬁu’\)du

dA? X dA?

8B1
d?u? du? du?
A2 A — A —
+3( o TNy +ﬂu> )

du* d [ 5 d*u* du* A
ekl 2\
A dA<A oz TN +5“)

d?u? du? du? du?
A D W e T N
+ / A e + 3Apu P\ A P\ Ay o\

9B,
= Ri + Rs.
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Integrating by parts on 0B, we get

du?
d\

du?

d2 A
Y a3y, )\‘V@

dA?

X

Ry = / —AVutVy
6B1

A d? 3 d
Y ft) 3 ) e e
OB

1

2

1 42 A2 1d du
=—c—— -~ — 2
2d>\2(/\/|Vu|> 2d(/|Veu )Jr/\/ng)\
0B
1 d? A 1 d A2
>3 ([ w0 l) =55 [ 1woel)
0B
For Ry, after some simplifications we obtain
d?u? du? RTTA
= [ AN aX ——
B / < e TNy o )dA2
0B
d%u )‘ du du
2 _ __
+3<A ez Ty A ) ar
du AT RITA du
—A—— (A2 2 A —— —
d/\( et AT+t f) d/\)
d2ur\? v du* d2u du
_ 3 2 A A
_/)\<d)\2) T Ty TN e 3Ry
OBy
dur\? du™ d3Pur
20 — )
+ (20 ﬁ))\<d)\> AN e
2 2 v du duM\ 2
= [ 2x3 4)? 200 — 20N [ —
/ (dv) AN Ty H @ m(dA)
0B
B d? w2y Ld[gd(duM\?l B d, o
22 - = == 22
e M T s Mol ) | T )

Here we have used the relations (writing f = J% d f etc.)

M= (512) =205 =)

and

!/

3
_)\Sf/f///:_|:%((f/)2)’:| +3)\2f/f”+)\3(f”)2.
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Since p > ”+ , direct calculations show that

8 4 4
a—ﬂ—<n—1—p_1)—p_1<p_1—n+2>>1. (2.6)
Thus,
d2u d2u du du™\ >
23 —— 4+ (2a -2
/\<d>\2> oz ay Ta=28) (dA)
2w du\? du\ 2
=2x( A 20— 28 — A =
( d/\2+d/\) +(20-26 )<d/\)
>0 (2.7)
Then,

,8 d2 A 2 1 d 3 d dU /B d A\ 2
> [ Z—— S B gni il 2= )
Rl//2d)\2[/\(u)] san |t o\ +2dx(“)
Now, rescaling back, we can write those \ derivatives in Ry and Ry as follows.

/ %(u)‘)2 dci\ </\p THi- ”/u2>,

B, 9B
d? 2 d? n
/WP\(UA)] d)\2 <>\p T+2- /U2>a
9B, 9B,

d d (du Cd [ d %H,n/ 4 8u2
/d)\[)\ d)\(d)\>:|_d/\|:)\ d/\()\ —1)\ 8r ’
9B, 9B

d? A d? 1+ 58 424+1-n 2 Ou

d)\z(/\/|v u |> d)\z |:)\ /<|VU| (9'(‘ >:|7

9B

8_u
or

dA( / [Vou| ) = %[Mgl““" / (|Vu|2— 2)]

0By 0By

Substituting these into di)\E(/\; 0,u) we finish the proof. O
Denote ¢(n,p) = 2a — 23 — 2 > 0. By (2.7), we have

Corollary 2.1.

d 4 2
aE(r 0,u) > c(n,p)r_"+2+z%1 / <p— 17"71u+ %) .
OB,
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In particular, if E(X;0,u) = const. for all X € (r, R), u is homogeneous in Br \ B;:

u(z) = x|—ﬁu(|§|).

We end this section with the following observation: in the above computations we
just need the inequality (2.6) to hold. In particular the formula can be easily extended
to biharmonic equations with negative exponents. We state the following monotonicity
formula for solutions of

1
A2u:—ﬁ, u>0in 2 CR" (2.8)

Lemma 2.2. Assume that p satisfies

8 4 4
n—2+ > +n—2). 2.9
p+1 p+1(p+1 ) 29)

Let u be a classical solution to (2.8) in B.(x) C Br(z) C 2. Then the following quantity

. p— 1 1
E(riz,u) == pAprn / §(Au)2 - ul™?

p—1
B, (x)
2 anJri popeTtlon / u?
p+1 p+1
9B, (x)
4 ——8.42-n 2
_ - _ -} = 1
p+1< +p+1>dr<r u)
9B, ()
oA s, N A
- p+1 _ -
+2dr[r / ( 1" +ar”
9B, (x)
1d +4-n 2 |Ou ?
- p+1 — | ==
+ 2dr [T / <|V | or
OB, (x)
8 au 2
T T T3 2 _ |27
+-r (|V| 5 )
0B (z)

is increasing in r. Furthermore there exists co > 0 such that

iE(r'O u) = c r e / —irflu—i— Ou i (2.10)
dr 70 p+1 or) ’

T

In the rest of the paper, sometimes we use E(r;z) or E(r) if no confusion occurs.



J. Ddvila et al. / Advances in Mathematics 258 (2014) 240-285 253

3. Homogeneous solutions

For the applications below, we give a non-existence result for homogeneous stable
solution of (1.1). (This corresponds to the tangent cone analysis of Fleming.) By the
Hardy-Rellich inequality, this result is sharp.

Theorem 3.1. Let u € VVlQOf(R" \ {0}) be a homogeneous, stable solution of (1.1) in
R\ {0}, for p € (245, pc(n)). Assume that |ulP™ € Li, (R™\ {0}). Then u = 0.

loc

Proof. There exists a w € W22(S"™!) such that in polar coordinates
4
u(r,0) = r~7—1w(h).

Since u € W22(By \ By) N L7 (By \ By), w e W22(8"1) 0 LoH(sn1),
Direct calculations show that w satisfies (in W22(S"~!) sense)

A2w — Jy Agw + Jow = w?, (3.1)

where

2
p—1
4 4 4 4
Jo=—(——12)(n-a-—"")(n-2-—"1).
p—1\p—-1 p—1 p—1
Because w € W22(S"71), we can test (3.1) with w, and we get
/ Agwl? + J1|Vow]? + Jyw?® = / fo[PHL (3.2)
sn—1 gn—1
For any & > 0, choose an 1. € C§°((5, 2)), such that 7. =1 in (¢, 1), and
r|nL(r)| +r*n(r)] <64 for all r > 0.

Because w € W22(Sn—1) n Lpri(Sn-1), r_nT_Alw(Q)nE (r) can be approximated by
C§°(Buye \ Be/4) functions in W22 (Bsy). \ Bej2) N LPT(By). \ B:/2). Hence in the stabil-
ity condition for u we are allowed to choose a test function of the form 7= "= w(6)n.(r).
Note that

T w(O)ne(r)) = == Ene(r)w(O) + 17 F e (1) Aguw(0)
3 EL () + () 6).

