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On the Characterization of £,-Compressible
Ergodic Sequences
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Abstract—This work offers a necessary and sufficient condition
for a stationary and ergodic process to be £,-compressible in the
sense proposed by Amini, Unser and Marvasti [“Compressibility of
deterministic and random infinity sequences,” IEEE Trans. Signal
Process., vol. 59, no. 11, pp. 5193-5201, 2011, Def. 6]. The condition
reduces to check that the p-moment of the invariant distribution
of the process is well defined, which contextualizes and extends the
result presented by Gribonval, Cevher and Davies in [“Compress-
ible distributions for high-dimensional statistics,” IEEE Trans. Inf.
Theory, vol. 58, no. 8, pp. 5016-5034, 2012, Prop. 1]. Furthermore,
for the scenario of non-£,-compressible ergodic sequences, we pro-
vide a closed-form expression for the best k-term relative approx-
imation error (in the £,-norm sense) when only a fraction (rate) of
the most significant sequence coefficients are kept as the sequence-
length tends to infinity. We analyze basic properties of this rate-ap-
proximation error curve, which is again a function of the invariant
measure of the process. Revisiting the case of i.i.d. sequences, we
completely identify the family of £,-compressible processes, which
reduces to look at a polynomial order decay (heavy-tail) property
of the distribution.

Index Terms—Asymptotic analysis, best k-term approximation
error analysis, compressed sensing, compressibility of infinite se-
quences, compressible priors, ergodic processes, heavy-tail distri-
butions.

I. INTRODUCTION

EFINING notions of compressibility for a stochastic

process, meaning that with high probability realizations
of the process can be well-approximated in some sense by
its best k-term sparse version [3], has been a recent topic of
active research [1], [2], [4]-[6]. Quantifying compressibility
for random sequences and the identification of compressible
and sparse distributions (priors) are relevant problems consid-
ering the recent development of the compressed sensing theory
[7]-[9] and its applications. These results can play an important
role in regression [10], signal reconstruction (for instance in
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the classical compressed sensing setting [2, Th. 2]), inference,
and decision-making problems [11], [12]. One important case
is defining such a compressibility notion for i.i.d. processes
where the probability measure is equipped with a density
function! [1], [2]. In this context, realizations of the process are
non-sparse (almost surely), and conventional ways of defining
compressibility for finite dimensional signals, based on the
power-law decay of the best k-term approximation error (or
sequences that belong to the weak-¢,, ball), are not applicable
either, as shown in [1], [2].

Motivated by this problem, Amini ef al. [1] and Gribonval et
al. [2] have introduced new definitions for compressible random
sequences. These notions are not based on the typical absolute
approximation error decay pattern of the signals, but on a rela-
tive £,,-best k-term approximation error behavior. In particular,
Amini et al. [1] formally define the concept of £,,-compressible
process (details in Section II below). This new definition pro-
vides a meaningful way of categorizing i.i.d. random sequences
(and their distributions), in terms of the probability that almost
all the ¢,-relative energy of the process is concentrated in an
arbitrarily small sub-dimension of the coordinate domain, as
the block-length tends to infinity. Under this context, they pro-
vide two important results using the theory of order statistics
[1]. First of all, [1, Theorem 3] shows that a concrete family of
i.i.d. heavy-tail distributions is £,-compressible (including the
generalized Pareto, Students’s ¢ and log-logistic), while on the
other side, [1, Theorem 1] demonstrates that families with expo-
nentially decaying tails (such as Gaussian, Laplace, generalized
Gaussian) are not £,,-compressible. Therefore, it is interesting to
ask about the compressibility of i.i.d processes not considered
in that analysis. In this direction, we highlight the work of Gri-
bonval et al. [2], which under an alternative notion of relative
¢,-compressibility (involving almost sure convergences instead
of convergence in measure, which was the criterion adopted in
[1]) and a different analysis setting (fixed-rate instead of the
variable rate used in [1]), elaborates an exact dichotomy be-
tween compressible and non-compressible i.i.d. sequences. This
raises the question of whether it is possible to connect Amini
et al. [1] £,-compressibility with the more refined almost sure
(a.s.) convergence analysis of the £, best k-term relative approx-
imation error in [2, Prop. 1], with the idea of completing the
analysis of [1, Ths. 1 and 3].

To address this question, we extend the analysis from i.i.d.
sequences to stationary and ergodic processes. In this broader
setting, the main result (Theorem 1) provides a necessary and
sufficient condition for a stationary and ergodic process to be
£,-compressible (in the sense of Amini et al. [1, Def. 6]), for

IThe probability is absolutely continuous with respect to the Lebesgue mea-
sure [13].
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any arbitrary p > 0. Furthermore, for the case of non ¢,-com-
pressible ergodic processes, we provide a closed-form expres-
sion for an achievable rate v/s {,-approximation error func-
tion. The key element in the proof is the application of the er-
godic theorem [14] and the derivation of intermediate almost
sure convergence results (Lemma 2 and 3 in Section IV) that
match and extend the approximation result presented by Gri-
bonval ef al. [2, Prop. 1] developed for the i.i.d. case. A corol-
lary of Theorem 1 implies a necessary and sufficient condi-
tion to categorize i.i.d. random sequences in terms of £,-com-
pressibility, which completes the analysis presented in [1, Ths.
1 and 3]. In addition, for the class of non-£,-compressible er-
godic sequences, we provide an analysis of its rate-approxima-
tion error curve demonstrating that is continuous, differentiable
(Theorem 2) and is convex under some conditions (Theorem
3). Finally as an application, we revisit the interplay between
£1-compressible ergodic sequences and the performance of the
classical Gaussian compressed sensing (GCS) setting [15], in
the asymptotic regime when the block-length tends to infinity.
Using the well-known #; -instance optimality performance guar-
antee of the GCS scheme [3], [15], [16], we show (Theorem 4)
that an arbitrarily small number of linear measurements (zero-
rate) is needed to achieve zero distortion, in an £1 -noise to signal
ratio (NSR) sense. A preliminary version of this work was pre-
sented in [17]. The current version extends the presentation and
analysis of the main result, provides further analysis of non-£,
compressible ergodic sequences and explores connections with
compressed sensing (CS).

The rest of the paper is organized as follows. Section II in-
troduces some preliminary elements and definitions.
Sections III and IV are devoted to the presentation of the main
result on the characterization of compressible ergodic processes
and its proof, respectively. Section V studies basic properties of
the the rate-approximation error curve for non £,-compressible
processes. Finally, Section VI elaborates an interplay between
£ -compressibility and compressed sensing. Some of the proofs
and derivations are presented in the Appendix sections.

II. PRELIMINARIES AND BASIC DEFINITIONS

For a finite dimensional vector ™ = (x1,..,2,) in R",
let (zp1,..,2nn) € R™ denote the ordered vector such that
|#n1| > |zp2] > -+ > |2, For some p > 0 and k&
e {1,..,n}, let

1

Cp(k733n) = (lmn,1|p+"'+ “Tn,klp)p (1)

denote the £,-norm of the best k-term approximation of 2",
where by definition ||z, = {y(n,2"). In addition,

oplky2™) = (Zngial” + -+ [2anP)5, Vh € {1,..,n},

)
denotes the best k-term £,-approximation error of z", in the
sense that if ¥} = {a™ € R™ : g,(k,2™) = 0} is the collection
of k-sparse signals, then o, (k, 2") = mingnesxy |[2™ — ;E"H(p.
For the analysis of infinite sequences, Amini et al. [1] and
Gribonval et al. [2] have proposed the following relative best
k-term £,,-distortion indicator:

UP(k7 wn)

Gplk,z™) =
P =1,

€[0,1], ke {1,..,n}, 3)
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with the objective of extending notions of compressibility to
sequences that have infinite £,-norm.

A. Rate of Innovation vs. Distortion for Infinite Sequences

Definition 1: For a sequence (2, )nen € RV, the rate-distor-
tion pair (r, d) € [0, 1]* is £,-achievable for (z,,) if, there is a se-
quence of positive integers (k) such that limsup,, , ., %” =7
and

lim sup &,(k,,2") <d, 4)
n—o0
where 2" = (x1,..,2,) € R™ is the finite-block version of

length 7 of (@, )nen.
Note that the use of the relative best k-term £,,-distortion in
(4) allows the analysis of sequences with infinite £,-norm.
Definition 2: For a sequence (2p)neny and p > 0, we
define its rate-distortion {,- approximation function by
rold, (2n)nen) =

inf {r € [0,1], (r, d) is £,-achievable for (zn)nen}, (5)
forall d € [0,1].

A simple consequence of these definitions is the following
result:

Proposition 1: For all (k,) such that liminf,, k?—j >
rp(d, (@,)) then limsup,,_. . &,(kn,2") < d.

