
Journal of Geophysical Research: Space Physics

Electromagnetic fluctuations of the whistler-cyclotron
and firehose instabilities in a Maxwellian
and Tsallis-kappa-like plasma
Adolfo F. Viñas1, Pablo S. Moya1,2,3, Roberto E. Navarro3,4, J. Alejandro Valdivia3,
Jaime A. Araneda4, and Víctor Muñoz3

1Geospace Physics Laboratory, NASA Goddard Space Flight Center, Greenbelt, Maryland, USA, 2Department of Physics,
Catholic University of America, Washington, District of Columbia, USA, 3Departamento de Física, Facultad de Ciencias,
Universidad de Chile, Santiago, Chile, 4Departamento de Física, Facultad de Ciencias Físicas y Matemáticas, Universidad
de Concepción, Concepción, Chile

Abstract Observed electron velocity distributions in the Earth’s magnetosphere and the solar wind
exhibit a variety of nonthermal features which deviate from thermal equilibrium, for example, in the form
of temperature anisotropies, suprathermal tail extensions, and field-aligned beams. The state close to
thermal equilibrium and its departure from it provides a source for spontaneous emissions of
electromagnetic fluctuations, such as the whistler. Here we present a comparative analysis of the electron
whistler-cyclotron and firehose fluctuations based upon anisotropic plasma modeled with Maxwellian
and Tsallis-kappa-like particle distributions, to explain the correspondence relationship of the magnetic
fluctuations as a function of the electron temperature and thermal anisotropy in the solar wind and
magnetosphere plasmas. The analysis presented here considers correlation theory of the
fluctuation-dissipation theorem and the dispersion relation of transverse fluctuations, with wave vectors
parallel to the uniform background magnetic field, in a finite temperature anisotropic thermal bi-Maxwellian
and nonthermal Tsallis-kappa-like magnetized electron-proton plasma. Dispersion analysis and stability
thresholds are derived for these thermal and nonthermal distributions using plasma and field parameters
relevant to the solar wind and magnetosphere environments. Our results indicate that there is an
enhancement of the fluctuations level in the case of nonthermal distributions due to the effective higher
temperature and the excess of suprathermal particles. These results suggest that a comparison of the
electromagnetic fluctuations due to thermal and nonthermal distributions provides a diagnostic signature
by which inferences about the nature of the particle velocity distribution function can be ascertained
without in situ particle measurements.

1. Introduction

Nonthermal particle velocity distributions that often appear as suprathermal tail extension which decreases
as a power law of the velocity are ubiquitous in space plasmas, and they are specially inherent to the solar
wind and magnetospheric electron distributions [Olbert, 1968; Vasyliunas, 1968; Montgomery, 1968; Feldman
et al., 1975; Pilipp et al., 1987; Maksimovic et al., 1997; Nieves-Chinchilla and Viñas, 2008; Zouganelis, 2008]. These
distributions are remarkably modeled by the well-known Tsallis-kappa-like distribution as a fitting function. It
has been suggested that such class of velocity distribution are the resultant of a more general-universal mech-
anism that generates these stable distributions which exists on many complex-systems such as astrophysical,
quantum, biological, economic, and for certainty in space plasma systems [Tsallis, 1988; Gell-Mann and Tsallis,
2004; Tsallis and Brigatti, 2004]. These distributions play an important role in the description of particle accel-
eration, in defining the thermodynamic or kinetic temperature and in the wave-particle interactions of any
plasma system. Among the many fundamental challenging problems of laboratory and astrophysical plas-
mas, two of the most important are the understanding of the relaxation of collisionless plasmas with nearly
isotropic nonthermal velocity distribution functions and the resultant state of nearly equipartition energy
density with electromagnetic plasma turbulence. Regardless of the absence of free energy for plasma insta-
bilities, a thermal and nonthermal plasma sustains a small but detectable spontaneous fluctuation level of
absorption and emission which arises from the discreteness of the plasma particles, e.g., from the charge and
current fluctuations in the plasma. The response of a nonthermal plasma, due to these spontaneous emissions,
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is intimately associated to the electric and magnetic field fluctuations which can be described by the
well-known fluctuation-dissipation theorem (FDT). Spectral properties of the scattered fluctuating emission
provide substantial information about the state of a plasma, and in fact it is one of the most efficient methods
of plasma diagnostics used in laboratory fusion research devices and in space plasma measurement [see, e.g.,
Meyer-Vernet et al., 1986; Lund et al., 1994; Issautier et al., 2001; Moncuquet et al., 2005; Chapman and Gericke,
2011; Meyer-Vernet et al., 2013].

