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Esta tesis estda consagrada al estudio de diferentes problemas en teoria ergddica y dinamica
topologica, relacionados a “estructuras de cubos” Consta de seis capitulos.

En la presentacion general entregamos resultados generales, ligados en cierta manera a las
estructuras de cubos que motivan esta tesis. Comenzamos por las estructuras de cubos introdu-
cidas en teoria ergédica por Host y Kra para probar la convergencia en L? de medias ergbdicas
multiples. Luego presentamos su extension a dindmica topoldgica, desarrollada por Host, Kra y
Maass (2010), que entrega herramientas para entender la estructura topolégica de sistemas diné-
micos topoldgicos. Finalmente, mostramos las implicancias y extensiones principales derivadas de
estudiar estas estructuras, motivamos los nuevos objetos introducidos en esta tesis y bosquejamos
nuestras contribuciones.

En el Capitulo 1, entregamos antecedes generales en teoria ergbdica y dinamica topologica,
dando énfasis al estudio de ciertos factores especiales.

Desde el Capitulo 2 al Capitulo 5 desarrollamos las contribuciones de esta tesis. Cada uno
esta consagrado a un topico diferente y a sus problematicas relacionadas, tanto en teoria ergodica
como en dindmica topolédgica. Cada uno esta asociado a un articulo cientifico.

En el Capitulo 2 introducimos una nueva estructura de cubos para estudiar la acciéon de
dos transformaciones S y T' que conmutan, sobre un espacio métrico compacto X. En el mismo
capitulo estudiamos las propiedades topolégicas y dindmicas de tales estructuras y las usamos
para caracterizar productos de sistemas y sus factores. También damos algunas aplicaciones,
como la construccion de factores especiales. En el mismo tema, en el Capitulo 3 usamos esta
nueva estructura para probar la convergencia casi segura de una media ctibica en un sistema con
dos transformaciones que conmutan.

En el Capitulo 4, estudiamos el semigrupo envolvente de una clase importante de sistemas
dindmicos, los nilsistemas. Usamos estructuras de cubos para mostrar relaciones entre propiedades
algebraicas del semigrupo envolvente con la geometria y dindmica de un sistema. En particular,
caracterizamos nilsistemas de orden 2 via el semigrupo envolvente.

En el Capitulo 5 estudiamos grupos de automorfismos de sistemas simboélicos uno y dos
dimensionales. Primero consideramos sistemas simbélicos de baja complejidad y usamos factores
especiales, algunos ligados a estructuras de cubos, para estudiar el grupo de automorfismos.
Nuestro resultado principal establece que en sistemas minimales de complejidad sublineal, tales
grupos son generados por el shift y un conjunto finito. También, usando factores asociados a las
estructuras de cubos del Capitulo 2, estudiamos el grupo de automorfismos de un sistema de
embaldosados representativo.

Las referencias bibliograficas aparecen al final del documento.






Abstract

This thesis is devoted to the study of different problems in ergodic theory and topological
dynamics related to “cube structures” It consists of six chapters.

In the General Presentation we review some general results in ergodic theory and topo-
logical dynamics associated in some way to cubes structures which motivates this thesis. We
start by the cube structures introduced in ergodic theory by Host and Kra (2005) to prove
the convergence in L? of multiple ergodic averages. Then we present its extension to topo-
logical dynamics developed by Host, Kra and Maass (2010), which gives tools to understand
the topological structure of topological dynamical systems. Finally we present the main im-
plications and extensions derived of studying these structures, we motivate the new objects
introduced in the thesis and sketch out our contributions.

In Chapter 1 we give a general background in ergodic theory and topological dynamics
given emphasis to the treatment of special factors.

From Chapter 2 to Chapter 5 we develop the contributions of this thesis. Each one is
devoted to a different topic and related questions, both in ergodic theory and topological
dynamics. Each one is associated to a scientific article.

In Chapter 2 we introduce a novel cube structure to study the action of two commuting
transformations S and T" on a compact metric space X. In the same chapter we study the
topological and dynamical properties of such structure and we use it to characterize product
systems and their factors. We also provide some applications, like the construction of special
factors. In the same topic, in Chapter 3 we use the new cube structure to prove the pointwise
convergence of a cubic average in a system with two commuting transformations.

In Chapter 4, we study the enveloping semigroup of a very important class of dynami-
cal systems, the nilsystems. We use cube structures to show connexions between algebraic
properties of the enveloping semigroup and the geometry and dynamics of the system. In
particular, we characterize nilsystems of order 2 by its enveloping semigroup.

In Chapter 5 we study automorphism groups of one-dimensional and two-dimensional
symbolic spaces. First, we consider low complexity symbolic systems and use special fac-
tors, some related to the introduced cube structures, to study the group of automorphisms.
Our main result states that for minimal systems with sublinear complexity such groups are
spanned by the shift action and a finite set. Also, using factors associated to the cube struc-
tures introduced in Chapter 2 we study the automorphism group of a representative tiling
system.

The bibliography is defer to the end of this document.
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Résumé

Cette these est consacrée a I'étude des différents problemes liés aux « structures des
cubes », en théorie ergodique et en dynamique topologique. Elle est composée de six chapitres.

La présentation générale nous permet de présenter certains résultats généraux en théorie
ergodique et dynamique topologique. Ces résultats, qui sont associés d’'une certaine fagon
aux structures des cube, sont la motivation principale de cette these. Nous commencons
par les structures de cube introduites en théorie ergodique par Host et Kra (2005) pour
prouver la convergence dans L? de moyennes ergodiques multiples. Ensuite, nous présentons
la notion correspondante en dynamique topologique. Cette théorie, développée par Host,
Kra et Maass (2010), offre des outils pour comprendre la structure topologique des systémes
dynamiques topologiques. En dernier lieu, nous présentons les principales implications et
extensions dérivées de I'étude de ces structures. Ceci nous permet de motiver les nouveaux
objets introduits dans la présente these, afin d’expliquer 1’objet de notre contribution.

Dans le Chapitre 1, nous nous attachons au contexte général en théorie ergodique et
dynamique topologique, en mettant 'accent sur I’étude de certains facteurs spéciaux.

Les Chapitres 2, 3, 4 et 5 nous permettent de développer les contributions de cette these.
Chaque chapitre est consacré a un theme particulier et aux questions qui s’y rapportent, en
théorie ergodique ou en dynamique topologique, et est associé a un article scientifique.

Les structures de cube mentionnées plus haut sont toutes définies pour un espace muni
d’une unique transformation. Dans le Chapitre 2, nous introduisons une nouvelle structure
de cube liée a I'action de deux transformations S et T qui commutent sur un espace métrique
compact X . Nous étudions les propriétés topologiques et dynamiques de cette structure et
nous 'utilisons pour caractériser les systemes qui sont des produits ou des facteurs de pro-
duits. Nous présentons également plusieurs applications, comme la construction des facteurs
spéciaux.

Le Chapitre 3 utilise la nouvelle structure de cube définie dans le Chapitre 2 dans une ques-
tion de théorie ergodique mesurée. Nous montrons la convergence ponctuelle d’'une moyenne
cubique dans un systéme muni deux transformations qui commutent.

Dans le Chapitre 4, nous étudions le semigroupe enveloppant d’une classe trés impor-
tante des systemes dynamiques, les nilsystemes. Nous utilisons les structures des cubes pour
montrer des liens entre propriétés algébriques du semigroupe enveloppant et les propriétés
topologiques et dynamiques du systeme. En particulier, nous caractérisons les nilsystemes
d’ordre 2 par une propriété portant sur leur semigroupe enveloppant.

Dans le Chapitre 5, nous étudions les groupes d’automorphismes des espaces symboliques
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unidimensionnels et bidimensionnels. Nous considérons en premier lieu des systemes symbo-
liques de faible complexité et utilisons des facteurs spéciaux, dont certains liés aux structures
de cube, pour étudier le groupe de leurs automorphismes. Notre résultat principal indique que,
pour un systeme minimal de complexité sous-linéaire, le groupe d’automorphismes est engen-
dré par I'action du shift et un ensemble fini. Par ailleurs, en utilisant les facteurs associés aux
structures de cube introduites dans le Chapitre 2, nous étudions le groupe d’automorphismes
d’un systéme de pavages représentatif.

La bibliographie, commune a ’ensemble de la these, se trouve en fin document.
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General Presentation

This thesis document presents four research articles concerning different problems on a
common theme in ergodic theory and topological dynamics. It consists of six chapters and
we divide it into two parts. The first one is devoted to the study of cube structures and
its applications in ergodic theory and topological dynamics. The second part is centered on
automorphism groups in symbolic dynamics. From Chapter 2 to Chapter 5 we present our
research articles with their own introduction part. In this general presentation we motivate
the main objects we study and explain our contributions. We start by explaining briefly the
historical background and framework, and then we present our main contributions and its

motivations.

Cube structures in ergodic theory

A central problem in combinatorial number theory is to understand notions of “large-
ness”of a subset of the integer numbers and when such a notion implies the existence of some
prescribed patterns. In particular, the existence of arithmetic progressions has been a widely
considered object of study. A notion of largeness that has been very well studied is the one of

having positive upper density. The upper density of a subset of the integers S is the quantity

lim sup (SN0, N 1))
N—o0 N

In 1975 Szemerédi [111] proved its celebrated theorem: any subset of the integers with
positive upper density contains arbitrarily long arithmetic progressions. Soon thereafter, in
1976 Furstenberg [50] proved the same result by using ergodic methods. Namely, he proved
that if (X, X, u,T) is a measure preserving system and A € X is a set of positive measure
then for every d € N

N—1

CRN 1 —n —2n —dn
lﬁlgfﬁzu(AmT ANT"A-..NT™"A) > 0.

n=0
A correspondence principle allows then to translate this property into a combinatorial
property of a subset of the integers. This result established a deep connection between
combinatorics, number theory and ergodic theory which has been widely exploited in the last
decades.

A fundamental question in ergodic theory that arise from Furstenberg’s result is the



convergence in L? of the multiple averages

1 g 2 dn
I g T*'z)- - ful(T"x). (0.0.1)

The case d = 2 was solved by Furstenberg [50]. Several works by Lesigne [86], Conze
and Lesigne [24, 25, 26] and Host and Kra [65] dealt with the case d = 3. After more than
20 years the convergence of the general case was finally solved by Host and Kra [67]. Their
proof is a consequence of a deep structural theorem for measure preserving systems: they
built a sequence of nested factors (Z;)4eny which are measurably isomorphic to inverse limits
of ergodic nilsystems (translations on compact homogeneous spaces of nilpotent Lie groups).
Then, they reduced the study of the multiple average by looking at Z; and its orthogonal
complement. Moreover, they showed that the limit of the average remains unchanged if one
replaces one of the functions by its conditional expectation with respect to the Z; factor. In
Furstenberg terminology, this means that the factors Z; are characteristic factors for multiple
ergodic averages.

Given a probability space (X, X', 1) and a measure preserving transformation 7: X — X,
their main idea is to build for any d € N a “cube”measure u¥ in X' and a seminorm |||-|||,
on the set of bounded measurable functions on X which is useful to study multiple ergodic

averages. They describe the orthogonal complement of Z; by the relation
E(f|24) = 0 if and only if ||| f|l[,., = 0.

The more remarkable (and hard) result is their structure theorem, which states that the

Z4 factors have a very nice algebraic structure.

Theorem 0.0.1 (Host-Kra structure theorem). For any d € N, the factor Z; is measurably

isomorphic to an inverse limit of d-step nilsystems.

Therefore, nilsystems and their inverse limits are characteristic factors for multiple aver-
ages.

The study of nilsystems as mathematical objects was considered from the 60’s, but dur-
ing the last years its study has been revitalized and has attracted the attention of several
researchers, mainly because of its applications in additive combinatorics and number theory
[49, 57, 58, 59, 60].

Moreover, the structure theorem has resulted to be very useful for the study of related
convergence problems [14, 23, 44, 46, 47, 68, 71, 83|, in the study of correlation sequences
[13, 69, 48, 45] and even for the study of pointwise convergence problems [2, 3, 4, 22, 76, 77].

The idea of cubes was also studied in topological dynamics. In 2010 Host, Kra and

Maass [70] explored the topological counterpart of the cube measures introduced in [67].
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For a topological dynamical system (X,T') they introduced the space of dynamical cubes
Q4 (X, T) and studied its properties.

Roughly speaking, the space of topological dynamical cubes Q% (X, T ) is a closed subset
of X2 and plays the role of the support of the measure p!¥ mentioned above. They showed
that some properties of the space of cubes can be translated into strong dynamical properties
of the system (X,T). Namely, they introduced a relation they called RP (X, T) defined
in terms of cubes which allows to characterize nilrotations. Afterwards, Shao and Ye [110]
proved that this relation is an equivalence one for general minimal systems and the quotient
of (X,T) under this relation defines the maximal factor of (X,7) which is (topologically)
isomorphic to a nilsystem. In other words, the factor X/RPY(X T) is the topological
analogue of the Host-Kra factor Z,.

In recent years, numerous applications in ergodic theory and topological dynamics have
been found for the Host-Kra-Maass topological structural theory of nilsystems. It ranges
from the study of recurrence problems in topological dynamics [32, 72, 75] to, surprisingly,
the study of pointwise convergence of multiple ergodic averages [76, 77] (we develop this topic
later).

Objects like cube structures also appeared in the study of the convergence of averages

that generalize the ones considered by Host and Kra in [67], like

1 N-1
~ 2 AlT{2) (T3 ) - fulTx)
n=0

where we are considering a probability space (X, X', u) and 71, ..., Ty are measure preserving
transformations on X such that 7T; o T = T o T} for every i,j = 1,...,d and f1,..., fq are

bounded functions.

The convergence of this average was first proved by Tao [112] using finitary methods.
Soon after, Townser [113], Austin [9] and Host [64] gave other proofs for the same result
using different strategies. The proof given by Towsner uses non-standard analysis and only
the proofs of Austin and Host belong to ergodic theory and try to follow the ideas of structure
theorems. In both Austin and Host proofs, the idea is to first find an extension of the ergodic
system with convenient properties. The extension given by Host is much easier to manage so
we focus our attention on that one. The main idea in Host’s proof is to build an extension
of X (magic in his terminology) such that it has a characteristic factor for the average that
looks like the Cartesian product of single transformations. To build such extension and
factor, cube structures are introduced, analogous to the ones in [67]. Recently, Walsh [115]
proved the convergence of multiple averages for nilpotent group actions but his proof follows

the original idea of Tao and does not use ergodic methods.



Contributions

Dynamical cubes in a system with two commuting transformations

Motivated by Host’s construction in [64] and the topological theory of cubes of Host,
Kra and Maass in [70] for one single transformation, in Chapter 2 we present our work
Dynamical cubes and a criteria for systems having product extensions [34], joint work with
Wenbo Sun, where we explore a topological counterpart of the cubes introduced in [64] to see
if one can characterize interesting properties of a system with commuting transformations,
as was done in [70] for one single transformation. Given a compact metric space X and two
commuting homeomorphisms S: X — X and T: X — X we define the space of dynamical
cubes Qs r(X) as

Qs (X) = {(z, Sma, Tmx, S"Tmx) : v € X,n,m € Z} C X"

Using the space Qg1 (X) we succeeded to characterize a simple class of systems, namely
products of minimal topological dynamical systems and their factors. A product system is one
of the form (Y x W, o xid,id x 7) where (Y, o) and (W, 7) are topological dynamical systems.
The condition “to complete the last coordinate of a point in Qg r(X) in a unique way”is equiv-
alent to be a factor of a product system. More precisely, if (zg, 1,22, 23), (%0, X1, T2,Y3) €
Qsr(X) then 3 = ys. We also provide several applications of these structures in topo-
logical dynamics, like the construction of “topological magic”extensions and special factors.
In what follows, further applications to the pointwise convergence of some averages and

automorphisms of symbolic systems are shown.

Pointwise convergence of cubic averages

The study of the cube structure Qg r(X) together with new results by Huang, Shao and
Ye [76] leads to prove an almost sure convergence of some cubic averages when considering
two commuting transformations. This is the joint work with Wenbo Sun A pointwise cubic
average for two commuting transformations [34].

Cubic averages are part of a plethora of non-conventional ergodic averages that has been
considered since Furstenberg’s work, like the multiple ergodic average 0.0.1. From all these
studies it follows that the nature of the problem of pointwise convergence is completely
different from the one in L2

Historically, in the 90’s Bourgain [16] studied and proved the convergence of the average

1 N—-1

N Z fl (Tanx>f2(Tbnx>
n=0
for integers a and b and bounded functions f; and fs.
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Little progress has been made since Bourgain’s result, mainly because the usual technique
to deduce pointwise convergence uses maximal inequalities, which seems not to work for
d > 2. Very recently, a significant step towards the general solution was done by Huang,
Shao and Ye [76] who introduced a new technique to study the pointwise convergence of
ergodic averages. They deeply exploited the theory of topological cubes developed in [70]
and [110] to find convenient topological models for ergodic systems. Namely, they found a
topological model with a uniquely ergodic space of dynamical cubes (and another structures
that we do not discuss here). Then they were able to show, among other things, that multiple
ergodic averages converge in a measurable distal system. They also applied this technique to

deduce the pointwise convergence of cubic averages, that is, averages like

N-1
;2 S A(T) fo(TVx) f5(T z)
4,j=0
or like
N-1
5 0 AT B(T0) Fy(T00) fy(T¥0) f(T550) fo(T974) o (T4 742)
%,7,k=0

and their natural generalizations.

In the L? setting, the first convergence result of a cubic average was given by Bergelson

[12] who showed the L? convergence of

1 N-1

7 3 AT LT 0) f5(T), 0.02)

i,j=0
Host and Kra [67] generalized the L? convergence to higher order averages using the Z,

factors (which are also characteristic for this kind of averages).

When considering more transformations, one can consider different kind of averages. For

example, one can consider averages like,
1 N-1

w3 2 NS0 fo(T92) fy(Rx) (0.0.3)

i.j=0
or like

1 = . . -
7z 2 N(S'0) fo(T72) f5(S'T ) (0.0.4)
i,j=0
The pointwise convergence of the average 0.0.3 was proved by Assani [2]. Then, Chu and

Frantzikinakis [22] proved the pointwise convergence when one consider an arbitrary number
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of transformations. More precisely, they proved the convergence of

N-1 . N | | -
]\173 > fl(Tlix>f2(szx)fg(T§+J$)f4(fo)f5(TSZJFkx)fG(Tg+kx)f7(T7l+J+kx>
i?jvk:O

and its natural generalizations when considering 2¢ — 1 transformations. In their proof, in
fact no assumption of commutativity of the transformations was needed.

In the other hand, the average 0.0.4 may not converge if one does not have commutativity
assumptions [81]. So averages 0.0.3 and 0.0.4 have a very different nature.

Interestingly, combining the cube structure introduced in Chapter 2, the Huang-Shao-Ye
strategy and the theory developed by Host in [64] we prove the pointwise convergence of the

average 0.0.4 provided that the transformations S and 7" commute.

Enveloping semigroups of nilsystems

Another independent application of the theory of topological cubes [70] is presented in
Chapter 4, which is based on the work Enveloping semigroups of system of order d [39]. Given
a topological dynamical system (X, T'), its enveloping semigroup is the closure of the set {7 :
n € N}in X% in the product topology. This object was introduced by Ellis in the 60’s and has
proved to be a very useful tool to understand the dynamics of a system [7, 42] and properties
and applications are still being found (see [56] for example). A very important feature
of the enveloping semigroup is the fact that one can connect dynamical and geometrical
properties of a system with algebraic properties of its enveloping semigroup and vice versa.
For example, a topological dynamical system is a rotation on a compact abelian group if and
only if its enveloping semigroup is an abelian group and it is distal if and only if its enveloping
semigroup is a group. When the enveloping semigroup is not abelian a few results are known,
in particular when the enveloping semigroup is nilpotent. This question was first studied by
Glasner [53], who proved, up to some details that we do not give to simplify the discussion,
that for systems who are torus extensions of equicontinuous systems the condition of having
a 2-step nilpotent enveloping semigroup is equivalent to be a homogeneous space of a 2-step
nilpotent Polish group. We extend this result, characterizing 2-step nilsystems through the
enveloping semigroup. We introduce the notion of topologically nilpotency which is stronger
than purely algebraic nilpotency and results more convenient in our context. We show that
a topological dynamical system is a 2-step nilsystem if and only if its enveloping semigroup
is a 2-step topologically nilpotent group. For higher orders of nilpotency the questions are
more intricate and certainly require to develop new machinery. In the non abelian case,
explicit computations of enveloping semigroups are rare and one can hope to succeed in
this task only in very particular cases. Some examples in the literature of computations of
enveloping semigroups can be found in [5, 6, 92, 99, 100, 104]. In [99, 100, 104] the authors
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considered particular classes of nilsystems (affine nilsystems in tori, where the dynamics is
given by multiplication by particular matrices) and computed their enveloping semigroups.
Using the explicit description they got they were able to deduce algebraic properties from the
enveloping semigroups. Specially they deduce that such enveloping semigroups are always
nilpotent groups. Using the theory of dynamical cubes introduced by Host, Kra and Maass
we deduce algebraic properties of nilsystems and their inverse limits. Namely, we prove
that inverse limits of d-step nilsystems have d-step nilpotent enveloping semigroups, without

performing any explicit computation. These results include the previous known examples.

Automorphism groups in symbolic dynamics

The second part of this thesis is devoted to the study of automorphism groups, which is
a classical topic in symbolic dynamics studied since the 70’s in different contexts and that
is now again under study. Even if this topic seems to be far from our previous motivation
and cube structures, we arrive to them from the study of cubes. In particular, when looking
for applications of our Qg cubes and associated factors. Indeed, the way we propose to
study automorphisms groups for tilings and other symbolic systems is by exploring in detail
the fibers over these factors. We need to give a little background in symbolic dynamics.
Given a finite set A, a space shift or subshift over A is a closed subset X C A% (endowed
with the product topology), invariant under the shift action o: X — X, (2;)icz > (Tis1)icz.
Subshifts are very important objects in ergodic theory and topological dynamics, see [87] for
a nice survey about subshifts and their applications.

One associates to a subshift its automorphism group. An automorphism of a subshift
(X,0) is a homeomorphism ¢: X — X which commutes with o (i.e. oo = 0o ¢). It is
a classical result by Curtis, Hedlund and Lyndon that such maps are given by a local map
¢+ A= 5 A such that

((Ti)iez)n = ﬁg(xn—r, cevs Tnyr)

for any n € Z. The map ngS is called the sliding block code associated to ¢ and the integer r is
the radius of ¢. We let Aut(X, o) denote the group of automorphisms of (X, o) and we refer
to it as the automorphism group. The study of automorphism groups is a fundamental tool
to understand the complexity of the subshifts and provides a good invariant for classifying
them. Also, from a purely dynamical systems point of view, if ¢ is an automorphism of
(X, 0), the topological dynamical system (X, o, @) is a nice Z? action to be studied. This
setting has been used to model the evolution of complex physical systems.

Automorphism groups has been widely studied in symbolic dynamics, both in the measur-
able and the topological setting. In ergodic theory, the group of measurable automorphisms
(i.e. measurable functions which commute with the shift almost everywhere and preserve the

measure) has been exhaustively studied for mixing systems of finite rank [43]. Orstein [94]
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proved that for mixing rank one systems this group consists only in the powers of the shift.
Then del Junco [31] proved the same result for the rank one Chacon subshift. Finally King
and Thouvenot [79] proved that for mixing systems of finite rank the group of measurable
automorphisms is spanned by the powers of the transformation and a finite set. The same

result was also proved by Host and Parreau [74] for some constant length substitutions.

In the topological setting, Boyle, Lind and Rudolph [17] describe the automorphism group
of a positive entropy mixing shift of finite type. They showed that it is a very large object, it
contains many subgroups. Recently, Hochman [62] proved similar results for multidimensional

shifts of finite type with positive entropy.

Nevertheless, little was known about the automorphism group of low complexity subshifts.
Here, by complexity we mean the increasing function Py: N — N such that Px(n) is the
number of non-empty cylinders of length n appearing in the subshift. We remark that the
topological entropy of (X, o) is nothing but the exponential growth rate of its complexity
function. For low complexity systems, the first result in the topological setting is due to
Hedlund [61], who described the automorphism group for a family of binary substitutions
which includes the Thue-Morse system. He proved that Aut(X, o) consists in powers of the
shift and a flip map (a map which interchanges zeros and ones). Recently, some new results
have appeared. Olli [93] proved that for Sturmian systems, Aut(X, o) is spanned by shift
and Salo and Toérmé [107] proved that for constant length or primitive Pisot substitutions
the group of automorphisms is spanned by o and a finite set. In [107] it is asked whether
the same result holds for any primitive substitution or more generally for linearly recurrent
subshifts. In Chapter 5, we present our work On automorphisms groups of minimal low
complexity subshifts, joint with Fabien Durand, Alejandro Maass and Samuel Petite [36]. We

show, among other results that if the complexity is sublinear in a subsequence, i.e. if

lim inf px(n)
neN n

< 00

then Aut(X, o) is spanned by the powers of o and a finite set. The class of systems satisfying
this condition includes primitive substitutions, linearly recurrent subshifts [39] and even some
families with polynomial complexity (since we require just liminf and not limsup). We show
that this behaviour is still true in a wide variety of examples and we illustrate methods to
deduce such results. Our main tool is the study of classical and new relations which are
preserved under the action of any automorphism. Some of those relations come from fibers

associated to nilfactors, which impose severe restrictions to the group of automorphisms.

Some of the main results in [36] were independently discovered by Cyr and Kra [30] using

different methods. They previously proved in [29] that for a subshift (X, o) with subquadratic

px(n)
7’12

growth (7.e. liminf,cy = 0) one has that Aut(X,0)/(o) is a periodic group. They came

to this problem studying the Nivat conjecture, and they used a combinatorial argument for



Z? subshifts by Quas and Zamboni [101] that gives conditions to have periodic directions in
72 subshifts.

Finally, we come to the Qg7 cubes and factors which provide an interesting application
to study automorphism groups of tiling systems.

The study of aperiodic tiling spaces is a topic considered by many people in very different
contexts: in logic they started to be studied to determine whether the plane can be covered
by a set of tiles satisfying adjacency rules (the Wang tiles); in geometry they provided nice
examples with interesting symmetry properties (the Penrose tilings) and in physics they
appeared in material science in the 80’s when studying the so called quasicrystals.

At the end of Chapter 5 we consider a famous tiling space, the Robinson tiling, which
was introduced by Robinson in the 70’s [105] to study undecidability problems and that has
been very useful in theoretical computer science. It is also a representative element of the
well studied class of hierarchical tilings. We use the theory of cubes introduced in Chapter 2
to deduce that the group of automorphisms of the minimal Robinson tiling is spanned by the
shift actions. We claim that this technique can be used to prove the same kind of results for

well studied families of tilings, like hierarchical tilings or others like cut and project family.
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CHAPTER 1

Background in ergodic theory and

topological dynamics

In this chapter we give basic definitions and background in ergodic theory and topolog-
ical dynamics. We refer to [117] for definitions for measure preserving systems and [7] for
definitions for topological dynamical systems. We also introduce the notion of nilfactors in
ergodic theory and topological dynamics which is a central object of study in this thesis.

More specific definitions will be given in every particular chapter when needed.

1.1. General definitions

1.1.1. Measure preserving systems

A measure preserving system is a 4-tuple (X, X, u, G), where (X, X, u) is a probability
space and G is a group of measurable, measure preserving transformations acting on X. When
there is no confusion, we omit the g-algebra X and assume without lose of generality that the
probability space is standard, meaning that it is isomorphic to [0,1] endowed with the Borel
o-algebra and whose measure is a combination of the Lebesgue measure and a countable or
finite set of atoms. When we consider subsets of X, we always implicitly assume that they
are measurable. Similarly, functions on X are assumed to be measurable and real valued.

For any two sub o-algebras A and B of X, let AV B denote the o-algebra generated by
{ANB: A€ A, B € B}. It is the smallest o-algebra containing A and B. If f is a function
on (X, X, u) and A is a sub-algebra of X, let E(f|.4) denote the conditional expectation of
f over A.

A measure preserving system (X, u, G) is ergodic if any G-invariant set of X has measure
0 or 1.

A factor map between the measure preserving systems (Y, v, G) and (X, 1, G) is a measure
preserving map 7: Y — X such that rog = gow for all g € G. We say that (X, u, G) is
a factor of (Y,v,G) or that (Y,r,G) is an extension of (X, u, G). An equivalent definition
of factor maps can be formulated via sub o-algebras (here we need to write the o-algebra):
a factor map of (Y,),r,G) is an invariant sub o-algebra of )). The equivalence of these

definitions follows from considering the o-algebra 7 1(X).
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If 7 is a bi-measurable (almost everywhere defined) bijection, we say that 7 is an isomor-
phism and that (Y, v, G) and (X, u, G) are isomorphic.

Some tools.

Ergodic decomposition of a measure:
Let (X, 1, G) be a measure preserving system and let Z be the o-algebra of G-invariant
sets. Let x — u, be a regular version of conditional measures with respecto to Z. This means

that the map x — u, is Z-measurable and

E(f|Z)(x /fduz pae xeX

The ergodic decomposition of p under G is p = [y pedp(r) and p-a.e. the system
(X, i, G) is ergodic.

Conditional expectation and disintegration of a measure:

Let m: Y — X be a factor map between the measure preserving systems (Y, v, G) and
(X, 1,G) and let f € L*(v). The conditional expectation of f with respect to X is the
function E(f|X) € L*(n) defined by the equation

/E(f\X)-gd,u:/f-gowdz/ for every g € L*(u).
X Y

The following result is well known (see [51], Chapter 5 for example)

Theorem 1.1.1. Let w: Y — X be a factor map between the measure preserving systems
(Y,v,G) and (X, u,G). There exists a unique measurable map X — M(Y), x — v, such
that

E(f]X)(x /fdvx (1.1.1)
for every f € L'(v).

We say that v = [y v.du(z) is the disintegration of v over p.

1.1.2. Topological dynamical systems

A topological dynamical system is a pair (X, G), where X is a compact metric space and
G is a group of homeomorphisms of the space X into itself. We always use d(,-) to denote
the metric in X and we let Ay = {(z,z): x € X} denote the diagonal of X x X.

Since we deal with both measure preserving systems and topological dynamical systems,
we always write the measure for a measure preserving system to distinguish them.

A (topological) factor map between the topological dynamical systems (Y, G) and (X, G) is
an onto, continuous map 7: Y — X such that mog = gom for every g € G. We say that (Y, G)
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is an extension of (X, G) or that (X, G) is a factor of (Y, G). When 7 is bijective, we say that
7 is an isomorphism and that (Y, G) and (X, G) are isomorphic. An equivalent definition
of a (topological) factor map is given through a closed equivalence relation R C Y x Y
invariant under the diagonal G* := {(g, g) : ¢ € G}. Given such a relation one can build the
quotient space Y/R and the canonical projection from Y onto this quotient defines a natural
factor map. Conversely, for any factor map 7: Y — X one can consider the invariant closed
equivalence relation R, = {(y,v) € Y xY : 7n(y) = 7(y/)} (see [7], Chapter 1 for further
details). Building factors through invariant closed equivalence relations is a very useful way
to obtain interesting special factors (see section of special factors for example).

We say that (X, G) is transitive if there exists a point in X whose orbit Og(z) = {gz: g €
G} is dense. Equivalently, (X, G) is transitive if for any two non-empty open sets U,V C X
there exists g € G such that U N g~V # 0.

A system (X, G) is weakly mizing if the Cartesian product X x X is transitive under the
action of the diagonal of G. Equivalently, (X, G) is weakly mixing if for any four non-empty
open sets A, B,C, D C X there exists ¢ € G such that simultaneously AN g !B # @ and
CNg D #0.

We say that (X, G) is minimal if the orbit of any point is dense in X. Let (X, G) be a
topological dynamical system. A point 2 € X is minimal or almost periodic if (Og(z), G)
is a minimal system. A system (X, G) is pointwise almost periodic if any z € X is an almost
periodic point.

Let (X, G) be a topological dynamical system and (z,y) € X x X. We say that (z,y) is

a prozimal pair if there exists a sequence (g;);en in G such that
1—>00

and it is a distal pair if it is not proximal. We let P(X) denote the set of proximal pairs. A
topological dynamical system (X, G) is called distal if (z,y) is distal whenever z,y € X are
distinct. Equivalently, (X, G) is distal if P(X) = Ax. Distal systems have a lot of interesting
properties which are stated later in the document when used.

In the following two sections, we focus our attention in the case where G is the cyclic

group spanned by one single transformation 7.

1.2. Classical special factors

A very classical and important factor associated to a measure preserving system is the
Kronecker factor. Thinking of o-algebras, the Kronecker factor Z; of a system (X, u, T) is the
o-algebra spanned by the eigenfunctions of the operator L?(u) — L*(u), f + foT. It is also
the smallest o-algebra such that any invariant function of the system (X x X, u® pu, T x T')
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is measurable with respect to Z; ® Z;. It is well known that Z; has a very nice algebraic
structure: it is measurably isomorphic to a rotation on a compact abelian group, meaning
that it can be represented as (Z1, m,T') where Z; is a compact abelian group, 7" is the rotation
z +— 7z for a fixed 7 € Z; and m is the Haar measure of Z;.

The topological analogue of the Kronecker factor is the maximal equicontinuous factor.
For a topological dynamical system (X,T') its maximal equicontinuous factor is the largest
factor of X where the family {T™ : n € Z} is an equicontinuous one. Similarly to the
measurable case, when (X, T") is minimal the maximal equicontinuous factor is (topologically)
isomorphic to a rotation (Z;,7) where Z; is a compact abelian group and 7' is the rotation
by a fixed 7 € Z;. Rotations over compact abelian groups have many good properties: for
them, minimality, transitivity, ergodicity and unique ergodicity are equivalent properties.

An important feature about the maximal equicontinuous factor is that it can be built
through the regionally proximal relation [7]. Two points z,y € X are said to be regionally

proximal if for any § > 0 there exist /',y € X and n € Z such that
d(z,2") <6, d(y,y') <dand d(T"2',T"y") < 0.

We let RP(X) denote the set of regionally proximal pairs. It is clear that RP(X) is a closed
invariant relation on X. The non trivial fact is that is also an equivalence relation when
(X, T) is minimal. Moreover, this relation characterizes being an equicontinuous system: the
quotient X/RP(X) is the maximal equicontinuous factor of (X, T) [7].

1.3. Nilfactors

The study of nilsystems is classical in ergodic theory and topological dynamics [8, 53,
96, 116] but its relevance has grown in the last years, mainly because of its importance
in the study of multiple ergodic averages [67], in the structure analysis of measurable and
topological systems [67, 70] and in the analysis of the existence of certain patterns in a subset

of the integers [57]. We introduce the general definitions.

1.3.1. Nilpotent groups, nilmanifolds and nilsystems

Let G be a group. For g,h € G, we write [g, h] = ghg~'h™! for the commutator of g and
h and for A, B C G we write [A, B] for the subgroup spanned by {[a,b] : a € A,b € B}.
The commutator subgroups G, j > 1, are defined inductively by setting G; = G and
Gj+1 = [G,G]. Let d > 1 be an integer. We say that G is d-step nilpotent if Gg4iq is
the trivial subgroup. We remark that a subgroup of a d-step nilpotent group is also d-step

nilpotent, and any abelian group is 1-step nilpotent.
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Let G be a d-step nilpotent Lie group and I' a discrete cocompact subgroup of G. The
compact manifold X = G/I" is called a d-step nilmanifold. The fundamental properties of
nilmanifolds were established by Malcev [88]. The group G acts on X by left translations
and we write this action as (g, x) — gz. There exists a unique probability measure invariant

under the action of GG, called the Haar measure of X.

Let 7 € G and T be the transformation x — 7x. Then (X, u,T) is called a d-step
nilsystem. We remark that (X, p,T) is also a topological dynamical system if we do not

consider the measure. In this case we just write (X, 7).
We show next some known examples of nilsystems.
Rotations:
Rotations over compact abelian groups are 1-step nilsystems.
The Heisenberg system :
Let G be the Heisenberg group

1 = =z
G = 01 vy |:z,y,z2€eRy,
0 01
and consider the cocompact subgroup
1 n
I'= 01 p |:nmpeZ
0 0 1

Then G/T' is a 2-step nilmanifold. Fix an element

T T3
T=10 1 7
0 1

such that {1,7; ,7} are independent over Q. Then system (G/T',7) is a 2-step minimal
nilsystem.

Affine nilsystems:

An important subclass of nilsystems is the class of affine nilsystems. Let d € N and let
A be a d x d integer matrix such that (A4 — Id)? = 0 (such a matrix is called unipotent).
Let @ € T¢ and consider the transformation 7: T¢ — T¢, x — Az + &. Let G be the group
spanned by A and all the translations of T¢. Since A is unipotent one can check that G is
a d-step nilpotent Lie group. The stabilizer of 0 is the subgroup I' spanned by A thus we
can identify T? with G/T". The topological dynamical system (T¢,T) = (G/T',T) is called a
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d-step affine nilsystem and it is proved in [96] that this system is minimal if the projection

of @ on T?/ker(A — Id) defines a minimal rotation.

1
For example, consider A = 01 and @ = (0, @)". Then the transformation (y, z) —

A(y,z)" + @ is nothing but the skew torus transformation (z,y) — (x + a,y + x).

Nilsystems, like rotations, possess very nice properties and we state some of them here.
Most of them appear in the works of Auslander, Green and Hahn [8], Leibman [82, 83],
Lesigne [85] and Parry [96, 97]. We refer to [63] for a nice expository of the subject.

Theorem 1.3.1. Let (X,T) be a d-step nilsystem. Then (X,T) is a distal system.
Moreover we have,

Theorem 1.3.2. Let (X, u,T) be a d-step nilsystem. The following are equivalent:

1. (X, pu,T) is ergodic.
2. (X, T) is transitive.
3. (X, T) is minimal.

4. (X, T) is uniquely ergodic, meaning that the Haar measure is the unique invariant

measure.

1.3.2. The cube measures, seminorms and Host-Kra factors

We now describe more in details the measurable cube construction of Host and Kra
[67] and the topological one of Host, Kra and Maass [70]. Let d > 1 be an integer, and
write [d] = {1,2,...,d}. We view an element of {0,1}¢, the Euclidean cube, either as a
sequence € = (€1,...,€¢4) of 0's and 1's; or as a subset of [d]. A subset € corresponds to the
sequence (ey,...,¢6q) € {0,1}% such that i € € if and only if ¢; = 1 for i € [d]. For example,
0=(0,...,0) € {0,1}% is the same as () C [d] and 1T = (1,...,1) is the same as [d].

