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Abstract The authors study a linear inverse problem with a biological interpretation,
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1 Introduction

In this paper, we study an integral inverse problem coming from the biology of the olfactory
system. The transduction of an odor into an electrical signal is accomplished by a depolariz-
ing influx of ions through cyclic-nucleotide-gated (CNG for short) channels in the membrane.
Those channels, which form the lateral surface of the cilium, are activated by adenosine 3’,
5’-cyclic monophosphate (cAMP for short). The distribution of the channels should be crucial
in determining the kinetics of the neuronal response.

Experimental procedures developed by Kleene and Flannery in the college of medicine (uni-
versity of Cincinnati) produced data from which the distributions of CNG channels can be in-
ferred by using mathematical and computational procedures were developed by Donald French
et al. (see [4]). The techniques for the procedures were developed in [6-9]. We explore the
hypothesis that CNG channel distributions can be derived from the experimental current data
and known properties of the cilia (a biological inverse problem). To accomplish this, we consider
a mathematical model of this experiment proposed by French and Groetsch [5].

French et al. [4] proposed a mathematical model for the dynamics of cAMP concentration in

this experiment, consisting of two nonlinear differential equations and a constrained Fredholm
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integral equation of the first kind. The unknowns of the problem are the concentration of cAMP,
the membrane potential and the distribution p of CNG channels along the length of a cilium. A
very natural issue is whether it is possible to recover the distribution of CNG channels along the
length of a cilium by only measuring the electrical activity produced by the diffusion of cAMP
into cilia. A simple numerical method to obtain estimates of channel distribution was proposed
in [4]. Certain computations indicated that this mathematical problem was ill-conditioned.

Later, French and Edwards [3] studied the above inverse problem by using perturbation tech-
niques. A simple perturbation approximation was derived and used to solve the inverse problem,
and obtain estimates of the spatial distribution of CNG ion channels. A one-dimensional com-
puter minimization and a special delay iteration were used with the perturbation formulas to
obtain approximate channel distributions in the cases of simulated and experimental data. On
the other hand, French and Groetsch [5] introduced some simplifications and approximations to
the problem, leading to an analytical solution for the inverse problem. A numerical procedure
was proposed for a class of integral equations suggested by this simplified model and numerical
results were compared with laboratory data.

In this paper, we consider the linear problem proposed in [5], with an improved approxima-
tion of the kernel, along with studying the identifiability, stability and numerical reconstruction
for the corresponding inverse problem. Precisely, the inverse problem which we are interested

in this work consists in determining a positive function p = p(x) > 0 from the measurement of

L
Lalpl(t) = Jo / p(2) Km(t, x)dz (11)

for t € Z, where 7 is a time interval, p is the channel distribution, .Jy is a positive constant and
the kernel K,,(t,x) is defined by

K (t, ) = Fn(w(t, z)), (1.2)

where w(t,x), defined in (2.14), represents an approximation of the concentration of cAMP
c(t, z) defined in (2.3), while F,,,, defined in (2.7), is a step function approximation of the Hill
function F', given by

xn

F(z) = :
@)= 4 gn
2

(1.3)
In (1.3), the exponent n is an experimentally determined parameter and K 1> 0 is a constant
which corresponds to the half-bulk concentration.

Under a strong assumption about the regularity of p (namely, p is analytic), we obtain
in Theorem 3.1 an identifiability result for (1.1) with a single measurement of I,,[p] on an
arbitrary small interval around zero. The second identifiability result, Theorem 3.2, requires
weaker regularity assumptions about p (namely, p € L?(0, L)), but it requires the measurement
of I,,[p] on a large time interval.

Furthermore, in Theorem 3.4, using appropriate weighted norms and Mellin transform (see
[10]), we obtain a general stability result for the operator I,,[p] for p € L*(0,L). Using a
non-regular mesh for the approximation of F,,,, we develop a reconstruction procedure in Theo-
rem 3.5 to recover p from I,,. Additionally, for this non-regular mesh, a general stability result

for a large class of norms is rigorously established in Theorem 3.6.
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2 Setting the Problem

In this section, we set the mathematical model related to the inverse problem arising in
olfaction experimentation.

The starting point is the linear model introduced in [5]. As already mentioned, a nonlinear
integral equation model was developed in [4] to determine the spatial distribution of ion channels
along the length of frog olfactory cilia. The essential nonlinearity in the model arises from
the binding of the channel activating ligand to the cyclic-nucleotide-gated ion channels as the
ligand diffuses along the length of the cilium. We investigate a linear model for this process,
in which the binding mechanism is neglected, leading to a particular type of linear Fredholm
integral equations of the first kind with a diffusive kernel. The linear inverse problem consists

in determining p = p(z) > 0 from the measurement of

L
o)) = Jo /0 () K (,z)dz, t>0, (2.1)
where the kernel is
K(t,z) = F(c(t,x)), (2.2)

with F' being given by (1.3) and ¢ denoting the concentration of cAMP, which is governed by

the following initial boundary value problem:

2
gj—Dgxf;:o, t>0, z€(0,L),
c(t,0) =co, t>0, (2.3)
% ry=0, t>0 '
dz ’ ’

c(0,2) =0, xz€(0,L).

The (unknown) function p is the ion channel density function, and ¢ is the concentration of
a channel activating ligand that is diffusing from left to right in a thin cylinder (the interior of
the cilium) of length L with a diffusivity constant D. I[p](t) is a given total transmembrane
current, the constant Jy has units of current/length, and ¢y is the maintained concentration of
cAMP at the open end of the cylinder (while z = L is considered as the closed end).