(The proof is presented in Appendix [V-A)

Hence, 7, (d, (22n)nen) can be seen as the critical asymptotic
rate of innovation of (z,) when a relative best k-term £,-ap-
proximation error of magnitude d is tolerated.

Alternatively, Amini, Unser and Marvasti [ 1] have introduced
a notion of critical dimension for finite length signals, and from
this, a notion of £,-compressibility for infinite sequences. We
revisit those notions here:

Definition 3: [1, Def. 4] For 2™ € R™ and d € (0,1), let us
define

kp(d,2") =min{k € {1,.,n} : 5p(k,2™) <d}. (6)
Then, a sequence (2, )neny € RY is called £,-compressible if,
vd € (0,1)

kp(d, ™)

lim ——= =0,
n—o00 n

(7

where 2™ = (21, ..,&,) is the truncated finite-block vector of
(mn)nGN .

This notion of compressibility says that when the
block-length tends to infinity, a negligible fraction of the coef-
ficients is needed to represent (&, ),cny With an arbitrary small
{p-distortion in the sense of (3). Note that (xp(d, 2™))nen 1S
signal dependent and a variable-rate sequence. In addition, it
offers the critical number of terms needed to achieve a best
k-term approximation error smaller or equal to d in the sense of
(3). From this, it should be related with the critical rate (from a
fixed-rate analysis) described in Definition 2. That relationship
is presented in the following result result:

Lemma 1: Let (2,)neny € RN and d € (0,1), then

im inf 2T L e)nen) < lim sup 72E )
= X0 n n—00 n

®)
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(The proof is presented in Appendix IV-B)

A corollary of this result implies that if the limit
of (kp(d,2™)/n)nen exists, then lim, o % =
rp(d, (2,)). In particular from Lemma 1, if (z,) is ,-com-
pressible, then 7,(d, (#,)) = 0 for all d € (0,1). We refer the
interested reader to Amini ef al. [1] for further discussion and

examples of £,-compressible sequences.

B. Rate of Innovation vs. Distortion for Random Sequences

Analogous notions of rate of innovation vs. best k-term
L,-distortion and compressibility can be stated for the case
of random sequences (or processes). Let Xq,..,X,,.. be a
random sequence with values in (R, B(R)) and characterized
by its consistent family of finite-dimensional probabilities
{w" € P(R™) : n > 1} [14], where X = (X1,..,X,) ~ u"
and P{R™) denotes the space of probability measures for
the Borel measurable space (R™,B(R™)). As a short-hand,
we denote by P = {u™ : n > 1} the process distribution of
(Xn)neN~

Let us define the following measurable set:

Ak = {a" € R™ 2 5y (k, ™) < d}

= {2" € R" : ky(d,2") < k} € B(R"), 9
where the equality is by (6). Then in analogy with Definition 3,
Amini et al. [1] proposed the following:

Definition 4: [1, Defs.5 and 6] Let (X, )nen be a random
sequence (equipped with P). Then for any ¢ € (0,1) and d €
(0,1), &p(d, e, u™) =

min {k € {1,...,n}: p"(A3*) > 1 -}, (10)
is the critical number of terms that makes the set AZ’k e-typical

with respect to p™. The process (X, )nen (and P, respectively)
is said to be £,-compressible, if Ve € (0,1), ¥d € (0,1),

i Feld 6 p")
n—00 n

=0. )]

Alternatively, we can consider the following fixed-rate no-
tions:

Definition 5: Let (X,,)nen be a process characterized by P,
and let us consider ¢ € (0,1), 7 € (0,1) and d € (0,1). We say
that the rate-distortion pair (r,d) is £,-achievable for (X,,) with
e probability, if there exists a sequence of positive integers (k,,)

such that lim sup,, .., %" = 7 and

lim inf p"(A5F)>1 e (12)

Definition 6: The rate vs. best k-term approximation error
function of (X,,)nen (in short the rate-approximation error
function of (X,,)) with ¢ probability is given by2: 7,(d, ¢, P) =

inf {r€]0,1], (r, d) is €,-achievable for (X,,) witheprob.}.
(13)
A simple relationship between 7,(d,¢,P) and the critical
number of terms in (10) can be established in the asymptotic
regime when n goes to infinity, showing that our fixed-rate
concept is a weaker one.

2Note that this rate-approximation error function (of (X, ), en) is expressed
as a function of .

2917
Proposition 2: For any e € (0,1) and d € (0,1)
5 (et
Fo(d, ¢, P) < lim sup Fpld, 6 1) (14)
n—o00 n

(The proof is presented in Appendix IV-C)

In the next section, we will study the class of stationary and
ergodic processes [14], where the best k-term approximation
properties measured in terms of 7, (d, €, P) will be characterized
in closed-form. Furthermore, it will be shown for this class of
random sequences that

2 (d n
Fold,e,P) = lim Fold &, 1) —_— )

forall e > 0 and d € (0,1), refining the basic relationship

presented in Proposition 2.

III. ANALYSIS OF ERGODIC PROCESSES

Let (X, )nen be a stationary and ergodic process with distri-
bution P = {x” : n > 1}, where 1+ € P(R) denotes its mar-
ginal shift-invariant distribution [14]. For simplicity3, we as-
sume that ¢ < A where A denotes the Lebesgue measure [14].
Then  is equipped with a probability density function (pdf) and
dp(z) = K(x)dA().

For a measure v on (R, B(R)), a measurable function f :
(R, B(R)) — (R, B(R)) is said to be integrable with respect
to v if [14]

[ 5@ dota) < . (13)
where L; (v} denotes the collection of v-integrable functions.

We are in the position to state the main result:

Theorem I: Let (X, )nen be a stationary and ergodic process
with shift-invariant distribution ¢ € P(R) such that p < A.
Then for any p > 0, we have the following dichotomy:

i) If (@P)eerm ¢ Lq(p): then (Xy)nen is £,-compressible,
ie., Ve € (0,1) and Vd € (0,1),

lim Fo(d 6 1")
n—00 n

fo(d, e, P) = =0. (16)
il) If (#”)ycr € L1(p): then (X, )nen is not £,-compress-
ible. Furthermore, if we introduce the induced probability

measure in (R, B(R)) by:

v,(B) = % VB € B(R), (17
then Vd € (0,1) and Ve € (0,1)
7p(d,e,P) = lim M = u(Bra),  (18)
where V7 > 0
B, = (—o0,—7]U|[r,0) € B(R), (19)
and 7(d) > 0 is a solution of the identity:
vp(Brga)) = 1 — dP. (20)

3The general case when g has atomic components can be extended from the
result presented here. This extension does not offer new insights, while it re-
quires the introduction of technicalities that make the statement and the proof
of the result more involved.
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The proof is presented in Section I'V.

A. Discussion and Interpretation of Theorem 1

1: Theorem 1 offers a necessary and sufficient condition for
a stationary and ergodic process to be 1p-compressible in
the sense elaborated in Definition 4.

2: In the case of non £,-compressible processes, i.e., when
(2P)zem € L1(p), Theorem 1 offers what we call the
achievable rate-distortion region for the process, given by
the set of critical rate-distortion pairs:

Ry = {(u(BT), 1- 'UP(BT)> c0,1P?:7> 0} . @21

This region depends solely on the shift invariant measure
p € P(R) and its induced measure v, € P(R) in (17).
More details on the characterization of this region will be
presented in Section V.

3: Under the assumption that (z?),cg € Li(u) and p <
A, we have that any rate + € [0, 1] and distortion d &
[0,1] are achievable (see proof in Section IV and more
details in Section V). This fact is used to derive a concrete
analytical expression for 7,(d, ¢,P) in (18). Furthermore,
from the characterization in (18) and (20), it can be shown
that 7,(d, €, ) is a continuous and differentiable function
with respect to d € (0, 1) (see Theorem 2 in Section V).

4: In both scenarios i) and ii), the critical rate 7,,{d, ¢, P') for
a stationary and ergodic process is independent of €. The
reason is that asymptotically as n goes to infinity, the char-
acterization of 7,,(d, ¢, P) implies to compute probabilities
on events that belong to the tail o-field of the process,
which is known to be trivial (i.e., their events have zero
or one probability) for the case of ergodic processes [14],
[18], [19]. Therefore, we obtain almost sure convergence
results that make independent of e the value of our object
of interest 7,,(d, ¢, P) (see Section IV for details).

5: A natural order among stationary and ergodic process can
be established from Theorem 1.

Proposition 3: 1f (X,,)nen is £,-compressible for some p >

0, then (X, )nen is £4-compressible for all ¢ > p.
Proof: If (4P)per ¢ L1(p), then (29),ecr & L1 (p) for all
q2p.

Proposition 4: If (X, )nen is not £,-compressible for p > 0

then (X, )nen is not £,-compressible for all g < p.
Proof: If (2P),er € Lyi(p), then (27),cr € Ly (1) for all
q=p.

