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A HYBRID VARIATIONAL PRINCIPLE
FOR THE KELLER-SEGEL SYSTEM IN R?

ADRIEN BLANCHET!, JOSE ANTONIO CARRILLO?, DAVID KINDERLEHRER?,
MicHAL KOWALCZYK?, PHILIPPE LAURENCOT® AND STEFANO LISINI®

Abstract. We construct weak global in time solutions to the classical Keller—Segel system describing
cell movement by chemotaxis in two dimensions when the total mass is below the established critical
value. Our construction takes advantage of the fact that the Keller—Segel system can be realized as a
gradient flow in a suitable functional product space. This allows us to employ a hybrid variational prin-
ciple which is a generalisation of the minimizing implicit scheme for Wasserstein distances introduced
by [R. Jordan, D. Kinderlehrer and F. Otto, STAM J. Math. Anal. 29 (1998) 1-17].
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1. INTRODUCTION

1.1. The model
The parabolic-parabolic Keller—Segel model [25,26] is a drift-diffusion system given by

O = Au — xodiv [uVv],
100w = DoAv — agv + o u, (t,x) € (0,00) x R?, (1.1)
ug € L}F (R2) , Vg € H! (R2) R
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where xq, 70, Do, ap, and §y are given positive parameters and Ll+ (RQ) denotes the positive cone of L' (Rz).
The system (1.1) is a widely accepted model of chemotaxis, a phenomenon in which organisms, most notably
Dictyostelium discoideum, with density u, are attracted by a chemo-attractant v, produced by them. This
feedback mechanism may lead to aggregation phenomena expressed by the concentration of the distribution
function u at some points and it may even grow without bounds as time progresses leading to blow-up in
density. The Keller—Segel model, which looks simple at first sight, is a very rich mathematical system and it
has been an object of very extensive investigation for the last forty years. By introducing the new unknown
functions

u(t, x Dy
p(t,x) == ||U0T|T1)R2)7 o(t,x) = mv(t,x),
and the two initial conditions
P Tl ™ Bollvollorges)
where || - || L1(r2) denotes the L'-norm, we obtain the equivalent system

Op = Ap — xdiv [pV¢],
TOp = A — ap+ p, (t,x) € (0,00) x R?, (1.2)
po € LL (R?), ¢ € H' (R?),

with
ri= =20 4nd X = Po XOHUOHLl(R?).
Dy’ Dy’ Dy
Note that with this rescaling pg is a probability density. Notice that the total mass of p is formally preserved
along the flow,

/ p(t,x)dx:/ po(z)de =1, t>0
R? R2

and that p(t,-) > 0if pg > 0. Thus we may restrict our attention to the construction of solutions such that p(¢, -)
is a probability density for every ¢ > 0. We stress that the solutions obtained with our technique automatically
enjoy this property.

Taking 7 = 0 we obtain the so called parabolic-elliptic Keller—Segel model. Although our focus here is the
case T > 0, it is instructive to revisit some basic facts about this “simplified” system. Taking the initial condition
po with finite second moment

/ 2% po() dez < oo,
R2

and calculating formally the time derivative of the second moment My(t) := [o. |2[*p(t, 2) dz we obtain
dMs(t)/dt < 0 provided that x > 8. This means that at some finite time T > 0, My(T) = 0, which
would imply total concentration of the mass. The conclusion is that, for xy > 8, there is finite time blow-up of
classical solutions for the parabolic-elliptic Keller—Segel model [4]. It turns out that when x < 87 solutions exist
and are bounded for all times [11]. The borderline case x = 87 was considered in [10] where it was shown that
solutions for initial data with finite second moment exist globally but they become unbounded and converge to
a Dirac delta function as t — oo. In all these references, solutions were constructed by approximation methods
leading to free energy solutions.

However, one can use the gradient flow approach introduced in [24,34] for diffusions and in [17] for nonlocal
interactions to the parabolic-elliptic Keller-Segel model as in [9,12]. In particular, the gradient flow interpretation
leads to a nice understanding of the energy landscape in the critical mass case xy = 8. There are infinitely many
stationary solutions, all of them locally asymptotically stable, for which a second Liapunov functional was found
in [12]. The key property of the gradient flow interpretation is that all stationary solutions are infinitely apart
from each other in the optimal transport euclidean distance, and each of them has its own basin of attraction.
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Returning to the parabolic-parabolic model, it is known that under the condition xy < 87 and with reasonable
assumptions on the initial condition, solutions to (1.2) exist for all times [14,32]. Our objective is to give another
proof of the global in time existence. This proof, which is based on the so called hybrid variational principle,
does not give strictly speaking any new existence result. Our objective is to emphasize an important, and not
immediately apparent, property: the variational character of the Keller-Segel model. It also sheds some light
on why when y > 87 the issue of global existence versus blow up is so delicate in the parabolic-parabolic case.
We note that it is proven in [5] that when x > 87 and 7 is sufficiently large then there exist global self-similar
solutions. It has also been shown recently in [6] that for any initial condition and y > 8 there exists 7 such that
the Keller-Segel model has a global solution with this initial condition (the Cauchy problem being understood
in some weak sense, and solutions are not necessarily unique). It is also proven recently in [35,36] that blow-
up solutions exist for supercritical mass close to critical and the blow-up profile has been characterised, see
also [19] for a formal analysis and [22] for related results in a bounded domain. This variational interpretation
of the Keller—Segel model suggests that there might be a path in the function space along which the free energy
functional becomes unbounded leading possibly to blow-up “along” this path. For numerical simulations inspired
from this scheme, see [20,21].

Finally, let us mention that the solutions are proven to be unique and the functional has some convexity over
the set of solutions as soon as the cell density becomes bounded [18].

1.2. The formal gradient flow interpretation

We denote by P (RQ) the set of Borel probability measures on R? with finite second moment, and by
K= {pGP(RZ) : p < dx and / plogp dax < oo}.
R2
Let us define the free energy of the Keller—Segel system (1.2) as £ : P (RQ) x L2 (RQ) — (=00, 4+00] by

elodl = [ {2oognto) — o) o) + 5 1T0P + 5 0(0)? } (1.3

if (p,¢) € K x H! (R2) and E[p, ¢] = +oo otherwise. We will see in Lemma 2.3 that if y < 87 then &£ cannot
reach the value —oco. The domain of € coincides with K x H* (R?).
We observe that, at least formally, the system (1.2) has the following “gradient flow’

6E
Op =xV - (pvé—) ;
p

o0&

Tat¢ - (S(b’
where §€/5p and 0E /¢ denote the first variation of the functional £ with respect to the variables p and ¢
respectively. Indeed, the right hand side in the first equation of (1.4) is, up to a factor y, the “gradient” of
& along the curve t — p(t,-) with respect to the Kantorovich-Rubinstein—Wasserstein distance, referred to
hereafter as the Wasserstein distance and denoted by dy . The term 6€/d¢ in the right hand side of the second
equation is the “gradient” of £ along the curve t +— ¢(t, ) with respect to the L2 (Rz) distance. We can formally

compute the dissipation of £[p, ¢] in (1.3) along a solution of (1.4) as
1 5E\°
pdar;—;/R2 (%) dz.

d o0& o0&

—E&|p(t t) = —0, —0 de = —

G000 = [ [Fon+ 00| 1= [
We recall here that the variational scheme introduced by Jordan, Kinderlehrer and Otto in [24] is based, generally
speaking, on a gradient flow of some free energy in the Wasserstein topology. Here, we work in a product space

)

structure

(1.4)

2

o€
Vi
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topology P (Rz) x L2 (RQ) and this justifies the name hybrid variational principle for the implicit scheme that
we will introduce in what follows, and which makes the notion of the gradient flow in this context rigorous.
We should point out that hybrid variational principles have been already used to show existence of solutions
for a model of the Janossy effect in a dye doped liquid crystal [27], for the Keller-Segel model with critical
diffusion in RY, N > 3 [8] and some of its variants [28,31,38,39], and for the thin film Muskat problem [29)].

