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Abstract

We consider here solutions of the nonlinear fractional Schrodinger equation
e (=AY u+VX)u =u”.

We show that concentration points must be critical points for V. We also

prove that if the potential V is coercive and has a unique global minimum, then

ground states concentrate suitably at such a minimal point as ¢ tends to zero. In

addition, if the potential V is radial and radially decreasing, then the minimizer

is unique provided ¢ is small.

Keywords: fractional Laplacian, ground states, concentration phenomena,

uniqueness
Mathematics Subject Classification: 35Q55, 35R11, 35B44, 35B40, 35J65,
35J75, 35R11.

(Some figures may appear in colour only in the online journal)

0951-7715/15/061937+25$33.00 © 2015 IOP Publishing Ltd & London Mathematical Society Printed in the UK 1937


http://dx.doi.org/10.1088/0951-7715/28/6/1937
mailto: mouhamed.m.fall@aims-senegal.org
mailto: fmahmoudi@dim.uchile.cl
mailto: enrico@math.utexas.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/0951-7715/28/6/1937&domain=pdf&date_stamp=2015-05-15

Nonlinearity 28 (2015) 1937 M M Fall et al

1. Introduction

In this paper we will study standing waves for a nonlinear differential equation driven by the
fractional Laplacian. We will focus on the so-called fractional Schrodinger equation

3 ‘
iha_lzp =" (=AY + VY — [Py a.D

where 7 is the Planck constant, (x,7) € RY x (0,400),0 < s < 1, and V:RY — Ris an
external potential function. The operator (—A)* is the fractional Laplacian of order s, which
for a function ¢ € C2° (here and in the sequel when omitting the space of definition we are
meaning R") may be defined via the Fourier transform:

F(=A)pE) = E*9() for £ e RY,

where we used the standard notation

1
PE) = F(p)§) = — / e " p(x)dx
]RN

(2m)>

for the Fourier transform of a function ¢ € L?. As is customary, we will focus on the standing
wave situation of equation (1.1), namely on the case in which ¢ (x, t) = u(x)en, withu > 0:
under this further assumption (and replacing V +1 with V and 7 with the small parameter ¢ > 0),
equation (1.1) reduces to

X (=AY u+V@u—ul =0. (1.2)
This is the main equation studied in this paper and it will be set in the whole of RV, with N > 2s
and p subcritical®, namely
N +2s
N —2s’
As for the potential V in (1.2), we suppose which is smooth, positive, and bounded away from
zero, namely we assume that

l<p< (1.3)

VI < oo, V =infV > 0. (1.4)
RN

The weak formulation of the fractional Laplacian naturally leads to the study of the fractional
Sobolev spaces

H’ ::{ueL2 : /RN €)% [u)* dé <oo}, (1.5)
endowed with the norm
loalFgs == lullZz + Nulls,
where  ||ull3,, = /RN €% m)* dE.

Notice that all the functional spaces L2, H* etc. are set in the whole of R unless explicitly
mentioned. In this functional setting, a weak solution of equation (1.2) is a function u, € H’
such that

82‘Y/ &7 0. ()@ (&) d& =/ (V(0)ue(x) — u? (x)) ¢(x)dx
RN RN

for any ¢ € H®. For the existence of weak solutions for special cases of (1.2), see e.g. [4-6,
10, 12, 14, 15, 22]: in this circumstance, the solutions found are indeed positive, bounded,

% When N < 2s, one can say that p is subcritical when p € (1, +00).
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and C2> (see theorem 3.4 in [14] and lemma 4.4 in [3]). In this case, equation (1.2) holds
pointwise and the fractional Laplace of u at the point x € R" has the integral representation

(=A)Y'u(x) =c(N,s) /RN 2ux) = M(TlerN{;_ utx = y) dy (1.6)

for a suitable c(N, s) > 0, see e.g. proposition 3.3 in [9].

The first result that we provide characterizes the points at which solutions of (1.2)
concentrate for small ¢, stating that these points are critical for the potential. This is somehow
an extension to the nonlocal setting’” of Wang’s result, see [24]. To state this first result, given
a sequence of positive solutions u;, for equation (1.2) in the whole of R¥, we say that x, € RV
is a strong concentration point for this sequence (or that the sequence u, strongly concentrates
at xg) if

for any § > O there exist &y and R > 0 such that, for any ¢ € (0, &9), (1.7)
up(x) < 8 forall x € RV \ B(xo, R).

With this setting, the following result holds:

Theorem 1.1. Assume (1.4) and let u, € H*® be a sequence of positive solutions of (1.2) in the
whole of RN that strongly concentrate at xo. Then VV (xo) = 0.

We remark that if we perform a translation and a spacial dilation of factor 1/e,
equation (1.2) becomes

(=A)’u+V(ex +x)u —u? =0. (1.8)
Thus, to study the concentration phenomena of this equation, it is convenient to define

Ve(x) := V(ex + xp),
. = / V. () 2 (x) do,
RN

2. 2 2
Nully == Nullpez + lullzys
2
. u
and v(V,) :=inf %
u#o ||u||Lp+]

Notice that these definitions also make sense when ¢ = 0, namely, one has

Il y == V(x0) [R @

and so on. Moreover, we remark that if # is a minimizer for v(V;) then u.(x) := u((x —x¢)/¢)
is a minimizer for

251,112 2
va-p . &7ulln. + V(x)u (x)dx
ve(V) :=¢ ® inf D2 ‘[RNZ .
u7é0 ||u||L[)+l

In this setting, we can better determine the variational properties of the concentration point xg.
Namely, while we know from theorem 1.1 that x, is a stationary point for the potential, now
we give conditions under which it is a minimum. For this scope, given a sequence of positive
solutions u, for equation (1.2) in the whole of R", we say that x; € R" is a weak concentration

7 Asatechnical comment, we point out that the proof of lemma 4.2 in [24] uses the nondegeneracy of the limit profile,
which does not seem to be available in the fractional setting. Nevertheless, this nondegeneracy plays a crucial role
only in proving the uniqueness of the maximal points of the spikes, so we will be able to get around this argument in
our framework.
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point for this sequence (or that the sequence u, weakly concentrates at xg) if there exists a
sequence of points x, — xp such that

for any § > O there exist &g and R > 0 such that, for any ¢ € (0, &y), (1.9)
ug(x) < 8 forall x € RV \ B(x,, eR).