6: Revisiting the i.i.d. scenario4, we want to highlight the re-
sults by Amini et al. [1] related to £;-compressibility in
the sense of (11). In particular, [1, Theorem 1] says that
if g is such that for some v < 0, Ex.,(e?) < oo
then the i.i.d. process is not £1-compressible. In contrast,
[1, Theorem 3] says that if ;1 belongs to the domain of
attraction of an «-stable distribution [14, Chap. 9.11, pp.
207-213] with &« € (0,1), then the process is £1-com-
pressible. First for p = 1, Theorem 1 provides a refined
result, revealing a richer (indeed, the complete) family of
i.i.d. distributions that are not ¢;-compressible. In fact,
in addition to distributions that go to zero exponentially,
and consequently (z),cr € L1(p), (Gaussian, Laplacian,

4t is well-known that i.i.d. processes are stationary and ergodic [14].
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Gamma, etc.), heavy tail distributions whose density func-
tion are tail lower and upper dominated by a power law
decay of the form \xl% with p > 1 are not ¢; -compress-
ible eitherS. On the other hand, concerning [1, Th. 3], it is
simple to verify that any g that is in the domain of attrac-
tion of an a-stable law with a < 1 [14, Ch.9] satisfies that
Ex~.(IX|) = oo (see Appendix IV-E for details), and
consequently, part i) of Theorem 1 covers this family of
£1-compressible i.i.d. processes.

7. Complementing the previous point, from Theorem 1 we
can state the following:

Corollary 1: Let (X,)nen be a stationary and ergodic

process, if 3y > 0 where Ex, ., (e 7¥*) < oo, then

(X)) nen is not £,-compressible for any p > 0.

Therefore, stationary and ergodic processes equipped with a
shift-invariant distribution that follows a Gaussian, generalized
Gaussian, Laplacian and Gamma are not £,,-compressible in the
sense of Definition 4, for any p > 0. In addition, if y is finitely
supported, i.e., 3C' > 0 where p([—C, C]) = 1, then its process
is not /,-compressible for any p > 0.

Corollary 2: Let (X,,)nen be a ergodic process with in-
variant distribution ¢ < A and density f,(z) = d)\( x), Vo €
R. If f, () decays as |z ~("*1) for some 7 > 0, then®

(X)nen is l,-compressible, if and only if, p > 7.

Therefore, for shift invariant distributions characterized by a
power-tail behavior, which belong to the category of heavy tail
distributions, a complete picture of the range in which its er-
godic process is £,-compressible is obtained.
8: For the proof of Theorem 1, we derive almost sure con-
vergence results (see Lemma 2 and 3 in Section IV).
In the case when (2P),cr € Li(p): if (k,) is such
that lim, . an = u(B,) for some 7 > 0, then
lim,, o 0y {kn, X™) = 1 v,(B;), P — a.s.. Fur-
thermore, for d = {/1 ) for some 7 > 0, it
follows that linm,, ""”(% ,u(B ), P — a.s.. In the
case when (2P),cr € Li(p): if limy, o %” > 0, then
limy,, o, 6p(kn, X™) = 0, P — a.s. These results are con-
sistent and extend the result by Gribonval et al. [2, Prop.
1], which for the i.i.d. case shows the same almost-sure
convergence limit for the object 6, (ky, X™). Their proof
was based on the Wald'’s lemma of order statistics (see
details in [2, Th. 6]). In contrast, our proof is based on
the use of the tail events in (19), some induced empirical
distributions on those events, and the convergence of those
empirical measures through the application of the ergodic
theory (see Section IV for details). The idea adopted in
our proof was to look at the empirical distributions of
1 and v, as the objects of interest, instead of the partial

SA measure g < ) is tail lower and upper dominated by a no-negative func-
tion g(z), if there exits zo > 0 and 0 < Cy < C; such that for any z such
that |z| > @, then Co - g(x) < fu.(z) < 1 - g(x). Here f, () denotes the
pdf of .

6We say that £, (z) decays as |z| = ("+1) if there exists z, > 0 and 0 <

K, < Ky < oo and limgz_ o f]’j(<z)) = p € RY U {0}, where: if p = 0,

then Vo > z,, Kyz~"t1) < f, ( } < Koz 7t if p = oo, then Vz <
—z,, K|z~ < fu(x) < Kalz| -0+, and otherwise, VII\ >z,
then Ky |z| =D < fu(z) < Ka|z|~C+D,
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2P fz(z)

dPEZP

T

z

Fig. 1. Graphical representation of the relationship between 7, 7(d, €, P) and
dP in Theorem 1. Notice that EZ? is the total area under the bottom curve.

sums of the ordered statistics considered in [1], [2]. That
difference was essential to extend the mentioned almost
sure convergence results (in Lemma 2 and 3) to the family
of stationary and ergodic processes.

9: Under the assumption that g < A, Theorem 1 shows an-
other interesting dichotomy:

Corollary 3: 1f for some ¢ € (0, 1) and for some d € (0,1)

it holds that

g
7o(d,e,P) = lim Ridye p)

n—o00 n

=0,

then the latter also holds for all ¢ & (0,1) and for all
d € (0,1). Likewise, if for some ¢ € (0,1) and some
d € (0,1) #,(d,e,P) > 0 then for all d € (0,1) and all
€ (0,1) 7yld, &, P) = lim,,_, o, 258" 5 0,

k23

B. Graphical Interpretation of R,

Note from (20) and (17) that d? = 1 — v,(Br) and
vp(Bray) = IBT(@ laP| dp(z)/ [g |2P] dpa), respectively.
The numerator in the last expression corresponds to the ex-
pected value of Z? - 15_, (%), for a random variable Z 2 |X|
where X ~ p. Similarly, from (18), the optimal rate #(d, €, P)
equals the expected value of 15, (Z). Thus, #(d, €, P) cor-
responds to the area under the “tail” of fz(z), which denotes
the pdf of Z, depicted in Fig. 1 (top), while d? coincides with
the area under the curve 2% fz(z) to the left of 7(d), coloured
in Fig. 1 (below). This graphical representation allows for an
intuitive interpretation of the relationship between p and the
compressibility of a given stationary ergodic process (X, )nen.
In order for this process to be compressible, 7(d, ¢, P) must be
zero for every ¢ € (0,1) and for every d € (0, 1). Equivalently,
(and recalling from (16) that 7(d, e, P) is a limit), it must be
possible to achieve any d € (0, 1) while keeping an arbitrarily
small fraction of the elements of the process, as n — .
Such requirement is satisfied if and only if EZ? = oo (i.e.,
if 2# ¢ L;(u)), which implies that no matter how large 7 is
chosen, the shaded area in Fig. 1 (bottom), being infinite, will
yield a zero d.

IV. PROOF OF THE MAIN RESULT

Proof: Let us first consider the case when (2%),crp €
Ly(p). For the rest, it is important to note that given that
@ < A, then for all » € (0,1) there exists 7 > 0 such that
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w#(B;) = r, and for all d € (0, 1) there exists 7 > 0 such that
1—wv,(B,) =4d7
For (X1, .., X,,) ~ p™, we can define:

n

n(X" B,) =Y 1p (X)), (22a)
i=1
where from the ergodic theorem [14, Th. 6.28], V1T > 0,
. n(X", B,
Jim MEE) gy (%0 (B2, Poas,
(22b)
Xi|P1lp, (X
, z‘:1| 1o (%) _ Exyu(IX4P15, (X4))
litn - =
oo S IX; [P Ex,nn(1X:]P)
i=1
zPdu(x
= M =vp(B;), P —a.s. (22¢)
Jr |2lPdp(z)

The second almost sure convergence is from the assumption that
(2P)zer € Li(u). Then, we can state the following:

Lemma 2: Let (X,,)nen be a stationary and ergodic process
with distribution g < X and (2% ),ecr € L1(p). Then for any 7
> 0 and sequence (k,,)nen such that lim,,, ’%" = pu(B;),
we have that

,,15& plkn, X™) = {1 - v(Br), P—as.  (23)
In addition, ¥d € (0,1),
d, X"
lim (X" w(Bra), P — as. (24)
n—00 n

where 7(d) > 0 is a solution of ¢/1 — v,(Br(q)) = d. (The
proof is presented in Section IV-A)

In order to prove (18), let us fix d € (0, 1). Then there exists
7(d), such that (20) holds and from Lemma 2 if (ky, ) nen is such
that 22 — (B, (g)), then lim,, ., 5p(ky, X™) = d, P — a.s..