If 7= (ny,...,nq) € Z% and € € {0,1}¢, we define 7i - € = f}lnlel = Zejnl

If X is a set, we denote X2 by X% and we write a point x € X as x = (z. : € € {0,1}%).

Let (X, X,T) be a probability space and T" an invertible measurable measure preserving

[ denote the diagonal action

transformation on X. For any d € N let consider X% and let T
T xT...xT (2% times) on X9, We remark that we can naturally identify X+ with
Xl  xld

For d € N, Host and Kra introduced the cube measure p@ on X4, These measures are

defined inductively as follows. For d = 0, p% is just p. If pl¥ is already defined, then pld+!]
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is the relative independent product of (X, ul¥, T19) with itself over the sigma algebra Z

of Tl invariant sets. This means that if F and F’ are bounded functions on X then

/ F @ Fdutt = / E(F|Zpa) ) E(F | Zpia ) dul®.
X[d+1] Xld]

These measures are then used to build seminorms. For a function f on X one can define

1/2¢
IHfIIId:=( II f(xe)du[d]> :

e€{0,1}¢

quantity
and it turns out to be a seminorm on L*°(x) which is useful to control multiple averages.
More precisely, one has that

N—oo

N-1
lim sup H;f S AT ) fo(T?x) - - - fa(T™2)
n=0

< min Al £
< min 7 {|If5ll

2

As mentioned before, the Host-Kra factors are defined with the relation

E(f|24) = 0 if and only if [||f|[|,, =0

The connexion between multiple averages and nilsystems is the Host-Kra structure theo-

rem:

Theorem 1.3.3. d-step nilsystems and their inverse limits are characteristic factors for the

multiple average
1 N-
N Z f2 T2n ) . fd<Tdn£L'>

This means that one can replace any function by its conditional expectation with respect
to the Z4 factor without affecting the limit.

1.3.3. Topological cubes and the regionally proximal relation of

order d

Let (X, T) be a topological dynamical system and d an integer. We define Q% (X, T) to

be the closure in X@ = X2 of the elements of the form
(T x e = (ey,...,€eq) € {0,1}%)
where 7 = (ny,...,ng) € Z% and = € X.

17



As examples, Q2 (X, T) is the closure in X2 of the set
{(x, T2, Tz, T"" "™z) : x € X,n,m € Z}
and QP(X, T) is the closure in X of the set
{(x, T2, Tz, T" "™, TPx, T" P, TPy, T""™*Py) € X, n,m,p € Z}.

An element in Q4(X,T) is called a cube of dimension d. When there is no confusion,
we just write QI(X) instead of QI(X,T). As mentioned before, this cube structure of a
dynamical system was introduced in [70] as the topological counterpart of the theory of cube

measures developed in [67].

The following structure theorem relates the notion of cubes and nilsystems. It motivates

the objects introduced in Chapter 2 and is the main tool used in Chapter 4.

Theorem 1.3.4 ([70]). Assume that (X, T) is a transitive topological dynamical system and

let d > 1 be an integer. The following properties are equivalent:

1. If x,y € QUU(X) have 2%+ — 1 coordinates in common, then x =y.
2. If v,y € X are such that (z,v,...,y) € QUH(X), then x = y.

3. X is an inverse limit of minimal d-step nilsystems.

We say that a minimal system (X, T) is a system of order d if satisfies any of the previous
conditions.

The cube structure Q4(X) also allow us to build the maximal factors of order d. Let
(X, T) be a topological dynamical system and let d > 1 be an integer. A pair (z,y) € X x X
is said to be regionally proximal of order d if for any 6 > 0 there exists z/,y € X and
i = (ny,...,nq) € Z% such that d(x,2') < §, d(y,y’) < ¢ and

d(Te.ﬁl'/,Tehﬁy/) <4

for any € = (ey,...,eq) € {0,1}4\ {0}.

The set of regionally proximal pairs of order d is denoted by RP(X, T') (or just RP(X)
when there is no confusion), and is called the regionally proximal relation of order d. We
remark that when d = 1, RPM(X) is nothing but the regionally proximal relation RP(X).

The following theorem shows some properties of the regionally proximal relation of order
d.

Theorem 1.3.5 ([70], [110]). Let (X,T) be a minimal topological dynamical system and
d € N. Then
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1. (z,y) € RPY(X) if and only if there exists a sequence (ii;) in Z such that Tz — y
for every € # (.

2. RPY(X) is an equivalence relation.

3. Let m 'Y — X be a factor map between the minimal systems (Y,T) and (X,T) and
d € N. Then 7 x n(RP4(Y)) = RPY(X).

Furthermore the quotient of X under RP! (X) is the mazimal d-step nilfactor and we
denote X/RP(X) = Zy(X). Particularly Z,(X) is the mazimal equicontinuous factor. It

also follows that every factor of a system of order d is a system of order d.

In particular, (X, T) is a system of order d if and only if the regionally proximal relation

of order d coincides with the diagonal relation.

1.4. The Enveloping semigroup

The enveloping semigroup (or Ellis semigroup) E(X, G) of a topological dynamical system
(X, G) is defined as the closure in X* of the group G endowed with the product topology.
This notion was introduced by Ellis and has proved to be a fundamental tool in studying
topological dynamical systems. Algebraic properties of E (X, ) can be translated into dy-
namical and geometrical properties of (X, G) and vice versa. For example, a topological
dynamical system (X, G) is a rotation on a compact abelian group if and only if E(X, G) is
an abelian group and it is distal if and only if E(X, G) is a group.

So, usually an enveloping semigroup is not a group and multiplication is not a continuous
operation. In any case, for an enveloping semigroup F(X,G), the applications E(X,G) —
E(X,G), p+ pg and p — gp are continuous for all ¢ € E(X,G) and g € G.

If 7: Y — X is a factor map between the topological dynamical systems (Y, G) and
(X, @), then m induces a unique factor map 7*: E(Y, G) — E(X, G) that satisfies 7*(u)7(y) =
7(uy) for every u € E(Y,G) and y € Y.

In the following we introduce some algebraic terminology which results to have an im-
portant meaning in the enveloping semigroup. We refer to Auslander’s book [7], Chapters 3
and 6 for further details.

Let (X, G) be a topological dynamical system. We say that v € F(X, Q) is an idempotent
if u? = u. By the Ellis-Nakamura Theorem, any closed subsemigroup H C E(X,G) admits
an idempotent. A left ideal I C E(X, Q) is a non-empty subset such that F(X,G)I C I. An
ideal is minimal if it contains no proper ideals. An idempotent u is minimal if u belongs to
some minimal ideal I C E(X,G).
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We summarize some results that connect algebraic properties of E(X, G) with dynamical
properties of (X,G). Some of those properties are useful when proving minimality of a

dynamical system and we use them in Chapter 2.

Theorem 1.4.1. Let (X,G) be a topological dynamical system and let E(X,G) be its en-

veloping semigroup. Then

1. Anideal I C E(X, Q) is minimal if and only if (1, G) is a minimal system. Particularly,

minimal ideals always exist;

2. An idempotent u € E(X, G) is minimal if and only if (Og(u), G) is a minimal system;

3. An idempotent u € E(X,G) is minimal if vu = v for some v € E(X,G) implies that

uv = u;
4. Let x € X. Then (Og(x),G) is a minimal system if and only if there exists a minimal

idempotent v € E(X,G) with ux = x.

Theorem 1.4.2. Let (X,G) be a topological dynamical system. Then
1. (z,y) € P(X) if and only if there exists u € E(X,G) with ux = uy;

2. Let x € X and let u € E(X,G) be an idempotent. Then (z,uz) € P(X);

3. Let € X. Then there exists y € X such that (z,y) € P(X) and (Og(y),G) is

minimal.

4. If (X, G) is minimal, (x,y) € P(X) if and only if there exists u € E(X,G) a minimal

idempotent such that y = ux.

Proposition 1.4.3. Let (Y,G) and (X, G) be topological dynamical systems and let m:Y —
X be a factor map. If u € E(X,G) is a minimal idempotent, then there exists a minimal
idempotent v € E(Y,G) such that 7*(v) = u.

Proof. If u € E(X,G) is a minimal idempotent, let ' € E(X,G) with 7*(v') = u. Then

™ (Og(v") = Og(u). Let J C Og(v') be a minimal subsystem. Since (Og(u), G) is minimal,
we have that 7*(J) = Og(u). Let ¢ be the restriction of 7* to J. Since u is idempotent,
we have that ¢~*(u) is a closed subsemigroup of E(Y, ). By the Ellis-Nakamura Theorem,
we can find an idempotent v € ¢~!(u). Since v belongs to J we have that v is a minimal
idempotent.

]

20



PARrT I

Cube structures in topological

dynamics

21






CHAPTER 2

Dynamical cubes and a criteria for

systems having product extensions

This chapter is based on the joint work with Wenbo Sun Dynamical Cubes and a criteria
for systems having product extensions [34/. For minimal Z*-topological dynamical systems,
we introduce a cube structure and a variation of the regionally proximal relation for 72 ac-
tions, which allow us to characterize product systems and their factors. We also introduce the
concept of topological magic systems, which is the topological counterpart of measure theoretic
magic systems introduced by Host in his study of multiple averages for commuting transfor-
mations. Roughly speaking, magic systems have a less intricate dynamic and we show that
every minimal 72 dynamical system has a magic extension. We give various applications of
these structures, including the construction of some special factors in topological dynamics of

7?2 actions.

2.1. Introduction

We start by reviewing the motivation for characterizing cube structures for systems with
a single transformation, which was first developed for ergodic measure preserving systems.
To show the convergence of some multiple ergodic averages, Host and Kra [67] introduced for
each d € N a factor Z; which characterizes the behavior of those averages. They proved that
this factor can be endowed with a structure of a nilmanifold: it is measurably isomorphic to an
inverse limit of ergodic rotations on nilmanifolds. To build such a structure, they introduced
cube structures over the set of measurable functions of X to itself and they studied their
properties. Later, Host, Kra and Maass [70] introduced these cube structures into topological
dynamics. For (X, T) a minimal dynamical system and for d € N, they introduced the space
of cubes QIU(X) which characterizes being topologically isomorphic to an inverse limit
of minimal rotations on nilmanifolds. They also defined the regionally proximal relation of
order d, denoted by RP(X) which allows one to build the maximal nilfactor. They showed
that RP(X) is an equivalence relation in the distal setting. Recently, Shao and Ye [110]
proved that RP! (X) is an equivalence relation in any minimal system and the quotient by

this relation is the maximal nilfactor of order d. This theory is important in studying the
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structure of Z-topological dynamical systems and recent applications of it can be found in
[39], [75], [77].

Back to ergodic theory, a natural generalization of the averages considered by Host and
Kra [67] are averages arise from a measurable preserving system of commuting transforma-
tions (X, B, u, T1, ..., Ty). The convergence of these averages was first proved by Tao [112]
with further insight given by Towsner [113], Austin [9] and Host [64]. We focus our attention
on Host’s proof. In order to prove the convergence of the averages, Host built an extension
of X (magic in his terminology) with suitable properties. In this extension he found a char-
acteristic factor that looks like the Cartesian product of single transformations. Again, to

build these objects, cubes structures are introduced, analogous to the ones in [67].

2.1.1. Ciriteria for systems having a product extension

A system with commuting transformations (X, S, T) is a compact metric space X endowed
with two commuting homeomorphisms S and 7. The transformations S and 7" span a Z>-
action, but we stress that we consider this action with a given pair of generators. Throughout
Chapters 2 and 3, we always use G = Z? to denote the group generated by S and 7.

A product system is a system of commuting transformations of the form (Y x W, o x
id,id x 7), where o and 7 are homeomorphisms of Y and W respectively (we also say that
(Y x W,o xid,id x 7) is the product of (Y,c) and (W, 7)). These are the simplest systems
of commuting transformations one can imagine.

We are interested in understanding how “far”a system with commuting transformations
is from being a product system, and more generally, from being a factor of a product system.
To address this question we need to develop a new theory of cube structures for this kind of
actions which is motivated by Host’s work in ergodic theory and that results in a fundamental

tool.

Let (X, S,T) be a system with commuting transformations S and 7. The space of cubes
Qs7(X) of (X, S,T) is the closure in X* of the points (x, S"z, T™z, S"T™x), where z € X
and n,m € Z.

One of our main results is that this structure allows us to characterize systems with a

product extension:

Theorem 2.1.1. Let (X,S,T) be a minimal system with commuting transformations S and

T. The following are equivalent:
1. (X,8,T) is a factor of a product system;
2. If x and'y € Qgr(X) have three coordinates in common, then x =y;

3. If (x,y,a,a) € Qsr(X) for some a € X, then x = y;
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4. If (x,b,y,b) € Qs (X) for some b € X, then x = y;

9. If (x,y,a,a) S Q&T(X) and (vaayvb) S QS,T(X) for some a,b € X, then x = y.

Of course not any system is a factor of a product system. Nevertheless, the cube structure
Qs,r(X) also provides us a framework for studying the structure of an arbitrary system with

commuting transformations. We introduce the (S, T)-regionally proximal relation Rgr(X)
of (X,S,T), defined as

Rsr(X) = {(z,y): (z,y,a,a), (x,b,y,b) € Qsr(X) for some a,b € X}.

We remark that in the case S = T, these definitions coincide with Q?(X) and RPY(X)
defined in [70]. When S # T, the relation Rgr(X) is included in the regionally proximal
relation for Z? actions [7] but can be different. So Rgr(X) is a variation of RPM(X) for 72
actions.

In a distal system with commuting transformations, it turns out that we can further
describe properties of Rgr(X). We prove that Rgr(X) is an equivalence relation and the
quotient of X by this relation defines the mazimal factor with a product extension (see Section
2.4 for definitions).

We also study the topological counterpart of the “magic extension”in Host’s work [64].
We define the magic extension in the topological setting and show that in this setting,
every minimal system with commuting transformations admits a minimal magic extension
(Proposition 2.2.11). Combining this with the properties of the cube Qg7 (X) and the relation
Rsr(X), we are able to prove Theorem 2.1.1.

We provide several applications, both in a theoretical framework and to real systems.
Using the cube structure, we study some representative tiling systems. For example, we
show that the Rgr relation on the two dimensional Morse tiling system is trivial. Therefore,
it follows from Theorem 2.1.1 that it has a product extension.

Another application of the cube structure is to study the properties of a system having a

product system as an extension (see Section 2.5 for definitions), which include:

1. Enveloping semigroup: we show that (X, S,T) has a product extension if and only if S

and T are automorphic in the enveloping semigroup.

2. Disjoint orthogonal complement: we show that if (X,S,T) is an S-T" almost periodic
system, then (X, S, T) is disjoint from systems with a product extension if and only if

both (X, S) and (X,T) are minimal weakly mixing systems.

3. Set of return times: we show that in the distal setting, (z,y) € Rgsr(X) if and only if

the set of return time of = to any neighborhood of y is an Bj 1 set.
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4. Topological complexity: we define a relative topological complexity of a system with
commuting transformations and show that in the distal setting, (X, S, T') has a product

extension if and only if it has bounded topological complexity.

2.1.2. Organization of the Chapter

In Section 2.2, we formally define the cube structure, the (S, 7)-regionally proximal re-
lation and the magic extension in the setting of systems with commuting transformations.
We prove that every minimal system with commuting transformations has a minimal magic
extension, and then we use this to give a criteria for systems having a product extension
(Theorem 2.1.1). We also present properties of the relation Rgr(X) in an arbitrary sys-
tem with commuting transformations and discuss some connections with equicontinuity and
related notions.

In Section 2.3, we compute the Rg r(X) relation for some tiling systems and provide some
applications.

In Section 2.4, we study further properties of the Rg(X) relation in the distal case.

In Section 2.5, we study various properties of systems with product extensions, which
includes the study of its enveloping semigroup, disjoint orthogonal complement, set of return

times, and topological complexity.

2.2. Cube structures and general properties

2.2.1. Cube structures and the (S5,7)-regionally proximal relation

Definition 2.2.1. For a system (X, S,T") with commuting transformations S and 7', let Fgr
denote the subgroup of G* generated by id x S x id x S and id x id x T'x T (recall that G is
the group spanned by S and T'). Write G2 := {gx gx g x g € G*: g € G}. Let Gsr denote
the subgroup of G* generated by Fsr and G2.

The main structure studied in this chapter is a notion of cubes for a system with com-

muting transformations:

Definition 2.2.2. Let (X, S,T) be a system with commuting transformations S and 7. We
define

Qsr(X) ={(z, Srx, Tz, S Tmx): v € X,n,m € L};

Qs(X) =m x m(Qsr(X)) ={(z,5"x) e X:z € X,n€l};
Qr(X) =m X m(Qsr(X)) ={(z,T"x) € X: xz € X,n € Z};
K&p = {(S™wg, T™wg, S"T™x0) € X3: n,m € Z} for all 4 € X,
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where m;: X* — X is the projection to the i-th coordinate in X* for i = 0,1, 2, 3.

We start with some basic properties of Qgr(X). The following proposition follows im-

mediately from the definitions:

Proposition 2.2.3. Let (X,S,T) be a minimal system with commuting transformations S
and T'. Then,

1. (z,z,x,x) € Qsr(X) for every x € X;
2. Qsr(X) is invariant under Gsr;

3. (Symmetries) if (zo, 1, T2, x3) € Qs (X), then (x2, 3, T, 1), (71, T, T3, T2) € Qs (X)
and (o, T2, 1, 23) € Qr,s(X);

4. (Projection) if (xg,x1,22,23) € Qsr(X), then (xo,21), (z2,23) € Qs(X) and (xg, x2),
(Ilax?:) S QT(X);

5. 1If (xo,z1) € Qs(X), then (vo,21,20,71) € Qsr(X); If (zo,21) € Qr(X), then
(w0, 0, 21, 21) € Qgr(X);

6. (Symmetry) (z,y) € Qr(X) if and only if (y,x) € Qr(X) for all z,y € X, where R is
either S oris T.

Remark 2.2.4. We remark that when S = T one has an additional symmetry, namely
(w0, 1, 9, 23) € Qgr(X) if and only if (xg, 22,21, 23) € Qg7(X).

It is easy to see that (Qs7(X),Gsr) is a topological dynamical system. Moreover, we

have:

Proposition 2.2.5. Let (X,S,T) be a minimal system with commuting transformations S
and T. Then (Qsr(X),Gsr) is a minimal system. Particularly, taking R to be either S or
T, Qr(X) is minimal under the action generated by id x R and g x g for g € G.

Proof. We use results on the enveloping semigroups given in the Background Chapter.

The proof is similar to the one given in page 46 of [55] for some similar diagonal actions.
Let E(Qsr(X),Gsr) be the enveloping semigroup of (Qsr(X),Gsr). For i =0,1,2,3, let
mi: Qsr(X) — X be the projection onto the i-th coordinate and let 7/ : E(Qgs1r(X),Gsr) —
E(X, Q) be the induced factor map.

Let v € E(Qsr(X),G?) denote a minimal idempotent. We show that u is also a
minimal idempotent in E(Qgs7(X),Gsr). By Theorem 1.4.1, it suffices to show that if
v e E(Qsr(X),Gsr) with vu = v, then uv = u. Projecting onto the corresponding coordi-
nates, we deduce that 7} (vu) = 7} (v)7} (u) = 7 (v) for i = 0, 1,2, 3. It is clear that the projec-

tion of a minimal idempotent to E(Qgr(X), G?) is a minimal idempotent in E(X, G). Since
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i (v)r}(u) = 7f(v), by Theorem 1.4.1 we deduce that 7} (u)7}(v) = 7} (u) for i = 0,1,2,3.
Since the projections onto the coordinates determine an element of E(Qgr(X),Gsr), we
have that uv = u. Thus we conclude that v is a minimal idempotent in E(Qs7(X), Gsr).

For any r € X, (v,2,7,7) is a minimal point under G®. So there exists a minimal
idempotent u € E(Qs7(X),G?) such that u(x,z,r,2) = (x,z,7,2). Since u is also a
minimal idempotent in E(Qgs7(X),Gs7), the point (x,z,z, z) is minimal under Gs 7. Since
the orbit closure of (z,x,x,x) under Ggr is Qgr(X), we have that (Qsr(X),Gsr) is a
minimal system.

The fact that Qg(X) is minimal follows immediately by taking projections. O

We remark that K¢y is invariant under S:=SxidxSand T :=idx T x T. We let Fs'r
denote the action spanned by S and T. We note that (K%, Fsor) is not necessarily minimal,
even if X is minimal (the minimality of K’ implies the minimality of Og(x) under S and
the minimality of Or(z) under 7', which does not always hold). See the examples in Section
2.3.

The following lemma follows from the definitions:

Lemma 2.2.6. Let m: Y — X be a factor map between two minimal systems (Y, S,T) and
(X, S,T) with commuting transformations S and T'. Then txmxwxm(Qsr(Y)) = Qsr(X).
Therefore, m x m1(Qgs(Y)) = Qs(X) and 7 x 7(Qr(Y)) = Qr(X).

Associated to the cube structure, we define a relation in X as was done in [70] with cubes

associated to a Z-system. This is the main relation we study in this work:

Definition 2.2.7. Let (X,S,7T) be a minimal system with commuting transformations S
and T'. We define

Rs(X) ={(z,y) € X x X: (z,y,0a,a) € Qsr(X) for some a € X};
Rr(X) ={(z,y) € X x X: (x,b,y,b) € Qsr(X) for some b € X};
R&T(X) = Rs(X> N RT(X)

It then follows from (3) of Proposition 2.2.3 that Rg(X), Rr(X), Rsr(X) are symmetric
relations, i.e. (z,y) € A if and only if (y,z) € A for all z,y € X, where A is Rg(X), Rr(X)
or Rsr(X). It is worth noting that in the case S = T, Rgr(X) is the regionally proximal
relation RP!(X) defined in [70).

Using these definitions, our main Theorem 2.1.1 can be rephrased as (we postpone the
proof to Section 2.2.4):

Theorem. Let (X,S,T) be a minimal system with commuting transformations S and T.

The following are equivalent:

1. (X,8,T) is a factor of a product system;
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2. If x and'y € Qsr(X) have three coordinates in common, then x =y;
3. Re(X) = Ax;

4. Rp(X) =Ax;

5. Rsr(X) = Ax.

Remark 2.2.8. In the case where (X,S,T) = (Y x W,o x id,id x 7) is exactly a product

system, we have that

Qs (X) = {((y1,w1), (y2, w1), (y1, w2), (Y2, w2)): y1,y2 € Y, wi,wy € W}.

In this case, Rgr(X) = Ax holds for trivial reasons. Suppose that ((yi,w1), (y2,w2)) €
Rsr(X) for some (y,wy), (y2,w2) € X. Since ((y1,w1), (Y2, w2)) € Rg(X), there exists
a € X such that ((y1,w1), (y2,w2),a,a) € Qsr(X). Therefore wy = wy and (y;,ws) = a =
(y2, wa), which implies that y; = y2. Thus Rgr(X) = Ax.

2.2.2. Magic systems

We construct an extension of a system with commuting transformations which behaves
like a product system for use in the sequel. Following the terminology introduced in [64] in

the ergodic setting, we introduce the notion of a magic system in the topological setting:

Definition 2.2.9. A minimal system (X, S,7T") with commuting transformations S and T is
called a magic system if Rg(X) N Rr(X) = Qs(X) N Qr(X).

We remark that the inclusion in one direction always holds:

Lemma 2.2.10. Let (X,S,T) be a system with commuting transformations S and T. Then
Rs(X)NRr(X) C Qs(X)NQr(X).

Proof. Suppose (z,y) € Rs(X)NRp(X). Then in particular (z,y) € Rg(X). So there exists
a € X such that (z,y,a,a) € Qgr(X). Taking the projections onto the first two coordinates,
we have that (z,y) € Qg(X). Similarly, (z,y) € Qr(X), and so Rs(X)NRr(X) C Qs(X)N
Qr(X). 0

In general, not every system with commuting transformations is magic. In fact, Rg(X)N
Rr(X) and Qs(X) N Qr(X) may be very different. For example, let (T = R/Z,T) be a
rotation on the circle given by Tx = x + o mod 1 for all x € T, where « is an irrational
number. Then Qr(T) N Qr(T) = T x T. But Ry(T) N Ry(T) = {(z,z) € T*: x € T}
(here we take S = T'). However, we can always regard a minimal system with commuting

transformations as a factor of a magic system:
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Proposition 2.2.11 (Magic extension). Let (X,S,T) be a minimal system with commuting
transformations S and T. Then (X, S,T) admits a minimal magic extension, meaning it has

an extension which is a minimal magic system.

Proof. We use some results of Section 4 of [54], where Glasner studied the so called prolon-
gation relation and its relation with closed orbits to propose a topological analogue of the
ergodic decomposition. By Lemmas 4.1 and 4.5 in [54], we can find a point zy € X such that
Qs[zo] = {z € X: (zo,2) € Qs(X)} and Qrlzo] = {x € X: (zg,z) € Qp(X)} coincide
with Og(zo) and Or(z) respectively (moreover, the set of such points is a Gy set).

Let Y be a minimal subsystem of the system (K¢, S, YA’), where S = S xidx S, T =
id x T'x T'. Since the projection onto the last coordinate defines a factor map from (Y, S, f)

to (X, S,T), there exists a minimal point of Y of the form 2" = (21, 22, %¢). Hence, Y is the
orbit closure of (zy, 23, 2) under S and T. We claim that (Y, S,T) is a magic extension of
(X,5.7T).

It suffices to show that for any ¥ = (z1, 22, 23), ¥ = (y1,%2,43) € Y, (7,9) € Qg(Y) N
Q4(Y') implies that (7, %) € Rg(Y)NRA(Y). Since (7, %) € Qg(Y') and the second coordinate
of Y is invariant under S, we get that 5 = yo. Similarly, (Z,7) € Q+(Y') implies that z; = ;.

We recall that d(-,-) is a metric in X defining its topology. Let ¢ > 0. Since (¥,¥) €
Qg(Y'), there exists z = (2}, xh,x}) € Y and ng € Z such that d(x;,2}) < e for i = 1,2,3
and that d(S™z!,z1) < €, d(S™x%,y3) < €. Let 0 < § < € be such that if z,y € X and
d(xz,y) < 0, then d(S™z, S™y) < e.

Since 7 € Y, there exist n, m € Z such that d(z!, 5"z), d(z)y, T™z), d(z}, S"T™xq) < 6.
Then d(S™x, S0 z), d(S™xy, ST T™xg) < €.

Let 0 < § < ¢ be such that if z,y € X and d(z,y) < ¢, then d(S"z,S"y) < 4.
Since 7 € Kg’p, we have that z; € Qr[zg]. By assumption, there exists mo € Z such that
d(T0xg, z1) < 0. Then d(S"T™0xg,S"z1) < § and d(S" 0Tz, S"T0z1) < e.

Denote 2/ = (82, Tz, S"T™xy) € Y. Then the distance between

(2!, Smoz! Moy SO0 T )

constant C' > 0, where 4 = (z1, a,z1) for some a € X (the existence of a follows by passing
to a subsequence). We conclude that (7,%) € Rg(Y). Similarly (Z,7) € R4(Y). O

Moreover, if (X, S,T) is a system with commuting transformations S and 7" and (Y, S, f)

is the magic extension described in Proposition 2.2.11, we have:

Corollary 2.2.12. If (($17$2a$3)7($1>$2793)> € QS’\(Y)7 then ((xlax27$3)7(x17x2ay3)) S

Rg(Y)
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The following lemma is proved implicitly in Proposition 2.2.11. We state it here for use

in the sequel:

Lemma 2.2.13. Let (X, S,T) be a minimal system with commuting transformations S and
T. Let (Y, S, f) be the magic extension given by Proposition 2.2.11 and let ¥ = (x1, x2, x3),
¥ = (Y1,y2,y3) be points in' Y. For R being either S or T, if (%,7) € Ri(Y) then x1 = y,
Ty = Yo and (r3,y3) € Rr(X).

2.2.3. Partially distal systems

We recall that a topological dynamical system (X, G) is distal if x # y implies that

inf d(gz, gy) > 0.

We introduce a definition of partial distality, which can be viewed as a generalization of
distality, and is the main ingredient in the proof of Theorem 2.1.1.
Let (X,S,T) be a minimal system with commuting transformations S and 7. For R

being either S or T, let Pgr(X) be the set of proximal pairs under R.

Definition 2.2.14. Let (X, S,T) be a minimal system with commuting transformations S
and 7. We say that (X, S, T) is partially distal if Qs(X) N Pr(X) = Qr(X)N Ps(X) = Ax.

We remark that when S = T, partial distality coincides with distality. If Qg(X) is
an equivalence relation on X, then the system (X, S,T) being partially distal implies that
the quotient map X — X/Qg(X) is a distal extension between the systems (X,T) and
(X/Qs(X),T).

The following lemma allows us to lift a minimal idempotent in E(X,G) to a minimal
idempotent in E(X*, Fsr). Recall that taking R to be either S or T, if u € E(X, R) is an
idempotent, then (z,ux) € Pr(X) for all z € X (Theorem 1.4.2).

Lemma 2.2.15. Let (X, S,T) be a minimal system with commuting transformations S and
T, and let u € E(X,G) be a minimal idempotent. Then there exists a minimal idempotent
u € E(X*Y Fsr) of the form @ = (e, ug, ur,u), where ug € E(X,S) and ur € E(X,T) are

minimal idempotents. Moreover, if (X, S,T) is partially distal, we have that ugu = uru = u.

Proof. For i = 0,1,2,3, let m; be the projection from X* onto the i-th coordinate and let
7F be the induced factor map in the enveloping semigroups. Hence 7j: E(X* Fsr) —
E(X,S), m5: E(X*, Fsr) = E(X,T), and 75: E(X*, Fs7) — E(X,G) are factor maps. By
Proposition 1.4.3, we can find a minimal idempotent @ € E(X*, Fs7) such that 7}(a) = w.
Since the projection of a minimal idempotent is a minimal idempotent, % can be written in

the form u = (e, ug, ur,u), where ug € E(X,S) and ur € E(X,T) are minimal idempotents.
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Now suppose that (X, S,T) is partially distal. Let v € E(X,G) and u = (e, ug, up,u) €
(X*, Fsr) be minimal idempotents in the corresponding enveloping semigroups. Note that
(uz, usux, uruz, uur) = (ux,usuz, uruz,ur) € Qgr(X) for all z € X. So we have that
(uz,usux) € Ps(X) N Qr(X) and (uz,urux) € Pr(X) N Qs(X). Thus uguzr = uruzr = ux
for all z € X since X is partially distal. This finishes the proof. O]

Corollary 2.2.16. Let (X, S,T) be a partially distal system with commuting transformations
S and T. Then for every x € X, the system (K%, S=8xidx 8T =1id x T x T) with
commuting transformations S and T is a minimal system. Moreover, (K%, §, f) s a magic
extension of (X,S,T).

Proof. Since (X,S,T) is a minimal system, there exists a minimal idempotent u € E(X, G)
such that ux = x. By Lemma 2.2.15, there exists a minimal idempotent @ € E(X*, Fsr)
such that u(x,z,r) = (v,2,z), which implies that (x,z,z) is a minimal point of K%,. The
proof that ( ST S , f) is a magic extension is similar to Proposition 2.2.11.

]

Corollary 2.2.17. Let (X,S,T) be a partially distal system. Then (X,S) and (X,T) are

pointwise almost periodic.

Proof. By Lemma 2.2.15, for any x € X, we can find minimal idempotents ug € E(X,5)
and upr € E(X,T) such that ugz = upz = x. This is equivalent to being pointwise almost

periodic. O

2.2.4. Proof of Theorem 2.1.1

Before completing the proof of Theorem 2.1.1, we start with some lemmas:

Lemma 2.2.18. For any minimal system (X, S,T) with commuting transformations S and
T, Qs(X)N Pr(X) CRs(X).

Proof. Suppose (z,y) € Qg(X) N Pr(X). Since (z,y) € Pr(X), there exists a sequence
(m;)ien in Z such that d(T™x,T™y) — 0. We can assume that 7™z and T™y con-
verge to a € X. Since (z,y) € Qg(X), we have that (z,y,z,y) € Qsr(X) and therefore
(x,y, Tz, T™y) = (2,y,0a,a) € Qsr(X). We conclude that (z,y) € Rs(X). ]

Lemma 2.2.19. Let (X, S,T) be a minimal system with commuting transformations S and
T such that Rs(X) = Ax. Then for every x € X, (Kg,T,S, T) is a minimal system.

Particularly, for every x € X we have that (Og(x),S) and (Or(x),T) are minimal systems.

Proof. Since Rg(X) = Ax, by Lemma 2.2.18, we deduce that Qg(X) N Pr(X) = Ax. For
any © € X, let u € F(X,G) be a minimal idempotent with uz = x and let (e, ug,ur,u) €
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E(X* Fsr) be a lift given by Lemma 2.2.15. Then (z,usz, urz,ur) = (z,usz,urr,z) €
Qs.r(X). Projecting to the last two coordinates, we get that (upz, z) € Qg(X). On the other
hand, (urz,x) € Pr(X) as ur € E(X,T) is an idempotent. Since Qg(X) N Pr(X) = Ax,
we deduce that z = upz and thus (z, usz, urz,uzr) = (z,usz, x,x). Since Rg(X) = Ax, we
have that (ugx,urx,ur) = (x,z,z) and this point is minimal.

The second statement follows by projecting Kg 7 onto the two first coordinates. O]

Lemma 2.2.20. Let (X, S,T) be a minimal system with commuting transformations S and
T. [f Qs(X) N QT(X) = Ax, then RS(X) == Ax.

Proof. We remark that if (z,a,b,2) € Qg7 (X), then (z,a) and (z,b) belong to Qs(X) N
Qr(X). Consequently, if (x,a,b,x) € Qsr(X), then a = b =x. Now let (z,y) € Rs(X) and
let a € X such that (z,y,a,a) € Qsr(X). By minimality we can take two sequences (n;);en
and (m;)ien in Z such that S™T™a — x. We can assume that S™y — y" and T™a — d/,
and thus (x, S™y, T™a, S™T™a) — (x,y',d',x) € Qgr(X). We deduce that ¢ = d ==
and particularly 7"a — . Hence (z,y,T™a, T a) — (z,y,x,x) € Qsr(X) and therefore
r =Y. [

We are now ready to prove Theorem 2.1.1:

Proof of Theorem 2.1.1.

(1) = (2). Let m: Y x W — X be a factor map between the minimal systems (Y x W, o x
id,id x 7) and (X, S,T). Let (zo, z1, z2, x3) and (zo, 21, 22, %) € Qg (X). It suffices to show
that r3 = 5. Since 7(Quxidiax-(Y X W)) = Qs7(X), there exist ((yo, wo), (y1,wo), (Yo, w1),
(y1,w1)) and ((yg, wo), (1, wo), (yo, w1), (Y1, wh)) In Qexiajaxr (Y xW) such that 7 (yo, wo) =
xo = (Yo, wy), m(y1,woe) = x1 = w(yy, wp), (Yo, w1) = x2 = w(yh, wh), 7(yi, w;) = x3 and
(), w)) = i,

Let (n;)ien and (m;);en be sequences in Z such that o™yy — y; and 7wy — wy. We
can assume that o™y — y{ and 7"w] — w{ so that ((y), wp), (yi,wp), (Y, wy), (¥, w)) €

Qo xidiaxr (Y x W). Since 7(yo, wo) = m(yg, wy), we have that

7T4((y67 w6)7 (yilv w6)7 (y(J? w/1/)7 (yilu w/1/>> = (l’g, Ty, T, SE3>.

Particularly, (v}, wg) = 7(yy, wg) and 7(yg, wy) = 7(y,, wi). By minimality of (Y, o) and
(W, ), we deduce that 7(y},w) = 7(y{,w) and 7(y, w]) = 7(y,w/) for every y € Y and for
every w € W. Hence x5 = w(y},w]) = n(y], w)) = n(y;, w)) = 5.

(2) = (3). Let (z,y) € Rg(X) and let @ € X such that (z,y,a,a) € Qg7 (X). We remark
that this implies that (z,a) € Qr(X) and then (z,z,a,a) € Qgr(X). Since (z,z,a,a) and
(x,y,a,a) belong to Qg r(X), we have that z = y.

(3) = (1). By Lemma 2.2.19, for every xg € X, we can build a minimal magic system

(K, S, T) which is an extension of (X, S,T) whose factor map is the projection onto the
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last coordinate. We remark that if © = (x1, 29, 3) and ¥ = (y1, ye, y3) are such that (7,y) €
R5(Kr), then by Lemma 2.2.13, 1 = y1, 22 = y2 and (x3,y3) € Rg(X). Hence, if Rg(X)
coincides with the diagonal, so does R5(Kg’r).

Let ¢: Kg’p — Os(z0) X Or(w0) be the projection onto the first two coordinates. Then ¢
is a factor map between the minimal systems (K¢, S, T) and (Og(x0) x Or(z0), S xid, idx T)

with commuting transformations. We remark that the latter is a product system.

We claim that the triviality of the relation Rg(X) implies that ¢ is actually an iso-
morphism. It suffices to show that (a,b,c),(a,b,d) € K¢ implies that ¢ = d. By min-
imality, we can find a sequence (n;);ey in Z such that S™a — xy. Since Rg(X) = Ax,
we have that limS™¢ = b = limS™d. So limS™(a,b,c) = lim S™ (a,b,d) and hence
((a,b,¢),(a,b,d)) € P3(Kgy). Since Rg(Kg’p) is the diagonal, by Lemma 2.2.19 applied
to the system (Kg'r, S,T) we have that every point in K¢’ has a minimal S-orbit. This
implies that (a,b,¢) and (a,b,d) are in the same S-minimal orbit closure and hence they be-
long to Qg(Kg’r). By Proposition 2.2.11, since they have the same first two coordinates, we
deduce that ((a,b,c), (a,b,d)) € Rg(Kg’r), which is trivial. We conclude that (K, S, T)is
a product system and thus (X, S,T) has a product extension.

(2) = (4) is similar to (2) = (3); (4) = (1) is similar to (3) = (1); (3) = (5) is obvious.