Recent analysis of solar wind proton temperature anisotropies observed by the two Faraday Cup instruments
of the Solar Wind Experiment (SWE) on the Wind satellite [Kasper et al., 2002] has shown direct correspon-
dence to the measured magnetic fluctuation wave power obtained by the Magnetic Field Investigation [Bale
et al., 2009]. Using various years of data, they demonstrated that the observed limit of the proton tempera-
ture anisotropy for T⊥p∕T∥p < 1 and T⊥p∕T∥p > 1 is in agreement with the constraints predicted by theory and
simulations, as imposed by the firehose and the Alfvén proton-cyclotron instabilities, respectively. Although
their results show a clear correspondence between the temperature anisotropies and the magnetic fluctua-
tion near the instability thresholds, their analysis does not provide a complete physical explanation for the
magnetic fluctuations within the instability threshold regions. Such explanation, proposed in Araneda et al.
[2012], Viñas et al. [2014], and Navarro et al. [2014], can be obtained by a study of the relaxation of thermal
and nonthermal plasmas by means of the FDT that describes the state of the system by the linear response
of the plasma media to the perturbations from its equilibrium state [e.g., Callen and Welton, 1951; Ichimaru,
1962; Sitenko, 1967]. Despite the fact that we just have a few similar observations for electron temperature
anisotropy and magnetic fluctuations [Stverak et al., 2008] as those made by Bale et al. [2009] and Kasper et al.
[2002], we make the conjecture by analogy that similar results should be obtained for the electron physics and
the high-frequency magnetic whistler-cyclotron fluctuations. Moreover, the temperature anisotropy analysis
described in these works is not only limited to low-frequency ion-driven electromagnetic fluctuations, but
it is also applicable to high-frequency electromagnetic waves such as whistler-cyclotron and firehose waves
where the plasma is dominated by the electron physics and where the electrons are well represented by non-
thermal Tsallis-kappa-like distributions as in the solar wind. These nonthermal Tsallis-kappa-like distributions
have been observed more naturally on the solar wind [see Feldman et al., 1975; Pilipp et al., 1987; Maksimovic
et al., 1997; Nieves-Chinchilla and Viñas, 2008] and magnetospheric electrons [see Olbert, 1968; Vasyliunas,
1968; Montgomery, 1968; Christon et al., 1989] than the protons.

Recently, Araneda et al. [2012] and Viñas et al. [2014] studied magnetic fluctuations associated with Alfvén
and whistler waves, respectively, in isotropic Maxwellian thermal plasmas and showed that heavily damped
modes of the dispersion relation constrain the structure of the fluctuation spectra, showing that they play
an important role in the emission and absorption of plasma fluctuations, as well as in the emergence of col-
lective modes (plasma waves). However, Viñas et al. [2014] results extended the study to Tsallis-kappa-like
distributions and showed that the spectral distribution of the fluctuations is not constrained by the heavily
damped higher-order modes, suggesting that such signature can be used as a diagnostic to identify from
wave properties the nature of the plasma distribution function. Viñas et al. [2014] further showed that the
zone where the whistler-cyclotron normal modes merge the electromagnetic fluctuations shifts to longer
wavelengths as the 𝛽∥ increases [see also Araneda et al., 2012]. This merging zone has been interpreted as the
beginning of the region where the whistler-cyclotron waves lose their identity and become heavily damped
while merging with the fluctuations. Navarro et al. [2014] extended some of these ideas to anisotropic but sta-
ble bi-Maxwellians, showing that these fluctuations are in qualitative agreement and may explain solar wind
observations. Analogously, Schlickeiser and Yoon [2012] derived general expressions for the electromagnetic
fluctuation spectra in unmagnetized relativistic and nonrelativistic plasmas; however, their study is restricted
mainly to the description of aperiodic (purely growing/damped) modes generated by a variety of distribu-
tion functions [Lazar et al., 2012; Schlickeiser and Yoon, 2012; Felten et al., 2013; Felten and Schlickeiser, 2013a,
2013b].

In this paper, we use Sitenko [1967] fluctuation theory and use the formalism described by Schlickeiser
and Yoon [2012] for unmagnetized plasmas, and Navarro et al. [2014] and Navarro et al. [2015] for mag-
netized plasmas composed of protons and electrons emphasizing the high-frequency parallel-propagating
electron-driven whistler-cyclotron and firehose fluctuations for arbitrary bi-Maxwellian and thermally
anisotropic Tsallis-kappa-like distribution functions to explain the correspondence of the temperature
anisotropy and threshold of magnetic fluctuations in the solar wind and magnetosphere. We then compare
our results to those considered by Navarro et al. [2014] for low-frequency Alfvén cyclotron waves and Viñas
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et al. [2014] for high-frequency whistler waves, respectively, when the spectral 𝜅 index tends to infinity and
the system becomes isotropic (i.e., Maxwellian).