Let us consider an arbitrary ¥ < 7(d) such that
w(Bz) > p(Byray), then again from Lemma 2, if a se-
quence (k,) is such that lim,_ .. ’;—l” = u(Bz), then
lim,, o @(l}mX") = /1 - v,(Bs) < d,P — a.s.. Conse-
quently, &p(l;n, X™) convergences almost surely to a distortion
strictly less than d, and then for all € > 0:

lim inf ,u”(As”;“") >1-—e

n—o

(25)

Hence from the definition of &, (d, ¢, u™) in (10), we have that
Fp(d, €, i) < ky, eventually in n, which implies that

< lim Fu _ w(Bs3).

n—oo N

lim sup -Z

n—o0

Rp(d, e, u™)
— (26)

This upper bound is valid for any 7 < 7(d) such that p.(Bz) >
,LL(BT(d)), then fp(d, e,P) <
i (d e un
lim sup M = inf
n

n—00 F<r(d)
#(B#)>1u(Br(ay)

p(Bz) = p(B(a))-
(27)

In general, the achievability condition on 7 > O for the rate (u(B.) = r)

and the distortion (§/1 — v, (B.) = d) are not unique.



2920

The first inequality comes from Proposition 2 and the last
equality from the fact that the function ¢,(7) = p(B,) is
continuous with respect to 7 as g < A.

To derive a lower bound, let us consider an arbitrary ¥ €
(0, (B~ (ay)). We know that there exists ¥ > 7(d) such that
1(Bz) = 7. Again from Lemma 2, for all (k) such that &=
7, then limy, oo Gp(kn, X™) = /1 —vp(Bz) = d>d, IP’ —
a.s.. Therefore,

lim p (A"k )=0.

n—0o0

(28)

This result implies that eventually in n, k, < &, (d, €, 1) and,
consequently,
ky, 5 (d . i
lim %% — (Ba) = 7 <lim ing Fr(Costn)
n

n—co N n—00

(29)

On the other hand from (28), we have that it is necessary that
7p(d, e, P) > 7. This last inequality and (29) are valid for any
S (07 :UJ(BT(_d)))’ thnenu(BT(d)) < fp(d7 €, P) and:u‘(BT(d)) <
liminf, oo 22%9#") which from (27) proves (18).

Moving to the case where (2P),cr ¢ L1(p), we have that

Ex<u(|X|?) = oo, then from the ergodic theorem [14] VT > 0,
. (X", B,
Jim PP R (1, (X)) = (B, P - s,
(30)
E | Xi[P1p, (X3)
lim = =1, P—-as (1)
n—xo
> | Xl
i=1
Equation (31) comes from lim,, ., > o Zz 11X = Exep
(IX[P) = oo as., and limsup,,_, o, = 37 | |X;[P1p.(X;) <
T. In other words, 3D means that

lim,, .o 6,(n(X", B;),X") = 0, P — a.s. Furthermore,
we have the following:

Lemma 3: Let (X,,),en be a stationary and ergodic process
with distribution g < A and (2%),er ¢ L1(p). Let us consider
an arbitrary » € (0, 1] and (k,,)nen such that lim,, o, ’%” =r,
then

hm Gp(kn, X") =0, P —a.s. (32)
(The proof is presented in Section [V-B)
Let fix an arbitrary » > 0 and (k,,) where lim,, . %” =7,
then from Lemma 3 we have that ¥Vd > 0:
lim g™ (ALY = 1. (33)

n—o0

Then for all € € (0,1) and d € (0,1), liminf,, ., p™(AZ*")
> 1 — ¢ and therefore Fp(d, €, pin) < ky, eventually in n. From
this, lim sup,, _, W < rforall r > 0, which concludes

the result from Proposition 2. ]

A. Proof of Lemma 2

Proof: To begin let us prove the fixed-rate result in (23). It
is first important to concentrate in the case when %“ — 0 and
to show that

lim &,(k,, X")=1.P —a.s.

n—o0

(34)
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For any 7 > 0, let us define the sets

AT = {(ln)n € RN : ll)m n(l r;BT) - ;U‘(BT)}7
sz{@aneRN
: li)m Gp(n(z™,B;),2") = §/1 —v,(B )} (35)

where from (22b) and (22¢), P(A™ N B7) = 1 because

lim &,(n(X™,B,), X"} =

n—rod

1—wv,(B;), P—as. (36)

Letus fix an arbitrary 6 > 0 andletd = 1—4 and 7(d) be such
that ¢/1 — v,(Br(q)) = d, which implies that u(B;(q) > 0.
Let us take an arbitrary (2:,,), € AT A BT From the zero-
rate assumption on (k,,), the definition of .AA™ and the fact that
w(Br@y) > 0,3N > O such that Vn > N, k, < n(z", B;(a)),
which implies that &, (n(x™, B;(q)), 2") < Fp(kn, x ) There-
fore considering that (), € B9,

lim inf &,(k,,2") >d=1-4.

n—00

(37

Performing the same steps for the sequence d,, = 1 — 1/m
and defining 7,,, = 7(d,,) accordingly?, we have from (37) that
V(@n) € Npsi (AT NB™),

lim inf &,(k,,2") > supl—1/m =1. (38)
m>1

n—oo

Then from the sigma additivity of P, P((,,,~; A™NB™) =1,
which proves the result in (34). a

Equipped with this result, for an arbitrary » € (0,1) let us
consider (k, ) such thatlim,, , , k,/n = 7. We know that there
exists 7, > 0 such that r = (B, ), and for this 7, we consider
the sets A" and B7° as defined in (35). Then for any (z,,) €
AT N B it follows that
k, n(2" B.)

lim = 0.

n—oe | N n

(39)

Furthermore, from definition of ordered sequences, it is simple
to verify that (see (1)):

|Gp(kny ™) — Gy (n(a", ) a")?|
_ Gk — (", By, )2

HZF”HZ

=1—6,(|k, — n(z™,

B.,),a"y  (40)

This is where the zero-rate result in (34) is used. In particular,
if we consider (@, )neny € (A™ N B™) N ﬂm>1 A BTm
from (40), (38) and the fact that |k, — n(z™, B-,)| is o(n) in
(39), we have that lim,,_, ., 6, (k;,, 2™) =

li)m p(n(z™,B,,),x") = {/1 —v,(B,,), (41)

the last equality in (41) from definition of 87 in (35). Finally f-
rom (22b) and (22¢), P ((ATO NB™)NNps A™ N BT’"‘) =
1 which proves (23). -

Concerning the fixed-distortion result in (24), for d € (0,1)

let 7(d) > 0 be such that ¢/1 — v,(B,(4)) = d. Let us consider
87, is such that &1 — v, (B.,,) = dm,¥Ym € N.



SILVA AND DERPICH: ON THE CHARACTERIZATION OF £,-COMPRESSIBLE ERGODIC SEQUENCES

an arbitrary 7 > 7(d) where u(Bz) < p(Br()) and conse-

quently v, (B7) < vp(Br(qy) (note that i and v, are mutually

absolutely continuous). Again for this 7, we use the sets in (35),

where for all (z,,) € A™ N BT, it follows that Ve > 0, 3N,

such thatVn > N, |6,(n(2", B:),2") — &/1 — v,(B:)| < e.

L—vp(Br)
2

Considering ¢ < 7d, it follows by definition in (6)

that:

n(a", Br) < kp(d,z™), ¥n> N, (42)
then lim,, o n(z", B7)/n=pB7) <liminf, . ,(d, 2" /n.
We can do the same for the countable collection:

C—{f‘mET(d)—Fi

m

:m € N such that u(B:,) < ,u,(BT(d))} (43)

where for any (x,) € ; .. A™ NB™,

p(Bray) = sup p(Bs,,) <lim inf sy(d,2")/n.  (44)

.;mec Nn—o0

The first equality follows from the continuity of the function
fu(t) = p(B;) with respect to 7 as ;1 < A. Then from
the fact that P((); ., A™ N B™) = 1, we have that,
p(Bray) < liminf, . £,(d, X™)/n, P-as. Finally, proving
that limsup,,_, , kp(d, X™)/n < p(B;(q)) P-a.s. follows an
equivalent symmetric argument and we omit it. O

B. Proof of Lemma 3

Proof: Forr > 0letus consider 7 € (0,r) and 7 > 0, such
that u(B,) = 7 and (k,,) such that lim,, . k,/n = ». Con-
sidering the sets A™ = {(l‘n)n cRM: % — u(BT)}
and B7 = {(zn)n € RN :5,(n(a", B;),2") = 0}, we
have that P(A™ N B") = 1 from (30) and (31). Let us
fix an arbitrary (2,)neny € A” N B7. Considering that
F < 7, then n(2™, B;) < k, eventually in n, and therefore
Gp(n(z™,B;),X™) > &,(ky,, X™) eventually, which implies
from definition of B™ that lim,, .., 6p(k,,2™) = 0. Finally,
the fact the event 4™ M B happens P-almost surely concludes
the result.