We note that (2.1) is a Fredholm integral equation of the first kind. The associated inverse
problem is in general ill-posed. For instance, if K is sufficiently smooth, then the operator
defined above is compact from LP(0,L) to LP(0,T) for 1 < p < oo. Even if the operator I is
injective, its inverse will not be continuous. Indeed, if I is compact and I~! is continuous, then
it follows that the identity map in LP(0, L) is compact, a property which is clearly false.

In what follows, we consider a simplified version of the above problem under more general
assumptions than those in [5]. More precisely, let us consider the constants Jy, g and D

introduced above and a fixed integer m € N. Then we introduce the approximate total current

L
Llplt) = o [ pla) Kt a)da. >0, (2.4)
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where the kernel K, is defined as

K (t,x) = Fp, (co erfc( (2.5)

x
2\/Dt>)'
In (2.5), “erfc” denotes the complementary error function

2 i 9
erfc(z) =1— \/W/o exp(—77)dr. (2.6)

x
2v/ Dt
The function Fj, is a step function defined by

We note that when L is large, co erfc( ) provides an approximation of the solution of (2.3).

Fo.(z) = F(co) Z a;H(z — «j), Yxel0,c) (2.7)

with F' as in (1.3). H is the Heaviside unit step function, that is,

1, ifu>0,
H(uw) = {0, if u < 0. (2:8)
Finally, the positive constants {a;}2; and {a;}7"; satisfy
m
Zajzl, D<o <as<-- < am < Co, (2.9)
=1

J

and hence {a;}7", defines a partition of the interval (0, co).

If we choose {a;}}]L; such that F, is an approximation of Hill’s function F" on the interval

[O,Co]7 i.e.,
F(z) ~ F(z) = Feo) Y a;H(z — aj), Va €0, cql, (2.10)
Jj=1
then
K,, ~ K.

Therefore, we can view the functional I,,, in (2.4) as an approximation of the functional I in
(2.1).

Now, we introduce the operator (used thereafter)

Clel(t) =Y aje(hy(t), Vt>0, (2.11)
j=1

where h;(s) = min{L, s} with

a@j

B = 2\/Derfc_1( ) forj=1,---,m. (2.12)

Co

Thus, we have the following useful relation:

Lupl(t) = JoF(co)®m[¢](V1), ¢2>0 (2.13)



Identifiability and Stability of an Inverse Problem 741

with

Indeed, if we define

w(t,z) = co erfc( (2.14)

€z )
2\/Dt ,
and put together (24 F(QE)) and (2 [ ), we obtain

L
Lo lol(t) = Jo / p) Ko (£, )
m L
_ J()F C() jz:la]/o p ) — O[j)di[,’

= JoF(co Za]/ dz (2.15)
Jj=1 Gi

(#)N(0, L)
with G,(t) :== {x € R: w(t,z) > a;}. Since the “erfc” function is decreasing, we see that
Gj(t) = [0, 8; V1] (2.16)

with {3;}7L; as in (2.12) (note that 81 > 2 > -+ > By,). Thus, we have

m

Lalol(®) = JoFco) (Y | Y ) (217)

j=1
Using the definition of ®,, in (2.11), we obtain (2.13).

Clearly, ®,, is linear, and it follows from (2.9) that ®,,(1) = 1, and that for any f € L*>°(0, L)
it holds that

@ [F1ll oo 0,2./8,m) < 1l oo 0,1y -
Furthermore, for any f € C°([0, L]) with f(L) = 0, we have

m 1
1@l oo < (D@85 ") 1flinosy s 1< < oc, (2.18)
j=1

Note that the operator ®,, is well defined on C°([0, L]). Therefore, using (2.18) and the fact
that the set {f € C°([0,L] : f(L) = 0} is dense in LP(0, L), we can extend the operator ®,, to
LP(0,L) for all 1 < p < 4o0.

Finally, we introduce some notations. We set

L
Lk:ﬁ fork=1,---,m, Ly=0, (2.19)
k

and for any v > 0, we introduce the following weighted norms:

”f“O'yb ||va||L2 (0,b)
||f||1,w b= HU’YfHHl(O b)
||f||—1,—y,b = ||va||H71(0,b)

with oy (z) = 27.



742 C. Conca, R. Lecaros, J. H. Ortega and L. Rosier

3 Main Results

In this section, we present the main results in this paper. We begin with studying the
functional @, defined in (2.11). It is worth noticing with (2.13) that the identifiability for ®,,
is equivalent to the identifiability for I,,.

Firstly, we discuss some identifiability results for the operator ®,,. We begin with the

analytic case.
Theorem 3.1 (Identifiability for Analytic Functions) Let ¢ : (—¢,L +¢) — R be an
analytic function satisfying

‘I)m[@](t) =0, Vte (07 5)) (31)

where ®,, is defined in (2.11), and € and § are some positive numbers. Then ¢ =0 in [0, L].

The second identifiability result requires less regularity for ¢, provided that a measurement

on a sufficiently large time interval is available.

Theorem 3.2 Let ¢ : [0, L] — R be a given continuous function satisfying
D, [0](t) =0, Vte [0, L], (3.2)

where ®,, is defined in (2.11). Then ¢ =0 in [0, L].
Remark 3.1 Theorem 3.2 is actually true for any function ¢ : [0, L] — R satisfying (3.2).

The proof of Theorem 3.2, which is based only upon algebraic arguments, gives us an idea

about how the kernel could be reconstructed and how one can envision a numerical algorithm.

hj (t)=min {f;tL}

I S
k11 ’: 7
oo LY
N
. L .

— S h t4
-0 ,/ 3 7 -
o R S
AN
Lo,
o, s
1, 7
1, 7
Pt
7
ly
) 2 . . . .
0 Ly Ly Lg Ly t

Figure 1 With m = 4, we plot the functions h; on the interval [0, Ly,].

