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SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN
CURVATURE SURFACES

MANUEL DEL PINO, FRANK PACARD, AND JUNCHENG WEI

ABSTRACT. For all N > 9, we find smooth entire epigraphs in RY, namely smooth domains of the
form Q := {x € RY / xny > F(z1,...,2n-1)}, which are not half-spaces and in which a problem of
the form Au + f(u) = 0 in Q has a positive, bounded solution with 0 Dirichlet boundary data and
constant Neumann boundary data on 0. This answers negatively for large dimensions a question
by Berestycki, Caffarelli and Nirenberg [3]. In 1971, Serrin [22] proved that a bounded domain
where such an overdetermined problem is solvable must be a ball, in analogy to a famous result by
Alexandrov that states that an embedded compact surface with constant mean curvature (CMC) in
Euclidean space must be a sphere. In lower dimensions we succeed in providing examples for domains
whose boundary is close to large dilations of a given CMC surface where Serrin’s overdetermined
problem is solvable.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let Q be a domain in RY with smooth boundary, and v its inner normal. This paper deals with
the overdetermined boundary value problem

Au+ f(u) =0, u>0 inQ, wueL>*), (1.1)
ou
u =0, o constant on 02 (1.2)

where f is a locally Lipschitz function. The question we want to analyze in this paper is what type
of domains are admissible for this problem to have a solution.

In 1971, Serrin [22] established the following result:

If Q is bounded and Problem (1.1)-(1.2) has a solution, then Q must necessarily be an Euclidean
ball.

Serrin’s proof was based on the Alexandrov reflection principle, introduced in 1956 by Alexandrov
[1] to prove the following famous result:

A compact, connected, embedded hypersurface in RN whose mean curvature is constant, must
necessarily be an Euclidean sphere.

The reflection maximum principle based procedure was used in 1979 by Gidas Ni and Nirenberg
[12] to derive radial symmetry results for positive solutions of semilinear equations. The reflection
principle, named after [12] as the moving plane method, has become a standard and powerful tool
for the analysis of symmetries of solutions of nonlinear elliptic equations.

Serrin had a clever insight into the geometric structure of Problem (1.1)-(1.2) to prove his result
as an analog of Alexandrov’s. The purpose of this paper is to further explore the parallel between
Alexandrov’s and Serrin’s statements. The underlying question is: how do (non-compact) embedded
constant mean curvature (CMC) surfaces relate with (unbounded) domains where Serrin’s problem
(1.1)-(1.2) is solvable?
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A natural class of unbounded domains to be considered are epigraphs, namely domains 2 of the
form
Q={zeRY /oy >¢(x,...,zxy_1)} (1.3)
where ¢ : R¥=1 — R is a smooth function. In 1997, Berestycki, Caffarelli and Nirenberg [3] proved
the following result: If ¢ is uniformly Lipschitz and asymptotically flat at infinity, and Problem
(1.1)-(1.2) is solvable, then ¢ must be a linear function, in other words 2 must be a half-space.
This result was improved by Farina and Valdinoci [10], by lifting the asymptotic flatness condititon,
under the dimension constraint N < 3.

In [3] the following question was raised: is it true that an unbounded domain  where (1.1)-(1.2)
is solvable must be either

e a half-space, or

e a cylinder Q = By, x RN~% where By, is a k-dimensional Euclidean ball, or

e the complement of a cylinder?

In particular, the question is whether or not an epigraph (1.3) where Serrin’s problem is solvable
must be a half-space, under no constraints for the smooth function ¢. Our first result, Theorem 1
below, establishes that this is not the case if N > 9.

In all what follows we shall consider a monostable nonlinearity f for which (1.1)-(1.2) is indeed
solvable in a half-space. We assume that f is a smooth function such that

f(0)=0=f(1), f(s)>0 forall se(0,1), f'(1)<0. (1.4)

Under these conditions, there exists a unique positive solution w(t), which is also increasing, to the
problem

w’ + f(w) =0 in (0,00), w(0)=0, w(+o0)=1, (1.5)
which is implicitly defined by the formula

. /w<t> ds
o \/Qfslf(T)dT.

Conditions (1.4) are satisfied by the standard Fisher-Kolmogorov and Allen-Cahn nonlinearities,
fls)=5(1=35), f(s)=s(1-5).
In the latter case, we explicitly have w(t) = tanh (¢/v/2). Let us observe that the function u(z) =

w(xy) solves (1.1)-(1.2) in the half-space Q@ = {z € RY / xx > 0}. Our first main result is the
following.

Theorem 1. Let f satisfy conditions (1.4). If N > 9, there exists an epigraph domain §2 of the
form (1.3), which is not a half-space, such that Problem (1.1)-(1.2) is solvable.

Let us roughly describe the epigraph of Theorem 1. In 1969, Bombieri, De Giorgi and Giusti [5]
found an example of an entire function in R® whose graph I' is a minimal surface in RY and it is
not a hyperplane (the BDG minimal graph). Let us call Q44 its epigraph. Then, for a sufficiently
small £ > 0, the epigraph € in Theorem 1 lies in a O(e)-neighborhood of s_lﬁbdg. The solution u
will be at main order given by u(z) = w(z) + O(e) where z designates the normal inner coordinate
to 0f.

The result in [5] is a counterexample in large dimensions to Bernstein’s conjecture, which asserts
that all entire minimal graphs in RV must be hyperplanes. This statement holds true in dimensions
N < 8, see [23] and its references, so that in analogy, it is natural to think that the question in
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[3] for epigraphs may have an affirmative answer in low dimensions, but this not even known in
dimension N = 2. Another PDE analogue of Bernstein’s problem is De Giorgi’s conjecture (1978)
[7], which states that entire solutions, monotone in one direction must have level sets which are
parallel hyperplanes. This is true in dimensions N = 2,3 [13, 2], and under a certain additional
condition for 4 < N < 8 [20]. This statement is indeed false for N > 9 as proven in [3] by the
construction of an example of a monotone solution whose level sets resemble largely dilated BDG
minimal graphs. Serrin’s epigraph question in [3] seems to be much harder.

The principle behind Theorem 1 applies, more generally, to domains enclosed by a large dilation
of an embedded CMC surface, provided that sufficient information about the surface (such as
nondegeneracy) is available.

Our second results exhibits two such examples, consisting of non-cylindrical domains of revolution
in R3 where (1.1)-(1.2) is solvable for f satisfying (1.4). Let us consider first the solid region enclosed
by the catenoid r = cosh z,

Q. ={(rcosf,rsinf,z) / 0 <r < coshz, ze€ R} (1.6)

Theorem 2. For each € > 0 sufficiently small there exists a domain of revolution ), which lies
within a e-neighborhood of the dilated solid catenoid ™1, such that Problem (1.1)-(1.2) with f
satisfying (1.4) is solvable.

