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APPLICATION OF STATISTICAL SIGNAL PROCESSING TECHNIQUES IN
NATURAL ROCK TEXTURES CHARACTERIZATION AND ASTROMETRY

Tanto en ingeniería en minas como en astronomía existen problemas inversos en los cuales
técnicas del procesamiento de señales juegan un rol importante al momento de procesar la
información existente de manera óptima. En este trabajo de Tesis los problemas de clasifi-
cación de texturas de roca y astronometría son abordados usando técnicas del procesamiento
estadístico de señales.

En ingeniería en minas es de gran importancia contar con una buena caracterización del
subsuelo. Para ello diversas fuentes de información son utilizadas, encontrándose entre ellas
la información visual de la textura de las rocas. Pese al amplio uso de estas fuentes para
hacer inferencia del tipo de roca, no se ha logrado el desarrollo de técnicas de procesamiento
computacional y automático que las implementen de manera exitosa. En este trabajo de tesis,
seis clases de textura de roca son analizadas utilizando técnicas avanzadas del procesamiento
de imágenes. Específicamente, para cada clase se propone la extracción de características
especialmente diseñadas para esa clase. Las características propuestas ofrecen un alto poder
discriminador y baja dimensionalidad. Adicionalmente, se propone un esquema de banco de
detectores binarios con el fin de poner a prueba las características diseñadas. Finalmente,
el desempeño de clasificación del método propuesto es comparado con métodos en el estado
del arte de clasificación de texturas, mostrando ganancias importantes en cuanto a error de
clasificación.

El problema de astrometría corresponde a la determinación de la posición de astros me-
diante dispositivos detectores, comúnmente CCDs (Charged Coupled Devices). Dichos dis-
positivos presentan fuentes de ruido que afectan negativamente los métodos de localización.
En este trabajo de tesis el método de mínimos cuadrados es analizado en detalle. En este
contexto dicho método corresponde a un problema de regresión no lineal, por lo cual el
desempeño o varianza del estimador resultante no puede ser caracterizado de manera aná-
litica. Para ello se propone un método de aproximación de la varianza del estimador, que
permite la comparación analítica con la cota de Cramér-Rao. Finalmente, análisis empíricos
son desarrollados utilizando diversas configuraciones experimentales, encontrándose que, en
determinadas condiciones de medición, el estimador es eficiente con respecto a la cota de
Cramér-Rao.
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Summary

In mining engineering and astronomy there are important inverse problems where information
should be optimally processed, and where signal processing techniques play an important role.
In this work, the rock texture classification and the astrometry problems are treated using
statistical signal processing techniques.

The first contribution of this thesis is in mining engineering, where it is necessary to
have a good characterization of the subsoil. Several information sources have been used
from the rock image to discriminate its nature. This is an important classification problem
where automatic methods have not been systematically developed. In this thesis, six classes
of rock texture are analized using digital image processing. Particularly, for each class the
extraction of a highly discriminating and low dimensional feature is carried out. Additionally,
a classifier is proposed to asses the designed features. Finally, the performance of the proposed
classification method is compared with state-of-the-art methods in the texture classification
problem, showing substantial gains in performance.

The second contribution is in the context of astrometry. The astrometry problem con-
sists of the determination of a star position through the use of a detector, commonly a
CCD (Charged Coupled Device). These devices have noise sources that affect the source
localization problem, which corresponds to a parameter estimation task. In this thesis, the
Least-Squares (LS) method is analized in detail. In this context, the LS method corresponds
to a non linear regression problem, so its performance or variance cannot be analytically stud-
ied. For this reason, an approximation method of the estimator variance is proposed, which
allows an analytical comparison with the Cramér-Rao bound. Finally, empirical analyses are
developed using several experimental settings. As a result, it is found that, in some mea-
surement regimes, the Least-Squares estimator is efficient with respect to the Cramér-Rao
bound.
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Chapter 1

Introduction

In this Thesis, the applicability of signal processing techniques is studied for two main ap-
plication domains: feature characterization and classification for natural rock textures, and
the performance analysis of classical estimators in astrometry. These two problems belong
to two quite distinct areas, mining engineering and astromenomy, respectively. Nevertheless,
because of its transversality, signal processing offers the tools to cope with both problems.
Specifically, for the former, state-of-the-art image processing techniques can be used, whereas
for the latter case, classic statistical signal processing tools can be applied.

On the first problem, the rock texture is a visual information source which is used by
experts in order to make decisions about geological and geo-mining-metallurgical processes
inside a mine. However, in spite of the possible advantages of using this kind of information,
rock texture is not commonly used because it is difficult to characterize. For this reason,
in this Thesis, signal processing techniques are used to develop a new set of features for six
types of rock textures. In addition, a classification approach is implemented based on the
idea of a bank of detectors. The main contribution of this part of the work is the development
of discriminative and low dimensional features which allow an optimal automatic process of
rock textures, including their characterization and classification.

On the second problem, astrometry, is a branch of astronomy which consists of the esti-
mation of the local position of a point source (a star), through an array of digital detector
devices. Because of the noise present in these detectors, several estimation approaches have
been proposed; however, there is a small number of studies about the relation between the
performance of these approaches and optimal performance limits. In this Thesis, the Least-
Squares estimator is analyzed in detail, and its performance is compared to the Cramér-Rao
minimum variance bound. The main contribution of this part of the work is the development
of mathematical expressions that allow the analytical analysis of the variance of the Least-
Squares estimator. These expressions can be easily compared with the Cramér-Rao bound,
allowing the analysis of the Least-Squares estimator in several observational regimes without
the need of having previous observations.

The Thesis is organized as follows. In Chapter 2 a complete analysis of the rock texture
classification problem is given, showing the setting of the problem and empirical results. In
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Chapter 3 a complete study of the performance of the Least-Squares estimator is given in
the context of astrometry. Finally, Chapter 4 provides a summary of the main results and
final remarks.
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Chapter 2

Analysis and Classification of Natural
Rock Textures based on New
Transform-based Features

2.1 Introduction

Resource evaluation is of great interest in mining because it is the first stage in the valuation
of the project, where the quantity and quality of the economic ore must be determined. Sub-
sequent stages such as mine design, planning, and process optimization are performed based
on the block model defined during this stage. Currently, models go beyond the quantification
of concentrations of the elements of interest. A full material characterization is required to
assess the performance that the rock will have in a given process during mining or at the
metallurgical plant. Therefore, in addition to a proper estimate of the tonnage and grades
of interest, other characteristics of the rock must also be determined. The block model is
built considering different kinds of information, such as geophysical data, geological mapping
and logging, results from analytical and metallurgical tests over the rock and geotechnical
surveys. Visual information takes a leading role in this characterization process. Many of
the characteristics of the rock are judged from visual inspection: lithology types require a
judgement about the texture of the rock; alteration types are typically defined based on the
presence of alteration minerals, which may appear on the rock with diverse levels of intensity,
and is also logged; clast size and shape is relevant to define the fabric of the rock. Most of this
information will finally be stored as classes in a database, and carried downstream through
the mining process. A proper characterization of some of these features has been found to
be extremely relevant and quite difficult, specially when considering that a consistent char-
acterization requires a trained geologist. Often the mapping and logging is done by more
inexperienced geologists, adding variability to the logged data. This motivates the study of
rock textures as a key visual feature of the rock [1, 2, 3], and also because the relationship
with metallurgical performance has been established in many studies previously [4, 5, 6]. A
good rock characterization allows for a better prediction of mining and metallurgical process
responses [7], which has a direct impact on the financial performance of the project [8].

3



Despite its great potential, rock texture is not systematically used in mining. This may
be explained because textures are difficult to define, characterize and quantify (for a detailed
explanation see [9]). However, textures have been widely investigated in areas such as im-
age processing and computer vision [10, 11, 12, 13], which offers the possibility of bringing
many new algorithms and methods to the geosciences. Nevertheless, it should be noted that
what we understand by textures in geology, mining engineering and image processing can be
different, so it is necessary to bear in mind this fact before applying any method.

In this part of the Thesis, six classes of rock textures frequently found in porphyry copper
deposits are studied through digital image processing. Specifically, the problem of classifying
a database of images with few training samples is addressed, which consists of assigning a
class label (corresponding to one of the six classes) to each image in the database, trying to
minimize an error criterion [14]. For this purpose, it is important to extract lower dimen-
sional discriminative features from the raw information (image), which allows an efficient
computational processing. Additionally, it is considered that these classes can be divided in
two groups, which will be called: Stationary textures and Structure textures. The first group,
which is a typical case studied in image processing [13, pp. 81], contains rock textures defined
by a stationary pattern formed by crystals with a particular distribution, shape and size. The
second group contains rock textures that, as a consequence of the behavior of the minerals,
present structures of different shape, size and orientation, such as clasts (rock fragments) and
veins (fractures in rocks filled with minerals) [15]. The existence of the aforementioned two
groups does not allow a direct application of state-of-the-art methods of texture analysis,
since the structure (or object) information of the structure textures group is not properly
identified[10, 11, 12, 13, 16, 17, 18, 19]. In this chapter, a new approach is proposed, which
rests on the extraction of low dimensional discriminative features from the digital images,
based on transform domains and source separation algorithms. These features are specially
made for the six classes of interest. Then, a classification scheme is built, composed by a
concatenation of five binary classifiers, which allows to deal with the different nature that
a texture image could present, this is, as a stationary or as a structure pattern. Thus, the
classification scheme with the feature extraction (FE) process together, are able to analyze
the different kinds of information with a low computational cost.

The focus of this part of the Thesis is on the FE process, which is the development
of low dimensional discriminative features. Specifically, one feature is developed for each
binary classifier, and is specially designed to extract characteristic information of a particular
class. For this task, transform domains given by the Wavelet transform (WT) [20] and
the Shearlet transform (ST) [21] are used, to analyze properly the stationary patterns and
geometric forms present in rock textures, considering different levels of scale and orientation.
Additionally, these two phenomena (stationary and geometric patterns) might coexist in an
image, therefore, source separation algorithms proposed in [22, 23] are integrated into the
feature design. As we will see, this classification approach shows better performance than
state-of-the-art approaches used for texture discrimination of natural images. This ratifies
the goodness of the proposed features and the fact that the design takes into consideration
the adoption of stationary patterns and object information at different levels of scale and
orientation, depending on the specific nature (signature) of the considered rock class.
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2.2 The Database of Natural Rock Textures

The problem of natural rock texture classification is not new, however, solutions are highly
case dependent and it is hard to provide a general procedure. In this study, textures of rocks
captured from drill hole cores digital photographs, are used to construct a database. Drill
hole cores are stored in trays, which are photographed at high resolution. Although it is well
known that textures are correlated to some of the process performance responses, given the
difficulty in measuring them and classifying them, they are seldom used as a rock feature in
the construction of models of the ore deposits. Nonetheless, geologists have a description of
the different types of textures that are of interest, thus a database was constructed, where a
number of cases were labelled with one of six texture categories. Typically, the rock texture
can be described in terms of the matrix texture, which represents the background of the
rock, and also in terms of the objects present in the matrix, namely, crystals, clasts, and
structures. In this application six categories are identified, as described next:

1. Aphanitic class: this class is characterized by a matrix of the rock with the presence of
small crystals which only can be observed through a microscope. Thus, what is seen is
a homogeneous surface (the matrix) with slight and regular local variations.

2. Phaneritic class: this class is characterized by larger crystals that constitute the ma-
trix of the rock and that can be observed through the naked eye. Thus again, the
surface shows a homogeneous character with rougher variations (at larger scale) than
the Aphanitic class.

3. Porphyry class: in this class, a matrix of small sized crystals (microscopic scale) is
combined with larger crystals (visible at naked eye scale) called Porphyds. These
crystals are much larger than those found in the Phaneritic class.

4. Vein class: a vein is a fracture on the rock with a sheetlike form that is filled other
minerals. Thus, this class is characterized by the presence of one or more of such
structures, usually depicting the same orientation. Therefore, the characteristic feature
for this class is these large sheetlike structures.

5. Stockwork class: If the surface of a rock presents a random array of veins, with varying
orientations, the texture is labelled as stockwork.

6. Breccia class: This class is characterized by a homogeneous matrix containing large
clasts, that is, objects with angular form.

The database has 16 gray-scale images of 128 × 128 pixels per class, in total 96 images.
The images selected show pure classes, that is, images were labelled only when a single class
was present in it. Nevertheless, it is known, in practice, that there could be an overlap of
two or more classes in a single image.