(5) = (1). By Proposition 2.2.11, we have a magic extension (Y,5,T) of (X, S,T) with
Y C K for some zyp € X. The magic extension satisfies Qz(Y)NQ4(Y) = Rg(Y )ﬂRA( ).
Since Rs(X) N Ry(X) is the diagonal, by Lemma 2.2.13, we have that Rg(Y) N R4(Y) =
Q5(Y) NQ4(Y) is also the diagonal. By Lemma 2.2.20, we have that R5(Y") coincides with
the diagonal relation. Therefore, (Y, S, T ) satisfies property (3) and we have proved above
that this implies that (Y, S,T) (and consequently (X, S, 7)) has a product extension. This
finishes the proof. 0

We remark that if (X,S5,7) has a product extension, then Theorem 2.1.1 gives us an

explicit (or algorithmic) way to build such an extension. In fact, we have:

Proposition 2.2.21. Let (X, S,T) be a minimal system with commuting transformations S

and T'. The following are equivalent:
1. (X,S8,T) has a product extension,

2. There exists x € X such that the last coordinate of K§r is a function of the first two

coordinates. In this case, (K§r, §, f) is a product system;

3. For any x € X, the last coordinate of K§r is a function of the first two coordinates.

In this case, (K%, S, f) is a product system.

Proof. (1) = (3). By Theorem 2.1.1, when (X, S,T) has a product extension, then the last
coordinate of Qg7 (X) is a function of the first three ones, which implies (3).
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(3) = (2). Is obvious.

(2) = (1). Let Y C K%, be a minimal subsystem and let (z1, s, 23) € Y. We remark
that (Y, 5, T) is an extension of (X, S,T) and that the last coordinate of ¥ is a function of
the first two coordinates. Hence, the factor map (2!, 2}, %) — (27, 25) is an isomorphism

between (Y,5,T) and (Og(z1) x Or(x),S x id,id x T), which is a product system.

]

We can also give a criterion to determine when a minimal system (X, S, 7") with commut-

ing transformations S and T is actually a product system:

Proposition 2.2.22. Let (X, S,T) be a minimal system with commuting transformations S
and T'. Then (X, S,T) is a product system if and only if Qs(X) N Qr(X) = Ax.

Proof. Suppose that (X,5,7) = (Y x W,o x id,id x 7) is a product system and (y,w;),
(y2, w2) € Qoxia(Y X W) N Qiaxr (Y x W). Then ((y1,w1), (Y2, w2)) € Qiax-(Y x W) implies
that y; = yo, and ((y1,w1), (Y2, w2)) € Quxia(Y x W) implies that w; = wy. Therefore,
Qs(Y xW)NQr(Y x W) = Ay,w.

Conversely, suppose that Qg(X) N Qr(X) = Ax. By Lemma 2.2.20, Theorem 2.1.1
and Proposition 2.2.21, we have that for any zo € X, (K7, S , T ) is a product extension
of (X,S,T). We claim that these systems are actually isomorphic. Recall that the factor
map 7: K% — X is the projection onto the last coordinate. It suffices to show that
(21, 22) = (27, 2%) for all (z1, 9, 7), (7], 75, 7) € Kg’p. Let (n;)ien and (m;)ien be sequences
in Z such that S™T™x — xq. We can assume that S™x; — ay, S™z} — a), T™xy — by and
T™igh, — by. Therefore, (z¢, a1, b1, x¢) and (zg, al, b}, xy) belong to Qg (X). Since Qg(X) N
Qr(X) = Ax, we have that a; = by = @} = V] = x9. We can assume that S™z — 2’ and
thus (xg, S™xy, xe, S™x) — (20, To, T2, T'), (xo, S™ ), x5, S™x) — (T0, X0, Th, x'). Moreover,
these points belong to Qg r(X). Since Rg(X) is the diagonal, we conclude that o = 2’ = ).
Similarly, 1 = ] and the proof is finished.

0

2.2.5. Equicontinuity and product extensions

Let (X,S,T) be a system with commuting transformations S and 7. Let suppose that
(X, S,T) has a product extension. In this section we show that one can always find a product
extension where the factor map satisfies some kind of equicontinuity conditions.

We recall the definition of equicontinuity:

Definition 2.2.23. Let (X, G) be a topological dynamical system, where G is an arbitrary
group action. We say that (X, G) is equicontinuous if for any € > 0, there exists § > 0 such
that if d(z,y) < 0 for z,y € X, then d(gz, gy) < e for all g € G. Let 7: Y — X be a factor
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map between the topological dynamical systems (Y, G) and (X,G). We say that YV is an
equicontinuous extension of X if for any e > 0, there exists § > 0 such that if d(z,y) < ¢ and
7(z) = m(y) then d(gz, gy) < € for all g € G.

The following proposition provides the connection between equicontinuity and the prop-

erty of being a factor of a product system:

Proposition 2.2.24. Let (X,S,T) be a minimal system with commuting transformations S

and T. If either S or T is equicontinuous, then (X, S,T) has a product extension.

Proof. Suppose that T is equicontinuous. For any € > 0, let 0 < § < € be such that if two
points are d-close to each other, then they stay e-close under the orbit of 7. Suppose (x,y) €
Rs(X). Pick ’,a € X and n,m € Z such that d(z,2') < §, d(S"2',y) < §, d(T™2',a) <
d, d(S™T™x' a) < §. By equicontinuity of T, we have that d(T-"S"T™x', T ™a) < e,
d(T~™T™x', T~™a) < €. Therefore d(x,y) < 4e. Hence, Rg(X) coincides with the diagonal
and (X, S,T) has a product extension. ]

Specially, when S =T we have:

Corollary 2.2.25. Let (X,T) be a minimal system. Then (X,T) is equicontinous if and
only if (X,T,T) has a product extension.

Under the assumption that Q7 (X) is an equivalence relation, we have a better criterion:

Proposition 2.2.26. Let (X,S,T) be a minimal system with commuting transformations
S and T. Suppose that Qr(X) is an equivalence relation. Then the system (X,S) is an
equicontinuous extension of (X/Qr(X),S) if and only if (X,S,T) has a product extension.

Proof. Suppose that (X, S,T") has no product extensions. By Theorem 2.1.1, we can pick
z,y € X,z # y such that (x,y) € Rr(X). Denote € = d(z,y)/2. For any 0 < § < €/4, there
exist z € X,n,m € Z such that d(z,z), d(T™z,y), d(S™z,S"T™z) < . Let a’ = S"z,y' =
S*T™z. Then (2/,y") € Qp(X), d(2',y") < 6 and d(S~"2', S™™y') = d(z,T"z) > e—2 > €/2.
So (X, S) is not an equicontinuous extension of (X/Qr(X),5).

On the other hand, if (X, 5) is not an equicontinuous extension of (X/Qr(X),S5), then
there exists € > 0 and there exist sequences (z;)en, (¥i)ieny in X and a sequence (1n;)ien
in Z with d(x;,y;) < 1/i, (z;,y;) € Qr(X), and d(S™x;, S™y;) > €. By passing to a
subsequence, we may assume (S™x;)ien, (S™;)ien, (%;)ien and (y;)ien converges to xg, yo, w
and w respectively. Then zq # yo. For any 6 > 0, pick ¢ € N such that d(S™z;, ),
d(S™y;,y0), d(z;,w), d(y;,w) < 6. Since (x;,y;) € Qr(X), we can pick z € X,m € Z
such that d(z,z;), d(T™z,y;), d(S™ z, S™z;), d(S™T™z, S™y;) < d. So the distance between
the corresponding coordinates of (S™iz, z, S™T™z, T™z) and (xg,w, yo, w) are all less than
C§ for some uniform constant C. So (xo,70) € Rr(X), and (X, S,T) has not a product

extension. O
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In the following we relativize the notion of being a product system to factor maps.

Definition 2.2.27. Let 7: Y — X be a factor map between the systems of commuting
transformations (Y, S,7T") and (X, S,T). We say that m is S-equicontinuous with respect to T
if for any e > 0 there exists § > 0 such that if y,y’ € Y satisty (y,y') € Qr(Y), d(y,y') < ¢
and 7(y) = w(y'), then d(S"y, S™y') < € for all n € Z.

Lemma 2.2.28. Let (X, S,T) be a minimal system with commuting transformations S and
T, and let m be the projection to the trivial system. Then mw is S-equicontinous with respect
to T if and only if (X,S,T) has a product extension.

Proof. If 7 is not S-equicontinuous with respect to T, there exists € > 0 such that for any
6 =1 > 0 one can find (z;,2}) € Qr(X) with d(z;, x}) < § and n; € Z with d(S™x;, S™ia}) >
e. For a subsequence, (z;,S™uz;,x}, S™x;) € Qgr(X) converges to a point of the form
(a,z,a,2") € Qsr(X) with x # 2’. We remark that this is equivalent to (z,a,2’,a) €
Qsr(X) and hence (z,2') € Rg(X). By Theorem 2.1.1 (X, S,T") has no product extension.

Conversely, if (X, S,T) has no product extension, by Theorem 2.1.1 we can find = # 2
with (z,2") € Rg(X). Let 0 < e < d(z,2') and let 0 < § < ¢/4. We can find 2" € X and
n,m € Z such that d(z”,z) < §, d(S"x",2") < 6 and d(T™x",S"T™z") < §. Writing w =
Tm2", w' = S"T™z", we have that (w,w’) € Qg(X), d(w,w') < § and d(T""w, T "w') >

€/2. Hence 7 is not S-equicontinuous with respect to 7T O

A connection between a magic system and a system which is S-equicontinuous with

respect to 7T is:

Proposition 2.2.29. For every minimal system with commuting transformations (X, S, T),

the magic extension constructed in Theorem 2.2.11 is S-equicontinuous with respect to T

Proof. Let (X, S,T) be a minimal system with commuting transformations S and 7. Recall
that the magic extension Y of X is the orbit closure of a minimal point (21, 22, z) under
S and T , and the factor map 7: Y — X is the projection onto the last coordinate. Let
T = (r1,72,73), ¥ = (Y1,¥2,¥3) € Y be such that 7(¥) = 7(7) and (7,7) € Qz(Y). Then we
have that x1 = y; and x3 = y3. Since Sng = (S™xq, x9,S"x3) and §”g]: (S™xq,y2, S™x3), We

conclude that S preserves the distance between ¥ and . O]

A direct corollary of this proposition is:

Corollary 2.2.30. Let (X,S,T) be a minimal system with commuting transformations S
and T. If (X,S,T) has a product extension, then it has a product extension which is S-

equicontinuous with respect to T

Proof. 1f (X, S,T) has a product extension, by Theorem 2.1.1, we can build a magic extension
which is actually a product system. This magic extension is S-equicontinuous with respect
to T O
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2.2.6. Changing the generators

Let (X,S,T) be a system with commuting transformations S and 7. We remark that
Qs.r(X) depends strongly on the choice of the generators S and T'. For instance, let (X, .5)
be a minimal system and consider the minimal systems (X, S,S) and (X, S,id) with com-
muting transformations. We have that (X, .S,id) has a product extension, but (X, S,S) does
not (unless (X,S) is equicontinous). However, there are cases where we can deduce some
properties by changing the generators. Let (X,S,7) be a minimal system with commut-
ing transformations S and 7. Denote S’ = T7'S, T’ = T. We have that (X,5’,T") is a
minimal system with commuting transformations S’ and 7”. Suppose now that (X,S’,T")
has a product extension. By Proposition 2.2.21, for any x € X we have that ( AL :9\’, T )
is an extension of (X,S’,7") and it is isomorphic to a product system. We remark that
(K§,7T,j:’/5\’, T is an extension of (X, S,T) and it is isomorphic to (Y x W, S x T, T x T),

where Y = Og/(z) and W = Op (z). It follows that (X,S,T) has an extension which is the

Cartesian product of two systems with commuting transformations with different natures:

one of the form (Y, .S,id) where one of the transformations is the identity, and the other of

the form (W, T, T) where the two transformations are the same.

2.3. Examples

In this section, we compute the Rgr(X) relation in some minimal symbolic systems
(X,S,T). We start by recalling some general definitions.

Let A be a finite alphabet. The shift transformation o: A — AZ is the map (;)icz —
(2i41)icz. A one dimensional subshift is a closed subset X C A% invariant under the shift
transformation. When there is more than one space involved, we let ox denote the shift
transformation on the space X.

In the two dimensional setting, we define the shift transformation o g): AT 5 A7
(w5;)ijez = (Tiz1;)ijez and o1y : AL 5 A7 (wij)ijez V= (%ij41)ijez- Hence o) and
0(o,1) are the translations in the canonical directions. A two dimensional subshift is a closed
subset X C A% invariant under the shift transformations. We remark that 01,0y and 0(g,1) are
a pair of commuting transformations and therefore if X C A% is a subshift, (X, 00,00:0(0,1))
is a system with commuting transformations o, o) and o ).

Let X C A% be a subshift and let z € X. If B is a subset of Z2, we let z|p € AP denote
the restriction of z to B and for 7 € Z2, we let B + 7 denote the set {b+7i: b € B}. When
X is a subshift (one or two dimensional), we let Ax denote its alphabet.

X) in the Morse Tiling and then we

state a general criteria for a Z? shift space to have a product extension. See [103] for more

In the following we compute the relation Rg(l’o),g(o,l)(

background about tiling and substitutions.
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2.3.1. The Morse tiling

Consider the Morse tiling system given by the substitution rule:

One can iterate this substitution in a natural way:

Y-

Figure 2.1: first, second and third iteration of the substitution

We identify 0 with the white square and 1 with the black one. Let B, = ([-2""1 2"! —
1]NZ) x ([—2"~1, 2"~ 1 —1]NZ) be the square of size 2" centered at the origin. Let (z,,).en be a
sequence in {0, 1}Z2 such that the restriction of z,, to B,, coincides with the nth-iteration of the
substitution. Taking a subsequence we have that (x,),en converges to a point z* € {0, 1}22.
Let X C {0, 1}22 be the orbit closure of * under the shift actions. We point out that X,
does not depend on the particular choice of z* (we refer to Chapter 1 of [103] for a general
reference about substitution tiling systems). Moreover, the Morse system (Xar, 0(1,0),00,1))

is a minimal system with commuting transformations o(; gy and o ).

Proposition 2.3.1. For the Morse system, Ry, o (Xm) = Ry, (X)) = Ax,,. Conse-

quently, the Morse system has a product extension.

Proof. Note that for x = (;;)ijez € Xu, we have that x;; + x;41,; = x; jy + 41 mod 2
and x;; + T j+1 = Ty j + ;i ;41 mod 2 for every ¢, 5,4, j° € Z. From this, we deduce that if
xo,0 = 0 then x;; = z;0 + xo; for every ¢, 7 € Z. From now on, we assume that zj, = 0.

For N € N, let By denote the square ([N, N]NZ) x (|[-N,N|]NZ). Suppose (y,z) €
Rop o (Xar) and let w € Xy be such that (y,z,w,w) € Qo 0., (Xar). We deduce that
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there exist n, m, p,q € Z such that

pa ok .
91,0%(0,1)7 By = YlByi

ptn g x| _ .
91,0%(0,1)7 By = 2|Byi

D qt+m _ x _ btn_gtm x _
91,0%0,1) 7 By = 91,0%0,1) 7 By = W[y

. P qt+m _ x _ _ptn __g+tm_x * ok
Since 0y 6,01 < By = 10701 % |By, we deduce that 23, ., = ;.. .o for all ¢ < N.

This in turn implies that y|p, = 0(; 50017 By = af’f’rg)ago,l)xﬂBN = z|py. Since N is

arbitrary we deduce that y = z. Therefore R (Xum) = Ax,, and thus (X, 01,0y, 0(0,1))

7(1,0)

has a product extension. O

Remark 2.3.2. In fact, let (Y,0) be the one dimensional Thue-Morse system. This is the
subshift generated by the one dimensional substitution 0 +— 01, 1 — 10 (see [102]). Then we
can define 7: Y x Y — Xy by 7(z,2),m = 2, + 2}, and it turns out that this is a product
extension of the two dimensional Morse system. Moreover, we have that ( ng,S’ , Ff) is
isomorphic to (Y x Y, T x id,id x T), where the isomorphism ¢: Kg*T — Y x Y is given by
o(a,b,c) = (a|a,blp), where A = {(n,0): n € Z} and B = {(0,n): n € Z}. We show in the
next subsection that this is a general procedure to build symbolic systems with a product

extension.

2.3.2. Building factors of product systems

Let (X,0x) and (Y, 0y) be two minimal one dimensional shifts and let Ax and Ay be
the respective alphabets.

Let 2 € X and y € Y. Consider the point z € (Ay x Ay)% defined as z;; = (;,9;)
for i,j € Z and let Z denote the orbit closure of z under the shift transformations. Then
we can verify that (Z,0x,0),0(0,1)) is isomorphic to the product of (X,ox) and (Y,0y) (and
particularly (Z,0(1,0),0(0,1)) is a minimal system).

Let A be an alphabet and let ¢: Ax x Ay — A be a function. We can define ¢: Z —
W = ¢(Z) C A% such that ¢(2);; = @(zi;) for i,5 € Z. Then (W, 0(1.0),0(01)) is a minimal
symbolic system with a product extension and we write W = W(X,Y,¢) to denote this
system. We show that this is the unique way to produce minimal symbolic systems with

product extensions.

Proposition 2.3.3. Let (W, 00,0y, 0(0,1)) be a minimal symbolic system with a product exten-
sion. Then, there exist one dimensional minimal subshifts (X,ox) and (Y,o0y) and a map

o: Ax X Ay = Aw such that W =W (X,Y, p).

Proof. We recall that Ay, denotes the alphabet of W. For n € N we let B,, denote ([—n,n|N
Z) x ([-n,n]|NZ). Let w = (w;;)ijez € W. By Proposition 2.2.21, the last coordinate in
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K;V(LO)%D(W) is a function of the two first coordinates. Since K;"(LO)J(OJ)(W) is a closed
subset of X? we have that this function is continuous. Hence, there exists n € N such
that for every i,j € Z, w;; is determined by w|g,, W|g,+@0 and wW|g,+@,). Let Ax =
{WlB,+60: % € Z} and Ay = {W|p, 10, : J € Z}. Then Ax and Ay are finite alphabets

and we can define ¢: Ay x Ay — Aw such that ©(W|g, 13,0y, W|B.+(0,5)) = Wi-

We recall that since (W, 0(,0),0(0,)) has a product extension, (KZ"(HWT<0 1)(W),U/(1F),
Ton) is a minimal system. Let ¢y : KZ'V(I,O)W'(OJ)(W) — AL and ¢,: K;"(LO)’(T(O’U(W) — AL

defined as ¢ (wy, wa, w3) = (W1|B,+(,0))icz and Ga(wy, w2, w3) = (Wa|p,+0,))jez- Let X =
o1 (W) and Y = ¢o(W). Then (X,0x) and (Y, 0y) are two minimal symbolic systems and
W =W(X,Y, o). O

The previous proposition says that for a minimal symbolic system (W, 01,0y, 0(0,1)), hav-
ing a product extension means that the dynamics can be deduced by looking at the shifts

generated by finite blocks in the canonical directions.

Remark 2.3.4. It was proved in [91] that two dimensional rectangular substitutions are sofic.
It was also proved that the product of two one dimensional substitution is a two dimensional
substitution and therefore is sofic. Moreover, this product is measurably isomorphic to a
shift of finite type. Given Proposition 2.3.3, the natural question that one can formulate is
what properties can be deduced for the subshifts (X,ox) and (Y,0y)? For example, what
happens with these subshifts when (W, 0(1,0), 7(0,1)) is a two dimensional substitution with a

product extension? We do not know the answer to this question.

2.4. Rgr(X) relation in the distal case

2.4.1. Basic properties

This section is devoted to the study of the Rg(X) relation in the distal case. We do
not know if Rgr(X), Rs(X) and Rp(X) are equivalence relations in the general setting.
However, we have a complete description of these relations in the distal case.

Recall that a topological dynamical system (X, G) is distal if x # y implies that
inf d(gz, gy) > 0.

Distal systems have many interesting properties (see [7], chapters 5 and 7). We recall

some of them:
Theorem 2.4.1.
1. The Cartesian product of distal systems is distal;
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2. Distality is preserved by taking factors and subsystems;

3. A distal system is minimal if and only if it is transitive;
4. If (X, G) is distal and G’ is a subgroup of G, then (X,G'") is distal.

The main property about distality is that it implies that cubes have the following tran-
sitivity property:

Lemma 2.4.2. Let (X, S,T) be a distal minimal system with commuting transformations S
and T'. Suppose that R is either S or is T. Then

1. If (z,y), (y,2) € Qr(X), then (z,z) € Qr(X);
2. If (a1,b1, a2,b2), (az, ba, a3, b3) € Qgr(X), then (ar,bi,as,b3) € Qsr(X).

Proof. We only prove (1) since the proof of (2) is similar. Let (z,v), (y,2) € Qr(X). Pick
any a € X. Then (a,a) € Qgr(X). By Proposition 2.2.5, there exists a sequence (gn)nen =
(gL, 9"))nen in Gg such that g,(z,y) = (¢,x,9y) — (a,a), where Gp is the group generated
by id X R and g X g,g € G. We can assume (by taking a subsequence) that ¢!z — u and
thus (gly,gz) — (a,u) € Qr(X). Since (g, 9")(x,z) — (a,u), by distality we have that
(x, z) is in the closed orbit of (a, ) and thus (z,z2) € Qr(X). O

Remark 2.4.3. Tt is worth noting that this transitivity lemma fails in the non-distal case,
even if S =T (see [114] for an example).
The following proposition gives equivalent definitions of Rgr(X) in the distal case:

Proposition 2.4.4. Let (X, S,T) be a distal system with commuting transformations S and
T. Suppose x,y € X. The following are equivalent:

~

<$, v,Y, y) € QS,T(X);
2. There ezists a,b,c € X such that (x,a,b,c),(y,a,b,c) € Qsr(X);
3. For every a,b,c € X, if (x,a,b,¢c) € Qsr(X), then (y,a,b,c) € Qsr(X);

4. (z,y) € Rsr(X);

S

(z,y) € Rs(X);

K

(z,y) € R (X).
Particularly, Rs(X) = Rp(X) = Rer(X).
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Proof. (1)=-(3). Suppose that (z,a,b,c) € Qg7 (X) for some a, b, c € X. By (3),(4) and (5) of
Proposition 2.2.3, (z,a,b,¢) € Qgr(X) implies that (a,x,a,z) € Qs (X), and (z,y,y,y) €
Qsr(X) implies that (z,z,y,2) € Qrs(X). By Lemma 2.4.2, (a,z,a,z), (z,z,y,2) €
Qsr(X) implies that (z,a,y,a) € Qsr(X). Again by Lemma 2.4.2, (z,a,b,¢), (z,a,y,a) €
Qs,r(X) implies that (b, c,y,a) € Qs (X) and thus (y,a,b,c) € Qsr(X).

(3)=(2). Obvious.

(2)=(1). Suppose that (z,a,b,c),(y,a,b,c) € Qgsr(X) for some a,b,c € X. Then
(b,c,y,a) € Qsr(X). By Lemma 2.4.2, (x,a,y,a) € Qsr(X). By (4) and (5) of Proposi-
tion 2.2.3, (y,a,y,a) € Qsr(X). Hence (z,y,a,a),(y,y,a,a) € Qrs(X) and (a,a,y,y) €
Qrs(X). By Lemma 2.4.2, (z,y,y,y) € Qrs(X) which is equivalent to (z,y,y,y) €
Qs (X).

(1)=(4). Take a =y and b = y.

(4)=(5) and (4)=(6) are obvious from the definition.

(5)=(1). Suppose (z,y,a,a) € Qsr(X) for some a € X. By (4) and (5) of Proposition
2.2.3, (y,y,a,a) € Qsr(X). By Lemma 2.4.2, (z,y,y,vy) € Qrs(X) and thus (z,y,y,y) €
Qs (X).

(6)=(1). Similar to (4)=(2). O

We can now prove that Rgr(X) is an equivalence relation in the distal setting:

Theorem 2.4.5. Let (X, S,T) be a distal system with commuting transformations S and T.
Then Qs(X), Qr(X) and Rsr(X) are closed equivalence relations on X .

Proof. 1t suffices to prove the transitivity of Rgr(X). Let (z,v),(y,2) € Rsr(X). Since
(y,2,2,2) and (x,y) € Rgr(X), by (4) of Proposition 2.4.4, we have that (z,z,z2,2) €
Qsr(X) and thus (z,z) € Rsr(X). O

We also have the following property in the distal setting, which allows us to lift an (S, T)-

regionally proximal pair in a system to a pair in an extension system:

Proposition 2.4.6. Let 7: Y — X be a factor map between systems (Y, S,T) and (X,S,T)
with commuting transformations S and T. If (X,S,T) is distal, then 7 x 1(Rgr(Y)) =
Rsr(X).

Proof. The proof is similar to Theorem 6.4 of [110]. Let (z1,22) € Rsr(X). Then there

exist a sequence (z;);en € X and two sequences (n;)ien, (Mm;)ien in Z such that
(x5, S™xy, Ty, SMT™x;) — (21, 21, T1, T2).

Let (y;)ien in Y be such that 7(y;) = x;. By compactness we can assume that y; — v,
Sniy, — a, T™iy; — b and S™T™iy; — c. Then (y1,a,b,¢) € Qsr(Y) and 7t(yy,a,b,c) =
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(x1,x1,21,x2). Particularly, (yi,a) € Qs(Y). By minimality we can find g; € G and p;
such that (g;y1,9:57"a) — (y1,y1). We can assume that g;b — b’ and ¢;SPic — ¢/, so that
(y1,91,0,) € Qsr(Y) and 7 (y1, y1, V', ) = (w1, 21, 21, 7)), where 25, = lim g;SPizo. Recall
that (z1,2)) € Oga (w1, 1), where G* = {g x g: g € G}. Since (y1,0) € Qp(Y), we can
find (¢})ieny in G and (g;)ien in Z such that (giy1, ¢;T%b') — (y1,y1). We can assume without
loss of generality that g/T%c — ¢” so that (yi,y1,v1,") € Qsr(Y) and 7 (y1, y1,v1,") =
(z1, 21, 21, 24), where 2 = lim ¢g/T%x}. Recall that (x1,2%) € Oga(wy, ). So (z1,2%) €
Oga(z1,19). By distality, this orbit is minimal and thus we can find (¢/)eny in G such

"0

that (g/x1,9/2y) — (x1,22). We assume without loss of generality that g

)

"yy, = y; and
1

gl — yb. Then (yy, 9}, v1,v5) € Qs (Y) and 7 (v, vi, ¥4, vs) = (21, 01, 21, x2). Particularly
(1, 92) € Rsr(Y) and m x m(y1, y5) = (21, 22). 0

These results allow us to conclude that cubes structures characterize factors with product

extensions:

Theorem 2.4.7. Let (X,S,T) be a minimal distal system with commuting transformations
S and T'. Then

1. (X/Rsr(X),S,T) has a product extension, where X/Rsr(X) is the quotient of X
under the equivalence relation Rgr(X). Moreover, it is the maximal factor with this
property, meaning that any other factor of X with a product extension factorizes through
it;

2. For any magic extension ( fg(jT,?, f), (Kg?T/Rgf(Kg?T),g, f) is a product system.
Moreover, both (K&'r, S, T) and (K /Rg#(KSr)) are distal systems.

We have the following commutative diagram:

(K&, S,7) (X,S,T)

(K5'r/Rg 7(Kgp), S, T)

(X/Rs1(X),S,T)

Proof. We remark that if (Z, S, T) is a factor of (X, S,T) with a product extension, then m x
T(Rsr(X)) = Rsr(Z) = Ax, meaning that there exists a factor map from (X/Rgs7(X), S, T)
to (Y, S,T). It remains to prove that X/Rgr(X) has a product extension. To see this,
let 7 be the quotient map X — X/Rgr(X) and let (y1,92) € Rsr(X/Rsr(X)). By
Proposition 2.4.6, there exists (z1,22) € Rgr(X) with m(z1) = y1 and 7(z2) = y». Since
(x1,22) € Rer(X), y1 = m(x1) = 7(z2) = y2. S0 Rsr(X/Rsr(X)) coincides with the
diagonal. By Theorem 2.1.1, (X/Rgsr(X),S,T) has a product extension. This proves (1).
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We now prove that the factor of the magic extension is actually a product system. By
Theorem 2.4.5, we have that Qg(K5’), Q(Kg’r) are equivalence relations and by Theorem
2.2.11 and Proposition 2.4.4, we have that Qz(K§’r)NQ#(K3r) = Rsr(Kgr). Consequently
(K& /R 2(Kgy), S, T) is isomorphic to (K& /Q(K&y) x K /Qg(K&y), 8 x id, id x T),
which is a product system.

Since (X, S,T) is distal, the distality of (K&, S,T') and (K&%/Rsr(K%r), S, T) follows
easily from Theorem 2.4.1. O

2.4.2. Further remarks: The Rg7(X) strong relation

Let (X, S,T) be a system with commuting transformations S and 7. We say that x and
y are strongly Rsr(X)-related if there exist a € X and two sequences (n;);eny and (m;)ien
in Z such that (z,y,a,a) = Zlgglo(x, Stig, T™ix, S™T™ix), and there exist b € X and two
sequences (n});eny and (m});en in Z such that (z,b,y,b) = zli}?o(x, Srix, T™ig, SMT™ix).

It is a classical result that when S = T, the Ry (X) relation coincides with the strong
one (see [7], Chap 9). We show that this is not true in the commuting case even in the distal
case, and give a counter example of commuting rotations in the Heisenberg group. We refer
to [8] and [81] for general references about nilrotations.

Let H = R3 be the group with the multiplication given by (a,b,c) - (a’,V/,c) = (a +
a,b+0,c+cd + al) for all (a,b,¢),(a',V/,¢) € H. Let Hy be the subgroup spanned by
{ghg~'h~': g,h € H}. By a direct computation we have that Hy, = {(0,0,¢): ¢ € R}
and thus H, is central in H. Therefore H is a 2-step nilpotent Lie group and I' = Z3 is
a cocompact subgroup, meaning that Xy = H/T" is a compact space. Xp is called the

Heisenberg manifold. Note that T? is a fundamental domain of X.

Lemma 2.4.8. The map ®: Xy — T? given by

®((a,b,)T) = ({a}, {b},{c —a[b]})

is a well-defined homomorphism between Xy and T®. Here |x| is the largest integer which
does not exceed x, {x} = x — |x|, and T? is viewed as [0,1)* in this map. Moreover,
(a,b,c)l' = ({a}, {b},{c — a|b]})T for all a,b,c € R.

Proof. Tt suffices to show that (a,b,c)T" = (a/,V', )T if and only if ({a}, {b}, {c — alb]}) =
{a'}, b} {d = dV]}). If (a,b,c)T = (/,V,)T, there exists (z,y,z) € I' such that
(' V,d) = (a,b,¢) (x,y,2) = (x +a,y + b,z + c+ ay). therefore,

r=d—ay=b—-bz=c—c—all —0).
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Since x,y € Z, we have that {a} = {d'}, {b} = {V'}. Sob—V = |b] — |[V'|. Then
(d =dV])=(c—alb])=(d —c—al —b)) —(d —a)|V/| =2z—2z|V] € Z.

So ({a}, {b}, {c —alb]}) = ({a'}, {V'}, {' = ' [V']}).
Conversely, if ({a}, {b},{c —a|b]}) = {d'}, {V'},{c¢ —d'|V]}), suppose that

r=d—ay=b—-0bz2=c —c—ald —b).

Then (a',V,c¢') = (a,b,c) - (x,y,2). It remains to show that (z,y,2z) € I'. Since {a} =
{a'}, {b} = {V'}, we have that z,y € Z and b— b = |b] — |V/]. Then

(d=d|bV])=(c—alb])=(—c—all) =b))—(d —a)|V/| =2z—x|V]| €Z

implies that z € Z.
The claim that (a,b,c)I" = ({a}, {b},{c—a|b]})T for all a,b, c € R is straightforward. [

Let o € R be such that 1,,a™! are linearly independent over Q. Let s = («,0,0) and

t = (0,a™!, a). These two elements induce two transformations S,T: Xz — Xp given by
S(hI') = shI', T'(hT") = thI',Yh € H.

Lemma 2.4.9. Let Xy, S, T be defined as above. Then (Xg,S,T) is a minimal distal system

with commuting transformations S and T

Proof. We have that st = (a,a™',a+ 1) and ts = (a,a™!, @) and by a direct computation
we have that they induce the same action on Xy. Therefore ST =T'S.

It is classical that a rotation on a nilmanifold is distal [8] and it is minimal if and only
if the rotation induced on its maximal equicontinuous factor is minimal. Moreover, the
maximal equicontinuous factor is given by the projection on H/HsI' which in our case is
nothing but the projection in T? (the first two coordinates). See [81] for a general reference
on nilrotations.

Since ST(hT') = (a, ', a) - AT for all h € H, we have that the induced rotation on T?
is given by the element (o, a!). Since 1, @ and a~! are linearly independent over Q, by the
Kronecker Theorem we have that this is a minimal rotation. We conclude that (Xp, ST) is
minimal which clearly implies that (Xg,S,T) is minimal.

O

In this example, we show that the relation Rg7(X) is different from the strong one:
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Proposition 2.4.10. On the Heisenberg system (X, S,T), we have that
Rer(Xu) = {((a,b, o), (a,b, c')F) € Xy xXpy:a,b,cde R}.

Howewver, for any ¢ € R\Z, I and (0,0, c)I" are not strongly Rsr(Xn)-related.

Proof. Suppose that ((a,b,c)l’, (a',V/,c)') € Rer(Xy). Then  ((a,b,c)T, (a/,V,)) €
Rr(Xg). Projecting to the first coordinate, we have that ({a},v,{a'},v) € Qg ;,4(T) for some
v € T, where in the system (T, S,id), Sz =z + « for all x € T (we regard T as [0,1)). Since
the second transformation is identity, we have that {a} = {a’}. Similarly, {b} = {0'}. So in
order to prove the first statement, it suffices to show that ((a,b,c)I’, (a,b,)") € Rer(Xnu)
for all a,b,c,d € R. Since (Xp,S,T) is minimal, there exist a sequence (g;);eny in G and a

sequence (¢;);en in R such that

hm gz((07 07 O)F) = (CL, b7 C)a hm gz((0> 07 Cz)r) = (aa ba C/)'
1—00 100
Since Rgr(Xp) is closed and invariant under g X ¢g,¢ € G, it then suffices to show that
I and (0,0, c)[' are Rgr(Xpy)-related for all ¢ € R. Fix € > 0. Let n; — 400 be such that
{nia}| < eand = < e Let z; = (0, %,0)[". Then d(z;,I') < € and by Lemma 2.4.8, we
have that

_ c c
Stz = (na, — o)l' = ({n;a}, — {c — n;a|

C

— )0 = ({nia},

n;

nia,c)F.

So d(S™x;,(0,0,c)I") < 2e. We also have that d(5™(0,0,c)I", (0,0,¢)I") < e. Let 6 > 0 be
such that if d(hT, A'T) < §, then d(S™hL', S™h'T) < €. Since the rotation on (a, ™) is min-
imal in T?, we can find m; large enough such that 0 < {m;a} + = < ¢ and |[{mia~'} —
¢l < §. Hence, d(T™iz;,(0,0,c)') < 6 and thus d(S™T™ix;, (0,0,¢)") < 2. It fol-
lows that for large enough ¢, the distance between (I',(0,0,¢)I,(0,0,¢)I",(0,0,c)I') and

(x4, S™ixy, T™ix;, S™T™ix;) is less than 6Ge. Since € is arbitrary, we get that
(Fa (07 07 C)Fa (Oa 07 C)F> (0a Oa C)F) € QS,T(XH)

and thus I'' and (0,0, ¢)I" are Rgr(Xpy)-related. This finishes the proof of the first statement.

For the second statement, let h = (hy, ho, hs) € H with h; € [0,1) for i = 1,2,3. We
remark that S"I' = (no,0,0)I' = ({na},0,0)[. So if (I', hl') are Rs (X p)-strongly related,
then hy = hy = 0. Hence for ¢ € (0,1), I'and (0,0, ¢)I" are not R (X )-strongly related. [
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2.4.3. A Strong form of the Rgr(X) relation

We say that (1,72) € X x X are R (X)-related if there exist (n;)iey and (m;)ien

sequences in Z such that
(1, S™wy, T™xy, ST T x) — (21,21, 21, T2).

Obviously, R 1(X) € Rsr(X).
In this subsection, we prove that the relation generated by R§,(X) coincides with the

Rsr(X) relation. We start with some lemmas:

Remark 2.4.11. It is shown in [114] that, even in the case S = T, the relation generated by
R (X) may not coincide with the R (X) relation in the non-distal setting. In fact, there

exists a system with R7., = Ax # Rrr.

Lemma 2.4.12. Let (X, S,T) be a minimal distal system with commuting transformations

S and T. Then Rsr(X) = Ax if and only if R, (X) = Ax.

Proof. We only prove the non-trivial direction. Suppose that joT(X ) coincides with the
diagonal. Fix xy € X and consider the system (Kg?T,g, T). Let Rz 7[(zo, w0, 70)] be the
set of points that are Rz related with (xg,xo,70). Pick (21, 25,73) € kgf[(xo, xg, To)]. By
definition, we have that :’1:'1 = 1y = xo. Hence (z¢, 20, 73) € K and thlis (20, z3) belongs
to Rs7p(X). We conclude that #Rg2[(zo, 2o, Zo)] = 1. By distality and minimality, the
same property holds for every point inngf’T and thus R4 +(K§’) coincides with the diagonal
relation. Particularly, (Kgr, S, f) has a product extensi(;n and consequently so has (X, S, T).
This is equivalent to saying that Rgr(X) = Ax. ]

Let R(X) be the relation generated by R (X ). We have:

Lemma 2.4.13. Let m:' Y — X be the factor map between two minimal distal systems
(Y,S,T) and (X,S,T) with commuting transformations S and T. Then © x m(R(Y)) 2
R (X).

Proof. Similar to the proof of Proposition 2.4.6. n
We can now prove the main property of this subsection:

Proposition 2.4.14. Let (X, S,T) be a distal minimal system with commuting transforma-
tions S and T. Then R(X) = Rgr(X).

Proof. We only need to prove that Rgr(X) € R(X). Let m: X — X/R(X) be the pro-
jection map. By Lemma 2.4.13, Ax = 7 x 7(R(X)) 2 R5,(X/R(X)). By Lemma 2.4.12,
Rsr(X/R(X)) = Ax and then (X/R(X),S,T) has a product extension. By Theorem
2.4.7 (X/Rsr(X),S,T) is the maximal factor with this property and therefore Rgr(X) C
R(X). O
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2.5. Properties of systems with product extensions

In this section, we study the properties of systems which have a product extension. We
characterize them in terms of their enveloping semigroup and we study the class of systems
which are disjoint from them. Also, in the distal case we study properties of recurrence and

topological complexity.

