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Abstract In Part II of the paper, we study the response of a spherical annular region of the same strain limiting
elastic body considered in Part I, wherein the linearized strain is a nonlinear function of the stress. We study
the response of the annular region due to a normal radial inflation, and as in Part I, we find the response to be
strikingly different from that of the classical linearized elastic solid.

1 Introduction

This Part II is a continuation of a study of the response of a new class of elastic bodies that were studied
in Part I [1]. The motivation for studying boundary value problems within the context of this new class of
elastic bodies wherein the linearized strain and the stress are related nonlinearly, that exhibit strain limiting
behavior, was explained in detail in Part I of this paper (see [1]) and hence we shall not repeat them here. The
class of models that is considered is a consequence of the classical linearization procedure applied to bodies
defined by a response relation for the nonlinear strain, nonlinear terms of the stress, under assumption that the
displacement gradients are sufficiently small so that we can ignore the nonlinearity in the Green-St. Venant
strain (see Rajagopal [2–5]). In Part I of the paper, we studied two classes of boundary value problems: the
first wherein a cylindrical tube was subject to telescopic shear and inflation, and the second when the tube
was subject to circumferential shear, extension, and inflation. In this Part II, we consider a different class of
boundary value problems, that of a spherical annulus of the class of bodies studied in Part I subject to inflation.
Three types of bodies, one corresponding to a thin-walled spherical shell, the second a thick-walled spherical
shell, and the third an extended body with a spherical cavity, are studied due to radial inflation. The results for
the state of stress and the displacement in the annulus that are obtained are compared against the corresponding
results for the classical linearized elastic model. While one can obtain an explicit exact solution in the case of
the classical linearized elastic model, we are unable to do so for the nonlinear model, which has to be studied
numerically using the finite element method. As in Part I, we find that the results for the nonlinear model are
in conspicuously contrast to the results obtained for the classical linearized elastic model.

The organization of this part is as follows: In the next section, we introduce the kinematics, the governing
equations, the response relation, and the boundary value problem. This is followed in Sect. 3 by a discussion
of the problem of inflation of a sphere in detail. Results are presented for the state of stress within the annular
region and the displacement of the annular region.
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2 Basic equations, response relations, and the definition of the boundary value problem

We shall keep our kinematical definitions to a minimum. More details can be found in the references [6,7] and
[8]. Let X, where X = κr (X), denote the position of a particle X of a body B in the reference configuration
κr (B). It is assumed that there exists a one-to-one mapping χ such that at any time t it assigns the position
x = χ(X, t) to the particle X , in the current configuration κt (B). The displacement field u is defined as:

u = x − X. (1)

The linearized strain tensor ε is defined by:

ε = 1

2

(∇Xu + ∇XuT
)

(2)

where ∇X is the gradient operator defined with respect to the reference configuration.
As we shall be interested in the deformations of a spherical body, it is most appropriate to refer quantities

with respect to the spherical coordinate system. In the case of the spherical coordinates, where the displacement
field has components ur , uθ , and uφ , it follows from (2) that (see, for example, [7]):
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If we assume that there are no body forces and if we consider quasi-static problems, the balance of linear
momentum reduces to the equilibrium equation:

divT = 0. (6)

On using spherical coordinates, Eq. (6) takes the form (see for instance [7]):
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(2Trr − Tφφ − Tθθ ) = 0. (9)

In this work, we consider the same nonlinear relation between the linearized strain tensor and the Cauchy
stress tensor as in Part I [1] (see [9–11]) where the linearized strain is given by ε = ∂W

∂T . For an isotropic body,
we have W = W (I1, I2, I3), where

I1 = trT, I2 = 1

2
trT2, I3 = 1

3
trT3, (10)

and in such a case we obtain
ε = W1I + W2T + W3T2, (11)

where we have defined Wi = ∂W
∂ Ii

, i = 1, 2, 3. The model (11) shares a feature in common with the classical
linearized elastic model in that both of them are not Galilean invariant as the linearized strain is not Galilean
invariant. Thus, themodel should only be viewed as an approximation of the proper nonlinearmodels presented,
for example, in [2–4,12,13].