2. Theory of Electromagnetic Fluctuations in Plasmas

It is well known that any physical quantity that characterizes a macroscopic system which is near equilibrium
experiences deviations from its average value. These deviations from the average values are called fluctua-
tions of the physical quantity, and they are determined by the thermodynamical or kinetic temperatures and
other macroscopic properties of the system. To describe these fluctuations we introduce correlation functions
defined as the averaged values of products of fluctuations of a single or several quantities at different points in
space and time. These averaged values are taken over the statistical ensemble that characterizes the state of
the system. For the purpose of this work we consider that the electromagnetic fluctuations are the quantities
characterizing our system.

In considering the fluctuation-dissipation theorem (FDT) and the Tsallis-kappa-like velocity distribution we
must point out a basic caveat in the analysis. Our magnetic fluctuation calculations with the FDT theory
follows the standard Hamiltonian approach used by Ichimaru [1962], Sitenko [1967], and more recently by
Navarro et al. [2014], in which the linear response of the ensemble average of the electromagnetic fluctua-
tions is connected to the plasma response function via the dielectric response of the plasma medium. This
approach does not require invoking any entropy principle of classical thermodynamics. In this framework,
which follows the traditional method of plasma physics, the dielectric response of the plasma is determined
directly from the linearized Vlasov-Maxwell systems of equations, which are, in general, represented in terms
of unspecified arbitrary and nearly equilibrium velocity distributions representing the “average” ensemble
particle distribution. Generally, these distributions have been assumed to be bi-Maxwellian or a superposition
of bi-Maxwellian distributions. In our calculations we have preassumed that the dielectric response is derived
in terms of an arbitrary unspecified nearly equilibrium distribution and the systems of interest are the solar
wind-magnetosphere. These systems comprised a plasma, where long-range (long-time memory and long
correlations) interaction prevails, we can otherwise assume a Tsallis-kappa-like particle distribution in its equi-
librium. Moreover, both the fluctuation-dissipation theorem studied in this paper and the Tsallis-kappa-like
distribution approaches the standard FDT theory [e.g., Ichimaru, 1962; Sitenko, 1967] and the Maxwellian dis-
tribution in the limit as kappa approaches infinity, respectively. However, it is important to emphasize that this
is an ansatz since the Tsallis-kappa-like distribution has been posed in a different formalism of the fluctuation
dissipation theorem for nonextensive statistical mechanics proposed by Chame and de Mello [1994] and also
Rajagopal [1996].

In this section we estimate the magnetic fluctuations power spectrum when the plasma is represented by a
bi-Maxwellian thermal distribution and later for the more general case of a nonthermal distribution modeled
by a Tsallis-kappa-like distribution function. We use the statistical ensemble average of the magnetic field
fluctuations through their deviations from the mean values to describe the state of the plasma by the dielec-
tric response of the system. Since the mean value of the fluctuations is equal to zero by definition and the
plasma medium is spatially homogeneous, therefore, only nearly stationary states of the system are involved
in the correlation. Thus, the quadratic correlation (i.e., nonlinear second-order correlators) function depends
only on the relative distance and on the absolute value of the time segment between the points at which
the fluctuations are examined. These correlations are ensemble average products of fluctuations that are
further described at particular wavelengths and frequencies in the 𝜔-k Fourier domain. Following standard
second-order correlation procedure, the classical spectral power distribution of electric field fluctuations per
species s in a magnetized nonisothermal and homogeneous anisotropic plasma can be generally expressed
[see Sitenko, 1967] in terms of the fluctuation-dissipation theorem:

⟨
𝛿Ei𝛿E∗

j

⟩(s)

(𝜔,k⃗)
= 4𝜋i

kBT⊥s

𝜔
Λ−1

(0)

(
Λ−1

jm 𝜒
(s)
mi − 𝜒

(s)∗
im Λ−1∗

mj

)
, (1)

where 𝜔 is the frequency of the fluctuations, Λ−1
ij are the components of the inverse of the dispersion tensor,

Λ−1
(0) is a diagonal inverse dispersion tensor of free space (vacuum), 𝜒 (s) is the electromagnetic susceptibil-

ity tensor per species s, T⊥s is the species perpendicular temperature and kB is the Boltzmann constant. The
bracket ⟨· · ·⟩ represents the statistical space-time ensemble average for each frequency and wave vector [see
also Navarro et al., 2015].
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For an anisotropic nonisothermal plasma and in the limit of parallel propagation we can express the trace of
this equation in terms of the transverse magnetic fluctuations as follows:

⟨|𝛿B⊥|2
⟩
(𝜔,k‖) =

⟨
𝛿B⊥ ⋅ 𝛿B∗

⊥

⟩
(𝜔,k‖) =

8𝜋
𝜔

Tr

{
Λ−1

(0) Im

[∑
s

(
T⊥(s)𝜒

(s)
⊥

)
Λ−1∗

⊥

]}
(2)

using the Maxwell-Faraday equation, since for parallel propagation
⟨|𝛿B∥|2

⟩
= 0, and summing over all

plasma species. Here Λ−1∗
mj is understood to be given by the conjugate inverse parallel dispersion tensor

defined below (see equation (4)) which can be expressed as the ratio of its cofactor matrix divided by its
determinant, e.g., Λ−1

mj = CoFac
(
Λmj

)
∕|Λ|.