2.5.1. The enveloping semigroup of systems with a product exten-
sion

Let (X,S,T) be a system with commuting transformations S and 7', and let (X, S) and
E(X,T) be the enveloping semigroups associated to the systems (X, S) and (X,7) respec-
tively. Hence E(X,S) and E(X,T) are subsemigroups of E(X,G). We say that (X,S,T) is
automorphic (or S and T are automorphic) if for any nets ug; € E(X,S) and ur; € E(X,T)
with limug; = ug and lim uy; = ur, we have that lim ug,;ur; = usur. Equivalently, S and T’
are automorphic if the map E(X,S) x E(X,T) — E(X,G), (us,ur) — ugur is continuous.

The following theorem characterizes the enveloping semigroup for systems with production

extensions:

Theorem 2.5.1. Let (X, S,T) be a system with commuting transformations S and T. Then
(X,S,T) has a product extension if and only if S and T are automorphic. Particularly,
E(X,G) = E(X,9E(X,T) = {usur: us € E(X,S),ur € E(X,T)}, and E(X,S) com-
mutes with E(X,T).

Proof. First, we prove that the property of being automorphic is preserved under factor maps.
Let 7: Y — X be a factor map between the systems (Y, 5, 7T") and (X, S,T") and suppose that
(Y, S, T) is automorphic. Suppose that (X,S,T) is not automorphic. Then there exist nets
ug; € E(X,S) and ur; € E(X,T) such that ug;ur; does not converge to uguyp. Taking a
subnet, we can assume that ug;ur; converges to u € E(X,G). Let 7*: E(Y,G) — E(X,G)
be the map induced by 7 and let vg; € E(Y,S) and vr; € E(Y,T) be nets with 7*(vg,;) = ug,;
and 7*(vr;) = ur,. Assume without loss of generality that vs;, — vg and vy; — vpr. Then
Vs,iUr,i — VsUr. S0 Ugur,; — usur = u, a contradiction. On the other hand, since a product
system is clearly automorphic, we get the first implication.

Now suppose that S and T" are automorphic.

Claim 1: E(X,S) commutes with E(X,T).

Indeed, let us € E(X,S) and ur € E(X,T) . Let (n;) be a net such that S™ — wug.
Then S™ur — usur. On the other hand, since S commutes with E(X,7T) we have that
S"up = upS™ for every i and this converges to urug by the hypothesis of automorphy.

Claim 2 : For any v € X, K§; = {(usr, urz, usurr): us € E(X,S), ur € E(X,T)}.
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We recall that K% 1 in invariant under S x id x S and id x T' x T'. Since Kg 1 is closed
we have that is invariant under ug X id X ug and id X up X ur for any ug € F(X,S) and
ur € E(X,T). Hence (ug x id X ug)(id X ur X ur)(z,r,r) = (usw, urz, usurr) € Kg .

Conversely, let (a,b,c) € K§p. Let (m;)ien and (n;)en be sequences in Z such that
S™ix — a, T"x — b and S™T™x — c. Replacing these sequences with finer filters, we
can assume that S™ — ug € E(X,S) and T — ur € E(X,T). By the hypothesis of
automorphy, S"™T"™ — ugur and thus usurz = ¢ and (a,b,c) = (ugx,urx,usurz). The
claim is proved.

Let (a,b,c) and (a,b,d) € Kg;. We can take ug,us € F(X,S) and ur,uy € E(X,T)
such that (a,b,c¢) = (usx, urz, usurz) and (a,b,d) = (vsz, upz, usupx). Since E(X,S) and
E(X,T) commute we deduce that ¢ = ugurr = ugb = usupr = upusr = upa = upu'se = d.

Consequently, the last coordinate of K 1 is a function of the first two ones. By Proposi-
tion 2.2.21, (X, S,T) has a product extension.

L]

2.5.2. Disjointness of systems with a product extension
We recall the definition of disjointness:

Definition 2.5.2. Let (X,G) and (Y,G) be two dynamical systems. A joining between
(X,G) and (Y, G) is a closed subset Z of X x Y which is invariant under the action g x g
for all ¢ € G and projects onto both factors. We say that (X, G) and (Y, G) are disjoint if

the only joining between them is their Cartesian product.

Definition 2.5.3. Let (X, S,7) be a minimal system with commuting transformations S
and T. We say that a point x € X is S-T almost periodic if x is an almost periodic point

of the systems (X, S) and (X,T). Equivalently, z is S-T" almost periodic if (Og(x),S) and

(Or(x),T) are minimal systems. The system (X, S,T) is S-T' almost periodic if every point
x € X is S-T almost periodic.

Remark 2.5.4. We remark that if (K‘g,T, S , f) is minimal, then z is S-T is almost periodic.
Consequently, if (X, S,7T) has a product extension we have that (K%, S, ’_]A’) is minimal for
every z € X and then (X, S,7T) is S-T" almost periodic.

The main theorem of this subsection is:

Theorem 2.5.5. Let (X,S,T) be an S-T almost periodic system. Then (X,S) and (X,T)
are minimal and weak mizing if and only if (X, S, T) is disjoint from all systems with product

extension.

We begin with a general lemma characterizing the relation of transitivity with the cube

structure:
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Lemma 2.5.6. Let (X,T) be a topological dynamical system. Then (X,T) is transitive if
and only if Qr(X) =X x X.

Proof. Let © € X be a transitive point. We have that X x X is the orbit closure of (z,x)
under 7' x T and id x T'. Since Qr(X) is invariant under these transformations we conclude
that Qr(X) = X x X.

Conversely let U and V' be two non-empty open subsets and let z € U and y € V. Since
(z,y) € Qr(X), there exist ' € X and n € Z such that (2/,7™2’") € U x V. This implies
that UNT "V #0. O

We recall the following lemma (]98], page 1):

Lemma 2.5.7. Let (X, T) be a topological dynamical system. Then (X,T) weakly mizing if
and only if for every two non-empty open sets U and V there existsn € 7 with UNT"U # ()
and UNT"V # (.

The following lemma characterizes the weakly mixing property in terms of the cube

structure:

Lemma 2.5.8. Let (X,T) be a topological dynamical system. The following are equivalent:
1. (X, T) is weakly mixing;
2. Qrr(X) =X x X x X xX;
3. (x,xz,x,y) € Qrr(X) for every x,y € X.

Proof. (1) = (2). Let suppose that (X,T') is weakly mixing and let g, z1, 22,23 € X. Let
e > 0 and for i = 0,1,2,3 let U; be the open balls of radius € centered at x;. Since (X,T)
is weak mixing there exists n € Z such that Uy N T "U; # () and Uy N T "Us # (). Since
(X, T) is transitive we can find a transitive point in 2’ € Uy N T~"U;. Let m € Z such that
Tz € UyNT"Us. Then (o', T™2', T™a', T"t"a’) € Uy x Uy x Uy x Uz and this point belongs
to Qrr(X). Since € is arbitrary we conclude that (xg, x1, 22, 23) € Qrr(X).

(2) = (3). Clear.

(3) = (1). Let U and V be non-empty open sets and let z € U and y € V. Since
(z,z,2,y) € Qrr(X), there exist 2’ € X and n,m € Z such that («/, 7"z, T™z', T"T"’) €
UxUxUxV. Then2’ e UNT U and T™2’ € UNT "V and therefore U NT"U # ()
and UNT™ "V # (). By Lemma 2.5.7 we have that (X, T) is weak mixing. O

Remark 2.5.9. When (X, T') is minimal, a stronger results hold [110], Subsection 3.5.

The following is a well known result rephrased in our language:

Proposition 2.5.10. Let (X,T) be a minimal system. Then Rrr(X) =X x X if and only
if (X, T) is weakly mizing.
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Proof. 1f (X, T) is minimal we have that (x,y) € Rrr(X) if and only if (z,z, z,y) € Qrr(X)
[70], [110). O

Remark 2.5.11. If (X, T') is not minimal, it is not true that Ry r(X) = X x X implies that
(X, T) is weakly mixing. For instance, let consider the set X := {1/n:n > 1}U{l—1/n: n >
2} U {0} and let T" be the transformation defined by 7'(0) = 0 and for x # 0, T'(z) is the
number that follows x to the right. If x and y are different from 0, then (z,z,2,y) € Qrr
implies x = y and thus (X, T') is not weakly mixing. On the other hand, if z and y are different
from 0, then there exists n € Z with y = T"z. Then lim (x, T"z, T'z, T""'x) = (z,y,0,0)

11— 00

meaning that (z,y) € Ry (X). Since Ry r(X) is closed we have that Ry (X) = X x X.

Lemma 2.5.12. Let (X, 5,T) be a minimal system with commuting transformations S and
T. If S is transitive, then Rrr(X) € Rer(X) C Rgs(X).

Proof. Suppose (z,y) € Rsr(X). For € > 0, there exist z € X, n,m € Z such that
d(xz,z) < € d(y,S"z) < e and d(T™z,S"T™z) < €. Pick 0 < § < € such that d(2/,y’) < ¢
implies d(S"2’, S™y') < eforall 2’,y’ € X. Since S is transitive, there exist 2’ € X, r € Z such
that d(z,2') < ¢ and d(T™z,S"Z") < 4. So d(S"z,S"2") < e and d(S"T"z, S"*"2") < e. Thus
d(z,2') < 2¢, d(y,S™2") < 2eand d(S"2',S"""2") < 3e. Since € is arbitrary, (z,y) € Rg.s(X).

Suppose (z,y) € Ryr(X). Then there exists a € X such that for any e > 0, there exists
z € X, m,n € Z such that d(z, z), d(y,T™z), d(a,T"z) and d(a, T""z) < e. Pick0 < <€
such that d(2’,y") < 0 implies d(T"x', T"y') < € for all 2’,y’ € X. Since S is transitive, there
exists 2/ € X, r € Z such that d(z,2") < 6 and d(T™z,572") < 4. So d(T"z,T"2") < € and
d(Ttmz, T"S"2") < e. Thus d(z,2') <€, d(y,S"2") <e, d(a,T"Z') <€, d(a,T"S"2") < 2e.
Since € is arbitrary, (x,y,a,a) € Qg (X). Similarly, (z,b,y,b) € Qsr(X) for some b € X.
So (z,y) € Rer(X). O

Lemma 2.5.13. Let (X,S,T) be a system with commuting transformations S and T such
that both S and T are minimal. Then Rsr(X) = X x X if and only if both (X,S) and
(X, T) are weakly mizing.

Proof. If both (X,S) and (X,T') are weakly mixing, then Rgs(X) = X x X and T is
transitive. By Lemma 2.5.12, Rgr(X) = X x X.

Now suppose that Rgr(X) = X x X. For any z,y € X, since (z,y) € Rgr(X),
we may assume that (z,a,y,a) € Qgr(X) for some a € X. For any ¢ > 0, there exists
z € X, n,m € Z such that d(z,2) <€, d(a,S"z) <€, d(y, T"z) <€, d(a,S"T™z) < e.
Pick 0 < § < € such that d(2/,y') < § implies d(S™2’, S™y’") < € for all /',y € X. Since
(2,T™z) € Rsr(X), there exist 2/ € X, r € Z such that d(z,2") < ¢, d(T™z,5"2") < 4. So
d(S™z,S"2) <€, d(S™T™z,S™"2') < €. Thus d(z,2') < 2, d(a,S"2') < 2, d(y,S"2') < 2¢
and d(a, S"T"2') < 2e. Since € is arbitrary, (z,y) € Rgs(X). So Rgs(X) = X x X and since
S is minimal we have that (X, .S) is weakly mixing. Similarly, (X,T’) is weakly mixing. [
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Shao and Ye proved [110] the following lemma in the case when S = T', but the same

method works for the general case. So we omit the proof:

Lemma 2.5.14. Let (X,S,T) be a system with commuting transformations S and T such

that both S and T are minimal. Then the following are equivalent:
1. <x7y> € RS,T(X);

2' (I’, vy, y) € Kg,T;
8. (z,r,y,7) € K§rp.

Remark 2.5.15. We remark that a transformation is minimal if and only if it is both almost

periodic and transitive.

Lemma 2.5.16. Let (X,S,T) be a system with commuting transformations S and T such
that (X,S) and (X,T) are minimal and weak mizing. Let (Y,S,T) be a minimal system
with commuting transformations S and T such that (Y,S,T) has a product extension. Let
7 C X xY be a closed subset of X xY which is invariant under S =S xS andT =T xT.
Let m: Z — X be the natural factor map. For xi,x9 € X, if there exists y1 € Y such
that zy = (z1,y1) € Z is a S-T almost periodic point, then there exists y € Y such that

(71,9), (x2,y) € Z.

Proof. By Lemma 2.5.14, (z1, 72,72, 72) € K§'. So there exists a sequence (Fj)ien € Fs,r
such that

hm E(xlwxhxhxl) - (CCl,l'g,fEQ,.TQ).
71— 00

Recall that z; = (z1,y1) € 7 '(x;) . Without loss of generality, we assume that

}g}}o Fi(yh Y1, Y1, yl) = (?Jl, Y2, Y3, y4);

hm F’i(zla AR Zl) == (Z17 29y %3, 24);
1— 00

where F'; = F; x F; and 25 = (12, 1s), 23 = (¥2,93), 24 = (T2, y4) are points in Z. Since (z1,y;)
is S-T almost periodic, there exists a sequence of integers (n;);en such that lim;_, Sz = 2.

We can assume that lim; . S 24 = 2, = (21,y') € Z. Then

lim (id x S x id x S)™ (21, 29, 23, 24) = (21, 21, 23, 2})-
1—00

This implies that (yi,y1,95,Y") € Qsr(Y) by Theorem 2.1.1 since Rg(Y) = Ax we have
that y' = y3. Therefore zj = (z1,y3) and z3 = (22, y3) belong to Z. O
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We are now finally able to prove the main theorem of this subsection:

Proof of Theorem 2.5.5. Let (X, S,T) be a system such that (X, S) and (X, T) are minimal
weak mixing and let (Y, S5, T) be a system with a product extension. Suppose Z C X x Y is
closed and invariant under S = S x S,T =T x T. We have to show that Z = X x Y. Let
W ={Z C X xY: Zis closed invariant under S = S x S,T =T x T} with order Z < Z" if
and only if Z/ C Z. Let {Z,}icr be a totally ordered subset of W and denote Zy = N;jerZ;. It
is easy to see that Zy € W. By Zorn’s Lemma, we can assume Z contains no proper closed
invariant subset.

For any z € X, denote F, = {y € Y: (z,y) € Z}. Then F, CY is a closed set of Y.

For any g € G, let Z, = {(z,y) € X xY:y € (F,NgF,)}. Then Z, C Z is closed
invariant. Since Z contains no proper invariant subset, either Z, = () or Z, = Z. Denote
U={zxe€ X:3y €Y, (x,y) is an almost periodic point of Z}. For any xy € U, suppose
20 = (x0,Y0) € Z is an S-T almost periodic point. For any g € G, (zo, gzo) € Rer(X).
By Proposition 2.5.16, there exists y € Y such that (xg,y), (920,y) € Z. So Fyy N Fyyy =
FpyNgFy, # 0. Therefore Z, # 0. So Z, = Z for all g € G. Thus F, = gF, for every x € U.
Since g is arbitrary, F, is closed invariant under G for every z € U. Since (Y, G) is minimal,
and F, # () we get that F, =Y forall z € U.

It suffices to show that U = X. Fix « € X. Since z is S-T-almost periodic, there
exist minimal idempotents ug € E(X,S) and ur € E(X,T) such that uszx = x = urz.
These idempotents can be lifted to minimal idempotents in F(Z,S) and E(Z,T) which
can be projected onto minimal idempotents in E(Y,S) and E(Y,T). We also denote these
idempotents by ug and up. By Theorem 2.5.1, these idempotents commute in E(Y, G). So for
y € Y such that (z,y) € Z, we have that usur(z,y) = (z,usury) € Z, and ug(z, usury) =
(z,usury), ur(z,usury) = (z,usury). This means that the point (z,usury) € Z is S-T-
almost periodic. Hence U = X and therefore Z = X x Y.

Conversely, let (X, S,T) be a system disjoint from systems with product extension. Let
U and V be non-empty open subsets of X and let x € U and y € V. Since X is S-T" almost

periodic, we have that (Og(z),S) and (Or(z),T) are minimal systems. By hypothesis,
(X, S,T) is disjoint from (Og(x) x Or(z), S x id,id x T). Since (z, (z,z)) and (y, (z,z))
belong to X x (Og(x) x Or(z)), we have that there exist sequences (n;);eny and (m;);en in
Z such that (S™T™ix, (S™izx, T™z)) — (y, (z,x)). Particularly (z,S™ix, T™ix, S"T™x) €
Qs,7(X) and this point converges to (z, z,x,y) € Qg (X). This implies that (z,y) € Qs(X),
(z,y) € Qr(X) and (z,y) € Rsr(X) and since z and y are arbitrary we deduce that
Qs(X) = Qr(X) = Rer(X) = X x X. By Lemma 2.5.6 we deduce that S and T are

transitive and since (X, S,T) is S-1 almost periodic we deduce that S and 7" are minimal.

By Lemma 2.5.13 we deduce that (X,S) and (X,T") are minimal and weak mixing.
[
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2.5.3. Recurrence in systems with a product extension
We define the sets of return times in our setting:

Definition 2.5.17. Let (X,S,T) be a minimal distal system with commuting transforma-
tions S and T', and let x € X. Let € X and U be an open neighborhood of . We define the
set of return times Ngr(x,U) = {(n,m) € Z*: S"T™x € U}, Ng(z,U) ={n € Z: S"x € U}
and Np(z,U)={m e Z: T"x € U}.

A subset A of Z is a set of return times for a distal system if there exists a distal system
(X, S), an open subset U of X and = € U such that Ng(x,U) C A.

A subset A of Z is a Bohrq set is here exists an equicontinuous system (X, .S), an open

subset U of X and z € U such that Ng(z,U) C A.

Remark 2.5.18. We remark that we can characterize Z? sets of return times of distal systems
with a product extension: they contain the Cartesian product of sets of return times for distal
systems. Let (X,S,7) be a minimal distal system with a product extension (Y x W, o x
id,id x 7), and let U be an open subset of X and x € U. By Theorem 2.4.7 we can assume
that the product extension is also distal. Let m denote a factor map from Y x W — X. Let
(y,w) € Y x W such that 7(y,w) = x and let Uy and Uy be neighborhoods of y and w such
that m(Uy x Uy) € U. Then we have that that N,(y,Uy) x N, (w,Uw) C Ngr(z,U).

Conversely, let (Y, o) and (W, 7) be minimal distal systems. Let Uy and Uy, be non-empty
open sets in Y and W and let y € Uy and w € Uy. Then N, (y,Uy) x N,(w, Uy ) coincides
with Noyidiaxr((y, w), Uy x Uw).

Denote by Bsr the family generated by Cartesian products of sets of return times for a
distal system. Equivalently Bgr is the family generated by sets of return times arising from
minimal distal systems with a product extension.

Denote by Bgp the family of sets which have non-empty intersection with every set in
Bsr.

Lemma 2.5.19. Let (X,S,T) be a minimal distal system with commuting transformations
S and T, and suppose (x,y) € Rsr(X). Let (Z,5,T) be a minimal distal system with
Rsr(Z) = Az and let J be a closed subset of X x Z, invariant under T x T and S x S.
Then for zy € Z we have (x,z) € J if and only if (y,z) € J.

Proof. We adapt the proof of Theorem 3.5 [75] to our context. Let W = ZZ and S#,T%: W —
W be such that for any w € W, (5%w)(z) = S(w(2)), (T?w)(z) = T(w(z)), z € Z. Let
w* € W be the point satisfying w(z) = z for all z € Z and let Z,, = Ogz(w*), where G is
the group generated by SZ and TZ. It is easy to verify that Z., is minimal distal. So for
any w € Zy, there exists p € E(Z,G) such that w(z) = pw*(z) = p(z) for any z € Z. Since
(Z,S,T) is minimal and distal, E(Z,G) is a group (see [7], Chapter 5). So p: Z — Z is

surjective. Thus there exists z, € Z such that w(z,) = zo.
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Take a minimal subsystem (A, S x S%,T x T#) of the product system (X x Z,S x
SZTxT?). Let mx: (A,S x SZ, T xT?) — (X,S,T) be the natural coordinate projection.
Then 7y is a factor map between two distal minimal systems. By Proposition 2.4.6, there
exists w!, w? € W such that ((z,w), (y,w?)) € R (A), where S’ =S x ST =T x T?.

Let 21 € Z be such that w'(z;) = 2. Denote 7: A — X x Z, 7(u,w) = (u,w(z1)) for
(u,w) € A, u € X and w € W. Consider the projection B = 7(A). Then (B, S xS, T xT) is
a minimal distal subsystem of (X x Z, S x S, T x T and since 7(zg,w') = (2, z9) € B we have
that J contains B. Suppose that 7(z,w?) = (x,22). Then ((z, 29), (¥, 22)) € Rsxsrxr(B)
and thus (29, 22) € Rsr(Z). Since Rgr(Z) = Azyz we have that zp = 2o and thus (y, zp) €
B CJ. [

Theorem 2.5.20. Let (X,S,T) be a minimal distal system with commuting transformations
S and T. Then for x,y € X, (z,y) € Rsr(X) if and only if Nsr(x,U) € By for any open
neighborhood U of y.

Proof. Suppose N(x,U) € Bg p for any open neighborhood U of y. Since X is distal, Rz (X)
is an equivalence relation. Let 7 be the projection map 7: X — Y = X/Rgr(X). By Theo-
rem 2.4.7 we have that Rgr(Y) = Ay. Since (X, S,T) is distal, the factor map 7 is open and
7(U) is an open neighborhood of 7(x). Particularly Ngr(z,U) C Ngp(mw(x),n(U)). Let V be
an open neighborhood of (). By hypothesis we have that Ngr(z, U)NNgr(m(x), 7(U)) # 0
which implies that Ngr(n(z),n(U)) N Ngr(n(z),V) # 0. Particularly 7(U) NV # (. Since

this holds for every V' we have that 7(z) € #(U) = w(U). Since this holds for every U we
conclude that w(x) = 7(y). This shows that (z,y) € Rz (X).

Conversely, suppose that (z,y) € Rsr(X), let U be an open neighborhood of y and let
A be a B set. Then, there exists a minimal distal system (Z, 5, T) with Rgr(Z) = Az,
an open set V C Z and zy € V such that Ngp(zp,V) C A. Let J be orbit closure of (z, z)
under S x S and T' x T. By distality we have that (J, S x S,T x T) is a minimal system
and (z,zp) € J. By Lemma 2.5.19 we have that (y,z) € J and particularly, there exist
sequences (n;)ieny and (m;)eny in Z such that (S™T™ix, S™T™ zy) — (y,2p). This implies
that Ngr(z,U) N Nsr(z0,V) # (0 and the proof is finished. O

Corollary 2.5.21. Let (X, S,T) be a minimal distal system with commuting transformations
S and T. Then (X,S,T) has a product extension if and only if for every x € X and every
open neighborhood U of x, Ngr(x,U) contains the product of two set of return times for a

distal system.

Proof. We prove the non-trivial implication. Let suppose that there exists (z,y) € Rgr(X)\
Ax and let U,V be open neighborhoods of x and y respectively such that U NV = 0.
By assumption Ngr(x,U) is a Bgp set, and by Theorem 2.5.20 Ngr(x, V') has nonempty
intersection with Ngp(x,U). This implies that U NV # 0, a contradiction. We conclude
that Rer(X) = Ax and therefore (X, S, T) has a product extension. O
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Specially, when S =T we get

Corollary 2.5.22. Let (X,T) be a minimal distal system. Then (X,T) is equicontinuous if
and only if for every x € X and every open neighborhood U of x, Ny(x,U) contains the sum

of two sets of return times for distal systems.

Proof. Suppose (X, T) is equicontinuous, then the system (X, T, T') with commuting transfor-
mations T and T has a product extension. So for every x € X and every open neighborhood
U of x, we have that Ny r(z,U) contains a product of two sets A and B. In terms of the one
dimensional dynamics, this means that Np(x,U) contains A + B.

Conversely, if Np(z,U) contains the sum of two sets of return times for distal systems A
and B, we have that Npp(x,U) contains the set A x B. By Corollary 2.5.21, (X,T,T) has

a product extension and by Corollary 2.2.25 (X, T) is an equicontinuous system. [

Question 2.5.23. A natural question arising from Corollary 2.5.22 is the following: is the

sum of two set of return times for a distal system a Bohry set?

2.5.4. Complexity for systems with a product extension

In this subsection, we study the complexity of a distal system with a product extension.
We start recalling some classical definitions.

Let (X, G) be a topological dynamical system. A finite cover C = (C},...,Cy) is a finite
collection of subsets of X whose union is all X. We say that C is an open cover if every
C; € C is an open set. Given two open covers C = (Cy,...,Cy) and D = (D, ..., Dy) their
refinement is the cover CVD = (C;ND;:i=1,...,d j=1,...,k). Acover C is finer than
D if every element of C is contained in an element of D. We let D < C denote this property.

We recall that if (X, S,T) is a minimal distal system with commuting transformations S
and T then Qg(X), Qr(X) and Rgr(X) are equivalence relations.

Let (X, S,T) be a minimal distal system with commuting transformations S and 7', and
let mg be the factor map mg: X — X/Qg(X). Denote Is = {rg'y: y € X/Qs(X)} the set
of fibers of mg.

Given a system (X, S,T) with commuting transformations S and 7', and given a finite
cover C, denote Cép " =\, T~C. For any cover C and any closed Y C X, let 7(C,Y") be the
minimal number of elements in C needed to cover the set Y. We remark that D < C implies

that r(D,Y) <r(C,Y).

Definition 2.5.24. Let C be a finite cover of X. We define the S-T" complexity of C to be
the non-decreasing function

CS,T<Cv Tl) = Iﬁ}leal)é T<Cg,n7 Y)
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Proposition 2.5.25. Let (X,S,T) be a distal system with commuting transformations S
and T. Then (X,S,T) has a product extension if and only if csr(C,n) is bounded for any

open cover C.

Proof. Suppose first that Rgr(X) = Ax. Since Qg(X) is an equivalence relation, by
Proposition 2.2.26, we have that 7s: (X,T) — (X/Qs(X),T) is an equicontinuous exten-
sion. Let ¢ > 0 be the Lebesgue number of the finite open cover C, i.e. any open ball
B with radius € is contained in at least one element of C. Then there exists 0 < § < €
such that d(z,y) < 9§, mg(x) = ws(y) implies that d(T"x,T"y) < € for all n € Z. For
any Y € Ig, by compactness, let z1,...,2;, € Y be such that Y c U, B(z;,6). Then
TV (B(x;,6)NY) C B(TVz;,¢) NY C B(TVx;,¢) for any j € N (since Qg(X) is invariant un-
der T x T). Let U;; be an element of C containing B(TVz;,€). Then T?(B(x;,0)NY) C U, ;.
So B(zi,0) NY C N}, T-9U; ;. Thus N7, T79U;;: 1 <4<k} is a subset of CE™ covering
Y with cardinality k. Therefore r(C3™",Y) is bounded by the quantity of balls of radius &
needed to cover Y.

Suppose that cgr(C,n) is not bounded. For Y)Y" € Ig, let dy(Y,Y') be the Hausdorff
distance between Y and Y’. Since the factor map X — X/Qg is open, for any € > 0, there
exists & > 0 such that if y, 3’ € X/Qg and d(y,y’) < &, then dg (7 'y, 7 1Y) < €.

Let y € Y and let C' C C be a subcover of Y = 77 1(y). Let ¢ > 0 be such that if
d(z,Y) < €, then x is covered by C' . We can find ¢’ > 0 such that if d(y,y’) < ¢’, then
dp(m Yy, 771y') < €. Thus C’ is also an open covering of Y/ = 771(y/).

If 7'y C U, B(x;,0), then there exists & > 0 such that d(y,y’) < ¢ implies that
7~y c U, B(%;,9). If cs7(C,n) is not bounded, there exists y; € Y such that 7= !(y;)
can not be covered by ¢ balls of radius 6 > 0. We assume with out loss of generality that
y; — y (by taking a subsequence). Since 7'y can be covered by a finite number K of balls
of radius J, we get that for large enough 4, 7~ !1; can also be covered by K balls of radius 4,
a contradiction. Therefore c¢g(C,n) is bounded.

Conversely, let suppose that csr(C,n) is bounded for every open cover C and suppose
that Rgr(X) # Ax. We remark that if C is an open cover and Y € Ig then

n 2n 2n
r(CE YY) =r(\/ T7C,Y) =r(T"\/ T7C,T"T™"Y) = r(\/ T7C,T"Y).
i=—n =0 =0

Since T' commutes with S we have that T~"Y € Ig and thus the condition that c¢g7(C,n) is
bounded implies that 7(\/[__, T~‘C,Y) is bounded for any Y € Ig.

Since Rsr(X) # Ax by Proposition 2.2.26, there exist ¢ > 0 and x € X such that
for any § > 0, one can find y € X and k € Z such that d(z,y) < 0, mg(x) = ms(y) and
d(Tkz, T*y) > €. Pick any Y € I and let C’ be a finite cover of open balls with radius €/4.

Let C be the finite covering made up of the closures of the elements of C’. Since C < C" we
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have that 7(C1,Y) is also bounded.

By a similar argument of Lemma 2.1 of [15], there exist closed sets X7, ..., X. C X such
that Y C U;_; X;, where each X, can be written as X; = ﬂ;’ifoo T_jUi,j, with U; ; € C. Then
y,z € X; implies that d(T7y,T7z) < ¢/2 for any j € Z.

Let (8, )nen be a sequence of positive numbers such that lim,,_,, 4, = 0. For any n € N
we can find y, € X and k,, € Z with d(x,y,) < 0,, Ts(z) = 75(y,) and d(Tkrx, Trry,) > .
By taking a subsequence, we may assume that all y,, belong to the same set X;. Since Xj is
closed, z € X;. Thus d(T7z,T?y,) < €/2 for any j,n € N, a contradiction.

]
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CHAPTER 3

A pointwise cubic average for two

commuting transformations

This chapter is based on the joint work with Wenbo Sun A pointwise cubic average for
two commuting transformations [35]. Huang, Shao and Ye recently studied pointwise multiple
averages by using suitable topological models. Using the notion of dynamical cubes introduced
in Chapter 2, the Huang-Shao-Ye strategy and the Host machinery of magic systems, we
prove that for an ergodic system (X, u, S, T) with commuting transformations S and T, the

average
1 N-1

w3 2 [i80) (1) f5(S'T )

i,j=0

converges a.e. as N goes to infinity for any fi, fa, fs € L>(n).

3.1. Introduction

3.1.1. Pointwise convergence for cube averages

A system (X, X, pu, S, T) with two commuting transformations S and 7' is a probability
space (X, X, 1) endowed with two commuting measure preserving transformations S, 7: X —

X. In this chapter, we study the pointwise convergence of a cubic average in such a system.

The existence of the limit in L? of the averages

N-1

lim = 3 i(T0) o(TV2) fo(T2) (3.1.1)

N—oo N iG=0

was proved by Bergelson [12] and was generalized in [66] and [67] to higher orders averages.

There are two possible generalizations of these averages to systems with commuting trans-

formations: one is to study averages of the form

N-1
lim S F(S%) fo(TV2) fy(Rx) (3.1.2)
1,j=0

2
N—oo N i
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for commuting transformations S,7T and R. Another is to study averages of the form

N-1
lim. ;232_0 Fu(Si2) fo(T9) f5(STV ) (3.1.3)
for commuting transformations S and 7.

The existence of the pointwise limit of (3.1.2) was proved by Assani [2] for three trans-
formations and it was generalized to an arbitrary number of transformations by Chu and
Frantzikinakis [22]. It is worth noting that in fact no assumption of commutativity of the
transformations is required. In contrast, the average (3.1.3) has a very different nature.
Leibman [81] showed that convergence of (3.1.3) fails (even in L?) without commutativity
assumptions. When the transformations commute, the L? convergence of (3.1.3) (and its
higher order versions) was proved by Chu [20] based on the work of Host [64] which follows
the works of Tao [112] and Austin [7]. In order to prove this result, Host introduced the
notion of magic extensions, which allows one to study such averages in an extension system
with convenient properties. It is natural to ask if the averages in (3.1.3) converges in the

pointwise sense. In this chapter, we prove:

Theorem 3.1.1. Let (X, pu, S, T) be an ergodic measure preserving system with commauting

transformations S and T'. Then the average

1 N-1

55 2 Ni(S0) fo(TI) f5(5'Tx)

i,j=0
converges a.e. as N goes to infinity for any fi, fa, fs € L=(p).

Recently Huang, Shao and Ye [77] proved the pointwise convergence of multiple averages
for a single transformation on a distal system. So a natural question arises from Theorem
3.1.1: If (X, i, S, T) is an ergodic measure preserving system with commuting transformations
S and T, does the average o

= > ()T
converge in the pointwise sense as N goes to infinity? The case when S and T" are powers of
some ergodic transformation was solved by Bourgain [16] but no further results were given

until Huang, Shao and Ye result.

3.1.2. Strict ergodicity for dynamical cubes

The main ingredient in proving Theorem 3.1.1 is to find a suitable topological model for
the original system. This means finding a measurable conjugacy to a space with a conve-

nient topological structure. Jewett-Krieger's Theorem states that every ergodic system has
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a strictly ergodic model (see Section 3.2 for definitions) and it is known that one can add
some additional properties to the topological model.

In this chapter, we are interested in the strict ergodicity property of the cube structure
introduce in Chapter 2 of a topological model. Let X be a compact metric space and

S,T: X — X be two commuting homeomorphisms. We recall that Qg7(X) is defined to be

Qsr(X) ={(z, S, Tix, S'Tix): x € X,i,j € L}.

This object was introduced in [34] motivated by Host’s work [64] and results in a useful
tool to study products of minimal systems and their factors. A classical argument using
Birkhoff Ergodic Theorem (see, for example, the proof of Theorem 3.5.1) shows that the strict
ergodicity property of Qg r(X) is connected to pointwise multiple convergence problems such

as Theorem 3.1.1 and Theorem 3.5.1. We ask the following question:

Question 3.1.2. For any ergodic system (X, u, S, T) with two commuting transformations
S and T, is there a topological model (X,S,T) of X such that (QS,T()A(),Q%)
ergodic? Here ggf is the group of action generated by id x S xidx S, id x id7>< T x T and
RXEXEXR where R=8 orT.

is strictly

Huang, Shao and Ye [75] gave an affirmative answer to this question for the case S = T.
Although this question remains open in the general case, such a model always exists in an
extension system of the original one. We prove the following theorem, which is the main tool
to study Theorem 3.1.1:

Theorem 3.1.3. For any ergodic system (X, p, S, T) with two commuting transformations
S and T, there exists an extension system (Y,v,S,T) of X and a topological model (57, S, f)
of Y such that (Qsr(Y),Gsr) is strictly ergodic.

It is worth noting that since every measurable function on the original system can be
naturally lifted to a function on the extension system, this result is already sufficient for our

purposes.

3.1.3. Proof Strategy and organization

Conventions and background material are in Section 3.2. To prove Theorem 3.1.3, we
refine the technique of Host in [64] to find a suitable magic extension of the original system
in Section 3.3. Then we use the method of Huang, Shao and Ye [75] to find a desired model for
this extension system in Section 3.4. The announced pointwise convergence result (Theorem

3.1.1) follows from Theorem 3.1.3, and we explain how this is achieved in Section 3.5.
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3.2. Background Material

We start recalling some classical concepts. Let (X, G) be a topological dynamical sys-
tem. The Krylov-Bogolyubov Theorem states that this systems always admits an invariant
measure. When this measure is unique, we say that (X, G) is uniquely ergodic. In addition,
we say that (X, Q) is strictly ergodic if it is minimal and uniquely ergodic.

We state here a well known theorem for the case when G is spanned by d commuting

transformations 17, ..., Ty.

Theorem 3.2.1. Let (X, G) be a topological dynamical system. The following are equivalent
1. (X, Q) is uniquely ergodic.
2. For any continuous function f, the average

1 % 7
Nd > S Tyt

i1,esig€[0,N 1]
converges uniformly to [ fdu as N goes to infinity.

A deep connection between measure preserving systems and topological dynamical sys-
tems is the Jewett-Krieger Theorem [78, 80] which asserts that every ergodic system (X, u, T')
is isomorphic to a strictly ergodic topological dynamical system (5(\ 1, f), where i is the
unique ergodic measure of (X, 7). We say that (X,T) is a topological model for (X, u,T).

Further refinements have been given to the Jewett-Krieger Theorem. We state the one

which is useful for our purposes.

Definition 3.2.2. Let (X, u, G) be a measure preserving system. We say that G acts freely
on X (or the system (X, u, G) is free) if for any non-trivial g € G the set {z € X : gz = z}
has measure 0. If (X, u, G) is ergodic and G is abelian and this is equivalent to say that any

non-trivial g € G defines a transformation different from the identity transformation on X.

Particularly, we say that an ergodic system (X, p, S,T") with commuting transformations
is free if STV is not the identity transformation on X for any (i, j) # (0,0).

Theorem 3.2.3 (Weiss-Rosenthal [118]). Let G be an amenable group and let w: Y — X
be a factor map between two measure preserving systems (Y,v,G) and (X, u,G). Suppose
that (X, u, G) is free and (X, G) is a strictly ergodic model for (X, u, G). Then there ezits a
strictly ergodic model (Y ,G) for (Y,v,G) and a topological factor map 7@ : Y — X such that
the following diagram commutes:

Here we mean that ® and ¢ are measure preserving isomorphisms and m o ® = ¢ o 7.

In this case, we say that 7: VY 5 Xisa topological model for 7: Y — X.
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3.2.1. Host magic extensions

The Host magic extension was first introduced in [64] to prove the L? convergence of
multiple ergodic averages for systems with commuting transformations. Then Chu [21] used
this tool to study the recurrence problems in the same setting of systems. We recall that
this construction is valid for an arbitrary number of transformations, but for convenience we

state it only for two transformations S and 7'

Convention 3.2.4. We recall that we implicitly assume that all functions are measurable

and real valued but we remark that similar results hold for complex valued functions.

The Host measure

Definition 3.2.5. For any measure preserving transformation R of the system (X, X, i), we

let Zg denote the o-algebra of R-invariant sets.

Let X* denote the space X*. Let ug be the relative independent square of p over Zg,
meaning that for all fy, fi € L°°(u) we have

/X2 fo(wo)f1(x1)dus:/XIE(fl\IS)E(fl‘IS)dM’

where E(f|Zs) is the conditional expectation of f on Zg. It is obvious that pg is invariant
under id x S and g x g for g € G.

Let j15 1 denote the relative independent square of pg over Zryr. Hence for all fo, f1, fo, f5 €
L>(u) we have that

/X4 fo(wo) f1(w1) fol2) f3(23)dps T = /X2 E(fo @ filZrxr)E(f2 @ f3|Zrxr)dps.