For analysis purposes, it is relevant to identify two groups within the set of images:

• Stationary textures: it is composed by samples from the Aphanitic, Phaneritic and
Porphyry classes, where elements of low scale form a stationary pattern formed by
crystals with a particular distribution, shape and size. This group corresponds to
textures associated with igneous rocks, that is, rocks created by the crystallization of
cooling magmas. It should be noted that the term texture in this case is applied to
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describe the shape, size and ordering of the crystals, which form a stationary pattern.
Therefore, the main difference between textures in this set is related to their crystals.
In the Aphanitic class we have small crystals which can only be observed through
a microscope; in the Phaneritic class, larger crystals that can be observed through
the naked eye; finally, in the Porphyry class, two types of crystals are found: small
size crystals (microscopy scale) and larger crystals (naked eye scale) called Porphyds.
Furthermore, this last class has the biggest size crystals among the three classes of the
group.
• Structural textures: it is composed by samples from the Vein, Stockwork, and Breccia

classes, where structural features define the corresponding texture, based on the shape
and relative orientation of these objects within the rock [15]. These textures are also
associated to igneous processes, where intrusion of magmas within already formed rock
generated the structural feature. In the vein class, the rock shows a fracture that is
filled by a different material, therefore, the characteristic feature is the presence of one
or few structures with similar orientation. When the rock has been broken not by one,
but by several veins in random orientations, that is, when we have a random array of
veins, then the class is labelled as Stockwork. Finally, breccias are characterized by the
presence of large clasts (fragments of rocks with sharp edges), within a homogeneous
matrix.

Examples of the six classes are shown in Fig.2.1.

Figure 2.1: Example of the six classes analized in this work. Each column shows three images
of Aphanitic, Phaneritic, Porphyry, Breccia, Stockwork and Vein respectively.

In the following section, the image classification problem is generally explained, and also
the proposed classification approach is presented.
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2.3 The Chain Sequential Classification Approach

In this section, the adopted classification approach is explained. First, the image classification
problem is presented in general, and then the adopted sequential classification scheme is
shown.

2.3.1 The Image Classification Problem

An image z can be represented as a two dimensional vector, i.e., z = (z(i, j)){(i,j)} where
(i, j) ∈ {1, . . . , n1} × {1, . . . , n2}. For simplicity, the entries of an image (or pixels) can be
resorted in a one dimensional vector of dimension n = n1 × n2, where each image z belongs
to a subspace Z ⊂ Rn. Associated to each image z, there is a hidden (non-observed) class
label that is denoted by y ∈ Y = {1, . . . ,M}, which represents the identity (or class) of the
image. The classification task reduces to find the mapping from Z to Y , which from the
observation stipulates the identity or class of the image. In the Bayesian setting, the image
is modeled as a realization of a random vector Z(w) with values in Z and the class label is
also a random variable Y (w) with values in Y . Then, considering the distribution of the joint
vector (Z, Y ), the optimal rule (that minimizes the probability of error) is given by [14]:

g∗(z) = argmax
i∈Y

P (Y = i|Z = z), ∀z ∈ Z. (2.1)

where P (Y = i|Z = z) denotes the posteriori probability of class being i given the observation
z. This is the well-known maximum a posteriori (MAP) decision rule [14, 24].

Unfortunately, to determine g∗(·) it is necessary to know the joint distribution P (Z, Y ),
which is not available in practice. In contrast, we have access to i.i.d. samples D =
{(z1, y1), (z2, y2), . . . , (zN , yN)}, i.e., the supervised (training) data. This rises a learning
problem, which reduces to approximate the optimal rule empirically from the data D. For
this, the problem of dimensionality reduction of the observation space Z needs to be ad-
dressed. More precisely, starting from a big observation space of dimension n, we need to
design a feature transformation (FT) f : Z → X ⊂ Rm where m < n. In this context, X
denotes the feature space, and X = f(Z) the new feature vector to do the inference about Y .
The application of the FT is known as feature extraction (FE) process, which is essential to
reduce the learning problem to something that is tractable in terms of dimensionality, given
the limited data D = {(z1, y1), (z2, y2), . . . , (zN , yN)}, with the ideal objective that f(Z) keeps
(in average) almost all the information of Z to discriminate the hidden variable Y [14, 24].

2.3.2 The Chain Sequential Classifier

We propose to use a sequential approach conformed by a bank of binary classifiers (or de-
tectors). The basic idea is to simplify the decision scheme through: a significant reduction
in the dimensionality of the problem (in the FE phase), and the adoption of a sequence of
simpler binary classifiers. In this context, the focus of this work is to propose new analysis
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schemes of rock texture images to drastically reduce the dimensionality of the problem, while
maintaining good discrimination.

For our database (N = 96 and M = 6), a chain sequential classifier (CSC) denoted by
gchain is proposed. More precisely, for every class index i ∈ {1, 2, 3, 4, 5}, a FT fi : Z → Xi is
designed, where Xi = fi(Z) is the resulting feature vector, and its associated binary classifier
is denoted by:

gi : Xi → {0, 1}, i ∈ {1, 2, 3, 4, 5}. (2.2)

The general idea of the decision scheme is the following: the first classifier g1(·) decides or
“detects" the presence of the class 1, the second g2(·), based on the decision of the first
stage, decides or detects the presence of the class 2, until the last g5(·) that decides if the
observation belongs to the class 5 or 6. In other words, given the (raw) observation Z the
scheme receives as an entry a set of 5 partial binary decisions:

(g1(f1(Z)), g2(f2(Z)), . . . , g5(f5(Z))) ∈ {0, 1}5, (2.3)

where the final decision decodes that path by the tree structure illustrated in Fig. 2.2.
More formally, if we denote by Ŷi = gi(fi(Z)) ∈ {0, 1} the output of the i-classifier with
i ∈ {1, 2, 3, 4, 5}, and we fix Ŷ6 = 1, then the final decision is given by:

Ŷ (Z) = gchain(Z) = min
{

i ∈ {1, . . . , 6} : Ỹi = 1
}
. (2.4)

For illustration Fig. 2.3 shows the general scheme of the classifier.

0

0

0

0

0 1

1

1

1

1

Figure 2.2: Decision-tree-decoding structure of the sequential classification approach.
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Z g1(f1(Z))

g2(f2(Z))

g3(f3(Z))

g4(f4(Z))

g5(f5(Z))

detection of class 1: Aphanitic

detection of class 2: Phaneritic

detection of class 3: Stockwork

detection of class 4: Vein

detection of class 5: Porphyry

detection of class 6: Breccia

Y1 = 0

Y2 = 0

Y3 = 0

Y4 = 0

Y1 = 1

Y2 = 1

Y3 = 1

Y4 = 1

Y5 = 1

Y5 = 0

Figure 2.3: Block diagram of the proposed chain sequential classifier.

2.4 Transform-based Feature Design

In order to properly discriminate or detect the rock texture class of interest, the focus is put
on the FE process, which reduces to design {fi}5

i=1 for each binary classifier in Fig. 2.3. The
objective for each stage is to find a parsimonious representation with a good discriminative
power to detect the rock class of interest. In this section the FT is developed for each binary
classifier in (2.2).

2.4.1 First Binary Classifier: Aphanitic Class Detection

Stationary textures present stationary patterns at different scales. In order to detect the
presence of these stationary patterns it is necessary to have a technique that analyzes them
at different scales or resolutions. For that, the texture-cartoon separation technique proposed
in [22] is adopted, which is capable of separating the stationary patterns (or texture) from
the geometric forms (or cartoon) according to a pre-established filter of width σ, associated
to the scale of the texture-cartoon separation (for more details please see Appendix 5.3).
Therefore, changing the value of the width parameter σ allows the separation of stationary
patterns at different scales.

In particular the Aphanitic class can be seen as a stationary texture whose stationary
pattern is present at a very low scale (microscope scale). For that reason, it is expected
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that for a small σ (according to the size of the images a small filter width would correspond
to σ ≈ 1) the texture-carton separation technique captures the whole image in the texture
component, leaving the cartoon component empty. On the opposite, the cartoon part of the
other 5 remaining classes should not be quite altered. Then, focusing just in the cartoon part,
we can calculate the relative change of the border content before and after the separation.
It is expected that for the Aphanitic images, this relative change should be very high, while
for the other classes very small.

More formally, denoting an image by z and its texture and cartoon parts associated to a
filter σ by ztσ and zuσ , respectively, the border content can be quantified by the total variation
(TV) operator [25]. Specifically, for an image its TV is given by ‖ ∇z ‖`1 , where ‖ · ‖`1
denotes the `1-norm. Then, the relative change previously described can be used as the
feature for this classifier, and can be quantified by:

f1(z) ≡ | ‖ ∇z ‖`1 − ‖ ∇z
u
σ ‖`1 |

‖ ∇z ‖`1
∈ [0, 1], ∀z ∈ Z. (2.5)

To illustrate this idea, Fig. 2.4 shows the texture and cartoon components for an Aphanitic
sample and a Stockwork sample, as well as the value of f1 in both cases. Fig. 2.5 shows the
discriminative ability of f1. For each sample, we show the corresponding value for f1. It can
be seen how members of the Aphanitic class are located at high values close to one, whereas
the others have small values close to zero. Therefore, our designed one dimensional feature
f1 shows to be a very discriminative indicator of the presence of the Aphanitic class.

Figure 2.4: Each row shows an original image and its cartoon and texture components for
an Aphanitic and a Stockwork samples, respectively, setting σ = 1. In the first case, we have
f1 = 0.811, and in the second one, f1 = 0.134.
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Figure 2.5: Discriminative ability of f1. The x-axis shows different samples. From 1 to 16
correspond to Aphanitic samples, and from 17 to 96 to samples of the other classes. The
y-axis shows the value of f1 for each sample.
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2.4.2 Second Binary Classifier: Phaneritic Class Detection

Phaneritic class can be considered a stationary texture as it has stationary patterns. In
contrast with the Aphanitic class, these patterns occur at several scales (see examples in
Section 2.1). Particularly, there exists a specific scale at which just the Phaneritic class
presents a stationary pattern. Then, the objective of the feature extraction part of this stage
is to take advantage of this evidence. For that, the stationary pattern is isolated using the
texture-cartoon separation technique indicated in Section 2.4.1 fixing a particular σ in the
range1 [5, 6], according to the image size. With this selection, that stationary pattern is
captured in the cartoon component. On the contrary, the cartoon component of the other
remaining 4 classes should not present any stationary pattern.

To quantify the presence of that particular stationary pattern, a transform domain repre-
sentation is used, more precisely the Wavelet Transform (WT) [20] (more details in Appendix
5.1.1). For an image z in the pixel-based domain, the WT corresponds to a decomposition (or
projection) of its information at several scales and locations. That decomposition is carried
out by an orthonormal basis whose elements, called wavelets, are denoted by ψj,k, where j and
k correspond to a specific scale and location indexes, respectively. Then, after the projection
of z into the family {ψj,k}, the WT is the set of wavelet coefficients {cj,k = 〈ψj,k, z〉} given by
the inner product between z and each wavelet ψj,k. Furthermore, fixing a scale index j, the
j-wavelet sub-band corresponds to the wavelet coefficients at all possible locations at scale j.

It is known that the histogram of coefficients in a wavelet sub-band can be modeled by
a generalyzed Gaussian density (GGD) [10], which is parametrized by a spread parameter
and a shape parameter, denoted by α and β, respectively. An interesting fact is that these
parameters allow to infer the form of the pdf associated to a sub-band. A high spread
parameter means a wide pdf and a small shape parameter means a fast decay in the tail
trend (more details in Appendix 5.2). With this statistical model, we have a probabilistic
distribution for each wavelet sub-band of the image. Then, it is possible to quantify the
presence of the isolated stationary pattern for the Phaneritic class because when a stationary
pattern is present in an image, the pdf of the associated wavelet sub-bands tends to be wide,
which means a high value for the spread and the shape parameters. On the other hand, for
the rest of the classes where there is not such a stationary pattern, the pdf shape is thin,
having smaller scale and shape parameters. In Fig. 2.6 this observation is clearly illustrated.

Finally, for the feature extraction of the second binary classifier, the WT with 3 scales
is specifically calculated, which gives a set of 9 spread parameters and 9 shape parameters.
Then, the feature vector of the second binary classifier is:

f2 ≡


α1 β1

α2 β2
...

...
α9 β9

 . (2.6)

1A filter size in this range achieves to assign a considerable proportion of stationary patterns of the
Phaneritic samples to the cartoon part.This range was chosen since the associated filters allow a better
separation of the two classes of the second binary classifier in comparison to other filter sizes (please see Fig.
2.7). Consequently we have a better classification performance.
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Figure 2.6: (2.6a) Each row shows an original image and its cartoon and texture components
for samples of the Phaneritic and Breccia classes, respectively, setting σ = 5.5. (2.6b)
Histogram and the fitted model (α = 0.683, β = 1.274) of wavelet coefficients in a particular
sub-band at the second scale for the cartoon image of the Phaneritic sample. (2.6c) Histogram
and the fitted model (α = 0.014, β = 0.421) of wavelet coefficients in a particular sub-band
at the second scale for the cartoon image of the Breccia sample.