Rewriting this final equation in dimensionless units results in the following:

⟨|𝛿B̄⊥|2
⟩
(𝜔,k‖) =

𝜂2

(1 − 𝜂2)
|Ωe|
𝜔

Tr

{
Im

[∑
s

(
Γs𝛽∥s 𝜒

(s)
⊥

)
Λ−1

⊥

]}
, (3)

where 𝜂 = ck∥∕𝜔 is the index of refraction, Γs = T⊥s∕T∥s is the temperature anisotropy for each species, and
𝛽∥s = 8𝜋n0kBT∥s∕B2

0 is a plasma beta based on the total density n0, representing only the species temperature.

The linearized dispersion tensor Λij(𝜔, k) is obtained from the Fourier-Laplace transformed Vlasov-Maxwell
equations which yields

𝚲(𝜔, k) = Λ(0) + 𝜺 (k, 𝜔) , (4)

where we have defined the free space dispersion tensor Λ(0) as follows:

Λ(0) = I − 𝜂2

(
I − kk

k2

)
. (5)

The electromagnetic response of the plasma medium is completely described in terms of the plasma dielectric
permittivity tensor

𝜺 (k, 𝜔) =
∑

s

𝝌
(s) , (6)

which depends on the susceptibilities 𝜒
(s)
ij of the various species, the complex frequency 𝜔, and the wave

vector k. The dispersion relation that determines the frequencies 𝜔 = 𝜔(k), of the normal modes, is given
from the condition that det(Λ) = 0 (for details, see Viñas et al., 2014 [2014]). For propagation parallel to B0,
and for a plasma composed of parallel drifting electrons and protons that obey the bi-Maxwellian particle
velocity distribution function given by:

Fs
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the dielectric permittivity tensor in nondiagonal form becomes
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,

(8)

and
𝜀13 = 𝜀23 = 𝜀31 = 𝜀32 = 0 and , 𝜀 = 𝜀11 and 𝜀21 = −𝜀12, (9)

where we have defined; given by

𝜉s =
(𝜔 − k∥U∥s)

k∥𝛼∥s
, 𝜉±s = 𝜉s ∓
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s

)
k∥𝛼∥s

. (10)

VIÑAS ET AL. WHISTLER AND FIREHOSE FLUCTUATIONS 3310



Journal of Geophysical Research: Space Physics 10.1002/2014JA020554

In equation (8), 𝜔2
ps = 4𝜋nsq2

s∕ms is the squared plasma frequency; Ωs = qsB0∕
(

msc
)

is the cyclotron fre-
quency, with ns, qs, and ms the density, charge, and mass of the species s, respectively; and c is the speed of
light. The parameters 𝛼‖s =

√
2𝜅BT‖s∕ms and 𝛼⊥s =

√
2𝜅BT⊥s∕ms are the parallel and perpendicular thermal

velocities, respectively. Z(𝜉) is the traditional Fried-Conte plasma dispersion function [Fried and Conte, 1961].
The generalized expression for the magnetic fluctuations in equation (2) reduces to that of Sitenko [1967] in
the isothermal and isotropic limit.

Analogously, a plasma composed of parallel drifting electrons and protons that obey the thermally anisotropic
Tsallis-kappa-like particle velocity distribution function [Tsallis, 1988; Tsallis and Brigatti, 2004; Tsallis, 2009] is
given by:

Fs𝜅

(
v‖, v⊥

)
= As𝜅

[
1 + 1

𝜅

((
v‖ − U‖s

)2

𝛼2‖s

+
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⊥

𝛼2
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)]−(𝜅+1)

,

As𝜅 = 1
𝜋3∕2𝛼‖s𝛼

2
⊥s

Γ (𝜅 + 1)
𝜅3∕2Γ (𝜅 − 1∕2)

.

(11)

Here the parameter 𝜅 represents the degree of nonthermal effects. When 𝜅 is positive and small, the velocity
distribution in equation (11) represents an effectively hotter distribution than a bi-Maxwellian in the form
of a suprathermal extension that decreases as a power law, whereas for 𝜅 large and approaching infinity,
the effective temperature reduces to that of a bi-Maxwellian distribution. This effective temperature T𝜅 of
a Tsallis-kappa-like distribution can be defined in terms of the Maxwellian temperature T by obtaining the
second moment of the distribution function equation (11) to yield

T𝜅 = 𝜅

𝜅 − 3∕2
T , (12)

which is a well-defined larger effective temperature for all 𝜅 > 3∕2.