The measure pgp is invariant under id x § xid x S, id xid x T'x T and under g X g X g X g
for all g € G.

Let S* and T™ denote the transformations id x S xid x .S and id x id x T x T respectively.
Then (X*, psr, S*,T™) is a system with commuting transformations S* and 7. Let 7 denote

the projection (xg,x1, %2, x3) — x3 from X* to X. Then 7 defines a factor map between
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(X*, psr, S*,T*) and (X, u, S, T). We remark that the system (X*, pgr, S*, T*) may not be
ergodic even if (X, u, S, T) is ergodic.

The Host seminorm

Let f € L*(u). The Host seminorm [64] is defined to be the quantity

1/4
WAl = ([, Fo)f o) fwa) flas)isar )
We have

Proposition 3.2.6 ([64], Proposition 2).

1. For f07f17f2>f3 € LOO(M); we have

oo Fo® £1® £2® faduse < Wfolllsir NN, WAl sz 11 foll

2. |l is @ seminorm on L>(yu).

We recall some standard notation. For any two o-algebras A and B of X, let AV B
denote the o-algebra generated by {ANB: A € A B € B}. If f is a measurable function
on (X, X, u) and A is a sub-algebra of X, let E(f|.4) denote the conditional expectation of
f over A.

Definition 3.2.7. Let (X, pu,S,T) be a measure preserving system with commuting trans-
formations S and T. We say that (X, u, S, T) is magic if

E(f|Zs VZr) = 0if and only if ||| f[l|, s = 0.

The connection between the Host measure pg 7 and magic systems is:

Theorem 3.2.8 ([64], Theorem 2). The system (X*, usr, S*, T*) defined in Section 3.2.1 is
a magic extension system of (X, u,S,T).

3.2.2. Dynamical cubes

The following notion of dynamical cubes for a system with commuting transformations
was introduced and studied in [34] and presented in Chapter 2. We recall the definitions

here.

Definition 3.2.9. Let (X, S,T) be a topological dynamical system with commuting trans-
formations S and T. We let Gs 1 denote the subgroup of G* generated by id x S x id x 9,
idxidx T xTand gx gx gxg,g € G. Forany R € G, let G denote the subgroup of G?
generated by id x R and g X g,9 € G.
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Definition 3.2.10. Let (X, S,T) be a topological dynamical system with commuting trans-
formations S and T and let R € G. We define

Qsr(X) ={(z, S, Tiz, STVz): v € X,i,5 € Z};
Qr(X)={(z,Riz) e X:x € X,i € L}.

3.3. The existence of free magic extensions

In this section, we strengthen Theorem 3.2.8 for our purposes by requiring the magic
extension to be also ergodic and free. We remark that there are a lot of interesting systems
with commuting transformations where the action is not free. For example, the system
(X, p, S, 8%, where S is an ergodic measure preserving transformation of X and i € Z,i # 1.

However, we have

Theorem 3.3.1. Let (X, pu,S,T) be an ergodic system with commuting transformations S
and T. Suppose that S* and T? are not the identity for any i,j € Z \ {0}. Then there exists

a magic extension ()A(, v, S*, T*) where the action of Z? is free and ergodic.

Remark 3.3.2. By Theorem 3.2.8, (X*, pugr, S*,T*) is a magic extension of X, but since
(X*, psr, S*, T*) may not be ergodic, we need to decompose the measure pgr in order to

get an ergodic magic extension of X.

Proof. Consider the measure pgr on X* = X4 We claim that pgr({% : S*T*7 # 7}) = 1
for every 4,7 € Z. Let A*;; denote the set {% : S*T*/% # #}. Then the complement of
A*; ; is included in the union of the sets X x A x X x X and X x X x B x X, where
A={z:Sz=ux}and B={z: Tz =z}. Since the projection of 57 onto any coordinate
equals p1, we have that g7 (A*5 ;) < u(A) + u(B) = 0. Therefore, writing A* = (; ;5 A*
we have that ugr(A*) = 1.

Let

i,j€ (VR

s = / ps,r,zd s, (L)

be the ergodic decompositions of pug7r under S* and 7. Then we have that pgrz(A*) =1
for pgr-a.e. ¥ € X*. By Proposition 3.13 of [21], for ugr-almost every & € X*, the system
(X*, psrz, S*,T*) is a magic extension of (X, u,S,T). Hence, we can pick 7y € A* such
that (X*, usr.z,,5% T*) is a magic extension. This is a magic ergodic free extension of
(X, 11,8, 7). 0

We prove some properties for later use. In the rest of this section, we assume that
(X, 1, S, T) is a free magic ergodic measure preserving system. Let W denote the o-algebra

Zs V Iy and let Zgp be the factor associated to this o-algebra.

Lemma 3.3.3. Zg 7 is isomorphic to the product of two ergodic systems.
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Proof. Let A € Iy and B € Zg. We have that limy_,c + ~z SN

L2(p) to pu(A). Since A is invariant under 7', we have that limy_,o + Z ol 14057 converges

i T
. —t1408%0 T converges in

to p(A). Similarly limy e 5 335" 15 0 S7 converges to u(B). It follows that

1 N-1 1 N-1 . )
A}l_lr)%oﬁ jZolAmBOS o7V = ll_I)Ilooﬁ ]ZolAlBOS oT7 = p(A)u(B).

Since (X, u, S,T) is ergodic, this limit equals (AN B) and therefore (AN B) = pu(A)u(B).
We conclude that the map AN B — A x B defines a measure preserving isomorphism

between (X, Zp V Zg, p, S, T) and (X x X, Zr @ g, p @ p, S x id,id x T').
O

For convenience, we write (Zg1,5,T) = (Y x W,o x id,id x 7).

Lemma 3.3.4. The o-algebra of (T xT)-invariant sets on (X2, us) is measurable with respect
to W2,

Proof. We follow the proof of Proposition 4.7 of [67]. It suffices to show that

E(fo @ filZrxr) = E(E(fo|W) @ E(f1W)|Zrxr)-

It suffices to prove this equality when E(f;|W) = 0 for i = 0 or 1. By Proposition 3.2.6,

we have that

/fo ® [ ® fo® fidusr = / IE(fo ® filZrxr)?dps < |||f0|||i,s,T |||f1|||i757T,

which implies that E(fo ® fi|Zrxr) = 0 whenever ||| fi|l| 57 = 0 for ¢ = 0 or 1. Since the
system is magic, this is equivalent to E(f;|[W) = 0 for i = 0 or 1, and we are done.
[

3.4. Strict ergodicity for dynamical cubes

This section is devoted to the proof of Theorem 3.1.3. By Theorem 3.3.1, it suffices to

prove the following theorem:

Theorem 3.4.1. For any free ergodic magic system (X, p, S, T) with two commuting trans-
formations S and T, there exists a topological model (5(\, S, ’_]A’) of X such that (QS’T(X\),
Gsr) s strictly ergodic.

3.4.1. A special case: product systems

We start by proving a special case of Theorem 3.4.1.
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Lemma 3.4.2. Let (Y,0) and (W, 7) be two strictly ergodic systems with unique measures

py and pw. Then (Y x W o x id,id x 1) is strictly ergodic with measure py ® py .

Proof. Let A be an invariant measure on Y x W. Since Y is uniquely ergodic, the projection

onto the first coordinate of A is py. Using the disintegration with respect to Y, we have that

A= / 5, % \dpy.
v Y Y Py
Since A is invariant under id x 7, we have that

(id x T)A = A = /chy x A, dpy-.

By the uniqueness of the disintegration, we get that 7\, = X\, py-a.e. Since (W, ) is

uniquely ergodic, a.e. we have that A, = py and therefore

AzLdyxdepy:py®pW

The next corollary follows similarly.

Corollary 3.4.3. Let ((X;,T;)), be strictly ergodic systems with measures (p;)i_,. For
j=1,...,n let T} be the transformation on [[ X; defined as (fj)l = idx, if i # j and
(fj)] =T;. Then the system ([T X, Ty, ... ,fn) is strictly ergodic with measure ®p;.

We are now ready to prove Theorem 3.4.1 for the case when the system is a product:

Proposition 3.4.4. Let (Y,0) and (W, T) be two strictly ergodic systems with unique mea-
sures py and pw. Then Quxiaiax-(Y X W) is uniquely ergodic with measure Vyyidiaxr, where

v =py ® pw. Particularly, (Qoxia(Y X W), Goxiq) is strictly ergodic with measure Vyxiq-
Proof. By definition, we deduce that
Qoxidiaxr (Y x W) = {((y, w), (v, w), (y, '), (v, w")) : g,y €Y w, 0" € W}
and G, xiaidxr 1S the group spanned by

(o0 xid) x (o0 xid) x (¢ x id) x (o x id)
(id x 7) x (id x 7) x (id x 7) x (id x 7)
(id x id) x (o x id) x (id x id) x (o x id)
(id x id) x (id x id) x (id x 7) x (id x 7).
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We may identify Quxidiax-(Y X W) with Y x Y x W x W under the map ¢
((y, w), (v, w), (y,w), (¢, ")) = (y, 9, w,w').
We remark that G, xididx- is mapped to the group spanned by
oxoxidxid, idxidx7x7, idxoxidxid and idxid xid x 7.
This is the same as the group spanned by
o xid xid xid, idxid x 7 xid, idx o xid xid and id xid xid x 7.

By Corollary 3.4.3, this system is uniquely ergodic with measure py ® py ® pw ® pw. Since
Vyxid,idxr 1S an invariant measure on Qg xididx-(Y x W), we have that it is the unique invariant
measure and it coincides with ¢~ (py ® py @ pw @ pw).

O

3.4.2. Proof of the general case

Throughout this section, we consider (X, u, S, T') as a fixed system which is magic, ergodic
and free, and we follow the notations in the previous section. By Lemma 3.3.3, the factor
associated to the o-algebra W = Zg V Zr has the form (Y x W, o x id,id x 7), where (Y, 0)

and (W, 7) are ergodic systems.

Lemma 3.4.5. There exists a strictly ergodic topological model for the factor map 7: X —
Y x W.

Proof. By the Jewett-Krieger Theorem, we can find strictly ergodic models (37, ) and (W, 7)
for (Y,o0) and (W, 1), respectively. Let py and py denote the unique ergodic measures on
these systems. By Lemma 3.4.2, (17 X W,Ff x id,id x 7) is a strictly ergodic model for
(Y x W, o x id,id x 7) with unique invariant measure py ® pyy .

By Theorem 3.2.3, there exists a strictly ergodic model 7 : X 5V xWiorn: X >
Y x W. O

We are now ready to prove Theorem 3.4.1:

Proof of Theorem 3.4.1. For any free ergodic magic system (X, S, T),let 7 : X — (Y XW, o x
id,id x 7) be the factor map associated to the o-algebra W = Zg V Zr. Let 7: X 5V xW
be the topological model given by Lemma 3.4.5. We claim that (Q57T()? ), Gsr) is strictly

ergodic.
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To simplify the notation, we replace X , W, 17, etc by X, W, Y etc. It was proved in
Proposition 3.14 of [34] that (Qgr(X),Gsr) is a minimal system. So it suffices to show
unique ergodicity.

Claim 1: (Qg(X),Gs) is uniquely ergodic with measure pg.

We recall that the factor of X corresponding to Zg is (W, id, 7).

Suppose that the ergodic decomposition of p under S is

ALZLAVdePW%W)

Then

us=:/1/m;XAmdpw%w)
w

Let my: X — W be the factor map and let A be a Gg-invariant measure on Qg(X). For
i=0,1, let p;: (Qs(X),Gs) — (X, G) be the projection onto the i-th coordinate. Then p;\

is a G-invariant measure of X. Therefore, p;\ = . Hence we may assume that

A= [ b x Adu(e)
X
is the disintegration of A over p. Since A is (id x S)-invariant, we have that
AzﬁdX&Az/é&X&ﬂM@.
X
The uniqueness of disintegration implies that \g, = A, for p-a.e. x € X. So the map
F: X —>MX):z— )\

is an S-invariant function. Hence we can write A\, = Ar, (o) for p-a.e. z € X.

Then we have

A:A@xawm:AQXMmWW)
— /W/X(Sx X Ao (z)dpw (w)
= [ (] budpta(@)) X Audprw ()

:/ o X Aodpw (w).
w

Recall that Qiq(W) = Aw and Giq is spanned by (7,7). Therefore (Qia(W),Gia) is
isomorphic to (W, 7). Particularly, it is uniquely ergodic and for convenience we let Py

denote its invariant measure.
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Let 72 : (Qs(X),Gs) — (Qia(W), Giq) be the natural factor map.
We have that

Thus

() = 1(Ay) = du- (3.4.1)

On the other hand, p;(\) = p2(A) = p implies that

= /W todpw (W) = /W Aodpw (w). (3.4.2)

By (3.4.1), (3.4.2) and the uniqueness of disintegration, we have that A\, = pu,,, pw-a.e.
weW. So

A= / P X prodpw (W) = pis.
W

This finishes the proof of Claim 1.

Claim 2: (Qgr(X),Gsr) is uniquely ergodic with unique measure fig 7.

Let A be a Ggp-invariant measure on Qg r(X). Let Dy, Pyt (Qsr(X),Gsr) — (Qs(X),
Gs) be the projection onto the first two and last two coordinates, respectively. Then p;\ is a

Gs-invariant measure of Qg(X) and therefore, p,A = pg. Hence we may assume that

A= Ox X Acditg(x
Qs(X) #S( )

is the disintegration of A over pg. Since A is (id x id x T x T')-invariant, we have that

)\:'dx‘dexT)\:/ 8 X Aredyis(X).
(id x i W= B Araedis ()
The uniqueness of disintegration implies that Azrxrx = Ax for pg-a.e. x € Qg(X). So the
map
F:Qg(X) = M(X*Y): x> A\

is a (T x T')-invariant function and therefore F' is Zp.-measurable.
Let (Qs.7, P) be the factor of (X x X, ug) corresponding to the subalgebra Zr,r and let
¢ denote the corresponding factor map. Suppose that the ergodic decomposition of pg under

T xTis
fis = / f15,,dP(w).
Qs
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Then

ps,r = / fi5.w X fi5,dP(w).
Qs

Hence we can write Ax = A\y(x) for pg-a.e. x € Qg(X). Then we have

A= [ B s = [ 8x Agwdus(x)
/ s B X Aot ()P ()
/ (Bt .s3)) Aol Ple)
/ fse X AudP(w).

Recall that 7: X — Y x W is the factor map. Let

™ (Qs7r(X),Gs1) = (Qoxidiaxr (Y X W), Goxididxr)

be the natural factor map. By Lemma 3.3.4, there exists a factor map a: (Y x W)? = Qg1
such that a o % = ¢2.

Let v = py ® pw denote the unique invariant measure on Y x W. By Proposition 3.4.4,
we have that (Qs7(Y X W), Gyxididx-) is uniquely ergodic and vg is its unique invariant

measure.

Suppose that the ergodic decomposition of vg under 7" x T is

vg = Vs,,dP(w).

Qg1

Then we have
vsT = / Vs X Vg wdP(w).
Qs T

Since 7\ is an invariant measure on Qg xidax-(Y x W), we have that
. _
T (\) =vsr = /Q Vs, X VgudP(w).
S, T

2

Since ¢? = a o %, we have that

¢’ (1sw) = 0*(A) = a(Vsw) = b (3.4.3)
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On the other hand, p1(\) = Py(N\) = p implies that

g = / tsdP(w) = / A dP(w). (3.4.4)
QS,T QS,T

By (3.4.3), (3.4.4) and the uniqueness of disintegration, we have that A\, = pg,, P-a.e.
w € Q&T. So

A= / S X /JJS,de(w) = Hs,T-
Qs

Thus (Qs7(X),Gsr) is strictly ergodic with unique measure fig 7. O

3.5. Applications to pointwise results

We apply results in previous sections to deduce some convergence results. We remark
that if S? is the identity for some i # 0, the averages we consider in this section reduce to the
Birkhoff ergodic theorem. So the difficult case is when the systems (X, i, S) and (X, pu, T') are
free, and we make this assumption throughout this section. Since the averages we consider
can be deduced by proving them in an extension of X, by Theorem 3.3.1 we may assume
that (X, pu, S,T) is a magic free ergodic system. By Theorem 3.4.1, we may take a strictly
topological model (3(\, S, f) for X such that (QS,T(X\), ng)
the symbol ~ to simplify notation), throughout all this section we assume that (X, u, S, T)

is strictly ergodic. So (omitting

is a magic free ergodic system and that (Qsz(X),Gsr) is strictly ergodic.
Theorem 3.5.1. Let fy, f1, f2, f3 € L™(n). Then

. 1 AN o e o i
LS NkZ Fo(S'T7) (ST ) fo(S'T ) f5(S™HTIH7)

converges almost everywhere to [ fo ® f1 ® fo @ fsdpsr.

Proof. Recall that Gg r is a Z*-action spanned by Sx Sx S xS, TxT xT xT,idx S xidx S
and id x id x T" x T

Let fo, f1, fo, f3 € L>®(p) and fix € > 0. Let %,E,E,ﬁ be continuous functions on X
such that ||f; — fl||1 < efori=0,1,2,3. We can assume that all functions are bounded by

1 in L* norm. For simplicity, denote

[(h’07 hla h27 hS) = /h[) X hl & hg ® hgdlugj

and
1 N2 - N o N
EN(hO X hl (%9 hg X hg)(.%’) = ﬁ Z hU(S’LTJ.T)hl(S’L+kT‘7$)h2(SZT]+pl')h3(Sl+kT]+pl')
%,3,k,p=0
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for x € X, hg, hq, ho, hs € LOO(,U)
By the telescoping inequality

Ex(fo® fi ® fa® f3)(x) = I(fo, f1, fo, f3)]
<[En(fo® fi® f2® f3)(2) ~Ex(fo® i ® fo ® fo) (@)
‘EN (fo® i ® f® f3)(z) - ](f07f17f2,f3)‘

< N2 Z | fo( SZT] fO(SzTJ Z | f1( SH—kT] ) — ﬁ(SHijx)]
i _7 k
S (ST ) — fo <s>"'Tj+px>y+m S (ST — fo(STRTT )|

%,7,D i,5,k,p

+|Ex(fo @ fi ® fo @ f3)(@) = I(fo, s For Fo)| + [1(fo, frs for o) = 1(Fo, o, s )]

N3

Since (Qsr(X),Gsr) is uniquely ergodic, we have that
Ex(fo® i@ o f3)(@) = I(fo, Ji, Jo o))

converges to 0 for every x € X as N goes to infinity.
On the other hand, by Birkhoff ergodic theorem, we have that the four first terms of the

last, inequality converge a.e. to |[fo— folli, [fi = fulli, [fo— Follx and || fs — fsll1, respectively.
Finally, using again the telescoping inequality and the fact that the marginals of pgr are

equal to p we deduce that

(for fos fos f3) = T(fos Jus Jos J)| < WL fo = Jolls + Lfs = Fully + [1f2 = Polls + 115 = sl

Therefore, we can find N large enough and a subset Xy C X with measure larger than

1 — e such that for every z € Xy,

Ex(fo® fi® f2@ f3)(@) = I(fo, J1, f2, f5)] < 13e.

Since € is arbitrary, we conclude that Ex(fo ® f1 ® fo ® f3) converges to I(fo, f1, f2, f3)
a.e. as IN goes to infinity.
0

Since (Qsr(X),Gsr) is uniquely ergodic, we also have:

Lemma 3.5.2. Let fo, ]?1, ]?2, ]?3 be continuous functions on X. Then

N-1

N—-1-iN—1—j R ' '
; S M(S'TI) (ST fo( ST P ) fo (ST )
J

1,7=0 k=—i p=-—
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converges to I(fo, ]?1,]?2, J?g)

Proof. Suppose that the averages does not converge to I( fo, fl, fg, fg,) Then there exist
xr € X, asequence N,, — oo and € > 0 such that the N,,-average at x and the integral differs
at least €. Take any weak*-limit of the sequence

1 Nm—1Np—1—iNm—1-j

ﬁ Z Z Z (SzTJ % Si+ij « SiTj-‘rp X Si+ij+p)5(x,x,:c,x)-

i,j=0 k=—i  p=—j

Such a limit is clearly invariant under Gg 1 and therefore it equals to p1s 1 by unique ergodicity.

Hence,
1 Nm=lNp—l-iNp—1-j PR I
N2 2 > J(STIR) (ST fo( ST ) fi (ST )
m ij=0 k=—i p=—j
converges to I( fo, fl, ]?2, fg,) as m goes to infinity, a contradiction. ]

For any N € N, denote
AN = {(Zvjakap) € Z4: Za] € [OaN_ 1]ak € [_ZaN_ 1 _i]ape [_]7N_ 1 _j]}

Let (X, u, S,T) be a measure preserving system with commuting transformations S and 7.
For any f € L*>°(X) and any x € X, denote

&Nﬂx%zhw S f(STIR) f(STT ) (ST ) f(STRTI )
(1,],]{),]})614]\7
Lemma 3.5.3. Let (X, pu, S, T) be a measure preserving system with commuting transforma-

tions S and T and let fi, fo, f3 € L>®(X) with || filloo < 1,4 = 1,2,3. Then there ezists a
universal constant C, such that for any x € X and any N € N, we have that

1N-1

(1 X X SR f(ST)) < Clon(fy )|

2
N? = §=0

Proof. By Cauchy-Schwartz inequality and the boundedness of f;, the expression inside the
parenthesis on the left hand side is bounded by a multiple of the square of

1 N-1 1 N-1 ‘ o 9
N ; (N JE% fo(T’ ) f5(S'T x))
1IN ETE | o o (3.5.1)
g S° FoT92) fo(THP2) f5(S'T ) fo(S'TV ).
j=0 p=—j i=0

By Cauchy-Schwartz inequality and the boundedness of fs, the square of (3.5.1) is bounded
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by a multiple of

1 N-1 1 N—l—j 1 N-1 ) 2
T X3 3 (5 S AT s T )
N Jj=0 N p=—] N =0
1 N—-1 1 N—-1—j 1 N—-1 1 N—1—1 L L
=<2~ ~ 2~ fa(ST72) f3(S'TV ) f5(S™ T ) f3(S" T Pa)
N 7=0 N pE;j N =0 N ;z
= Sn(f3: @)

Now we are able to prove the main result:

Theorem. Let f1, fa, f3 € L>(u). Then

lim — Z f1(S™2) fo(T2) f3(S' T )

N—oo N2
converges a.e.

Proof. We may assume without loss of generality that all the functions are bounded by 1 in
L*> norm. Suppose first that f; = hgh}, where h3 is measurable with respect to Zr and hj is
measurable with respect to Zg. In this case, we have that f3(S"T7x) = hs(S'z)h5(T7x) and
thus

| N-1 | N2 4
N2 > fi(S'x) fo(Tx) f3(S'T ) =Nz Z 2)hs(S'x) fo(T7 ) hy (T ),
1,7=0 =0

and so the average converges by Birkhoff Theorem. Therefore the average converges a.e. for
any f3 in the subspace L spanned by those kind of functions. Any function f3 measurable with
respect to W can be approximated in the L' norm by functions in L. So, for f; measurable
with respect to W we can take a sequence (g )ren in L that converge to f3 in L' norm. By

Birkhoff Theorem, there exists a set A of full measure such that

' 1 =l , . o o
limsup |- Y. [i(S'2) fo(T7) (f3(S'T 2) — gi(S"T72))| < || f5 — gelh
—00 i,j:()
for every x € A and k € N. Again by Birkhoff Theorem, let B be a set of full measure such

that the average
1 N-1

2 2 [1(S2) fo(T2)gi(ST )

4,7=0
Converges for all x € B and all £ € N. It is easy to check that for x € AN B, the sequence
Ay = 32 20 V20 J1(S'x) fo(T7 ) f3(S"T ) forms a Cauchy sequence and therefore it converges.

7



We then suppose that E(f3]WW) = 0. Let € > 0 and let f3 be a continuous function on X
such that || fs — f3|ly < e. We have that

1 N-1

N2 Z f1<Si£C)f2(Tj:C)(f3(SiTj ) — fg(SlTj
ij=0

Z |f3(S"TV ) — fo(S'T)] .
(3.5.2)

By Birkhoff Theorem, the right hand side converges a.e. to || f3 — fs|[1 as N goes to infinity.
On the other hand, by Lemma 3.5.3, we have

(35 Z g BT FSTI)) < |Sx(Fa o)l
By Lemma 3.5.2, the right hand side converges to

H‘f?’H’uST = (H‘f?’ f3H’uS,T + |||f3|||“’5’T)4 <llfs = fillt < e

as N goes to infinity. We deduce that a.e.

N—1
lim sup |— Z f1(S™2) fo(T92) f5(S'T2)| < 2e.
N—o00 i,jZO
Since € is arbitrary, we have that this average goes to 0 a.e. [
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CHAPTER 4

Enveloping semigroups of systems of

order d

This chapter is based on the work Enveloping semigroups of systems of order d [33],
published in the journal Discrete and Continuous Dynamical Systems. We study the Ellis
semigroup of a d-step nilsystem and the inverse limit of such systems. By using the machin-
ery of cubes developed by Host, Kra and Maass, we prove that such a system has a d-step
topologically nilpotent enveloping semigroup. In the case d = 2, we prove that these notions

are equivalent, extending a previous result by Glasner.

4.1. Introduction

In this chapter we consider a topological dynamical system (X, T'), meaning that 7: X —
X is a homeomorphism of the compact metric space X to itself.

Several aspects of the dynamics of (X, T) can be deduced from algebraic properties of its
enveloping semigroup F(X,T). In particular, a topological dynamical system is a rotation on
a compact abelian group if and only if its enveloping semigroup is an abelian group. Other
interesting applications can be found in [7], [42] and [56].

In recent years the study of the dynamics of rotations on nilmanifolds and inverse limits
of this kind of dynamics has drawn much interest. In particular, we point to the applications
in ergodic theory [67], number theory and additive combinatorics (see for example [57]).

We recall that a minimal topological dynamical system is a system of order d if it is either
a d-step nilsystem or an inverse limit of d-step nilsystems. It is revealed in [70] that they are
a natural generalization of rotations on compact abelian groups and they play an important
role in the structural analysis of topological dynamical systems. Particularly, systems of
order 2 are the correct framework to study Conze-Lesigne algebras [67].

In this chapter we are interested in algebraic properties of the enveloping semigroup of
a system of order d. A first question one can ask is if an enveloping semigroup is a d-
step nilpotent group. Secondly, a deeper one : Does the property of having an enveloping
semigroup that is a d-step nilpotent group characterize systems of order d?

Even when E(X,T) is a compact group, multiplication needs not to be a continuous
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operation. For this reason we introduce the notion of topologically nilpotent group, which
is a stronger condition than algebraically nilpotent, and it is more convenient to establish a
characterization of systems of order d.

Using the machinery of cubes developed by Host, Kra and Maass [70], we prove:

Theorem 4.1.1. Let (X, T) be a system of order d. Then, its enveloping semigroup is a
d-step topologically nilpotent group and thus it is a d-step nilpotent group.

Let A be an integer unipotent matrix (this means that (A — I)* = 0 for some k € N) and
let o € T?. Let X = T? and consider the transformation T = Az + o. We recall that the
topological dynamical system (X, T) is an affine d-step nilsystem. In [99] it was proved that
affine d-step nilsystems have nilpotent enveloping semigroups, and an explicit description of
those semigroups was given. Theorem 4.1.1 generalizes this for more general systems, though

does not give the explicit form of the enveloping semigroup.

The second question is more involved and has been tackled before by Glasner in [53].
There, in the case d = 2, he proved that when (X, 7T) is an extension of its maximal equicon-

tinuous factor by a torus K, the following are equivalent:
1. E(X,T) is a 2-step nilpotent group;

2. There exists a 2-step nilpotent Polish group G of continuous transformations of X,
acting transitively on X and there exists a closed cocompact subgroup I' C G such
that: (i) T € G, (ii) K is central in G, (iii) [G,G] € K and the homogeneous space
(G/I',T) is isomorphic to (X, T).

The assumption that K is a torus can be removed, but one only obtain an extension of
the system (X, T) where condition (2) is satisfied.
We proved that systems satisfying condition (2) are actually systems of order 2 (but not

every system of order 2 needs to satisfy condition (2)). More generally we prove:

Theorem 4.1.2. Let (X, T) be a minimal topological dynamical system. Then the following

are equivalent:
1. (X,T) is a system of order 2;
2. E(X,T) is a 2-step topologically nilpotent group;

3. E(X,T) is a 2-step nilpotent group and (X, T) is a group extension of an equicontinuous

system;

4. E(X,T) is a 2-step nilpotent group and (X, T) is an isometric extension of an equicon-

tinuous system.
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We do not know if the condition of having a 2-step nilpotent enveloping semigroup by

itself is enough to guarantee that (X, T) is a system is of order 2.

The natural question that arises from this result is the converse of Theorem 4.1.1 in

general:

Question 4.1.3. Let (X,T) be a system with a d-step topologically nilpotent enveloping
semigroup with d > 2. Is (X, T) a system of order d?

We recall a classical definition concerning factor and group extensions. Let (X,T) be
a topological dynamical system and suppose that we have a compact group U of home-
omorphism of X commuting with 7" (where U is endowed with the topology of uniform
convergence). The quotient space Y = X\U = {Uz : © € X} is a metric compact space
and if we endow it with the action induced by T we get a topological dynamical system. By
definition, the quotient map from X to Y defines a factor map. We say that (X,T) is an
extension of (Y, T') by the group U.

Let (X,T) and (Y, T) be minimal topological dynamical systems and let 7: X — Y be a
factor map. We say that (X,7T) is an isometric extension of (Y, T) if for every y € Y there

exists a metric d, in 771 (y) x 7~ *(y) with the following properties:
(1) (Isometry) If x, 2’ € 7 '(y) then dy(x,2') = dp,(Tx, T2').

(11) (Compatibility of the metrics) If (z,,2),) € 7 *(y,) and (z,,2),) — (z,2') € 7 (y)

n

then d,, (v, x),) — d,(z,2').

Since we work with groups which are also topological spaces (but not necessarily topolog-
ical groups), we can also consider a topological definition of nilpotent which is more suitable
for our purposes. Let G be a topological space with a group structure. For A, B C G, we
define [A, Blyop as the closed subgroup spanned by {[a,b] : a € A,b € B}. The topological
commutators subgroups G;Op, j > 1, are defined by setting G}*® = G and G;‘jrpl = [G;Op, Gltop-
Let d > 1 be an integer. We say that G is d-step topologically nilpotent if Gfiofl is the trivial
subgroup.

Since G; C G;Op for every j > 1, we have that if G is d-step topologically nilpotent, then
G is also d-step nilpotent. In this sense Theorem 4.1.1 has stronger conclusions than the

previous known particular cases.

For a distal system, we let (E;OP(X .T))jen denote the sequence of topological commuta-
tors of E(X,T).

Let (X,T) and (Y, T') be topological dynamical systems and 7 : X — Y a factor map. We
recall that there is a unique continuous semigroup homomorphism 7*: E(X,T) — E(Y,T)
such that 7(ux) = 7*(u)mw(x) for all z € X and u € E(X,T).
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Note that if 7: X — Y is a factor map between distal systems, we have that

W*(E;OP(X, T)) = E;**(Y,T) for every j > 1.

4.2. Enveloping semigroups of systems of order d

In this section we prove Theorem 4.1.1. We introduce some notation.
Let d > 1 be an integer. For 0 < j < d, let J C [d], with cardinality d — j and let
n € {0,1}’. The subset

a={ec{0,1}:¢ =mn, for every i € J} C {0,1}¢

is called a face of dimension j or equivalently, a face of codimension d — j.
Given u: X — X, d € N and a C {0,1}¢ a face of a given dimension, we define
uld: X — X4 a5

Our theorem follows from the following lemma.

Lemma 4.2.1. Let (X,T) be a distal topological dynamical system and let E(X,T) be its
enveloping semigroup. Then, for every d,j7 € N with j < d and u € E;OP(X, T), we have that

QU(X) is invariant under ul? for every face a of codimension j.

Proof. Let d € N. Let uw € E(X,T) and let (n;) be a net with 7™ — u pointwise. Let «
be a face of codimension 1. Since Q!4(X) is invariant under 7% it is also invariant under
(T7)ldl for every 4. Since Q(X) is closed and (77%)4 — uldl we get that QM (X) is invariant
under ul¥. Let 1 < j < d and suppose that the statement is true for every i < j. Let a be
a face of codimension 5. We can see « as the intersection of a face § of codimension 57 — 1
and a face v of codimension 1. Let u;_; € E;-‘ipl (X,T) and v € E(X,T) and remark that
(w1, v]ld = [(uj_l)gﬂ, U%d}]. Since (uj_l)gﬂ and U,[Yd] leave invariant QI (X), so does [u;_y, v].

As Q(X) is closed, B, = {u € E(X,T) : ul? leaves invariant Q(X)} is a closed
subgroup of E(X,T) and contains the elements of the form [u;_;,v] for u;_; € E]t-‘ipl(X 1),
v € E(X,T). We conclude that E;OP(X, T) C E,, completing the proof.

O
We use this to prove Theorem 4.1.1:

Proof of Theorem 4.1.1. Let (X,T) be a system of order d. Recall that E(X,T) is a group
since (X,T) is a distal system. Let u € E%(X,T) and € X. By Lemma 4.2.1 we have
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that (z,...,z,ur) € Q(X) and by Theorem 1.3.4 we have that uz = 2. Since z and u

are arbitrary, we conclude that ngl (X, T) is the trivial subgroup.

]

4.3. Proof of Theorem 4.1.2

We start with some lemmas derived from the fact that E(X,T) is topologically nilpotent.

Lemma 4.3.1. Let (X, T) be a distal minimal topological dynamical system. Then the center
of E(X,T) is the group of elements of E(X,T) which are continuous.

Proof. Since T' commutes with every element of E(X,T) it is clear that every continuous
element of F(X,T) belongs to the center of F(X,T). Conversely, let u be in the center of
E(X,T) and zg € X. We prove that u is continuous at xy. Suppose this is not true, and
let x, — zo with u(x,) — 2’ # u(xy). By minimality, we can find u, € F(X,T) such that
un(zo) = x,. For a subnet we have that u,, — v and v(z) = x¢. Since u is central, we have

w(y) = u(uy (o)) = up(u(xo)) — v(u(zg)) = u(v(zo)) = u(zp), a contradiction. O
Recall the following classical theorem:

Theorem 4.3.2. (See [7], Chapter 4) Let G be a group of homeomorphisms of a compact
Hausdorff space X and suppose that G is compact in the pointwise topology. Then, the action

of G on X is equicontinuous.
A direct consequence is:

Corollary 4.3.3. Let (X,T) be distal topological dynamical system. If E(X,T) is d-step
topologically nilpotent, then E;OP(X, T) is a compact group of automorphisms of (X, T) in

the uniform topology.

Proof. If E(X,T) is d-step topologically nilpotent, then E;®(X,T) is a compact group (in
the pointwise topology) and by definition is included in the center of E(X,T'), meaning that
every element is an automorphism of (X,T). By Theorem 4.3.2, EY*(X,T) is a compact
group of automorphisms in the uniform topology.

O

If a system has a 2-step topologically nilpotent enveloping semigroup we can describe the
extension of its maximal equicontinuous factor.

For this, first we give a short proof of [106] in our context.

Theorem 4.3.4. Let m: X — Y be a distal finite-to-one factor map between the minimal
systems (X, T) and (Y, T). Then (Y, T) is equicontinuous if and only if (X, T) is equicontin-

uous.
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Proof. We prove the non trivial direction by studying the regionally proximal relation on X.
We denote by dx and dy the metrics on X and Y. We can assume that 7" is an isometry
on Y. Since m is open and finite-to-one, there exists ¢y > 0 such that for every y € Y
every ball of radius 2¢; in X intersects 771(y) in at most one point. Let ¢; < €y such that
T(B(x,€e1)) € B(Tx,¢€p). Since 7 is open, there exists 6 > 0 with the property that ify,y' € Y
are such that dy(y,y’) < ¢ then there exists z,2’ € X with dx(z,2') < ¢ and 7(x) = y,
m(2') = y'. Let 0 < € < ¢ such that m(B(z,¢€)) C B(n(x),d). Let (z,2') be a regionally
proximal pair, and let ” € X and ng € N satisfying dx (z,2") < € and dx (T2, T™z2") < e.
We have that dy (T"n(z), T"m(z")) = dy(m(T™z), n(T"z")) < ¢ for every n € N and by
openness, we can find z,, € X such that 7(x,) = 7(T"x) and dx(x,, T"z") < €.

We claim that z,, = T"z. We proceed by induction. For n = 0 we have dx(zo,z) < 2¢,
7(x) = 7(xg) and thus x = zy. Suppose now that x,, = T"xz. We have that dx(T"z, T"z") <
¢; and then dx (T 'z, T"a") < €. We conclude that dx (w1, T"x) < 2¢, and since
they have the same projection, they are equal. This proves the claim.

Particularly, for n = ng, we have dx(T™x,T™x’) < 2¢y and since they are regionally
proximal, they have the same projection and thus x = 2/. We conclude that the regionally

proximal relation is trivial and (X, T) is equicontinuous. O

Lemma 4.3.5. Let (X, T) be a topological dynamical system with a 2-step topologically nilpo-
tent enveloping semigroup. Then, it is an extension of Z1(X) by the compact abelian group
EXP(X,T). Moreover, EX*(X,T) is connected.

Proof. By Corollary 4.3.3 we have that E5°P(X,T) is a compact group of automorphisms of
(X,T) and by Lemma 4.2.1 it acts trivially in every equicontinuous factor, meaning that
there exists a factor map from Z = X\Ey?(X,T) to Z,(X). Denote by 7 the factor map
from X to Z and note that if u € Ey®(X,T), then 7(z) = n(ux) = 7*(u)7w(z) for every
z € X and therefore 7*(u) is trivial. Since e = 7*(Ey?(X,T)) = Ey®(Z,T), we conclude
that Z has an abelian enveloping semigroup and thus it is an equicontinuous factor. By
maximality Z;(X) = X\E;P(X, T).

If E5°°(X, T) is not connected, there exists an open (hence closed) subgroup U C Ey®(X, T)
such that F5°P(X,T)/U is isomorphic to Z/nZ for some n > 1. Note that X\U is a finite-to-
one extension of Z;(X) and therefore by Theorem 4.3.4 it is an equicontinuous system. By
maximality we get that X\U = Z,(X), a contradiction. O

This lemma establish the implication (2) = (3) of Theorem 4.1.2. A direct corollary is:

Corollary 4.3.6. Let (X,T) be a system of order 2. Then, it is an extension of its maximal

equicontinuous factor by the compact connected abelian group E;OP(X, T).