Substituting this into the stability condition for u, we get



254 J. Ddvila et al. / Advances in Mathematics 258 (2014) 240-285

p(S/ ul*tas) ( :/Oorlnsm?dr)
< ( / (|A9w|2 + @Iwwl2 + —"2(”lg 4)2w2> d@) ( +/Oor1na(r)2 dr)

gn—1 0

+oo
(/r )2+ (r)? + [nl(r) |ne(r) + roe(r )Iné'(r)|d7">
0

><< /w(9)2+|v9w(9)|2d9)].

Sn*l
Note that

+oo
/T_lne(r)2 dr > |logel,
0

+o00

/7“772() + 30 (r)? + |l (r) [ne(r) + () |0l (r) | dr < ©

0

for some constant C independent of . By letting ¢ — 0, we obtain

n(n —4 n*(n —4)?
p [ wrttas< [ 1A+ M g + 2
Sn—1 S§n—1

Substituting (3.2) into this we get

—4 2 —4 2
J =i+ (p5 = "ZD Y wgu 4 (- Yt <o

Sn—1

If 24 < p < pe(n), then p— 1> 0, pJy — 2= > 0 and pJo — D% 5 0 (cf. [13
p. 338]), s0 w =0 and then u =0. O

For applications in Section 6, we record the form of E(R;0,u) for a homogeneous
solution wu.

n+4

Remark 3.2. Suppose u(r,0) = r_ﬁw(ﬁ) is a homogeneous solution, where p > "+

and w € W22(S"~1) N LP+1(S"~1). In this case, for any r > 0,

|Auf? 4 [uPt < e

BT\BT'/2
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41’+1

Because n — > 0, by choosing 7 = 27¢R and summing in 4 from 0 to +o0o, we see

/ |Au|? + |u|P™! < cR"“L%,

Br

which converges to 0 as R — 0. Hence for any R > 0, E(R;0,u) is well-defined and by
the homogeneity, it equals E(1;0,u). By definition

1 1
E(1;0,u) = / (A0 = —[al*

2 +1
By
TR P S /u2+/|V9u|2
p—1 p—1
831 aBl
= lfi /| |p+1+1/ %A — 0Au
2 p+1 2 or or
B OB,
4
S D S 2 Voul?
+p_1( p_1>/u+/|gu|
OBy 9B,
By noting that
Ou_ 4 rlu @——4 —+1
or p—1 ’ o2 p-1 1

we get
1 1
E(1:0,u) = (= — —— Pl _ ____(____)/1ﬂﬂ'
(100 = p+1)/|| w5 531) [
0B
Replacing |u[P™ by (Au)?, we also have

. _(1_ 1 2, p—1 2
B0 = (5= 1) [@w+ 220 [ 19
0B,

By

4 4 )
*ﬁ( 2ﬁ)/“-

0By



256 J. Ddvila et al. / Advances in Mathematics 258 (2014) 240-285

4. The blow down analysis

In this section we use the blow-down analysis to prove the Liouville theorem for stable

solutions. Throughout this section u always denotes a smooth stable solution of (1.1)

in R".

Theorem 4.1. Let u be a smooth stable solution of (1.1) on R™. If 1 < p < p.(n), then

u=0.

The following lemma appears in [32] for positive solution. It remains valid for sign-

changing solutions, see also [17].

Lemma 4.2. Let u be a smooth stable solution of (1.1) and let v = Au. Then for some C

we have

R™

+ C/ luv||Vn|? da

R'Il
for alln € C(R™).
Proof. For completeness we give the proof. We have the identity
2
J@9erar= [(aen)*+ [ (-17¢-Tup + 2604 9n?) de
R’!L R7Z R7L

+ / €2(2V(An) - Vi + (An)?) de,
]Rn

for £ € C*(R™) and n € C§°(R"), see for example [32, Lemma 2.3].
Taking & = u yields

/ |u|PTn? do = /(A(un))2 + /(—4(Vu - Vn)? + 2uv|Vn|?) dx
Rn R7l Rn

+ /u2 (2V(An) - Vn + (An)?) da.

R™

Using the stability inequality with un yields

P / [ul "y de < / (A(un))®.

R R

/(v2 [l )n? < C/UQ(\V(An) V| + (An)* + |A(VP) ) de
A

(4.1)
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Therefore

/ (JufP* 12 + (Alum))?) dz < C / (IVal2Vnf? + ue][Vn[?) de
Rn

R

+ C/u2(|V(An) . Vn‘ + (An)z) dx.
Rﬂ.
Using A(nu) = vn + 2Vn - Vu + uAn we obtain

/(\u|”Jrl +0?)n* dz < C/(|Vu|2|V77|2 + |uv||Vn|?) dx
]R'n.

Rn

+ C/u2(|V(An) V| + (An)Q) dzx.

]Rn
But
2/|Vu|2\Vn|2dx: /A(u2)|V77|2 dx—2/1w|V77|2 dx
R7Z R"L R"L
= /uzA(|V77|2) dfo/uv|V77|2 dz,
R"L R"L
and hence

/(|u|f’+1 + )P de < O/u2(|V(A77) SV + (An)* + |A (V) ]) de
&

R

+ C’/ luv||Vn|? dx.
Rﬂ

This proves (4.1) O
Corollary 4.3. There exists a constant C' such that
/ v? + |ulPT™t < CR™ / u? + CR™? / luv], (4.2)
Br(z) Bar(z)\Br(z) Bar(z)\Br(z)
and
v? + [Pt < CRMAR, (4.3)
BR(QU)

for all Br(x).
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Proof. The first inequality is a direct consequence of (4.1), by choosing a cut-off function
n € C§°(Bag()), such that n = 1 in Bg(z), and for k < 3, [VFny| < 120
Exactly the same argument as in [32] or [17] provides the second estimate. For com-

pleteness, we record the proof here. Replace n in (4.1) by ™, where m is a large integer
and 7 is a cut-off function as before. Then

[l =m? [ k2w

Bar(x)\Br(z)

g 50 / 2 2m+C/ 2m74|v77|4.

Substituting this into (4.1), we obtain

/(vz + |U‘p+1)772m < CR™* / 2,',’2771 4

BzR((L')

2
<CR4< / ulP* 1y m2)(p+1)> RO,

BZR (w)

This gives (4.3). Here we have used the fact n?™ > 7(m=2)(P+1) because 0 < 5 < 1, m is
large, and p > 1. O

Proof of Theorem 4.1 for 1 < p < "+Z For p < 242 we can let R — +o00 in (4.3) to

get u = 0 directly. If p = ﬂ7 this gives

/v2 + JulPtt < 4o0.
Rn
So
lim / v? 4 [uPT = 0.
R—+oc0
Bar(x)\Br(z)

; _ 4ptl
Then by (4.2), and noting that now n =454,

/ v? 4 JulPTt < CR™4 / u? 4+ C / |v|?
Br(z) Bar(2)\Br(z) Bar(x)\Br(w)

< C’R4< / |u|p+1) R"(1 w1 4 C / v|?