1.3. Main results

When a problem has a gradient flow structure, then its trajectories follow the steepest descent path, one way
to prove existence of solutions is by employing some implicit discrete in time approximation scheme. Suitable
time interpolation and compactness arguments should finally give the convergence towards a solution as the
time step goes to zero.

The main result of this work is the construction of solutions to (1.2) using an adapted version of the implicit
variational schemes introduced in [24] for the case of the Wasserstein distance. The general setting in metric
spaces was also developed by the De Giorgi school with the name of minimizing movement approximation scheme
(see [2] and the references therein). The minimizing scheme is defined as follows: given an initial condition
(po, o) € K x H' (R?) and a time step h > 0, we define a sequence (p}!, ¢} )n>0 in K x H' (R?) by

(K0, 8%) = (pos d0),
(1.5)

(on ™ 0nt") € Argming, gy c oo @2) Fanlo, 0], 120,
where ) )
Fhnlpr ] = o5 ;dﬁv(p, pi) + 7116 = Shlia ey | + Elps ),

and dy denotes the Wasserstein distance which is defined in Section 2.2.

Theorem 1.1 (Convergence of the scheme). Assume that the constants in the Keller—Segel system satisfy
0<x<8m, 7>0and a>0. Given (py,do) € K x H' (R?) there exists a sequence (p}., ¢} )n>0 € K x H' (R?)
satisfying the variational principle (1.5). Defining the piecewise constant function

(ph(t)a¢h(t)) = (pZagbZ)v th € ((n - 1)h7nh]7 n >0,
there exist a decreasing sequence (h;); going to 0 as j goes to oo and a continuous curve (p,¢) : [0,00) —
P (R?) x L? (R?) such that
pn,; (t) = p(t)  weakly in L' (R?), t>0,
én, (t) — o(t) weakly in L2 (Rz) and strongly in L (Rz) , t>0, pell, +o0).

loc
Moreover, (p, ) satisfies the following regularity properties:

(i) p e CY2([0,T]; P (R?)) and ¢ € CY/%([0,T]; L* (R?)), for every T > 0.
(ii) For all T > 0, we have the estimate

sup { [ Tlfptt.0) + plt.)] 108 p.2)]) do + o0 e < . 16)

t€[0,T] R2

(iii) For all T >0, p € L2((0,T) x R%) n LY ((0,T); Wt (RQ)), ¢ € L2((0,T); H? (Rz)) NHY((0,7T); L2 (RQ)),
and the Fisher information bound holds

I L.

2

Ve pdzdt < +o0. (1.7)

p
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(iv) The pair (p, $) is a weak solution of the Keller-Segel system (1.2) in the sense that

“+o0
| [ oo = Ve (Vo= xpVa) dedt =0, for all € € G ((0.00) X B?).
0 R2
7010 = Ap — agp +p, a.e. in (0,00) x R%

(1.8)

Theorem 1.2 (Dissipation inequality). Under the same assumptions as Theorem 1.1, the solution (p,¢) con-
structed in Theorem 1.1 furthermore satisfies the energy dissipation inequality: for all T > 0

1 [T

ok
Obviously the interval (0,7") can be replaced by any (T1,7%) in (0,00). Since we do not know whether the
non-negative function p is positive in R? the meaning in (1.7) is that the integrand is equal to |V log p\z pif p
is positive and zero elsewhere. Owing to the energy dissipation an alternative formulation for the equation on p
is ip+ V- (pJ) = 0 with J := Vlog p — xV¢ where p is positive and J(t) € L%(R?, p(t) dz) for almost every t.

Several difficulties arise in the proof of the well-posedness and convergence of the minimizing scheme. First
of all, since the energy & is not displacement convex, standard results from [2,37] do not apply and even the
existence of a minimizer is not clear. This is primarily because we choose to work in the whole space R? rather
than in a bounded domain, a choice made to replicate the optimal known results. Section 3 is devoted to
this minimization problem. Let us mention that this functional has some convexity properties but only when
restricted to bounded densities as proven in [18]. However, we cannot take advantage of this convexity for the
construction of weak solutions with the regularity stated on the initial data.

The second issue has to do with the regularity of the minimizers obtained in each step without which we
cannot show convergence of the discrete scheme to a solution of (1.8). To derive the Euler-Lagrange equation
satisfied by a minimizer (p,¢) of Fj , in K x H! (R2), the parameters h and n being fixed, we consider an
“optimal transport” perturbation for p and a L2-perturbation for ¢ defined for § € (0,1) by

2 T
pdodt+— [ 186 = ao+ plfue dt + ET).oT) < Elpr el (19)

\Y
_p_Xv¢
p

ps i =(1d+0Q)xup, ¢s:=0+dn,

where ¢ € C5°(R?;R?) and n € C§° (Rz). We note that ps is the push forward of p by the map id+46¢. Identifying
the Euler-Lagrange equation requires passage to the limit as § — 0 in

d2 , — d2 , 1
i (ps 00)25 w (P p0)7 and 5/ (pslog ps — plog p) d,
R2

which can be done by standard arguments, and also in

1 B d(x) — Pz + 6¢(x))
: /Rz(qu—pggb(;)(x)dx—/w p(m){ : ol + 6¢(@)]| da

This is where the main difficulty lies: indeed, since ¢ € H! (Rz), we only have

¢po(id +6¢) — ¢

; —~(-V¢ inl2(R2),

while p is only in K. Consequently the product p( - V¢ which is the candidate for the limit may not be well
defined and the regularity of (p, ¢) has to be improved. We also remark that the dissipation of the functional
involves A¢, and therefore we need to show additional regularity on the potential ¢ to have a well-defined
dissipation of (1.3). A general strategy to overcome this regularity issue is explained in Section 3.2.1 using an
adaptation of the arguments in [8,30].
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We finally point out that it is plausible to prove the propagation of L? (RQ) norms of the density p by using
the techniques in [12]. However, it is not clear how to adapt the arguments based on truncated L? (R2) norms
as in [13], and thus they do not lead to uniform in time L (RQ) bounds of the density as one can expect for the
subcritical /critical cases and proven for the system by classical PDE methods, see [3,15] for instance. Finding
uniform in time L (Rz) bounds via the variational scheme is not an easy task even in easier situations as
Fokker—Planck equations with linear/nonlinear diffusions, see [16].