We now prove the main implication in Theorem 4.1.2, namely implication (2) = (1).
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Proof of implication (2) = (1) . We divide the proof into four parts. The first two parts
follow, with some simplifications, the scheme proposed in [53], but the second two parts are

new.

Step 1: Building a suitable extension of (X, 7).

Let (X, T) be a topological dynamical system with a 2-step topologically nilpotent en-
veloping semigroup. By Lemma 4.3.5, (X, T') is an extension of (Z;(X),T) by the compact
abelian group F5°*(X,T). We denote this factor map by m. In order to avoid confusions,
we denote the element of Z;(X) defining the dynamics by 7 (instead of T). Let Z; be the
dual group of Z;(X). Since {r" : n € Z} is dense in Z;(X) every x € Z; is completely
determined by its value at 7 and thus we can identify Z, with a discrete subgroup of S!.
Consider Z* = {A € S' : In e N, \" € 2\1}, the divisible group generated by Zi. Ttisa
discrete subgroup of S', and we can consider its compact dual group Z* = Z*. Since Z* is
a subgroup of the circle, Z* is a monothetic group with generator the identity character 7*:
Z* — S. Since Z; C Z*, there exists a homomorphism ¢: Z* — Z; (X). Since 7* is projected
to 7, ¢ also defines a factor map from (Z*, 7*) to (Z1(X), 7). Consider (X*, T x 7*) a minimal
subsystem of

{(x,2") e X x Z" : w(x) = ¢(2")}, T x 7).

It is an extension of (X,7T) and (Z*,7*) and we can see E(X*,T x 7*) as a subset of
E(X,T)x E(Z*,7%) = BE(X,T) x Z*. Tt follows that Ey’®(X*, T x 7*) = Ey*(X,T) x {e}
and E(X*, T x 1) is 2-step topologically nilpotent. By Lemma 4.3.5 we have that Z;(X*) =
XA\EP(X*T x ) = Z*.

Step 2: Finding a transitive group in X*.

For simplicity we denote the transformation on X* by T*. Let (zg,x;) € X* x X*. We
construct a homeomorphism h of X* such that h(xg) = z;. For this, define Y as the closed
orbit of (zg,x1) under T* x T*. Since (X*,T*) is distal, (Y,T* x T%) is a minimal distal
system and E(Y,T* x T*) = E(X*,T*)* = {(u,u) : u € E(X*,T*)} (and we can identify
E(X*,T*) and E(Y,T* x T*)). It follows that E(Y,T* x T*) is 2-step topologically nilpotent
and by Lemma 4.3.5 Z,(Y) = Y\EYP (Y, T* x T*) = Y\ E;P(X*, T*)%.

We obtain the following commutative diagram:

(Y, 7" x T7) —— (X*,T%)
(L (Y),v") — (27,77

Since Z* has a divisible dual group, we can identify Z;(Y’) as a product group Z* x Gy
and we can write py (z,2') = (px+(z), O(z, ")) with ©(z,2’) € Gy. Since Z;(Y') is a product
group, there exists go € G such that 75 = 7* x go. We remark that if (z,2') and (z,2") € Y
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then (z,2') = u(x, 2”) for some u € F(X*,T*). Writing 2’ = vz for v € E(X*, T*) we deduce
that 2” = [u,v]z’. From this, we deduce that Gy = {idxu : u € Ey®(X*, T%), (idxu)Y = Y}.
For z € X*, define h(x) as the unique element in X* such that

(x,h(x)) € Y and py(z,h(z)) = (px-(z), ). (4.3.1)

By multiplying the second coordinate by a constant, we can suppose that py(zg,z1) =

(px+(x),e) and thus h(zg) = ;.

Claim 1: h is a homeomorphism of X*:

v If x, » x € X*, then py(x,, h(z,)) = (px+(zn),€) — (px+(x),e) = py(z,h(x)) and h

is continuous (if py (x,2’") = py(x,2”) then 2’ = 2).

» If A(x) = h(2') then (z,h(z)) and (2, h(x)) belong to Y and then 2’ = uz for u €
EyP(X*,T*). We have that py (2, h(2)) = (px-(2),e) = py(z, h(z)) and thus = = 2.

w If 2/ € X* we can find x € X such that (z,2') € Y and py(z,2’) = (px- (), O(x,2')).
It follows that

py(z,2) = (id x O(x,2"))(px-(x),€) and py (0 (x, 2" )z, 2") = (px- (0 (x,2")x), ).

By definition A(©~!(x,2")z) = 2’ and therefore h is onto. This proves the claim.

Claim 2: h commutes with Ey’P(X*,T*):
For u € ESP(X*, T*) we have that py (uz, uh(z)) = py (2, h(z)) = (px-(z), €) = (px- (u),
e) = py(ux, h(uz)) and we deduce that h commutes with E5°P(X*, T).

Claim 3: [h, T*] = go € EyP(X*,T*):

By a simple computation we have that
py (T2, T"h(z)) = 75 (py (2, h(2))) = (px=(T), go) = (px-(T"x), goh(T"x))

and T*h = gohT™. This proves the claim.

Define G as the group of homeomorphisms h of X* such that

[, T*] € E5(X*, T*) and h commutes with Ey*(X* T*). (4.3.2)

Then, for every pair of points in X* x X* we can consider a homeomorphism A as in
(4.3.1) and this transformation belongs to G. Thus G is a group acting transitively on X*.
Let I" be the stabilizer of a point 2y € X*. We can identity (as sets) X* and G/T.
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Step 3: The application g — gz, is open

Claim 4: There exists a group homomorphism p : G — Z* such that p(g)px-(z) =
px+(gx).

Since Ey®(X*, T*) is central in G, we have gpx-(z) = gEy®(X*, T*)z = EY®(X*, T*) gz
and so the action of g € G can descend to an action p(g) in X*\EyY®(X* T*) = Z*. By
definition this action satisfies p(g)px«(x) = px+(gx) and p(T*) = 7*. From this, we can
see that p(g) commutes with 7* and thus p(g) belongs to Z*. Particularly, if hy, hy € G,
we have that p([hy, ho]) is trivial and then [hy, hi]ze = uzg for some u € EyP(X* T*). By
(4.3.2), [hq, ho] commutes with 7% and thus [y, hs] coincides with u in every point. Therefore
[G,G] C Ey°(X*) and thus G is a 2-step nilpotent Polish group. Since G is transitive in X*
we can check that p is an onto continuous group homomorphism. This proves the claim.

Since G and Z* are Polish groups and p is onto, we have that p is an open map and the
topology of Z* coincides with the quotient topology of G /Ker(p) = G/Ey®(X*, T*)I" (see
[11], Chapter 1, Theorem 1.2.6).

Now we prove that the map g — gxg is open. Consider a sequence g, € G such that
gnTo is convergent in X*. Projecting to Z* we have that p(g,)px-(zo) is convergent and
taking a subsequence we can assume that p(g,) is convergent in Z*. Since p is open, we can
find a convergent sequence h,, € G such that p(g,) = p(h,). This implies that px«(g,zo) =
px-(hnto) and therefore there exists u, € Ey°°(X*, T*) such that g,zo = u,hn,zo. By the
compactness of Ey*P(X* T*) we can assume that u, is convergent and wu,h, is convergent

too. This proves that the map is open.

Step 4: Cubes of order 3 in X* are completed in a unique way.

Let consider a sequence 7; = (n;, m;, p;) € Z* such that T xq — x0 for every e # I
We prove that T*ﬁ"'fxo — 9. We see every transformation T*"¢ as an element of G. Since
the application g — gz is open, taking a subsequence, we can find h;, b}, ! in G, converging
to h,h',h" € G such that T*"xy = h;xo, T*™xg = hixg and T*Pxg = h]xy.

We have that

T gy = T g = [T W R b,
TPy = TRy = [T, R hao
T Pipg = T bz = [T*™, b1 Rl
TP = [T*™ RY[T*™, W) [T B R hhixo.
Since [G,G] is included in Ey®(X*,T*), by taking a subsequence we can assume that
[T*™ h] — g1, [T*™, hY] = g, and [T*™ h”] — g5 and these limits belong to Ey™(X*, T*).

Taking limits we conclude that g1z = ¢goxg = g3r9 = xo and since these transformations

commute with 7%, we have that they are trivial.
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We conclude that Zlggo T*vitmitPigy = x4 and thus (2o, 29, 7o, To, To, To, o) € (X*)7 can
be completed in a unique way to an element of QPl(X*). If m, is the factor map from X*
to Zy(X*), we have that #m, ' (m2(2¢)) = 1 and since (X*,T*) is distal, the same property
holds for every element in X*. We conclude that X* = Z(X*) and thus (X*,7*) is a system
of order 2.

Since being a system of order 2 is a property preserved under factor maps, (X,7) is a
system of order 2.

]

We have established (1) < (2) and (2) = (3). Since implication (3) = (4) is obvious, we
only have to prove (4) = (2).

For this, we first prove the following lemma:

Lemma 4.3.7. Let m: X — Y be an isometric extension between the minimal distal systems
(X,Tx) and (Y, Ty). Then, there exists a minimal distal system (W, Tyw) which is a group
extension of X and a group extension of Y. If E(X,Tx) is d-step nilpotent then E(W, Ty )

1s also d-step nilpotent.

Proof. Fix yo € Y and let Fy = 7 !(yo). Define
7 = {(y,h):y €Y, helsom(Fy, 7 *(y))}

It is compact metrizable space and we can define 77 : Z — 7 as T5(y,9) = (Iy(y), Tx o h).
We remark that (Z, T;) is a distal system and we can see E(Z, T;) as a subset of E(Y,Ty) x
E(X,Tx). It follows that E(Z, T';) is d-step nilpotent.

Let H denote the compact group of isometries of F;, which are restrictions of elements
of E(X,Tx). We define the action of H on 7 as g(y,h) = (y,hog™') and we define the
maps my (y,h) = y and 7x(y,h) = h(ze) from Z to X and Y. Define W as the orbit of
(0,id) under T and let Ty denote the restriction of 7 to W. Since (Z,T ) is a distal
system, (W, Ty ) is a minimal system and therefore the restrictions of my and wx define
factor maps from (W, Ty ) to (Y,Ty) and (X, Tx). Since (X, Tx) is a distal system we have
that (F(X,Tx),Tx) is a minimal system and we have that {yo} x H C W. We conclude
that (W, Ty ) is an extension of (Y, Ty) by the group H and thus it is an extension of (X, T')
by the group Hy = {h € H : h(xy) = x0}. Since (W, Ty ) is a subsystem of (Z,Tg), we also
have that E(W, Ty) is d-step nilpotent. The lemma is proved. ]

Now we prove the implication (4) = (2).

Proof of implication (4) = (2). Let (X,T) be system with a 2-step nilpotent enveloping
semigroup and let 7 : X — Y be an isometric extension of the equicontinuous system (Y, 7).

By Lemma 4.3.7 we can find (W, T') which is an extension of (Y,T') by a group H and such
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that E(W,T) is a 2-step nilpotent group. By Lemma 4.2.1, for v € Ey(W,T) and w € W
we have that uw and w have the same projection on Y and therefore there exists h,, € H
such that uw = h,w. Since u and h,, are automorphisms of the minimal system (W, T'), they
are equal. Thus we have that Ey(W,T) is a subgroup of H and therefore Ey*(W,T) is just
the closure (pointwise or uniform) of Ey(W,T). We conclude that E5°®(W,T) is included in
H and therefore is central in E(W,T). Since (X, T) is a factor of (W, T), E;*®(X,T) is also
central in £(X,T'). This finishes the proof. ]

4.4. Some further comments

We finish with some remarks about the structure of systems having topologically nilpotent
enveloping semigroups.

Let (X, T) be a topological dynamical system and let d > 2. Suppose that E(X,T) is
a d-step topologically nilpotent group. By Corollary 4.3.3 EZOP(X ,T) is a compact group of
automorphisms of (X,T) and thus we can build the quotient Xy 1 = X\EyP(X,T).

Lemma 4.4.1. X, 1 has a (d — 1)-step topologically nilpotent enveloping semigroup. More-
over it is the mazimal factor of X with this property and consequently (X4_1,T) is an exten-
sion of (Zu1(X),T)

Proof. Denote by m: X — X,_; the quotient map. If u € EyP(X,T), by definition we
have that m(z) = 7(ur) = 7*(u)n(x) and thus 7*(u) is trivial. Since 7 (E,®(X,T)) =
EYP(X4-1,T) we have that E®(Xy4_1,T) is trivial.

Let (Z,T) be a topological dynamical system with a (d — 1)-step topologically nilpotent
enveloping semigroup and let ¢ : X — Z be a factor map. Since ¢*(ESP(X,T)) = e, for
u € EYP(X,T) we have that ¢(uz) = ¢*(u)¢(x) = ¢(x) and therefore ¢ can be factorized
through Xy ;.

As Z; 1(X) has a (d—1)-step enveloping semigroup, we have that (X,_1,7T) is an extension
of (Zar(X),T). O

Iteratively applying Lemma 4.4.1, we construct a sequence of factors X, for j < d—1 with
the property that X is an extension of Z;(X) and is an extension of X;_; by the compact
abelian group E;Op (X;, 7).

By Theorem 4.1.2, the factors X, and Z5(X) coincide and we obtain the following com-

mutative diagram:

(X’T) (Xd—1>T)*>"'H(X37T)

i | L

(Za(X), T) == (Za1(X), T) —> -+ — (2£3(X), T) — (%(X), T) — (Z1(X, T)
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We conjecture that the factor X; and Z;(X) also coincide for j > 2.
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CHAPTER 5
Automorphism groups of low

complexity symbolic systems

This chapter is mostly based on the article On automorphism groups of low complexity
minimal subshifts [36], joint work with Fabien Durand, Alejandro Maass and Samuel Petite,
accepted for publication in the journal Ergodic Theory and Dynamical Systems. We study
the automorphism group Aut(X, o) of a minimal subshift (X, o) of low word complexity. In
particular, we prove that Aut(X, o) is virtually Z for aperiodic minimal subshifts with affine
complexity on a subsequence, more precisely, the quotient of this group by the one generated
by the shift map is a finite group. In addition, we provide examples to show that any finite
group can be obtained in this way. The class considered includes minimal substitutions, lin-
early recurrent subshifts and even some minimal subshifts with polynomial complexity. In
the case of polynomial complexity, first we prove that for minimal subshifts with polynomial
recurrence any finitely generated subgroup of Aut(X, o) is virtually nilpotent. Then, we de-
scribe a variety of examples where we illustrate how to apply the methods we propose in this
work to study automorphism groups. Some of the examples have polynomial complexity and
are obtained by coding some nilrotations. Another ones are subshifts with subaffine complex-
ity on a subsequence, but with a superpolynomial complexity. In all these examples we get a
virtually Z, group of automorphisms. The main technique in this work relies on the study of
classical relations among points used in topological dynamics, in particular asymptotic pairs.

In the last section we present a section of the article presented in Chapter 2, where we
use the Qg cubes to study the group of automorphisms of the minimal part of the Robinson

tiling.

5.1. Introduction

We recall that an automorphism of a topological dynamical system (X, T"), where T': X —
X is a homeomorphism of the compact metric space X, is a homeomorphism from X to
itself which commutes with 7. We call Aut(X,T’) the group of automorphisms of (X, T).
There is a similar definition for measurable automorphisms when we consider an invariant

measure p for the system (X,7T) or a general measure preserving system. The group of
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measurable automorphisms is historically denoted by C(T') that stands for the centralizer
group of (X, u, T).

The study of automorphism groups is a classical and widely considered subject in ergodic
theory. The group C(T') has been intensively studied for mixing systems of finite rank.
We refer to [43] for an interesting survey. Let us mention some key theorems. Ornstein
proved in [94] that a mixing rank one dynamical system (X, 4, T') has a trivial (measurable)
automorphism group: it consists of powers of T'. Later, del Junco [31] showed that the famous
weakly mixing (but not mixing) rank one Chacon subshift also shares this property. Finally,
for mixing systems of finite rank King and Thouvenot proved in [79] that C(7T") is virtually
Z. That is, its quotient by the subgroup (T') generated by T is a finite group.

In the non weakly mixing case, Host and Parreau [74] proved, for a family of constant
length substitution subshifts, that C'(o) is also virtually Z and equals to Aut(X, o), where o
is the shift map. Concomitantly, Lemanczyk and Mentzen [84] realized any finite group as
the quotient of C'(¢) by (o) with constant length substitution subshifts.

Priorly to these results, in the topological setting Hedlund in [61] described the auto-
morphism groups for a family of binary substitutions including the Thue-Morse subshift.
Precisely, he proved that Aut(X, o) is generated by the shift and a flip map (a map which
interchanges the letters). In the positive entropy situation, Boyle, Lind and Rudolph [17]
obtained that the group of automorphisms of mixing subshifts of finite type contains various
subgroups, so this group is large in relation to previous examples.

In this work we focus on the group of automorphisms Aut(X, o) of minimal subshifts of
subaffine complexity and, more generally, on zero entropy subshifts without assuming any
mixing condition. All evidence described before in the measurable and topological context
shows that we must expect that low complezity systems have a simple automorphism group.
This is one of the main questions we want to address in this paper. Here, by complexity
we mean the increasing function px: N — N that for n € N counts the number of words of
length n appearing in points of the subshift.

Recently Salo and Térmaé in [107] proved that for subshifts generated by constant length
or primitive Pisot substitutions the group of automorphisms is virtually Z. This generalizes
a result of Coven for constant length substitutions on two letters [28]. In [107] is asked
whether the same result holds for any primitive substitution or more generally for linearly
recurrent subshifts. In this paper we answer positively this question, proving the following

more general theorem whose proof is given in Section 5.3.

Theorem 5.1.1. Let (X, 0) be an aperiodic minimal subshift. If

lim inf px(n)
neN n

< 00

then Aut(X, o) is virtually 7Z.
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The class of systems satisfying the condition of Theorem 5.1.1 includes primitive substi-
tutions, linearly recurrent subshifts [39] and more generally subaffine complexity subshifts or
even some families with polynomial complexity (see Section 5.4). In addition, we illustrate
this by realizing any finite group as the quotient group Aut(X,o)/(o), where (X, o) is a sub-
stitutive subshift. We observe that this result can be obtained combining the main results of
[74] and [84] but we prefer to present here a different and straightforward proof.

Extending Theorem 5.1.1 for subshifts of polynomial complexity seems to be more intrigu-
ing. Nevertheless, several classes of examples still show that Aut(X, o) has small growth rate.
Indeed, in Sections 5.3 and 5.4 we give classes of minimal subshifts with polynomial com-
plexity where Aut(X, o) is virtually nilpotent (Theorem 5.3.8) and in most cases the finite
group is abelian. Also, very recently, Cyr and Kra [29] proved the fact that for transitive
subshifts with subquadratic complexity Aut(X,o)/(o) is periodic, meaning that any element
in this group has finite order.

Their proof translates the question into a coloring problem of Z? and uses a deep combina-
torial result of Quas and Zamboni [101]. Our results arise from obstructions related to some
classical and some less classical equivalence relations associated to fibers of special topologi-
cal factors. This idea was already used by Olli in [93] to prove that Aut(X, o) of Sturmian
subshifts consists only in powers of the shift by studying the irrational rotation defining the
subshift. Here, we consider the maximal nilfactor ([70],[110]) of a minimal subshift to find a
class of examples with arbitrarily big polynomial complexity whose group of automorphisms

is virtually Z.

5.2. Preliminaries, notation and background

5.2.1. Topological dynamical systems

Let (X, T) be a topological dynamical system. We say that x,y € X are prozximal if there
exists a sequence (n;);en in Z such that
ZEinood(T x, T"y) = 0.
A stronger condition than proximality is asymptoticity. Two points z,y € X are said to be
asymptotic if
lim d(T"z,T"y) = 0.

n—-+o0o
Nontrivial asymptotic pairs may not exist in an arbitrary topological dynamical system but
it is well known that a nonempty aperiodic subshift always admits one [7].
Let m: (Y,T) — (X,T) be a factor map. We say that (Y,T') is a proximal extension
of (X,T) if for y,y’ € Y the condition n(y) = 7(y’') implies that y,y" are proximal. For
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minimal systems, (Y,7) is an almost one-to-one extension of (X,T') via the factor map
7 (Y,T) — (X, T) if there exists x € X with a unique preimage for the map . The relation

between these two notions is given by the following folklore lemma.

Lemma 5.2.1. Let (Y,T) be an almost one-to-one extension of (X,T) via the factor map
7. (Y,T)— (X,T). Then, (Y,T) is a prozimal extension of (X, T).

Proof. Let 2y € X be a point with a unique preimage by 7 and consider points y,y’ € Y such
that 7(y) = 7(y'). By minimality of (X, T"), there exists a sequence (n;);en in Z such that
T" (n(y)) (= T™ (7w (y'))) converges to xq as i goes to infinity. By continuity of 7 and since T
commutes with 7, the sequences (T"y);en and (T"y');en converge to the same unique point

in the preimage of xy by w. This shows that points y and ¢y’ are proximal. O

We recall that an automorphism of the topological dynamical system (X, T') is a homeo-
morphism ¢ of the space X such that ¢ oT =T o ¢. We let Aut(X,T") denote the group of
automorphisms of (X, T"). We have,

Lemma 5.2.2. Let (X,T) be a minimal topological dynamical system. Then, the action of
Aut(X,T) on X is free, meaning that every nontrivial element in Aut(X,T) has no fized

points.

Proof. Take ¢ € Aut(X,T) and = € X such that ¢(z) = z. Since ¢ commutes with 7" and
is continuous, by minimality we deduce that ¢(y) = y for all y € X. Thus ¢ is the identity
map. ]

Lemma 5.2.3. Let (X,T) be a minimal topological dynamical system. Let x € X and
¢ € Aut(X,T). Then x and ¢(x) are proximal if and only if ¢ is the identity map.

Proof. We prove the nontrivial direction. Let z € X and ¢ € Aut(X,T) such that x and
¢(z) are proximal points. By definition, there exists a sequence (n;);ey in Z such that
lim; o d(T™x, T ¢(x)) = 0. We can assume that 7" x converges to some y € X. Therefore
d(y,¢(y)) = 0. By Lemma 5.2.2 ¢ is the identity map. O

Let 7: (Y, T) — (X, T) be a factor map between the minimal systems (Y, T') and (X, T),
and let ¢ be an automorphism of (Y, 7). We say that 7 is compatible with ¢ if 7(y) = 7(v')
implies 7(p(y)) = w(P(y')) for all y,y € Y. We say that 7 is compatible with Aut(Y,T) if =
is compatible with all ¢ € Aut(Y,T).

If the factor map 7: (Y,T) — (X,T) is compatible with Aut(Y,7") we can define the
projection 7(¢) € Aut(X,T) by the equation 7(¢)(7(y)) = 7(é(y)) for all y € Y. We have
that 7: Aut(Y,T) — Aut(X,T) is a group morphism.

Notice that 7 might not be onto or injective. Indeed, for an irrational rotation of the

circle, the group of automorphisms is the whole circle but for its Sturmian extension the
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group of automorphisms is Z [93]. We will show in Lemma 5.2.10 that this factor map is
compatible, hence 7 is well defined but is not onto. On the other hand, the map 7 associated
to the projection on the trivial system cannot be injective.

In the case of proximal extension between minimal systems we have.

Lemma 5.2.4. Letm: (Y,T) — (X, T) be a proximal extension between minimal systems and
suppose that  is compatible with Aut(Y,T). Then 7: Aut(Y,T) — Aut(X,T) is injective.

Proof. 1t suffices to prove that 7(¢) = idx, where idy is the identity map on X, implies
that ¢ = idy. Let ¢ be an automorphism with 7(¢) = idx. For y € Y we have that
m(p(y)) = 7(¢)m(y) = m(y). Since 7 is proximal, then y and ¢(y) are proximal points. From
Lemma 5.2.3 we conclude that ¢ is the identity map. O

5.2.2. Subshifts

Let A be a finite set or alphabet. Elements in A are called letters or symbols. The set
of finite sequences or words of length £ € N in A is denoted by A’ and the set of twosided
sequences (,)nez in A is denoted by AZ. Also, a word w = w; ... w, € A’ can be seen as
an element of the free monoid A* endowed with the operation of concatenation. The length
of w is denoted by |w| = ¢.

The shift map o: A2 — AZ is defined by o((%p)nez) = (Tni1)nez. To simplify notations
we denote the shift map by ¢ independently of the alphabet, the alphabet will be clear from
the context.

A subshift is a topological dynamical system (X, o) where X is a closed o-invariant subset
of A% (we consider the product topology in A%). For convenience, when we state general
results about topological dynamical systems we use the notation (X, T'), and to state specific
results about subshifts we use (X, o).

Let (X, o) be a subshift. The language of (X, o) is the set L£(X) containing all words w
such that w =z, . .. Typ1e—1 for some (2,)nez € X, m € Z and ¢ € N. We say that w appears
in the sequence (z,,)nez € X. We denote by £,(X) the set of words of length ¢ in £(X). The
map px: N — N defined by px(¢) = ££,(X) is called the complezity function of (X, o).

In the proof of Theorem 5.1.1 we will need the following well-known notion that is inti-
mately related to the concept of asymptotic pairs. A word w € £(X) is said to be left special
if there exist at least two distinct letters a and b such that aw and bw belong to £(X). In
the same way we define right special words.

Let ¢: (X,0) — (Y,0) be a factor map between subshifts. By the Curtis-Hedlund-
Lyndon Theorem, ¢ is determined by a local map ¢: AZ*T1 — A in such way that ¢(z), =
(;g(xn,r e ... Tpyy) foralln € Z and x € X, where r € N is called a radius of ¢. The local

map ngS naturally extends to the set of words of length at least 2r + 1, and we also denote this

map by ngS
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5.2.3. Equicontinuous systems

We recall that a topological dynamical system (X, T) is equicontinuous if the family of
transformations {T™;n € Z} is equicontinuous. Let (X,7T") be an equicontinuous minimal
system. It is well-known that the closure of the group (7') in the set of homeomorphisms of
X for the uniform topology is a compact abelian group acting transitively on X (see [7]).

When X is a Cantor set, the dynamical system (X, T) is called an odometer. In this case
one shows that X is a profinite group. More precisely, there exists a nested sequence of finite
index subgroups ... C I',,; C I';, C --- C 'y C Z with trivial intersection such that X is

isomorphic to the inverse limit
1<i_rTrL1(Z/Fn,7rn) ={(Tn)nen; Tn € Z)Ty, x = mp(xps1) Y > 0},

where 7,: Z/T,+1 — Z/T,, denotes the canonical projection. The addition in this group is
given by
(xn)nGN + (yn)nEN = (xn +n yn)nGN

for (zn)nens (Yn)nen € lime,(Z/T,, m,), where +, stands for the addition in Z/T",,. The
group Z is a dense subgroup through the injection i: k — (kK mod I',),en. The action T
is then given by the addition by (1) in the group X. It is a minimal and uniquely ergodic

action on X.

5.2.4. Nilsystems

The class of nilsystems will allow us to compute the automorphism group of some inter-

esting subshifts of polynomial complexity of arbitrary degree.

5.2.5. Automorphism group of d-step nilsystems

In this section we prove that the automorphism group of a proximal extension of a system
of order d (and thus of a d-step nilsystem) is d-step nilpotent. This will be used later in the
chapter to construct subshifts of polynomial complexity whose automorphism groups behave
like subaffine complexity subshifts. Before we need some preliminary lemmas.

Let m: (Y,T) — (X,T) be a factor map between minimal systems. For d > 1 recall
that mq: Y — Z4(Y) and 74: X — Z4(X) are the quotient maps induced by the regionally
proximal relations of order d in each system. Since (Z4(Y),T) is the maximal d-step nilfactor
of (Y,T) and (Z4(X),T) is a system of order d and a factor of (Y, T), then by Theorem 1.3.5
there exists a unique factor map pq: (Z4(Y),T) — (Z4(X),T).

Lemma 5.2.5. Let w: (Y,T) — (X, T) be an almost one-to-one extension between minimal

systems. Then, for any integer d > 1 the canonical induced factor map pq : (Zq(Y),T) —
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(Z4(X),T) is a topological conjugacy (or the maximal d-step nilfactors of (Y,T) and (X,T)

coincide).

Proof. Let my: Y — Zy(Y) and 74: X — Z4(X) denote the quotient maps as above. First
we prove that ¢4 : (Z4(Y),T) — (Z4(X),T) is an almost one-to-one extension.

Let y € Y be such that 7~ {n(y)} = {y}. We claim that ¢, {pa(re(y))} = {ma(y)}.
Let ¢ € Y be such that ¢4(ma(y)) = wa(ma(y’)). Then 74(7(y)) = 7Ta(m(y')) and thus
(7(y), 7(y")) € RPY(X). By Theorem 1.3.5, there exists a sequence (7;);ey in Z** such
that T"w(y') converges to 7(y) for every e € {0,1}4+1\ {(0,...,0)}. Taking a subsequence
we can assume that 77y converges to y, the unique point in 7 H{r(y)}, for every € €
{0,134\ {(0,...,0)}. Then, by Theorem 1.3.5, we deduce that (y,3') € RP“(Y). This
implies that 74(y) = m4(y’) and then ¢, is an almost one-to-one extension.

Finally, by Lemma 5.2.1, 7y is a proximal extension. But (Z;(Y"),T) is a distal system,

so there are no proximal pairs. We conclude that ¢, must be a topological conjugacy. O
We deduce that,

Corollary 5.2.6. Letw: (Y, T) — (X, T) be an almost one-to-one extension between minimal
systems. If (X, T) is a system of order d, then it is the mazimal d-step nilfactor of (Y, T).

For instance, since any Sturmian subshift is an almost one-to-one extension of a rotation
on the circle [39], this rotation is its maximal 1-step nilsystem or more classically its maxi-
mal equicontinuous factor. Similarly, Toeplitz subshifts are the symbolic almost one-to-one
extensions of odometers [37]. These odometers are hence their maximal 1-step nilsystems.

The next result is a characterization of the group of automorphisms of an equicontinuous

system. In particular, we get that it is abelian.

Lemma 5.2.7. Let (X,T) be an equicontinuous minimal system. Then Aut(X,T) is the
closure of the group (T) in the set of homeomorphisms of X for the topology of uniform

convergence. Moreover, Aut(X,T) is homeomorphic to X.

Proof. Let G denote the closure in the set of homeomorphisms of X of the group (T) for the
topology of uniform convergence. Clearly G C Aut(X, 7). Moreover, by Ascoli’s Theorem it
is a compact abelian group.

Now we prove that Aut(X,7) C G. Consider a point x € X and an automorphism ¢ €
Aut(X,T). By minimality, there exists a sequence of integers (n;);eny such that (T"z);en
converges to ¢(x). Taking a subsequence we can assume that the sequence of maps (7" );en
converges uniformly to a homeomorphism ¢ in G. Combining both previous facts we get
that ¢(z) = g(z) and thus g=' o ¢(x) = x. Since g7' 0 ¢ € Aut(X,T), by Lemma 5.2.2 we
conclude that ¢ = ¢g and consequently ¢ € G.
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To finish remark that Lemma 5.2.2 ensures that the map from G to X sending g € G
to g(z) € X is a homeomorphism onto its image Y C X. Since Y is T invariant and 7T is
minimal we get that Y = X. This proves that Aut(X,7T) is homeomorphic to X. O

We generalise previous result for systems of order d for any d € N.

Theorem 5.2.8. Let (X, T) be a system of order d. Then, its automorphism group Aut(X,T)

s a d-step nilpotent group.

To prove this theorem, we need to introduce some notation. Given a function ¢: X — X,

for k =1,...,d we define the k-face transformation associated to ¢ as

For example, for d = 2 the face transformations associated to ¢: X — X are ¢/Z! = id x ¢ x
id x ¢ and ¢!?? = id x id x ¢ x ¢. When ¢ = T, the transformations Tl T2 Tldd gre
called the face transformations. We let F,; denote the group spanned by the face transforma-
tions. We remark that Q4 (X) is invariant under F,; and under the diagonal transformation
T xT---xT (2% times). We denote by G; the group spanned by F; and the diagonal
transformation.

We relate cube structures and automorphisms with the following lemma.

Lemma 5.2.9. Let (X, T) be a minimal topological dynamical system and let ¢ € Aut(X,T).

Then for every d € N, any face transformation ¢\%* k =1,....d, leaves invariant Q4 (X).

Proof. Let x € Q(X) and k € {1,...,d}. By definition of Q4 (X), we can find € X and
a sequence (g;)ien in Gy such that g;z/¥ — x. We remark that by minimality of (X, T), there
exists a sequence (n;);en in Z such that T™z — ¢(x). Therefore (TUF)m (gld) — pldk(gld)
and thus ¢k (zld) ¢ Qd( ). Since ¢ commutes with 7" we have that ¢[* commutes
with G4 and thus ¢[@*g;(214) = gk (zl4) ¢ QI(X). Taking the limit we conclude that
¢l1*x € QU (X) and then ¢4+ leaves invariant QI (X). O

Proof of Theorem 5.2.8. Let ¢1,...,¢pq11 € Aut(X, T). Using Lemma 5.2.9 we have that

¢£d+1]’i leaves invariant QU (X) for every i = .,d + 1. Therefore, their iterated
commutator [--- | [+t [2d+1]’2], e [d+1] 4, qﬁt[id:f d+1] also leaves invariant QI (X). Let
= [ [¢1,P2], -+, da], Par1] be the 1terated commutator of ¢1,...,¢gr1. A simple compu-

tation shows that

[ [l gl L glarild) Gl g sid . xid x b
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Therefore, we have that id x id-- - x id x h(2¥) = (z,2,..., 2, hz) € Q¥T(X) for every
x € X. By Theorem 1.3.5 we get that hx = x for every x € X. We conclude that h is the

identity automorphism. O

On the other hand, by definition of the regionally proximal relation of order d and the

continuity of an automorphism we have that,

Lemma 5.2.10. Let (X, T) be a minimal topological dynamical system. Let ¢ € Aut(X,T).
Then (z,y) € RPY(X) if and only if (¢(x), ¢(y)) € RPW(X). Consequently, the projection
g X = Zg(X) from X to its mazimal d-step nilfactor is compatible with Aut(X,T).

Combining Theorem 5.2.8, Lemma 5.2.10 and Lemma 5.2.4 we get,

Corollary 5.2.11. Let (X, T) be a prozimal extension of a minimal system of order d. Then,
Aut(X,T) is a d-step nilpotent group.

Since Sturmian and Toeplitz subshifts are almost one-to-one extensions of their maximal
equicontinuous factors, they are also proximal extensions (Lemma 5.2.1). We obtain as a
corollary that their automorphism groups are abelian. More precisely, Lemma 5.2.10 and
Lemma 5.2.4 imply that their automorphism groups are subgroups of the automorphism
group of their maximal equicontinuous factors, characterized in Lemma 5.2.7. In addition,
it is not difficult to construct minimal symbolic almost one-to-one extensions of d-step nil-
systems by considering codings on well chosen partitions. An example will be developed in
Section 5.4.

5.3. On the automorphisms of subshifts with polyno-

mial complexity

In this section we prove the main results of this paper. We start by proving Theorem
5.1.1 and in a second part we give new proofs of byproduct results from [74, 84]. Namely, a
characterization of the automorphisms of bijective constant length substitutions and the real-
ization of any finite group as the quotient Aut(X,7T")/(T). We end this section by presenting
a tentative generalization of Theorem 5.1.1 to polynomial complexity by using a result on
the growth rate of groups.

For the sequel, we recall that a group G satisfies virtually a property P (e.g., nilpotent,
solvable, isomorphic to a given group, ...) if there is a finite index subgroup H C G satisfying

the property P.
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5.3.1. Proof of Theorem 5.1.1

Let (X,T) be a topological dynamical system. It is clear from the definition that for
any proximal (asymptotic) pair (z,y) € X x X and for any ¢ € Aut(X,T) we have that
(¢(x),P(y)) is a proximal (asymptotic) pair. We say that the asymptotic pairs (z,y) and
(', ') belong to the same class if they are in the same orbit, meaning that there exists n € Z
such that (2/,y") = (T"x, T™y). A class of asymptotic pairs is a (non closed) 7" x T-invariant
subset of X x X. We denote by [(x,y)] the class of the asymptotic pair (z,y). We say that
two classes [(z,y)], [(«',y')] are equivalent if there is an asymptotic pair (z},v)) € [(z/, )]
such that x = 2 or x and x| are asymptotic. This defines an equivalence relation and any
class is called an asymptotic component. We denote by AS|,,) the asymptotic component
of the class [(z,y)] and by AS the collection of asymptotic components.

It is also plain to check for ¢ € Aut(X,T’) and two equivalent asymptotic classes [(z,y)]
and [(2',y)], that classes [(¢(x), d(y))] and [(¢(2'), p(y'))] are also equivalent. So the au-
tomorphism ¢ induces a permutation j(¢) on the collection AS of asymptotic components
of (X,T). By denoting PerAS the set of such permutations, formally we have the group

morphism

jrAut(X,T) — PerAS (5.3.1)
¢ (ASuy = AS[6w.ew) )

In the case of subshifts, the following lemma is a key observation which relates the com-

plexity of the subshift with asymptotic classes. The proof relies in classical ideas from [102].

Lemma 5.3.1. Let (X,0) be a subshift. If (X,o0) has a sublinear complexity, then there is

a finite number of asymptotic classes. More generally, if the complezity px(n) satisfies

lim inf 223 (n)
n—-+0o00 n

< 400,

then there is a finite number of asymptotic classes.

In particular, this lemma provides a sufficient condition to bound the number of asymp-

totic components.

Proof. For the first statement see [102] Lemma V. 22. For the second claim we proceed as
follows. The hypothesis implies the existence of a constant x and an increasing sequence
(n;)ien in N such that px(n; + 1) — px(n;) < k. Indeed, if not, for any A > 0 and for any
integer n large enough we have px(n + 1) — px(n) > A. It follows that px(n) — px(m) =

Sl px(i+ 1) — px(i) > (n — m)A for any n > m enough large. From here we get that
px(n)

liminf, > A which is a contradiction since A is arbitrary.
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Hence, the number of left special words of length n; (see Section 5.2.2 for the definition)
is bounded by k. Any asymptotic pair defines a sequence with arbitrarily long special words,

so there are at most x asymptotic classes. O]

A second main ingredient for proving Theorem 5.1.1 is the following direct corollary of
Lemma 5.2.3. We recall that an asymptotic pair is proximal and that the map j used in the

following corollary has been defined in (5.3.1).

Corollary 5.3.2. Let (X,T) be a minimal topological dynamical system with at least one

asymptotic pair. We have the following exact sequence

1 (T) -4+ Aut(X,T) —~ PerAS,

where PerAS denotes the set of permutations on the collection of asymptotic components of
(X, T). Moreover, for any automorphism ¢, the permutation j(¢) has a fized point if and
only if ¢ is a power of T.