Bar(z)\Br(z) Bar(z)\Br(z)
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T
gc( / m“ﬁ +C / [v]?.

Bar(z)\Br(x) Bagr(xz)\Br(z)

This goes to 0 as R — 400, and we still get u=0. O
Next we concentrate on the case p > Z—fi. We first use (4.3) to show
Lemma 4.4. lim,_, ;o E(7;0,u) < +00.

Proof. Let us write E(r) = E(r;0,u). Since E(r) is non-decreasing in r, we have

1 2r t+r
gﬁ//Emmw
r i

2r

Mﬂg%/Emﬁ

T

By (4.3),
2r t+r
T 2 1 +1
AT (Au) - 1\u|p dhdt < C.
Next
1 2r t+r
ﬁ//Oﬁ“ﬂ/uﬁ@ﬁ
r t OBy
1 2r
== / |x|z%1+1_”u(x)2 dx dt
r
T Biir\By

2r
1 p+1 P
< _2/< / |x|(p81+1—n)p+1) </| p+1) dt

r B37‘\BT

<C
The same estimate holds for the term in E(r) containing

[ (== [5])

9By

For this we need to note the following estimate

T
/|Vu\2 <Cr? /( u)? + Cr= e (/ |u|p+1> <Ot (4.4)
B

Ba,
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Now consider

27‘t+7‘)\3 d 4 P 2
= A O At _* 4 ou
= [T al [ (T ) Jona
r 0B
1 2r 4 2
_ o td-—n -1 ou
22/{(t+r) / (p_l(tJrr) u+8)
r OBt yr
—t%“*”/ P P L i dt
p—1 ar
OBy
3 2r t+r 4 a 2
2 %Jr?)fn T -1 _U
27«2//A /(p_l/\ u+ar) dxdt
r i OBy
C 8 4 8u 2
< — pj+47’ﬂ = —1 e
\TB{B . <p1x| u+37’>
3r\Br
<C

The remaining terms in E(r) can be treated similarly. O
For any A > 0, define
uMx) = )\ﬁU(AI), v z) = /\ﬁ'mv()\z).

u? is also a smooth stable solution of (1.1) on R™.
By rescaling (4.3), for all A > 0 and balls B,.(x) C R™,

p+1
loc

are also uniformly bounded in W22 (R™).

In particular, «* are uniformly bounded in LI7*(R™) and v* = Au’ are uniformly

bounded in L? (R"). By elliptic estimates, u* fos
Hence, up to a subsequence of A — 400, we can assume that u® — u® weakly in
WIZOCQ(R”) N LPTY(R™). By compactness embedding for Sobolev functions, u* — u™

loc

strongly in W,"2(R™). Then for any ball Bg(0), by interpolation between L? spaces and

loc

noting (4.3), for any ¢ € [1,p+ 1), as A — +o0,

o0 oo oo 1-
o = ooy < 10* =0 [aaon et = v lota oy 2 0 (49)

where t € (0, 1] satisfies % =t+ ;ﬁ. That is, u* — u® in L] (R") for any ¢ € [1,p+1).
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For any function ¢ € C§°(R"),

A—+o0

/Auow — (@)= lim [ AutAp— (u*)"p =0,
Rn R

2 co\P—1 2 . 2 ane—1 2
/(Aw) —p(u)" et = lim [ (D) - p(ut)” " > 0.
R”™ R™

Thus 4™ € Wfof (R™) N LPTH(R™) is a stable solution of (1.1) in R”™.

loc

Lemma 4.5. u®° is homogeneous.

Proof. For any 0 < r < R < +00, by the monotonicity of E(r;0,u) and Lemma 4.4,

lim E(AR;0,u) — E(Ar;0,u) = 0.

A—4o00
Therefore, by the scaling invariance of F

lim E(R;0,u*) — E(r;0,u") = 0.

A——+o0

We note that E(r;0,u’) is absolutely continuous with respect to 7, since we assume u*

smooth. This still holds if we assume u € W*2(Bg(0)) N LPT(Bg(0)), since boundary
integrals only involve second order derivatives of u and so for each B,.(0) C Bg(0),
u € W32(0B,(0)). Then by Corollary 2.1 we see that

0= lim E(R;07u’\) — E(T‘;O/u,)‘)

A——+oo

/ (||~ (@) + 9 ()2

> li
2 c(n,p) lim T da
Bgr\B-
4 -1 ou> 2
> e(n.p) (gl u () + S~ (x)) "
= » D | n—2— 8 .
x| p—T1

BR\BT

Note that in the last inequality we only used the weak convergence of u* to u* in
WL2(R™). Now

loc
ou™>

4
pilrfluw—l— o =0, a.e. inR™

Integrating in r shows that

u®(z) = |z|—ﬁu°°<|i|>.

That is, u*° is homogeneous. O
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By Theorem 3.1, u® = 0. Since this holds for the limit of any sequence A\ — +o0,
by (4.5) we get

lim v =0 strongly in L? (B4(0)).

A——+oo
Now we show
Lemma 4.6. lim,_, ;o E(r;0,u) = 0.

Proof. For all A — +o0,

. A2
i [ @)=
B4(0)

Because v* are uniformly bounded in L?(B4(0)), by the Cauchy inequality we also have
1 1
. Ao A AN AN
lim ’u v | < lim (u ) (v ) = 0.
A——+o0 A—4o00
B4(0) B4(0) Ba4(0)
By (4.2),
lim (v)‘)2 + {u’\|erl < C lim < / (u)‘)Q + / |u/\v’\|>
A—~+o00 A——+oo

B3(0) B4(0) B4(0)
=0. (4.6)

By the interior L? estimate, we get
li VFu?
Jm, [ v =0
BJ(0) k<2

In particular, we can choose a sequence A\; — +o00 such that

/X

B2(0) k<2

2 s
g2

By this choice we have

2

[ [yt par< S [ [ sien

1 i=lpp, k<2 =17 op k<2

That is, the function
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> e LM(1,2)).

£(r) ::io / S| Vhu

i=lyp k<2
There exists an ro € (1,2) such that f(rg) < 4+oco. From this we get

lim Hu 0.

i —
i—+00 1 Hw2’2(33m) a

Combining this with (4.6) and the scaling invariance of E(r), we get

lim E(Aro;0,u) = lim E(TO;O,U)"') =0.

1—+00 1—+o00

Since A\;rg — +oo and E(r;0,u) is non-decreasing in r, we get

lim E(r;0,u) =0. O

r—+400

By the smoothness of w, lim,_,o E(r;0,u) = 0. Then again by the monotonicity of
E(r;0,u) and the previous lemma, we obtain

E(r;0,u) =0 for all r > 0.