V. PROPERTIES OF THE RATE-APPROXIMATION ERROR CURVE
FOR NON ¢,-COMPRESSIBLE PROCESSES

For the family of non ¢,-compressible ergodic processes, in
this section we study two tail functions that characterize the
achievable rate-distortion region in (21). Let (X,,)nen be sta-
tionary and ergodic with 12 € P(R) its invariant probability
measure. Here we focus on the case where (27),er € L1 (),
then the measure v, € P(R) in (17) is well-defined and by

9The arguments are simple to verify and they are omitted for the space con-
straint.

10Note that forp € (0, 1] the fact that is non-increasing is guaran-
teed from (47). On the other hand, from this analysis, whenp > 1, it is not abso-
P

d7p(d,e,P)

lutely clear that is non-decreasing in the whole range d € (0, 1),

_a
Fup (D)
however it goes to zero as d approaches 1 from below. This is formally analyzed
in Theorem 3.
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construction v, < u, where the Radon-Nikodym (RN) deriva-
tive (or density) of v, with respect to p is given by %(m) =

f|‘+2() for all . Furthermore, from the strict positivity of

plElPdu(z

2P on R\ {0}, it is clear that p < v,,, where ;T“(:v) = ‘%’(r)‘l
B

and then these two measures a mutually absolutely continuous
[14], i.e.,

Vp > 0,VB € B(R), u(B) =0, if an only if, v,(B) = 0.
(45)
This implies a close interplay between the tail-probability func-
tions

$u(7) = p(B:) and ¢y, (1) = vp(B-),

that characterize R,, = {($.(7), ¢/1— &, (7)) : 7> 0} in
(21). The following basic properties can be stated:

Proposition 5: °

a) ¢,(7) and ¢, (7) are left-continuous.

b) lim, o ¢u(r+1/n) = ¢,(r) — p({7} U{—7}). Then,
¢, () is continuous at 7 > 0, if and only if, ({7} U
{-mh =0

¢) Forany 7 > 0, ¢,(7) is continuous at 7, if and only if,
$v,(T) is continuous at 7.

d) For any pair 7 > 7 > 0, ¢,(7) < ¢,(7), if and only if,
P, (1) < ¢’up(":)~

e) ¢u(0) = ¢,(0) =
lim, w0 ¢, (1) = 0.

From these properties we can state the following:

Theorem 2: Assuming that p < A, then for any € > 0:

1) #,(d,€,P) is a continuous function with respect to d €
[0,1].

2) Vd € [0,1] there is 7 > 0 such that §/1 — ¢, (7) = d and
Vr € [0, 1] there exists 7 > 0 such that ¢,,, (1) = r. Then,
the collection of critical rates {7p(d,¢,P):d €[0,1]}
achieves all the values in [0,1], and any distortion
d € [0,1] is achieved in R, with a given rate.

3) For0 < d < d < 1, then 7, (d, ¢, P) > 7,(d, ¢, P).

4) 7,(d, €, P) is a differentiable function in (0, 1), and

(46)

1 and lim, o ¢u(r) =

P

(e, P) Pl <~—d ) , Vd € (0,1),

ad d b, (d)

(47)
where |[2P[[ () = Jg |2|” du(x) and g/;;pl {d) denotes the
inverse of the auxiliary function &Up (1) = /1 - ¢,,(7)
for = > 0.

The proof is presented in Appendix I.

In summary, the rate-distortion approximation function
(7p(d, €,P))acro,1) is continuous, injective and achieves all
the rates, in the sense that for any » € [0,1] there is only
one d € [0,1] such that #,(d,¢,P) = r. In addition, it
is strictly decreasing and satisfies the following boundary
conditions: 7,(0,¢,P) = 1 and 7,(1,¢,P) = 0. Further-
more, it is simple to verify that limg ,q (/Sgpl (d) = 0 and

limg_.q (Z);pl (d) = oo. Then from (47), it seems that 87p(deP) (Z;if’P)

should be a non-increasing function as d progress to 1 (consid-
ering that limg_,{ ar”(ad—c’f’[p) = 0), and consequently, 7, (d, ¢, P)
should present a convex dominating behaviorl® eventually as
d progresses to 1. The next section analyzes the convexity of

7p(d, ¢, P) more formally.
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A. Convexity of 7p(d, ¢, P)

First in this section we show that 7,(d, ¢, P') is a convex func-
tion of D = dP. Then, we provide a necessary and sufficient
condition for 7, (d, €, P) to be a convex function of d.

Proposition 6: For every p > 0, 7,,(d, ¢, P) is a convex func-
tion of D = d? over (0,1).

(The proof is presented in Appendix IV-D)

Theorem 3: Let (X,,} by a non {,-compressible stationary
and ergodic sequence equipped with 4 < A. Then

1) ifp < 1,7,(d, ¢,P) is a convex function for all d € (0, 1).

2) Otherwise, #,(d, €, P) is convex, if and only if,

L)
D(r) p—1’

where fz is the pdf of Z = | X|, with X ~ p, and D(7) =
fo 2 f(z)dz
The proof is presented in Appendix II.
Remark 1: The condition in (48) is implicit and may be dif-
ficult to verify. A simple to check sufficient condition for the
convexity of 7,(d, e, P) is the following:!!

vr >0, (48)

/ fy(2)zPTdz <0, Vr > 0. (49)

where f'(z) = £ f7(z).In partif:ular, anon increa.lsing pdf(i.e.,
I4(2) < 0 almost everywhere in R™) characterizes a convex
rate-approximation error function.

B. Examples of Heavy Tail and Exponentially Decaying Tail
Distributions

We present few examples of rate-approximation error curves
of non £,-compressible i.i.d. processes. In particular following
[1], we consider the Gaussian (exponentially decaying distribu-
tion), which is non £,-compressible for any p > 0, from Corol-
lary 1, and the family of Student’s ¢-distribution with parameter
q > 012, whose pdf goes to cero as O(|z|~(¢*1)). From Corol-
lary 2, the i.i.d. process with a Student’s t-distribution (¢ > 0)
is £,,-compressible for any p > ¢ and non-£,-compressible for
p < q.

To compute the rate-distortion function (7,(d, ¢,P))geqo,1]5
we use the fact that R, = {(7,(d,¢,P),d) : d

{(ﬂ(BT), £ 1vp(BT)> c0,1P:7> o}.

Then the problem reduces to compute ¢, () = u(B,) and
¢v,(T) = vp(B,), for all 7 > 0. For this we consider an es-
timation approach. Considering a sufficiently large set of i.i.d.
realizations of p (let say Xy, .., X,,), the law of large numbers
[14] tells us that for any 7 > 0 and p > 0,

m
=R
et
=

I

Jim % Z 1, (Xi) =¢.(7) (50)
=1
n ' ] p
= i L TN
n—00 n o f lllpd,u(ib') S
2o (X)Xl "

i=1

1 The proof is omitted for the sake of space.
12The pdf of a Student’s ¢-distribution with ¢ degrees of freedom is given by

2 2 — +1 . .
flz) = F((L\/qi,?/') (1+22/q) %37 where T(-) is the gamma function.
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The Rate—Approximation Error Curves: p=1
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Fig. 2. Numerically estimated rate approximation error curves for several non
£1-compressible i.i.d. processes and one £1 -compressible i.i.d. process.

with probability one, assuming that [ |z du(z) < oo and
the use of (17). Then, by sampling the space of thresholds 7
€ [0,00) and considering a sufficiently large n, we can esti-
mate with an arbitrary good precision the rate distortion region
‘R,.. Following this path, Fig. 2 shows the estimated rate-ap-
proximation error curves for the Gaussian, and several Student’s
t-distribution for p = 1. We verify that some Student’s ¢-distri-
bution are ¢;-compressible (cases ¢ = 0.5 and ¢ = 0.8) and
others are non #;-compressible (cases ¢ = 2, g = 3 and ¢
= 7) as the Theorem 1 predicts. More interesting is to validate
in all the cases of non compressible priors, that the curves have a
convex behavior, which is justified from (49). Furthermore, the
density with the exponentially decaying tail is less compress-
ible than any prior with a power law decay, in the sense that
for achieving a distortion d € (0, 1) the Gaussian i.i.d. process
needs a higher rate. From these curves, as g goes to infinity the
1.i.d. process with a heavy-tail distribution approaches the ap-
proximation error behavior of the Gaussian law.

Fig. 3 shows the rate-approximation error curves for the
Gaussian prior for different values of p > 0. It is interesting to
observe the increasing monotonic behavior of 7,(d, ¢,P) as p
increases, for any fixed value of d > 0. Again all curves have
a convex behavior. To contrast, Fig. 4 shows a set of curves
for the Cauchy distribution (i.e., Student’s ¢ distribution with
g = 1), where no clear monotonic pattern is observed as a
function of p.