2. PRELIMINARIES

2.1. Lower semicontinuity of functional defined on measures

The following lower semicontinuity result is very useful. For the proof we refer to ([1], Thm. 2.34 and
Example 2.36).

Proposition 2.1. Let (in)n>0, (Yn)n>0 be two sequences of Borel positive measures in R%, d > 1, such that
tn 18 absolutely continuous with respect to 7y, for each n > 1. Consider f : R — [0,00] a convex function with
superlinear growth at infinity. Assume that (i, )n>0, (Yn)n>0 weakly-* converge (in duality with C.(R%)) to u

and ~ respectively and
dpn
sup/ f( a >d7n<oo.
n>1 JRd dvyn

Then p is absolutely continuous with respect to v and

. dpen, du
lim inf f (—) dvn, 2/ f (—> d
n—+oo [pa d’yn R4 d’}/

2.2. Wasserstein distance and transport map

We recall that the Wasserstein distance in P (RQ), is defined by

d2 — ; —yl2d~ - = = 2.1
w (1, v) vepr(rﬂgglxm){/ﬂwﬂgg yI"dy s (m)gy = ps (m2)xy V} (2.1)

where 7;, 7 = 1,2, denote the canonical projections on the factors. When p is absolutely continuous with respect
to the Lebesgue measure, the minimum problem (2.1) has a unique solution « induced by a transport map Ty,
~v = (id, Ty )xp. In particular, T, is the unique solution of the Monge optimal transport problem

i —id?dp =
S:R@ERQ{/HWS dffdu: Syu V}’

of which (2.1) is the Kantorovich relaxed version. Finally, we recall that if also v is absolutely continuous with
respect to the Lebesgue measure, then

T)oTy=id p-ae. and T oT} =id v-ae. (2.2)

Since in this paper we deal only with absolutely continuous measures, we identify the measures with their
densities with respect to the Lebesgue measure.

2.3. Boundedness from below of the functional £
The following result is due to ([14], Lem. 3.1) and is a consequence of the Onofri inequality on the sphere [33]:
Lemma 2.2 (Onofri’s inequality). Let H : R> — R be defined by

1
B = S ey
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Then the following inequality holds:
1
/ eV H dz < exp (/ YHdz + —/ |V|? das) , Y e H (RQ) . (2.3)
R2 R2 167T R2

We can now make use of this inequality to obtain the lower bound of the functional in (1.3).

Lemma 2.3 (Lower bound on &). Let 0 < x < 87 and o > 0. Then there exist constants v > 0 and C; > 0
such that v is independent of o and for all (p, ¢) € P(R?) x H' (R?)

8t — 3
£lp.0) > X [ pllogplde v |90y + ol | + 5= [ plorfdz—Ci (24

167y

Proof. The proof follows the lines of ([14], Thm. 3.2). Let 6 € (0, 1) be a constant to be chosen later. By Jensen’s
inequality, for all 1 : R? — R

1-96 1-96 x¢/(1=9) 1-96
/ {—plogp — wp} de = ——— log (67> pdx > — log (/ X¥/(1=9) dx).
R2 X X Jr2 P X R2

Applying this inequality to ¥ = ¢ 4+ (1 — &)(log H)/x we obtain

_5 -6
/R2 {%plogp—qﬁp} dac:/Rz {17010%0—1/)0} dl‘-ﬁ-/Rz p(Y — ¢)dx

_ 1
log ( Hex#/(1-9) dx) + —6 plog H dz.
R2 X  Jr2

>

By Onofri’s inequality (2.3) we obtain, for any € > 0,

1-4 1-4 X6 XIVol7 e 1—5/
~—Zplogp—¢p| dz > — Hd log H d
/R|: N ¢p] T </R21—5 T eri—op ) T T SR
X||V¢||i2(R2) 1-96
— Hdx — + / log H dx
e’ 6r(1-0) ' x Je'®

2
€ 2 1 9 XHV¢HL2(R2) 1-9

> - - - .

Z 3 [PI1E2 (Re2) 2€HHHL2(R2) 167(1—9) + e plog H dz

Y

Choosing ¢ = ax/(87(1 = 5)) > 0, we obtain
Elp 612 S [ plogode — o Hages) + v [IVlEaqee) + alolias] + " [ plogHa
PO = e PIOBP T T g I L) L2(r2) T AlIPlIL2(r2) N

with v :=1/2 — x/(16 7(1 — ¢§)). By Carleman’s estimate (B.1)

25 4r(1

0 20 _5
5[P>¢]Z—/ p|logp\dx+—/ plongx———i)”H”iz(R?)
X Jr2 X JRr2? ex ay

1-6
2 2
40 [V + ol + = [ plogHas

§ 140
= —/ pllog p|dx + v [‘|V¢Hi2(R2) + O‘H¢||i2(ﬂz<2)} +—— | plogHdzx
X JRr2 X Jr2

20 4m(1-19) 5
T THHHLQ(R"’)'
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Since x < 87 we can take § = (87 — x)/(16m). Observing that § < 1/2, (2.4) follows with v = (87 — x)/(167 +
2x) > 0 and Cy = 87 — x/(8mex) + 87 + x/(4arx) HHHiz(RQ). O

3. ONE STEP VARIATIONAL PROBLEM

3.1. Existence of minimizers

Proposition 3.1 (Existence of minimizers). If 0 < x < 87 and o > 0, then for any (p, ) € K x H? (R2) and

h > 0 the functional
11,

Flp, @] := % ;dW(pa p)+ 7 |lo— @Z‘E?(R?) + Elp, ¢

is bounded from below in P(R?) x H! (Rz) and sequentially lower semicontinuous with respect to the narrow
topology in P(R?) and the weak topology in L2 (Rz). Moreover the sub-levels of F are sequentially compact with
respect to those same topologies. In particular, the functional F admits a minimizer in P(R?) x H! (Rz),

Proof.
e Lower bound for F: by the Young Inequality and the definition of the distance dy, we have that

1
Gi(o.0) = 5 [ lefple)do— [ |ofp(a)da
R2 R2

Since log H(x) = —logm — 2log(1 + |z|?), we deduce

3 1 1 3
— log H da + —d? D) > —|z|* = Zlog (1 + |z|? ——1 7r——/
o 2p og H dx 2hdw(p,p) /R2 (4h1: N og( || )) p(x)dz og || plx

This quantity is bounded from below because the function s € [0,00) +— s/(4h) — 3log(1 + s)/x is bounded
from below. Using Lemma 2.3, we have thus obtained that there exist Co = v min{l,a} > 0, C3 = C3(h) € R
such that for all (p, ¢) € P(R?) x H' (R?), we obtain

8T —
Flpu) = T [ pllogsl + Ca617 ey + . (31)