By comparing (1.7) and (1.9), we notice that strong concentration implies weak concentration
(by choosing x. := xq) for every ¢. Then, the following result holds:

Theorem 1.2. Suppose that V has a unique global minimum point and that u, is a minimizer
for v, (V). Assume in addition that V at infinity stays above such minimal value, i.e.
liminf V(x) > m%vn V. (1.10)
R

|x|—+00

Then u, weakly concentrates at the global minimum point xo of V. More precisely, the point x,
in (1.9) is the unique global maximum point of u,.

We emphasize that, in the above theorem, an additional complication is that the nonlocal
operator (—A)® does not ‘see’ local maximum points. Namely, if y, is a local maximum
point for u,, it is not necessarily true that (—A)*u.(y.) > 0 (and, as a matter of fact, the
‘local’ behavior of ‘nonlocal’ equations can be very wild: for instance all functions are locally
s-harmonic up to an arbitrarily small error, see [11]). This feature makes the proof of the
uniqueness of the global maximum point of #, more delicate than in the classical case. With
regard to the characterization of concentration sets for minimizers of singular perturbation
problems we refer the reader to [1, 7, 18-21, 24] and some references therein.

The next results establish a uniqueness property for the minimizers:

Theorem 1.3. Assume that V e C'(RN), with in;/f V > Oanditis radial. Let v, be a minimizer
R

for

X |ull2,s + fon V(x) u?(x) dx

2
Lp+!

el

in the class of radial competitors u € H®, u # 0. Then v, is unique, provided that ¢ is small
enough.

Corollary 1.4. Assume that V e C'(RV), with %l\f V > 0 and it is radial and radially

decreasing. Let v, be a minimizer for v.(V). Then v, is unique, provided that ¢ is small
enough.

The rest of the paper is organized as follows. In section 2 we study the concentration
phenomena at given points of the space and we prove theorem 1.1. The proof of theorem 1.2
requires some preliminary work that is carried out in section 3. In particular, we obtain there
an expansion of the minimizers of v(V;) as the perturbation of a suitable translation of the
ground state (for this, no condition on the concentration point is required).

The proof of theorem 1.2 is then completed in section 4. Then, section 5 contains the
preliminaries needed for the proof of theorem 1.3, which, in turn, will be completed in section 7.
The proof of corollary 1.4 is contained in section 8.

2. Concentrations occurring at critical points of V' and proof of theorem 1.1

In this section, we prove theorem 1.1. We define

Ve (X) 1= u(ex + xg).
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By construction, v, is a positive solution of
(—=A)*ve + V(ex +xo)ve —v? =0 in RY. 2.1
Roughly speaking, the idea is to take the derivative of (2.1), test it against v, integrate by parts

and hence send ¢ — 0, in order to see that VV (xg) = 0: but to do these steps, some uniform
regularity and decay estimates in ¢ are in order. To obtain these estimates, we define

m, ;= max vy = ||ug| r~.
RN
We claim that
m:= sup m, < +00. 2.2)
e€(0,1)

The proof is based on a classical contradiction and scaling arguments. Namely, suppose that
my; — +00, 2.3)

up to a subsequence. Now we recall (1.4) and we use (1.7) with

1

7\
§:=min{ 1, <—>
2

Accordingly, we obtain that there exists R; > 0 for which

‘_/ =1
Ug(x) <min {1, <E> for any y € RY such that |y — xo| > eR, (2.4)

as long as ¢ is small enough. Now we notice that if x € RV \ B(0, R,) then |(ex +xo) — xo| >
eR;: hence (2.4) implies that

1A
v (x) < min { 1, (5> for any x € RV \ B(0, R)). (2.5)

From (2.3) and (2.5), we conclude that, for small ¢,

1 <m, = max v,,
B(O,Ry)

and there exists

xe € BO, R)) (2.6)
maximizing v, that is

my = r%%x Ve = Ve (xe).

1-p
So, we set i1, ;= m> and wg(x) := m;lvg(xg +euex). Then [|we] L~ =1 = w,(0) and

(=AY we(x) = — uZV(e(xe +epte)) we(x) + w? (x). (2.7)
Notice that u, — 0ase — 0, thanks to (2.3). Therefore, by (2.7), we have that || (—A)* wg || L

is bounded uniformly in . As a consequence of this and of the regularity results (see e.g.
lemma 4.4 in [3], see also [23]), we deduce that ||w,| c2« is bounded uniformly in &, for

some « € (0, 1). Hence, we can suppose that w, converges to some function wy in Clzo’f‘, with
lwolle =1 = wo(0). (2.8)
By passing to the limit in (2.7), we obtain that
(=A)'wy =w) inR". (2.9)
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Since the only non-negative and bounded solution of (2.9) with p subcritical (according to (1.3))
is the one constantly equal to zero (see remark 1.2 in [17] or theorem 1.3 in [13]), we conclude
that wg vanishes identically, in contradiction with (2.8).

This completes the proof of (2.2). As a consequence of (2.1), (2.2) and of the regularity
results (see e.g. lemma 4.4 in [3]), we conclude that

[ve|lc2e is bounded uniformly in &, (2.10)
hence we may suppose that

v, converges to some function vg in Clzof . (2.11)
Now, since x, maximizes v,, we have that

20s(x,) — Ve (Xe +y) — Vo (xe —y) >0 forany y € RV,
and so, using (1.6) and (2.1),

0 < (=AY ve(xe) = vP (xe) — V(exe + x0)ve (xe).
Accordingly,

V(exe +x0) < v (x,). (2.12)
Since |x.| is bounded uniformly in €, in light of (2.6), we suppose, up to a subsequence,
that x, — x, for some x € B(0, R;), as ¢ — 0. Thus, by taking the limit as ¢ — 0 in (2.12),
we obtain that

0<V < Vixg) <vb™'(®).
In particular,

Vo is not identically zero. (2.13)

Next we claim that there exists &y > 0 such that
Const
To prove this, we use lemma 4.2 of [14], according to which there exists a function w such

that

ve(x) < Ve € (0, &). (2.14)

Const

ng(x)gm

(2.15)

and

1% 5
(—A)‘YII)+§w >0 inRY\ B, R), (2.16)

for a suitable R > 0. Now, we take
R, := min{R;, R}, (2.17)

where R; is the one in (2.5). Thanks to (1.7), we have that v, converges to zero as |x| — oo
uniformly with respect to €. From (2.5), we obtain

v , 1%
(—=A)ve + Evg = (—A)’vs + Vv, — (V — 5) Ve (2.18)
Vv
:1);;’—<V——)l),3<v5 ——v8=v5<vf_1—5) <0
Now we set
b:= inf w=>0 (2.19)
B(0,R>)
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and