The boundary of 2. is a minimal surface. This result is a part of a more general statement
regarding embbeded finite-total curvature minimal surfacesin R a class that includes for instance
the Costa and Costa-Hoffmann-Meeks surfaces, which we shall discuss in the next section.

On the other hand, a statement similar to Theorem 2 holds for the classical Delaunay surfaces,
a one parameter family of constant mean curvature surfaces of revolution in R3 which are periodic
along one axis which, up to a rigid motion, can be taken to be the z3-axis. These surfaces, which
are called Delaunay surfaces and denoted by D., are the boundary of a smooth domain U, and can
be parameterized by

Xr(5,6) = (p(s) cos 6, 5(s) sin 0, 1(s)), (1.7)
where the function ¢ is a non constant smooth solution of
P+ (¢* + 1) = ¢ (1.8)

and where the function v is obtained from
¥ =¢?+7, with ¥(0) = 0.

Here 7 € (0, %] is a parameter which is usually reverend to as the Delaunay parameter.
We have the validity of the following result.

Theorem 3. For each ¢ > 0 sufficiently small there exists a domain of revolution €2, which lies
within a e-neighborhood of the region e ' D,, such that Problem (1.1)-(1.2) with f satisfying (1.4)
s solvable.

The Delaunay surface is compact when regarded as a submanifold of R? with the period of the
surface mod out. (See Section 2 for explanations.) We shall provide in the next section a more
general statement, regarding a general manifold and a compact CMC surface in it, from which the
above result follows. We will also express in more detail the result of the nontrivial epigraph and
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state the result regarding a general minimal surface with finite total curvature in R3. In the later
sections we will provide the proof of Theorems 1-3.

Remark 1.1. In [14] and f =0, (1.1)-(1.2) is found to be solvable in the domain
Q={zecR?/ |z < g + cosh(z1)},

except that the solution found is unbounded. These domains are called exceptional domains. On
the other hand, for f(u) = \u a class of non-trivial domains in RN bifurcating from the cylinder
Bn-1 x R and periodic in the last variable, where (1.1)-(1.2) is solvable, are found in [21].

2. MORE GENERAL STATEMENTS

In this section we make more precise the statements that lead to Theorems 1-3. Concerning
Theorem 1, we will be able to find a positive, bounded solution of (1.1)-(1.2) when 2 is a small
perturbation of a large dilation of the epigraph of a nontrivial minimal graph in R®, found by
Bombieri, De Giorgi and Giusti in [7]

F={zcR®/29g=F(x1,...,28)}.

Let v(y) denote the unit normal to I' with v9 > 0. We consider normal perturbations to a large
dilation of I', namely sets of the form

.= ', Th={z=y+h(eyr(ey) /yeTl.} (2.1)

for a small positive number € and a smooth function h defined on I'. We will prove the following
result, which makes more precise the statement of Theorem 1.

Theorem 4. For any sufficiently small € > 0 there exists a function h defined on I', with a uniform
C? bound independent of €, such that F? in (2.1) is the graph of a smooth entire function, and
letting Q) be its epigraph, then Problem (1.1)-(1.2) admits a solution u., with the property that

us(r) = w(t) + O(e), x=y+ (t+ hley))v(ey)
uniformly for 0 <t < de~t, some § > 0. Besides,
dyu = —w'(0) onTh

As we have mentioned in the introduction, this result is analogous to that in [3]. The construction
in this paper is considerably more delicate and require new ideas. The linear theory required here
deals with a Dirichlet to Neumann map, and it is more subtle than that in [3]. As in that work,
an infinite-dimensional Lyapunov-Schmidt procedure reduces the problem to a nonlinear, nonlocal
equation involving the Jacobi operator. The lack of symmetry of the seeked surface (unlike the
BDG graph itself) induces the presence of large errors, and this is a substantial difficulty in the
construction. We succeed in overcoming it, by means of a non-trivial refinement on the invertibility
theory for the Jacobi operator.

Next we restrict our attention to the case N = 3. The catenoid is the simplest example (besides
the plane) of a complete, embedded minimal surface I with final total curvature if

/|K|dV < +o0
r

where K denotes the Gauss curvature of the manifold I'. Such surfaces are known to have a finite
number of ends, which are either planes or catenoids with a common axis of rotational symmetry.
The first non-trivial example of such a manifold, with genus 1, was found in 1982 by Costa [6]. The
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example was later generalized by Hoffman and Meeks [15] to arbitrary genus k > 1. These minimal
surfaces I' are known to be non-degenerate, after the works by Nayatani and Morabito [17, 18], in
the following sense:

The only bounded Jacobi fields, namely functions on U that anhilate the Jacobi operator Jr :=
Ar — 2K are originated in rigid motions: rotations around the axis and translations, namely they
are linear combinations of the vector fields v(z)-e;, i = 1,2,3 and v(x) -z, where v is a unit normal
vector field (these surfaces are orientable, they split the space into two components).

We fix such a unit normal v for I and definethe manifolds I'. and T'? as in (2.1).

Given this, we have the validity of the following result, that extends Theorem 2.

Theorem 5. Let I' be a complete, embedded minimal surface in R? with finite total curvature and
non-degenerate. Then for any sufficiently small € > 0 there exists a function h defined on ', with a
uniform C? bound independent of e, such that T? is an embedded and orientable surface, and letting
Q be the component of R in the v(ey)-direction, then Problem (1.1)-(1.2) admits a positive bounded
solution u., with the property that

us(z) = w(t) +0(e), x=y+ (t+h(ey))v(ey)
uniformly for 0 <t < de~t, some § > 0. Besides,
dyu=—w'(0) onTh
In the case of a catenoid, the domain and the solution are axially symmetric.

The corresponding analogue for entire solutions of the Allen-Cahn equation was established in
[9].

Theorems 4 and 5 deal with minimal surfaces which have zero mean curvature. It is no surprising
that the right analogue of Serrin’s overdetermined problem is the CMC surfaces, namely surfaces
with constant mean curvatures. For a Riemannian manifold M and a non-degenerate CMC compact
surface I' = 012, we get a similar statement, which we will make precise next.

Let M be a Riemannian manifold and I' a smooth hypersurface, the boundary of a smooth
domain in M, and e~'M its canonical dilation for a small number € > 0. We consider the problem
of finding a domain §2 in M, whose boundary is close to I': and encloses a domain ) for which the
problem (1.1)-(1.2).