Let us give the main ideas in the proof of Theorem 3.2. Recall that the h;’s (see Figure 1)
are the functions involved in the definition of ®,, in (2.11). Note first that ®,,[¢](0) = ¢(0) and
D,,[¢](t) = p(L) for all t > L,,. Thus, using (3.2), we see that ¢ vanishes on {0, L}. Next, we

m—1
observe that for ¢ € [Ly,—1, L., ), we have ®,,[¢](t) = amp(Bmt) +Cp(L), where C' = > a;. It
j=1

follows that ¢ vanishes in [AL, L] U {0}, where \ = ﬁﬁ ™ < 1. Applying the same argument in

1
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[Lym—1,Lm), [Lm—2, Lm—1), etc., we can “increase” the set where ¢ is known to be zero. Note
that, in general, it can not be done directly on [L,,—2, Ly—1).

Indeed, let us consider the case when m = 4 (see again Figure 1), and assume that ¢ vanishes
on [AL, L] U {0}, where A = gi < 1. For t € [Lo, L3), we have

Du[p)(t) = asp(Bat) + azp(Bst) + Cop(L),

2
where C'= )" aj, so that, using (2.11) and ¢(L) = 0, we obtain
j=1

0 = asp(Bat) + azp(Bst), Vt € [La, L),
ie.,
0 =asp(A\7) +azp(r), V7 € [B3L2,L).

Therefore, if \y = gz > )\, the set [\ L, L) is contained in [AL, L] U {0}, and we infer that

¢ vanishes in [B4L2, AL) U [AL, L] U {0}. The same argument can be applied to the following
interval, namely [L1, L2). The above procedure suggests how the reconstruction process could

be carried out, but under the condition

Pa < 537
B3~ B2
which is a restriction on the mesh defined in (2.9).

The corresponding identifiability results for the operator I,,, are as follows.

Corollary 3.1 (Identifiability for Analytic Functions) Let p : (—e,L +¢) — R be an

analytic function satisfying
Inlpl(t) =0, vt e (0,6), (3-3)

where I, is defined in (2.4), and £ and & are some positive numbers. Then p =0 in [0, L].

Corollary 3.2 Let p:[0,L] — R be a given function in L*(0, L) such that
Lalpl(t) =0, Ve (0,12 (3.4)
where I, is defined in (2.4). Then p =0 in [0, L].
Corollaries 3.1-3.2 follow at once from Theorems 3.1-3.2 by letting
x
o) = [ plryar.
0

Let us now proceed to the continuity and stability results.

Theorem 3.3 Let ¢ € H' (0, L) be a given function. Then there exists a constant 51 >0
such that

||‘I>m[50]||H1(0,L,,,L) <G HSOHHl(o,L) 3 (3.5)

where Cy depends only on L, 51, B and ®,, given by (2.11).
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We are now in a position to state our first main result. Firstly, we define the function
- (Lis)
- y—is
Nu(s) = | D a4, (3.6)
j=1

where i = y/—1 is the imaginary unit.

Theorem 3.4 Let p € C([0,L]) be a given function. Then there exists a constant o € R
such that for any v > 7o,

Cy lle() = (D)l < N®ml#)() = Pmll(Lm)llo v, 1, (3.7)

with

— inf AY
cy ;IEI]%Am(S) >0,

and ®,,, is given by (2.11).

It is worth noting that (3.7) can be viewed as an inverse inequality of (2.18) for p = 2 and
functions ¢ € {f € C([0,L]); f(L) = 0}, and it can also be regarded as a stability estimate for
the functional ®,,. Its proof involves some properties of Mellin transform. Hereafter, we refer

to o as the smallest number such that
Cy >0, Yv>n.

Next, we present a continuity result for the operator I,,,.

Corollary 3.3 Let p: [0,L] — R be a function in L*(0,L). Then, for v > 3, there exists

a positive constant Cy > 0, such that

1ol 12 < Ca ol ooz (3.8)

where Cy depends only on L, a1, Qp—1, ., Gy and 7.
Besides, we present a stability result for the operator I,,.

Corollary 3.4 Let p: [0, L] — R be a function in L*(0,L). Then, for any vy > max {'yo, i},

there exists a positive constant Co > 0 such that

1ol 1 < Co bl gt o (3.9)
where Co depends only on L,C, > 0 and .

Corollaries 3.3 and 3.4 are consequences of Theorems 3.3 and 3.4, respectively.
Even if the proof of Theorem 3.2 is provided for any choice of the partition {a;}7*; of [0, co],
its proof can be considerably simplified in the special case when
Bo¥ ) ‘
y J

:17'~"m’ 3.10
o/D (3.10)

aj = coerfc<

with 8 € (0,1) and By > 0 being constants. Note that the corresponding mesh is non-regular.
In what follows, I,, and ®,, are denoted by I, and %m, respectively, when «; is given by
(3.10).
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For the reconstruction, we introduce the function

Lnlp)(f) = Tmlpl(22,)

JoF(co) , Yt € [0, foLm)- (3.11)

g9(t) =
As mentioned in the introduction, we look for a reconstruction algorithm and a numerical
scheme to recover function p from the measurement of I,,,[p]. We begin by recovering ¢: [0, L] —
R, which satisfies

~ t
Suldl(, ) =9(t), V€, BoLm). (3.12)
Bo
Next, we define functions ¢1, @2, - , @, by means of the following induction formulae:
! ( N ) if 7 € [3L, L)
g 3 I x ? )
p1(z) = q am” NG (3.13)
0, otherwise
and
1 z - Bjx 6k+1L 5kL
- Am—k— R , T € ) )
Pr+1(2) = { am (g<ﬁm) gz:; * lﬂ%<ﬁk+1)) [ ) (3.14)
0, otherwise
for k=1, --- ,m — 1. Furthermore, for k > m, we define
1 x i Bz
_ iDitt , TE k+1L, kL ,
Ok () =< am (9(5m) ; iPith-mt1 ( B )) 15 B°L) (3.15)
0, otherwise.