Substituting equation (11) into equations (4)–(6), we can write the perpendicular dispersion tensor as follows:
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1
2

∑
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(
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)]
,
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i
2

∑
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[
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(
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,
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𝜅

∑
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∥𝛼

2
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[
1 + 𝜉𝜅s Z𝜅+1

(
𝜉𝜅s
)]

,

(13)

where the arguments 𝜉s and 𝜉±s have been defined in equation (10),

𝜉𝜅s =
√

𝜅 + 1
𝜅

[ (𝜔 − k∥U∥)
k∥𝛼∥s

]
, (14)

and the modified kappa dispersion function is given by

Z𝜅(𝜉) =
Γ(𝜅)

𝜋1∕2 𝜅1∕2Γ (𝜅 − 1∕2) ∫
+∞

−∞

dt
(t − 𝜉)

[
1 + t2

𝜅

]−𝜅
, Im (𝜉)> 0. (15)

For 𝜅 > 1∕2, the function Z𝜅(𝜉) can be written in terms of the Gauss hypergeometric function 2F1:

Z𝜅(𝜉) = i
𝜅 − 1∕2

𝜅3∕2 2F1

[
1, 2𝜅; 𝜅 + 1; 1

2

(
1 − 𝜉

i
√
𝜅

)]
. (16)

Here Z𝜅(𝜉) is the analogous plasma dispersion function for a kappa-like distribution as defined by Summers
and Thorne [1991] and Mace and Sydora [2010].

The magnetic fluctuations spectrum when the plasma is represented by a Tsallis-kappa-like nonthermal
anisotropic distribution is slightly modified compared to equation (3) above for the bi-Maxwellian. In this case
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the temperature is expressed in terms of the effective temperature given by equation (12); thus, the resultant
magnetic fluctuation spectrum (in dimensionless form) becomes

⟨|𝛿B̄⊥|2
⟩
(𝜔,k‖) =

𝜂2

(1 − 𝜂2)
|Ωe|
𝜔

Tr

{
Im

[∑
s

(
𝜅s

𝜅s − 3∕2
Γs𝛽∥s 𝜒

(s)
⊥

)
Λ−1

⊥

]}
, (17)

which clearly implies that the fluctuations will be enhanced by the effective temperature for a
Tsallis-kappa-like distributions at a given 𝜅 value and fixed plasma conditions.

3. Numerical Results

In this section we present the results of the electromagnetic whistler-cyclotron and firehose fluctuation power
calculated from equations (3) and (17) for a bi-Maxwellian and a Tsallis-kappa-like electron-proton plasma
distribution functions, respectively. The results consider two typical plasma environment cases: (1) the solar
wind region where 𝜔pe∕|Ωe| ≃ 100 and (2) the magnetosphere domain where 𝜔pe∕|Ωe| ≃ 5. The calculation
of the spectral power is carried out by considering a plasma with an isotropic proton distribution represented
by a fixed 𝛽p = 0.1. The electron temperature and anisotropy were varied in the range of 0.01 ≤ 𝛽e ≤ 10
and 0.1 ≤ Γe ≤ 10, respectively. The dispersion relation for the electron-proton plasma is then evaluated
for these parameters to estimate the right-hand side of equations (3) and (17). Since the calculations of the
spectral power are in the Fourier spaces

(
k∥, 𝜔

)
, we integrated equations (3) and (17) in both frequency and

wavelength for the range −5 ≤ k∥𝜆e ≤ 5 and −5 ≤ 𝜔∕|Ωe| ≤ 5, respectively, to estimate the total power
in configurational space (since they are equivalent by Parseval’s theorem) given by the trace of the spectral
power spectrum matrix |𝛿B̄⊥|2 =

∑(|𝛿Bx|2 + |𝛿By|2
)

in dimensionless units in the following form:

W = ∫ d𝜔dk∥ |𝛿B̄⊥|2. (18)

Here 𝜆e = c∕𝜔pe is the electron inertial length and we have taken U∥s = 0 for both species.