Fig. 2.7 illustrates the discriminative ability of f2. For sake of space, the parameters of one
sub-band are illustrated. Two clusters can be seen, corresponding to the Phaneritic class and
the remaining 4 classes. Remarkably, the other sub-bands present a similar discriminative
trend.
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Figure 2.7: Discriminative ability of f2. Considering just one wavelet sub-band, the x-
axis shows the value of the spread parameter for 16 samples of the Phaneritic class and 64
samples of the other classes. Analogously, the y-axis shows the respective values of the shape
parameter.
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2.4.3 Third Binary Classifier: Stockwork Class Detection

The third classifier is intended to detect the Stockwork class. This can be considered as
a structure texture in the sense that it is necessary to extract information associated to
the presence of a geometric form or signature, which is an array of veins of a sheetlike form,
illustrated in Fig. 2.8a. Adversely, the images of this class can present a stationary pattern in
some parts, which hinders the analysis of the mentioned geometric forms. For that reason, it
is necessary to separate the stationary patterns from the geometric forms. For that, a source
separation technique is used, which is based on representing the image in two alternatives
transform domains [23, 26, 27].

An interesting concept to introduce is the ability of a basis to reconstruct an image from
a few proportion of transform coefficients getting an image very similar to the original. In
that case, we say that the image is compressible with respect to that transform domain.
In our context, the images composed just by geometric forms like veins are compressible in
the domain given by the so called Shearlet Transform (ST) [21, 28], while the stationary
patterns are compressible in the WT domain. The ST is similar to the WT in the sense that
it is a collection of basis functions, called shearlets, where an image can be decomposed at
several scales, locations, and additionally, several orientations. Following a similar notation,
we denote the shearlets (basis elements) by ψj,k,l, where j and k correspond to a specific
scale and location, respectively, and l corresponds to a specific orientation. Analogously to
the WT, the ST is the set of shearlet coefficients, and fixing a scale j, and an orientation
l, it is possible to introduce the concept of shearlet sub-band, which corresponds to the set
of shearlet coefficients at all possible locations in those specific scale and orientation indexes
(for more details please see Appendix 5.1.2).

Assuming that a Stockwork image z is composed by the sum of two independent sources,
one associated to the stationary patterns (texture), and the other to the geometric (veins)
forms (cartoon), denoted by zs and zg respectively, the source separation technique uses
the fact that these two sources are compressible in the wavelet and the shearlet domains,
respectively (for more details please see Appendix 5.4 and [27]). This allows an adequate
separation of both sources. Fig. 2.8 shows the result of a separation using the adopted source
separation technique, where it can be seen that zg captures the geometric forms properly2.

After the source separation, if the ST is applied directly to zg and a scale j is fixed,
then for each location it is possible to calculate in which orientation the associated shearlet
coefficient is maximum [29]. Next, all these found coefficients can be added in one singular
value, that will be called Orientation Energy (OE), and will be denoted by ξj. More formally,
considering the shearlet coefficients of zg, denoted by {SHj,l,k(zg)}, where j, l, and k are the
scale, orientation and location parameters, respectively, for a pixel k = (k1, k2) and a scale
j, it is possible to define:

ξj,k(l) ≡ |SHj,l,k(zg)|, l ∈ Lj, (2.7)

where Lj corresponds to the orientations associated to the scale j (for more details please

2In this example a contrast enhancement was made for the cartoon component of the Stockwork sample
in order to observe more adequately the extraction of the random array of veins.
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see Appendix 5.1.2). Then, the OE of z at scale j corresponds to:

ξj(z) ≡
∑
k∈Z2

max
l∈Lj

ξj,k(l). (2.8)

In other words, ξj(z) can be seen as the `1-norm of the concatenated columns of a matrix
whose elements are the maximum values among the possible orientations, this is:

ξj(z) = ‖ Ī ‖`1 , (2.9)
I(j, k) ≡ max

l∈Lj
|SHj,l,k(zg)|, (2.10)

where Ī is the vector corresponding to the concatenation of the columns of I. Thus, for
a specific scale j, ξj(z) gathers the coefficients with the highest energy among all possible
orientations.

It happens that ξj tends to be high for the Stockwork class, and small for the remaining
three classes. Specifically, for our database, just the OE of the second scale will be used3,
which provides enough discrimination for the problem. Thus, the feature used by the third
binary classifier is given by:

f3 ≡ ξ2. (2.11)

In Fig. 2.9 the discriminative ability of f3 is shown. For each sample we show the value of
f3. It can be seen how the Stockwork class is located at high values and the other classes at
small values4.

2.4.4 Fourth Binary Classifier: Vein Class Detection

The fourth classifier is intended to detect the Vein class. These images are characterized by
the presence of a considerable thick vein, which is an object of a sheetlike form following a
preferential orientation. Fig. 2.10a shows a sample of the class and its respective vein with a
vertical orientation. Therefore, the proposed feature extraction has to quantify the presence
of this signature object and differentiate it from the objects inside images of the other two
remaining classes. In fact, it is assumed that in the other classes there are just Breccia and
Porphyry samples, whose objects are clasts and porphyds respectively, which have a more
isotropic form than veins. Thus, it is that isotropy difference the way to discriminate the
class. For that purpose, the ST is used, but in a different manner than was done before for
the third classifier.

It is known that if in an image we keep a small proportion of the highest shearlet co-
efficients, and the rest is zeroed out, these high coefficients are those with locations corre-
sponding to the borders of the image [30]. Then, if inside the image there is an object with
a preferential orientation, the shearlet sub-band corresponding to that orientation should

3Considering just the OE of this scale we achieve a good separation of the Stockwork class with respect to
the remaining classes. We prove adding more scales, and therefore increasing the dimensionality of the feature
vector, calculating the classification performance for each case. We verified empirically that the classification
error was not less for feature vectors of higher dimension.

4According to empirical results high values correspond to energies higher than 400.
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(a)

(b)

Figure 2.8: (2.8a) Sample of the Stockwork class and its component of stationary patterns
and the component of geometric forms, respectively (f3 = 599.53). (2.8b) Sample of the
Porphyry class and its component of stationary patterns and the component of geometric
forms, respectively (f3 = 312.27).
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Figure 2.9: Discriminative ability of f3. The x-axis shows different samples. From 1 to 16
correspond to Stockwork samples, and from 17 to 64 to samples of other classes. The y-axis
shows the value of f3 for each sample.

have a big number of the high coefficients (located at the borders of the object). Also, in
the sub-band with an orientation orthogonal to the object orientation, there should not be
high coefficients, since the objects do not have borders with another direction (Fig. 2.10
illustrates the idea). Then, it is proposed to sum the absolute value of the coefficients of
each sub-band (this corresponds to the `1-norm of the sub-band), which is known as the
energy of the sub-band, and the maximum of these energies should be the sub-band with the
same orientation as that of the object. Thus, if we take the ratio between the energy of the
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sub-band orthogonal to the object orientation and the energy of the sub-band with the same
orientation, the value should be close to zero. Conversely, for objects with an isotropic form,
the energy of each sub-band should be similar since the object has borders in each direction,
and the ratio between any sub-band an its orthogonal counterpart should be close to one.

More formally, given an image z, its shearlet coefficients {SHj,l,k(z)}, and a percentage
value p, the following set can be defined

SHp(z) ≡ {1Pp(SHj,l,k(z))SHj,l,k(z)), j ≤ 0, l ∈ Lj, k ∈ Z2}, (2.12)

where Pp is the set of p-percentage most significant shearlet coefficients, and

1Pp(SHj,l,k(z)) =

{
1, SHj,l,k(z) ∈ Pp,
0, SHj,l,k(z) /∈ Pp.

(2.13)

Thus, SHp(z) are the shearlet coefficients with the 1 − p non significant fraction set to
zero. Also, the elements of this set can be denoted by SHp

j,l,k(z) ≡ 1Pp(SHj,l,k(z))SHj,l,k(z),
and the sub-band corresponding to the scale parameter j, and the orientation parameter
l by SHp

j,l(z). Next, for a scale j, considering its associated orientations l ∈ Lj, the set
Kpj ≡ {κ

p
j,l ∈ [0, 1], l ∈ Lj} can be defined, where

κpj,l ≡

(
min(‖ SHp

j,l(z) ‖`1 , ‖ SH
p

j,l
(z) ‖`1)

max(‖ SHp
j,l(z) ‖`1 , ‖ SH

p

j,l
(z) ‖`1)

)2

, (2.14)

with l ∈ Lj being the closest orientation to the orthogonal orientation of l. Then, it is defined

κp∗j ≡ κpj,l∗ , where (2.15)
l∗ ≡ arg max

l∈Lj
‖ SHp

j,l(f) ‖`1 . (2.16)

Finally,
f4 ≡ κp∗j , (2.17)

where j = 2 and p = 0.03 will be used, since they allow a good discrimination according to
the images size.

Using samples of the three classes related to the fourth binary classifier, Fig. 2.10 illus-
trates how the high shearlet coefficients are located at the borders of images, and how f4

varies as the isotropy of objects increases. It should be mentioned that, in order to focus the
analysis on the signature objects of the class, a texture-cartoon separation was done using
σ = 8 before applying the ST5, because some stationary patterns needed to be removed.
Finally, in Fig. 2.11 the discriminative ability of f4 is shown. For each sample, it can be seen
how the Vein class is located at low values and the other classes at high values.

5This filter size allows us to assign the geometric form (thick vein) to the cartoon component. The station-
ary patterns present in the Vein and the remaining classes are properly assigned to the texture component.
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Figure 2.10: (2.10a), (2.10b) and (2.10c) show respectively a sample of the Vein class with
its cartoon part (σ = 8), and its shearlet coefficients at scale j = 2 with ten orientations
before and after considering the 3% of most significant coefficients (f4 = 0.0011). (2.10d),
(2.10e) and (2.10f) show respectively a sample of the Breccia class with its cartoon part
(σ = 8), and its shearlet coefficients at scale j = 2 with ten orientations before and after
considering the 3% of most significant coefficients (f4 = 0.7468). (2.10g), (2.10h) and (2.10i)
show respectively a sample of the Porphyry class with its cartoon part (σ = 8), and its
shearlet coefficients at scale j = 2 with ten orientations before and after considering the 3%
of most significant coefficients (f4 = 0.7024).
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Figure 2.11: Discriminative ability of f4. The x-axis shows different samples. From 1 to 16
correspond to Porphyry samples, and from 17 to 48 to samples of other classes. The y-axis
shows the value of f4 for each sample.

2.4.5 Fifth Binary Classifier: Porphyry Class Detection

The fifth binary classifier is intended to discriminate the Porphyry class from the Breccia
class. On one hand, the Porphyry class corresponds to a stationary texture which present
stationary patterns of small and big scale. On the other hand, the Breccia class corresponds
to a structure texture which is characterized by the presence of big objects called clasts.
For the detection, it is intended to extract and quantify the information given by the small
scale stationary patterns present in the Porphyry class, which are almost not present in the
Breccia class. For that purpose Local Binary Patterns (LBP) are used [11]. LBP associates
a binary pattern to each pixel of an image. Specifically, for each pixel its value is compared
with the value of the other pixels around it considering a certain distance or profile. Next, a
binary chain of length equal to the number of compared pixels is assigned to it. The value of
each bit depends on whether the compared pixel was higher or smaller. Then, the frequency
of the patterns is computed with a histogram.

Particularly, the low scale stationary patterns present in the Porphyry class create very
frequent patterns in the LBP domain, which is reflected in the LBP histogram, since it shows
an elevated zone. Conversely, the abscence of stationary patterns in the Breccia class has
as a consequence a flat LBP histogram as illustrated in Fig. 2.12. Then, the feature of the
fifth binary classifier is developed quantifying this fact. For that, the kurtosis of the LBP
histogram is proposed as feature, since this value is associated to the histogram flatness.
Then, f5 is defined as follows. Given an image and its LBP histogram denoted by h, f5 is
given by:

f5 =
1
n

∑n
i=1(hi − h)4(

1
n

∑n
i=1(hi − h)2

)2 . (2.18)

The right-hand-side of (2.18) is the kurtosis of the LBP histogram, where n denotes the
considered histogram bins, hi the histogram value at i-bin, and h the histogram mean. In
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Fig. 2.13 the discriminative ability of f5 is shown. For each sample it is shown the value
of f5, and it can be seen how the Porphyry class is located at small values, and the Breccia
class at high values.
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Figure 2.12: (2.12a) An exmaple of Porphyry (left) and Breccia (right) classes, respectively.
(2.12b) LBP histogram of the Porphyry image (f5 = 8.465). (2.12c) LBP histogram of
Breccia image (f5 = 21.572).
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Figure 2.13: Discriminative ability of f5. The x-axis shows different samples. From 1 to 16
correspond to Porphyry samples, and from 17 to 32 to Breccia samples. The y-axis shows
the value of f5 for each sample.
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2.5 Classification Performance

In this section we analyze the classification performance of the chain sequential classifier
(CSC) presented in Section 2.3. From the binary sequential approach in Eq.(2.4), its proba-
bility of error is given by:

P (gchain(X) 6= Y ) = 1− P (gchain(X) = Y ), (2.19)

= 1−
6∑
l=1

P (gchain(X) = Y |Y = l)P (Y = l). (2.20)

From (2.20), the problem reduces to calculate the conditional probabilities {P (gchain(X) =
Y |Y = l)}6

l=1, which involves the knowledge of the success probability for each binary detector
{P (gi(Xi) = Yi)}5

i=1 in (2.2). More precisely, from the structure in Fig. 2.3, we have that:

P (gchain(X) = Y |Y = l) =
l∏

i=1

P (gi(Xi) = Yi). (2.21)

where the random binary vector (Y1, ..Y5) ∈ {0, 1}5 in (2.21) denotes de binary coding of the
true class Y , using for that coding the path structure illustrated in Fig 2.2. Finally, since
we have the same number of images per class in our database, we consider that P (Y = l) =
1/6, ∀l ∈ {1, . . . , 6}. Then, replacing (2.21) in (2.20) , we have that:

P (gchain(X) 6= Y ) = 1− 1

6
·

6∑
l=1

(
l∏

i=1

P (gi(Xi) = Yi)

)
. (2.22)

2.5.1 Experimental Results

To measure the performance of the proposed method Eq. (2.22) is used, then the problem
reduces to compute empirically the set of probabilities {P (gi(Xi) = Yi)}5

i=1, i.e., the perfor-
mance of every binary detector in the chain. It was decided to proceed empirically using a
cross-validation approach, due to the small size of our database, finding empirical estimations
of the probabilities of error for each binary classifier.