Ze = (m+ Dw — bv,, (2.20)
where m is given in (2.2). Our goal is to show that

7z >0 inRY. (2.21)

For this we argue by contradiction and suppose that

0>infze = lim z.(x;,), (2.22)
RN Jj—+00 '

for a suitable sequence x; .. Notice that

Iim w(x) =0,

|x|—+00
due to (2.15), and

Iim u,(x) =0,
|x|—+00

due to our integrability and continuity assumptions on u,, and therefore

lim v.(x) =0,
|x|—+00

and so

Iim z.(x)=0.

|x|—+00

Consequently, the sequence x; . is bounded and therefore, up to subsequence, we suppose
that x; . — x, . as j — +oo, for some x, . € RY. So (2.22) becomes

0> minz, = 2o(x..0)- (2.23)

The minimality property of x, . and (1.6) give that

zzs(x*,s) - Zs(xt,s +y) — Zs(x*,s -y)
|y|n+25

(—=A)'ze(x,¢) = c(N, ) dy <0. (2.24)

]RN
Now notice that, by (2.2) and (2.19),

Ze 2mb+w —bm >0 1in B(0, R,).
Comparing this with (2.23), we see that

X,. € RV \ B(0, Ry). (2.25)
Moreover, from (2.16), (2.17) and (2.18), we obtain that

14
(=A)'ze+ 22 >0 in RY\ B(0, R»). (2.26)

Thanks to (2.25), we can evaluate (2.26) at the point x, .: in this way, and recalling (2.23)
and (2.24), we obtain that

\%
0< (_A)st(x*,a) + Eze(x*,s) <0.

This is a contradiction, so (2.21) is established.
From (2.21), we deduce that v, < (m + 1)b~'w, which, together with (2.15), completes
the proof of (2.14).
Using (2.11) and (2.14) and the dominated convergence theorem, we see that
lim [ 8V (ex +x0)v? = 8;V (xo) / v, (2.27)
e—>0 JpN RN

foranyi € {1,..., N}.
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Now we show that

|Vv,| € L% (2.28)
For this, we write (2.1) as
(=AY v, = =V(ex +x0) ve + V7 = Y. (2.29)
We know from (2.14) that
Yol €
1+ x| V2s

Thus, we take the fundamental solution I of the operator in (2.29) and we obtain that

ve(x) = Const /
Therefore

[Vvg(x)] < Const / e ) Const
R

v x — y|N72s+1 Y s ry (1+ |y|N+2s) lx — yIN*2“1
So, fixing x € RV \ B(0, 2), we observe that

Const 1 Const
/ lws?ﬂzm dy < =% / v 96 S v
B(x,1) [x —yl | x| B(0,1) t3 |x]

dy.

therefore we obtain that

1 1
Vv (x)| < Const dy +
Vel < [/RN\B(;:J) (1 +[y[N+2) |x — y|NV=2s#1 Y |X|N+zx}

1 1
< Const / dy + ] .
[ RV \BGe 1y (14 [y[VF2) (14 |x — y[N=2+) | [+

Accordingly, by the properties of the convolution of decaying kernels (see e.g. lemma 5.1
in [8]), we obtain that

Const
x|
with k := min{N +2s, N — 2s + 1}. Notice that
2k = min{2N +4s, N+ N —4s +2} > min{2N, 2s + N —4s +2} > N,

hence (2.30) implies (2.28), as desired.

Now we perform some calculations on integrals that involve v,. For this, we let e; be the
ith vector of the standard Euclidean base, we fix R > 1 and we use the divergence theorem to
see that, forany i € {1,..., N},

. Xi
/ dvp*! :/ div(vP*le;) :/ ) ARy
B(O.R) B(O.R) IB(O,R) R

Thus, from (2.14), we have

Ve (x)] < ; (2.30)

/ aivé)+l — O(RN—I—(p+l)(N+2_Y))' (231)
B(0,R)
Similarly,

/ V(ex + x0)0; 1)82 = / [div (V(sx + xo)vzei) —&0;V(ex + xo)vf]
B(0,R) B(O,R)

X,
=/ V (ex + x0) v = —8/ 3; V (ex + x)v?
IB(O.R) R B(O,R)
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which, together with (2.14), gives that

/ V(ex +x0)d;v> = —s/ 3V (ex + x)v? + O(RNTI72N+29)y, (2.32)
B(0,R) B(0,R)
We summarize the estimates in (2.31) and (2.32) by writing
1
f (ea,-V(ex +x0)02 + =V (ex +x0) 802 — —- aivg“) 2.33)
B(O.R) 2 p+1

= i/ 0;V(ex +xo)v€2 + O(RN~172(V+29)y
2 Jo,»)

Now, we point out that (—A)’ v, is C? and bounded, due to (1.4), (2.1), (2.2) and (2.10) (recall
also (1.4), therefore we can speak about 9;(—A)’v, in the classical sense. Accordingly, we
can take a derivative, say in the ith coordinate direction, of (2.1): we get

0;i (—A)’ v, +£0;V(ex +x0)ve + V(ex + x0)0; v, — pvf_la,- v, = 0. (2.34)
So, recalling (2.10), (2.14) and (2.28), we see that

% (—A)v, € L2 (2.35)
Consequently, by Plancherel theorem, we obtain
[ vacare = [ Tracar (2:36)
RN RV

=—f siv*sf<<—A>Svs>=—/ EIEP IR EP
RN RN

2
=- f & |7 (A"
RN

We remark that

(=A%, e L. (2.37)
Indeed, since u, € H® (hence v, € H*), we have that

/ &1 15: 12 </ (1+[§)|5:* < +00,

RN RN
therefore F((—A)*/?v,) = |£]*1; € L? and so (2.37) follows from the Plancherel theorem.
Also, for any g € L?, we have that

the map £ — |g(£)|? is even. (2.38)
To check this, notice that

26) = / g(x)e i dx = / g(x)e™ ¥ dx = g(—§)
RN RN
and so
2(—€) =32(&).
AS a Consequence
18(—8)1* = 2(—6)g(—&) = 2(©)g¢) = 18I,
that proves (2.38).