Figure 1a shows contour plots of the maximum growth rate of the dominant modes of the system for typi-
cal solar wind parameters assuming a bi-Maxwellian electron-proton plasma. Calculations of the dispersion
relation show that there are two relevant domains of the thermal anisotropy given by 1 ≤ Γe ≤ 10, where
the whistler cyclotron dominates and 0.1 ≤ Γe ≤ 1, where the firehose left-handed waves dominate, for
the full range of the electron temperatures 0.01 ≤ 𝛽e ≤ 10 [see, e.g., Viñas et al., 2014]. The results for the
right-handed whistler-cyclotron waves show a clear increase of the growth rate as the anisotropy increases
from 1 ≤ Γe ≤ 10 and 𝛽e increases. Similarly, the growth rate of the left-handed firehose waves increases as the
anisotropy decreases for the range 0.1 ≤ Γe ≤ 1 when 𝛽e increases. Two threshold growth contour levels are
indicated by the dashed lines at 𝛾∕|Ωe| = 10−4 and 𝛾∕|Ωe| = 10−3 for both modes. Growth rates smaller than
𝛾∕|Ωe| ≤ 10−4 have been set to the black color level to represent linear quasi-stable (near equilibrium) regimes
due to the fact that the time scales for the development of the instabilities are much longer compared to corre-
lation times. Figure 1a clearly shows the two instability domains where the whistler-cyclotron and the firehose
dominates. The contour plots of Figure 1b illustrate the corresponding results for the total spectral amplitude
power (W) of the electromagnetic whistler-cyclotron and firehose fluctuations calculated from equation (18).
This figure also shows that the whistler-cyclotron modes have more power than the firehose modes. This is
consistent with their corresponding growth rates, since the whistler-cyclotron growth is generally higher than
the firehose growth rates. Because the threshold boundary in the maximum growth rate as well as the total
spectral power of the whistler-cyclotron and firehose fluctuations in the solar wind case are shifted to higher
𝛽e values and their respective thermal anisotropies are in different regimes we show these contour plots on
a linear scale of the temperature 𝛽e and thermal anisotropy Γe. However, for comparison purposes only, we
show the same plots in the logarithm scale (see Figure 2). Figure 2 shows identical plots to Figure 1 but in the
log scale which emphasizes what we have discussed on Figure 1. The threshold maximum growth contour at
𝛾∕|Ωe| = 10−4 is superposed in Figure 1b and in Figure 2b (see dashed black line) and the color contours have
been suppressed (set to white color) to illustrate that the spectral power amplitude is the largest above these
levels for both whistler-cyclotron and firehose instabilities. Without real observations of the solar wind mag-
netic fluctuations versus temperature and thermal anisotropy of electrons, it is difficult to test the theoretical
dependence of the whistler-cyclotron and firehose instabilities against the thermal electron anisotropies, as
Bale et al. [2009] and Kasper et al. [2002] have done for Alfvén cyclotron and Alfvén firehose waves. Particularly,
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Figure 1. Solar wind maximum growth and total spectral power of magnetic fluctuations for a bi-Maxwellian and
anisotropic Tsallis-kappa-like distributions for the case of 𝜔pe∕|Ωe| = 100 in linear scale. (a) Maximum growth rate and
(b) magnetic fluctuation power for a bi-Maxwellian distribution. (c) Maximum growth rate and (d) magnetic fluctuation
power for a Tsallis-kappa-like distribution.

if the observations are in the regime below 𝛾∕|Ωe| ≤ 10−4 corresponding to the lowest power levels of the
whistler-cyclotron and firehose waves. Stverak et al. [2008] showed some preliminary observations of the elec-
tron whistler-cyclotron and firehose instabilities as a function of the temperature and the thermal anisotropies
of the electrons (see Figures 5 and 6 of their paper). Their results were based on the separation of the core
and halo electron populations resulting from a model-dependent approach analogous to our Maxwellian
and Tsallis-kappa-like electron velocity distribution representation of the full distribution. But their results
show some ambiguities since they presented their analysis in terms of the occurrence rates rather than the
magnetic fluctuations.

In Figures 1c and 1d (as well as in Figures 2c and 2d in logarithmic scale) we show similar results of the
growth rates and total spectral amplitude whistler-cyclotron and firehose fluctuations for the case of a
Tsallis-kappa-like electron-proton nonthermal plasma in the solar wind with 𝜅 values given by 𝜅e = 5 for
electrons and 𝜅p = 15 for protons (i.e., essentially Maxwellian protons). Similar contour plots of the corre-
sponding maximum growth rates and power spectral amplitude of the electromagnetic whistler-cyclotron
and firehose fluctuations for the same temperature and anisotropy range of 0.01 ≤ 𝛽e ≤ 10 and 0.1 ≤ Γe ≤ 10
are presented. Note that the maximum growth threshold contour boundary in Figure 1c (see white dashed
line) shifts to smaller values of 𝛽e and Γe indicating that the Tsallis-kappa-like model is more unstable over
a wider dynamic range than the Maxwellian case (see Figure 1a for comparison). Moreover, the spectral
power amplitude fluctuations are consistently larger because of the higher effective temperature T𝜅 (for
both parallel and perpendicular) of the plasma and the lack of the higher-order modes bounded structure
in the Fourier domain [Viñas et al., 2014]. A comparison between Figures 1d for the Tsallis-kappa-like and
Figures 1b for the bi-Maxwellian distributions shows that the enhancement of the suprathermal tails increases
the fluctuation levels as shown by the shift in the threshold boundary line in these figures. This again is indica-
tive of the effect of the effective higher temperature of the Tsallis-kappa-like distribution function which
increases the fluctuation amplitudes, and therefore, these extended power law distributions have more free
energy available.
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Figure 2. Solar wind maximum growth and total spectral power of magnetic fluctuations for a bi-Maxwellian and
anisotropic Tsallis-kappa-like distributions for the case of 𝜔pe∕|Ωe| = 100 in logarithmic scale. (a) Maximum growth rate
and (b) magnetic fluctuation power for a bi-Maxwellian distribution. (c) Maximum growth rate and (d) magnetic
fluctuation power for a Tsallis-kappa-like distribution.