To implement every detector, we use a discriminative approach based on support vector
machine (SVM). The justification on using SVM is its excellent performance when very
limited data is available, as well as its ability to find good decision regions in the presence
of discriminative features. Several kernels for the SVM approach were evaluated, and the
selected ones were those with the best empirical performance per classifier (detector).

Table 2.1 reports the performance of each binary classifier, where its success probability is
listed as well the selected SVM kernel. Here it is possible to evaluate the goodness of features
designed for each of the stages in Section 2.4, where the performance for the binary detectors
are very good in general. The only clear exception to this rule is g4, which shows a substantial
lower accuracy. This can be attributed to the complexity of discriminating the Vein class from
the Breccia and Porphyry classes. In fact, from the way the feature extraction was designed

21



for this detector (detecting if the objects inside the images have a preferential direction), it
happens that there are some images from the Breccia class that contain structures with a
certain degree of anisotropy, which causes confusions. This can be observed in Fig. 2.11. In
general, Table 1 demonstrates the quality of the feature development proposed in this part
of the thesis.

Table 2.1: Success probability and SVM kernel of each binary classifier

Binary Classifier Success Probability (P (gi(Xi) = Yi)) SVM configuration
g1 0.938 Linear kernel
g2 0.925 Polynomial kernel
g3 0.969 Linear kernel
g4 0.792 Polynomial kernel
g5 0.932 Linear kernel

In order to evaluate the performance of the proposed method against other competing
methods, two widely recognized state-of-the-art methods are considered. These are used
to discriminate texture in natural images [10, 11], and are based on WT and LBP, respec-
tively. Table 2.2 presents the probability of error of the scheme gchain, and the other two
classifiers. Remarkably, the proposed method shows an important reduction in classification
errors when compared with the methods based on WT or LBP. To complement this analysis,
Fig. 2.14 shows the success probability per class, where as expected the two natural-texture
methods have good performances for stationary texture classes (Aphanitic, Phaneritic and
Porphyry), however for the structured textures (Stockwork, Vein and Breccia), where there
is a combination of stationary patterns at a given scale (texture) and objects (cartoon), the
performance is diminished. This ratifies the motivation of this part of the thesis, in which
conventional natural-texture discriminative methods would have problems detecting objects
with the presence of both texture patterns and cartoon components. On the contrary, the
chain sequential classifier based on the use of features that capture both aspects (texture and
object as useful information for discrimination) achieves a more uniform success probability
among the classes, and, more importantly, better performance overall.

Table 2.2: Error probability of each method

Method Probability of Error
CSC 0.241
LBP based method 0.365
Wavelet based method 0.355
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Figure 2.14: (2.14a) Success probability of the CSC for each class. (2.14b) Success probability
of the Wavelet based method for each class. (2.14c) Success probability of the LBP based
method for each class.
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Chapter 3

Performance Analysis of the
Least-Squares Estimator in Astrometry

3.1 Introduction

Astrometry is a branch of observational astronomy that deals with the precise and accu-
rate estimation of angular positions of light-emitting (usually point-like) sources projected
against the celestial sphere, and as such, it is the oldest technique employed in the study
of the heavens [31, 32, 33]. Repeated measurements of positions, spread over time, allow a
determination of the motions and distances of theses sources, with astrophysical implications
on dynamical studies of stellar systems and the Milky Way as a whole. With the advent of
solid-state detectors and all-digital techniques applied to radio-interferometry and specialized
ground- and space-based missions, astrometry has been revolutionized in recent years, as we
have entered a high-precision era in which this technique has started playing an important
role in all areas of astronomy, astrophysics [34], and cosmology [35].

Astrometrically determined distances, when combined with the measurement of the amount
of light (or flux) received on earth from the observed sources (usually called “photometry”),
allows us to determine the intrinsic luminosities (or electromagnetic power) of the sources,
which in turns allows a comparison with theoretical models of the objects being studied to
understand their nature, origin, and evolution. But, even if distances are unknown, pho-
tometric measurements alone at different wavelengths (through the use of filters that select
a narrow window of the electromagnetic spectrum, and block-away the light from outside
the selected window) allow reconstructing the “spectral energy distribution” of the objects,
placing photometry as a fundamental tool in modern astrophysics.

Current technology, based on two-dimensional discrete digital detectors (such as charged
coupled devices (CCDs) [36]), record a (noisy) image (on an array of photo-sensitive pixels) of
celestial sources, from which it is possible to estimate both their astrometry and photometry,
simultaneously. The inference problem associated to the determination of these quantities
is at the core of the astrometric and photometric endeavor described previously. A number
of techniques have been proposed to estimate the location and flux of celestial sources as
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recorded on digital detectors. In this context, estimators based on the use of a least-squares
(LS) error function have been widely adopted [37, 38, 39, 40, 41]. The use of this type of
decision rule has been traditionally justified through heuristic reasons. First, LS methods are
conceptually straightforward to formulate based on the observation model of these problems.
Second, they offer computationally efficient implementations and have shown reasonable
performance [42, 43]. Finally, the LS approach was the classical method used when the
observations were obtained with analog devices [44, 45] (which corresponds to a Gaussian
noise model for the observations, different from that of modern digital detectors that is
characterized instead by Poisson statistics) and, consequently, the LS method was adopted
from the analogous to the digital observational setting naturally.

Driven by the increase in the intrinsic precision available by the new detectors and instru-
mental settings, it is timely to re-visit the pertinence on the use of LS estimators. Indeed,
in the digital setting, where we observe discrete samples (or counts) on a photon integrat-
ing device, there is no formal justification that the LS approach is optimal in the sense
of minimizing the mean square error (MSE) of the parameter estimation, in particular for
astrometry, which is the focus of this part of the thesis.

The question of optimality (in some statistical sense) has always been in the interest of the
astronomical community, in particular the idea of characterizing fundamental performance
bounds that can be used to analyze the efficiency of the adopted estimation schemes. In this
direction, there are some seminal works on the use of the celebrated Cramér-Rao (CR) bound
in astronomy by [46, 47, 48, 49]; and [50]. The CR bound is a minimum variance bound for
the family of unbiased estimator [51, 52]. In astrometry and photometry this bound has
offered meaningful closed-form expressions that can be used to analyze the complexity of the
inference task, and its dependency on key observational and design parameters like the posi-
tion of the object in the array, the intensity of the object, the signal to noise ratio (SNR), and
the resolution of the instrument [53, 54, 55, 56, 57]. In particular for photometry, [56] used
the CR bound to show that the LS estimator is a good estimator, achieving a performance
close to the limit in a wide range of observational regimes, and achieving precisely the bound
at low SNR. In astrometry, on the other hand, [54, 55] have recently studied the structure of
this bound and has analyzed its dependency with respect to important observational param-
eters for realistic astronomical observing conditions. In this context, closed-form expressions
for the bound were derived in a number of important settings (high pixel resolution, low
and high SNR), and their trends were explored across pixel resolutions and the position of
the object in the array. As an interesting outcome, the analysis of the CR bound allows
us to find the optimal pixel resolution of the array for a given setting, as well as providing
formal justification to some heuristic techniques commonly used to improve performance in
astrometry, like dithering for undersampled images [54, Sec. 3.3].

The specific problem of evaluating the existence of an estimator that achieves the CR
bound has not been covered, and remains an interesting problem. On this, [54] have assessed
empirically (using numerical simulations) the performance of two LS methods and the max-
imum likelihood estimator, showing that their variances follow very closely the CR limit in
some specific regimes. In this part of the thesis, it is analyzed in detail the performance of the
LS estimator with respect to the CR bound, with the goal of finding concrete regimes, if any,
where this estimator achieves the CR bound and, consequently, where it can be considered an
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efficient solution to the astrometric problem. This application is a challenging one, because
estimators based on a LS type of objective function do not have a closed-form expression in
astrometry. In fact, this estimation approach corresponds to a non linear regression problem,
where the resulting estimator is implicitly defined. As a result, no expressions for the per-
formance of the LS estimator can be obtained analytically. To address this issue, the result
given by Theorem 3.1 derives expressions that bound and approximate the variance of the
LS estimator. The approach is based on the work by [58], where the authors addressed the
problem of approximating the bias and mean square error of general estimators that are the
solution of an optimization problem. In [59] another methodology is given to approximate
the variance and mean of implicitly defined estimators, which has been applied to medical
imaging and acoustic source localization [60].

The main result of this part of the Thesis is a refined version of the result presented in
[58], where one of its key assumptions that is not applicable in the astrometry estimation
problem, is reformulated. In this process, lower and upper bounds for the MSE performance
of the LS estimator are derived. Using these bounds, we analyze how close the performance of
the LS estimator is to the CR bound across different observational regimes. It is shown that
for high SNR there is a considerable gap between the CR bound and the performance of the
LS estimator. Remarkably, it is shown that for the more challenging low SNR observational
regime (weak astronomical sources), the LS estimator is near optimal, as its performance is
arbitrarily close to the CR bound.

3.2 Preliminaries

This section introduces the problem of astrometry as well as concepts and definitions that
will be used throughout this part of the Thesis. For simplicity, just the 1-D scenario of a
linear array detector is studied, as it captures the key conceptual elements of the problem1.

3.2.1 Astrometry and Photometry based on a Photon Counting De-
vice

The specific problem of interest is the inference of the position of a point source. This source
is parameterized by two scalar quantities, the position of object xc ∈ R in the array 2, and its
intensity (or brightness, or flux) that we denote by F̃ ∈ R+. These two parameters induce
a probability µxc,F̃ over an observation space that we denote by X. More precisely, given a
point source represented by the pair (xc, F̃ ), it creates a nominal intensity profile in a photon
counting device (PCD), typically a CCD, which can be generally written as:

F̃xc,F̃ (y) = F̃ · φ(y − xc, σ), (3.1)

1This analysis can be extended to the 2-D case as shown in [54].
2This can be related to an angular position in the sky, measured in seconds of arc (arcsec thereafter),

through the “plate-scale”, which is an optical design feature of the instrument plus telescope configuration.
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where φ(y− xc, σ) denotes the one dimensional normalized point spread function (PSF) and
where σ is a generic parameter that determines the width (or spread) of the light distribution
on the detector (typically a function of wavelength and the quality of the observing site, see
Section 3.4) [54, 55].

The profile in (3.1) is not observed directly, but through three sources of perturbations.
First, an additive background noise which captures the photon emissions of the open (diffuse)
sky, and the noise of the instrument itself (the read-out noise and dark-current [61, 62]) mod-
eled by B̃i in Eq.(3.2). Second, an intrinsic uncertainty between the aggregated intensity (the
nominal object brightness plus the background) and actual measurements, which is modeled
by independent random variables that follow a Poisson probability law. Finally, the spatial
quantization process associated with the pixel-resolution of the PCD as specified in Eqs.
(3.2) and (3.3). Including these three effects, we have a countable collection of independent
and not identically distributed random variables (observations or counts) {Xi : i ∈ Z}, where
Xi ∼ Poisson(λi(xc, F̃ )), driven by the expected intensity at each pixel element i, given by:

λi(xc, F̃ ) ≡ E{Xi} = F̃ · gi(xc)︸ ︷︷ ︸
≡F̃i(xc,F̃ )

+B̃i, ∀i ∈ Z (3.2)

and

gi(xc) ≡
∫ yi+∆y/2

yi−∆y/2

φ(y − xc, σ) dy, ∀i ∈ Z, (3.3)

where {yi : i ∈ Z} denotes the standard uniform quantization of the real line-array with res-
olution ∆y > 0, i.e., yi+1− yi = ∆y for all i ∈ Z. In practice, the PCD has a finite collection
of measured elements (or pixels) X1, .., Xn, then a basic assumption here is that we have a
good coverage of the object of interest, in the sense that for a given position xc:

n∑
i=1

gi(xc) ≈
∑
i∈Z

gi(xc) =

∫ ∞
−∞

φ(y − xc, σ) dy = 1. (3.4)

At the end, given the source parameters (xc, F̃ ), the probability mass function (pmf) of the
joint random observation vector Xn

1 = (X1, .., Xn) (with values in Nn) is given by3:

f(xc,F̃ )(x
n
1 ) = pλ1(xc,F̃ )(x1) · pλ2(xc,F̃ )(x2) · · · pλn(xc,F̃ )(xn), ∀xn1 ∈ Nn, (3.5)

where pλ(x) = e−λ·λx
x!

denotes the pmf of the Poisson law [63].