167y

e Lower semicontinuity of F: we take a sequence (py,)n>1 € P(R?) narrowly convergent to p and ¢,, € H! (RQ)
such that (¢, )n>1 weakly converges to ¢ with respect to the L2 (R2)-t0pology. Using the notation

dy, =eX"Hdz, dy=e*Hdz, du,=p,dz, du=pdz,

the functional F can be rewritten in the form

1 din dptr 1 1
Flon, ¢u] = —/ [ a log< = ) + —] dyn, — — ew’"Hdas (3.2)
X Jr2 | dyn dyn/) e ex
1
+= [ ntog s+ 5 (I90nlRagen +allonlfages)) (3.3)
L (diy(pn,p) 112
(B2, = 6 ) 34

e Lower semicontinuity of (3.2): by (3.1) the sequence (¢n)n>1 is bounded in H' (R?), and, after possibly
extracting a sub-sequence, we may assume that

(fn(x))n>1 — ¢(x) for ae. z € R2. (3.5)
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We prove that (y,,)n>1 narrowly converges to v, i.e. for all ¢ € Cy (RQ),

lim X (@) H (1) p(z) da = / X?@) H () (x) dz. (3.6)

n—oo R2 R2

Indeed, Hdz is a finite measure in R? and, by Onofri’s inequality (2.3) and the boundedness of (¢,),>1 in
H' (R?), we deduce that

2
/ (ew"(p) Hdx < ||<p||ix(R2)/ X H dx
R2 R2

2
2 X
< ol e ey 0 [21 [ 60l e+ V02

2
2 X
< llellfow ey exp [2x||¢n||Lz<R2>|H|L2<Rz> + Ewczsnnimz)}

<C.

Therefore, (eX?"(),>1 is bounded in L?(R?*; Hdz), and thus it is uniformly integrable with respect to the
measure Hdz. Recalling (3.5) we may apply the Vitali Dominated Convergence Theorem and obtain (3.6).
By Proposition 2.1 applied to the non-negative convex function f(s) = slogs + 1/e we obtain the lower
semicontinuity of the right hand side of (3.2).

e Lower semicontinuity of (3.3): since the lower semicontinuity property of F is obvious if
limsup,, oo Flpn,Pn] = o0, it is not restrictive to assume that there exists a constant C' such that
Flpn, ¢n] < C. Combining the upper bound Flpn, ¢n] < C with the lower bound (2.4) on £ we deduce that
(d2 (s P))n>1 is bounded so that (pn)n>1 is bounded in P (R?). Since log H (z) = o(|z|?) as |z| — oo, this last
bound and the narrow convergence imply the convergence

lim pnlog Hdx = / plog H dx.
R2 R2

n—0o0

By (3.1) the sequence (¢n,)n>1 is bounded in H (R?), and after possibly extracting a sub-sequence, we may
assume that it converges weakly to ¢ in H (RQ). Thus, the lower semicontinuity of the last two terms in (3.3)
is obvious.

e Lower semicontinuity of (3.4): it follows from the lower semicontinuity of the Wasserstein distance and the
lower semicontinuity of the L? norm. O

3.2. Improved regularity of the minimizers

3.2.1. Matthes—McCann—Savaré flow interchange technique

We will use a variation of a powerful method developed by Matthes—-McCann—Savaré in [30].
We denote by X the metric space P (Rz) x L2 (RQ) endowed with the metric

1
d*(u,up) = ;dﬁv(pl»pz) +7 (161 — 2lf2re)s (3.7)

where u; = (p;, i), 1 =1, 2.
The scheme (1.5) can be rephrased as

1
(P}, ¢}) = ujf minimizes in X the functional u +— %dQ (u, up ™) + E[ul, (3.8)

for all n > 1 and h > 0 starting from u? = (po, ¢o).
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Assume that V : X — (—o00,+00] is a proper lower semicontinuous functional that admits a continuous
semigroup (S))¢>o in Dom(V) satisfying the following Evolution Variational Inequality (EVI)

ldQ (SY (w),u) — d*(u, w)

5 . +V [Stv(u)] < V[a], u, @ € Dom(V),t > 0. (3.9)

The dissipation of € along the flow (S));>0 associated to V is defined by

DYE[u] := limsup Elul — €[S (u)] .
t10 t

By the minimizing scheme (3.8), for any v € Dom/(V) we have

1 n n— n 1 n—
%dQ (uh,uh 1) +EJup] < %dQ (u,uh 1) + E[u].

Choosing u = SY (u}) for t > 0, and dividing by ¢ we obtain

£lup] ~ £[SY ()] _ 1 [ (SY (up) up ™) — 2 (up )
t — 2h t
As V satisfies (3.9) we have

Elup] = E[SY ()] _ V[up '] = VS (up)]

: 3.10

t = h (3.10)
Since V is lower semicontinuous, passing to the limit ¢ — 0 we obtain
V@l = Viup

DVg[um < [uh ] [uh] (3.11)

h

As a consequence the differential estimate (3.10) is converted into the discrete estimate (3.11) for the approxi-
mation scheme (3.8), which could provide additional information on u} according to the properties of DYE. In
particular when DYE > 0 we can expect to control u} by the prior state uz_l if V[uz_l} < 400, which is the
situation dealt with in [30]. In our case we do not have the nice property DYE > 0 but we can decompose DY &
into a positive contribution and a controlled remainder, see Lemma 3.2.

8.2.2. Regularity of minimizers

As already mentioned in the introduction we turn to additional regularity properties of p and ¢ using the
method introduced above. We define the functional V : P (R?) x L? (R?) — (—o0,400] by

Vit = < [ p@osp@ydr+ 7 [ [Vo@P +ao@?]

if (p,¢) € K x H' (R?) and V[p, ¢] = 400 otherwise.
It is well-known that V is lower semicontinuous with respect to the narrow topology for p and the L? weak
topology for ¢. Moreover, V generates a continuous semigroup in Dom(V) = K x H! (RQ) satisfying the EVI (3.9)

(see [2]).

Lemma 3.2 (Improved regularity of minimizers). Consider the sequence of minimizers (p}., ¢5) and let A satisfy

2
/12Azpﬁlogpﬁdx+442pﬁlog(l+|a:|2) daz+g+210g7r+16.
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Then py € WHE(R?), Vprr/pp € L2(p}), ¢ € H? (R?), pp € L2 (R?), and there ezists a constant C(A) > 0
such that

<
2X R2

Proof. We use the notation u}! = (p,¢}) and u(t) = (o(t),d(t)) = SY(pp,¢p) = SY(u}) for t > 0. The
functions o, @ solve the equations

Vor|®

Ph

(Ver k) = Vioi 07) + CW) + Sl (3.12)