Then again by Corollary 2.1, u is homogeneous, and then u = 0 by Theorem 3.1 (or by
the smoothness of ). This finishes the proof of Theorem 4.1.

5. Finite Morse index solutions
In this section we prove Theorem 1.3 and we always assume that u is a smooth
solution. First, by the doubling lemma [22] and our Liouville theorem for stable solutions,

Theorem 4.1, we have

Lemma 5.1. Let u be a smooth, finite Morse index (positive or sign changing) solution
of (1.1). There exist a constant C and Ry such that for all z € Bg,(0)°,

lu(z)| < C|x\7p%l.
Proof. Assume that u is stable outside Bg,. For x € Bg , let M(x) = lu(z)|"T and
d(x) = |z| — Ry, the distance to Bg,. Assume that there exists a sequence of x), € Bf,
such that

M(zy)d(zy) > 2. (5.1)

Since u is bounded on any compact set of R", d(xy) — +o0.
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By the doubling lemma [22], there exists another sequence y; € B, such that

(1) M(yr)d(yr) = 2k;
(2) M(yx) = M(x);
)

k (
(3) M(z) < 2M (yx) for any z € Bf such that |z — y| < %

Now define
ug(z) = M(yk)fﬁu(yk + M(yk)_lx), for x € B(0).

By definition, |ux(0)| = 1. By (3), |ux| < 27=1 in By (0). By (1), Bi/am(y,) (yx) N Br, =0,
which implies that u is stable in By /az(y,)(yx). Hence uy is stable in By (0).

By elliptic regularity, u are uniformly bounded in C? (B(0)). Up to a subsequence,

loc
ug, converges to Uy in Cft_(R™). By the above conditions on uy, we have

(1) Juse(0)] = 1:
(2) |uoo| < 27-T in R™;
(3) ueo is a smooth stable solution of (1.1) in R™.

By the Liouville theorem for stable solutions, Theorem 4.1, us, = 0. This is a contradic-
tion, so (5.1) does not hold. O

Corollary 5.2. There exist a constant C3 and Ry such that for all © € B3g,(0)°,

3 Jal 7= VRu()| < Cs. (5.2)

k<3

Proof. For any z¢ with |z| > 3Ry, take A = @ and define

u(x) = )\ﬁu(mo + A\z).

By the previous lemma, |u| < C; in B1(0). Standard elliptic estimates give

> IVFu(0)] < Cs.

k<3
Rescaling back we get (5.2). O

Remark 5.3. By the same proof of Lemma 5.1 and Corollary 5.2, one easily obtains the
second part of Theorem 1.7.
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5.1. The subcritical case 1 < p < Z—j
We use the following Pohozaev identity. For its proof, see [23,24].

Lemma 5.4.

2 B p+1
Br
R R Ou 0Au O(z - Vu)
= [ Z(Au)?+——|ufftt + R— -A : 5.3
/ 2( u) +p—|—1|u| + or Or Yo (5:3)
OBRr
By taking R — 400 and using (5.2), and noting that p < Z—fj, we see that
R R Ou 0Au O(z - Vu)
—(Au)? + ——|uPt + R —A — 0.
/ 2( u) +p—|—1|u| * or Or Yo
OBRr
By (5.2), we also have
2 1 —424;
(Au)® + [ulP <C(1+|z]) 7t
Since p < Z—fi, 4;% > n. Hence
/(M)Q + P < 400,
RTL
Taking limit in (5.3), we get
[ E5 w2 = St <0 6.9
5 DT . .

R™

Take ann € C§°(B2), n=11in By and ), |V*n| < 1000, and denote ng(x) = n(z/R).
By testing Eq. (1.1) with u(z)n%, we get

/(Au)%ﬁ;{ — |u|p+1n123 = — /(ZVan% + uAnIZ%)Au. (5.5)
R’ﬂ R"L
By the same reasoning as above, we get
/(Au)2 — |ulP™ = 0.
R’V‘L

Substituting (5.4) into this, we get
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n—47 n /\u|p+1:0.
2 p+1

R

Since”T"l—#<O,uEO.

5.2. The critical case

Since u is stable outside Bg,, Lemma 4.2 still holds if the support of ) is outside Bg, .
Take ¢ € C5°(Bar \ Bag,), such that ¢ = 1 in Bg \ Bag, and Y-, g |x[*|V¥e| < 100,
Then by choosing n = ¢™, where m is large, in (4.1), and by the same reasoning to
derive (4.3), we get

/ (Aw)? + [Pt < C.

Br\Bsrg,

Letting R — 400, we get

/(Au)2 + P < 400,
Rn

Similar to (4.4), we have

R / IVl < C / (Au)2+C< / |u|P+1) .

B2r\Br B3r\BRr/2 B3r\BRr/2

Then by applying the Holder inequality to (5.5), we have

| [aura - e
R™

<C{R1< / |Vu|2>é+( / |u|p+1>p+l]< / (Au)2>é.

Bar\Br B2r\Br Bar\Br

After letting R — 400 we obtain
/(Au)2 — |ulP™ = 0.
R’Vl

5.3. The supercritical case

Now we consider the case p > Z—fi.

Lemma 5.5. There exists a constant Ca, such that for all r > 3Ry, E(r;0,u) < Cs.
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Proof. Expanding those boundary integrals in E(r; 0, u) into a full formulation involving
the differentials of u up to second order, and substituting (5.2) into this formulation, we
get

E(r;0,u) < Cr45_+1‘”</(Au)2 i |up+1) 4 CpitrHion / .2
Br 9B,

+ Ot / |u||Vu| + Cro-T 3" / V|2
OB, OB,

+ Crimition / jul|V2u| + Creiti—n / V|| V24
9B, 9B,
<C.

This constant only depends on the constant in (5.2). O
By Corollary 2.1, we get

Corollary 5.6.

(g el u(z) + §2(2))?
/ pl 3 or dx < 4o0.
275
Bsr,

As in the proof for stable solutions, define the blowing down sequence
u(z) = )\ﬁu(/\x).

By Lemma 5.1, u* are uniformly bounded in C®(B,(0) \ By,,.(0)) for any fixed r > 1.
u* is stable outside Bp,,»(0). There exists a function u> € C*(R" \ {0}), such that
up to a subsequence of A — +o00, u* converges to u™ in Cft (R™\ {0}). u™ is a stable
solution of (1.1) in R™\ {0}.