VI. £1-COMPRESSIBILITY AND COMPRESSED SENSING

We conclude this work analyzing compressible stationary
and ergodic sequences, as characterized in Theorem 1, in terms
of their ability to be represented with an arbitrary small pro-
portion of linear measurements adopting for that the classical
compressed sensing (CS) measurement and reconstruction
setting. In particular, the focus is on #;-compressible pro-
cesses, as the standard Gaussian i.i.d. linear acquisition and
{1-minimization (sparsity promoting) decoder of CS [15], [16]
offer a well-known ¢; -instance optimality guarantee [3] (stated
below in Lemma 4) that matches the modeling assumption of
{1-compressible processes.
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The Rate—Approximarion Error Curve: Gaussian Distribution
T T T T T T T

rate

distortion

Fig. 3. Numerically estimated rate approximation error curves for the Gaussian
i.i.d. process considering different £,,-norms.

The Rate—Approximation Error Curves: Student t distribution g=1
1 T T
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Fig. 4. Numerically estimated rate approximation error curves for the Cauchy
(Student’s t-distribution with ¢ = 1) i.i.d. process considering different
£,-norms in the regime where the process is non £,-compressible (i.e., p < 1
from Corollary 2).

A. Compressed Sensing in a Nutshell

In the finite dimensional setting, the analysis phase of the
CS is a linear operator ¢(w) : R™ — R™, that given a signal
z € R™ generates a measurement vector y = ¢x € R™. The
case of interest is on the under-sampled regime, i.e., m < n,
where under sparse or compressible assumptions on 2, CS can
offer perfect or near-optimal reconstruction by the solution of
the following (linear programing) problem [16]:

A*(y) = arg

min

52
{zeR™y=¢z} ( )

121, -
Notably, the CS theory, based on the restricted isometry prop-
erty (RIP), establishes sufficient conditions over ¢ (and implic-
itly over the number of measurements m) in order that 2 =
A*(¢x), when 2 € Xy for some k < n. The next result, in
its original form stated in [9], shows that random measurements
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offer a solution to that problem with a near optimal relationship
between m and & [3]13.

Lemma 4: ([15, Th. 5.2] and [16, Th. 1.2]) Let ¢{w) be a
random matrix!4, w &€ ™", whose entries are driven by i.i.d
realizations of a Gaussian distribution A'{0, 1/m) or a binary
variable with uniform distribution over {1/+/m, —1/4/m}. For
any arbitrary £ < n and & € R™, we have that:

& —at]|, < Co-or(k2) (53)
if
m > Clklog%, (54)

with a probability, over the sensing sampling space 2™, at least
equal to 1 — 27“2'™ Here #* = A*(¢(w)x) is the solution of
(52) and, Cy, C; and (' are positive universal constants inde-
pendent of n and k.13

(The proof of this result derives directly from [15, Th. 5.2]
and [16, Th. 1.2])

B. Zero-Rate Reconstruction for £1-Compressible Processes

Here we formalize the reconstruction of infinite sequences
(#)nen € RY using CS. For this, we consider a finite-length
(or fixed-rate) approach, where the idea is to analyze consecu-
tive finite-block versions of the sequence, i.e., to sense and re-
construct " = (z1,..,2,) for any n > 1, and study recon-
struction performances in the limit when the block-length tends
to infinity.

More precisely, let (m,),>1 be a sequence of positive
integers such that 1 < m, < n. From this sequence, we
consider the family of Gaussian CS encoding-decoding
pairs {(¢m,, xn(w), AL(-})) : n > 0} where for any n > 0,
¢, xn(w) is the random sensing matrix of m,, x n generated
by i.i.d. entries as mentioned in Lemma 4, and A% (-) is the
function from R™» to R™ that solves the #;-minimization
problem in (52). Given a sequence (z,)neny € RY and any
finite block-length n > 0, we can apply the CS approach over
2™ to recover " (w) = A% (¢, xn(w)z™), which is a random
reconstruction function of the matrix ¢y, x»(w). In relation
with the /¢;-relative approximation error introduced in (3),
we consider as a fidelity indicator the £;-noise to signal ratio
(NSR) given by: Dy, (6, xn(w), As);2") =

PN 12

|27 (w) — 2",

— €1[0,1], ¥n > 1.
2",

(55)

More generally, if we have a process (X, )nen Wwith
distribution P = {g” :n > 1} and a sequence of lengths
(my)n>1 with its associated Gaussian CS finite-block
scheme {(dp, xn(w), A%(-)) : n > 0}, we can also analyze
the finite-block performance of the scheme by the object
Dy, ((dm, xn(w), A%); X™), which is a random variable func-
tion of two independent random objects: the vector X™ ~ p"
and the random matrix ¢,,, «»(w). Therefore, it is important

13A systematic and lucid exposition of this CS theory can be found in the
work of Candes [16], Baraniuk ef al. [15] and Cohen ef al. [3].

14This result can be generalized to random matrices satisfying a concentration
inequality, which is not reported here for space considerations. See more details
in [15].

15Refined results can be found in [3], [16], [20].
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to consider the average NSR with respect to the statistics of the
source (i.e., u™) by, Do, (¢, xn(w), A7) p") =

Exnapn {Dh ((gbmﬂXn(w),AZ);X”)} € [07 1]-

Then the question we focus here is: for an #;-compress-
ible process that satisfies (16), what is the minimum rate of
measurements » € (0,1) (i.e., m, = rn, or more generally
lim,, .., % = r) of the classical Gaussian CS scheme that
ensures that:

lim Dy, ((fm, xn(w), A%); ™) = 0,

n—o

(56)

(57)

with probability one with respect to the statistics of the sequence
of random matrices {¢m,, xn(w) : n > 1}2

From Theorem 1 and the RIP-based {;-instance optimality
result of the Gaussian CS setting in Lemma 4, we can state the
following result:

Theorem 4: Let (X, )nen be a stationary ergodic process. If
(X, )nen is £1-compressible, then for any sequence (m,, ) such
that lim,, .., &= > 0, it follows that

nlglgo DZ1 ((¢mnxn(w)7A:)§ﬂn) =0 and

nILHOLODﬁl ((¢mn><n(w)7A;kL);Xn) =0, (58)
almost-surely ~ with  respect to the statistics of
{®m, xn(w) : n > 1} and the joint statistics of (X, )nen and
{bm, xn(w) : n > 1}, respectively.

The proof is presented in Appendix II1.

C. Discussion and Interpretation of Theorem 4

1: This result states that in order to achieve zero distortion
in the reconstruction for an £;-compressible process, al-
most-surely in the NSR sense of (56), the CS scheme needs
an arbitrary small number of measurements per sample. In
other words, under the ¢; -compressibility model assump-
tion for the process, the minimum rate to achieve zero dis-
tortion is zero for the Gaussian CS scheme. Then, it is re-
markable to validate that CS is able to achieve the same
zero critical rate that it is obtained by the analysis of the
pure oracle best-k-term approximation error of £;-com-
pressible process (see the result in Lemma 3).

2: This result shows that the lucid notion of £;-compress-
ibility proposed by Amini et al. [1]!¢ really translates in
a meaningful performance result for the classical Gaussian
CS (GCS) setting in the asymptotic regime when the block-
length goes to infinity. In other words, we can say that
£1-compressibility, meaning a sort of zero-rate of innova-
tion in the process, implies zero-rate of measurements (per
signal dimension) for perfect recovery (in the sense of NSR
distortion) for the CS scheme. This result closes a gap not
explored in [1] between their notion of £;-compressibility
and CS performance guarantee in the asymptotic regime.

3: Concerning compressibility of random sequences and CS
performance guarantee, we want to highlight the work of
Gribonval et al. [2] for the case of i.i.d. processes. They
show in [2, Theorem 2] that if Ex.,(|X|*) = oo then
lim;, oo Doy (P, xn(w), A%); X™) = 0 (for distribu-
tion equipped with a pdf) and they enunciate a version

16This notion was motivated by the performance guarantees result of CS for
finite dimensional sparse and compressible signals.
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of Theorem 4 for the i.i.d. case [2, Remark 1]. Then, we
want to give credit to this contribution to be the first result
that offers a connection between notions of compressibility
for i.i.d. processes (based on relative approximation errors)
and the performance (in the asymptotic regime) of the clas-
sical GCS scheme. In this context, Theorem 4 can be seen
as an extension of these results to the case of stationary
and ergodic sequences and, in the technical side, an exten-
sion on the use of the £; -instance optimality property of the
£7 -minimization decoder!?. On the other hand, focusing on
the i.i.d. context, Theorems 4 and 1 offer a way to verify
that Amini ef al. [1] ¢;-compressible notion (variable rate
in nature) has a connection with the results in Gribonval et
al. [2, Th.2 and Rem. 1] in terms of what GCS can achieves
for the case of ¢;-compressible processes.