= =

1
pida + 5 || Ay + pf; — adi| <

oo = Ao in (0,00) x R%, &(0) = p¥, (3.13)
Hh® = AP —ad in (0,00) x R?, &(0) = ¢}, '
and satisfy the following identities:
Vo(t) |?
— [ o(t)logo(t)de = — o(t)dz > —o0, Yt > 0,
dt R2 R2 O'(t)
1d 2 2 2
5T (Vo) +ad(t)?] de=— [ |AD(t) — ad(t)]*dz > —c0,  Vt>0.
R2 R2
Step 1. We give an estimate of ||o(t)||3. From the inequality (A.2)
Vo (t)|]?
o3 << | SO o) oga(t) s + Le.
() N2y
From Carleman’s estimate (B.1), we deduce
2
lo(t) logo(t)]1 < /R o(t) logo(t) dx + > + 2logm + 4/Rz o (1) log(1 + [[?) da.
Since t — [, o(t)log o(t) dz is decreasing in [0, +-00) and
i/ o(t)log(1 + |2]?) dz = / o () Allog(1 + |2]?)) da = / o) — 2 dr <4
dt Jge R? R? (T2~ 7
we infer that
2
/ o (1)) log o(t)| dz < / o(t)logo(t) dz + > + 2log 7 + 4/ o(t) log(1 + |2]2) dz
R2 R2 (§] R2
2
< /11@2 pr log pp dz + o 4—210g7r+4/]R2 pilog(1 + |z|?) do + 16t
<A,
for t € (0, 1]. We thus obtain that
2 Vo(t) ?
ol < 24| R pr an
L2 (o (1))

Step 2. Instead of computing DYE [u] we use the regularity properties for the solutions of the equations (3.13)
and we compute DYE[u(t)] for ¢ > 0. In this case we claim that

DYE[u(t)] = Dlu(t)] — R[u(t)], ¢ >0 (3.15)
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where
2

VOO o) de + [ AB(E) + o(t) — a®(t)]|3 22

o(t)

Dhu(t)] =~ [

Rlu(t)] = o(0) Fay — @ [ o)2(t)da.

R2

and

Indeed, owing to the smoothness of the solutions of (3.13), we have that for ¢ > 0

v d 1 ‘VUP 2
—DVEu®)] = —=E€lo,¢] = —— dz— | @Owodr— | 00, Pdr — [|AD — aP||{2pe)
dt X JRr2 g R2 R2

1 2
:_—/ Vol dx—/ @Aadx—/ o(AP — ad) dx
X Jrz O R? R?

- ‘|A¢_a¢‘|i2(R2)
1 2
:——/ &dx—Q/ J(Adi—c@)dx—a/ 0@d$—\|0\|iz(R2)
XJrz O R2 R2
+lolIa ey = 1A — adf2 g,

_ LNV ae |2 2 ¢ d
——; RQT .T—” +o0o—« ”L?(R"’)—I_HO-HL?(R?)_OZ Rz0’ Z,

hence (3.15).
Taking into account that ¢ — H@(t)HiQ(RQ) is decreasing in [0, 00), we deduce from (3.14) and the definition
of D(u(t)), the following estimate for R[u(t)]

a+2 2

Vo(t)
(1) Iz (o))

o
AXDL(t)] + Le + 108 e

«a «a Q.
Ru®)] < (1435 ) lo®lEae) + 5 10O << A\ + Lo + 6711 )

S€a+2

Choosing € = 1/(xA(«+ 2)) we obtain that

Rlu(t)] < 5] + C(A) + 516717 g,

DN =

where C(A) = L. with the choice of ¢ above. Then we have
1 o
Dlu(®)] = DYElu(t)] + R{u(t)] < DVE®)] + 5 Dlu(®)] + C(A) + 167 11E r)- (3.16)

Step 3. The function ¢ — Efu(t)] is continuous in [0, +o00). This property is clear for ¢ > 0 owing to the
smoothness of u(t). We only have to prove the continuity at ¢ = 0. Recalling that as t — 0

/U(t)loga(t)dxe/ o log pp dz,
R e ) (3.17)
[, 1990)F +ao?] do =3 [ (961 +aloiP) de.

N —

we have to prove that [p, @(t)o(t)dr — [p. &7 pj da.

Introducing A(s) = (s + 1)log(s + 1) — s and its convex conjugate A*(s) = e® — s — 1 we recall Young’s
inequality ss’ < A(s) + A*(s') for s,s" € [0,00). We also recall a variant of the Moser-Trudinger inequality,
see [23]:

/ <62”“2 - 1) dr < O||u||]2;’2(R2) for u € H' (R?) such that ||[Vullpzrgz) < 1. (3.18)
R2
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Let € € (0,1) be such that
e sup [|D(t)|lg(r2y < 1. (3.19)
t€(0,1]

Since ®(t) converges to ¢? in H! (R?) as t — 0, there is t. € (0, 1) such that
h
H@(t) — (bZHHl(R?) <1 forte [07t5]~ (320)

Let ¢ € [0,t:]. On the one hand, it follows from Young’s inequality, (3.18), and (3.19) that

3

[ 1#@liot) =gtz < [ 4 (M) do [ A(eiote)) da

t _ n
s/ A(M> dz +Ce sup | B(s)|2 (gey- (3.21)
R2 € s€[0,1]

On the other hand Young’s inequality, (3.18), and (3.20) give

P _an
[ skiiete) —oilar < [ Aopans [ a (M) da

’I’L C T
< [ Al dz+ S19(0) = 61 Exqes (322)

Since o(t)logo(t) — pjtlogpy in L' (R?) and &(t) — ¢ in L? (R?), we let t — 0 in (3.21) and (3.22) and
obtain

lim sup
t—0

/ (@) o(t) — 6} o) do
R?

<Ce? sup [|0(s) ey + [ Alep)d
s€[0,1] R2

We finally use the integrability of p} log p} to pass to the limit as ¢ — 0 in the above inequality and conclude

that

lim

= 07
t—0

|, @00t =6 i) ar

thereby completing the proof of the continuity of ¢ — Efu(t)].
Step 4 — By the Lagrange theorem, since t +— Efu(t)] is continuous at ¢ = 0 and differentiable at ¢t > 0, for
every t > 0 there exists §(¢) € (0,t) such that

w = DYE[u(O(t))).

From (3.10), we obtain DYE[u(6(t))] < + (V(uz_l) = V(SY (u}))), and finally by (3.16)

Do) <

; (V™) = V(ST (uh)) + () + 10712 e (3.23)

SIS

Then lim sup,_,, D[u(6(¢))] < 400 due to (3.17).
Consequently there is a sequence (tx)r>1 with ¢ — 0 as k — oo such that the sequences o, := o(0(tx)) and
Dy, := P(0(ty)) satisty

2
o dr < +o0 (3.24)

Ok

lim sup /
k—+4o00 JR2
and

limsup ||[A®y, + o — o@kHia(Ra) < 4o0.
k—-+o0
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Moreover, by (3.14) and (3.24) we obtain
lim sup HakHig(Rz) < +o0.
——+o00

By weak compactness in L2 (RQ), taking into account that o — pf narrowly and @), — ¢ strongly in H! (R2 ,
we pass to the limit by lower semicontinuity and we obtain that p; € L? (Rz), Agp € L2 (RQ), on € H? (RQ)
and

|AGh + pf — adpi[IF2(me) < lklglfg | Ay, + 01 — aDr |72 (g2 (3.25)