To conclude, the astrometric and photometric estimation problem can be posted as the
problem of characterizing a decision rule τn() : Nn → Θ, with Θ = R2 being a parameter
space, where given an observation xn1 the parameters to be estimated are (x̂c(x

n
1 ), ˆ̃F (xn1 )) =

τn(xn1 ).

3Note that from Eq.(3.5) the observations are independent but not identically distributed.
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3.2.2 The Cramér-Rao Bound

The Cramér-Rao bound offers a performance bound on the variance of the family of unbiased
estimators [51, 52, 54, 55]. More precisely, let Xi (with i = 1, ..., n) be a collection of
independent observations that follow a parametric pmf fθ̄ defined on N. The parameters
to be estimated from Xn = {Xi : i = 1, ..., n} will be denoted in general by the vector θ̄ =
(θ1, θ2, ..., θm) ∈ Θ = Rm. Let τn(Xn) : Nn → Θ be an unbiased estimator4 of θ̄, and
L(xn; θ̄) = fθ̄(x1) · fθ̄(x2) · · · fθ̄(xn) be the likelihood of the observation xn ∈ Nn given θ̄ ∈ Θ.
Then, the Cramér-Rao bound [51, 52] establishes that if

EXn∼fn
θ̄

{
∂ lnL(Xn; θ̄)

∂θi

}
= 0, ∀i ∈ {1, . . . ,m} , (3.6)

then,
V ar(τn(Xn)i) ≥ [Iθ̄(n)−1]i,i, (3.7)

where Iθ̄(n) is the Fisher information matrix given by:

[Iθ̄(n)]i,j = EXn∼fn
θ̄

{
∂ lnL(Xn; θ̄)

∂θi

· ∂ lnL(Xn; θ̄)

∂θj

}
∀i, j ∈ {1, . . . ,m} . (3.8)

In particular, for the scalar case (m = 1), we have that for all θ ∈ Θ

min
τn(·)∈T n

V ar(τn(Xn)) ≥ Iθ(n)−1 = EXn∼fnθ

{[(
d lnL(Xn; θ)

dθ

)2
]}−1

, (3.9)

where T n is the collection of unbiased estimators and Xn ∼ fnθ .

Returning to the problem in Section 3.2.1, [54, 55] have characterized and analyzed the
Cramér-Rao bound for the isolated problem of astrometry and photometry, respectively, as
well as the joint problem of photometry and astrometry. Particularly, the following results
are highlighted:

Proposition 1 ([55, pp. 800]) Let us assume that xc ∈ R is fixed and known, and we want
to estimate F̃ (fixed but unknown) from Xn ∼ f(xc,F̃ ) in (3.5). In this scalar parametric
context, the Fisher information is given by:

IF̃ (n) =
n∑

i=1

gi(xc)

F̃ gi(xc) + B̃i

, (3.10)

which from Eq.(3.9) induces a minimum variance (MV) bound for the photometry estimation
problem. On the other hand, if F̃ ∈ R+ is fixed and known, and we want to estimate xc
(fixed but unknown) from Xn ∼ f(xc,F̃ ) in (3.5), then the Fisher information is given by:

Ixc(n) =
n∑

i=1

(
F̃ dgi(xc)

dxc

)2

F̃ gi(xc) + B̃i

, (3.11)

which from Eq.(3.9) induces a MV bound for the astrometric estimation problem , and where
σ2
CR ≡ Ixc(n)−1 denotes the (astrometric) CR bound.

4In the sense that, for all θ̄ ∈ Θ, EXn∼fn
θ̄
{τn(Xn)} = θ̄.
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At this point it is relevant to study if there is any practical estimator that achieves
the CR bound presented in (3.10) and (3.11) for the photometry and astrometry problem,
respectively. For the photometric case, [56, Appendix A] has shown that the classical least-
squares (LS) estimator is near-optimal, in the sense that its variance is close to the CR bound
for a wide range of experimental regimes, and furthermore, in the low SNR regime, when
F̃ gi(xc) � B̃i, its variance (determined in closed-form) achieves the MV bound IF̃ (n)−1 in
Eq.(3.10). This is a formal justification for the goodness of LS as a method for doing isolated
photometry in the setting presented in Section 3.2.1. An equivalent analysis has not been
conducted for the astrometric problem, which is the focus of the next section.

3.3 Achievability Analysis of the Cramér-Rao Bound in
Astrometry

We first evaluate if the CR bound for the astrometric problem, σ2
CR in (3.11), is achieved

by any unbiased estimator. Then, we focus on the widely used LS estimation approach, to
evaluate its performance in comparison to the astrometric MV bound presented in Proposition
1.

3.3.1 Achievability

Concerning achievability, it can said that for astrometry there is no estimator that achieves
the CR bound in any observational regime. More precisely,

Proposition 2 For any fixed and unknown parameter xc ∈ R, and any unbiased estimator
τn

V ar(τn(Xn)) > σ2
CR, (3.12)

where Xn follows fxc in (3.5). (The proof is presented in Appendix 5.5).

3.3.2 Approximating the Performance of the Least-Squares Estima-
tor

For astrometry, a version of the least-squares estimator (given the model presented in Section
3.2.1) corresponds to the solution of:

τLS(xn) = arg min
α∈R

n∑
i=1

(xi − λi(α))2

︸ ︷︷ ︸
≡J(α,xn)

, (3.13)

where λi(α) = F̃ gi(α) + B̃i, and where α is a generic variable representing the astrometric
position, and gi(·) is given in (3.3). The solution to (3.13) does not have a closed-form
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expression and, consequently, a number of iterative approaches have been adopted [37, 64]
to solve or approximate τLS(xn). Hence as τLS(xn) is implicit, it is not possible to compute
its mean, its variance, nor its estimation error directly.

In this context, the problem of computing the mean square error (MSE) of an estimator
that is the solution of an optimization problem has been recently addressed by [58] using
a general framework. Their basic idea was to provide sufficient conditions on the objective
function, in our case J(α, xn), to derive a good approximation for EXn∼fxc

{
(τLS(Xn)− xc)2}.

Based on this idea, a refined result (specialized to our astrometry problem) is provided, which
relaxes one of the idealized assumptions proposed in [58, Eq.(5)], and which is not strictly
satisfied in our problem. As a consequence, this new result offers upper and lower bounds
for the bias and MSE of τLS(xn), respectively.

Theorem 3.1 Let be xc ∈ R a fixed and unknown parameter , and that Xn ∼ fxc. In
addition, defining the residual random variable5 W (Xn, α) ≡ J ′′(α,Xn)−EXn∼fxc {J

′′(α,Xn)}
EXn∼fxc {J

′′(α,Xn)} . If
there exists δ ∈ (0, 1) such that P(W (Xn, xc) ∈ (−δ, δ)) = 1, then∣∣EXn∼fxc {τLS(Xn)} − xc

∣∣ ≤ ε(δ), (3.14)

EXn∼fxc
{

(τLS(Xn)− xc)2} ∈ ( σ2
LS(n)

(1 + δ)2
,
σ2
LS(n)

(1− δ)2

)
, (3.15)

where

σ2
LS(n) ≡

EXn∼fxc {J ′(xc, Xn)2}(
EXn∼fxc {J ′′(xc, Xn)}

)2 (3.16)

and

ε(δ) ≡
EXn∼fxc {|J ′(xc, Xn)|}
EXn∼fxc {J ′′(xc, Xn)}

· δ

1− δ
. (3.17)

(The proof is presented in Appendix 5.6).

3.3.3 Analysis and Interpretation of Theorem 3.1

Remark 1 Theorem 3.1 is obtained under a bounded condition (with probability one) over
the random variable W (Xn, xc). Therefore, it is important to derive an explicit expression
for W (Xn, xc). Adopting (3.13) it follows that:

J ′′(α, xn) = 2
n∑

i=1

[(
dλi(α)

dα

)2

+ (λi(α)− xi)
d2λi(α)

d2α

]
,∀xn,

and, consequently, EXn∼fxc {J ′′(xc, Xn)} = 2
∑n

i=1

(
dλi(α)

dα
|α=xc

)2

. Then

5 As a short hand notation: J ′(xc, xn) ≡ dJ(α,xn)
dα |α=xc , and J ′′(xc, xn) ≡ d2J(α,xn)

d2α |α=xc .

30



W (Xn, xc) =
n∑

i=1

(λi(xc)−Xi) ·

[
λ′′i (xc)/

n∑
j=1

(λ′j(xc))
2

]
. (3.18)

Then, W (Xn, xc) is not bounded almost surely as Xi could take any value in N with non-zero
probability. However, EXn∼fxc {W (Xn, xc)} = 0 and its variance in closed-form is:

V ar(W (Xn, xc)) =
n∑

i=1

λi(xc) ·

(λ′′i (xc))
2/

(
n∑
j=1

(λ′j(xc))
2

)2
 . (3.19)

From this, it can be evaluated how far is the bounded assumption of Theorem 3.1. To
do this, we can resort to the Markov’s inequality [65], where P(W (Xn, xc) /∈ (−ρ, ρ)) ≤
V ar(W (Xn, xc))/ρ

2. Then for any ε ∈ (0, 1), a critical δ(ε) > 0 can be characterized such that
P(W (Xn, xc) ∈ (−δ(ε), δ(ε))) > 1− ε. Using this and Theorem 3.1, the conditional bias and
conditional MSE of τLS(xn) can be bounded using (3.14) and (3.15), respectively. In Section
3.4, a numerical analysis is conducted, where it is shown that the bounded assumption for
W (Xn, xc) is indeed realistic for a number of important experimental settings in astrometry
(with very high probability).

Remark 2 Concerning the MSE of the LS estimator, Eq.(3.15) offers a lower and upper
bound in terms of a nominal value σ2

LS(n) (Eq.(3.16)) and an interval around it. In the
interesting regime where δ � 1 (this regime approaches the ideal case δ = 0 studied by
[58] in which case the variable W (Xn, xc) becomes deterministic), we have that τLS(·) is an
unbiased estimator, from (3.14), and, furthermore,

V ar(τLS(Xn)) = EXn∼fxc
{

(τLS(Xn)− xc)2} = σ2
LS(n) ≥ σ2

CR,

from (3.15) and (3.9). Then, it is interesting to provide an explicit expression for σ2
LS(n).

First we have that, J ′(xc, xn) =
∑n

i=1 2dλi(xc)
dxc

(λi(xc)− xi), and then

(J ′(xc, x
n))2 = 4

(
n∑

i=1

n∑
j=1,j 6=i

(xixj − xiλj − xjλi + λiλj)
dλi

dxc

dλj
dxc

)

+4

(
n∑

i=1

(x2
i − 2xiλi + λ2

i )

(
dλi

dxc

)2
)
.

Therefore EXn∼fxc {J ′(xc, Xn)2} = 4
∑n

i=1 λi(xc) · (λ′i(xc))2, which implies that:

σ2
LS(n) =

∑n
i=1 λi(xc) · (λ′i(xc))2

(
∑n

i=1(λ′i(xc))
2)

2 =

∑n
i=1(F̃ gi(xc) + B̃i) · (g′i(xc))2(

F̃
∑n

i=1(g′i(xc))
2
)2 . (3.20)

In the next section, it is provided a numerical analysis to compare (3.20) with the CR bound
from (3.11). Also, it is analyzed if this nominal value is representative of the performance of
the LS estimator.

Remark 3 (Idealized Low SNR regime) Following the ideal scenario where δ � 1, the weak
signal case is explored, in which F̃ gi(xc)� B̃i, considering a constant background across the
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pixels, i.e., B̃i = B̃ for all i. Then adopting (3.20) we have that:

σ2
LS(n) ≈ B̃

F̃ 2
∑n

i=1(g′i(xc))
2
. (3.21)

On the other hand, from (3.11) we have that Ixc(n) ≈ F̃ 2/B̃
∑n

i=1(g′i(xc))
2. Remarkably

in this context, the LS estimator is optimal and achieves the CR bound when a weak signal
is observed. This results is consistent with the numerical simulations in [54, Table 3].6

Remark 4 (Idealized High SNR regime) For the high SNR regime, assuming again that
δ � 1, it is considered the case where F̃ gi(xc)� B̃i for all i. In this case:

σ2
LS(n) ≈

[
F̃

(
∑n

i=1 g
′
i(xc)

2)
2∑n

i=1 gi(xc)g′i(xc)
2

]−1

and σ2
CR ≈

[
F̃

n∑
i=1

(g′i(xc))
2/gi(xc)

]−1

. (3.22)

Therefore, in this strong signal scenario, there is no match between the variance of the LS
estimator and the CR bound, and consequently, we have that σ2

LS(n) > σ2
CR. To provide

more insight on the nature of this performance gap, in the next proposition a closed-form
expression is offered for this mismatch in the realistic high-resolution scenario where the
source is oversampled, and the size of the pixel is a small fraction of the width parameter σ
of the PSF in (3.1).