So, from (2.37) and (2.38), we see that the map £ > & |F((—A)*/?v,)|? is odd, and
therefore

[ & lF(armf <o
B(0,R)

1945



Nonlinearity 28 (2015) 1937 M M Fall et al

for any R > 0. By plugging this into (2.36) and recalling (2.35) we obtain
/ V:0;(—A)’v, = lim 0:0;(—=A)* v, = 0. (2.39)
RN R—+00 B(O,R)
Now we go back to (2.34) and we multiply this equation by v,: in this way we obtain that
0=1v:0;(—A)’ v, +£0;V(ex +x0)v§ + V(ex + xp)v.0;v, — pvlo;v,
p
+1

We fix R > 1 and we integrate the above equation on B(0, R): thus, exploiting (2.33) we
obtain

s 2 1 2 +1
= 0.0;(—A) v, + €0; V(ex + xp)v; + EV(SX +X0)0;v; — vl
p

&
f V:0; (—A) v + = / 3V (ex +xo)v? = O(RNTI2N+29)y
B(0,R) 2 B(0,R)

So, we send R — +00, recalling also (2.39) and we divide by ¢, we get
/ 0;V(ex +x0)v§ =0.
RN

Now we send ¢ — 0: recalling (2.27) we conclude that

BiV(xo)/ vt =0.
RN

Therefore, by (2.13), we obtain that 9; V (xg) = O forany i € {1, ..., N}, and this completes
the proof of theorem 1.1. ]

3. Concentration points of ground-states: preliminary work for the proof of
theorem 1.2

In this section we discuss some basic concentration properties of the minimizers. For this,
we recall that for any A > 0 there exists a unique function U, that attains the following
minimization problem
. : 2 2
v(d) = inf  fluflpe + Allull;..
el pe1 =
In addition, such a minimizer is unique, radially symmetric, and belongs to C>® N H**!(R")
(we refer to. [16] for further details on this, see in particular theorem 4 there). Thus, we will
denote by U the radially symmetric function that attains
inf full + V2,
fluell LpH1 =
where
V:=infV. 3.1
]RN
With this notation, we provide an asymptotic expansion for the minimizers of v(V,). It is
worth pointing out that this expansion is valid without assuming any structural condition on
the potential V (in particular the point xo € RY can be fixed, without assuming that is minimal
or critical):

Lemma 3.1. Let v, be a positive minimizer for v(V,), with ||ve||p»« = 1. Then there exists a
sequence of points a,, ¢ € RV such that, up to a subsequence,
ve(x +a.) = U(x — ¢) + we: (x),

with  ||we|lgs — 0ase — 0.
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Also
lim v(V,) = v(V)
and, for any x € RV,

ling) V(ex +ea, +x9) =V. 3.2)
e—

Proof. We observe that
2 - 2 2
lullZy € [V lulzzs 1V Izelul:]

thanks to (1.4), and therefore v(V,) is bounded (and bounded from zero) uniformly in €. Hence,
up to a subsequence, we suppose that

v(Vy) =V (3.3)

as ¢ — 0, for some vV > 0.
Also, v, is bounded in H* and, using lemma 2.2 in [14], we have that there exists a, € RY
and positive real numbers R and y such that

lim inf/ Ve(x)dx > y. 3.4
Br(a;)

e—0

Thus, setting w,(x) = v.(x + a.), we have that w, is bounded in H® so it converges, up to a
subsequence, to a function w € H® weakly in H*®, strongly in Lf’ozl and a.e.; furthermore, by
(3.4), we have that w # 0.

We also notice that, by (1.4) and the theorem of Ascoli, there exists A : R¥Y — R such
that, up to a subsequence,

gii% V(ex +ea, + x9) = A(x). 3.5)
We set A := A(0) and we claim that
A(x) = A (3.6)
for any x € R¥. Indeed, for any x € RV,
A(x) — Al = !gr(l) |V (ex + ga, + x9) — V(ea, + xp)|
< Const ll_[)l’(l) lex| =0,

thanks to (1.4), and this proves (3.6).
By (3.5) and (3.6), we can write

liné V(ex +¢ea, + x9) = A. 3.7
e
Since, by (2.1),
(=AY we + V(ex +eae + xp)w, = v(Vo)w?,
we can pass to the limit and obtain
(=A)’'w + Aw = Yw?. (3.8)

By testing (3.8) against w we obtain that

w3, + A Jwl|? el + Al
Dl L > inf —2°— L —y). (3.9)
lwll7 u#0 [|uel]

Lpt!

V=
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On the other hand, by the dominated convergence theorem, we see that, for any u € C2°,

ling) |V (ex + eas + x0) — Al u*(x)dx = 0.
E—> RN

As a consequence, for any u € C°, u # 0, we set it (x) := u(x — a,) and we observe that
V= limv(V,)
e—0

2 2
el + Nl y

<
a7,

. 12 + fon V(ex +x0) i?(x) dx

e=0 liel?,0
el S Ver ) i x — a) dx

e=0 [

2 \%4 2(x)d

— lim lullZz + fon V(ex +€as + x0) u?(x) dx

e=0 lull7

2 2
Nl + Alull

2
Lp+l

By density, this is valid for any u € H*, and so, taking the infimum over u # 0, we obtain
that V < v(A). This and (3.9) give that

Y =v). (3.10)

This, (3.8) and the uniqueness of the ground state (see theorem 4 in [16]) give that w is a
translation of Uy, namely w(x) = U, (x — ¢), for some ¢ € RV,
Now we claim that

~

A=V @3.11)

To prove this, let us fix ¢ € RY. Then, for any u € C2°, we set u (x) =ulx+ e ' (xo — q))
and we use the change of variable y := x +&7!(g — xo) to obtain that

el

s + fo V(ex +q) u?(x) dx

[ e

Ml + frw Viey +xo) u”(y + &7 (xo — ) dy

2
Lr+l

Mgl + fan V(e +x0) w7 (v) dy

el

||£g ”%pﬂ
w2y
N7 e
Z v(Ve).
So, by (3.3), (3.10) and the dominated convergence theorem, we obtain
e + V@l e+ fon Viex +q) u (o) dx
lleell e=0 el
Ul + AU
S lim (V) = = vy = AUl + MG
=0 ||U)\.||L]l+l
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This is valid for any u € CZ° and so, by density, also for U,. Thus, we conclude that

1U B2+ V@IUs G _ 1V G0 + 21U I
U112, - A

and therefore

Vig) = 2.
Now, this is valid for any ¢ € RV, thus, recalling (3.1), we obtain that

V = inf V(q) > A.

geRN
The other inequality follows from (3.7); and so the proof gf (3.11) is complete.
Then, (3.11) and the definition of U give that U, = U. Accordingly,
ve(x +a,) =w.(x) > wkx)=U,(x —c¢) = ﬁ(x —0)

weakly in H*, strongly in Lﬁ;l and a.e., so to complete the proof of lemma 3.1 it only remains

to show that the convergence occurs strongly in H*. To see this, we use the fact that w is a
minimizer for the quotient v(V) = v(1) =V, hence

2 2
5 _ Iwllpe. + Al

(3.12)
lwll? ..