Finally, by Proposition C.1, defining vy, := Voy /oy, there exists v € L%(R?, pi*; R?) such that, up to a subse-
quence,

/R2 ¢ vpopdrdt — . @ - vpp dzdt, (3.26)

for every ¢ € C5°(R?,R?). Since vp} € L' (R?) and

/(p-vkakdx:/ <p~Vdex:—/(V~<p)akdac—>—/(V~<p)pZdas,
R2 R2 R2 R2

we deduce from (3.26) that vp} = VpJ and pf € Wi (]RQ). Finally, the lower semicontinuity property (C.1)
Vo

yields that
/R2 P

The final inequality (3.12) follows from (3.17), (3.23), (3.25), (3.27), and the definition of the
dissipation D. O

2 2

Vor oy dz. (3.27)

Ok

k—-+o0

pp, dr < lim inf/
R2

3.3. The Euler—Lagrange equation

Lemma 3.3 (Euler-Lagrange equation). Let 0 < x < 87, (po, ¢o) € K x H! (RQ) and h > 0. If (p}, 7)) is the
sequence of the scheme (1.5), then

n—1

1 , .
[ ¢ o= xoven do =g [ @ i) (] e (3.25)
R2 R2
for every ¢ € C3°(R%;R?), and

. . . ¢n—1 _ ¢n
/R? (—A¢y + agy —pp)nde =71 . hThn dz, (3.29)

for every n € Cg° (RQ). Moreover, the following identities are satisfied:

2 nfl)

\W diy (ks oy

@‘ﬁ—wwpmm: ulh ), (3.30)
and B i
Ik - agy + oyl = 210 Ty (3:81)
Finally, the approrimative weak solution estimate
n_ no1 0 nogn diy (P, Py ")
/}R2 [f(Ph — P ) +h VE- (Vph — XPh V¢h)] dz| < H5‘|W2»°¢(R2)f (3-32)

holds for any & € C§° (R?).
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Proof. In order to simplify the notation, in this proof we use the notation p = p3, p = pzfl, d=0o7, ¢ = ngZ*l,
and F = Fh,n-
Let ¢ € C5°(R*%;R?) and 7 € C5° (R?) be two smooth functions. Define 75 :=id + 6 ¢ for 6 € (0,1) and

ps :="Ts 4p, ¢5:=¢+dn.

e It is standard (see [37], Thm. 5.30) for instance, that

1
lim —/ (pslogps — plogp) dz = —/ tr(VQ) pda. (3.33)
5—0 0 R2 R?

e It is also classical (see [37], Thm. 8.13) for instance, that

2 P ) _
%ii)l(l) dw(P67P)26 dyy (0, P) _ /R2 [(id _ T[—f)) . (COT,?)] pdez, (3.34)

where T} is the optimal map pushing p onto p.
e A standard computation gives

: 1 2 2 2 2
lim | V@slE2ge) + o [ 9sle(ee) — IVoIEege) — o [9l1Ezas)
— [ (Vo Vnsaom do= [ (~26-+ag) nds. (335)

R2 R2

e Since ¢ € H' (R?), we have

Te —
w ~ (Ve mI2(R?), noT;—>n inlL?(R?),
and recalling that p € L2 (RQ) by Lemma 3.2, we conclude that

1 1
5 [o-mosddo=5 [ plo-ooT)~snoT o - [ (¢Vormpde  (330)

e We then infer from (3.33), (3.34), (3.35), and (3.36) that

0 < lim % (Flos. 05l = Flp. o) =~ [ =T TP pde+ T [ n(o—-)da

d hx h Jge
1
—;/RQtr(VC)pdx—/erpc-ngdx—/RQpndz—i—/R?[—Agb—i-aqﬁ]ndx.

The above inequality being valid for arbitrary (¢,n) € C§°(R?;R?) x C§° (RQ), it is also valid for (—(,—n) so
that we end up with

1 é— 1 . _
;/erﬂ(v,o—xpwb) dx+/RQ <T o —A¢+a¢—p> ndx—a (1d—Tpp)~(CoTpp)pdx. (3.37)

R2

Taking ¢ = 0 in (3.37) we obtain (3.29). While choosing 1 = 0 in (3.37) gives, for all ¢ € C5°(R?;R?)
1
¢ p=xpVo) de = 1 [ (a=15)-(coTf) (3.38)

and (3.28) follows from (2.2) and the fact that T pushes p onto p.
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In order to obtain (3.30), we observe that V¢ € L* (Rz) as a consequence of the regularity ¢ € H? (RQ)
established in Lemma 3.2 and the continuous embedding of H? (R?) in W' (R?). Since p € L? (R?) we conclude
that V¢ € L2(p). From (3.28) it follows that

Vo - %( —id),  inL2(p).

The equality of the L?(p) norms yields (3.30) after using the properties and the definition of the optimal
transport 7. The identity (3.31) follows immediately by (3.29).

Finally consider £ € C§° (R?). By the Taylor expansion, we have, for z € R?

|€(x) — E(T2(x)) — (VE T (x) - (z — TE(x))| < || D?€||n~ m2) =T @)F

2
Multiplying by p and integrating over R? give
d%(p,p
[ lep—€0— (Vo) (a-13) 7] | < | D7l 2L
Combining the above inequality with (3.38) (with ¢ = V&) leads us to (3.32). O

4. CONVERGENCE

4.1. One-step estimates

Lemma 4.1 (Uniform estimates). There exists a constant Cs > 0 such that, for all h,T > 0 and N > 1
satisfying Nh < T,

8T — x
2 N 2 (oot ntl g2 N N
o Ll de+ Z B (07" o7) Z 16741 = 0Rlaqee) + o [ o log | da
1
+v [Ilvqﬁff\liz(m) + CYH¢{1VH%2(R2)} < Cy (1 Tt (IOgT)+>’

where v is defined in the proof of Lemma 2.3.

Proof. For n. >0, Funlop ™, ¢p 1] < Funlpr, o7, so that

i () + g 057 = 6y + € [0, 6577] < E oo

Summing over n € {0,..., N — 1}, we find that

N—
1 n n n
o Z (oL, 1) + Z 6" = 32 ga) + €LY 1) < Elpo, ol (4.1)

By Cauchy—Schwarz inequality, we deduce that

2

N-—
T T T
&y (ph' Ph) [5 dw (pp . o) EE (op ™, o) (4.2)
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We thus infer from (4.1), (4.2), and the lower bound (2.4) for £ that

N-1
Elpo g0l = - sz (on, %) T h Zd2 Pt R + H¢"“ SnlIE> g2y
8m—x N 3 N
+ W - |10gﬂh |de +v {HV% HL?(R?) + af oy, ||L2 RQ)} 2% Jge py log Hdx — Cy. (4.3)

Since the triangle inequality implies that
[ el de = ool 80) < 208 (o ) + 2 R 60) = 2 )+ 2 [ JaPod
R

it follows that equation (4.3) results in

2 ioga +layaz > — €y (1 )+ 5o [ Po ao
X JR2
N—
I Z (o op) + Z 6+t = G2 ey
8T —Xx
el AL AL [Hwh 12 gy + el ey
where 31
_ og T
Cy := Epo, do] + C1 + 2;(? ——/ 2|2 po dz.