Proposition 3 Assuming the idealized high SNR regime, if we have a Gaussian-like PSF
and ∆x/σ � 1, then

σ2
LS(n)

σ2
CR

≈ 8

3
√

3
> 1. (3.23)

(The proof is presented in Appendix 5.7).

This result shows that there is a very significant performance gap between the CR bound
and the MSE of the LS estimator in the high SNR regime. This result should motivate the
exploration of alternative estimators that could approximate more closely the CR bound in
this regime.

6We note that this achievability result can be considered the astrometric counterpart of what has been
shown in photometry by [56], where the LS estimator achieves the CR bound in the low SNR regime.
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3.4 Numerical Analysis of the LS Estimator

In this section the implications of Theorem 3.1 in astrometry are explored, through the use of
simulated observations. First, it is analyzed if the bounded condition overW (Xn, α) adopted
in Theorem 3.1 is a valid assumption for the type of settings considered in astronomical
observations. After that, it is compared how efficient is the LS estimator proposed in (3.13)
as a function of the SNR and pixel resolution, adopting for that purpose Theorem 3.1 and
Proposition 1.

To perform the simulations, the problem is modeled adopting some realistic design vari-
ables as well as astronomical observing conditions [54, 55]. For the PSF, various analytical
and semi-empirical forms have been proposed, see for instance the ground-based model in
[66] and the space-based model in [67]. For the analysis, a Gaussian PSF is adopted, where

φ(x, σ) = 1√
2πσ

e−
(x)2

2σ2 in (3.3), and where σ is the width of the PSF, assumed to be known.
This PSF has been found to be a good representation for typical astrometric-quality ground-
based data [68]. In terms of nomenclature, FWHM ≡ 2

√
2 ln 2 σ measured in arcsec, denotes

the Full-Width at Half-Maximum (FWHM) parameter, which is an overall indicator of the
image quality at the observing site [69].

The background profile, represented by
{
B̃i, i = 1, .., n

}
, is a function of several variables,

like the wavelength of the observations, the moon phase (which contributes significantly
to the diffuse sky background), the quality of the observing site, and the specifications of
the instrument itself. It will be considered a uniform background across pixels underneath
the PSF, i.e., B̃i = B̃ for all i. To characterize the magnitude of B̃, it is important to first
mention that the detector does not measure photon counts [e−] directly, but a discrete variable
in “Analog to Digital Units (ADUs)” of the instrument, which is a linear proportion of the
photon counts [61]. This linear proportion is characterized by the gain of the instrument G
in units of [e−/ADU ]. G is just a scaling value, where we can define F ≡ F̃ /G and B ≡ B̃/G
as the intensity of the object and noise, respectively, in the specific ADUs of the instrument.
Then, the background (in ADUs) depends on the pixel size ∆x[arcsec] as follows [54]:

B = fs∆x+
D +RON2

G
[ADU ], (3.24)

where fs is the (diffuse) sky background in [ADU/arcsec], while D and RON , both measured
in [e−] model the dark-current and read-out-noise of the detector on each pixel, respectively.
Note that the first component in (3.24) is attributed to the site, and its effect is proportional
to the pixel size. On the other hand, the second component is attributed to errors of the
counting device (detector), and it is pixel-size independent. This distinction is central when
analyzing the performance as a function of the pixel resolution of the array (see details in [54,
Sec. 4]). More important is the fact that in typical ground-based astronomical observation,
long exposure times are considered, which implies that the background is dominated by
diffuse light coming from the sky (the first term in the RHS of (3.24)), and not from the
detector [54, Sec. 4].

For the experimental conditions, the considered scenario corresponds to a ground-based
station located at a good site with clear atmospheric conditions and the specifications of
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current science-grade CCDs, where fs = 1502.5[ADU/arcsec], D = 0, RON = 5[e−],
FWHM = 1[arcsec] and G = 2[e−/ADU ] (with these values B = 313[ADU ] for ∆x =
0.2[arcsec] using Eq.(3.24)). In terms of scenarios of analysis, different pixel resolutions for
the CCD array are explored ∆x ∈ [0.1, 0.7] measured in arcsec, and different signal strengths
F̃ ∈ {1080, 3224, 20004, 60160}, measured in photon counts [e−]7. Note that increasing F̃
implies increasing the SNR of the problem, which can be approximately measured by the
ratio F̃ /B̃. On a given detector plus telescope setting, these different SNR scenarios can
be obtained by changing appropriately the exposure time (open shutter) that generates the
image.

3.4.1 Analyzing the Bounded Condition over W (Xn, α)

To validate how realistic is the bounded assumption on W (Xn, α) in the problem, we first
evaluate the variance of W (Xn, xc) in (3.19) presented in Fig. 3.1 for different SNR regimes
and pixel resolutions in the array. Overall, the magnitudes are very small considering the
admissible range (0, 1) for W (Xn, xc) stipulated in Theorem 3.1. Also, given that W (Xn, xc)
has zero mean, the bounded condition happens with high probability. Complementing this,
Fig. 3.2 presents the critical δ across different pixel resolutions and SNR regimes8. For this,
a small value of ε (= 10−3) is fixed, and the δ such that W (Xn, xc) ∈ (−δ, δ) with probability
1 − ε is calculated. From the curves obtained, it can be said that the bounded assumption
is holding (values of δ in (0, 1)) for a wide range of representative experimental conditions
and, consequently, Theorem 3.1 can be used to provide a range on the performance of the
LS estimator. Note that the idealized condition of δ ≈ 0 is obtained only for the very high
SNR regime (strong signals).

7These are the same values explored in [54, Table 3].
8These values were computed empirically (frequency counts) using 5, 000 realizations of the random vari-

able W (Xn, xc) for the different SNR regimes and pixel resolutions.
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Figure 3.1: Variance of the residual random variable W (Xn, xc) (dimensionless) as given
by Eq.(3.19), as a function of the pixel resolution ∆x[arcsec] for different realistic SNR
scenarios (function of F̃ ) encountered in ground-based astronomical observations. Since the
admissible range for δ is the interval (0,1), the small computed values indicates that the
bounded assumption in Theorem 1 can be considered as valid under these conditions.
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Figure 3.2: Numerical computation of the critical δ (dimensionless) such that P (W (Xn, xc) ∈
(−δ, δ)) > 1 − 10−3. In all the scenarios (SNR, and ∆x), 5, 000 realizations of the random
variable W (Xn, xc) are used to estimate the probability distribution for W (Xn, xc), and δ,
from frequency counts. As δ decreases, we have a smaller bias (Eqs. (3.14) and (3.17)) and
a narrower range for the MSE of the LS estimator (Eq.(3.15)).
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3.4.2 Performance Analysis of the LS estimator

Adopting Eq.(3.15) it is provided an admissible range for the MSE performance of the LS
estimator. For that the critical δ obtained in Fig. 3.2 is used. These curves for the different
SNR regimes and pixel resolutions are shown in Fig. 3.3. Following the trend reported in Fig.
3.2, the nominal value σ2

LS is a precise indicator for the LS estimator performance for strong
signals (matching the idealized conditions stated in Remark 4), while on the other hand,
Theorem 3.1 can not indicate if σ2

LS is accurate for low SNR, as we deviate from the idealized
case elaborated in Remark 3. Nevertheless, it will be seen, based on some complementary
empirical results reported in what follows, that even for low SNR, the nominal σ2

LS predicts
precisely the performance of the LS estimator.
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Figure 3.3: Range of MSE performance (in milli-arcsec2 (mas2)) for the LS method in
astrometry predicted by Theorem 3.1 (Eqs. (3.15) and (3.16)). Results are reported for
different representative values of F̃ and across different pixel sizes: (From top-left to bottom-
right) F̃ = 1080 [e−]; F̃ = 3224 [e−]; F̃ = 20004 [e−]; F̃ = 60160 [e−].
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Assuming for a moment the idealized case in which δ � 1, the performance analysis
can be reduced to measuring the gap between the nominal value predicted by Theorem 3.1
(Eq.(3.16)), and the CR bound in Proposition 1. Fig. 3.4 shows the relative difference given
by e% = 100 · σ

2
LS−σ

2
CR

σ2
CR

. From the figure it can be clearly seen that, in the low SNR regime, the
relative performance differences tends to zero and, consequently, the LS estimator approaches
the CR bound, and it is an efficient estimator. This matches what has been observed in
Remark 3. On the other hand for high SNR, a performance gap that is non negligible is
observed (up to ≈ 27% relative difference above the CR for F̃ = 60160 [e−], and ≈ 15%
above the CR for F̃ = 20004 [e−] for ∆x = 0.2[arcsec]). This is consistent with what has
been observed in Remark 4. Note that in this regime, the idealized scenario in which δ � 1
is valid (see Fig. 3.2) and, thus, EXn∼fxc

{
(τLS(Xn)− xc)2} ≈ σ2

LS, which is not strictly
the case for the low SNR regime (although see Fig. 3.6). To refine the relative performance
analysis presented in Fig. 3.4, Fig. 3.5 shows the feasible range (predicted by Theorem 3.1)
of performance gap considering the critical δ obtained in Fig. 3.2. Four cases are reported:
from very low to very high SNR regimes to illustrate the trends. From this figure, it can be
seen that the deviations from the nominal value are quite significant for the low SNR regime,
and that, from this perspective, the range obtained from Theorem 3.1 is not sufficiently small
to conclude about the goodness of the LS estimator in this context. On the other hand, in
the high SNR regime, the nominal comparison can be considered quite precise.

The results of the previous paragraph motivate an empirical analysis to estimate the
performance of the LS estimator empirically from the data, with the goal of resolving the low
SNR regime illustrated in Fig. 3.5. For this purpose, 1,000 realizations were considered for
all the SNR regimes and pixel sizes, and the performance of the LS estimator was computed
using the empirical MSE. Large number of samples to guarantee convergence to the true
MSE error were used, as a consequence of the law of large numbers [63]. Remarkably, it
was observed in all cases that the estimated performance matches quite tightly the nominal
σ2
LS characterized by Theorem 3.1. This is illustrated in Fig. 3.6, which considers the most

critical low SNR regime. Consequently, from this empirical analysis, the ambiguity present
in the low SNR regime can be resolved, and it can be concluded that the comparison with
the nominal result reported in Fig. 3.4, and the derived conclusion about the LS estimator
in the low and high SNR regimes, can be considered valid. The simulations also show that
the LS estimator is unbiased.

To conclude, this empirical evidence suggests that Theorem 3.1 could be improved, per-
haps by imposing milder sufficient conditions, in order to prove that σ2

LS is indeed a precise
indicator of the MSE of the LS estimator at any SNR regime.
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Figure 3.4: Relative performance differences between σ2
LS in Theorem 3.1 (Eq.(3.16)) and

the CR bound σ2
CR in Proposition 1 (Eq.(3.11)). Results are reported for different SNR and

pixel sizes. A significant performance gap between the LS technique and the CR bound is
found for FWHM/∆x < 1 (good sampling of the PSF) at high SNR, indicating that, in this
regime, the LS method is sub-optimal, in agreement with Proposition 3 (see also Eq.(3.23)).
This gap becomes monotonically smaller as the SNR decreases.
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Figure 3.5: Relative performance differences between the range of performance(
σ2
LS(n)

(1+δ)2 ,
σ2
LS(n)

(1−δ)2

)
stipulated in Theorem 3.1 for the LS estimator (Eqs. (3.15) and (3.16))

and the CR bound σ2
CR in Proposition 1 (Eq.(3.11)). Results are reported for different F̃ and

across different pixel sizes: (From top-left to bottom-right) F̃ = 1080 [e−]; F̃ = 3224 [e−];
F̃ = 20004 [e−]; F̃ = 60160 [e−]. The 0% level corresponds to having achieved the CR bound.
Note that as the SNR decreases, the bias (see Eqs. (3.14) and (3.17), and the possible range
for the MSE of the LS method (see Eq.(3.15)) increase (see also Fig. 3.2).
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Figure 3.6: Comparison between the nominal value σ2
LS, the performance range(
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(1+δ)2 ,
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)
stipulated in Theorem 3.1, and the empirical estimation of

EXn∼fxc{(τLS(Xn)− xc)2} from simulations for a low SNR regime of F̃ = 1080 [e−].
The fact that the simulations follow closely the nominal value, even at low SNR, justifies the
use of σLS as given by Eqs.(3.16) and (3.20) as a benchmark of the LS method at any SNR.
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Chapter 4

Conclusions

In this Thesis, signal processing techniques have been applied in two quite different problems:
the characterization and automatic classification of natural rock textures and astrometry.