VII. DISCUSSION AND FINAL REMARKS

The main result of this work (Theorem 1) provides a con-
nection between Gribonval er al. [2, Prop. 1] almost sure
convergence result of relative approximation errors, and Amini
et al. [1, Def. 6] notion of £,-compressibility for random se-
quences. More importantly, Theorem 1 offers new techniques
to extend that connection (and, consequently, a dichotomy
between being and non-being £,-compressible random se-
quences) to the family of stationary and ergodic processes. This
extension is constructed over the almost sure convergence of
the empirical distributions of ¢ and v,,, respectively (see defini-
tions in the statement of Theorem 1) to the true probabilities on
the family of tail events { B, : 7 > 0} (details in Section IV).
The idea of looking at specific empirical measures as the basic
object of interest, in (22b) and (22c¢), instead of the statistics of
the sum of the ordered sequence as considered in [2, Prop. 1]
and [1], was essential to extend the analysis from the i.i.d. case
to the case of stationary ergodic processes.

Finally, one can notice from the proof of Theorem 1 that this
result does not rely on a stationary property, as it is essentially
based on an almost sure convergence (asymptotic in nature) over
the family of indicator functions of the tail events { B, : 7 > 0}
in (19). Then, we conjecture that the analysis of compressible
priors can be extended over a family of random sequences with
a specific ergodic property over the tail events, which is an in-
teresting direction for future work. This observation leads us to
put the attention on the general theory of (non-stationary) pro-
cesses with ergodic properties [14], [18], [22]-[24].

APPENDIX I
PROOF OF THEOREM 2

Proof: We first verify the second point to then move to the
rest of the points.
Point 2): (Achievability of all rates and distortions in R, ):
Using Proposition 5 b) and c) and the hypothesis that 1 <
A, it follows that ¢, (7) and ¢,,(7) are continuous functions
in [0, 00). Then, adopting Proposition 5 ¢), we have that R,
achieves all the rates and distortions in the range [0, 1].
Point 1): (Continuity of #,(d, ¢, P)):
First, it is important to verify that the implicit characterization
of 7,(d, e, P) presented in (18) and (20) offers a well-defined

17The argument in the proof of [2, Theorem 2] uses the £ -instance optimality
in probability of the £; -minimization decoder [21].
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function. By contradiction, let assume that such characterization
is not a function in the sense that for a given distortion d € [0, 1]
there are two values 7, > 7 > 0 solution of (20) associated to
two different rates ¢,,(71) < ¢, (71 ). This last condition implies
that ¢, (71) < ¢y, (71) from (45), which contradicts the fact
that 71 and 7» are solutions of (20).

Moving to the continuity, let us fix an arbitrary d € (0,1)
and € > 0. Then by the achievability of the distortions, 37, > 0
such thatd = ¢/1 — ¢,,(7,). On the other hand, by the achiev-
ability of the rates, there exists 7y > 7, > 72, where ¢, (1) =
$du(1o) — € and ¢, (1) = ¢,(7,) + € (without loss of gen-
erality we assume that ¢ < ¢,(7,) = 7,). Then from mono-
tonicity of ¢, (-) we have that for any 7 € (72, 71), ¢u(T) €
B (¢,(7,)).'8 At this point, we can obtain the distortions d; =
Y1 — ¢y, (11) > d>dy = {/1 — ¢y, (12), where the strict in-
equalities that relate them follow from the fact that by construc-
tion ¢, (1) < ¢ () < ¢u(72) and (45). Then, we can define §
= min {d — dy,ds — d}, where for any d € B;(d) C (dz2,d1)
we have (by the monotonicity of the function ¢, (-)) that there
exists 7 € (ry,71) such that d = ¢/T — $v, (), and conse-
quently 7p(d,€,P) = ¢,(7) € B.(¢.(1,)) = B.(7p(d, e, P)),
the last set of equalities from (18) and (20). As d € (0,1)
and € > 0 are arbitrary numbers, this proves the continuity of
(7p(d,e, P))de[o,l}'

Point 3): (Strict monotonicity of #,(d, ¢, P)):

Let fix d; < dy € [0,1]. By definition (13), we have that
Fp(di,e,P) > 7,(da, e, P). Furthermore, from the characteri-
zation given in (18) and (20), we have that there exists 7 >
such that dy = §/1 — ¢, (1) and dy = /1 — ¢, (72). This
implies that ¢, (71) > ¢, (72), and consequently from (45) we
have that 7, (dy, €, P) = ¢,,(11) > ¢,(12) = 7p(da2, €, P).

Point 4: (Differentiability of 7#,(d, ¢, P)):

First, it is clear that both functions ¢,(r) and ¢, () are
%i(fferentiable by construction. In fact from (46), Y= > 0,
Se(r) =

99,
() + ) amd P ) = (£, () 4 o (7)),
59
where fu(r) = %(r) and f,,(r) = Le(r) &2
f|m‘+dpu(m) fu(7) denote the pdf of p and wvp, respectively.

Furthermore, we can introduce the auxiliary function szp (1) =

¢/1— ¢,,(7) that is differentiable, and
L NG L NGRS e, IV
or : Ji 7 di(a)
(60)
Finally, for a fix d € (0,1) there exists 7, > 0 such that d =

¥/1 — ¢, (7,) and, consequently, !

~ -1
iy d,eP) 89, [0,
7 =D ( or (%))

o PPz,
el (1=, (7))

Pl [ d )
= — dL {w) (&;1((1)) ., (61)

8B (2) = {y: |z — y| < €} denotes the open ball of radius ¢ centered at
z.

19Without loss of generality we assume that f,,(7,) + f.(—7.) > 0.
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the first equality by the characterization of 7,(d, ¢,P) in (18)
and (20), and the third using that (1 — ¢, (7,))"/?~* = d' P
and 7, = g/)‘p1 (d). O

v

APPENDIX II
PROOF OF THEOREM 3
Proof: Considering that Z = |X|, let f{) be its pdf. In
view of Theorem 1, for a fixed d > 0, there exists 7(d) > 0
such that 7, (d, €, u™) can be expressed as:

p(d, €, P) = ¢(7(d)) (62)
where d = QEUP(T(d)) = W, for which we in-
1(p

troduce the short-hands g[)vp(r) =
D(r) = [ 2 f(z)dz. Then using (61), )
op(deP) _ |, D(r(d) >
~ ad | HLI(M) P T(d)p

ST p[(%) — dd)l]

By construction D(7) is non-decreasing with 7. Hence, when
p < 1, the middle term in (63) is negative and increases with
T, proving the convexity for that case. For the case p > 1, from
the right hand side of (63) convexity will hold, if and only if,

() ]

usetul first to note that

. (fp(ff ) — 2 f () (p 4+ 1) D7)

1—¢,,(r) and

1/p
(63)

< 0 for all 7 > 0. To check that, it is

Pl

— (p + ]_)7—*(p+2) < -

T -D0). 4

Then & (g_g)”‘l —
~o-n (30) g (3R)-(32)
() om0
2o (B8) " lovig

7P+l

S e ) e

=t (2O 2L (7 ) o))
— (B v i s w1

where (a) follows from (64). Hence, convexity will hold, if and
p+1
only if, (p — 1) 5 f(7) — p* < 0 forall 7 > 0. O
APPENDIX III

PROOF OF THEOREM 4
Proof: Let fixd € (0,1) and € € (0,1). Assuming that
(Xn)neN_is £1-compressible, from Theorem 1 we have that

limy, a0 M = 0 and, consequently, it follows that:

(65)

d. ¢,y
lim Fa(d, &, p )-log
n—00 n

R"l (d7 € /Jn) =0 (66)
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Then from the fact that lim,, o, ** > 0, IN(d, ¢) > 0, such
thatVn > N(d, €), my, > C1-k1(d, €, i, ) log m, where
(1 is the universal constant in (54). Then by the application of
the £; -instante optimality bound in (53), given the condition in
(54) (Lemma 4), we have that Vn > N(d, €):

Dy ((mpxn(w), A7); X™)

- | X" = A% (fum,on (W) X))
X7,
o1(k d7€7 20 7Xn ~ n
SCO. 1( 1(|an|/|1 ) ):CO'UI(Hl(d767,un)7X )7
41

(67)

with probability 1 — 272"~ with respect to the probability
Of P, xn(w) in ™", We can take the expected value with
respect to X™ ~ p™ in (67) to obtain that Vn > N(d, €):

Dy, (D xn(w), AL ); p")
= [EX”N#"Dfl ((¢nznxn(w)v A;)? Xn)
< CO . IEX"NM"&l (Rl(d7 ¢, :U'TL)7 Xn)
<Cy-|d /Ln(AS’Rl(d’E’”n)) +1— un(AZ,h(d,E.-Hn))]
<Cyld+¢, (68)

where the first inequality is from the definition of the typical set
AZ"k in (9) and the fact that &1 (K1 (d, €, g, ), X™) is bounded by
1, and the second from definition of &1 (d, €, p,,) in (10). Again
this inequality is valid with probability 1 — 2~¢2"™~ over sam-
pling space w € 2™ of the random object @y, x» (w). There-
fore taking the limit when n goes to infinity, we have that

nlir& Df1 ((¢7nn Xn(w)7 A:l)? ,U“n) <Cy [d + E} ’ (69)
with probability one with respect to distribution of