For any r > 1, by Corollary 5.6,

(plel ' u (@) + %5 (2))?

a5

dzr

B’V‘\Bl/‘l'
_ A
o | (o]~ (z) + 22 (2)?
= lim < dx
A—+oo |x|n*2*ﬁ
B:\Bi,r
, / (Gle " u(z) + F4(x))?
= lim 3 dx
A—Fo0 |z 251
Bxr\Bx/r

=0.
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Hence u® is homogeneous, and by Theorem 3.1, u® = 0 if p < p.(n). This holds for
every limit of u* as A — 400, thus we have

. 4
wll)ngo 2|77 Ju(z)| = 0.

Then as in the proof of Corollary 5.2, we get

lim Y Ja| 7 VFu(z)| = 0.
T—00 fa

For any € > 0, take an R such that for |z| > R,

S Jal = | Vru(a)| < e

k<4

Then for r > R,

E(r:0,u) < O n / [(Aw)? + JufP+1] 4 Ot -n / |x\74%
Br(0) B (0)\Br(0)

ptl g _4qptl
+ Cer r— x p=
C 4P +1-n | ‘ 47

9B,.(0)

4pt1 _

S C(R)(r*»17" +e).

Since 4;%} —n < 0 and € can be arbitrarily small, we get lim,_, . E(r;0,u) = 0.
Because lim,_,o E(r;0,u) = 0 (by the smoothness of u), the same argument for stable
solutions implies that u = 0.

Remark 5.7. The monotonicity formula approach here is in some sense equivalent to the
Pohozaev identity method (see for example [32]). The convergence of u* can also be seen
by writing the equation in exponential polar coordinates.

6. Partial regularity in high dimensions

Here we study the partial regularity for the extremal solution to the problem (1.8),
and prove Theorems 1.6 and 1.9. Recall that we defined 7, to be the smallest dimension
such that Theorem 3.1 does not hold. This is also the smallest dimension such that
the Liouville theorem for stable solutions, Theorem 4.1, and the classification result for
stable homogeneous solutions, Theorem 3.1, do not hold.

6.1. Regularity when n < nyp

In this subsection we prove the full regularity when n < n,.
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Proof of Theorem 1.6. For 0 < A < A* let uy > 0 be the minimal solution of (1.8). We
claim that

sup  [lua [z () < +oo. (6.1)
AE(0,A*)

Then by elliptic estimates, as A — A*, uy are uniformly bounded in C°(f2). Because
uy converges to uy- pointwisely in £2, uy- € C*4(£2), and then we get uy- € C>(£2) by
bootstrapping elliptic estimates.

To prove (6.1), we use the classical blow up method of Gidas and Spruck. Let x)
attain maxg uy, and assume that

Ly, = U)\(JZA) + 1 — +oo.
By the maximum principle, z) € {2 is an interior point and
—Auy >0 in £2. (6.2)

Define

p—1

Uy = AT L (un(ma + Ly © ) +1) in 2,

p=1
where 2y = L, * (2 —x)). uy is a smooth stable solution of (1.1) in {2, satisfying

ux(0) = maxuy =1, (6.3)
25

and the boundary condition
iy =ArTLyY,  Aliy=0 on 0.

From this, with the help of standard elliptic estimates, we see for any R > 0, uy are
uniformly bounded in C5(£2y N Bx(0)). By rescaling (6.2),

—Auy, >0 in 2,. (64)

Since {2 is a smooth domain, as A — \*, §2) either converges to R™ or to a half space H.

In the former case, 4y converges (up to a subsequence) to a limit @ in C} (R"). Here u

is a positive, stable, C* solution of (1.1) in R™. Then by Theorem 4.1, 4 = 0. However,
by passing to the limit in (6.3), we obtain

a(0) = 1.

This is a contradiction.
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If 2, converges to a half space H = {x1 > —h} for some h > 0, @) converges (up to
a subsequence) to a limit @ in Ct (H). Here @ is a positive, stable, C* solution of (1.1)
in H, with the boundary conditions

u=Au=0 onJH.
By taking limits in (6.3) and (6.4), we obtain

—Au=v>0, in H,
—Av =4 >0, inH,
u=v=0, onJH,

(0) = maxu = 1.
H

By elliptic estimates, the last condition implies that v is bounded in H. Then by
[Theorem 2, [5]] or [Theorem 10, [28]], g—fl > 0, 86—:;’; > 0. Then the function w(y) =
lim,, s oo @(x1,y) exists for all y € R"~! and satisfies A?w = w? in R"~1. By the ar-
guments in [32, Section 3] this function w must be stable in R"~! and nontrivial. By
Theorem 1.3, p = pe(n — 1) > p.(n). This is impossible.

We conclude that u = 0, which is a contradiction. This finishes the proof of (6.1). O

6.2. An e-regularity lemma

The remaining part is devoted to the proof of Theorem 1.9. In this subsection we
prove an e-regularity result, by establishing an improvement of decay estimate. First we
need the following lemma.

Lemma 6.1. There exists a constant C, such that, for any ball Ba,.(x) C (2,

s / (up- + 1) < Cripi—n / (Auy-)?. (6.5)
B,.(x) Ba(x)
Proof. Denote wy = uy + 1. By the maximum principle and Lemma 3.2 in [3], for any
A€ (0,A%),

Awy < —y/ ——w,> <0 in £

Since wy is smooth in (2, we can follow the proof in [32] to get Eq. (2.15) in [32]. That
is, for any n € C§°(12),

/wipn2 < C/—wawf\(|V77|2 + ’An2|)
Q Q
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+ C/(AwA)QUVAnVTN +|AIVRE] + A2 (6.6)
P,

Take ¢ € C§°(Ba,(z)) such that 0 < p < 1, ¢ =1 in B,(z) and

> k|| < 1000.
k<4

Substituting n = ¢™ into (6.6) with m large, and then using Holder’s inequality (exactly
as in the derivation of Eq. (2.16) of [32]), we get (6.5) for uy.
This implies that u) are uniformly bounded in L?fC(Q). By the interior L? estimate,

uy are also uniformly bounded in W;2?(£2). By the same proof of (4.5), as A — A*,

loc

uy — ux- in W22(2) N L2 (2). Then

loc loc

rpiTn / (up- + 1) < )\lin}} FReTn / (uy + 1)
v
B, (z) B, (x)

Here we have used Fatou’s lemma to deduce the first inequality. O
Below we denote u = uy« + 1. Inequality (6.5) implies that
8p

u? < Cr"T eI, (6.7)

B, (x)

for any ball B,.(x) C {2, with the constant C' depending only on p and (2. See for example
the derivation of Eq. (2.16) in [32]. Similarly, u also satisfies (4.3) for any ball Bg(x) C £2.
Estimate (6.5) will play a crucial role in our proof of the e-regularity lemma. Note that
both (6.5) and (6.7) are invariant under the scaling for (1.1). These two are also preserved
under various limits (the precise notion of limit will be given below).

To prove the partial regularity of u, first we need the following improvement of decay
estimate.