With the above definitions, we have the following reconstruction result.

Theorem 3.5 Let p be a function in C°([0,L]), g be defined as in (3.11), and {¢;};>1 be
given by (3.13)(3.15). Then the function ¢ defined by

+oo
9(0), ifr=0
1s well defined and satisfies
(7] (go) =g(t), Vte0,B0Ln). (3.17)
Furthermore, p satisfies
’ s Lulp)(L%,)
/0 p(z)dz = ¢(x) + JoF(co) Vo € [0, L]. (3.18)

Theorem 3.5 provides an explicit reconstruction procedure for both operators ;I;m and fm,

and therefore a numerical algorithm for the reconstruction.
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The previous reconstruction procedure gives us the possibility to obtain a sharper stability
result. We shall provide a stability result for &)m in terms of a quite general norm.

We consider a family of norms ||-[|, ;) for functions f : [a,b) — R, where 0 < a < b < oo,
which enjoys the following properties:

(i) [[f1l{q,p) < oo for any f € Whi(a,b);

(ii) if [a1,b1) C [a,b), then

1l b0) < W1 llfamy s (3.19)

(iii) for any A > 0, there exists a positive constant C'(\) such that

”g)\H[)\a,Ab) <) ||f||[a,b) ) (3.20)

where gx(z) = f(%), and C(-) is a nondecreasing function with C(1) = 1.
A natural family of norms fulfilling (i)—(iii) is that of L? norms, where 1 < p < +00. Indeed,

(i)—(ii) are obvious, and (iii) holds with

. /\zlJ, if pel,+0),
) = {1, if p = co.

Another family of norms fulfilling (i)—(iii) is the family of BV-norms

k
sy @ey = 1F e @e + _ sup D (k) = flar-)l. (3.21)

a<zy<---<xp<b J=1

Here, we can pick C'(\) = 1 (note that Wht(a,b) C BV (a,b) (see, e.g., [1])). These kinds of
norms are adapted to functions with low regularity, as, e.g., step functions. The second main

result in this paper is the following stability result.

Theorem 3.6 Let p € C°([0, L]) be a function and let a family of norms satisfy conditions
(i)-(iii). Then, we have for all k >0,

o0 = oDlgers oty < ) s Bl -l Elgsrr s (322)

where p(x) = [ p(r)dT.

Theorem 3.6 shows in particular that the value of ¢ in the interval [8**!L, 3*L) depends
on the value of ;I;m[ga] in the interval [3**1L,,, L,,), a property which is closely related to the

nature of the reconstruction procedure.

4 Proof of Identifiability Results

This section is devoted to proving the identifiability results for the operator ®,,.

Proof of Theorem 3.1 Let ¢ be an analytic function such that

lelt) = 3 as(hy (1)) =0, Ve € (0,9).
j=1
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Then, taking ¢ € (0, min{d, L1}) and using the fact that
Lo< Ly <---< Ly, (41)

we see that h;(t) = 3;t, j = 1,--- ,m. Then, we have
m
S aje(Bit) =0, t € (0,min{5, Ly}).
j=1
If we derive the above expression and evaluate it at zero, we obtain
o™ (0)(2%(@)’“) =0, Vk>0,
j=1

where ¢©(®)(0) denotes the k-th derivative of ¢ at zero. Since a;,3; are positive, we have that
m

3 aj(B;)* > 0. Therefore p*)(0) = 0 for all k¥ > 0, and hence ¢ = 0. This proves the

Jj=1
identifiability for ®,, in the case of analytic functions.

To prove Theorem 3.2, we need some technical lemmas.

Lemma 4.1 Let f,g : [0,L] — R be functions, and let s,ap € [0,1) and A € (0,1) be
numbers such that

f(r) +g(A\) =0, VresL,L) (4.2)
and

f(r) =0, V7€ |aoL,L). (4.3)
Then

g(r) =0, Vr €L, L), (4.4)

where a1 = Amax{s, agp}.
Lemma 4.1 is a direct consequence of (4.2)-(4.3).

Lemma 4.2 Let f:[0,L] — R be a function, and let s,a9 € [0,1) and X € (0,1) be some
numbers such that

f(r)=0, Vrel@L L), k=1, (4.5)
where
&k = )\max{s,&k,l}, Vk 2 1 (46)
with &g = ag.
Then, if s > 0,
f(r)y=0, Vrel[s\L,L),
and if s =0,

f(r)=0, Vre(0,L).
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Proof To prove the above lemma, we need to consider the following two cases: s = 0 and
s> 0.
If s > 0, we claim that there exists ko such that ax, < s. Otherwise, if ay > s, Yk > 0,
replacing that in (4.6), we have
Q1 = A,

and hence aj, = agA\¥ — 0, which is impossible, for s > 0.
Using (4.6), the desired result follows, since

ap = )\S, Vk > k.
Now, if s = 0, replacing it in (4.6), we obtain
&k = Oéo/\k.

Then, using (4.5), we have

which completes the proof.

Lemma 4.3 Let f:[0,L] — R be a function, and let s,a9 € [0,1), A1, , An € (0,1) and

ar >0, k=0,---,n be some numbers such that \y > Xo > --- > X\, > ag, and
aof(t)+ Y a;f(\t) =0, Vte[sL,L) (4.7)
j=1
and
f(r)=0, Vre€al,L). (4.8)
Then
f(r)=0, Vre€[aL,L), (4.9)

where o = A\, S.