On the other hand, by testing (3.8) against w, we obtain that
il + 2wl =V w7
By comparing this with (3.12), we conclude that ||w||;»1 = 1. Therefore

2 2 2 2
lwellpez + Allwellz2 = vellpse + Alvellz

= oelBn + A2y + / (h = Vi(ex +x0)) v (x) dx
R

=v(Vy) +/ (A= V(ex +xp)) ve(x)dx.
RN

Moreover, by (3.1) and (3.11),

A=1inf V < V(ex + xp),
RN

thus we obtain that
lwe |z + Mlwell7z < (Vo).
So, from the weak convergence and Fatou lemma, passing to the limit we obtain that

V= wlip. + Alwlg: <Tminf we 5, +Alwe 7
e—

< limsup [|we |3, + Allwell7. < limsupv(Ve) = V.
E—>

e—0

This gives that

: 2 2 2 2
lim fJwe [ + Mlwe 2 = wlipe + Allwllze.

By making use of this and of the weak convergence of w,, we infer that w, — w in the Hilbert
2 2
norm /|| - [0z + A0 - M7
Since this norm is equivalent to the one in H*, we have proved that w, — w in H*. [
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4. Completion of the proof of theorem 1.2

Now we finish the proof of theorem 1.2. For this, we suppose that V has a unique global

minimum point at xo. Let u, be a minimizer for v, (V). Then v.(x) := u.(xo + €x) is a

minimizer for v(V,). By lemma 3.1, there are points a,, ¢ € R" such that, up to a subsequence,
We(x) ;= v (x +a,) = l~](x —C) + we(x),

where ||w,||gs — 0, the function U is a minimizer for v(V), and, comparing (3.1) and (3.2),
we have that

lim V(ga, + xo9) = V = min V(x) = V(xp). 4.1
e—0 xeRN

Now we prove that
lim ea, = 0. “4.2)
e—0

Suppose not, say |ea.| > ag for some ap > 0 and an infinitesimal sequence of ¢’s. Then |ea,|
remains bounded, otherwise, by (1.10), the limit in (4.1) would be strictly larger than V (x().

Accordingly, there exists an infinitesimal sequence of ¢’s for which ea, — «, for
some « € RY with |a| > ap > 0. From this and (4.1), we obtain that

Vixg) = liné V(ea: + x9) = V(a + xp).

This contradicts the uniqueness of the minimal point for V, and so it proves (4.2).
Now we claim that

sup/ w,dx - 0 as R — oo, 4.3)
[x|ZR

&

with® r := % To see this, we can assume by contradiction that there exists § positive and

a sequence of R, — oo such that

sup/ wydx >6 asn — oo,
e JIx|ZR,

This implies that for a sequence of ¢, — 0, we have
/ wgndx>8 asn — oo.
[x|= Ry

Because w,, converges strongly in L", we have (see e.g. [2, theorem 4.9]) that there exists
h € L" and a subsequence, still denoted by ¢, such that w,, < & a.e. in RN . But then

0<8</ w;”dx</ hdx -0 asn— oo.
[x|Z R, [x|Z R,

This leads to a contradiction. We thus have proved (4.3).
p—1

Next we observe that (—A) w, — v(V,)w? 'w, < 0in RY. Since w? ' e L] . for some
N

q > 3, we deduce from [17, proposition 2.6] that for any compact set K, we have

maxw, < C | w,dx,
K K

where r is as above. We therefore conclude from (4.3) that

supw.(x) - 0 as|x| - oo.
&

8 If N < 2s, the above definition of r can be replaced by just fixing r € (1, +00).
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This together with lemma C.2 in [16] also imply that
Const

wg(x) S m (44)
By scaling back, we obtain
X — X X — X0 — £d, Const gV*%
= = g . 4.
) = o () = () < e @)

It is then clear that u. concentrates at xg in the sense of (1.9).
Now, to prove the last statement of the theorem (u, has a unique global maximum point),

we observe that u, € Clzof and by (4.5), we have | l‘im uy(x) = 0 for every fixed and positive
X|—>00

&. We can therefore let u(x,) = max u. Then (—A)’u.(x.) = 0and thus from (1.2) (recalling
R
(1.4)), we deduce that

( )>< v ) —ye
U\Xeg) =2 \}(V) =:0Cp.

Hence, by (4.5), we get

Co< Const gV*%s
0= 8N+23 + |x5 — X0 — 8a£|N+23
so that
|xe — x0 — ga.| < Cie. (4.6)
From this we conclude, provided |x — x| > ¢R > 2¢C}, that
Const Const
ug(x) <

1+R—C; 1+R)2
and this completes the proof of concentration of u, at xg.
We now prove the uniqueness of x,. Indeed, we observe that

(—A) 0 = (=A)'w, — (=AY U(- = ¢) = V(ex +ea, +x0)[U (- — ¢) — w]
+[V(x0) — V(ex +ea, +x0)]U (- — ¢)
Hv(Ve) = v(V xo)Iw? + v(V (xo)[w? — TP (- = o)].

We rewrite this as

(=AY 0, + B (), = [V (x0) — V(ex +a, +x0)]U (- — ¢) + [1(Vi) — v(V (x0)) |w?,

where we have set

(Vo) [w! = UP(- = 0)]

we —U(-—¢) '
By (4.4),wehave|wf—l7p(~—c)| < C|w£—l7(-—c)| and thus | B¢ (x)| < Const.. Applying[17,

proposition 2.6], we deduce that w, — 0in Cl(z)f (R") forsome & € (0, 1). Now by a bootstrap

argument and using proposition 2.1.8 in [23], we conclude that w, = w, — U(- — ¢) — O in
Co(RV) for some « € (0, 1).
We now set we(x) = w,(x + X¢) with X, = ==2=%_ We notice that 0 is the global

maximum point of w, and so we have
0= Vi, (0) = VU (R — ¢) + Ve (%e).
Recalling that U is symmetric decreasing with respect to the origin, that has a unique critical

point and also w, — 0 € Clzog‘ (RY). Therefore, from (4.6) we deduce that

Be(x) = V(ex +ea, + xg) —

|xe —c| = 0.
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It is clear that any other global maximum point of w, must stay in the neighborhood of c. We
then observe that

e (x) = U (x) + & (%),
where @, (x) = [U (x+%,—¢)—U (x) ]+, (x). Since U € C®(RY), we obtaind, — 0 € C2*.
Now using lemma 4.2 in [19], we conclude that the only critical point for w, is the origin. [J
Remark 4.1. We remark that from the above proof, the minimizers u, for v.(V) have the
following precise form:

ue(ex +x0) = U (x) + @ (x),

where @, — 0in H*(RY) N Clzof (RM) N L*(RN) with x, the unique global maximizer for
u. and x, converges to xp, which is the global minimum point for V. Also U is the unique

minimizer for v(V (xp)).