Lemma 6.2. There exist two universal constants g > 0 and 0 € (0,1), such that if u is
a positive stable solution of (1.1) satisfying the estimate (6.5), and

(2R)*po1 / (WP + (Au)?] =€ < &,

Bar
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then

N ™

(OR)*31™ / [Pt + (Aw)?] <

Bor
Proof. By rescaling, we can assume R = 1. By (6.5), we have
/ u? < C’/[upJr1 + (Au)?] < Ce.

B3,z B,

By L? estimates applied to u,

1

|

HUHW4’2(34/3) < C(HUPHLQ(Bg/z) + ||u||L2(B3/2)) < Cerit.

We can choose an 7o € (1,4/3) so that
HuHWz,z(aBm) < C’Eﬁ
Now take the decomposition u = u; + us, where

A%uy =P, in B,,,
u; = Auy =0, on 0B,,(0),

and

A2uy =0, in By,
ug =u, Aug = Au, on dB,(0).

By the maximum principle, Au; < 0 and u; > 0 in B, (0).
By this decomposition,

/ AulAUQ =0.
By,
Hence
/(Au)2 = /(Au1)2—|— /(Aug)2
B, B, B,

In particular,

(6.10)
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By elliptic estimates for biharmonic functions and (6.9), we have

1/2
sup |ug| < C’( / u? + (Au)2> < Cevi,
By

8B,

Since Aug is harmonic, (Aug)? is subharmonic in B,,. By the mean value inequality for
subharmonic functions and (6.10), for any r € (0, rg),

Bl el _ pt+1
= "/(Au2)2 <rtemt ro " /(Au2)2 < Orti—ie.

B, By,

For wuy, first by the Green function representation (cf. [13, Section 4.2]), we have
+1 =
uillzr(s,,) < CHUPHD(BTU) < C(/up ) < Certt. (6.11)

Then by L? estimates using (6.7), we have
1
i llwaz(s,,) < C(HUPHLZ(BTO) +lluillzics,,)) < Cez.
By the Sobolev embedding theorem, we have

1
v < 2,
[|uq Hanjg (Brg) S Ce=

2n
Then an interpolation between L' and L#-5 gives
1
Juillr2(m,,) < Ce2t?,

where d > 0 is a constant depending only on the dimension n.
Next, by interpolation between Sobolev spaces, we get

-5 5 )
|Auil[r2(B,,) < e °llutllrzs,,) + Ce HA2“1HL2(BTO) < Cex o,
Multiplying the equation of u; by u; and integrating by parts, we get

/ upul = /(A’U,1>2 < C€1+25.

B, By,

By convexity, there exists a constant depending only on p such that

up+1 < C’(u’f“ + |u2|p+1)_
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For r € (0,1/2), which will be determined below,

pt1 p+17
T4ijn/up+1 < C’I"4 n

B,

WP Ot = /|U2|p+1

(“ + ‘U2|)pu1 + orits sup |ug|PT!
B

r

/
/

p+1 _p_ 4P+l
< Orteim wPuy + Crie- P /5P+1u1 + Crir=ig

B, B,

p+1 Pl _ p+1
< Crte=t "/upu1+0r4p—l ”/5P+1U1+CT p=Tg

By, By,

L, p+l_ . 2p ptl
< Orte 120 L opdi T et L Ot

For (Au)?, we have

P /(Au)2 /Am +Cr45—ﬂ_"/(Au2)2

B, B, B,
< ortptin /(Aul) + Ottty /(AUQ)
Bry By

<CT4 n1+26+07“1"1€
Putting these two together, we get

4P+l _ +1

+1 +1 ptl
rAea n/(Au)2 up+1 < CT4P -n 1+26+C’I’4P p+1 +O

B,

We first choose r =0 € (0,1/2) so that

CorE <

=

Then choose an €g so that for every ¢ € (0, ¢¢),

p+1 2p

094p+17n 1+26+094—7n8m <

| =

By this choice we finish the proof. O
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Remark 6.3. Lemma 6.2 also holds for a sign-changing solution w of (1.1) if it satisfies
et / | < e / [JulP™ + (Au)?], (6.12)
B () Bar(x)

for any ball Bay,.(x) C (2. For the proof, we need to introduce a new function @;, which
satisfies

A2y = |ul?, in By,
’111 = A’[Ll = 07 on GBTO (O),

By the maximum principle, 41 > |u1| = 0. By the same method for u;, we have
/ luPa; < Ce'*2,
Bro

We can use this to control |u|P|uq].

Lemma 6.4. There exist a universal constant €* > 0 and 0 € (0,1), such that if u is a
stable solution of (1.1) satisfying (6.12), and

(2R)* 5 / [(Aw)? + [uP*1] =€ < &,
Bar(xo)

then u is smooth in Bg, and there exists a universal constant C'(e*) such that

4
sup |u| < C(e*)R™7 1.
Br(zo)

Proof. By choosing a small ¢* > 0, we can apply Lemma 6.2 to any ball B,.(z) with
2 € Br(xo) and r < R/4, which says

O [ e et < gt s ],
Be () B (x)
Iterating the above implies
(Au)2 + |u‘p+1 < CTnf4£—ﬂ+5
By (z)

for any x € By and r < 1/8. Here 6 > 0 is a constant depending only on &
and 6 in Lemma 6.2. In other words, u belongs to the homogeneous Morrey space
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+1

Lpin—4pm o (B1). Then the Morrey space estimate for biharmonic operator gives the
41 4 51

claim, since Lp+1’"74%+5(31) C Lp’"fpflerprl(Bl), see Appendix A. O

This lemma implies the singular set of wu,

Sc {x: lim inf 74571 " / [(Au)® + [u[PT'] > 5*}.

r—0
B, (z)

By a covering argument, this gives a bound on the Hausdorff dimension of the singular
set of u (= uy« +1)
p+1

dimS <n—4——.
p—1

In particular, u is smooth on an open dense set.
6.3. The Federer dimension reduction

In this section we use Federer’s dimension reduction principle (see for example [27])
to prove the sharp dimension estimate on S.
For any zy € £2 and X € (0,1), define the blowing up sequence

utx) = )\ﬁu(azo +Az), A—0,

which is also a stable solution of (1.1) in the ball By,,(0).
By rescaling (6.7), for all A € (0,1) and balls B,(x) C By/x,

(u’\)2p < Cr"fﬁ .

Br.(z)

A

By elliptic estimates, u” is uniformly bounded in Wi’f (R™). Hence, up to a subsequence

of A = 0, we can assume that u* — u° in W;;CQ (R™) and Lfotl(R”) (by the same proof
of (4.5)). By testing the equation for u* (or the stability condition for u*) with smooth
functions having compact support, and then taking the limit A\ — 0, we see that u is a
stable solution of (1.1) in R™.

We have
Lemma 6.5. For any r > 0, E(r;0,u°) = lim,_,o E(r; 29, u). So u® is homogeneous.