Proof We prove this result by induction on n.
Case n = 1 In this case, from (4.7), we have the following equations:

aof(t) + alf()\lt) =0, Vte [SL7 L),
f(r)y=0, Vre€awl,L), (4.10)

and a9 < A1. Then, applying Lemma 4.1 with g = f, we get
f(r)=0, ¥7€[anL, ML),
where a1 = A\ max{s, ap}, and thus

f(r) =0, vrelml, L)
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for ag < \1.

If ap = 0, we obtain the desired result
f(r)=0, Vre[\sL,L).

On the other hand, when «g > 0, we can apply Lemma 4.1 again with aq replaced by aq,

since we have
apf(t) + a1 f(Mt) =0, Vte[sL,L),
f(r)y=0, VrelwL,L)
and a1 < A1. Thus, we get by induction on k > 0
f(r)=0, V7€ arLl,L), Vk>1, (4.11)
where
ar = A\ max{s,ar_1}, Vk>1. (4.12)

Note that, if s = 0, letting ¢ = 0 in (4.10) yields f(0) = 0. Using Lemma 4.2 with (4.11)-(4.12),
we conclude that
f(r)=0, Vre[\sL,L),

which completes the case n = 1.

Case n + 1 Assume that this lemma is proved up to the value n, and let us prove it for
the value n + 1.
Assume a given function f : [0,L] — R and some numbers s,ag € [0,1), ar > 0 for

0<k<n+4+1, A, -, g1 €(0,1) with 1 > X > X2 > -+ > \41 > g, such that
n+1
aof(t)+ > ajf(\t) =0, Vte[sL,L) (4.13)
=1
and
f(r)=0, V7€ oL, L). (4.14)

Then we aim to prove that
f(r)=0, VY7 € [M+1sL,L).
We introduce the function

n+1 n+1

s -
o) =3l (7)) = afm) + 3 aif (),
j=1 j=2
Wherexj = f\‘i, j=2,---,n+1.
Then, using (4.14), we have

Qo
v =0, vre|n," Lr) (4.15)
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On the other hand, from (4.13), we have
aof(T) + ¥ (M7) =0, Vre][sL,L).
Then, from (4.14) and Lemma 4.1 with g = 1, we conclude
(1) =0, V7€ [\ max{ag,s}L, \1L).
Next, we set s; = A\ max{ag,s} € [0,1). Using (4.15), we have ¢y = 0 on [s1L, A\ L) U

[A1,% L, L). Therefore, with /\i‘il <1,

n+1

n+1
W(r) =arf(r)+ > aif(N7) =0, Vre€[siL,L). (4.16)

=2

Note that 1 > Xz > Xg > > Xn+1, and that ag < A\pp1 < )‘Kll = Xnﬂ. Then, by using
the induction hypothesis with (4.16) and (4.14), we obtain

f(r)y=0, V7€ [a1L,L),

where a7 = slxnﬂ = App1max{s,ap} < A,y1. Then we can repeat the latter argument

replacing ag by a7, and we obtain
f(r)=0, ¥71e€la,Ll,L), Vk>1,
where
ar = Apy1max{s,ap_1}, Vk>1 (4.17)

with &g = ap given. If s = 0, letting ¢ = 0 in (4.13) yields f(0) = 0. Using Lemma 4.2, we infer
that
f(r)=0, Vre€laL,L),

where o« = A, 4+15, which completes the proof.

Proof of Theorem 3.2 Let ¢ : [0, L] — R be a function such that
Cnlel(t) = ajp(hi(t) =0, Vi€ [0, L.
j=1

Then, if t = L,,, we obtain
h](Lm):Lv vj:]-a"'vmv

and hence
0= P [p|(Lm) = w(L). (4.18)

Next, for any & € {1,---,m}, we have

> ajp(Bit) =0, Vi€ [Li1, L,
=k
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which is equivalent to

bi t) =0, Vte [BrLli—1,0kLi)=[BrLli—1,L]

arp(t) + Z ajsﬁ(ﬁk

Jj=k+1

for k=1,2,---,m. We aim to prove that

o(t) =0, V7€ |[BmLli—1,L]
for k=1,---,m. We proceed by induction on i =m —k € {0,--- ,m — 1}.

Case 7 = 0 Letting k = m in (4.19) yields
amp(t) =0, Vt € [BmLm-1,L],

which implies

o(t) =0, V7€ [BnLlm-1,L],
which completes the case ¢ = 0.

Case ¢ =1 Letting k =m — 1 in (4.19), we obtain

B,

i ) =0, Vte[Bm1Llm_o, L.

am-16(t) + amip

We infer from Lemma 4.3 (applied with A\ = Bﬁ’jl, s="""1and ap = Bﬁ’jl) that

Bm—2
o(t) =0, V7€ [BnLlm—2,L]
Case ¢ Assume the property satisfied for i — 1, i.e.,
SO(T) = 0) VT E [6mLm—i7 L]

Replacing k = m — i in (4.19), we obtain

m

B
am_igo(t) + Z ajga( J 4!‘,) =0, YVt € [ﬁm—iLm—i—la L]
j=m—i+1 m=t
Then, if we set \; = ﬁﬁjﬁ/ <l forj=m—i+1,---,m,
Ly_i_
s = 6m—i mLz !
and ag = Bﬁm = Am, then we infer from Lemma 4.3 that

o(r) =0, V7€ [BmLlm—i-1,L].
Thus
o(t) =0, V7€ [BnLli-1,L]
for k =1,---,m. This implies (with k =1 and Ly = 0)
o(t)=0, Vrelo,L].

The proof of Theorem 3.2 is complete.
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(4.22)

(4.23)
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5 Proofs of the Stability Results

We first prove Theorem 3.3.