For some (small) function h defined on T', the normal graph of h over T is a hypersurface which
will be denoted by I'y. We have assumed that I' is and we will denote by €2, the domain whose
boundary is I',. There are two choices since the complement of such a domain is also a domain
whose boundary if I'j, and to remove the ambiguity we assume that h — € depends continuously
on h (in the Hausdorff topology).

The mean curvature function of I'y, is denoted by H(h) and its differential at h = 0 is, by
definition, the Jacobi operator about I'. The explicit expression of the Jacobi operator about I is
given by [4]

Jr := Ar + |Ar|? + Ric(n, n),
where Ar is the Laplace Beltrami operator on T, |Ar|? is the square of the norm of Ar, namely the
sum of the square of the principal curvatures of I' and Ric is the Ricci tensor on M. We recall the
following :

Definition 1. A compact hypersurface I is said to be non degenerate if Jr is injective.

Granted all the definitions above, we now have the:



6 M. DEL PINO, F. PACARD, AND J. WEI

Theorem 6. Assume that Qo C M is a smooth bounded domain whose boundary 0y is a non
degenerate hypersurface whose mean curvature is constant. Then, for all € > 0 close enough to 0,
there exists he € C>*(T') and u., a solution of (1.1)-(1.2) in Q. = Qy,_, such that the family of
functions us tends to 1 uniformly on compact domains of 2 as € tends to 0. Moreover, there exists
a constant C' > 0 such that

Ihellgz.e(ry < C €.

Hypersurfaces whose mean curvature is a constant function are know to exist in abundance and
the result of [24] (see also [16]) shows that, for a generic choice of the ambient metric, they are non
degenerate in the sense of Definition 1. For example, solutions of the iso-perimetric problem, when
they are smooth, give rise to hypersurfaces whose mean curvature function is constant.

Theorem 6 corresponds to a parallel of the one by Pacard and Ritoré [19].

Observe that Theorem 6 does not apply to the Delaunay surface, which is non-compact, nor does
it apply the unit ball in Euclidean space since in the case the Jacobi operator about the unit sphere
S™ is given by

Agm + m,
which is not injective since the coordinate functions x + x;, for j = 1,...,m + 1, belong to its
kernel. However there is an equivariant version of Theorem 6.

Definition 2. Let & C Isom(M, g) be a discrete group of isometries. A compact hypersurface T' is
said to be B-non degenerate if there is no nontrivial element in the kernel of Jr which is invariant
by the elements of &.

We have the validity of the following result, from which Theorem 3 follows.

Theorem 7. Assume that Qy C M is a smooth bounded domain and & C Isom(M, g) is a discrete
group of isometries which leave Qqy globally invariant, namely, g(Qo) = Qo for all g € &. Further
assume that 0y is a &-non degenerate hypersurface whose mean curvature is constant. Then, the
conclusion of Theorem 6 hold for a domain Q. and a solution us which are invariant under the
action of the elements of &.

For example, in the case of the unit ball in the Euclidean (m + 1)-dimensional space it is enough
to consider the group generated by the symmetry through the origin to apply Theorem 7. More
interesting example is the Denaulay surface given by (1.7)-(1.8) in Section 1. From the definition,
D, is periodic and, if ¢, denotes the fundamental period of the Delaunay surface of parameter
7 € (0, %), we can also understand the Delaunay surfaces as constant mean curvature surfaces in
M, :=R? x (R/t+Z) which is endowed with the Euclidean metric gey,. With the parameterization
(1.7)-(1.8), the Jacobi operator about a Delaunay surface reads

1 2 2 2 2
JT:E<8S+89+<§D +E 5

it has non trivial kernel because of the invariance under the action of translations and in fact, it can

be seen from [16] that the functions (s,6) — g, (s,0) — (tp + i) cosf and (s,0) — (tp + i) sin 0
span the kernel of J;. However, if we consider the group of isometries of (M;, geuer) generated by
the symmetry with respect to the vertical axis and also with respect to the x3 = 0 plane, no element
in the kernel of this operator is invariant with respect to the action of this group. In particular,

Theorem 7 applies to D, in M, and, going back to the universal cover R3, this leads to the :



SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES 7

Corollary 2.1. Given 7 € (0, %], there exists for all € > 0 close enough to 0, a cylindrically

bounded domain Q.. which is periodic along the x3-axis, of period t; and in which one can find
positive solutions of (1.1)-(1.2) . Moreover, the boundary of Q. is a normal graph over D; for

some C*® function whose norm is bounded by a constant times 2.

The proofs of Theorems 4-7 can be set up into a similar scheme, of which the case of the minimal
graph Theorem 4 is the most complicated, since the surface is noncompact. So in the rest of the
paper we concentrate mainly on the proofs of Theorem 4. The proofs of other theorems will be
outlined only.

The organization of this paper is as follows. Section 3-8 contain the proofs of Theorem 4: in
Section 3 we design a scheme to improve the error up to order O(*). The gluing procedure is
presented in Section 4. In Section 5 we study an important linear problem which is a Dirichlet to
Neumann map. We then solve the nonlinear projected problem and the reduced problem involving
the Jacobi operator in Section 7 which finishes the proof of Theorem 4. In Section 8 and Section
9 we explain the modifications needed to prove Theorem 5 and Theorem 6 respectively. We delay
the solvability of Jacobi operator of the BDG graph in the appendix.

3. A FIRST APPROXIMATION TO THE NONTRIVIAL EPIGRAPH
In what what follows we will denote, for I’ and Fy as above,
I={(@ F(a))| o' €eR®Y}, To={(a,Fo(a"))| ' €R*}.
By I'. we will denote the dilated surfaces I'. = e 'I". Also, we shall use the notation:
r(z) == V14 [2/]2, re(z) = r(ex), == (2',29) e R® xR =R" (3.1)

We shall refer sometimes to notation and concepts already introduced in [8].