On the first problem studied in Chapter 2, a new set of discriminative features is proposed
for detecting geologic rock textures based on the extraction of parsimonious texture and
object information in transform based domains. In addition, a chain sequential classification
approach is proposed, that, on the one hand, facilitates the design of isolated features, and
on the other, provides a way to address the practical issue of limited data. The proposed
scheme has the ability to discriminate pure rock textures as well as rocks with both objects
and texture components, which is a challenging technical problem. Because of this ability,
the proposed framework offers very good performance for the problem of automatic rock
texture classification for 6 classes, showing significant improvements with respect to well-
known state-of-the-art techniques used conventionally for texture classification (indexing)
of nature images. This findings ratify how central for rock texture image classification is
the development of specific features for this task, where it is shown that the new proposed
features offer important gains with respect to standard approaches for texture analysis and
classification.

On the second problem studied in Chapter 3, new results are provided to characterize the
performance of the widely used Least-Squares (LS) estimator for the problem of astrometry,
when observations are derived from digital discrete array detectors. The main result (Theo-
rem 3.1) provides (in closed-form) a nominal value (σ2

LS(n)), and a range around it, for the
mean square error (MSE) of the LS estimator as well as its bias. From the predicted nominal
value, it is analyzed how efficient is the LS estimator in comparison with the minimum vari-
ance Cramér-Rao bound. In particular, it is shown that the LS estimator is efficient in the
regime of low SNR (a point source with a weak signal), in the sense that it approximates very
closely the Cramér-Rao bound. On the other hand, it is shown that at high SNR there is a
significant gap in the performance of the LS estimator with respect to the minimum variance
bound. It is believed that this sub-optimal behaviour is caused by the Poissonian nature of
the detection process, in which the variance per pixel increases as the signal itself. Since
the LS method is very sensitive to outliers, the large excursions caused by the large pixel
intensity variance at high SNR make the LS method less efficient (from the point of view of
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its MSE), than allowed by the Cramér-Rao bound. These performance analyses complement
and match what has been observed in photometric estimation, where only in the low SNR
regime the LS estimator has shown to achieve the Cramér-Rao bound. These fact should
motivate the exploration of alternative estimators in this high SNR observational regime.
However, an inspection of [54, Table 3] suggests that either a (Poisson variance-) weighted
LS or a Maximun-Likelihood approach do not exhibit this loss of optimality at high-SNR,
and should be preferred to the unweighted LS analized in this research effort.
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Chapter 5

Appendix

5.1 The Wavelet and Shearlet Transforms

In this section we present two mathematical tools: the Wavelet Transform (WT) and the
Shearlet Transform (ST), which allow the analysis of an image at different scales, locations
and orientations. We introduce briefly their mathematical background showing only the
continuous case for the sake of brevity (for a detailed explanation of the discrete case please
see [20, Sec. 7.7, pp. 347] and [28]).

5.1.1 The Wavelet Transform

The WT corresponds to a decomposition of a 1-D function f by a family of functions
{ψj,k}(j,k)∈Z2 , which form an orthonormal basis of L2(R), and provide a partition of the func-
tion spectrum in several scales [70, 20]. These functions are obtained through the dilation
and translation of a kernel function ψ, called mother wavelet, as follows:

ψj,k(x) = 2−j/2ψ(2−jx− k), (j, k) ∈ Z2. (5.1)

The mother wavelet is constructed from a scaling function φ which satisfies the two-scale
difference equation [71]. The construction is given by:

ψ(x) =
√

2
∑
n∈Z

g(n)φ(2x− n), (5.2)

where g(n) = (−1)nh(1 − n) and h is a filter that have to meet several conditions in order
to obtain an adequate family {ψj,k}(j,k)∈Z2 [71]. Thus, the decomposition of a function f is
given by a set of wavelet coefficients {dj[k] ≡ 〈f, ψj,k〉 =

∫ +∞
−∞ f(x)ψj,k(x)dx : (j, k) ∈ Z2},

where each coefficient captures the information that the function has between two subsequent
resolution levels at a particular position. Fortunately, to calculate these coefficients it is not
necessary to know explicitly ψj,k, but it is enough to have access to the filter h. In fact, given
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a scale j it is possible to calculate the coefficients of the next scale j + 1 by

dj+1[k] =
+∞∑

n=−∞

g[n− 2k]aj[n], (5.3)

where

aj+1[k] =
+∞∑

n=−∞

h[n− 2k]aj[n]. (5.4)

The coefficients {aj[k] ≡ 〈f, φj,k〉 =
∫ +∞
−∞ f(x)2−j/2φ(2−jx− k)dx, (j, k) ∈ Z2} are known as

approximate coefficients, and capture the content that a function has at a particular scale
level.

In the case of a 2-D function f(x) (like an image), where x = (x1, x2), to keep an or-
thonormal decomposition there are three kinds of wavelet coefficients given by:

d1
j+1[k] =

∑
(n1,n2)∈Z2

hHH(n1 − 2k1, n2 − 2k2)aj[n1, n2], (5.5)

d2
j+1[k] =

∑
(n1,n2)∈Z2

hHL(n1 − 2k1, n2 − 2k2)aj[n1, n2], (5.6)

d3
j+1[k] =

∑
(n1,n2)∈Z2

hLH(n1 − 2k1, n2 − 2k2)aj[n1, n2], (5.7)

where
aj+1[k] =

∑
(n1,n2)∈Z2

hLL(n1 − 2k1, n2 − 2k2)aj[n1, n2], (5.8)

k = (k1, k2) ∈ Z2, hHH(k) = g(k1)g(k2), hHL(k) = g(k1)h(k2), hLH(k) = h(k1)g(k2),
and hLL(k) = h(k1)h(k2). Further, the approximate coefficients are given by {aj[k] =∫ +∞
−∞ f(x)2−j/2φ2(2−jx − k)dx, (j, k) ∈ Z3}. It is important to mention that to use the
algorithm given by Eqs. (5.5) to (5.8) the initial approximate coefficients a0[·] are needed.
In our problem these coefficients are related to the resolution of the camera with which the
images were obtained, and are given by a fraction of the digital image values (for more de-
tails see [20, Sec. 7.7, pp. 347]). Finally, just considering the parameter i ∈ {1, 2, 3} and
the scale parameter j, we introduce the concept of wavelet sub-band corresponding to the set
W

(i)
j (f) = {d(i)

j [k], k ∈ Z2}.
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5.1.2 The Shearlet Transform

The ST corresponds to a 2-D function decomposition by analyzing functions, so called shear-
lets, which are waveforms indexed by scales, orientations, and locations [28, 21].

The shearlet functions correspond to the set {ψ(d)
j,l,k : d = 0, 1, j ≥ 0, −2j ≤ l ≤ 2j−1, k ∈

Z2}, where each element is obtained by the action of a family of operators on a single function
ψ defined by the sum of two functions ψ(1) and ψ(2), whose frequency supports are restricted
to D0 = {(w1, w2) : |w1| ≥ 1/8, |w2/w1| ≤ 1} and D1 = {(w1, w2) : |w2| ≥ 1/8, |w1/w2| ≤ 1},
respectively (for more details please see [28, Sec. 2]).

The operations used on ψ correspond to: scaling operators, associated to matrices A0

and A1 called anisotropic dilation matrices ; shearing operators, associated to matrices B0

and B1 called shearing matrices ; and the translation operator. Thus, a shearlet at scale j,
orientation l, and location k is given by:

ψ
(d)
j,l,k(x) = 2

3j
2 ψ(d)(Bl

dA
j
dx− k), (5.9)

where A0 =

(
4 0
0 2

)
, A1 =

(
2 0
0 4

)
, B0 =

(
1 1
0 1

)
, and B1 =

(
1 0
1 1

)
.

It should be noted the similarity between shearlets and wavelets since both are derived
from analogous processes and both give a complete description of L2(R2) (in the sense that
wavelets form an orthonormal basis and shearlets form a Parseval frame of L2(R2) [28, Th.
2.1]). Nevertheless, shearlets allow a more refined analysis since they consider the orientation
index ( l ).

The shearlet coefficients for a 2-D function f are given by:

{SH(d)(f)j,l,k = 〈f, ψ(d)
j,l,k〉 : d = 0, 1, j ≥ 0, − 2j ≤ l ≤ 2j − 1, k ∈ Z2}, (5.10)

where 〈·〉 denotes the inner product in L2(R2). The different orientations are subjected to
what part of the support of ψ is being considered which is associated to the parameter d.
For this reason, it is convenient for the notation to eliminate this parameter by the next
re-labeling of the orientation parameter in the shearlet coefficient expression [30, Sec. 3]:

SH(f)j,l,k =

{
SH(d)(f)j,(l−1−2j),k , 1 ≤ l ≤ 2j+1,

SH(d)(f)j,(3·2j−l),k , 2j−1 < l ≤ 2j+2,

wherewith l ∈ Lj = {1, . . . , 2j+2}. Finally, considering just the scale and orientation pa-
rameters, we introduce the concept of shearlet sub-band corresponding to the set SHj,l(f) =
{SHj,l,k(f), k ∈ Z2}. More details in [21, 28].
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5.2 Wavelet Statistical Texture Modeling

It is shown in [10] that a good statistical model for a natural texture is that the wavelet coef-
ficients for a given sub-band follow a i.i.d distribution. More precisely, a suitable probability
density function (PDF) for a specific wavelet sub-band W (i)

j (z) is given by the Generalized
gaussian density (GGD) [10]:

P (W
(i)
j (z) = w) = p(w;α, β) =

β

2αΓ(1/β)
e−(|w|/α)β , (5.11)

where Γ(·) is the Gamma function, and α as well as β are real parameters that describe
the form of the PDF. α is called the spread parameter, related to the standard deviation,
where a high value means a wide PDF. On the other hand, β is called the shape parameter
and is related to the tail asymptotic behavior, where a small value implies a light tail. Both
parameters can be estimated by a maximum-likelihood approach using the coefficients in
W

(i)
j (z). Thus, for instance, if a wavelet decomposition of 3 scale levels is applied to a

stationary texture image, it is possible to assign to each wavelet sub-band the parameters α
and β, wherewith a model of 18 parameters is assigned to the image.

5.3 Texture-Cartoon Separation

This method is composed by two stages [22]. In the first one, the image z is filtered by a
σ-sized low-pass filter Lσ forming fσ = Lσ ∗z, where ∗ denotes the convolution operator. For
each pixel x the value ∆LTV (x) = |∇zσ(x)−∇z(x)| is calculated, which corresponds to the
change of the local total variation (LTV) after the filtering process. If ∆LTV (x) has a high
value, the cartoon image pixel zu(x) will be equal to the filtered image pixel zσ(x), and if it
does not, zu(x) = z(x). It should be noted that to have a good separation it is necessary to
fix σ adequately. For this task, the following orthogonality measure between two images z1

and z2 is used:

ADE(z1, z2) =

∣∣∣∣arcsin

(
〈z̄1, z̄2〉

‖ z̄1 ‖`2 · ‖ z̄2 ‖`2

)∣∣∣∣ , (5.12)

where z̄1 and ‖ · ‖`2 denote the vector formed by the concatenation of columns of z1 and the
`2-norm, respectively.

Next, an interval [s1, s2] of possible σ-values is fixed, and the image z is divided in B
blocks. Each block is separated with the previous process for each σi ∈ [s1, s2] forming zbu,σi

and zbv,σi
. Next, the blocks zbu, b ∈ {1, . . . , B}, that compose the cartoon image are given by:

zbu = zbu,σm , (5.13)

where
σm = arg min

σi∈[s1,s2]
(ADE(zbu,σi

, zbv,σi
)). (5.14)

Finally, the cartoon and texture images for this first stage are denoted by zIu and zIv , respec-
tively, and it is possible to start the second stage. In this part, a new cartoon image denoted
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by zIIu is created from zIu. The process begins with a partition of zIIu in B blocks, and then
for each b ∈ {1, . . . , B} the following diffusion equation is applied [72] :

zII,bu (x, t+ 1) = zII,bu (x, t) +
λ

|η(x)|
∑

(x′)∈η(x′)

∇(x′) × (g(∇(x′)zI,bu (x)))∇(x′)zIIu (x, t), (5.15)

where λ ∈ R is an scalar constant that determines the rate of diffusion, |η(x)| is the number of
elements of the spatial neighborhood of pixel x, g is a weigh function that allows not blurring
cartoon edges and ∇(x′)zIIu (x, t) is an approximation of the image gradient at a particular
direction given by:

∇(x′)zIIu (x, t) = zIIu (x′, t)− zIIu (x, t). (5.16)

The last step is finding for each block the iterations tADE in which the separation carried
out in (5.15) is optimum, for which is used the orthogonality measure given in (5.12). Thus,
the final blocks ubII , b ∈ {1, . . . , B}, of the second stage are calculated as follows:

zII,bu (x) = zII,bu (x, tADE), (5.17)

where
tADE = arg min

i∈{1,...,Imax}
(ADE(zII,bu (x, ti), z

II,b
v (x, ti))), (5.18)

and Imax is a previously fixed number of diffusion iterations. Finally, denoting by zu and zv
the final cartoon and texture images respectively, we have that:

zu = zIIu , (5.19)
zv = z − zu. (5.20)

5.4 Source Separation Technique

For this method it is supposed that the image model has the form:

z = zS1 + zS2 , (5.21)

where zS1 and zS2 are two information sources which are sparse in different transform domains
[23]. An important point to highlight is that each of these sources should not have a good
sparsity in the domain in which the other source is sparse. Denoting by Φ1 and Φ2 the
synthesis matrices associated to the domains in which the sources are sparse, the separation
process is carried out by solving the following optimization problem [26]:

(ẑS1 , ẑS2) = arg min
zS1

,zS2

‖ ΦT
1 zS1 ‖`1 + ‖ ΦT

2 zS2 ‖`1 +λ ‖ z − zS1 − zS2 ‖2
`2
, (5.22)

where λ ∈ R and ‖ z − zS1 − zS2 ‖2
`2

correspond to a regularization parameter and a term
that penalizes a possible noise component in the image, respectively.