Let us consider the particular expression for W presented in Part I [1], W (I1, I2) = −α
β
ln[cosh(β I1)] +

γ
ι

√
1 + 2ιI2, where α, β, γ , and ι are constant. From (11), we obtain that

ε = −α tanh(β I1) + γ√
1 + 2ιI2

T. (12)
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Table 1 Values for the constants used in (12), (13)

α β γ ι E ν

1/Pa 1/Pa 1/Pa2 Pa

0.01 9.27681 × 10−8 4.01995 × 10−9 10−14 323387085 10.3

As in Part I [1], we are interested in comparing the results obtained for a boundary value problem within
the context of (12), with the predictions of the classical constitutive equation for isotropic linearized elasticity:

ε = − ν

E
I1I + (ν + 1)

E
T. (13)

We use the values for the constants in (12) and (13) presented in Table 1.
For more details concerning the choice of the values for the constants, see section 2.3 and figures 1 and 2

of Part I [1].
The following is the procedure we use to solve boundary value problems (see [1]): We appeal to a semi-

inverse procedure and assume a simplified form for the stress tensorT, which satisfies the equilibrium equation
(6): divT = 0. Using the kinematic relation (2) and the above structure for the stress tensor, we solve the
equation 1

2 (∇u + ∇uT) = ∂W
∂T . This equation is solved to find simultaneously the components of the stress

tensor and the displacement field.

3 Inflation of a sphere

Let us consider the sphere ri ≤ r ≤ ro, 0 ≤ θ ≤ 2π , 0 ≤ φ ≤ π under the effect of a radial normal stress Pi
applied on r = ri, assuming as well that there is no mechanical traction on the surface r = ro. Let us assume
that the sphere is under the following state of stress: T = Trr (r)er ⊗ er + Tθθ (r)eθ ⊗ eθ + Tφφ(r)eφ ⊗ eφ . It
immediately follows from Eqs. (7) through (9) that:

dTrr
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+ 1

r
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cosφ

r sin φ
(Tφφ − Tθθ ) = 0, (14)

which leads to

Tθθ = Tφφ = r

2

dTrr
dr

+ Trr . (15)

Let us assume that under such external loads the displacement field is of the form u = ur (r)er ; then, from
(3)–(5), we obtain the following components of the linearized strain tensor:

εrr = dur
dr

, εθθ = εφφ = ur
r

, εrθ = εrφ = εθφ = 0. (16)

From (11), we obtain two (in general nonlinear) ordinary differential equations for ur (r) and Trr (r):

dur
dr

= W1 + W2Trr + W3T
2
rr , (17)
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where Wi , i = 1, 2, 3 depend in general on the invariants (10), which in this case are given as:
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Table 2 Cases to be considered for the sphere

Outer radius ro (m) Maximum inner normal radial stress Pmax (Pa)

0.11 5 × 106

0.2 8.8 × 106

100 107
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Fig. 1 Influence of the mesh density for the three examples of spheres presented in Table 2. Results for the dimensionless
azimuthal stress T̄θθ = Tθθ /Pi and the dimensionless displacement ūr = ur/ri evaluated at r = ri versus the natural logarithm
of degrees of freedom DOF

The boundary conditions to be satisfied are:

Trr (ri) = −Pi, Trr (ro) = 0. (22)

When we consider the classical model (13), the Eqs. (17), (18) become linear differential equations, whose
well-known solutions [considering (22)] are (see, for example, Chapters XV and XVI of [14]):

Trr (r) = Pir3i (r
3
o − r3)

r3(r3i − r3o )
, Tθθ (r) = − Pir3i (2r

3 + r3o )

2r3(r3i − r3o )
, (23)

ur (r) = Pir3i [r3(4ν − 2) − r3o (1 + ν)]
2Er2(r3i − r3o )

. (24)