Since log(1 + |z]?) < e|x]? + (= loge), for all € > 0 and x € R?, we obtain
+

N-1
_ 3¢ 3 1 n
C4+;/R2 ‘x‘zp}lydﬂﬁ-i-;(_bg@—&- 3 T/ |2 ?pp dz + — Axh Z div (P Ph)

n 8T — X
Z||¢ ey + g | i ogol|do

+v [uwh 222 + llof 22 )| -
Taking € := 1/(487T) and Cy = Cy + 3log48/x we obtain the desired bound. O

4.2. Estimates on the interpolant

We consider the piecewise constant time dependent pair of functions (pp, ¢r) defined by

(ph(t)7¢h(t)) = (pZ’QbZ)’ te ((TL - 1)h’nh]’ n > 0.

Lemma 4.2 (Time integrated estimates). Let T > 0. There exists a constant C5(T) > 0 such that, for all h > 0
and N > 1 satisfying Nh <T it holds

(L

Von(s) |
P (s)

pn(s) dz + [[Adn(s) + pn(s) — a¢h(8)|ia(R2)> ds < C5(T).
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Proof. Fix N > 1 such that Nh <T. We set

2 16
A(T) = 16+ 2log T+ = + C; <8W”X

+16 T) (1 + % + (logT)+> .

By Lemma 4.1, for n € {1,..., N} we obtain

[ ohiosidoa [ ptost+ laPyde < [ piftogpplds 4 [ Jofppde
R2 R2 R2 R2

1 2
< (8 brx_ 16XT> Cy (1 t7t (logT)+) = A(T) =16 — = —2logm.  (44)
mw —

We then infer from Lemma 3.2 that, for n € {0,...,N — 1}
q
X JRr2

Summing over n € {0,...,N — 1} gives

Vp;fJrl ?

n+1
Ph

P
prtde + | Adp T + ot — adp T e ey < U pﬁlogpﬁdw—/ W log pptt da
Xh 2 R2

-
+5 [HV¢ZHiz(wﬁallfbﬁ\liz(w)—HV¢ I g2y — O‘H¢n+1HL2(R2)}+C(A(T))+a”¢n+1HLQ(RQ)'

vp ’I’L n ’I’L 3
n’-TH de + Z [AGRHY 4+ pp ! — a1 1E2 gay
2
< —{/ pologpodw—/ logp dx}
Xh R2
T n
+y {||v¢0||L2 @) + olldolEa @) — VR |IE2 g2y — a||¢hN||i2(R2)] +NC(AT)) +a Z 165" 22 e -

Therefore, using once more Lemma 4.1 together with (4.4), we conclude that

1 Nh
ook

Von(s)

2 Nh
pn(s) d ds + / 1A6n(s) + pr(s) — adn(s)l[Fa e ds

2
<2 [ [ mlogpas 44D +anh sup. 167 e
R

n€[l,N
+7 [HV%Hi?(R?) +O‘H¢0HL2(R2):| + NhC(A(T))

TC4 (1+1/T+ (logT)4)
av

<C(T)+

< C5(T),
which completes the proof. O

4.3. De Giorgi interpolant and discrete energy dissipation

In order to obtain an energy dissipation estimate we introduce the so called De Giorgi variational interpolant
(see for instance [2], Sect. 3.2). We define the De Giorgi interpolant as follows

1

mdzw up )+ S[u]} . te((n—1)h,nh].

tp(t) € Argmin, ¢ x {

We can also assume that 4y (nh) = u}} for any n € N. We use the notation (g (), ¢n(t)) = @n(t).
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Proposition 4.3. For every t > 0, (ﬁh(t),gz;h(t)) enjoys the same regularity properties as (py,d}) given by
Lemma 3.2 and the following discrete energy identity holds for all N € N and h > 0

Nh Yon 1 [Nh ,
/ — = XV% pn dz dt + 2—/ [Adn — adn + pllf2ge) dt
R2 T Jo
Nh 2 Nh
Vi P 1 L (4.5)
/ ﬂ —xVon| pn dz dt + 2—/ ||A¢h — app + ,Oh”iz(Rz) dt
R2 T 0
+5[ph(Nh),¢h(Nh)] = E&[po, ¢o]-
Moreover for every T > 0 there exists a constant C(T') such that
d? (an(t), un(t)) < C(T)h, vt € [0, 7). (4.6)
Proof. From ([2], Lem. 3.2.2) we have the one step energy identity
1d? (up,up~ 1) 1 /”h d? (ﬂ(t),uzfl) .
P —— — L dt+E(up] =& |u) .
2 o = (o= 1py2 O+ E ] =€ ]
Defining the function
d (a(t), up )
t) = —————= t —1)h,nh
Gh() t—(n—l)h’ 6((’”’ ) 777’]’
and summing from n =1 to N, we obtain
1 d2 uh’ ul 1) 1 [Nn , v
3 2:: 5 GE(t)dt + & [u)] = Efuo)- (4.7)

The same argument of Lemma 3.2 shows that (px (), h( )) enjoys the same regularity properties as (pj;, ¢};)
and we can obtain the Euler-Lagrange equation for (ps(t), ¢n(t)):

1 - - -
= [ ¢ (Tt = xin(®9on () da+ / (—Adn(t) + adu(®) - ﬁh<t>) nda
¢ — dn(t)
Xt— n—lh/ C'oh()dx—i_T/Rzt—(n—l)h nde,
for every ¢ € C5°(R%;R?) and 1 € C§° (]R ) As in Lemma 3.3 it follows that
Vin(t) N &y (), p 7Y
L R = xwann)| o) da = B (4.8
and ~ -
~ ~ t - T 2 2
1AG() — abn(t) + pu(O) sy = 72 ) O iz (4.9)

(t = (n—1)h)?
for t € ((n — 1)h, nh]. Recalling the definition (3.7) of d and using the identities (4.8), (4.9), (3.30), and (3.31)
n (4.7) we obtain (4.5).