3.1. Local coordinates and the Laplacian near I'.. Let us consider the metric g;; of I' around
p. Then

9ii(y) = (0:Yp, 05Yp) = bij + 0(y).
We will assume in what follows that the metric satisfies the following uniform estimates: There
exists a positive number C' such that for all p € I' we have the estimate

6(y)| + [Dy0(y)| + [D6(y)| < C, |y| < 1. (3.2)

3.2. The Laplace Beltrami operator. The Laplace-Beltrami operator of I' is expressed in these
local coordinates as

1 ii .
Ar = \/Wai( detg(Y)gj(Y)aj)
Let us set .
0 (v) i i 0(y) :— (/e ii(y) ) .
) =) HO) = et (Vaetg(y) " (v) )
So that

Ar = af;(y) 9 + b (y) 0, lyl < OR, (3.3)
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where
lyl? lyl
|af;(y) — bij] < Cpa |Dyal;(y)| < Cr2
y c
|b9(y)| < C%, |Dyb?(y)| < 2 for all |y| <OR, m > 2. (3.4)
3.3. The Laplacian near I'. For a certain > 0 the map
r=X(zy)=y+z(y), yel, [<ir(y) (3.5)

defines diffeomorphism onto an expanding tubular neighborhood of I'. Let us consider the manifold

I*:={y+zvly) /yel}
The Euclidean Laplacian in R? near I' can be expressed in these coordinates by the well-known
formula

Ay =92+ A= — Hr=(y)0. (3.6)
where Hr:(y) denotes mean curvature of I'* at the point y+zv(y) and the operator Ar- is understood
to act on functions of the variable y.

Using the local coordinates Y, (y), (3.5) becomes
r=X(z,y):=Yp(y) +2v(y), [yl <OR (3.7)
and then the metric tensor g;; on I'* is given by
95 () = 95 (y) + 2 [(0:Y,(y), 0v(y)) + (9;Yp(y), 0 (y)) | + 22 (Biv(y), 90 (y)) -
Using that

8
= 0;G ()1 + v(p)

1
V 1+ ’DYGP(Y)P’ j=1
for the computation of derivatives we get the expansion

95(y) = gij(y) + 201(y) + 2°02(y)

v(y)

where . .
@)l = 50 1Dy < 55
c c
()] < =50 |[Dyba(y)] < =3 (3.8)
Therefore if we let
y 1 y
aij(y,2) == g"(y), b}(y) == ——== 0 (Vdet ¢*(y) ¢""(y) ) -
’ ’ Vdet g*(y) ( >
we get
Ar, = aij(y,2) 0ij + bi(y, 2) 9; (3.9)
with agj is given in (3.3), where
a;ij(y,z) = a?j(y) + za}j (v,2), bj(y,2) = b?(y) + zbjl- (y,2) (3.10)

and
laj;| = O(R™"), |Dyaj;| = O(R™?),
bjl = O(R™?), |Dybj| =O(R™®). (3.11)
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On the other hand, is is well-known that if k1, ..., ks denote the principal curvatures of I', then

Hr-(y

Moo

1-— zk‘
i=1

Since I' is a minimal surface we have that Zle k; = 0, therefore

8 8
Hr:(y) = z|Arp|? +z22kf’+zgzkf+z49(y, z) (3.12)
i=1 i=1
where
|Ar|? = Z k2 :=0(r=?) (3.13)
0(y,2)] = O(r(y)™°),  |DO(y, 2)| = O(r(y) ™). (3.14)

3.4. Coordinates near I'.. The previous expressions generalize by scaling to I's in particular the
coordinates Y}, induce naturally local coordinates in .. If p. = e~!p, p € T, we have that the map

y € B(0,0R/e) CR® +—— Y, (y) :=¢ Y, (ey) € I.. (3.15)

defines a local parametrization. The metric on I'; in these coordinates is simply computed as g;;(ey).
This yields the expansion

Ar, = Ay + (af;(ey) — 6ij) 05 + eb) (e)0i, |yl <e 'OR. (3.16)

We denote in what follows

r(y) ==y, y9) = V1+|y|?, yeTl
and
ro(y) :==r(ey), yerl..

For some ¢ > 0, the following map defines coordinates for a expanding neighborhood of I';:

r=X(y,2) =y +z2wlay), yeT., |z| <der(ey) (3.17)
is computed as
A = 0%+ Are: — eHre:(ey) 0, (3.18)
where now
Ars= = Arp, + eza; 5 (ey, az)@izj + 62zb}(5y, £2)0;. (3.19)
and

eHre-(ey) = 22| Ar(ey)|> + € ZQZIC ey)® +

8

') " ki(ey) + 520y, 2) (3.20)
=1
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3.5. The shifted coordinates. We consider now a bounded smooth function h(y) defined on T
and the coordinates near I';,

T = Xh(y,t) =y + (t+ h(ey)v(ey), yeTl., |t| <der(ey) (3.21)

We compute the Laplacian in these coordinates. We obtain now

A, = 8t2 +aij(€y,sz) 8,-]- + Ebj(Ey,EZ) 8j
+ 2aij(ey, £2) Dih(ey) Ojh(ey) OF — 2caij(ey, €2) O;h(ey) Oj¢
— {%[aij(ey,£2) Bijh(ey) + bj(ey,e2) Djh(ey)] + & Hr=:(cy) } O; (3:22)

where z = £(t + h(ey)).
Since
Ar. = aij(ey,0)0;5 + ebi(ay, 0)0;, (3.23)

we can also decompose

Ay =04+ Ar, + B (3.24)
where the small operator B, acting on functions of (y,t) is given in local coordinates by
B = eza}j(ey,ez) 0ij + ezzb}(ey,ez) 0;
+ £2a;j(ey, e2) Oih(ey) Ojh(ey) OF — 2ea;j(ey, 2) Dih(ey) D)
- {52 [aij(ey,e2) Dijh(ey) + bj(ey,e2) Ojh(ey)] + € Hre=(gy) } O, (3.25)

3.6. The perturbed epigraph. We fix a positive number M and assume for the moment that h
is a smooth function such that

|DEh||poory + |Drhl ey + [|Bllzeqry < M (3.26)
uniformly in small ¢ and set
I = {y + h(ey)v(ey) [ y €T}
F? is an embedded manifold provided that e is sufficiently small, that separates RY into two

components. We call Q? the upper component. Under suitable smallness of h, the implicit function
theorem yields that this set is the epigraph of an entire smooth function F(x'),

QP = {(, x9) | g > FI(2')} (3.27)

whose boundary is of course I'".