5. Non-degeneracy and uniqueness: preliminaries for the proof of theorem 1.3

Now we will deal with the functional

v(Ve)

p+ 1 RN
and we will consider the scalar products that induce the norms of the fractional spaces used in
this paper, namely we set

<mmw:/|wwwa
RN

lu|P*! dx (5.1)

1 2
e, v(Ve)) i= Zlull —

(u,v),y = / V(ex + xp) u(x) v(x) dx,
]RN
and  (u, v), ;= {(u, v)p2 + (U, V), y.

The Hilbert space associated with (-, -), will be denoted by H and, as usual, we say thatu L, v
whenever (u,v), = 0. One simple, but important feature, is that the radially symmetric
minimizer U for v(Vp) is perpendicular in H (that is H} with ¢ = 0) to its derivatives, and
the derivatives themselves are perpendicular to each other, according to the following result:

Lemma 5.1. Foranyi € {1,..., N}, we have that
(U,9;U)g=0 (5.2)

and / UPo;U =0.
RN
Moreover, forany i, j € {1,..., N}, withi # j, we have that
/ Ur'aUua;u=0 (5.3)
RN
and

(;U,0;U)y =0. 5.4)

Proof. By construction

(=A'U+VOU=U0" 5.5
and so, taking derivatives,
(=AY’ (0;U)+ V(0)o, U =pUp_18,»U. (5.6)
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We multiply (5.5) by 9;U and (5.6) by U and integrate: we obtain, respectively,
<U,8iU>0=/ Up8annd(U,8iU)0=p/ U”B,U.
RN RN

By comparing these two equations we obtain that
p/ Upa,-U:/ U? 9, U,
RV R¥

(U, ;U :/ U’ ;U =0,
RN

and so

that proves (5.2). _ _
Now we use the rotational invariance of U to write U (x) = U (|x|), forsome U : R — R.
Then we have that 3; U (x) = U’(|x]) |x|™' x; and so, by symmetry

/ UP'(x) 8;U (x) ajU(x)dxzf 07 (1) |07 (D" 117 2 dx = 0.
RN RN

This establishes (5.3). Then, formula (5.4) follows multiplying (5.6) by 9;U and integrating
over RY. O

Our next result is of the coercivity type. It is stronger than what we will need in the
following part of the paper; we expose it here because we believe that it might be of interest.
We also mention that in the rest of the paper, the regularity assumption can be relaxed to
V e C'(RV).
Given the radially symmetric minimizer U for v(V;,) and a € R", we define U, (x) :=
U(x —a) and
We:={veH’st.vl Usandv L, 9;Usforany j=1,....,N}. (5.7
With this, we can bound the second derivative of J,(U,, v,) from below as follows:
Lemma 5.2. Let J, be as in (5.1). There exists &y > 0 such that for any ¢ € (0, &), for
any v € W, and for any a € RV
J!(Ua, v(Ve)lv, v] > Const [[v]|;.

The Const above does not depend on a.

Proof. Up to translations, we can suppose that xo = 0. We consider x € C é’o(RN ,(0,2))
such that x = 1in B; and y = 0in RV \ B,. Also we take R > 1, to be chosen suitably large
in the sequel. We define

XR(X) = X <a+£),

R
XR =1 — xgr,
U1 := XRUV,
U2 1= XRU,
v _ 2
nd e / RO ) (00 =0
R2N |x — y|N+23
First we prove that
[{vi, v2)pea| < MR (V), (5.8)
with nr (v) not depending on ¢ and such that
lim nr(v) =0, 5.9)
R—+00

1953



Nonlinearity 28 (2015) 1937 M M Fall et al

for v fixed. To this goal, we compute

(W1(x) —vi1(y)) (V2(x) — v2(¥))
= (W) xr(xX) — v Xr(Y)) @E)XRE) — v(¥)XR(Y))
= (V(x) (Xxr(x) = XR(M) + xR (¥) (v(x) —v(¥)))
~(Xr () (v(x) —v() +v(y) (Xr(X) = XrR(¥)))
= (v(x) (Xr(x) — xr (M) + xr (¥) (V(x) — v(¥)))
“(XR() (v(x) = V() — V() (XrR(X) = XxrR(Y)))
= —v(x) v(y) OR(E) — RO + xr (¥) Xr (X) V() — V()
+0(x) xr(x) (v(x) —v(¥)) (Xr(*) — xR (Y))
—v(y) xr(¥) (v(x) —v(¥)) () — xr(Y)) -
Therefore

[{v1, v2)ps2| < I1 + Const (J; + J») (5.10)

with
Ji = /RZN )] ()] (R — () dr(x, ), (5.11)

S = /RZN )l () — v [xr () — xr(Mdu(x, y),

and du(x, y) = |x — y| V"2 dx dy.
Now we observe that ||V xg ||z~ < Const R~!, and so

|Xr(x) — xr(y)| < Const min {1, R™'|x — y|}. (5.12)
Therefore, for any x € RY,

Ixr(x) — xR (V) [?
R Jx =y N

R |x —y|? 1
< Const |:/ Wdy+/ Wdy
BO.R) |x — y[V* RM\BO,R) |X — Y[V

= Const R™%,

Using this and the Holder inequality we obtain

b < \// V) ? [xr(x) — xeW*du(x, y) - \// lv(x) —v(y)2du(x, y) (5.13)
]R2N R2N

< \/ConstR—zs/ [v(x)]2dx - ||v]ps2
RN
< Const R |[vl2 - [[v]lps2
< Const R™* [Jv]|2.
Now we define
RZRN = {(x, y) e RVsit. |x — y| < R}
and V:={(x,y) e R*Vs.t. ()| = v}

1954



Nonlinearity 28 (2015) 1937 M M Fall et al

By symmetry

fRZN O] x = yI* dpx, y) < 2/R e bx = yI? dpex, y) (5.14)

2N
2y

< 2/ lv(x)|? U |x — y|>2 N2 dy] dx < Const RHSf [v(x)|* dx
RN B(x,R) RN

= Const R** ||v|2,.