Proof of Theorem 3.3 First, some estimates are established:
5 Ly,
2
oo bl = [ )

L;
= /0 O (Bit)dt + * (L)L

/N

1 1
ﬁm_ﬁj)
1 e, o o L

d L
<ﬁj/0 Pt + (D)
1
< 4 Allellzeo ) + (L)L)
1
< (L + I TLIPL) el oz (5.1)

where T, (u) = u(L) is the trace operator in H'(0, L).
Now, if we set

€ = (L+ T2l PL)z,

1
VB
then using (5.1), we obtain

m

[l ||L2 0,Ly) = Z aj oo thL2(0 Ly ¢ ||<P||H1(o L): (5.2)

On the other hand, let ¥ be any test function with compact support in (0, L,,). Then

Lo ’ = L ’ Lo ’
[ enielow @i =3 [ ewnvoas o [ v
m L]
==Y as [ @0

== Zajﬁj/o ¢ (Bit)(t)(1 — H(B;t — L))dt, (5.3)

where H denotes Heaviside’s function. Thus

(@ule])' (1) = D a; B¢ (Bit)(1 = H(Bjt — L)), Yt € (0, Lyn). (5-4)

J=1

Therefore, for any ¢ € H'(0, L), the function ®,,[p] belongs to H'(0, L,,). This, along with
(5.4), yields

m 1

L
1@ le)) Nl 20,2,y < Z 9 / &2(1)at)" < VB¢ o) - (5.5)

Combining (5.5) with (5.2), we obtain

[@ml¢lll1 0.0, < Crllelior
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where C; = \/ (c1)? + 1. The proof of Theorem 3.3 is therefore complete.

Now we proceed to the proof of Theorem 3.4. Before establishing this stability result,
we need to recall the well-known facts about Mellin transform (the reader is referred to [10,
Chapter VIII] for details).

For any real numbers o < 3, let (a, §) denote the open strip of complex numbers s = o + it
(0,t € R) such that o < o < 3.

Definition 5.1 (Mellin Transform) Let f be locally Lebesgue integrable over (0,+00). The
Mellin transform of f is defined by

+oo
M) = [ e, s € o)
0
where {a, §) is the largest open strip in which the integral converges (it is called the fundamental
strip).

Lemma 5.1 Let [ be locally Lebesgue integrable over (0,400). Then the following properties
hold true:
(1) Let so € R. Then for all s such that s + so € {(«, 3), we have

Mf(@)](s + s0) = M[z™ f(2)](s)-
(2) For any 0 € R, if g(x) = f(Bx), then
Mlgl(s) = B M(f](s), Vs € (o).

Definition 5.2 (Mellin Transform as an Operator in L?) For functions in L*(0,+00), we
define a linear operator M as
M+ L*(0,+00) — L*(—00, +00),

f= M) =y MU, i)

Theorem 5.1 (Mellin Inversion Theorem) The operator M is invertible with the inverse

Mt L (=00, 400) — L*(0,400),

_ +oo L.
o — Mg](x) = j% / (s

Furthermore, this operator is an isometry, that is,

IMI I 2(-0000) = £ 20,00y » VS € L0, +00).

Proof of Theorem 3.4 We note that for any function f : [0, +00[— R such that supp(f) C
[0, L), we have

f(h;(t)) = f(Bjt).
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Thus, we obtain
O lf1(t) =Y a; f(Bi1), VE=0,
j=1

where {3}, has been defined in (2.12).

Pick any ¢ € C(]0, L]) and let g : [0, L,,,] — R be such that
Onfe](t) = g(t), Vit € [0, Lin].

Define the functions

0, t> L,

gt) = {g(t)_g(Lm)v 0<t< Ly, 1) = {Sﬁ(t)—cp(L), 0<

If we replace t by Ly, in (5.7), we have the following compatibility condition:

Since ®,,[1] = 1, we infer that

Letting f = @ in (5.6) yields
O [3)(t) = > a;B(Bt), Wt >0.
j=1
It follows from Lemma 5.1 that

M@ [Bl)(s) = (D a7 ) MIBI(s), Vs € (o),

where (a, ) is the fundamental strip associated with @.
Let v > 0 be a fixed constant. Using (5.10) and Lemma 5.1, we obtain

AL () M2 B(@)](s)] = IM[27 @ [B)(@)](5)], Vs €R,

where A7, has been defined in (3.6). On the other hand,

m—1

—y—1 - s

A;/n(s) > amﬁmv 7 - ‘ Z ajﬁj AR
j=1

m—1

A~ 1 _ 1
Zamﬁmv 2 Z ajﬁj (v+3)

Jj=1

1 1
-7 —(r+
> amfPm * — Bm(71 2)

=5 (o (P,

(5.9)

(5.10)

(5.11)

(5.12)
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Therefore, if we choose

1 1
Y > n(%zb) - 2)
1n(67n71)

then

AL (s) > B2 (am - (6'51)_(%;)) >0, VseR.

Thus, there exists g such that

Cy,=1inf A} (s) >0, Yv>~.
seR

Therefore, using the fact that M is an isometry and (5.11), we obtain

Cyllello . < N1®mPlloy L, - (5.13)
which completes the proof of Theorem 3.4.
We are now in a position to prove Theorems 3.3-3.4.