3.7. The problem and a first approximation. We want to solve the problem
S[u] == Au+ f(u) =0 in QP

u=0, d,u=constant on "

for a small function h and prove later on that Q" has the form (3.27) We observe that in the
coordinates
z=y+(t+hey)viey), yele, | <der(y).

we have that x € Q" if and only if # > 0. The problem for then becomes
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Sl = Agu + f(u) = 0 in QY
u(y,0) = 0 for all y €T,
Ou(y,0) = constant for all y e T.. (3.28)
We have the existence of a unique solution w(t) to the problem
w” + f(w)=0 in (0,00),
w(0) =0, w(+o00)=1.
As a first approximation, close to I'? we then take
uo(x) == w(t).
Using formula (3.22), we find that the error of approximation is then given by
Sluo] = 2ay(ey,=2) Bih(ey) Oy h(ey) ' (1)
— { &% [aij(ey,e2) ijh(ey) + bj(ey,e2) O;h(ey)] + € Hre=(ey) } w'(2). (3.29)
where z = (t + h(ey)). Recalling that
aij(y,2) = aj;(y) + zay;(y,2),  bj(y,2) = 0)(y) + 2b5(y,2), Ar = a;0;; + b},
and using the expansion (3.20) for the mean curvature, we then write
Slug) = —*[Arh + [Ar*h]w' + a;; 9;h O;hw"

8 8
— [P AP + &> R+ h) w4+ et KHE+ h)Pw]
i=1 i=1
— { ¥t +h)[aj; Oijh + b} O;h]w + €% (t+h)'0 }u (3.30)
where all coefficients are evaluated at (ey,e(t + h(ey)) or ey.

What we will do is to improve this first approximation by choosing A in such a way that at main
order the relation

/ Slug] (y,t)w'(t)dt =0 forall yeTl.
R

is satisfied. Under this condition the addition to ug of a suitable, explicitly computed small term,
reduces the error. We will actually carry out this procedure in successive steps that we describe
next. Let us take the function h(y) to have the following form
h(y) = ho +ehi(y) + *ha(y) + *h(y) (3.31)
where the functions hg, hi, ho will be explicitly chosen
3.8. First improvement of approximation. We will next add to ug a convenient function ¢ (y, t)
of size O(e?) that does not change the boundary conditions and eliminates the quadratic term in e
in the new error Sfug + ¢1].
To this end we consider the linear one dimensional problem
p"+ fl(w(t)p=q(t), te(0,0), p(0)=7p(0)=0 (3.32)
The solution to this equation is given by

p(t) = (1) /0 ﬁ /0 " () q(s) ds . (3.33)
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If ¢ is a bounded function, p will be bounded if and only if

/ Ty w8 dt = 0.
0

Let ¢g be the number such that

/ (t +co)w'(t)*dt = 0,
0
and let po(t) be the solution of

po + f(wt))po = (t+co)w'(t), t€(0,00), po(0) =py(0) =0,
given by formula (3.33). We observe that
po(t) ~t3e™t ast — 400 .
Let
do(y, ) := *| Ar(ey)|* po(t).
We observe that
Slu+ 6] = Ad + f'(w)¢ + Slu] + N(u, ¢)
where

N(u,¢) = f(u+¢) — f(u) — f'(u)é.

(3.34)

(3.35)

Next we estimate the new error of approximation, S(ug + ¢¢). To do this and for later compu-

tations, it is useful the following lemma, that follows directly from formula (3.22).

Lemma 3.1. Let ¢(y), p(t) be smooth functions defined respectively on T' and on (0,00). Let us

set
¢(x) = Y(ey)p(t), = =y+({+h(ey))viey).
Then
ANpp = p" + & [ai; 00 + ebjo0 ] pf
+ e®a;; 0;h0jhp” — 2e%a;; 0;h 00 p!
= {®laij Oizh + bj0;h] + € Hpecony } 901/
where the coefficients are evaluated at €y or (ey,e(t + h(ey)), and we recall

8 8
€ Hpeirmy = e2(t+ W) Ar[* + 3¢ + h)? Y kP +e*(t+ h)* Ykl +5(t+ )%,
=1 1=1

0 =0(r").
Using formula (3.36) we then get
Ao + f'(uo)do = e |Ar*(t + co)w' + &*[ai; 03| Ar|* + b;0;]Ar|* ] p
+ &?4\Ap]2 ai; O;h O;h p" — 253a,~j O;h 8]-\Ap\2p'
— {e*[ai; 95k + bjOjh] + € Hpeiwin) } |Ar|* p/

From formula (3.35) we have

3l
Sluo + ¢o] = Ao + f'(uo)¢o + S[uo] + %f’l(uo)fﬁg + % /0 f"(uo + s¢o) ds .
Using (3.30) and (3.36) we then get

(3.36)

(3.37)

(3.38)
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Slug + ¢o] = —e? [Arh + |Ar> h]w' + 2 |Ap|?(t + ¢o) w' — 2| Ap|*tw’
8 8
+ 62612']' 8211 ajhw” — [63 Z k’?(f + h)2w/ + 64 Z k’?(t + h)3w']
i=1 i=1

+ & [ai; 0| Ar|* + b;0;|Ar* ] p
— {(t+ h) [aj; 0ijh + bj O;h]w’ + & (t+h)'0 }u'
+ €4|A1"|2 Qjj O;h ajhp// — 263612']' O;h aj|AF|2p/
8
— e {]aij 0;jh + b; O;h] + |Ap(t+h) + &:Zkﬁ’(wh)2 +- HArP Y

i=1

64

6 1
€
P ) Al + S0 A / 7w + sgo) ds. (3.39)
0
Next we proceed to make a choice at main order of the parameter function h by writing
h=hg+¢chi +e*hy +h

We choose hg = ¢y and replace in the above expression. We get

Slug + ¢o] = — e [Arh+ [Ap[*h]w

8
— 2 [Arhy + |Ap* by Jw’ — ¥k (t+ ho)w
i=1

8
—e*[Arhy + |Ar)P haJw' — e* ) K} (t + ho)Puw!
i=1
4 2 et 1" 4 2 4 4 /
+ e*Ar |Ar|" po + 5/ (w)|Ar["py — " |Ar|*(t + ho) p
8
— 26 " k3ha (t + ho)u!

i=1
+ Ri(h), (3.40)
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where
Ri(h) = %a;j O;hOjhw”

8
— @Y K[t +h)* = (t+ ho)* — 2(t + ho)ehy Ju/
=1

8
— e R+ h)® — (¢ + ho)*Ju
=1
+ °(t+ h)[al; 05| Ar|* + bj0;]Ar|* ] po
— &(t+h) [aj; 05h + bj O;h]w' + ° (t+ h)'0w
+ 64’141“’2 Qg5 O;h ajhpg - 2E3aij Oih aj‘AFPpé
8
— & {{aij Oih + b;05h] + [Ar[(h = ho) + & K}t +h)* +--- }|Ar[*pf
i=1

6 1
+ %pg |A1"|6/ " (w+ sg) ds . (3.41)
0

3.9. Second improvement of approximation. Similarly to the introduction of ¢y and hg, a
convenient choice of the functions hy and hy will allow us to eliminate the largest terms in the error
above. To this end, we need to achieve at main order the orthogonality

/ S[UQ+¢0] w' dt = 0.
0

Thus we require first that at main order hy and hs are such that

00 8
/ ([Arhy + [Ap Iy Jw' + > k2 (t+ ho)*w' ) w' dt = 0,
0

i=1

and

0o 8
/ ([Aphg + |A1’*|2 hg]w'+2kf(t+ho)3w'
0

i=1
1
+ Ar|Ar[2po — §f”(w)\Ap]4pg + [Ar[*(t + ho) ') w' dt = 0.