Proof. A direct rescaling shows FE(r;0,u*) = E(M;xo,u). By the monotonicity of
E(r;x0,u), we only need to show that, for every r > 0,

E(r; 0, uo) = )1\111%) E(r; (),u)‘).
—
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Because v is uniformly bounded in W#2(B,) and L??(B,), by the compactness results
in the Sobolev embedding theorems and trace theorems, and interpolation between L4
spaces (see (4.5)), we have

A—+o0
B, B,

Jim [ @) = [y
B, B,

u* = u®  in W22(0B,).

The last claim implies that those boundary terms in F(r;0,u*) converge to the corre-
sponding ones in F(r; 0, u"). Putting these together we get the convergence of E(r;0, u?).
Since for any 7 > 0, E(r;0,u’) = const., by Corollary 2.1, u® is homogeneous. O

Here we note that since u satisfies (4.3) for any ball Br(z) C {2, so by the same
argument as in the proof of Lemma 4.4, we can prove that E(r; x, u) is uniformly bounded
for all z and r € (0,1). Since E(r;z,u) is non-decreasing in r, we can define the density
function

O(z,u) := lim E(r;z,u).

r—0

Lemma 6.6.

(1) O(x,u) is upper semi-continuous in x;

(2) for all z, O(x,u) = 0;

(3) z is a regular point of u if and only O(x,u) = 0;

(4) there exist a universal constant 9 > 0, x € S(u) if and only if O(x,u) > &o.

Proof. By the W*%2 regularity of u, for any r > 0 fixed, E(r;z,u) is continuous
in . O(z,u) is the decreasing limit of these continuous functions, thus is upper semi-
continuous in z.

If w is smooth in a neighborhood of z, direct calculation shows ©(x,u) = 0. Since
regular points form a dense set, the upper semi-continuity of @ gives @ > 0.

By Lemma 6.4, if = is a singular point, for any r > 0,

(Au)? + uPtt > et

BT(E)

In other words, for any A > 0, for the blowing up sequence u* at xg,
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/ (M) 4 ()" > e
B1(0)

Then because u* — u® in W22(R™) N LY R™) (see the proof of Lemma 6.5),

loc

[ syt = [ @) @y
—
B1(0) B1(0)

= lim AT / (Au)? + (u)Pth > e*. (6.13)
—
B (0)

0

Hence " is nontrivial, and by Remark 3.2 and Lemma 6.5,

O(z,u) = E(1;0,u°) > ¢(n, p)e*.

Here ¢(n, p) is a constant depending only on p and n.
On the other hand, if O(z,u) < ¢(n,p)e*, then by Remark 3.2, for any blow up limit
0
u- at x,

/ (Au®)? 4+ (u0)" ! < 7.

B1(0)

Then by the convergence of u* in W22 (R™) N LI (R™), for A sufficiently small,

loc loc

Bi(2) B1(0)

By Lemma 6.4, u is smooth in B)/y(x). Consequently, O(x,u) = 0. These finish the
proof of the last two claims. O

Remark 6.7. If limy_,o u* = u° in some sense (for example, as in the above blowing up

sequence) so that for any x and r > 0, limy_,0 E(r;z,u) = E(r;z,u’), then

. A )
)1\1&%9(.%,1; ) < Q(x,u )

That is, ©(z;u) is also upper semi-continuous in w.

Remark 6.8. A direct consequence of this upper semi-continuity is the convergence of
S(u?) for the blow up sequence u*. In fact, by combining the upper semi-continuity and
the characterization of singular points using the density function ©, we can show that
given any ¢ > 0,



J. Ddvila et al. / Advances in Mathematics 258 (2014) 240-285 279

S(u’\) N By C § — neighborhood of S(uo),
for all A small.
To prove Theorem 1.9, we argue by contradiction. So assume that the Hausdorff
dimension of S(u) is strictly larger than n — n,. Then by definition, there exists a 6 > 0
such that

H" " (S(u) N By) > 0. (6.14)

For a set A C R™, define
Hgtofanr‘;(A) = inf{ Z(diam Sj)"’”P+‘S7A C USJ}'
j J

Then by [14, Lemma 11.2 and Proposition 11.3], (6.14) implies the existence of a density
point z¢ € S(u) N By, that is,

HE ™% (S(u) N Br(x0))
rn—np+5

lim sup > 0. (6.15)

r—0

We can preform the blow up procedure at zp to obtain a homogeneous solution u« o
on R™. With the help of Remark 6.8, we can prove as in [14, Lemma 11.5] to show

n—mnp+0
H2 0 (S (e 0) N B1(0)) > limsup Heo (S(w) N Br(wo))

r—0

pT—— > 0, (6.16)

if we choose a suitable sequence A; — 0 in the definition of u ¢ to achieve the upper
bound in (6.15).

Since n > nyp, (6.16) implies that S(uee,0) N B1(0) contains a point x1 # 0, which can
also be chosen to be a density point by [14, Proposition 11.3]. Note that the origin 0
always belongs to S(ue,0) because uso o is homogeneous. This homogeneity also implies
that the ray {tz1: t > 0} C S(uco,0), and

O(tz1; Uoon) = O(21; Uco,n) fort > 0.

The main step in the dimension reduction procedure is to blow up once again at x;.
Assume that one limit function is us,1 and we have a sequence A; — 0 so that

4
0T
Ui = A7 Uoo0(T1 + i) = Uoo 1,

where the convergence is understood as before.
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We want to show that w1 is in fact translation invariant in the direction x;, thus
can be viewed as a function defined on R™~!. This can be achieved by the following
lemma, together with the fact that, for any ¢ € R,

O(tz1; Uoo,1) = limsup O(txr; u;) = limsup 8((1 + tA\;)xq; Uoo,o)

1—+00 i—+00

= Q(xl;uoo,O) = @(O;UOO,I)ﬂ
where we have used Lemma 6.5 and Remark 6.7.

Lemma 6.9. Let u € Wif(R") N LPYYR™) be a homogeneous stable solution of (1.1)

loc
on R™, satisfying the monotonicity formula and the integral estimate (6.7). Then for any

x #0, O(z,u) < O0,u). Moreover, if O(x,u) = O(0,u), u is translation invariant in
the direction x, i.e. for allt € R,

u(tez +-) =u(-) a.e inR".

Proof. With the help of the integral estimate (6.7), similar to Lemma 4.4, for any
zg € R",

lim E(r;zo,u) < C.

r——4o0

And we can define the blowing down sequence with respect to the base point xq,
uMx) = )\ﬁu(xo +Az), A— +oo.
Since u is homogeneous with respect to 0,
(@) = u(Atzo + ),

which converges to u(x) as A — +oo in W22 (R™) N LV (R™). Then Lemma 6.5 can be
applied to deduce that

O(0;u) = E(1;0,u) = lim E(l;O,u)‘)

A——+oo

= lim E(X\zo,u)

A—=—+o0

> O(xo;u).
Moreover, if O(xg;u) = @(0,u), the above inequality becomes an equality:

lim E(A zo,u) = O(zo; u).