47



5.5 Proof of Proposition 2

Proof. The proof is based on the well-known fact that the CR bound is achieved by an
unbiased estimator, if and only if, the following decomposition holds [73, pp. 12]

d lnL(xn; θ)

dθ
= A(θ, n) · (f(xn)− θ), (5.23)

where A(θ, n) is a function of θ and n (i.e., it does dot depend on the data), while f(xn) is
a function of the data exclusively (i.e., it does not depend on the parameter). Furthermore,
if the achievability condition in (5.23) is satisfied, then A(θ, n) = Iθ(n), and f(xn) is an
unbiased estimator of θ that achieves the CR bound.

The proof follows by contradiction, assuming that (5.23) holds. First using (3.5), we have
that:

d lnL(xn;xc)

dxc
=

n∑
i=1

[
xi

λi(xc)

dλi(xc)

dxc
− dλi(xc)

dxc

]
=

n∑
i=1

xi

λi(xc)

dλi(xc)

dxc
, (5.24)

the last equality comes from the fact that
∑n

i=1 gi(xc) = 1 from the assumption in (3.4).
Then adopting (5.24) and (3.11) in (5.23),

f(xn) =
n∑

i=1

xi

F̃ gi(xc)+B̃i

dgi(xc)
dxc

F̃
∑n

i=1
1

F̃ gi(xc)+B̃i

(
dgi(xc)

dxc

)2 + xc, (5.25)

which contradicts the assumption that f(xn) should be a function of the data alone. Fur-
thermore, if we consider the extreme high SNR regime, where F̃ gi(xc)� B̃i for all i, and the
low SNR regime, where F̃ gi(xc)� B̃i for all i, it follows that,

f(xn) =
n∑

i=1

xi
d ln gi(xc)

dxc
·

[
F̃

n∑
i=1

(
dgi(xc)

dxc

)2

/gi(xc)

]−1

+ xc (5.26)

and

f(xn) =
n∑

i=1

xi

B̃i

dgi(xc)

dxc
·

[
F̃

n∑
i=1

(
dgi(xc)

dxc

)2

/B̃i

]−1

+ xc, (5.27)

respectively. Therefore a contradiction remains even in these extreme SNR regimes.
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5.6 Proof of Theorem 3.1

Proof. The approach of [58] uses the fact that the objective function J(α, xn) in (3.13) is two
times differentiable, which is satisfied in our context. As a short-hand, if we denote by x̂c the
LS estimator solution τLS(xn), then the first order necessary condition for a local optimum
requires that J ′(x̂c, xn) ≡ dJ(α,xn)

dα
|α=x̂c = 0. The other key assumption in [58] is that x̂c is

in a close neighborhood of the true value xc. In our case, this has to do with the quality of
the pixel-based data used for the inference, and it is assumed it offers a good estimation of
the position [38, 43]. Then using a first order Taylor expansion of J ′(x̂c, xn) around xc, the
following key approximation can be adopted [58, Eq.(4)]:

0 = J ′(x̂c, x
n) = J ′(xc, x

n) + (x̂c − xc)J ′′(xc, xn)⇔ (xc − x̂c) =
J ′(xc, x

n)

J ′′(xc, xn)
, (5.28)

where J ′′(xc, xn) ≡ d2J(α,xn)
d2α

|α=xc . If we consider Xn ∼ fxc , then from (5.28),

xc − τLS(Xn) =
J ′(xc, X

n)

J ′′(xc, Xn)
. (5.29)

The second step in the approximation proposed by [58] is to bound J ′(xc,Xn)
J ′′(xc,Xn)

by J ′(xc,Xn)
EXn∼fxc {J

′′(xc,Xn)} .
For that the residual variable W (Xn, α) is introduced, where
J ′′(xc, X

n) = EXn∼fxc {J ′′(xc, Xn)} (1+W (Xn, xc)). Using the fact thatW (Xn, α) is bounded
almost surely (see Remark 1 and Section 3.4.1),∣∣∣∣ J ′(xc, X

n)

EXn∼fxc {J ′′(xc, Xn)}
− J ′(xc, X

n)

J ′′(xc, Xn)

∣∣∣∣ =

∣∣∣∣ J ′(xc, X
n)

EXn∼fxc {J ′′(xc, Xn)}
·
[
1− 1

1 +W (Xn, xc)

]∣∣∣∣
≤

∣∣∣∣ J ′(xc, X
n)

EXn∼fxc {J ′′(xc, Xn)}

∣∣∣∣ max
w∈(−δ,δ)

∣∣∣∣1− 1

1 + w

∣∣∣∣
≤ |J ′(xc, Xn)|

EXn∼fxc {J ′′(xc, Xn)}
· δ

1− δ
, (5.30)

the last step uses the fact that EXn∼fxc {J ′′(xc, Xn)} ≥ 0 (see Remark 1). On the other hand,
by Jensen’s inequality [65],∣∣∣∣EXn∼fxc {J ′(xc, Xn)}

EXn∼fxc {J ′′(xc, Xn)}
− EXn∼fxc

{
J ′(xc, X

n)

J ′′(xc, Xn)

}∣∣∣∣
≤ EXn∼fxc

{∣∣∣∣ J ′(xc, X
n)

EXn∼fxc {J ′′(xc, Xn)}
− J ′(xc, X

n)

J ′′(xc, Xn)

∣∣∣∣}
≤

EXn∼fxc {|J ′(xc, Xn)|}
EXn∼fxc {J ′′(xc, Xn)}

· δ

1− δ
, (5.31)

where the last inequality comes from (5.30). Then it is used that J ′(xc, Xn) = 2
∑n

i=1(λi(xc)−
Xi)

dλi(xc)
dxc

, and consequently EXn∼fxc {J ′(xc, Xn)} = 0. Then from (5.31) and (5.29), we have
that ∣∣xc − EXn∼fxc {τLS(Xn)}

∣∣ ≤ EXn∼fxc {|J ′(xc, Xn)|}
EXn∼fxc {J ′′(xc, Xn)}

· δ

1− δ
, (5.32)
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which provides (3.14).

Concerning the MSE, from the hypothesis on W (Xn, xc) we have that:

J ′(xc, X
n)2

EXn∼fxc {J ′′(xc, Xn)}2 (1 + δ)2
≤

(
J ′(xc, X

n)

J ′′(xc, Xn)

)2

≤ J ′(xc, X
n)2

EXn∼fxc {J ′′(xc, Xn)}2 (1− δ)2
, (5.33)

almost surely. Then taking the expected value in (5.33) and using (5.29) for the central term,
it follows that

EXn∼fxc {J ′(xc, Xn)2}
EXn∼fxc {J ′′(xc, Xn)}2 (1 + δ)2

≤ EXn∼fxc
{

(xc − τLS(Xn))2}
≤

EXn∼fxc {J ′(xc, Xn)2}
EXn∼fxc {J ′′(xc, Xn)}2 (1− δ)2

, (5.34)

which concludes the result.

5.7 Proof of Proposition 3

Proof. Recalling from Eq.(3.3) that gi(xc) =
∫ yi+

∆y
2

yi−∆y
2

φ(y−xc, σ) dy and assuming a Gaussian

PSF of the form φ(y, σ) = 1√
2πσ

exp
(
−y2

2σ2

)
(see Section 3.4) by the mean value theorem and

the hypothesis of small pixel (∆x/σ � 1), it is possible to state that

gi(xc) ≈ φ(xi − xc, σ) ∆x, (5.35)

and then we have that

dgi(xc)

dxc
≈ (xi − xc)

σ2

1√
2πσ2

exp

(
−(xi − xc)2

2σ2

)
∆x

=
(xi − xc)

σ2
φ(xi − xc, σ) ∆x. (5.36)

With the above approximation we have that

n∑
i=1

(
dgi(xc)

dxc

)2

gi(xc) ≈
n∑

i=1

(
dφ(xi − xc, σ)

dxc
∆x

)2

φ(xi − xc, σ) ∆x

=
n∑

i=1

(
(xi − xc)

σ2
φ(xi − xc, σ) ∆x

)2

φ(xi − xc, σ) ∆x

≈ ∆x2

2
√

3πσ6

n∑
i=1

(xi − xc)2 1√
2π σ√

3

exp

−(xi − xc)2

2
(

σ√
3

)2

∆x.(5.37)
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The term inside the summation in (5.37) can be approximated by an integral due to the
small-pixel hypothesis and assuming that the source is well sampled by the detector (see
Section 3.2.1, Eq.(3.4)) we can obtain that:

n∑
i=1

(
dgi(xc)

dxc

)2

gi(xc) ≈
∆x2

2
√

3πσ6

∫ +∞

−∞
(x− xc)2 1√

2π σ√
3

exp

−(x− xc)2

2
(

σ√
3

)2

 dx(5.38)

=
∆x2

2
√

3πσ6
· σ

2

3
=

∆x2

6
√

3πσ4
, (5.39)

where (5.39) follows from the fact that the term inside the integral in (5.38) corresponds to
the second moment of a normal random variable of mean xc and variance σ2

3
.

By the same set of arguments used to approximate
∑n

i=1

(
dgi(xc)

dxc

)2

gi(xc) in (5.39), we
have that:

n∑
i=1

(
dgi(xc)

dxc

)2

≈
n∑

i=1

(
dφ(xi − xc, σ)

dxc
∆x

)2

=
n∑

i=1

(
(xi − xc)

σ2
φ(xi − xc, σ) ∆x

)2

≈ ∆x

2
√
πσ5

n∑
i=1

(xi − xc)2 1√
2π σ√

2

exp

−(xi − xc)2

2
(

σ√
2

)2

∆x

≈ ∆x

2
√
πσ5

∫ +∞

−∞
(x− xc)2 1√

2π σ√
2

exp

−(x− xc)2

2
(

σ√
2

)2

 dx (5.40)

≈ ∆x

2
√
πσ5
· σ

2

2
=

∆x

4
√
πσ3

, (5.41)

where (5.41) follows from the fact that the term inside the integral in (5.40) is the second mo-

ment of a normal random variable of mean xc and variance σ2
√

2
. Finally, for

∑n
i=1

(
dgi(xc)

dxc

)2
1

gi(xc)

we proceed again in the same way.
n∑

i=1

(
dgi(xc)

dxc

)2
1

gi(xc)
≈

n∑
i=1

(
dφ(xi − xc, σ)

dxc
∆x

)2
1

φ(xc − xc, σ)∆x

=
n∑

i=1

(
(xi − xc)

σ2
φ(xi − xc, σ) ∆x

)2
1

φ(xi − xc, σ)∆x

≈ 1

σ4

n∑
i=1

(xi − xc)2 1√
2πσ

exp

(
−(xi − xc)2

2σ2

)
∆x

≈ 1

σ4

∫ +∞

−∞

(x− xc)2

√
2πσ

exp

(
−(x− xc)2

2σ2

)
dx (5.42)

≈ 1

σ4
· σ2 =

1

σ2
, (5.43)
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where (5.43) follows from the fact that the term inside the integral in (5.42) corresponds to
the second moment of a normal random variable of mean xc and variance σ2.

Then adopting (5.39), (5.41) and (5.43) in (3.20) and (3.11), respectively, we have that:

σ2
LS =

∑n
i=1

(
dgi(xc)

dxc

)2

gi(xc)

F̃

(∑n
i=1

(
dgi(xc)

dxc

)2
)2 +

B̃

F̃ 2
∑n

i=1

(
dgi(xc)

dxc

)2

≈
∆x2

6
√

3πσ4

F̃
(

∆x
4
√
πσ3

)2 +
B̃

F̃ 2 ∆x
4
√
πσ3

=
σ2

F̃

[
8

3
√

3
+ 4
√
π

1
∆x
σ

B̃

F̃

]
≈ σ2

F̃

8

3
√

3
(5.44)

and
σ2
CR =

1∑n
i=1

(
F̃

dgi(xc)

dxc

)2

F̃ gi(xc)+B̃

=
1

F̃
∑n

i=1

(
dgi(xc)

dxc

)2
1

gi(xc)

≈ σ2

F̃
. (5.45)

In the last step in (5.44) and the last step in (5.45), it is used the assumption that F̃ � B̃.
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