According to Proposition 10.2 we can find functions hi, ho, hg such that

8
Arh; + ‘AFF h; = Zk?,
=1

8
Arhy + ‘AFP ho = Zkf‘,
=1

Arhz + [Ar[*hs = |Ap[*,
Then we let

hi := cihy, ho := cohy + Cg’AFP + (04 — Cg)hg,
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where
o e+ ho)2w'® dt o e+ ho)® w'? dt
b fooo w'? dt ' 2 fooo w'? dt ’
- fooo pow' dt B fooo [%f”(u})pg —(t+ ho)p’O] w' dt
GB= " 94, = >~ 2 .
fo w'* dt fo w'* dt

Then expression (3.40) becomes

S(ug + ¢o) = — 2 [Arh + |[Ar[*h]w’
5

+ &3 i(ey) qu(t) + & ZW(Ey) qe(t)

(=2
+ Ri(h),
where
8
Giley) qu(t) = =Yk} ey) [(t+ ho)*w'(t) + e/ (1)],
=1
ba(ey) 2(t) == Ar |[Ar(ey) [po(t) — ez (1) ],
8
Us(ey) as(t) = — Y ki (ey)[(t + ho)Pw'(t) + e/ (1)],
=1
valen)as(t) = LAry)l! 15 wO) B0 — (4 ho) ph(t) — exu/ (1),
8
Us(ey) gs(t) o= — 2k (ey)h(ey) (t + ho)w' (1)
=1

The constants ¢, have been chosen so that
/ @t)w' (t)dt =0, £=1,...,5.
0
Hence the solution py(t) to the problem
pi(t) + fl(w(t) pe(t) = qult), t€(0,00), pe(0)=py(0) =0
is bounded. In fact, for all £ we have
pe(t) = O(t%e™") ast — +oo.

Let us set .

$1(y,t) == EPi(ey) prt) + > Puley) pe(t)
=2
and consider as a new approximation the function

uo + ¢o + ¢
Then, according to formula (3.35), we have that
Sluo + ¢o + ¢1] = Sluo + do] + Ag1 + f'(uo)¢n
+ [f'(uo + d0) — f'(u0) ] é1 + N(uo + do, ¢1).

15

(3.42)

(3.43)

(3.44)
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Hence,
Slup + ¢o + ¢1] = — 2 [Arh+ |Ap[*h]w’ + Ra(h), (3.45)
where
5
Rao(h) =*(As = 0F) [ap1] + €D (Aw — 57)[Wepd)
(=2
+ Ri(h)
+ [f'(uo + ¢0) — f'(uo)] 1 + N(uo + do, d1). (3.46)

Now, we can estimate with the aid of Lemma 3.1 the quantities (A, — 07)[t¢p¢], for instance
when h = 0. We see that in all these functions the action of the operator is roughly that of adding
two powers of £ in smallness and two powers of r. in decay. Thus we have that

(A = ) hepe] = O(x 1),
sizes that do not change with the introduction of h that decays as O(r~!). The size of R (h) is thus
globally estimated as O(e’r-
that we introduce next.

Am e~ 7). We will make precise these statements in terms of norms

3.10. Norms. We introduce here several norms that will be used in the rest of the paper. Let A
be an open set of RY or of an embedded submanifold. For a function g defined on A we denote, as

usual,
lgl22n) = / 92, Ngllame = / D™gl? + / g2, m> 1.
A A A

We consider also the following local-uniform norms.

lgllzz, (a) = Sup 9/l 2B ynnys  9llzm @2y = igIKHQHL?(B(x,I)OA) (3.47)
For a number 0 < ¢ < 1 we denote, as customary,
9\y1) — 9{y2
(9]0 ::SHP{W [ y1,y2 € A, y1 # 2} (3.48)
We let

lgllcoe(ay = llgllzoeay +[g]on (3.49)

and for k > 1,
lgll e (ny = llgllcos ay + 11D glloos(a)- (3.50)

We consider now a submanifold I" in R”*! and its dilation I'.. We denote

(Y, ym1) = V1I+ Y%, yeT, (3.51)
and
r.(y) ==r(ey), yeTl. (3.52)

We consider local-uniform weighted Holder norms involving powers of r.. Let g be a function
defined on I';. For a number v > 0 we define

lgllese ey = e gllieqrs) + £ glor. (3.53)
and for m > 1,
lglleze ey = 1R gllseq, + lgloge - (3.54)
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We will use the same notation to refer to the corresponding norm in R? rather than on I'.

Let us consider now the case of a function g(y,t) defined on the space I'c x (0,00). We consider
a norm similar to that above, but that measures also exponential decay in the t¢-direction. For
numbers v,y > 0 we denote

”gHCO’.‘Y’(ng(O,oo)) =[xl e’ytgHLOO(ng(Opo)) + [rZ eﬂytg]a,l“gx(uoo) . (3.55)

v,

which we observe, is also equivalent to the norm

I € gll oo (rox(0,00)) + sup €'tV (Y) [9]o(B((@.),1) e x(0,00)} - (3.56)
(y,t)€Te x(0,00)

We define, correspondingly,

||9HCZ%"(FEX(O,00)) = ‘|9||03:g(p5><(0700)) + HDI”“";9||CB;§(FE><(0,00)) (3-57)

We shall denote, also, by simplicity

HpHC’(())"’(FE) = HpHCO»U(FE)a HgHCg:g(I‘EX(O,OO)) = HQHCO»U(Q)

The weighted norms introduced above are appropriate for functions that share the same decay
properties as its derivatives. It is important for our purposed to consider a different set of norms
that are suitably adapted to a function g defined on a subset A of I' such that when differentiated
it gains decay in successive negative powers of r(y) Let us assume that

[ " gllpeo(a) < +o00. (3.58)
Roughly speaking, we expect that when differentiated m times, also
| £¥+™ D™g|| oo (a) < +00.

In this context, since the Holder seminorm (3.48) corresponds roughly to differentiate o times,
then it is natural to require that besides (3.58), the following quantity be finite:

glowr = supr(y)" [ glo(B(1)nr}
yel
We define
gllow,a == llr"gl L) + [glow,rs (3.59)
which is actually equivalent to the norm
Ix7gll Lo () + £ glor.