As a byproduct of this result and Lemma 5.3.1 we get Theorem 5.1.1 that we recall and

extend here.

Theorem. Let (X,0) be a minimal aperiodic subshift with lim Jinf px(n)
n 0 n

< 400. Then,
1. Aut(X, o) is virtually isomorphic to Z.

2. The quotient group Aut(X,o)/(o) is isomorphic to a finite subgroup of permutations
without fized points. In particular, §Aut(X,0)/{(o) divides the number of asymptotic

components.

Proof. Only the second part of statement (2) is not straightforward from Corollary 5.3.2.
The group Aut(X,o)/(o) acts freely on the finite set of asymptotic component AS: the
stabilizer of any point is trivial. Thus, AS is decomposed into disjoint Aut(X, o)/(o)-orbits,
and any such orbit has the same cardinality as Aut(X,o)/(o). O

Statement (2) of the theorem enables us to perform explicit computations of the automor-
phism group for easy cases. A first example comes from Sturmian subshifts. It is well-known
that this system admits just one asymptotic component, so any automorphism is a power of
the shift map. A bit more general case is when the number of asymptotic components is a
prime p (e.g., 2 for the Thue-Morse subshift), then the group Aut(X,o)/(o) is a subgroup
of Z/pZ: either the trivial one or Z/pZ. In particular, since the Thue-Morse subshift admits
an automorphism which is not the power of the shift map, then the quotient automorphism

group is isomorphic to Z/27Z.
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One could ask whether the automorphism group is computable algorithmically, at least
for substitution subshifts, or explicitly by theoretical arguments for some families of subshifts.
This will be achieved in [41] for substitutive and linearly recurrent subshifts.

Statement (2) is not a real restriction. Given any finite group G, it acts on itself by left
multiplication L,(h) = g - h for g,h € G. The map L, defines then a permutation on the
finite set G without fixed points. So G is a subgroup of elements of the permutation group on
G elements which verifies statement (2) in the theorem. Thus, it is natural to ask whether
we can realize any finite group as Aut(X,T)/(T) or if we can characterize those finite groups.

This is done in the next subsection.

Finally, notice that the complexity condition of Theorem 5.1.1 is compatible with

px(n)

lim sup = 400. In Section 5.4.4 we construct a minimal subshift with subexponential

n—+00
complexity satisfying

lir_rgnpr(n)/n < 400 and limsup px(n)/n? = +oo for every d > 1.
N—100 n—+400

Thus, in this case, the automorphism group is virtually Z by Theorem 5.1.1.

5.3.2. A characterization of Aut(X,o)/(c) for constant length sub-

stitutions

In this section, by using the results of Section 5.3.1, we provide a characterization of the
automorphism group for subshifts given by a constant length substitution 7 : A — A* on
a finite alphabet A. Our characterization follows from the one of asymptotic components.
We deduce then new and direct proofs of two already known results. The first one is due
to Host and Parreau [74] on the characterization of the automorphism group of bijective
constant length substitutions. The second one is a combination of results in [84] and [74],
giving an explicit example of a substitutive minimal subshift (X, o) such that Aut(X,o)/(o)
is isomorphic to an arbitrary finite group GG. Notice that in [84] the authors have a similar
statement but in the measurable setting.

We recall that a substitution 7: A — A* is of constant length ¢ > 0 if any word 7(a)
for the letter a € A is of length ¢. A substitution of constant length is bijective if the
corresponding letters at position i € {0,...,¢ — 1} of all 7(a)’s are pairwise distinct. We
denote by X, the subshift

X, = {r € A% any word of z appears in 7"(a) for some n > 0 and a € A}.

For constant length substitution, it is well known (e.g. see [102]) that the subshift (X,, )

is minimal if and only if the substitution 7 is primitive, that is, for some power p > 0 and
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any letter a € A, the word 7P(a) contains all the letters of the alphabet. Recall that the

substitution 7 is aperiodic if and only if X is infinite.

Lemma 5.3.3. Let 7 be a primitive aperiodic bijective constant length substitution. Let
(2,9) = ((Zn)nez, Wn)nez) € X2 be an asymptotic pair with x, = y, for any n > 0 and
x_y # y_1. Then, there exists an asymptotic pair ((x))nez, (Y. )nez) € X2 with x!, =y, for

anyn >0 and ' | #y' 1, such that

T((x%)neZ) = (Tn)nez and T((yg)neZ) = (Yn)nez.-

Proof. Let ¢ be the length of the substitution 7. By the classical result of Mossé [89, 90]
on recognizability, the substitution 7: X, — 7(X,) is one-to-one. Moreover, the collection
{o*7(X,): k = 0,...,0 — 1} is a clopen partition of X,. So, there are 2/ = (2/)pecz,y’ =
(Y )nez € X, and 0 < ky, k, < £ such that o™ 7(2') = z and o™ 7(y') = y.

We claim that we have k, = k, = 0. Since the sequences z and y are asymptotic, there
are integers n > 0, k' € {0,...,¢ — 1} such that o"(x),0"(y) € ¥ (7(X,)). The substitution

Yo7 = 7 00. Therefore, we get x and y are in the

7 is of constant length ¢, so we have o
same clopen set o*(7(X,)) for some k € {0,...,¢—1}. Let us assume that & > 1. The words
T_1Z0...Tk_1, Y-1Y0 - - - Yp—1 are then prefixes of the words 7(2’_ ;) and 7(y" ;) respectively.
Since the substitution 7 is bijective and xy = yo, we have 2’ ; = 3/ ;. In particular, we get
r_1 =1y_1: a contradiction.

To finish the proof, notice that the substitution 7 is injective on the letters, so we obtain

x, =y forany n > 0and 2’ ; # v ,. =

Lemma 5.3.4. Let 7 be a primitive aperiodic bijective constant length substitution. Then,
there exists an integer p > 0 such that for any asymptotic pair ((Tp)nez, (Yn)nez) € X2 the

one-sided infinite sequences
(Tntno )n>0y Yntno )n>0 are equal for some ng € Z and fized by 7P.

Proof. Shifting the indices if needed by some ¢™, we can assume that for the asymptotic
pair (z,y) = ((n)nez, (Yn)nez) we have x,, = y, for any integer n > 0 and x_; # y_;1. Let
p > 0 be an integer such that for any letter a € A, any word in {77"(a)},>; starts with
the same letter. Hence, the sequence of sequences (7P"(aa - - ))n>o converges to a one-sided
infinite word fixed by 77.

Applying inductively Lemma 5.3.3 to the substitution 77, we get a sequence of asymptotic
pairs ((2@,y));> verifying the conclusions of the lemma and such that 77(z(+V) = 2
P(yitD) = 4@ 20 = g and y© = y. By the definition of p, all sequences (¥ and

also y®, i > 0, share the same letter a at index 0. The conclusion of the lemma follows
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straightforwardly since we assume that 7" (a - - - ) converges to a one-sided infinite word fixed
by 7P. O]

Thanks to this lemma we can obtain another proof of the following result due to Host

and Parreau.

Theorem 5.3.5. [7}] Let T be a primitive bijective constant length substitution. Then,
any automorphism of the subshift X, is the composition of some power of the shift with an

automorphism ¢ of radius 0. Moreover, its local rule ngﬁz A — A satisfies
Top=gor. (5.3.2)

Conversely, notice that a local map satisfying (5.3.2) defines an automorphism of the
subshift. Hence we obtain an algorithm to determine in this case the group of automorphisms

since there is just a finite number of local rules of radius 0.

Proof. Notice first that when X is finite, it is reduced to a finite orbit. Hence any automor-
phism is a power of the shift map by Lemma 5.2.7.

Let us assume now that the substitution 7 is aperiodic and let © = (,)nez, ¥ = (Yn)nez €
X, be two asymptotic sequences. Lemma 5.3.4 provides a power p > 0 such that, shifting
the sequences if needed by some ¢, we can assume that (x,),>0 and (y,)n>o coincide and
are fixed by 77.

Let ¢ be an automorphism of the subshift (X,,o). The pair (¢(x),o(y)) is also an
asymptotic pair. Again, Lemma 5.3.4 ensures that for some integer n; € Z, the sequences
(O(2)ntny Jn>0 and (A(Y)n+n, )n>0 coincide and are also fixed by 77 (observe as stated in Lemma
5.3.4, we can use the same power p for any couple of asymptotic pairs). In the following, we
will consider the automorphism ¢ = 0™ o ¢, thus by definition, the sequence (¢'(z),)n>0 is
also fixed by 77.

Let r and (E’ denote the radius and the local map of ¢’ respectively. Taking a power of 77
if needed, we can assume that the length ¢ of 77 is greater than 2r 4+ 1. Suppose now that
T, = &, for some n,m > 0. We have ¢'(2)psr = qg’(xmg o Tpgor) = le(Tp(xm)[oygr}) =
é’(Tp(xn)[Ogr]) = ¢'(2)ne4r, where for a word u = ug...us—1, Upar stands for the prefix
Ug . .. Uge. Since ¢ ()perr and ¢ (x)meer are the r + 1% letters of the words 77(¢/(x),,) and
TP (¢ (x),m) respectively, and the substitution 7 is bijective, we obtain that ¢'(x), = ¢'(),.

Hence, we can define the local map ¢: A — A by 9(z,) = ¢'(z), for any n > 0. This
provides a shift commuting map : A% — A? such that for any word w in the language
L(X;), we have that ¢(7P(w)) = 7P(¢(w)). Thus (X,) C X,. Since the substitution 7 is
bijective we also get relation (5.3.2). In the same way, using ¢'~! instead of ¢’ we obtain that
v is invertible. By construction, we have that ¢~'¢/(z) is asymptotic to z, so by Lemma
523, =¢' =™ o ¢. O
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A second consequence of Lemma 5.3.4 is the realization of any finite group as the group
Aut(X,0)/(o) for a substitutive subshift of constant length.

Proposition 5.3.6. Given a finite group G, there is a substitutive minimal subshift (X, o)
such that Aut(X, o) /(o) is isomorphic to G.

Proof. The Fibonacci subshift is both a substitutive and a Sturmian subshift, then by pre-
vious discussion the quotient group Aut(X,o)/(c) is trivial. Then, let us assume that the
finite group G is not trivial. We choose an enumeration of its elements G = {go, 91, - .-,
Gp—1} with p > 2 where gy denotes the neutral element.

For an element h € G, we denote by Lj,: G — G the bijection g — hg. We consider the
alphabet G, viewed as a finite set, and define the substitution 7 from the set of letters G into
the set of words G*, by

71 9= Lg(g0)Lg(g1) - -+ Lg(gp-1)-

Since the map L, is a bijection on G, the substitution 7 of constant length is primitive and
bijective. Thus the associated subshift (X, o) is minimal.

Moreover observe that for any letter g € G, the word 7(g) starts by the letter g, so any
sequence (7"(gg -+ ))n>1 converges to a T-invariant infinite word.

We claim that the subshift (X, o) is not periodic, i.e., not reduced to a periodic orbit.
To show this it suffices to give an example of an asymptotic pair. The word ggg; belongs
to the language L£(X,) of the subshift X,. Hence the words 7(go)7(¢1) and its sub-word
gp—101 (which is different from the word gog1) also belong to £(X). It follows for any integer
n > 0 that the words 7"(go).7"(¢1) and 7"(g,—1).7"(g1) are also in the language. Taking a
subsequence if needed, these words converge as n goes to infinity to two sequences x and
y € X, that are, by construction, asymptotic.

Given an element g € G we extend the definition of the map L, to G* by defining for a
word w = hy ... hy, Lg(w) := Ly(hy) ... Ly(hy,). By concatenation, it defines a left continuous

G-action on G%. It is important to note that we have the relation for any ¢, h € G
Ly(7(h)) = 7(Lg(h)). (5.3.3)

Hence any map L, preserves the subshift X, and we have a left action of G on X;. It is plain
to check that L: g — L, defines an injection of G into Aut(X,, o). Actually, we claim that

we have a converse which allows to finish the proof.

Lemma 5.3.7. For the subshift X, defined above the map

0:ZxG — Aut(X,, 0)

(n,g) — o"olL,
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s a group isomorphism.

Proof of Lemma 5.53.7. To show the injectivity of the map ¢ let us assume there are g € G
and an integer k such that L,(z) = o%(x) for any z € X. Necessarily k = 0, otherwise the

infinite sequence Lg(limn_>+oo (g7 tgt -

: )), which is equal to lim,, 7"(gogo - - - ) by formula
(5.3.3), is ultimately periodic. This is impossible since the subshift X, is not periodic. The
injectivity of the map L implies finally that the map ¢ is injective.

To show it is also onto, it is enough to prove that any automorphism ¢ € Aut(X,, o)
may be written as a power of the shift composed with a map of the kind L,. Let (x,y) be
an asymptotic pair. By Lemma 5.3.4 up to shift z, y and compose ¢ with a power of the
shift map, there exist g1, g2 € G such that the sequences x,y are positively asymptotic to
lim,, s 400 7"(91), and ¢(x), ¢(y) are positively asymptotic to lim, o 7"(g2g2 - - - ). It follows
from (5.3.3) that the points = and Ly g1y © ¢(z) are asymptotic. So, by Lemma 5.2.3 the

maps ¢ and (Lgl(g;))_1 = Ly, (41 coincide. O

O

5.3.3. Recurrence and growth rate of groups

We try to extend Theorem 5.1.1 to subshifts with higher complexity. For this, we need to
introduce a stronger condition. We define, for a topologically transitive subshift (X, o) and

an integer n > 1, a local recurrence time:
Nx(n) := inf{|w|; w € L(X) contains any word of X of length n}.

Clearly, this value is well defined and satisfies Nx(n) > px(n) + n. For instance, it is well-
Nx (n)

known that any primitive substitutive subshift is linearly repetitive meaning that sup,,~;

< +00. We obtain the following result.

Theorem 5.3.8. Let (X,0) be a transitive subshift such that sup,,>, N;jfl”) < 400 for some
d > 1. Then, there is a constant C' depending only on d, such that any finitely generated
subgroup of Aut(X, o) is virtually nilpotent of step at most C.

Proof. Let S = (¢1,...,¢s) C Aut(X,0) be a finitely generated group. Let r be an upper
bound of the radii of the local maps associated to all generators ¢; of S and their inverses.

For n € N consider
Bn(S):{d)fll--wf;”;l <m<n, iy, i, €41,000,0), S1,.00,8m € {1, —1}} .

Let w be a word of length Nx(2nr 4+ 1) containing any word of length (2nr + 1) of X.
If ¢,¢" € B,(S) are different then ¢(w) # ¢'(w). Then, B,(S) can be injected into the set
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of words of length Nx(2nr + 1) — 2r (the injection is just the valuation of ¢ on w). This
implies that £B,(S) < px(Nx(2nr 4+ 1) — 2r). We deduce from the hypothesis on Nx that
tB,(S) < n®+1 for all large enough integers n € N. Therefore, by the quantitative result of
Shalom and Tao in [109] generalizing Gromov’s classical result on the growth rate of groups,

we get the conclusion. O]

Notice that the constant C' may be given explicitly in the result of [109]. It is clear
that a subshift of polynomial local recurrence complexity has a polynomial complexity. The
converse is not clear, but an additional possible condition is that the subshift has bounded
repetitions of words. The natural question here is whether the automorphism group of a
minimal subshift of polynomial local recurrence complexity, or just polynomial complexity,

is finitely generated.

5.4. Gallery of examples

We present here examples of subshifts with various complexities. The first two examples
are substitutive subshifts with superlinear complexity. Even if we can not apply straightfor-
wardly the main results of the paper (e.g., the substitutions are not primitive), we study their
asymptotic components to prove their automorphism groups are isomorphic to Z. Next, we
define a coding of a nil-translation with a polynomial complexity of arbitrary high degree but
having an automorphism group which is virtually Z. To enlarge the zoology of automorphism
groups we provide a subshift whose automorphism group is isomorphic to Z¢. We end with
a subshift whose complexity is, for infinitely many integers, subaffine and superpolynomial.

Theorem 5.1.1 applies in this case.

5.4.1. Substitutions with superlinear complexity

Recall that substitutive subshifts have a prescribed complexity: with growth bounded or
equivalent to n, nloglogn, nlogn, or to n? (see [95]). Below we give two examples having a
unique asymptotic component. This is enough to conclude that their automorphism groups

are isomorphic to Z.

A nloglogn complexity substitutive subshift
Let A = {a, b} and consider the substitution 7;: A — A* defined by
71(a) = aba and 71(b) = bb.
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We set
X,, = {z € {a,b}*; any word of z appears in some 7'(c),n > 0,c € {a,b}}.

It can be checked that (X,,,0) is a non minimal transitive subshift. Moreover, it is proven

in [18] that its complexity is equivalent to nlog, log, n.

In the sequel we need some specific notations. For a sequence x € {a,b}” we set x~ =
oo x_or_q, v = xory - and x = 2~ .2, Let b7 = bbbbb... € AN and b~ = ...bbbbb €
AZ<0_ where Z. is the set of negative integers. Thus the sequence x = ...bb.bb. .. € {a,b}”
can be written b=°°.b7>°. In the same spirit we put 7,7 >(c) for lim,,_, 1o 7'(cc...), when it

exists in {a, b}, and, 77 *(c) for lim,, ;o 77(- - - cc), when it exists in {a, b}%<°.

Let us ckeck (X,,,0) has a unique asymptotic component. We show that asymptotic
points should end with b+,

Let (x,y) be an asymptotic pair. We can suppose, shifting if needed, that

r=x"ax" =-- -x:4x:3w:2a.x(’;xfx; e
— bt — — b ottt
y=y b’ =y y gy obagayzy -

Observe that xj = b because aa does not belong to £(X, ):

T =-x 2w abrafad -
_ — i i + ot
y — y_4y_3y_2bb.’ll'1 1’2 [L‘3 DR

Suppose 7 = a. Then, we should have 23 z3 = bb because aba is necessarily followed by bb.

Thus, bbabb should appear in some element of # which is not the case. Therefore z{ = b:

_ i + ot ot
T =TT _ax_qa.bbryxaxy - -
_ — + 4t
Y=Y gy _sy_ob.bbryrgxy - -

Suppose 7 begins with v*"*la for some n > 1. Then, abab**'aba should belong to the
language of X,,. But it should appear in some 7;(u) and then we must have abab®"™aba =
71 (ava) for some word v € L(X,,), hence b***1 = 7/(v), which is not possible. Thus, z*

begins with b?"a for some n > 1 or it is equal to b™>°. Suppose we are in the first situation:

— - 2n +
r=—---x_saba.babary, 5

Yy=-- ~y:4y:3y:2b.bznabax2+n+3 ER
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It can be checked that 7 is one-to-one on X, . Consequently, there are two unique sequences
W = 2090 p"abazr) and y =y Ibb"abaz (5.4.1)
belonging to X, such that
z =7 (z%a).7("abaz™) and y = 7 (y*b).7 (" abaz ).

Thus, (z™),y™M) is also an asymptotic pair. From the observation made before, n should be
even and we can obtain a new asymptotic pair (z(?),y®)) having the shape given by (5.4.1).
Of course n is decreasing at each step and we can continue until n = 1: we get an asymptotic
pair (), 5*)) such that

k)

z® = ... q.baba---

y(k) — ...bbaba--- .

But ababa does not belong to L(X,,). Consequently z+ = b7 and (X,,,0) has a unique

asymptotic component.

Furthermore, it can be checked, using already used arguments, that z7.07>° is in X, \
{b=>°.b>°} if and only if 2= = 7, °°(a)b™ for some non-negative integer n. Hence, if (z,y) is

an asymptotic pair then x and y belong to
{b=>.b% o' (77°°(a).b™>°);i € Z}.

A n? complexity substitutive subshift

Below we use the notation of the previous section. Consider the substitution 7 : A — A*
defined by
Ta(a) = aab and 15(b) = b.

It is easy to check that the subshift (X, o) is transitive but not minimal. Moreover, from
[95] its complexity is of the order n?. Before showing it has a unique asymptotic component,
let us introduce some key concepts for the treatment of this example.

Let z be a sequence of BY, where B is an alphabet. We denote by £(z) the set of words
having an occurrence in x. A return word to u € L(x) is a word w € L(x) such that wu
belongs to L(z), contains exactly two occurrences of u and has u as a prefix. We denote by
R.(u) the set of return words to u.

In [19] is defined the notion of sparse sequence on the alphabet B. It is an element z of
BY satisfying:

e A VneNb € L(x)and #R,(b") = 2.
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It is proven that p,(n) (the number of words of length n appearing in x) is less than or

equal to (n? + n + 2)/2 whenever z is sparse. In Example 4.7.67 of [19] it is claimed that

x = 75°°(a) is sparse. Using Lemma 4.5.15 in [19] one can deduce that for all n > 1,

R.(0") = {b,b"u}, where 73'(a) = ub". (5.4.2)

We show (X,,,0) has a unique asymptotic component. Let (z,y) be an asymptotic pair.

It suffices to prove that z and y end with 57°. We can suppose that z = = .x{az’ and

y=y .ygbrt. Weset o7 = a5z .

Suppose that 3 = a. Then the only possibility to have bazy in L£(X,,) is 24 = a.
Consequently, aaa would belong to £(X,,), which is not the case. Therefore, x4 = b and

necessarily x—,z, = ba:

=z baabrizfzl -

Y= yysy Y bbrgaiag -
Suppose we are in the following situation:

x =z’ baabaazrt -

Y=y oYy b aaz,
From (5.4.2) one gets that

r=---2_baab"t5(a)- -

Y=Yy iy b (a) -

Then, using (5.4.2) again, = would have an occurrence of w = 73'(a)73'(a)73'(a), but w
does not belong to £(X,,). Indeed, if it was the case, by a finite recurrence we prove that
aaa should belong to £(X,,), which is not the case. Hence, z3xjxf -+ = bT™ and (X,,,0)

has a unique asymptotic component.

Observe that (o7 (74 (a=>°)).bT>°) converges in X,,. Let z denote its limit. We can check

that if (x,y) is an asymptotic pair then z and y belong to

(b6, 0'(2);i € Z}.

We finish this section by proving that in both examples (X,,, ) and (X,,,0) the group

of automorphisms is isomorphic to Z.
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Lemma 5.4.1. Let 7 denote either the substitution Ty or 7o. Then, the group Aut(X,, o) is
generated by the shift map o.

Observe that the main result of [29] gives only that the group Aut(X,,,o) is a periodic
group.

Proof. Let us first recall that for any asymptotic pair (z,y) of (X,, o),  and y belong to
{b=>°.b% o'(2);i € Z},

for some z € X,.

Notice that (X, o) has a unique minimal subsystem, namely ({b~>°.b7>°}, o). Moreover,
it is clear that an automorphism ¢ of the subshift (X, o) maps any minimal subsystem onto
a minimal subsystem, so ¢ fixes the sequence b=>°.b7>°. The morphism ¢ mapping asymptotic
pairs onto asymptotic pairs, o?(z) should be mapped to some ¢7(z). The orbit {o*(2); k € Z}
being dense in X, one deduces that ¢ o 0 = ¢7. Thus, ¢ is a power of the shift map. O

5.4.2. Coding a nil-translation

We introduce a class of examples of symbolic systems with polynomial complexity of
arbitrarily high degree and with a group of automorphisms which is virtually Z. We build
these systems as symbolic extensions of minimal nilsystems.

We start by stating some general results we need and then review some generalities about
the coded systems.

Let (X,T) be a minimal topological dynamical system and let 4 = {Uy,...,U,} be a
finite collection of subsets of X. We say that U covers X if ", U; = X. For two covers
U ={Uy,....U,} and V = {Vi,...,V,} of X we let UV V denote the cover given by
{UinVyi=1,...m, j=1,...p}

Let U = {Uy,...,Uy,} be a finite cover of X and let A denote the set {1,...,m}. We say
that w = (w;)iez € A? is a U-name of z if z € N T'U,,. Let X;; denote the set

1E€EL

{we A%, T U, # 0} C A~

i€EZ

It is easy to check that Xj; is closed when each U; is closed and if we let & denote the
collection {U7,...,U,,} we have that Xy C Xz. For N € N, let

N .
Uy = \/ T7u.

1=—N

We say that the cover U separates points if every w € Xz; is a name of exactly one x € X.
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If U separates points in X, we can build a factor map 7 between (X, 0) and (X, T) where

7(w) is defined as the unique point in N T7U,,.
i€z

Lemma 5.4.2. Let (X,T) be a minimal topological dynamical system and let U =
{Ur,..., Uy} be a partition which covers and separates points in X. Suppose that for every

N € N every atom of Uy has non-empty interior, then (Xy, o) is a minimal system.

Proof. Let w,w' € Xy and let N € N. We denote x = m(w) and 2’ = 7(w’). By definition we
have that "y T~'U,, # 0 and therefore it has non-empty interior. Since (X, T') is minimal,
there exists n € Z such that T"2’ € int(N~y T7'U,,). This implies that W, NN = W-N,N)]
and the proof is finished. n

Now we compute the automorphism groups of symbolic extensions of some nilsystems.

First we recall the construction of the systems studied in [1]. Let us consider the infinite

matrix A = (ai,j)i,jeN where a; ; = (D

= wWw W =
= 2

It is proven in Section 4 of [1] that for all i € N, A" is well defined and

1 i 2 3 4
1 20 3% 443
, 1 30 62
s v 67
1 4
1

Let a € [0, 1] be an irrational number. For any d € N, consider A4y the restriction of A to
(d+1) x (d+1) coordinates. We let T;: T? — T¢ denote the function that maps (zo, ... 74 1)
to the d first coordinates of Agyq(zo,...,zq4_1,a)". For example, Ty is the function (xq, x1) —
(xo+x1+a, x1+2a) and Tj is the function (zg, 21, x2) — (zo+a1+T2+0, 1+222+ 30, To+3).

We can represent the transformation Ty as Ty(z) = Agr + & where @ is the restriction
to the first d-coordinates of the last column of A;,; multiplied by «. This is the classical
presentation of an affine nilsystem.

Fix d € N and for ¢,n € Z let H,,, be the plane given by the equation Zi;é ik, +i%a = n.

It can be proven that H;, =T, Z‘H()m and for a fixed value of 4, the planes H;,, are projected
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in T¢ to the same plane H;. We remark that

o~

Hy = {(07%7 .- 7xd—1>; (Il, ce ,xd_l) € Td_l}.

We refer to Section 4 of [1] for further details.

We consider the partition U given by the cells generated by the planes j:f\o, cee Hy .
The partition V?jod_l T;"U coincides with the cells generated by the planes ﬁg, e ,ﬁmd,l
(see Section 6 of [1]). Let (xg,...,24-1) and (yo,...,ya_1) be different points in T¢ and let
k = max{k; x;, # yx}. Then the difference (in R) between Zi;(l) i*x+i%a and Zi;(l) iFy+ida
grows to infinity as ¢ goes to infinity since this difference behaves like iE(xE— yr). This implies
that for big enough N, (2o, ...,24-1) and (yo,...,yq_1) lie on different cells of /¥ T;'U
since for big enough ¢ these points are separated by the cells generated by H,.

We recall that (X, o) is the subshift associated to U. By Lemma 5.4.2, one can see
that (X, o) is a minimal system and it is an extension of (T¢, T}) since U separates points.

Moreover, the complexity function of (X, o) is given by

1

p(n) = Z Vi(k1, kg, -+ kq)
V(07 L...,d- 1) 0<k) <kg<--<kg<nt+d—1
where V' (ky, ko, -+ ,kq) = II (k; — ki) is a Vandermonde determinant. We remark
1<i<j<d

that varying d € N we get an arbitrarily large complexity with a polynomial growth.

By construction and Corollary 5.2.6 we also get:
Lemma 5.4.3. The mazimal d-step nilfactor of (Xy, o) is the nilsystem (T%,Ty).
Proposition 5.4.4. The group Aut(Xy, o) is virtually 7Z.

Proof. Let ¢ be an automorphism of (X, o) and let 7: X;; — T? be the natural factor map.
Let W = {w € X;#n {n(w)} > 2} be the set of points where 7 is not one-to-one. Since ¢
preserves the regionally proximal pairs of order d, we have that W is invariant under ¢. We
remark that the projection of W under 7 are the points which fall in F' := HyUH,U---UH,_;
under some power of 7', which is nothing but U,z T'F = Ujez Tjj‘l\(]. We have that the
projection 7(¢) is an automorphism that commutes with the affine ergodic transformation
T which has eigenvalues equal to 1. By Theorem 2 and Corollary 1 in [116] we have that
7(¢) has the form (zg,...,z4-1)" — B(xg,...,x4-1)" + B where B is an integer matrix and
B € T?. Since W is invariant under ¢ we get that the projection 7(¢) leaves invariant
Ujez T7 j-l\o. Particularly, since ﬁo is the restriction of a plane to T¢, so is its image under
7(¢) and therefore there exists j € Z such that 7(¢)Hy = T9H,. Hence, the automorphism
T~7(¢) leaves invariant Hy. So we are left to study the automorphisms of (T,T}) which
leave invariant Hy. Let ¢ be such an automorphism. By [116] we can assume that ¢ has the

form
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Zo Zo Bo

I I o
o . =Bl |+
Td— Td—1 Ba-1
where the matrix B = (b, ), k=1.. 4 has integer entries and ﬁ = (Bo,...,P4-1)t € T Since

¢ commutes with 7" we have that B commutes with A, (as real matrices) and (B — Id)d =
(Ag — Id)5 in T

Since p(0,x1,...,041) € H,, for any (z1,...,24-1) € T we deduce that by o = -+ =
bia =0 = fy. Since A4B = BA, for any i € N, by looking at the first row of these matrices
we deduce that for any 7 =1,...,d and any ¢ € N

d
(k)i + (b — b))t = 0.
k=1,k#j

Since the vectors (1,4,i2,...,7971) are linearly independent for different values of i we

deduce that B = by 11;. Therefore, (Aq — Id)f = (B — Id)d = (byy — 1)d. Since A, is
upper triangular with ones in the diagonal, this condition implies that (b;; — 1)a € Q and
thus b;; = 1. We conclude that B is the identity matrix and then ¢ is the rotation by
E = (0,01,...,84-1)" and (Ag — Id)g € Z¢. We can write this system as

1 11
0 3 4 !
s 6 o
e 7.
0 4 6 '
0 d '
o\

This implies that dB;_1 € Z and this is possible for finitely many 841 € T. Inductively,
we deduce that there are finitely many (and rational) solutions 8= (0,81,...,84-1)" in T4
This means that the group of automorphisms that leaves invariant H, is a finite group of
rational rotations. Therefore, 7(Aut(Xy, o)) is spanned by Ty and a finite set. Since the map
7. Aut(Xy, o) — Aut(T,T}) is an injection we have that Aut(Xy, o) is spanned by o and a
finite set. The result follows. O

5.4.3. Example of a larger automorphism group

We remark that the statement of Theorem 5.1.1 is no longer valid for an arbitrary poly-

nomial complexity, as the following shows.
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Proposition 5.4.5. For any d € N, there exists a minimal subshift (X, o) with complexity

satisfying lim, 1 px(n)/n?* = 0 and where Aut(X, o) is isomorphic to Z°.

Proof. Let aq,...,a4 € R\ Q be rationally independent numbers. For every i = 1,...,d, let
(X, 0;) be the Sturmian extension of the rotation R,, by the angle a; on the circle S, and
let X =X; xXy---xXgand 0 =01 X 09+ X 04. We remark that for any i = 1,...,d,
on (X;,0;) the proximal relation and the regionally proximal relation coincide and thus the
proximal relation is an equivalence relation. Since the maximal equicontinuous factor of
(X:,04) is (S, R,,) via the factor map m;, by [7], Chapter 11, theorems 7 and 9, we have that
(X,0) is a minimal system and the product system ((S')?, R,, X - -+ X R,,) is its maximal
equicontinuous factor.

The complexity function of any (X;, 0;) is n + 1, so we get that the complexity function
of (X, ) is (n+1)4 On the other hand, we observe that ¢; x --- x ¢4 belongs to Aut(X, o)
for any choice of ¢; € Aut(X;, ;). Since for every i, Aut(X;,0;) is Z, we conclude that Z2
can be embedded as a subgroup of Aut(X, o).

We claim this embedding is actually an isomorphism. To prove this, recall that the
Sturmian subshift X, is an almost one-to-one extension of a rotation on the circle via an onto
map 7;: X; — S! that it is injective except on the orbit of the unit O Ra, (1), where any point
has two pre-images (e.g., see [39]). By Lemma 5.2.10, for any automorphism ¢ € Aut(X, o),
the automorphism #(¢) preserves the set of points in (S')¢ having a maximum number
(namely 2%) of pre-images for the factor map @ = m; x -+ x m4. This set is the product set
Og,, (1) x -+ x Og,_(1). Clearly, the group of automorphisms of the form #(o{"* x - - - x o3?),
ni,...,ng € Z, acts transitively on this set. Since the group Aut((S')¢, Ry, X -+ X Ra,)
acts freely and the morphism 7 is injective (Lemma 5.2.4), we get that any automorphism

¢ € Aut(X, o) may be written as a product of automorphisms in Aut(X;, ;). O

5.4.4. Subshift with subexponential complexity

In this section we give an example of a minimal subshift (X, o) generated by a uniformly

recurrent sequence = € {0, 1}% such that:

» There exists C' such that for infinitely many n’s one has px(n) < Cn.

» For any subexponential function ¢ there are infinitely many n’s such that px(n) > ¢(n),

where subexponential means that lim,,_, ;. ¢(n)/a” =0 for all & € R.

As for subshifts p,(n) will stand for the number of words of length n occurring in the
sequence z € {0,1}% or z € {0, 1}.

The proofs of the two following lemmas are left to the reader.
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Lemma 5.4.6. Let € be a substitution on {0, 1}* of constant length L and T be an endomor-
phism of {0,1}* having all words of length 2 in its images. Let x € {0,1}N. Then, for any
y € {0, 1} having occurrences of all words of length 2 and 0 <1 < L we have

Peor(a)(1) = Pecy) (1)-
Below p stands for the Morse substitution: p(0) = 01 and p(1) = 10.

Lemma 5.4.7. Let & be a substitution on {0,1}* of constant length L. Let x € {0,1}. We
have
p{op3(x)(2L) S 6L.

Below, when a substitution 7 is of constant length L we set || = L. Let us construct
inductively the sequence z. In fact, we will construct two increasing sequences of integers

(a;)i>1 and (b;)i>1, and a sequence of morphisms (7;);>1 such that
1.z =lim; 00 p°71 ... p375(0%), where 0° =00 - -,
2. a1 < by <ay<by<...
3. pz(a;) < 3a;, i € N and
4. po(bi) = (i), i € N

We start fixing a; = 2. Let () = p*(0=). Then, p,a)(a;) = 4, which is less than 3a;.

Let k; be such that 281 > ¢(k1|p?|) (observe it is always possible because ¢ has a subexpo-
nential growth) and 7 be a substitution of {0, 1}* of length L; = 2™ such that 7(0) starts
with 0 and the number of words of length k; in 71(0) and 71(1) is 2%*. We set

by = ki|p’ and y" = p*r (0%).

One gets
pyw (b1) > ¢(b1).

Moreover, notice that from Lemma 5.4.6 one has that

Py (1) = pyar (1)
for all [ < |p3|. Now consider z(2) = p37,p3(0°). Then from Lemma 5.4.7
p2lp°n) < 6lp°m].
Setting ay = 2|p371|, one gets pe (a2) < 3as.
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Let ko > ki be such that 2% > ¢(ky|p31p?|) and 75 be a substitution of {0, 1}* of length
Ly = 2™ such that the number of words of length ks in 75(0) and 75(1) is 2%2. We set

by = ka|p*11p%| and y? = P11 p7y(0%).

One gets that p,) (b2) is greater than ¢(b2). Moreover, notice that from Lemma 5.4.6 one
has that

Py (1) = pye (1) V1< |pPmp?),
Pe» (1) = pyor (1) VI < [p’m],
Py (1) = paoy (1) V< |p7).

Thus, pye (a1) < 3a1, pye (bi) = ¢(b1) and pye) (a2) < 3as.

Now suppose we have constructed:

1. morphisms 7; of constant length such that 7;(0) starts with 0, 1 <1i < n,
2. 2 = pir . 11 pP(0%°),
3.y = pPr . 11 pP7(0°), 1 <4 < n,

4. a1 <by <ay <---<a, <b,, such that

b) b > |p*1i... pP1ic1p?,
c) 2900, |pPry .. .7 1p%] is & prefix of y*),

)
)
)
d) yD00,|p°r ... 7i_1p°n]] is a prefix of 20+,
)
)
)

We have seen this construction is realizable for n = 2. Proceeding as we did for the first
cases, it is not difficult to see that it can be achieved for every n > 1.

To conclude, it suffices to observe that (y™),>; converges to the sequence x we are looking
for. Indeed, the convergence follows from (4c) and (4d). Also observe that y(™ is a prefix
of z. Tt is a classical exercise to show that x is uniformly recurrent. From (4¢g) we get that
pz(b;) > ¢(b;) for all i € N. For the last point, p,(a;) < 3a; for all : € N, it comes from (4f)

because it is true for all n > 1.
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5.5. Comments and open questions

A standard question related to automorphisms is to determine if the transformation 7°
has a root. That is, does it exist a transformation U such that UP? = T for some integer
p > 0. A classical way to deal with this problem is to notice that a root is an automorphism.

The automorphism group is also related to the collection of conjugacy maps between two
systems. If m; and 7y are two conjugacy maps between the same systems, then 7 o 5 ' is
an automorphism. Hence, a characterization of when the automorphism group is trivial, 7.e.

Aut(X,T) is generated by T, implies rigidity results in both problems.

5.5.1. Automorphisms and nilfactors

We have shown that a large family of minimal subshifts, either with sublinear or other
type of polynomial complexity, have automorphisms groups that are virtually Z. Even in the
case of minimal subshifts obtained as extensions of minimal systems whose automorphism
group is much complex (the case of extensions of nilsystems). So a natural question is whether
this behaviour is generally true just because the fibres over particular topological factors are

constrained.

5.5.2. Eigenvalues, roots of 7" and automorphisms.

We obtain, in the good cases, that the group of automorphisms is a subgroup of the
corresponding one of a maximal nilfactor. This proves that there are connections between
automorphisms and continuous eigenvalues. To study these relations we can focus on rational
eigenvalues. So it is natural to ask: does a Cantor minimal system (X, 7") admit a non trivial
automorphism with finite order or have some roots, are there constraints on the rational
continuous eigenvalues of (X,T) 7

Classical examples of Toeplitz sequences with a unique asymptotic component (so Aut(X, o)
is generated by o) show that the converse is false: a system may have rational eigenvalues

and no automorphisms of finite order.