Similarly,
f 0Ol ) dux, ) < 2/ o) dpcx, )
RV\RZY) RN \RZV)Y

< 2/ lv(x)|? [/ |x — y| N2 dyi| dx < ConstR*zf/ lv(x)|? dx
RN RN\B(0,R) RN

= Const R ||[v]|2,.

We use the latter inequality together with (5.12) and (5.14) to conclude that

Ji < Const [R2/ )| o) |x — yI* du(x, y) +/ )| v(y)ldu(x, y)}
]RZRN RZN\]RZRN

< Const R™% [Jv]|3..
Hence, by (5.10) and (5.13),
|(v1, v2)ps2| < Iy + Const (R™* + R™)|Jv]|2. (5.15)

Now we estimate /;. For this we observe that the function xg xr is supported in B(a,2R) \
B(a, R), hence

/ (v(x) — v(y))?
(B 2R\B(a, R)xRN  |x — y|N¥2s
Since v is a fixed function of H*®, we have that

(v(x) — v(y)?

I < dx dy.

lim dxdy =0.
R—>+00 J(B(a,2R)\ B(a, R)) xRN [x — Y|N+2$
These considerations and (5.15) imply (5.8), as desired.
From (5.8), we obtain that
0152 = llvr + v2ll5e2 = 0111502 + 10201502 +2{01, v2)pc (5.16)
< lvillps2 + [[vzllps2 + 2R (V).
Moreover
lollZy = llvillZy +lvall?y +/N V (ex) vy (x) v (x) dx
R
< Const (Jfvr|2y + llvallZy) -
This and (5.16) yield that
lvll7 < Const (v} + [[va27 + nr(v)) - (5.17)

On the other hand, vivs = xgrjrv?, therefore viv, > 0 and it is supported in B(a,2R) \
B(a, R). In this domain U, is of the order R~V*2) therefore

/ Ur~'vy v, < ConstR—<P—‘>(N+2S>/ [u|? < Const R™P=DN*2) 1412
RN B(a,2R)\B(a,R)
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From this and (5.8) we infer that

J! (Ua, v(V)[v1, 2] = (1, v2) ez +/ V(ex)vlvz—pv(Vg)/ U~ 'viv, (5.18)
RN RN
> —Const R ||v]|2 +0 — Const R~P~DN#29 1512,
> —Const R7” |[v|1?,

up to renaming constants, where y := min{s, (p — 1)(N + 2s)} > O (here we have also used
lemma (3.1) to bound v(V,) uniformly in ¢). Similarly, v; is supported outside B(0, R), hence

/ U;—'u§ < ConstR_(”_')(N+2°')/ v2,
RV RV

and therefore
I (Uq, v(Ve))[v2, v2] = [[2]12 — pu(Ve) / UP~'v3 > |va]|Z — Const R™PDN*29) |12,
RN
(5.19)

Next we estimate J!'(U,, v(V,))[v1, v1]. To this goal, we project v; along the space spanned
by U, and its derivatives, i.e. we set
1

1/f = —(Ulv Ua)OUa

<U17 81’ Ua)()ai Ua’
U, 112

+ —_—
18: U, 112

where the repeated indices convention is used, and w := vy — . Therefore

I Ua, v(VD[v1, 01l = I (Ua, vV [w, w] + J (U, vV Y, Y]

+2J; (Uq, v(Ve))w, ¥ (5.20)
We observe that the norms || - ||p and || - ||, are comparable, thanks to (1.4). Therefore
llvillo lvillo
Wl < Uas + 10;Uq| < Const [[vile (Ug +10:Uql) (5.21)

1T " 18;Uallo
hence

f (1+1x))¥> < Const vy 12
RN

Using this, the fact that |V (ex) — V(0)| < Const ¢ |x|, and that v; is supported in B(a, R),
we conclude that

/ |V (ex) — V(0)|w? (5.22)
RN
=/ |V(ex>—V<0)|v%+f |V<sx>—V(0>|w2—2f |V (ex) — V(0)| v
B(a,R) RN RN

< Const [/ |V (ex) — V(0)] v]2+/ |V (ex) — V(0)] W}
B(a,R) RN
< Conste (R + |al) [l ]|?.

Now we remark that w is orthogonal in H (i.e. in H] with ¢ = 0) to any element of the
basis {U,, 0,U,, ..., dyU,}, thanks to lemma (5.1). Hence, from [16], we have that

JJ (U, vo)[w, w] > Const |w]|§ > Const [Jw]|?.
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As a consequence,
I Ua, vV [w, w] = J§' (Ug, v(Vo))[w, w]

+f [V(ex) — V(O)w? — p(v(V,) — v(VO))/ Urtw? (5.23)
RN RN

> Const w2 + / [V(ex) — VO)Iw? — pw(Ve) —v(Vp) | U’ 'w?
RN RN

> Const |[w]|2 — Conste (R + |al) [vi]|> = Const [v(V.) — v(Vo)| lv1]le,

where both (5.22) and (5.21) were used in the last inequality.
Furthermore, since v 1, U,, we have

(v1, Ua)g = (1, Ug), +/ [V(0) — V(ex)]v1U,
RN
= (v, Us), — (02, Us), +f [V(0) — V(ex)]n U,
]RN
= (v U, +/ V() — Ve,
RN
= —(v2, Uy)ps2 —/ V(ex)v U, +/ [V(0) — V(ex)]v U,
RN RN

= —/ v (=A)'U, —/ V(SX)sza+/ [V(0) — V(ex)]v U,

RN RN RN
= —/ n[-VO)U, +vU?l] —/ Vex)v,U, +/ [V(0) — V(ex)]vU,

RN RN RN

=/ [V(0) — V(ex)vU, — 1)0/ Ulv,
RV RN

thus, since v, is supported outside B(a, R),

|(v1, Ua)o| < Const (e (R +al) [lv]l2 + R=P7VV29 1y 12) . (5.24)
In a similar way, since also v L, 9;U,, we have that
[(v1, 3;Ua)o| < Const (e (R +lal) [vllz2 + R=P™DN29 1y 12) (5.25)

We deduce from (5.24) and (5.25) that
I¥llo < Const (|(vi, Uado| +|(v1. 8:Ua)o))
< Const (e(R +|a]) [[v]lp2 + R~V 1)
and so, since the two norms are comparable,
¥l < Const (e(R +lal) [[v]lz2 + R~V 2]