Let us observe that if g is of class C'(A) then we have
lgllowa < Clllr"glloe(a) + I Drgllzooay I-
We define correspondingly

lgllk.ow.a = Il DRgllo+o.a + lglkoma - (3.60)
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3.11. Connection between norms. A simple but very important fact is the connection existing
between the norms || HCO,J(FE) in (3.53) and || ||5,,r in (3.59) as described in the following result.

Let p be a function defined on I', so that

q(y) = p(ey)
is defined on I'..

Lemma 3.2. Let p and q be functions related as above, v > 1. Then there exists a C > 0 such that
the following inequalities hold.

lallcor i,y < Cllpllowr (3.61)
and
HPHJ,V—J,F < CE_UHQHCSJ(FE)- (3.62)
Proof. On the one hand, we have that
HrgQHLC’O(FE) = HIVPHLOO(F)

On the other hand, for y1,y2 € I'c we have that for g; := ey,
(r£g)(y1) — (rZd)(y2) _ o (="P)(G1) — (x"q)(32)

ly1 — 2|7 B |71 — 2|7
Assuming that |71 — g2| < 1 we get
(x’p)(@) — ("p)(@2) - \PH1) — p(Fa) _ . r7(71) — r¥(72)
— prpp =r (?Jl ~—~U+p(y2) - s
171 — 72| |71 — 2| 171 — 2|

Hence

ryq Y1) — ryq Y o v v~ o
(e >(‘y11)_ ;2,3 W2l < et e e gty + 2 G0 Plosign)] < Cllpllomr

If |71 — 92| > 1 we get that

(Za)(y1) — (xZg)(y2)| _
ly1 — ya|” B
As a conclusion, we get the validity of inequality (3.61).

050||ryp||Loo(F)-

Now, let us consider an inequality in the opposite direction. Let 39 € I' and consider 31,92 €
B(70,1) N T, and set correspondingly y; = e~ '§;. Let us assume first that |§j; — 92| < . We have
that
—ola(yr) —a(y2)|

ru(g0)|p(?j1) _p(g2)| Ccr? ~ -
ly1 — y2|

——— < Cr.(yo)e
91 — §2|° < (o)
On the other hand if |§; — 72| > € we have

v~ P(@1) — p(F2)]
r 0) = <~ 1~
|71 — Tal|”
Combining these two inequalities yields

< Cr(yo)e [ a]o,B(yo.1)-

< Ce™?|rlqllpoe(r.y-

[Plov—or < Celldlcge.

hence, we have obtained the inequality (3.62) and the proof is concluded. O



SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES 19

Remark 3.1. A typical term to which we want to measure its size in I'. x (0,00) has the form

9(y,t) = a(y,t) p(ey) ¢(t)

where ¢ is such that ((t) = O(e™) as t — 400, as well as its derivatives. Arguing as in the proof
of Lemma 3.2 we find the estimate:

”chS;g(rsx(opo)) < CHa”CO»U(FEX(O,oo)) ”pHJJ/,F'

3.12. Conclusion of the construction of the first approximation and computation of
error size. We consider then h of the form

h(y) = ho+chi(y) +e°ha(y) +h(y), yeT. (3.63)

where on the e-dependent parameter function h, we assume in what follows that for some fixed
p >0,

IBll2.24 40,0 = [ DEBllat 0,0 + [ Drhbllstpor + [Bll24por < e (3.64)
We observe that from Corollary 10.1, we have that the functions hq and hsy satisfy
[Pll21,00 < 400, |lholl22—ror < +o0, (3.65)

for any small 7 > 0. Since hg is a constant, we point out that we have in particular

IVrh(y)| < Cer(y) 2. (3.66)
The approximation already built, ug+ ¢ + ¢1 is sufficient for our purposes, except that it is only
defined near T'". Since we have that
w(t) =1-0(e ") ast— +oo

we consider a simple interpolation with the function 1. We let n(s) be a smooth function with
n(s) =1is s <1 and =0 if s > 2. For a sufficiently small § > 0 we let

Mm(x) =n(s), s=et—md, x=y+(+h(ey))viey)

understood this function as identically zero at any point outside its support.

ui(x) = mo(x)(uo + ¢o + ¢1) + (1 = mo(@)) (+1), s =et —100r-(y) (3.67)

where the function is understood to be identically equal to +1, all over the space, outside the
support of 71p.

3.13. Error size and Lipschitz property. We shall investigate the size of the error in terms of
the Holder type norms introduced in the previous section, as well as its Lipschitz dependence on
h. The main part of the error of approximation is of course in the region close to I'.. In reality, we
can consider the error as a function defined in the entire space (y,t) € I'c x (0,00), by setting

E(y,s) = n3Slu1] = n3S[uo + ¢o + 1 , (3.68)

this function understood as zero outside its support.
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Let us consider the expansion (3.40) of the first approximation error and the operator Rq(h),
there appearing, defined in (3.41) as

Rl(h) = Ezaij aih(‘)jhw”

8
— Y K[t +h)? = (t+ ho)® — 2(t + ho)ehy Ju!
=1

8
— e R+ h)® — (t + ho)*Ju
i=1

+ °(t + h)[af; 95| Ar|* + bj0;1Ar[* ] po
— &3t + h) [aj; 5k + b} Ojh]w + ° (¢t + h)*0w
+ €4|A1"|2 Qjj O;h ajhpg — 263612']' O;h aj|AF|2p6

8
— & {{ai; Oish + by O;h] + [Ar(h—ho) + €Y K}t +h)* +--- }|Ar|*p/

i=1
cb 1
+ 5ol Al / P (w + so) ds . (3.69)
0

Let us consider for instance the term,

Ri1(h) = &% aij(ey, e(t + h)) 8;h djhw"
where we recall
h = ho + chy + €2hy +h.

with h satisfying (3.64). Then we have
msRui(h)] < Ce?|Drh(ey)|? e < Cetr e,

so that
e i s Ra(h) | 1o (o x (0,00)) < CE*.