5.5.3. Complexity versus group of automorphisms

The results of [29] and of this paper show a relation between complexity and the growth
rate of the groups. Is it possible to be more precise ? For instance, is it true that for a
transitive subshift with a subquadratic complexity the group Aut(X,o)/(o) is finite? Very
recently, Salo [108] showed a Toeplitz subshift with subquadratic complexity and whose
automorphism group is not finitely generated, answering negatively this question. So, in

the polynomial complexity case one cannot expect to have always virtually Z groups of
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automorphisms. It is an interesting question to describe automorphism groups of subshifts

with polynomial complexity.

5.5.4. Measurable versus continuous automorphisms

The main result in [74] shows a rigidity result, any measurable automorphism is almost
everywhere continuous for bijective constant length substitutions. Is it possible to enlarge
this class of subshifts with the same rigidity property ? A first answer is negative: This is not
true for substitution of non-constant length and even for Pisot substitution on the alphabet
{0,1}. Consider the two substitutions 7 and £ defined by 7(0) = 010, 7(1) = 01, £(0) = 001
and (1) = 10. Let (X,,0) and (X¢, o) be the subshift they generate. It can be shown
that they are both measure theoretically isomorphic to (S*, R,) (see [10]), where R, is the
rotation of angle a = (1 + +/5)/2, and, thus (X,, o) and (X, o) are measure theoretically
isomorphic. But they cannot be topologically isomorphic because their dimension groups are

not isomorphic (see [38] for their computations).

5.5.5. Realization of automorphism groups

By the Curtis-Hedlund-Lyndon theorem, the collection of automorphisms of a subshift is
countable. We leave open the realization of any countable group as an automorphism group.

More precisely,

Question. Given a countable group G (not necessarily finitely generated). Does it exist
a minimal subshift (X, o) such that Aut(X,o)/(o) is isomorphic to G ?

Notice that Toeplitz sequences can also be realized on residually finite groups [27]. A
priori, they may provide interesting solutions in this class. But, as stated in the remark
below Corollary 5.2.11, their automorphism group is abelian. This kills any non commutative
group realization by this way.

If we restrict to some families of subshifts (e.g. Sturmian or Toeplitz sub shifts), we prove
that their automorphism groups are subgroups of their maximal equicontinuous factors. Can

we characterize these groups for the Sturmian and Toeplitz cases ?

5.6. Computing the group of automorphisms of tilings

by using cubes

In this section we show an application of the cubes introduced in Chapter 2 to study
automorphism groups of two dimensional tilings. Even if one wants to understand the auto-

morphism group of a one dimensional subshift, the study of the two (or higher) dimensional
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setting could provide useful information for the one dimensional one. The work of Cyr and
Kra [29] illustrates this fact.

In what follows, we compute a special factor (built using cubes) of the minimal part of the
Robinson tiling. The Robinson tiling was introduced by Robinson [105] in the 70’s to study
undecidability problems and showed how to tile the plane in a nonperiodical way. This tile
has been well studied in symbolic dynamics, specially in the context of theoretical computer
science. We refer to [103] and [52] for further details.

We give a useful general result and then we briefly introduce the Robinson tiling.

Lemma 5.6.1. Let (X,S,T) be a minimal system with commuting transformations S and
T, and let ¢ be an automorphism of (X,S,T). Then ¢ x ¢ X ¢ x ¢(Qsr(X)) = Qsr(X).
Particularly, if (z,y) € Rg(X) (or Rr(X) or Rsr(X)), then (¢(z),d(y)) € Rs(X) (or
Rr(X) or Rsr(X)).

Proof. We recall that G denotes the Z? action spanned by S and T. Let x € Qgr(X)
and let z € X. There exist sequences (g;)iey in G and (n;)ien, (M;)ieny in Z such that
(giz, giS™x, g;T™ x, g;S™T™x) — x. Since (¢(z), p(x), p(x), d(z)) € Qsr(X) we have that

(9ip(2), 9:S™ O(x), T ¢(x), 9: 5™ T™ §(x)) € Qs,r(X)
=((giz), 9(g:5™ x), p(g:T™ ), §(9:S™ T x)) € Qs.r(X)
= (¢ X ¢ X ¢ x 9)(x) € Qsr(X).
Hence ¢ x ¢ x ¢ x ¢(Qsr(X)) = Qs (X).
If (z,y) € Rs(X), then there exists a € X with (z,y,a,a) € Qsr(X) and thus (¢(z), ¢(y),

o(a),p(a)) € Qgr(X). This means that (¢(z),d(y)) € Rs(X). The proof for the cases
Rs(X) and Rsr(X) are similar. O

Remark 5.6.2. In general we do not know if Rg(X) (or Rr(X) or Rgr(X)) is an equivalence
relation. In any case, if 0(Rg(X)) is the smallest closed and T'x T-invariant relation generated
by Rs(X) one easily check that (z,y) € 0(Rgs(X)) if and only if (¢(z), #(y)) € o(Rs(X)).
Therefore the factor map m: X — X/o(Rgs(X)) is compatible with Aut(X,T).

5.6.1. The Robinson Tiling

Consider the following set of tiles and their rotations and reflections:
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Figure 5.1:  The Robinson Tiles (up to rotation and reflection). The first tile and its rotations

are called crosses.

Let A be the set of the 28 Robinson tiles. Let Y C AZ” be the subshift defined by the

following rules:

1. The outgoing arrows match with the ingoing arrows;

2. There exists 77 € Z* such that there is a cross in every position of the form {ri+(2¢,25)}

for i, j € Z ( this means that there is a 2-lattice of crosses).

This system is not minimal but it has a unique minimal subsystem [52]. We let X denote
this unique minimal subsystem. Then (Xg, 0(1,0),0(0,1)) is a minimal system with commuting
transformations o1 o) and o) and we call it the minimal Robinson system. For n € N we
define supertiles of order n inductively. Supertiles of order 1 correspond to crosses and if we
have defined supertiles of order n, supertiles of order n + 1 are constructed putting together
4 supertiles of order n in a consistent way and adding a cross in the middle of them (see
Figure 5.6.1). We remark that supertiles of order n have size 2" — 1 and they are completely
determined by the cross in the middle. Particularly, for every n € N there are four supertiles
of order n. It can be proved [52], [103] that for every = € Xg, given n € N, supertiles of

order n appear periodically (figure 5.3 illustrates this phenomenon).
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Figure 5.2: A supertile of order 3. The four 3x3 squares of the corners are supertiles of

order 2.

Let z € Xg. A horizontal line in z is the restriction of x to a set of the form {(i, jo): i € Z}
where jo € Z. Similarly, a vertical line in x is the restriction of z to a set of the form
{(i0,j): j € Z} where iy € Z. We remark that a line passing through the center of a
supertile of order n has only one cross restricted to the supertile. The presence of supertiles
of any order, forces the the existence of lines (vertical or horizontal) with at most one cross
that are called fault lines. A point x € Xgi can have 0,1 or 2 fault lines. When z is a
point with two fault lines, then these lines divide the plane in four quarter planes (one line
is horizontal and the other is vertical). On each one of these quarter planes the point is
completely determined. The tile in the intersection of two fault lines determines completely
the fault lines and therefore this tile determines z. See [103], Chapter 1, Section 4 for more
details.

Given a point x € Xi and n € N, supertiles of order n appear periodically, leaving lines
between them (which are not periodic). We remark that the center of one of the supertiles of
order n determines the distribution of all the supertiles of order n. We say that we decompose
x into supertiles of order n if we consider the distribution of its supertiles of order n, ignoring
the lines between them.

Let B, = ([-2""1,2"" 1 NZ) x ([-2""1, 2" '] NZ) be the square of side of size 2" + 1.
Recall that z|p, € AP is the restriction of x to B,. Then, looking at z|p,, we can find the
center of at least one supertile of order n, and therefore we can determine the distribution of
supertiles of order n in . We remark that if  and y are points in X such that z|g, = y|5,,

then we can find the same supertile of order n in the same position in x and y, and therefore

124



x and y have the same decomposition into tiles of order n.

We study the R Xpg) relation in the minimal Robinson system. We have:

0(1,0):9(0,1) (

Proposition 5.6.3. Let (Xg,0(1,0),0(0,1)) be the minimal Robinson system. Then (x,y) €
R

points which have no fault lines are not related to any point by R

XRr) if and only if they coincide in the complement of its fault lines. Particularly,
XRr).

‘7(1,0)’0(0,1)(

0(1,0),9(0,1) (

Proof. We start computing the R, , (X&) relation. Let z,y € Ry, , (Xgr) with z # y (the
case Ry, (Xg) is similar). Let p € N be such that z|p, # y|p, and let 2’ € X, n,m € Z
and z € Xp with 2'|p, = z|p,, 0?1,0)$/\Bp = ylB, a?g’l)x/\Bp = z|p, and aﬁ)o)ag’g,l)x/@p =
z|g,. Then oy o005 12|, = 0(51)2'|, and thus ofj ;005 1)2" and o5 )2’ have the same
decomposition into supertiles of order p, which implies that x and y have also the same
decomposition. Particularly, the difference between x and y must occur in the lines which
are not covered by the supertiles of order p (we remark that these lines have at most one
cross). Let L, be such a line on . For ¢ larger than p, we decompose into tiles of order ¢ and
we conclude that L, lies inside L,. Taking the limit in ¢, we deduce that z and y coincide

everywhere except in one or two fault lines.

Now suppose that x and y coincide everywhere except in fault lines. For instance, suppose
that z and y have two fault lines and let n € N. We can find z € Xy with no fault lines
and p € Z such that z|p, = z|p, and o{} ; 2[5, = yp,. Then, we can find a supertile of large
order containing z|p, and 0f071)2| B, Hence, along the horizontal we can find ¢ € Z such that

(o2l B. = 0(5.1y0(1.0)%|B,- Since n is arbitrary, we have that (v,y) € Ro, . (Xr). O
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Figure 5.3: For an arbitrary n € N, the colored squares represent tiles of order n. In this

picture we illustrate how points with two fault lines, with different crosses in the middle are

related.

Let m: Xr — Xgr/ Ra(1,0>,a(o,1>(X r) be the quotient map. Then in the minimal Robinson
system we can distinguish three types of fibers for 7: fibers with cardinality 1 (tilings with no
fault lines), fibers with cardinality 6 (tilings with one fault line), and fibers with cardinality

28 (tilings with 2 fault lines).

Corollary 5.6.4. The group of automorphisms of the minimal Robinson system is spanned

by 01,00 and o(o,1)-

Proof. Let m: Xp — X&r/Ro, 4.00. (Xr) be the quotient map. By Proposition 5.6.3 and
Lemma 5.2.4 we have that that 7: Aut(Xg,00q,0),0071) — Aut(XR/Ra(l’O),a(o)l) (Xg)) is an
injection. Let ¢ be a automorphism of the minimal Robinson system and let F' be a fiber
with maximum cardinality. Since 7 is a compatible factor map, we have that ¢(F) is also
a fiber with maximum cardinality, but there is only one (up to shift) fiber with maximum
cardinality. This implies that ¢(F) = of; 5005 )(F) and therefore 7(¢) = 7(07; 5)0(0,1))-

Since 7 is an injection we get the result. O

The Robinson tiling is a tiling space which has a “hierarchical structure”, meaning that
patterns that “look similar”appear with an arbitrary big size. This concept has not been
mathematically formalized but many people use it when describing this kind of phenomenon.
We believe our methods can be used to study automorphism groups of other tilings, or

families of tilings having this property.
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CHAPTER 6

Perspectives

In this Chapter we present some open questions and comments that stem from the dis-
cussion in this thesis document. All these problems conform a future plan of research.

In Chapter 2 and 3 we have derived applications from introducing cube structures for
a dynamical system given by two commuting transformations. The results discovered in
this case let us think in the natural generalization of the new cubes when one introduce a
larger number of transformations. There is a natural, and even obvious, way to do this:
suppose that X is a compact metric space and that Ti,...,7T;: X — X are commuting
transformations on X (i.e. T;0T; =T;0T, fori,j =1,...,d). We should define the space

of dynamical cubes Qg, . 1,(X) as the closure of the points
{(pm Ty ) eeronye - v € X, ny...,ng € Z}.

The space Qr,,..1,(X) is a topological dynamical system as well. It is invariant under

the diagonal transformations T, .= T}, X - -+ x T, (24 times), i = 1,...,d and under the face
transformations ﬁ, 1 =1,...,d defined as

E ﬁX € — E € i = 17
T(x) = (A ) T, €
(T%X>e = T, € =
For example, for three commuting transformations 74,75, 75 on X, Qp, 1 1(X) is the

closure of the set
{(x, TV x, Ty, TV Ty e, T8, T T e, Ty T, TP Ty TR ) - w € X, nym,p € Z}.

Having proposed this space of dynamical cubes, beyond natural topological properties,
the main question to be understood is “what means to deduce the last (or any) coordinate of
a dynamical cube looking at the other ones ?”. The answer to this property must reflect the
topological structure of the underlying dynamical system together with its structural factors.
Then, the next step is to use the cube structures to build invariant closed relations and use
them to build factors. Hopefully, those factors will have the property that a coordinate in
a cube is determined by the other ones and thus it will have an understandable topological

structure.

127



A second very involving question is whether the study of these cube structures could help
to deduce other pointwise convergence results, as shown in Chapter 3. Given a probability
space (X, X, u) and measure preserving commuting transformations 77, ..., Ty, the structure
Qr,..7,(X) (defined in a suitable topological representation of X') should help to study the

average

1 €4,
v > I gareme Tt

0<n1,...,ng<N eE{O,l}d\{ﬁ}

for bounded functions f., e € {0,1}¢\ {0}.

For example, the cube structure Qp, 1, r, should help to understand the average

1

NE Z [i(TV2) fo(T5 ) f5(T7 15" ) fa(T5') f5 (T T5 ) fo (15" T5 ) (17 15" T5 )

0<n<N
0<m<N
0<p<N

for bounded functions fi, fa, f3, f4, f5, fe, f7-

This of course requires to have a better understanding in the measure theoretical situation.
For example, in order to study pointwise convergence of higher order cubic averages, one
should study the sigma algebra \/ Zr, in a convenient extension of the original system, like
Host’s magic extensions in [64]. Up to now, it is not clear what is the structure of this o-
algebra, and no topological representations are known. This is because at the time they were
studied, they were used to get L? convergence of multiple averages and no representations
were needed to achieve this result.

A very ambitious question that remained open during this thesis is the study of the

pointwise convergence of the average

;f Zo F(St2) fo(Ti), (6.0.1)

where (X, p,S,T) is an ergodic system with commuting transformation S and 7. This
question appeared naturally when studying the convergence of averages in Chapter 3. In fact,
the hope was to use the new cubes or some modifications to solve the problem. Nevertheless,
it was clear that we need to have a better understanding of another structures. In order to
study the average 6.0.1 we propose to study the structure Ng7(X) defined as the closure in
X3 of

{(z, S, T'x) : v € X,i € Z}.

Then translate the strategy proposed by Huang, Shao and Ye in [76] to this setting. That
is, produce a topological representation of the system where our new structure is uniquely

ergodic. Here we remark that the structure Ngz(X) is a topological dynamical: the trans-
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formations S x S xS, T'xT xT and id x S x T" act on it. In order to get unique ergodicity of
Ngr(X) we have to understand several o-algebras like Zs V Zr V Zg-17, Zs V Iy, Ir N Lg-17
and Zg V Zg-1p. This is work in progress and we do not present further details here.

Another direction of research derived from Chapter 2 is to look for more applications of
the Qg cubes to the theory of tiling systems, as was done at the end of Chapter 5. A
first step is to pass from Z? actions to R? actions (mainly because people interested in tiling
theory consider R? actions instead of Z? actions). Then we will explore examples or classes
of examples where the structure of fibers over the special factors produced by cubes can shed
light of the structure of their automorphism groups.

In Chapter 4, we study the enveloping semigroup of a system of order d. We left open
the converse of Theorem 4.1.1, namely: Does some property of the enveloping semigroup
characterize systems or order d? We think we need some new tools coming from a pure
topological analogue of the theory developed by Host and Kra [67] in measure preserving
setting. Here we remark that the result by Host, Kra and Maass [70] uses results from the
measure preserving context. To make a pure topological proof of the structure theorem in
[70] does not seem to be an easy task. Very recently Gutman, Manners and Varji have
claimed to have a purely topological proof of the Host-Kra-Maass structure theorem, so we
expect to apply some of their methods in the resolution of our problem.

Another problem we would like to tackle is to understand the automorphism group of
one dimensional minimal subshifts with polynomial complexity. In this direction Cyr and
Kra showed that a better understanding of the dynamics of multidimensional subshifts helps
to deduce results about the automorphism group of one dimensional ones. Because of this,
we are also interested in the study of asymptoticity and related notions in multidimensional
subshifts. For example, we are interested in study relations given by special factors built
through cube structures, as was done in Chapter 2. Many of these relations may result
proximal (meaning that two points that are related need to be proximal) which is the case
when the factor defined by the relation is an almost one-to-one extension. As was shown in
Chapter 5 these kind of results allow to inject the group of automorphisms into the group
of automorphisms of the factor and then one can have a better understanding by studying
properties in the factor. In this topic we will also study what kind of countable groups can
appear as the automorphism group of a minimal subshift. In particular, which groups are
automorphisms groups of Toeplitz subshifts. In Chapter 5 we have shown that such groups

are always abelian, but we do not know if any abelian group can be realized in this way.

129



130



Bibliography

1]

2]

[10]

[11]

[12]

P. Arnoux, C. Mauduit, Complexité de suites engendrées par des récurrences unipo-
tentes, Acta Arith. 76 (1996), no. 1, 85-97.

I. Assani, Pointwise convergence of ergodic averages along cubes, J. Anal. Math. 110

(2010), 241-269.

I. Assani, D. Duncan and R. Moore, Pointwise characteristic factors for Wiener Wintner

double recurrence theorem, to appear in Ergodic Theory Dynam. Systems.

I. Assani and K. Presser, Pointwise characteristic factors for the multiterm return times
theorem, FErgodic Theory Dynam. Systems 32 (2012), no. 2, 341-360.

J. B. Aujogue, Ellis enveloping semigroup for almost canonical model sets,
arXiv:1305.0879.

J. B. Aujogue, M. Barge, J. Kellendonk and D. Lenz, Equicontinuous factors, proxi-
mality and Ellis semigroup for Delone sets, arXiv:1407.1787.

J. Auslander, Minimal flows and their extensions, North-Holland Mathematics Studies

153, North-Holland Publishing Co., Amsterdam, 1988.

L. Auslander, L. Green and F. Hahn, Flows on homogeneous spaces. With the as-
sistance of L. Markus and W. Massey, and an appendix by L. Greenberg. Annals of
Mathematics Studies, No. 53 Princeton University Press, Princeton, N.J., 1963.

T. Austin, On the norm convergence of nonconventional ergodic averages, Ergodic
Theory Dynam. Systems 30 (2010), no. 2, 321-338.

M. Barge and B. Diamond, Coincidence for substitutions of Pisot type, Bull. Soc.
Math. France 130 (2002), no. 4, 619-626.

H. Becker and A. S. Kechris, The descriptive set theory of Polish group actions, Lon-
don Mathematical Society Lecture Note Series, vol. 232, Cambridge University Press,
Cambridge, 1996.

V. Bergelson, The multifarious Poincaré Recurrence Theorem, Descriptive set theory
and dynamical systems (Marseille-Luminy, 1996), 31-57, London Math. Soc. Lecture
Note Ser., 277, Cambridge Univ. Press, Cambridge, 2000.

131



[13]

[14]

[15]

[20]

[21]

22]

23]

V. Bergelson, B. Host and B. Kra, Multiple recurrence and nilsequences. With an
appendix by Imre Ruzsa, Invent. Math. 160 (2005), no. 2, 261-303.

V. Bergelson, A. Leibman and E. Lesigne, Intersective polynomials and the polynomial
Szemerédi theorem, Adv. Math. 219 (2008), no. 1, 369-388.

F. Blanchard, B. Host and A. Maass, Topological complexity, Ergodic Theory Dynam.
Systems 20 (2000), no. 3, 641-662.

J. Bourgain, Double recurrence and almost sure convergence, J. Reine Angew. Math.
404 (1990), 140-161.

M. Boyle, D. Lind, and D. Rudolph, The automorphism group of a shift of finite type,
Trans. Amer. Math. Soc. 306 (1988), no. 1, 71-114.

J. Cassaigne, Complexité et facteurs spéciaux, Journées Montoises (Mons, 1994), Bull.

Belg. Math. Soc. Simon Stevin 4 (1997), no. 1, 67-88.

J. Cassaigne and F. Nicolas, Factor complexity, Combinatorics, automata and number
theory, 163-247, Encyclopedia Math. Appl., 135, Cambridge Univ. Press, Cambridge,
2010.

Q. Chu, Convergence of multiple ergodic averages along cubes for several commuting
transformations, Studia Math. 196 (2010), no. 1, 13-22.

Q. Chu, Multiple recurrence for two commuting transformations, Ergodic Theory Dy-
nam. Systems 31 (2011), no. 3, 771-792.

Q. Chu and N. Frantzikinakis, Pointwise convergence for cubic and polynomial multiple
ergodic averages of non-commuting transformations, Ergodic Theory Dynam. Systems
32 (2012), no. 3, 877-897.

Q. Chu, N. Frantzikinakis and B. Host, Ergodic averages of commuting transformations
with distinct degree polynomial iterates, Proc. Lond. Math. Soc. (3) 102 (2011), no.
5, 801-842.

J. P. Conze and E. Lesigne, Théorémes ergodiques pour des mesures diagonales, Bull.
Soc. Math. France 112 (1984), no. 2, 143-175.

J. P. Conze and E. Lesigne, Sur un théoreme ergodique pour des mesures diagonales,
Probabilités, 1-31, Publ. Inst. Rech. Math. Rennes, 1987-1, Univ. Rennes I, Rennes,
1988.

132



[26]

[27]

28]

[29]

[31]

32]

[36]

[37]

[39]

[40]

J. P. Conze and E. Lesigne, Sur un théoreme ergodique pour des mesures diagonales,
C. R. Acad. Sci. Paris Sér. I Math. 306 (1988), no. 12, 491-493.

M.I. Cortez and S. Petite, G-odometers and their almost one-to-one extensions, J.
Lond. Math. Soc. (2) 78 (2008), no. 1, 1-20.

E. M. Coven, Endomorphisms of substitution minimal sets, Z. Wahrscheinlichkeitsthe-
orie und Verw. Gebiete 20 (1971/72), 129-133.

V. Cyr and B. Kra, The automorphism group of a shift of subquadratic growth, to
appear in Proc. Amer. Math. Soc.

V. Cyr and B. Kra, The automorphism group of a shift of linear growth: beyond
transitivity, Forum Math. Sigma 3 (2015), e5 (27 pages).

A. del Junco, A simple measure-preserving transformation with trivial centralizer,

Pacific J. Math. 79 (1978), no. 2, 357-362.

P. Dong, S. Donoso, A. Maass, S. Shao and X. Ye, Infinite-step nilsystems, indepen-
dence and complexity, Ergodic Theory Dynam. Systems 33 (2013), no. 1, 118-143.

S. Donoso, Enveloping semigroups of systems of order d, Discrete Contin. Dyn. Sys.
34 (2014), no. 7, 2729-2740.

S. Donoso and W. Sun, Dynamical cubes and a criteria for systems having product
extensions, arXiv:1406.1220.

S. Donoso and W. Sun, A pointwise cubic average for two commuting transformations,
arXiv:1410.4887.

S. Donoso, F. Durand, A. Maass and S. Petite, On automorphism groups of low com-

plexity minimal subshifts, to appear in Ergodic Theory Dynam. Systems.

T. Downarowicz, Survey of odometers and Toeplitz flows. Algebraic and topological
dynamics, 7-37, Contemp. Math., 385, Amer. Math. Soc., Providence, RI, 2005.

F. Durand, Contributions a 1’étude des suites et systemes dynamiques substitutifs,
PhD, Université de la Méditerranée (Aix-Marseille II), 1996.

F. Durand, Linearly recurrent subshifts have a finite number of nonperiodic factors,
Ergodic Theory Dynam. Systems 20 (2000), no. 4, 1061-1078.

F. Durand, J. Leroy and G. Richomme, Do the Properties of an S-adic Representation
Determine Factor Complexity 7, J. Integer Seq. 16 (2013), no. 2, Article 13.2.6.

133



[41]

[42]
[43]

[44]

[45]

[47]

[48]

[49]

[50]

[51]

[52]

F. Durand and J. Leroy, Decidability of the factorization for minimal substitutive

subshifts, in preparation.
R. Ellis, Lectures on Topological Dynamics, W. A. Benjamin, New York, 1969.
S. Ferenczi, Systems of finite rank, Collog. Math. 73 (1997), no. 1, 35-65.

N. Frantzikinakis, B. Host and B. Kra, Multiple recurrence and convergence for se-
quences related to the prime numbers, J. Reine Angew. Math. 611 (2007), 131-144.

N. Frantzikinakis and B. Kra, Ergodic averages for independent polynomials and ap-
plications, J. Lond. Math. Soc. 74 (2006), 131-142.

N. Frantzikinakis and M. Wierdl, A Hardy field extension of Szemerédi’s theorem, Adv.
Math., 222 (2009), 1-43.

N. Frantzikinakis, Multiple recurrence and convergence for Hardy field sequences of
polynomial growth, J. Anal. Math., 112 (2010), 79-135.

N. Frantzikinakis, Multiple correlation sequences and nilsequences, to appear in Invent.

Math.

N. Frantzikinakis and B. Host, Higher order Fourier analysis of multiplicative functions
and applications, arXiv:1403.0945.

H. Furstenberg, Ergodic behaviour of diagonal measures and a theorem of Szemerédi
on arithmetic progressions, J. Anal. Math. 31 (1977), 204-256.

H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory. M. B.

Porter Lectures, Princeton University Press, Princeton, N.J., 1981.

F. Gélher, A. Julien and J. Savinien, Combinatorics and topology of the Robinson
tiling (English, French summary), C. R. Math. Acad. Sci. Paris 350 (2012), no. 11-
12, 627-631.

E. Glasner, Minimal Nil-transformations of class two, Israel J. Math. 81 (1993), 31-51.

E. Glasner, Topological ergodic decompositions and applications to products of powers
of a minimal transformation, J. Anal. Math. 64 (1994), 241-262.

E. Glasner, Ergodic theory via joinings. Mathematical Surveys and Monographs, 101,
American Mathematical Society, Providence, RI, 2003.

E. Glasner, Enveloping semigroups in topological dynamics, Topology Appl. 154 (2007),
no. 11, 2344-2363.

134



[57]

[58]

[59]

[60]

[61]

[62]

[63]

[67]

[68]

[69]

B. Green and T. Tao, Linear equations in primes, Ann. of Math., 171 (2010), no. 3,
1753-850.

B. Green and T. Tao, The quantitative behaviour of polynomial orbits on nilmanifolds,
Ann. of. Math. (2) 175 (2012), no. 2, 465-540.

B. Green and T. Tao, The Mobius function is strongly orthogonal to nilsequences,
Ann. of Math. (2) 175 (2012), no. 2, 541-566.

B. Green, T. Tao and T. Ziegler, An inverse theorem for the Gowers U**'-norm, Ann.
of Math. (2) 176 (2012), no. 2, 1231-1372.

G. A. Hedlund, Endomorphisms and automorphisms of the shift dynamical system,
Math. Systems Theory 3 (1969), 320-375.

M. Hochman, On the automorphism group of multidimensional SFTs, Ergodic Theory
Dynam. Systems 30 (2010), 809-840.

B. Host, Convergence of multiple ergodic averages, Proceedings of school on Informa-

tion and Randomness, Chili.

B. Host, Ergodic seminorms for commuting transformations and applications, Studia
Math. 195 (2009), no. 1, 31-49.

B. Host and B. Kra, Convergence of Conze-Lesigne averages, Ergodic Theory Dynam.
Systems 21 (2001), no. 2, 493-509.

B. Host and B. Kra, Aweraging along cubes. Dynamical Systems and Related Topics,
Eds. Brin, Hasselblatt, Pesin, Cambridge University Press, Cambridge, 2004.

B. Host and B. Kra, Nonconventional averages and nilmanifolds, Ann. of Math. 161

(2005), no. 1, 398-488.

B. Host and B. Kra, Convergence of polynomial ergodic averages, Israel J. Math. 149
(2005), 1-19.

B. Host and B. Kra, Uniformity seminorms on [*° and applications, J. Anal. Math.

108 (2009), 219-276.

B. Host, B. Kra and A. Maass, Nilsequences and a structure theorem for topological
dynamical systems, Adv. Math. 224 (2010), 103-129.

B. Host, B. Kra and A. Maass, Complexity of nilsystems and systems lacking nilfactors,
J. Anal. Math. 124 (2014), 261-295.

135



[72]

(73]

[74]

[81]

[82]

[83]

[84]

[85]

B. Host, B. Kra and A. Maass, Variations on topological recurrence, to appear in
Monatsh. Math..

B. Host and A. Maass, Nilsystemes d’ordre deux et parallélépipedes, Bull. Soc. Math.
France, 35 (2007), 367-405.

B. Host and F. Parreau, Homomorphismes entre systemes dynamiques définies par
substitutions, Ergodic Theory Dynam. Systems 9 (1989), 469-477.

W. Huang, S. Shao and X. Ye, Nil Bohr-sets and almost automorphy of higher order,
to appear in Mem. Amer. Math. Soc.

W. Huang, S. Shao and X. Ye, Strictly ergodic models and the convergence of non-

conventional pointwise ergodic averages, arXiv:1312.7213.

W. Huang, S. Shao and X. Ye, Pointwise convergence of multiple ergodic averages and
strictly ergodic models, arXiv:1406.5930.

R.I. Jewett, The prevalence of uniquely ergodic systems, J. Math. Mech. 19 1969/1970,
T17-729.

J. King and J.-P. Thouvenot, A canonical structure theorem for finite joining-rank
maps, J. Anal Math. 56 (1991), 211-230.

W. Krieger, On unique ergodicity, Proceedings of the Sixth Berkeley Sympo-
sium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif.,
1970/1971), Vol. II: Probability theory, pp. 327-346, Univ. California Press, Berkeley,
Calif., 1972.

A. Leibman, Lower bounds for ergodic averages, Ergodic Theory Dynam. Systems 22
(2002), no. 3, 863-872.

A. Leibman, Pointwise convergence of ergodic averages for polynomial sequences of
translations on a nilmanifold, FErgodic Theory Dynam. Systems 25 (2005), 201-213.

A. Leibman, Convergence of multiple ergodic averages along polynomials of several
variables, Israel J. Math. 146 (2005), 303-316.

M. Lemanczyk and M. Mentzen, On metric properties of substitutions, Compositio
Math. 65 (1988), 241-263.

E. Lesigne, Sur une nil-variété, les parties minimales associées a une translation sont

uniquement ergodiques, Ergodic Theory Dynam. Systems 11 (1991), 379-391.

136



[86]

[87]

[33]

[91]

[92]

[93]

[95]

E. Lesigne, Equations fonctionnelles, couplages de produits gauches et théoremes er-
godiques pour mesures diagonales, Bull. Soc. Math. France 121 (1993), no. 3, 315-351.

D. Lind and B. Marcus, An introduction to symbolic dynamics and coding, Cambridge

University Press, Cambridge, 1995.

A. Malcev, On a Class of Homogeneous Spaces, Amer. Math. Soc. Translations 1951,
(1951). no. 39, 33 pp.

B. Mossé, Reconnaissabilité des substitutions et complexité des suites automatiques,
Bull. Soc. Math. France 124 (1996), 329-346.

B. Mossé, Puissances de mots et reconnaissabilité des points fixes d’une substitution,

Theoret. Comput. Sci. 99 (1992), 327-334.

S. Mozes, Tilings, substitution systems and dynamical systems generated by them, J.
Anal. Math. 53 (1989), no. 1, 139-186.

I. Namioka, Ellis groups and compact right topological groups. Conference in modern
analysis and probability (New Haven, Conn., 1982), 295-300,

J. Olli, Endomorphisms of Sturmian systems and the discrete chair substitution tiling
system, Discrete Contin. Dyn. Syst. 33 (2013), 4173-4186.

D. Ornstein, On the root problem in ergodic theory, Proceedings of the Sixth Berkeley
Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley,
Calif., 1970/1971), Vol. II: Probability theory, pp. 347-356. Univ. California Press,
Berkeley, Calif., 1972.

J.-J. Pansiot, Complexité des facteurs des mots infinis engendrés par morphismes itérés,
Automata, languages and programming (Antwerp, 1984), Lecture Notes in Comput.
Sei. 172 (1984), 380-389.

W. Parry, Ergodic properties of affine transformations and flows on nilmanifolds, Amer.
J. Math. , 91(1969), 757-771.

W. Parry, Dynamical systems on nilmanifolds, Bull. London Math. Soc. 2 (1970),
37-40.

K. Petersen, Disjointness and weak mixing of minimal sets, Proc. Amer. Math. Soc.
177 (1970), 278-280.

R. Pikuta, Enveloping semigroups of unipotent affine transformations of the torus,
Ergodic Theory Dynam. Systems, 30 (2010), 1543-1559.

137



[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

R. Pikuta, On enveloping semigroups of nilpotent group actions generated by unipotent
affine transformations of the torus, Studia Math. 201 (2010), 133-153.

A. Quas and L. Zamboni, Periodicity and local complexity, Theoret. Comput. Sci. 319
(2004), 229-240.

M. Queftélec Substitution dynamical systems—spectral analysis, Lecture Notes in Math-

ematics, vol. 1294, Springer-Verlag, 1987.

C. Radin, Miles of tiles. Student Mathematical Library, 1., American Mathematical
Society, Providence, RI, 1999.

J. Rautio, Enveloping semigroups and quasi-discrete spectrum, to appear in Ergodic

Theory Dynam. Systems.

R. Robinson, Undecidability and nonperiodicity for tilings of the plane, Invent. Math.
12 (1971) 177-209.

R. J. Sacker and G. R. Sell, Finite extensions of minimal transformation groups, Trans.
Amer. Math. Soc. 190 (1974), 325-334.

V. Salo and I. Térmé, Block Maps between Primitive Uniform and Pisot Substitutions,

to appear in Ergodic Theory Dynam. Systems.

V. Salo, Toeplitz subshift whose automorphism group is not finitely generated,
arXiv:1411.3299.

Y. Shalom and T. Tao, A finitary version of Gromov’s polynomial growth theorem,
Geom. Funct. Anal. 20 (2010), 1502-1547.

S. Shao and X. Ye, Regionally proximal relation of order d is an equivalence one for

minimal systems and a combinatorial consequence, Adv. Math. 231 (2012), 1786-1817.

E. Szemerédi, On sets of integers containing no k elements in arithmetic progression,

Acta Arith. 27 (1975), 199-245.

T. Tao, Norm convergence of multiple ergodic averages for commuting transformations,
Ergodic Theory Dynam. Systems 28 (2008), no. 2, 657-688.

H. Towsner, Convergence of diagonal ergodic averages, Frgodic Theory Dynam. Sys-
tems 29 (2009), no. 4, 1309-1326.

S. Tu and X. Ye, Dynamical Parallelepipeds in Minimal Systems, J. Dynam. Differen-
tial Equations 25 (2013), no. 3, 765-776.

138



[115] M. Walsh, Norm convergence of nilpotent ergodic averages, Ann. of Math. (2) 175
(2012), no. 3, 1667-1688.

[116] P. Walters, Topological conjugacy of affine transformations of tori, Trans. Amer. Math.
Soc. 131 (1968), 40-50.

[117] P. Walters, An introduction to ergodic theory. Graduate Texts in Mathematics, 79.
Springer-Verlag, New York-Berlin, 1982.

[118] B. Weiss, Strictly ergodic models for dynamical systems, Bull. Amer. Math. Soc.
(N.5.) 13 (1985), 143-146.

139



	General Presentation
	Background in ergodic theory and topological dynamics
	General definitions
	Measure preserving systems
	Topological dynamical systems

	Classical special factors
	Nilfactors
	Nilpotent groups, nilmanifolds and nilsystems
	The cube measures, seminorms and Host-Kra factors
	Topological cubes and the regionally proximal relation of order d

	The Enveloping semigroup

	I Cube structures in topological dynamics
	Dynamical cubes and a criteria for systems having product extensions
	Introduction
	Criteria for systems having a product extension
	Organization of the Chapter

	Cube structures and general properties
	Cube structures and the (S,T)-regionally proximal relation
	Magic systems
	Partially distal systems
	Proof of Theorem 2.1.1
	Equicontinuity and product extensions
	Changing the generators

	Examples
	The Morse tiling
	Building factors of product systems

	RS,T(X) relation in the distal case
	Basic properties
	Further remarks: The RS,T(X) strong relation
	A Strong form of the RS,T(X) relation

	Properties of systems with product extensions
	The enveloping semigroup of systems with a product extension
	Disjointness of systems with a product extension
	Recurrence in systems with a product extension
	Complexity for systems with a product extension


	A pointwise cubic average for two commuting transformations
	Introduction
	Pointwise convergence for cube averages
	Strict ergodicity for dynamical cubes
	Proof Strategy and organization

	Background Material
	Host magic extensions
	Dynamical cubes

	The existence of free magic extensions
	Strict ergodicity for dynamical cubes
	A special case: product systems
	Proof of the general case

	Applications to pointwise results

	The enveloping semigroup of a system of order d
	Introduction
	Enveloping semigroups of systems of order d
	Proof of Theorem 4.1.2 
	Some further comments 


	II Automorphism groups of symbolic systems
	Automorphism groups of low complexity symbolic systems
	Introduction
	Preliminaries, notation and background
	Topological dynamical systems
	Subshifts
	Equicontinuous systems
	Nilsystems
	Automorphism group of d-step nilsystems

	On the automorphisms of subshifts with polynomial complexity
	Proof of Theorem 5.1.1
	A characterization of Aut(X,)/ "426830A "526930B  for constant length substitutions
	Recurrence and growth rate of groups

	Gallery of examples
	Substitutions with superlinear complexity
	Coding a nil-translation
	Example of a larger automorphism group
	Subshift with subexponential complexity

	Comments and open questions
	Automorphisms and nilfactors
	Eigenvalues, roots of T and automorphisms.
	Complexity versus group of automorphisms
	Measurable versus continuous automorphisms
	Realization of automorphism groups

	Computing the group of automorphisms of tilings by using cubes
	The Robinson Tiling


	Perspectives
	Bibliography