{bm, xn(w),n > 1}20, which is valid for any arbitrary small
d € (0,1) and ¢ € (0,1). In other words, if we define the set
Qe,d = {w Jlimy, o0 Dy, ((¢mn Xn(w)7 A;), /»Ln) <Cy [d+5]}:
then P(Q4) = 1, Ve € (0,1) and d € (0,1). Finally,
P(Nien Njen Q1/i175) = 1 from sigma additivity of P, which
implies that

lim Dﬁl ((¢mn><n(w)aA:;)7/'Ln) = Oa

n—oa

(70)

with probability one with to distribution of

{bmpsen(w),n > 1},

For the almost-sure convergence result on the sequence
Dy, ((m, xn(w),A%); X™), we need a slightly different
argument. Under the assumption that lim,, ,., m,/n > 0,
it is simple to verify that there exists a sequence (ky)pen Of
positive integers such that lim,, ... k,/n = r > 0 and, more
importantly, it satisfies that

respect

li

n—oo N

kn,
—1
0g — k (71)

n—

20The almost sure convergence with respect to the statistics of
{dm, xn(w),n > 1} derives from the Borel-Cantelli Lemma [14] and the
fact that )~ 2 “Camn £ oo as by hypothesis lim, o, My /1 > 0.
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Following similar steps than before, there exists N > 0 such
that Vn > N we have that m,, > Cy %" log 7>, and therefore,
from Lemma 4,

D’fl ((¢1nn><n(w)7A;k1);Xn) <Co- &l(k'an)7 (72)

with probability 1 — 272"™n in Q™»" 1t is important to de-
fine the set C,, = {w € 1" : where (72) is satisfied} where
Lemma 4 tells us that P(C,,) > 1—2 ¢2» Furthermore, from
Lemma 3, we have that

lim &1 (kn, X™) =0,

n—

(73)

with probability one with respect to the process distribu-
tion of {X,,n > 1}. In other words, if we define the set
A = {(zn)new limy, o 01(ky, X™) = 0}, we have that
P(A) = 1 from (73). Finally, we are interested in the set

B={(w, (mn)nen) : lim Dpy (i, n (), A%);27) =0},

where it is simple to show that (U;>1Mp>:C,) (A C B, by (72)
and the definitions of .4 and C,,. Hence, the problem reduces to
evaluate,

P(Uis1 M1 Cp) =1 = P (Ni>1 Up>1 Cp)
N—— ——

=lim inf, 4o Cn
>1— lim

=0 P (Cc)
p>l

>1- 1 n—Camy
21 lim )2 1, (74)
p>l

the last equality from the fact that lim,, ., m,/n > 0. Then
from the additivity and monotony of the measure P (B) = 1,
which concludes the result by the definition of B. O

APPENDIX IV
COMPLEMENTARY RESULTS

A. Proposition 1
Proof: From the definition of r,(d, (x5 )nen) and the hy-
pothesis on (k,, ), it follows that I (k, )wherehmsup,HOO oL
and limsup,, . &p(kn,2") < d. Conse-

quently eventually in 7, k,, < ky,, which implies that eventually
&p(kn,a™) > &p(ky, 2™). This concludes the result. O

. k
liminf, ., >

B. Lemma 1

Proof: As a short-hand, let k& = x,(d,2™) for all n.
By definition 6,(k%,2™) < d for all n, and consequently,
limsup,, .. 6p(ks,2™) < d. Then from (5) and Def. 1, it
follows that lim sup,,_, ., %” > rp(d, (25)nen)-

For the other inequality, we consider the nontrivial case
when liminf,,_, ]‘7” = r; > 0. We prove it by contra-
diction assuming that r,(d, (25 )nen) < ry. Then from (5),
there exists ro < ry and a sequence k, = ron such that
lim sup,,_, o, 6p(kn, ™) < d. Under the fact that rq < 7,
there exists N > 0 such that Vn > N, l;n < k. Using this and
the definition of &}, in (6), Vn > N,

d < ok —1,2™) < &p(kn, ™) (75)

liminf,, s &p(l:'n, ") <

where, consequently, d

<
limsup,,_, ., &p(kn,2") < d

. Therefore,

lim ap(kn,;r )= lim a,(k; —1,2") =d.

n—ok N—> 00

(76)
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Definition 7: For 0 < k < k < n, we define {,(k, k, 2") =

(\xn,k+1|p+“'+|1n,k|p)%
=™, ) ~ ~

Note that &, (kn, 2™) — 5, (k) — 1,2") = (k) — 1, by, ™),
therefore (76) implies that lim,, o ¢y (k) — 1, kp,2™) = 0.
Then, considering that 71 > rq, and the fact that Vko > 0, [
>0ands > 0,y (k, +1, ko, a™) > Culko + 1+ 5,k + 8,2™),
we have that:

Tim G (k) —1— ko) + k5, — 1k}, — 1,2™) =0,

lim C(2(k: —1—hen) 4kt —1, (kr —1—kp)+k:—1,27) =0,
n—oo

(77)

This approach can be iterated a finite number of times (indepen-
dent of the length n as ry < ry) to obtain that

lim {p(n, kn,2") = 0 & lim Gy(kn,2") =0, (78)
which contradicts (75). O

C. Proposition 2
Proof: Fixing ¢ € (0,1} and d > 0, let us define &k
Fp(d, €, pin), Y0 > 1. Then by (10), im inf,, . p™(A%*")

1 — €, where from (13) it follows that limsup,, ., -
7p(d, e, P).

RAVANAYS

D. Proof of Proposition 6

Proof: Using the arguments to prove Theorem 2 (Point 4),
if we consider D = dP, then for any D € (0,1) there exists
7, > 0 such that D = ¢, (7,) = (1 — ¢, (7,)). This last
auxiliary function is diferentiable (with respect to 7) and we
have that:

D) S (Pnr)

-1

oD or or
1 P
= — [[2"]] N=7] (9
Li(p) ¢Up1 (D)
the last equality by considering that ag?:p (r) = ‘Tf .
S 27 du(=)

(fu(r) + fu(=7)), Y7 > 0. Since §,,(7) is non-decreasing
with 7, it follows that 97/8D is negative and increasing with
D, i.e., 7 is a convex function of D. O

E. Analysis of the Domain of Attraction of
a-Stable Distributions

The family of stable laws is the class of non-degenerate prob-
abilities that are limit (in distribution) of sequences of random
objects of the form [14, Ch.9]:

Xi4+.+X,

— Bn
A,

(80)
where X7, .., X, are i.i.d realizations of a random variable, and
(A,,) and (B,,) are a sequences of real numbers. For the well-
known scenario when E|X1|? < oo, the Central Limit Theorem
tells us that the limit is a normal law. For the case E| X |? = oo,
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we have the less known family of «-stable laws, whose charac-
teristic function f(u) is given by [14, Th.9.27]:

. ’ e juz g Jux dx
log f(u) = juB +my /0 (6 1 1+ 22 ) zlte
0 .
- jux dx
e /,m ( -1 ?) e @D

being e € (0, 2) the exponent of the law, and m; > 0, ms > 0
and 8 constants.

Definition 8: [14, Def. 9.33] The distribution p € P(R) is
said to be in the domain of attraction of an «-stable law with
0 < a < 2, which we denote by D(a) C P(R), if there exists
(A,) and (B,,) such that: Xt4Xa — B X (in distribution)
and X follows the a-stable distribution in (81).

The collection J,, ¢ (g ) D(a) is non-empty and is character-
ized by the following result:

Theorem 5: [14, Th.9.34 and Prop. 9.39] Let 1 € P(R) and
let us define?!:

Hl(z) =2%(1 - F,(z)) and H, (z) = 2°F,(—x)

&

(82)

on (0, 0o). Then p belongs to D{«), if there exists M > 0 and
M~ > 0with Mt + M~ > 0 such that:

i) lim, o 2500 = Y5 € RY U {00},

il) M > 0 implies that H (x) is slowly changing?2, and

iii) M~ > 0 implies that H_, () is slowly changing.

Then we can state the following:

Proposition 7: If p € D(a) for some o« € (0,1), then
Exu(1X]) = o,

Proof: Let p € D{a) and p& < A. Without loss of gen-
erality let us assume that H_} (2} is slowly changing. Then it is
simple to verify that 3& € (o, 1), 3z, > 0 and C, > 0 such
that Vo > x, fu(z) > C’oﬁ. Therefore Ex.,.(|X]) >
[ afu(a)de > Co [ Jede = 0. O

Za
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