Proof of Theorem 3.3 Let us fix any v > 0 and let p : [0,L] — R be a function in
L2(0, L). From (2.13), we have

(@7 I p](2))" = y27 ™ L [p)(2) + 27 (I [p) ()

72
= Ll + 7R

V) @)y (v, (5.14)

where ¢(z) = [, p()d7 (note that ¢ € H'(0,L)). Since

L2, Ly,
[ i@l Wappde =2 [ e (@l ()
0 0

2
=2[[(mle]) llo,2y-1.z., - (5.15)
we have
2 2 |JoF (co)| 2
ol 5, < Wl + (Y Wb, + ™ 1@l o235, )
2
<N ImlolG 2, + 277 M 0015 1,22, + (JoF () (@) 16,071 1.
2
< (L2 429) [Lalol 2y po + (0P () | @lel) By g - (5:16)
On the other hand, using (2.13) and the change of variable 7 = 22, we have
2 1 B 2\\2
D,, = 772 (L, pl (2 dz
1920 = (e . )
1 2
= 1, . 5.17
2(F(CO)JO)2 || m[p]”O,'yfl,Lg" ( )

By replacing (5.17) in (5.16), we obtain

Znlplll7 o 22, < (L2 +29%)2(F (c0) Jo)* |1 @ml@lll5 2,3 1.,
2
+ (F(co) o) |(@mle]) 19,241 1., » (5.18)

m
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and assuming that v > i, from Theorem 3.3, we have

_3
[0l 12, < V/3L2 + 49200 F (o) L2772 | B[]l 11 g 1,
< VBL2 + 49206 F (o)) LY 73 Ch @l o, - (5.19)

But, from the Cauchy-Schwarz inequality, we have |¢(z)| < V'L oMl 20,1y » and hence
2 2 2 2
||50||H1(0,L) = ||50||L2(0,L) + HPHLZ(O,L) < (L*+1) ||P||L2(0,L) :
Therefore, for any v > i, we have

||Im[P]||1,7,L$n < ||P||L2(0,L) )

where
Cy = /3L2 + 442 Jo F(co) ¥~ 2 Cy (L? + 1)2,

and the proof of Theorem 3.3 is therefore finished.

Proof of Theorem 3.4 Let ¢ be any test function compactly supported in (0, L), and let

~ be a positive constant. Set

and

It follows that
(@ G(x) = (v + )27 @(x) + gy (),

and hence,
L
(g1, ) =:]Q gys1()(a)da
L
:A(@”%@W—W+Uﬁﬂ@wwmx
L
=—A<ﬂ“ﬂmwm+w+nﬂammen
Then, we have

Kgy+1, 0 < (1@llo yrr,r + Y+ D 19Nl 2) 19l 10,1
<@ H+y+ D)@l 1915 o,r) -

Therefore,

9y +1ll -1 0.0y < (L +7+ D) 1@l 4,1 - (5.20)
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Thus, using Theorem 3.4, we have that for any v > max{~yo, i}, there exists a constant C,, > 0
such that

Hprl,wl,L = ||97+1||H—1(07L)
Lwr;

< L+ 00 { I8nlllogn, + o,y [Bmlel @} (52D
Using (2.13), we have
Bulel(Ln) = o Inlel(ER). (522)

Replacing (5.22) in (5.21) and using (5.17), with 2y — 3 replaced by 7, we obtain

Ly,

(L+’Y+1) ~1 '
& U V2 0y 1Tea I} Wl g1 2,

ol <
1,y+1,L \/2|J0F(CO)

Therefore, setting
(L+~v+1) 4 Ly,
= o {1+ ve 122,11},
\/2|JOF(Co)| v \/2’)/+1 m

we obtain (3.9). The proof of Theorem 3.4 is achieved.
6 Numerical Reconstruction Results

This section is devoted to the proof of Theorems 3.5-3.6.

Proof of Theorem 3.5 Let p be a function in C°([0, L]), and let us consider the functions
{¢;j};j>1 defined in (3.13)-(3.15).
First, we note that for all £ > 1, we have

pr(z) =0, Vag[g"L,557L). (6.1)

Then, we can define the sequence {¢p}pen+ as
p
Yp(z) = Z(pj(x), Vo e R.
j=1

Using (6.1), we have that for all x € R\ (0, L),
Yp(z) =0, VpeN,
and hence,
pEIJPoo Yp(x) =0, VoeeR\(0,L).
Besides that, we consider the ceiling function

[z] = min{k € Z | k > =},

i.e., [z] is the smallest integer not less than .
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Next, we define
K (z) = [ln( )], Ve € (0,L). (6.2)

Then, we have
ze @ g @y e e (0, L).

Therefore, we obtain for x € (0, L)
Tﬁp(il,') = on*(x)(x)v VP > k‘*(l'),
and hence,

lim vy, (2) = @p=(z)(7), Vo e (0,L). (6.3)

p—+00

Thus, the series in (3.16) is convergent, i.e., the function ¢ is well defined.
On the other hand, by replacing (3.10) in (2.12) we obtain

/Bj:ﬂOﬂja ]Zlavm

By using (6.1), we have
p(x) =0, VzeR\][0,L).

Combining with (5.6), we get
~ t L y
@m[@(ﬂo) =3 a;3(#t), Vi (6.4)
j=1

By replacing t = 0 and ¢ = Sy L., in (6.4), and using (3.11), (3.13), and (3.16), we obtain
®n[21(0) = 9(0),  ®m[B)(Lim) = g(BoLm) = 0.
Now, if we take t € (0, BoLy,) = (O, ﬁfjn), we have
ft e (0,47~™L) forje{1,2,---,m}.

We need to consider the following two cases: ¢ < L and t > L.
Case t < L In this case, we have

it e (0,L) forje{1,2,---,m}

and
E*(B7t) = j + K*(¢).