Similar results were carried out for the case of typical parameters (i.e., 𝜔pe∕|Ωe|= 5) in the magnetosphere.
In Figure 3a we present contour plots of the maximum growth rate of the dominant modes of the system
for typical magnetospheric parameters assuming a bi-Maxwellian electron-proton plasma. The calculations
of the dispersion relation reveal again two relevant domains of the thermal anisotropy (1 ≤ Γe ≤ 10) for the
whistler-cyclotron and the firehose left-handed waves (0.1 ≤ Γe ≤ 1) which are present for the full range of
the electron temperatures 0.01 ≤ 𝛽e ≤ 10 [Viñas et al., 2014]. Two threshold growth contour levels are indi-
cated by the dashed lines at 𝛾∕|Ωe| = 10−4 and 𝛾∕|Ωe| = 10−3 for both the whistler-cyclotron and firehose
modes. Growth rates smaller than 𝛾∕|Ωe| ≤ 10−4 represent stable near-equilibrium regimes. The contour plot
of Figure 3b illustrates the corresponding results for the total spectral amplitude power of the electromag-
netic whistler-cyclotron and firehose fluctuations. The threshold maximum growth contour at 𝛾∕|Ωe| = 10−4

is superposed in Figure 3b (see solid black line) to illustrate that the spectral power amplitude is the largest
above this level. Thus, the power spectral amplitudes below 𝛾∕|Ωe| ≤ 10−4 corresponding to the power level
of the electron whistler-cyclotron and firehose fluctuations show a clear correspondence between the tem-
perature anisotropies and the magnetic fluctuation near the instability thresholds boundaries. Figures 3a and
3b for the magnetospheric case clearly show that the whistler-cyclotron instability extends to smaller values
of the electron beta, suggesting that it is more susceptible for excitation compared to the solar wind case.

In Figures 3c and 3d we show the results of the growth rates and total spectral power for whistler-cyclotron
and firehose fluctuations in the case of a Tsallis-kappa-like electron-proton nonthermal plasma in the mag-
netosphere with 𝜅 values given by 𝜅e = 5 and 𝜅p = 15. Similar contour plots of the corresponding maximum
growth rates and power spectral amplitude of the electromagnetic whistler-cyclotron and firehose fluctua-
tions for the same temperature and anisotropy range of 0.01 ≤ 𝛽e ≤ 10 and 0.1 ≤ Γe ≤ 10 are presented. Note
that the spectral power amplitude fluctuations are larger because of the higher effective temperature T𝜅 of the
plasma. A similar comparison between Figure 3b for the bi-Maxwellian and Figure 3d for the Tsallis-kappa-like
distributions shows that the enhancement of the suprathermal tails increases the fluctuation levels as shown
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Figure 3. Magnetospheric maximum growth and total spectral power of magnetic fluctuations for a bi-Maxwellian and
anisotropic Tsallis-kappa-like distributions for the case of 𝜔pe∕|Ωe| = 5. (a) Maximum growth rate and (b) magnetic
fluctuation power for a bi-Maxwellian distribution. (c) Maximum growth rate and (d) magnetic fluctuation power for a
Tsallis-kappa-like distribution.

by the shift in the threshold boundary line in these figures. This again is indicative of the effect of the effective
higher temperature due to the extended tails of the Tsallis-kappa-like distribution function.

Similar to the solar wind case, an increase of the growth rate and the magnetic fluctuation wave spectral power
of the whistler-cyclotron waves as the anisotropy increases from 1 ≤ Γe ≤ 10 and 𝛽e increases; whereas similar
increases occurred for the growth rate of the left-handed firehose waves as the anisotropy decreases for the
range 0.1 ≤ Γe ≤ 1 when 𝛽e increases. Analogous to the solar wind case, these increases in the total spectral
power and growth rates of the magnetic fluctuations occurred for both the bi-Maxwellian (i.e., equation (3))
and Tsallis-kappa-like (i.e., equation (17)) distributions.