Finally, the estimate (4.6) follows from Lemma 4.1 using the same argument of ([2], Lem. 3.2.2). O

Lemma 4.4 (Time equicontinuity). Let T > 0. There exist Cs and C7 such that for all (t,s) € [0,T)? and
h € (0,1), we have that

dw (pn(t), pr(s)) < Cs(T)(\/It — s| + Vh),
l6n () = @n(3)lleee) < Co(T) (ViE= ]+ V).
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Proof. Let 0 < s < t and set N := [t/h] and P := [s/h], where [a] denotes the superior integer part of the
real number a. By Lemma 4.1, we deduce that

N-1 N-1
d(un(t),un(s)) = d (up,uf)) <> d (up,uptt) < VN =P | Y d? (up, uptt)
n=P n=pP

<VN—-P\2hCs(1 +T-1 + (logT)+),
which gives the time equicontinuity for p;, and ¢y, recalling the definition (3.7) of the distance d. g

4.4. Proof of Theorems 1.1 and 1.2

Proof. Let T' > 0.
e Convergence of (pp)n and (¢p)n: By Lemma 4.1, we obtain

sup  [[@n(t)[lmr (r2) < +o0. (4.10)
te[0,7],he(0,1)

Thus {¢n(t) : (t,h) € [0,T] x (0,1)} is in a weakly compact subset of H* (Rz). Also, Lemma 4.1 implies that

sup { || pn () dz + / pn(t)|log pr(t)| do| < +oo. (4.11)
t€[0,T],he(0,1) L/R2 R2
Hence, the set {pn(t) : (t,h) € [0,T] x (0,1)} is tight and uniformly integrable. Thus, by the Dunford—Pettis
theorem, this set is weakly compact in L' (Rz).
In addition, the equicontinuity stated in Lemma 4.4 guarantees that, for all 0 < s <t < T,

lifils(l)lp [Pn(t) — dn(s)llLzge) < C7(T)VE — s,

and

limsup dw (pn(t), pr(s)) < Co(T)VE — s.

h—0

We then infer from a variant of the Ascoli-Arzela theorem ([2], Prop. 3.3.1) that there exist a monotone sequence
(hj;); of positive numbers, h; — 0, and curves

¢ € CY2([0,T];L* (R?)), peC?([0,T);P(R?)),

such that
dn, (t) = ¢(t)  weakly in H' (R?) for all ¢ € [0, 7]

and
pn; (t) = p(t)  weakly in Lt (R2) for all t € [0,T].

Passing to the limit as h; — 0 in (4.11) and in (4.10), by semicontinuity we obtain the bounds in (1.6).
e Moreover, Lemma 4.2 implies that (¢7);, is bounded in L2(0,7'; H? (Rz)). We may then assume without loss
of generality that

¢n, — ¢ weakly in L2 (O,T; o2 (RQ)) (4.12)

and
on, — ¢ W I2(0,T:L2, (R?)).

loc

By standard interpolation results we obtain that

¢n, — ¢ in L2 (0,T;HL, (R?)). (4.13)

loc
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e Lemma 4.2 also implies that (||Vps, /phj”Lz(p;Lj))j is bounded in L2(0, 7). Then, from the inequality (A.2)

and the second bound in (4.11), we obtain that (pp,); is bounded in L?((0,7) x R?). We deduce that, after
extracting a subsequence,

pn, — p weakly in L? ((0,T) x R?). (4.14)

In order to pass to the limit in Vpj;, we use Proposition C.1 with the measures du; := pp,dadt/T in the
space (0,T) x R? and the vector fields v; := Vpy, /ps,. By Lemma 4.2, we have

T
sup/ / v |?pn, dz dt < +oc.
i Jo Jr?

Setting du := pdxdt/T, there exists v € L2((0,T) x R?, u; R?) (consequently vp € L1((0,T) x R?)) such that,

up to a subsequence,
T T
/ / @-vjphjdxdtﬁ/ / p-vpdxdt,
0 JR? 0 JR?

for every o € C$°((0,T) x R?). Since vp € L1((0,T) x R?), we can deduce

T T
/ / @-vjphjdxdt:/ / - Vpp, drdt
0 JRr2 R2
/ / @) pn, dedt — / / v) pdx dt.
R2 R2

Consequently, vp = Vp and p € LY(0,7;Wh! (Rz)). Finally, the lower semicontinuity property (C.1)
yields (1.7).

e Identifying the limit: writing the Euler—Lagrange equation, see Lemma 3.3, with a time dependent test
function, we obtain a time discrete formulation of the system (1.2). Thanks to the convergences (4.12)—(4.13)
for (én)n, the convergence (4.14) for (pp)n and the previous step for (Vpp)p, we can pass to the limit in this
time discrete formulation and conclude that (p, ¢) is a weak solution to the Keller—Segel system (1.2).

e Energy inequality: we first recall that the De Giorgi interpolant converges to the same limit as the piecewise
constant interpolant, see (4.6). Combining this fact together with the above compactness properties, Propo-
sition C.1, and the lower semicontinuity of £, we can pass to the limit in the discrete energy identity (4.5),
thereby obtaining the energy inequality (1.9). O

APPENDIX A. BILER—HEBISCH-NADZIEJA INEQUALITY
A similar inequality is proved in [7].

Lemma A.1 (Biler—Hebisch-Nadzieja inequality). Given € > 0, there is L. > 0 such that for all non-negative
fent (R2) satisfying f?log f € L! (R2)

1 1aqgey < IV agae 2108 s oy + Lell £ ey, (A1)

Proof. For N > 1 define
0 ifs< N

On(s):=122(s—N) i N<s<2N
s ifs>N
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the Gagliardo—Nirenberg inequality
£ Lamey = IIf = ON(F) + ON(F)lILse) < ClON()ILse) + ClIf — On(f)Lawe)

< CIVON ()2 |On ()2 ey + C / Fide
{f<2N}

OISy [ PdosaoNt [ s
{f>N} {f<2N}

C
< —N\|Vf||12;z(R2)Hf2 log fllLt®2) + CN?|I f1IF2(ge),
og
hence (A.1) by choosing appropriately N in terms of . g

Corollary A.2. For any ¢ > 0, there exists L. > 0 such that

2

lplog pllLr 2y + Lellpllni(r2), (A.2)
L2(p)

l1F2 g2y <€

for all p € LY (R?) such that plogp € L' (R?) and Vp/p € L*(R?, p; R?).

APPENDIX B. A CARLEMAN TYPE ESTIMATE

Lemma B.1 (Carleman’s estimate). Let p € P (R?) be such that [g, p|logp|dz and [;, plog H dx are finite
then

2
/R2p|logp|dac§/R2plogpdas+g—2/R2plongm. (B.1)

Proof. Set p = plo,1)(p),

/ pllogp|da = —/ ﬁlogﬁdx+/ plog pdx
R2 R2 {p>1}

_ _ 5 _ P o0 (2
—/R?plogpdx 2/R2plongx 2 Hlog(H)de

R2

Since || H||r1 g2y = 1 it follows from Jensen’s inequality that

/p|logp\dx§/ plogpdac—l—210g7r+4/ plog (1 +\x\ (/ pHdaz)log(/ pHdaz)
R2 R2 R2 re H

2
§/ plogpd:r+2log7r+—+4/ plog(1 + |z|?) dz
R2 € R2

The desired result comes directly from the definition of H since p < p. O

APPENDIX C. COMPACTNESS OF VECTOR FIELDS
We recall the following result (see [2], Thm. 5.4.4).

Proposition C.1. Let U be an open set of RE. If (1), is a sequence of probability measures in U narrowly
converging to p and (vy,), is a sequence of vector fields in L2(U, p,; RE) satisfying

SUp [|vn|L2 @ g, i) < +00,
n
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then there exists a vector field v € L2(U, u; RE) such that

n— 00

lim ap-vndun:/gpwdu, @EC&O(U,RK)
u u

and
liminf {[vp L2 04,0, m0) 2 V]2 @) - (C.1)
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