Thus, replacing (6.3) in (6.4), we obtain

(7] (;O> = ; ajjire (1 (B71),
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and hence, using (3.15) with k 4+ 1 = m + k*(t), we obtain

m—1
AjPj+k*(t) (B t) + amPmtk t)(ﬁ t)
7j=1
m—1 m—1
= Z A5 PG4 k* t)(ﬁjt ( Q5P j+k*(t) B”))
Jj=1 Jj=1
=g(t).
Case t > L Let us set
(%)
ko(z) = LOy Vo> L,
Lln (é) J

where
|z] =max{k € Z | k < x}

is the floor function, i.e., it is the largest integer not greater than x. Thus, we have
Br@tly <« [ < @y Vo> L (6.5)
and
k* 3k O+ = 1. (6.6)
Then, we infer from (6.5) that

fit>L, Vj<kit),
Bt <L, Vj>ke(t)+1

By using (6.3)—(6.4), it follows that

~ t n )
()= X awewn@)
07 ek ()41
m—Fk.(t)

Z a‘j+k*(t)90k*(ﬁf+k*(f>t)(BjJrk*(t)t)'
j=1
From (6.6), we have
k(B0 =, =1,
and hence, from (3.13)-(3.14), with k£ + 1 = m — k. (), we obtain

" m—Fk.(t)
O] (ﬁo) - Z ajir. )y (BT D)
j=1
m—k.(t)—1
= > k@i (FTO) + amen k. (BM)

j=1
m—k.(t)—1 k()1
= D Grewe (30N + (g(t) - ak*(t)+j@j(ﬁ]+k*(t)t)>
— 2
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It remains to prove (3.18). Replacing (3.11) in (3.17) and using (2.13), we get

T 2\ 7 2
ha( ) - Lulol( ) = Tnlol(22,)

J()F(Co)
_3 t_ Iulol(L7,)
= %M(ﬁo) ToF(co) vVt € [0, BoLm), (6.7)
where p(x fo 7)dr. Using ®,,[1] = 1 and Theorem 3.2, we obtain (3.18), i..,
. Lnlpl(L2,)

p(z) = p(z) — ToF(co) Ve e [0, L].

This completes the proof of Theorem 3.5.

Proof of Theorem 3.6 Let p be a function in C°([0, L]), and let {p;},;>1 be defined as
in (3.13)-(3.15). Using (3.18), we obtain

p(x) = p(x) — (L), Voel0,L], (6.8)

where ©p = fo 7)dr and @ has been defined in (3.16).
Recall that the family of norms || - [[j4,5) (for 0 < a < b < 00) satisfies (3.19)-(3.20). Using
(3.16), (6.2)-(6.3) and (6.8), we obtain
() — @(L)H[,@kﬂL,ﬁkL) = H<Pk+1||[ﬁk+1L,ﬁkL) : (6.9)

Let us prove that for any & > 0, we have

c(B™)
lerrillygrsrp prry < ! 191l (85+1 80 Lo B0 L) - (6.10)
m

The proof of (6.10) is done by induction on k.
Case k = 0 Using (3.13) and (3.19)-(3.20), we have

cBm)
||<P1H[5L,L) < ||9||[5,30L,,,“,30L,,") )
as desired.
Assume now that for all j =1,---  k (with & > 1), we have
(ﬁm)
||<PjH[gjL,51—1L) HQH (87 B0 L ,BoLm) (6.11)

and let us prove (6.10).
Case k+ 1 < m Using (3.14) and (3.19)-(3.20), we obtain

1
lersillgrrnr grry < am (C(Bm) l9llggr+1801.,,,6% B0 )

k 6k+1
+Zamfk71+jc( 8 )”(PJ’H[,QJ‘L”QJ‘—lL))-
j=1
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Using the induction hypothesis (6.11), we have

1 m
o (CE™) Nalligess gyt
m

k k+1 m
+Zamfk71+jc(ﬁﬁj ) iﬁ )||9H[5J50L,,“50Lm))
j=1

CB™) ( &
= k+1 Ay, ||gH[ﬁk+1ﬁOL’!1L7ﬁk/ﬁoL7”’)
am

||80k+1||[@k+1L,5kL) <

k ght1
om0 ) Iollosnr, )

ﬂkﬂ
k+1 ( +Zam k=1 ( Bi ))||g||[6’“+1ﬂoLm,ﬁoLm)~ (6.12)
Note that

Clu) <1, Yue(0,1), (6.13)

where C(+) is nondecreasing and C(1) = 1. Therefore,
ge |
< s
c( 8 ) <1, Vje{l, -k}

Thus, we obtain

cm)

H@k"‘lH([ﬁk‘H,ﬁkL) = akt1 HgH[5’“‘*‘150L7,L,,30Lm) ’
This proves (6.10) for all k= {0,---,m — 1}.

Case k + 1 > m Replacing @11 by the expression in (3.15) and using (3.19)-(3.20) and
the induction hypothesis, we obtain

1
I er+illjgesap prry < (C(ﬁm) 191154180 L. 8% 80 L)
m
— cBm)
Z alFkem 191l 1gs+1-m+16y 100 o L)
=
cEm
Jr

)
( U, 191118541 8o L, 8% Bo L)

m—

Z O V19l o)

C( m) L m—1 6m
< alﬂc;rl <Gm+ ‘ ajC(ﬁj )) ||g||[5k+150LmﬂoLm), (6.14)

Jj=1

and with (6.13) we infer that C(8™/37) < 1 for all j € {1,---,m — 1}. This completes the
proof of (6.10).

On the other hand, using (3.17) and (3.20), we obtain

HgH[[3k+1[30Lm,ﬁoL ) S (50)”(1) [@H[[BHILM,L )
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By replacing (6.8) in (6.10), we obtain

C(B™) = ~
lobsilgengery < CE) L 1Bll) = Bl L) s, 1

am

and by replacing it in (6.9), we obtain (3.22). This completes the proof of Theorem 3.6.
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