4. Summary and Discussion

We have estimated numerically the total spectral power of the electromagnetic whistler-cyclotron and fire-
hose fluctuations in thermal (bi-Maxwellian) and nonthermal (anisotropic Tsallis-kappa-like) plasmas near
quasi-equilibrium as a function of the electron parallel temperature and thermal anisotropy for two typi-
cal astrophysical plasma systems such as the solar wind and magnetosphere. Our results indicate that the
correspondence between the electron thermal anisotropy and the electromagnetic fluctuations near the
instability thresholds of the right-handed whistler-cyclotron and this relationship between the electron tem-
perature, the thermal anisotropy, and the electromagnetic fluctuations near the instability thresholds of the
right-handed whistler-cyclotron and left-handed firehose instabilities appear to be well explained by the
fluctuation-dissipation theory. The fluctuation-dissipation results shown for the Tsallis-kappa-like velocity dis-
tribution seem to be consistent with those for the bi-Maxwellian distribution when 𝜅 approaches infinity for
both plasma system environments. However, it will be interesting to also use the generalized approach of the
FDT theory of nonextensive statistical mechanics of Chame and de Mello [1994] to ascertain which framework
is more consistent.
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The results shown here are expected to provide sufficient motivation for researchers to investigate the thermal
relaxation of magnetic fluctuation in the higher-frequency electron whistler-cyclotron and firehose regimes
and to present evidence or lack thereof of the correspondence or not of such fluctuations with the electron
thermal anisotropy in the solar wind and magnetosphere environments, as it has already been done at the
proton scales in Bale et al. [2009] and Navarro et al. [2014] for solar wind conditions. The only electron obser-
vation results currently available are those of Stverak et al. [2008] that show similar threshold correspondence
boundaries on the number of events versus the temperature and thermal anisotropy of electrons in the solar
wind. Unfortunately, such correspondence is at most ambiguous since it was not calculated on the basis of
magnetic fluctuations that will render their results more physical than statistical.

Our results further show that the fluctuation spectrum is enhanced in regions where there are suprathermal
particles, and the particle velocity distribution is characterized by extended power law tails as those mod-
eled by the Tsallis-kappa-like distribution. The enhancement effect of the spectrum is more pronounced as
𝜅 decreases. This result is consistent with the conclusions reached by Viñas et al. [2014], where they showed
that the electromagnetic fluctuations are not confined by the heavily damped higher-order linear modes in a
nonthermal Tsallis-kappa-like plasma. Independent of the value of 𝜅, any instability in the whistler-cyclotron
or firehose branch could emerge in these zones if free energy is available [Viñas et al., 2014]. In a ther-
mal Maxwellian plasma these fluctuations usually appear to be constrained within zones bounded by these
heavily damped linear modes [Araneda et al., 2012; Viñas et al., 2014]. Thus, this result suggests a diagnos-
tic signature by using remote sensing of the plasma waves fluctuations, which can be used to ascertain the
nature of the particle velocity distribution function without in situ particle measurements. This by no means
suggests that in situ particle measurements are not required but emphasizes the importance of plasma wave
diagnostics and that plasma wave fluctuations observations can provide inferences [e.g., Viñas et al., 2005]
about the particle velocity distribution and some of its macroscopic parameters when particle measurements
are unavailable.

As shown for the solar wind protons, we expect that the thermally induced magnetic fluctuations at the
electron scales can be a relevant contribution to the magnetic variations observed in the solar wind and mag-
netosphere, but the calculations of these fluctuations near the threshold boundary needs to be confirmed
for the electrons in and for both environments. Comparison between the solar wind and magnetosphere
cases suggests that the results are not very sensitive to the ratio of 𝜔pe∕|Ωe|. The results presented here
and motivated in combination by the observations of Bale et al. [2009] and Kasper et al. [2002], and the the-
oretical ideas by Araneda et al. [2012], Viñas et al. [2014], and Navarro et al. [2014], may lead us to a better
understanding of the threshold conditions of magnetic fluctuations and nonthermal plasmas in the space
environments. Full-particle numerical (PIC) simulation of the magnetic fluctuation will be presented in a
subsequent paper to be compared with the results presented here, but preliminary results suggest similar
conclusions. A generalization of the concepts presented here for the Tsallis-kappa-like distribution with ther-
mal anisotropy, differential streaming, and multicomponent population cases are being carried out at present
including oblique propagation and should reveal interesting comparisons with simulation results for parallel
and obliquely propagating fluctuations.
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