A——+o0

This then implies that E(\;z9,u) = O(xp;u) for all A > 0. By Corollary 2.1, u is
homogeneous with respect to xg. Then for all A > 0,
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w(zo + ) = A7 Tu(zg + \z) = u(A "z + ).

By letting A — 400 and noting that u(A~!zg + -) are uniformly bounded in Wfof (R™),
we see

u(xg+-) =u(-) ae.onR™

Because u is homogeneous with respect to 0, a direct scaling shows that ©(tzg; u) =
O(zg;u) for all ¢ > 0, so the above equality still holds if we replace x¢ by tzo for any
t > 0. A change of variable shows this also holds if t < 0. O

We have shown that w1 can be seen as a function defined on R™ 1. It belongs
to Wfo’f(R”’l) N Lf;l(R”’l), and it is still a weak solution of (1.1). Moreover, the
estimates (6.7) and (6.12) hold for us, 1. It can also be directly verified that us 1 is
stable (by considering test functions p(x1,...,Z,—1)n(x,) where ¢ € C§°(R"™1) and
n € C(R)).

Similar to (6.16), when uo 1 is viewed as a function defined on R™, we have

HZ™ 0 (S(uoe,1) N B1(0)) > 0,

where S(uoo,1) is a cylindrical set in R™. Then if we view u; as a function defined on R"~1,
and by abusing notations, take S(u 1) C R" ™! as the base of the above cylindrical set,
this means

HIT170 (S (use,1) N B1(0)) > 0.

We can repeat this reduction procedure until we get a solution tse 5 —n, on R"?, which
satisfies

HS (S(tso,n—n,) N B1(0)) > 0.

In particular, S(teo,n—n,) cannot be a singleton because ¢ > 0. By blowing up e, n—n,
at a point r € S(too,n—n,) With 2 # 0, we would get a homogeneous stable solution of
v € WE2(R»=1)NLE (R 1), which is nontrivial by (6.13). However, this contradicts
Theorem 3.1. Thus we disprove our initial assumption (6.14) and get the estimate

dim S(u) < n — ny,.

Finally, we prove the discreteness of S(u) when n = n,,.
Assume there exists ©; € S(u)N By, such that ; — xg but x; # xg. Take r; = |xg—a;
and define

4

P

wi(z) = rf  u(xg + rix).
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After passing to a subsequence of i, we can assume that u; converges uniformly to a stable
homogeneous solution ., in any compact set of R™». Since z; = (x; — x¢)/r; € SP»~1,
we can also assume that z; — zo, € S™~ 1. By Remark 6.7, 2o € S(uso). As above, we
can blow up us at zeo to get a stable homogeneous solution in R®»~!, which contradicts
Theorem 3.1. Thus S(u) must be a discrete set.
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Appendix A. Proof of estimate in Lemma 6.4

Let us use the notation

1/q
Ifllq,w,n—sup(r” / |f|q) ,

z,r
B(z,r)N$2

L97(2) = {u e LUR): |u|

g2 < 00},
where 2 C R" is a bounded domain, 0 <y < n, 1 < g < .
For completeness we give a proof of the following result, which is an adaptation of
[19,21].
Lemma A.1. Assume u is a weak solution of
A2y = |ulP™ 'y in By(0)

and u € LP" 455 19(B,(0)) for some § > 0. Then u is bounded in B /2(0).

We need some preliminaries. Let

L(f)(x) = / & — 4|77 () dy.
RTL

Lemma A.2. (See [19, Lemma 1].) If f € LYY (R™), 0 <e <~y and 1 <p < 2= then

n—e—a’

/ L (H)[(2) dx < C diam(@)"—<(n—e—or / £ da (A1)
2 (9]
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Lemma A.3. (See Campanato [1].) Let 0 <y <n and ¢ > 0. Assume ¢ : (0,R] = R is a
nonnegative nondecreasing function such that

n

o(p) < c(f—nqﬂr) + r”) forall0<p<r<R.
Then there is C' depending only on n,-y,c such that

o(p) < C’p”(d)r(:) +1) forall0<p<r<R.
Lemma A.4. Let v satisfy A%v =0 in Br(0). Then there is C' such that

R. (A.2)

| =

lv(z)] < < / lv|dy  for all |z| <

Br(0)

Proof. By scaling we can restrict to R = 1 and v € C*(B1(0)). Let n € C>®(R") be a
cut-off function with n(z) = 1 for |z| < 2 and n(z) = 0 for |z > 3. Let I'(z) = cp|z[*™™

be the fundamental solution of A% in R”, ¢, > 0. Then

N | =

o) = [ AT - ) dy tor el <
B1\Bsy/3

and (A.2) follows. O

Proof of Lemma A.l. Let R; < 1 (close to 1), |z| < Ry and 0 < r < 1=, Let

|4—n

up = I'* ([ulP~luxp, ) where I'(z) = ¢l is the fundamental solution of A?

in R", ¢, > 0, and xp, () is the indicator function of B,(x). Let up = u — u;. Then
A2uy =0 in B,(z). By (A.2)

C

|UQ(Z)’ < e

/ lua| for z € B, 4().

B, (z)
Let y € B,/4(x) and 0 < p < 7. Integrating in B,(y) and using Hélder’s inequality

[ rect) | v

By (y) Br(z)

[wr<e [aree(®) [

By (y) By (y) Br(x)

Therefore
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p n
< C(;) / ul? +C / s 7. (A.3)
B, (z) B, (x)

Let v = n — 417%1 + 4. Using (A.1) with @ = 4, v = v and € a number such that
n—4p%1 < € < 7o we have

/ P < Cpn=e=(n=t=ap / .
B, (x) Bo(z)

Then, combining with (A.3) we obtain

/ |u|P<c(§) J R e

B, (y) B, (x) B (z)
n
< C(B) / lulP + Cypn—e—(n—4—e)p+vo
r
B,(x)

for any y € B,/4(x), 0 < p < 7. We have the validity of the inequality for 0 < p < 7,
possibly increasing C. Using the lemma of Campanato (Lemma A.3),

/ lulP < Cpnfef(n*4*6)p+w

By (y)

for 0 < p < r, which shows that u € LP7(Bpg,) where R; < 1 can be chosen arbitrarily
close to 1, and 73 = n—e—(n—4—e¢)p+-yo can be chosen arbitrarily close to n— ;‘Tpl +dp.
In particular we can choose 1 > 7. Repeating the process, we can find a decreasing
sequence R; — % and an increasing sequence 7; — n — 4 such that u € LP7i(Bg,).
Then by Lemma A.2 u € L9(Bs/4(0)) for all ¢ > 1 and by standard elliptic regularity
u € L®(By). O
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