In the case of the new class of models (12), we have been unable to obtain exact solutions for (17), (18).
In order to obtain approximate solutions, we use the finite element method, for which we manipulated the
general Eqs. (17), (18) further. It is easy to show that (17) and (18) can be reduced to the nonlinear second
order ordinary differential equation (for Trr (r)):
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Fig. 2 Variation of the dimensionless radial displacement ūr = ur/ri evaluated at r = ri vs the dimensionless inner radial normal
stress P̄i = Pi/Pmax for the three examples of spheres documented in Table 2, where Pmax is the maximum inner radial normal
stress, which for each sphere is also presented in Table 2. ‘NL’ means that the results are obtained considering (12) using the
finite element method. ‘L’ refers to the results obtained considering (13) [see (24)]
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Fig. 3 From top to bottom: distributions of radial and circumferential components of the strain tensor, dimensionless radial and
circumferential components of the stress tensor and dimensionless radial displacement, as functions of the dimensionless radial
position r̄ = r/ri, for the three examples of spheres presented in Table 1 (ro = 0.11, ro = 0.2, ro = 100), comparing the results
between the constitutive relation (12) (NL), and the results obtained for the classical linearized elastic bodies (13) (L) [see (23),
(24)]
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Fig. 4 Distributions of strains and dimensionless stresses, comparing the response of the three spheres considered in Table 2
and using (12), as functions of the dimensionless radial position r̄ = r/ri. The inner radial normal stress for the three cases is
Pi = 5 × 106 Pa

If we define  = r

[
W1 + W2

(
r
2
dTrr
dr + Trr

)
+ W3

(
r
2
dTrr
dr + Trr

)2]
and F = W1 + W2Trr + W3T 2

rr , then

Eq. (25) takes the form d
dr = F , which can be solved using the finite element method in conjunction with the

Newton method as we did for the problems for a tube that was presented in Part I of this work [1].
Three examples are considered for the sphere, where the external radii are different, but the internal radius

ri = 0.1m is the same. These three cases are presented in Table 2.
For each case, we list the maximum normal radial stress Pi that was possible to be applied without having

problems with regard to the convergence of the code. The first case would represent a hollow sphere with a
‘thin’ wall, while the third case would correspond, approximately, to the case of an ‘infinite’ medium with a
spherical void under the effect of a radial normal stress. The equation is solved using the finite element program
Comsol 4.2 [15].

In the different plots to be presented in this section, we use the following dimensionless quantities:

r̄ = r

ri
, T̄rr = Trr

Pi
, T̄θθ = Tθθ

Pi
, ūr = ur

ri
, P̄i = Pi

Pmax
. (26)

In Fig. 1, we display the influence of the mesh density for the three different examples of spheres presented
in Table 2, when solving (25) with the finite element method. In the figure, we display the variation of the
dimensionless azimuthal stress through the thickness of the annulus and the dimensionless radial displacement
evaluated at r = ri, for different mesh densities, which are presented as functions of the natural logarithm of
the degrees of freedom.

In Fig. 2, we present results for the three spheres defined in Table 2, depicting the radial dimensionless
displacement evaluated at the inner radius vs the dimensionless inner normal radial stress P̄i. We compare
these results with the results obtained for the classical linearized bodies.
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In Fig. 3, we present results for the distribution of stresses, strains, and displacement in the dimensionless
radial direction, ensuring that themaximum internal normal radial stress does not exceed the valuementioned in
Table 2, i.e., for the sphere ro = 0.11mwhen Pi = 5×106 Pa, for the sphere ro = 0.2 mwhen Pi = 8, 8×106

Pa, and finally for the sphere ro = 100 m when Pi = 107 Pa. For each plot, there is a comparison between the
results obtained for the constitutive Eq. (12), using the finite element method (NL), and the results obtained
using (13) from (23), (24) for the classical linearized elastic model (L). For the sphere ro = 100 m, the results
are only presented for the range 1 ≤ r̄ ≤ 15, not for the whole wall thickness 1 ≤ r̄ ≤ 1000.

Finally, in Fig. 4, a comparison is provided between the response of the three spheres (see Table 2), when
the constitutive relation (12) is considered. The internal radial normal stress Pi is the same for the three cases
and equals 5 × 106 Pa.
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