So, we use the fact that

2 (v, ).l = 21(v1/2, 29),| <
to conclude that
lwliZ = lvillZ + 1112 — 2(vi, ¥),

3 (p—
> valni — Const ((R +|a]) + R™P=DN#20)2 )7,

lville
4

+ 4[|yl

Exploiting this and (5.23) we obtain
J!'(Uq, v(Ve)[w, w] > Const ||lvg || — Const (e(R + |a]) + R™PVNVE=N2 1y)12, (5.26)
— Conste (R +al) [[vi]|I2 — Const [v(Ve) — v(Vo)] lvi]le-
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Notice now that
J'Ug, vV v, v] = J/ (Uq, v(Vo )1, vi] + . (Ua, v(Ve))[v2, v2]
+2J] (Uq, v(V))[v1, v2].
Thus, by collecting (5.18), (5.19) and (5.26), we obtain
J/(Uq, v(Ve))[v, v] = Const (ug |2 + |v2]|2)
— Const (e(R + |a]) + R77) [|[v]|Z, — Const R~ P~ DN+ 312,
— Conste (R + |al]) [lvi |7 — Const [v(V) — v(Vo)| [|vi ]l

Now, recalling (5.17) and (5.9), and sending first ¢ — 0 and then R — +00, we get the desired
result. 0

6. Uniqueness of radial solutions

In this section we assume that V is radial and we consider the functional in (5.1). We denote by
H the subspace of H* of radially symmetric function. We will make use of the minimizer U
for v(Vp), normalized with ||U ||, = 1, which is a solution of

(U, 0)psz + V(0) (U, v) 12 = v(Vp) f UP (x) v(x) dx, 6.1)
RN

forevery v € H”.
We also define I, as the restriction of u — J.(u, v(V,)) on H}. Next, we define the
operator ¢, : H® — H? by
O (w):=1(U+w). (6.2)
By (6.2), we mean: for all w € H;
(Pe(w), w) =1, (U + w) [w]. (6.3)

Lemma 6.1. There exist §,&y > 0 sufficiently small such that: for every ¢ € (0,¢),
if ®.(w1) = ©g(w2) for some wi, wy € HY with |wile + |lwalle < 6, then wy = ws.

Proof. The proof is a consequence of lemma 5.2. The details go as follows. First we fix the
following notation: given f € H?, we define
(f:U)e

cri= and f::f—c U.
T !

Notice that fis radial, since so are f and U, and that ( f, U)., = 0. As a matter of fact,
since both f and U are radial, a direct computation based on odd symmetry shows that
also (f, 0;U), = 0, that is

few., (6.4)

according to the definition in (5.7).
Notice that f = f +c;U. We also consider the reflection of f with respect to U, namely

fri=f—csU. (6.5)
Now we observe that
Jo WU, v(Vo)[U, v] = (1 — p) v(Vp) /RN UP(x)v(x)dx (6.6)
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for any v € H?. Indeed, for any v € H,

Jo WU, v(Vo)[U, vl = (U, v)ps2 + V(0) (U, v) 12 — pv(Vp) /RN UP~H(x) Ux) v(x) dx

= =pv(Vo) / U”(x) v(x) dx,
RN
thanks to (6.1), and this establishes (6.6).
Furthermore

JIU, v(V)IU, v] = Jg (U, v(Vo)[U, v]

= / (V(ex) = V(O0)U x)v(x)dx — p(v(Ve) — 1)(Vo))/ U?P(x) v(x)dx.

RN RN
This, combined with (6.6) gives that
WA = [ Ve -vowwem-a [ Ur@uwa.
RV RV

where

ce = =1 = p)v(Vo) + p((Ve) — v(W)).
Notice that c, — (p — 1) v(V) > 0 as ¢ — 0, due to lemma 3.1. In particular

S U, v(V)IU, Ul = ne — e,
with

Ne 1= / (V(ex) — V(0))U*(x)dx — 0,

RN
as ¢ — 0, by dominated convergence theorem. We conclude that
" Ce
Je (U, v(Ve)IU, U] < -5 (6.7)

for small e. Now, for any v, w € H, we set
Ne()[w] := @, (v)[w] — @, (0)[w] — (P(0)[v], w)
= IJ(U +v)[w] — I,(U)[w] — I (U)[v, w]

= v(V,) (—/ |U+v|”wdx+/ U”wdx+p/ Up_lwd)C).
RV RN RV

Referring to page 128 in [1], we obtain
INe (1) = Mol < Const (o [le + [lor 27" + o lle + o227 g = va e (6.8)
Now we take w := w;| —w, and we use the notation in (6.5) and the assumption that &, (w;) =
@, (w,) to compute:
0= (w)[w*] — s (wr)[w]

= Ne(w)[w*] + @ (0)[w*] + (P, (0)[w], w*) — Ne(w2)[w*] — P (0)[w*]

— (@, (O)[wa], w*)

= (@, (O)[w1], w*) — (DLO)[w2], w*) + N (w)[w*] — N (w2)[w*]

= J (U, v(Vo)[w, w] + N (w)[w*] — Ne (wa)[w*].
Thus, we write w = W + ¢, U and w* = w — ¢, U, and we exploit (6.8) and (6.7), to see that

0> J/ (U, v(V)l, W] — c J,' (U, v(V)IU, U] — Const §™ P~ jw]|, [|w* |
2
> J/ (U v (V)LD, @]+ <5 = Const ™7~ ], u]..
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Now, thanks to (6.4), we can make use of lemma 5.2 and write that J/ (U, v(V,))[w, W] >
Const [|@]|2. So we obtain that

0 > Const ([|@|? +cZ) — Const 8™ P~ w]|, lw*],. (6.9)
Also, by (6.4),

2 ~02 2 2 ~ ~2 2 2
lwlly = lwll +c, IU1E +2(w, U)e = [wllg + ¢, Ul

and, similarly,
2 ~2 2 2
lw*ll; = llwll; +c, Ul

In particular, ||w||§ < Const (||1Z||§ + ci) and (6.9) becomes

0 > Const (]|@||? +c}) — Const §™™-P=1|w]2

> (Const — Const §™™-7=1) |w]2,

which implies that ||w]||. = 0 if § is small enough. 0

7. Completeness of the proof of theorem 1.3

Now we complete the proof of theorem 1.3. For this, let v’ be a radial minimizer for v(V,) in
the class of radial competitors, with i = 1, 2. Then, by lemma 3.1, provided ¢ is sufficiently
small, we have

vé(x)=U+wi with  [lwillf -0 as &— 0.

It turns out that ®.(w) = I.(vl) = 0, so we conclude that w! = w?, due to lemma 6.1. O

8. Completeness of the proof of Corollary 1.4

Since V is radial and radially decreasing, then using symmetric decreasing arguments, or the
moving plane argument, we have that v is radial. Then the result follows by theorem 1.3. [J
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