Using Remark 3.1, we find moreover that
4
InsRur(Mlicoe roxoo0) < €
Similar estimates are obtained for the remaining terms in R(h). We then find
4
“773721(}1)”C;)fu”y(l—\sx(opo)) < Ce™.
We want to investigate next the Lipschitz character of the operator Ri(h). Let us consider again
our model operator Rq1(h). We have that
e 3R () — Rur(he)] = [msaij(ey, e(t + 1)) — nsaij(ey, et + ha)) ] Ohj Ohj w”

+n3a;(ey, e(t + ha)) [Ohi Oh; — OhORT W,
and hence from Remark 3.1

e 2 InsRur(h1) — 7737311(h2)|!02f# (Tex(0,00)) =

Y

Clinsaij(ey, e(t + h1)) — n3ai(ey, e(t + ha)) coo . x(0,00)) 107 1} ||oa4p,r



SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES 21

+ Cllnsaij(ey, e(t + h2)) llcow 1. x(0,00)) 108 O — OhZ O ||, a4p,-
Thus

InsRu1(he) = sRur(h2)llcos w000 < Ce®|Drhy — Drhallgoeur + Ce°|lhy — halloor-

Y

Similar estimates are obtained for the remaining terms. In all we have,
nsR1(h1) — 773Rl(h2)”Cﬁfm(rsx(o,oo)) < C*||h1 — M 2,02 pr (3.70)

uniformly on hy, hy satisfying (3.64).
Now, let us consider expression (3.45) for the error at ug + ¢g + ¢1.

Slup + ¢o + ¢1] = —*[Arh+ |Ap[*h]w’ + Ra(h), (3.71)
where
5
Ra(h) =*(Ay — 0F) [h1p] + &* Z(Am — 07)[Wepd]
—2
+ Ri(h)
+ [f'(uo + ¢0) — f'(u0) ] 1 + N(ug + o, p1). (3.72)

The terms (A, — 0?)[¢py] are of the same nature as those in the operator Rq(h), which was
computed from (A, — 02)[|Ar|?po]. We get in fact extra smallness and decay. Therefore we get

||”73R2(h) ||Cz(1)fy‘ W(FE X(07OO)) é O 64-

and
[n3R2(h1) — n3R2(h2)HCng’,Y(FEX(O,oo)) < 053||h1 — h|2,024 0,1 (3.73)

uniformly on h, hy, hy satisfying (3.64).
As a conclusion of the above considerations it follows that we can write the error (3.68) as
E = [Arh+ |Arfh]w’ + Rs(h) (3.74)
where the operator R3(h) satisfies

IR3(h) < et (3.75)

o, roxo00))
and
[R3(h1) — Rg(hz)Hcng(psx(Om)) < C&|hy — hill2,024 1 (3.76)

4. THE GLUING REDUCTION
We want to solve the problem
S(u) :=Au+ f(u) =0 in QP

w=0, d,u=constant onT"
where we have our first approximation wuy, built in §3.12. We write u = uy + <z~5 We recall that

dyup = w'(0) = constant on I'".
Thus the problem gets rewritten as

Ap+ f'(w)p+N(@)+E=0 inQ!
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¢$=0, 0,6=0 onI” (4.1)
Slu],  N(@) = f(ur+0) = f(w) = f'(u1)o.
We recall that we set in §3.12,
N (Y, £) = n(m™" (et — or=(y))) -
We look for a solution of Problem (4.1) with the form

¢ =n20 + 1,

with ¢(y,t) is defined in entire I'; x (0, c0).
We obtain a solution to Problem (4.1) if we solve the following system.

0;d+ Ar.o+ f'(w(t)g =
—ns[Slu] + B + N(me + ) + (f'(uo) +1)¢] in Iz x (0, 00),
#(y,0) =0 forall yeTly,,
Od(y,0) = —0)(y,0) forall yeTly,, (4.2)

AYp—¢ = —[2V¢ - Vi + ¢An |
—(L=n) [(f'(u1) + 1) ¥ + Sfu] + N(m¢ +¢)] in Q.
71) =0 on Fe- (4.3)
We have the following result.

Lemma 4.1. Let ¢ be given with \\¢|]C§:§(F£X(Om)) < 1 and v > 2. Then equation (4.3) can be

solved as 1 = ¥ (¢) where for some a > 0,
H‘IJ(QSI) - qj(‘ﬁﬁ”c}”(gg) < e_% ||¢1 - ¢2||Csji',(1“g><(0,00)’

19O,y < €%
Proof. Let us consider first the linear problem
Ap—1p=g inQ, =0 onI‘?. (4.4)

By a standard barrier argument, this problem has a unique bounded solution ¢ = T'(g) if g is
bounded. In fact

[l oo o) < N9l zee .y

Let us further assume that [|g[/coo(q.) < +oo. Applying local boundary and interior Schauder
estimates we also get

[¥llc2e @) < Cliglicor (o) (4.5)

for a constant C' uniform in all small €. Finally, by writing ¢ = 7" 1, examining the equation for

1 and using estimate (4.5) we obtain that
HT(Q)HCL%’U(QE) < OHQH@B»"(QE)- (4.6)
Now, we can solve Problem (4.3) as the fixed point problem

Y =—T(2V¢- -V + ¢Am ]+ (1 —m)[(f'(wo) + )Y+ E + N(mo+¢)]).
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It is readily checked that the right hand side of this equation defines a contraction mapping in a
region of the form ||¢|| 27 () < e~ =. Banach fixed point then gives a solution of this problem
with the desired properties. ]

Through this lemma we have reduced our original equation to solving the nonlinear, nonlocal

problem for a ¢ with ‘|¢||Csji'/(1"5><(0,oo)) <1

02+ Ar.p+ fl(w(t)¢ =—E—N(¢) inT. x(0,00),
#(y,0) =0 forall yeTl,,

hd(y,0) = =0,V (9)(y,0) forall yeTy, (4.7)
where
N (@) =3[ [f'(w1) — f'(u0)] ¢ + Bo+ N(mo + ¥(¢)) + (f'(w1) +1)¥ ()], (4.8)
and as in (3.68),
E = n3Slu].

Let us recall that we decomposed in (3.74)

E = —(Arh+ |[Ap[*h) w'(t) + R (h),
where R3(h) is a small operator, satisfying (3.75), (3.76).
4.1. The projected problem. Rather than solving Problem 4.7 directly, we consider a projected
version of it, namely the problem of finding ¢ and « such that
06+ Ar.p+ f(w(t)¢ = a(y)w'(t) —Ra(h) —N(¢) inTe x (0,00),
#(y,0) =0 forall yeTl,,
0y, 0) = —0¥(9)(y.0) forall y e T.. (4.9)
iformly on h, hy, he satisfying (3.64).

5. LINEARIZED PROBLEM IN A HALF-SPACE

In order to solve Problem (4.9) we shall develop a uniform invertibility theory for the associated
linear problem, so that we later proceed just by contraction mapping principle to solve the nonlinear
equation. This is also the procedure to prove the results of Theorems 5 and 2.1 so that we consider
a more general surface I' in Euclidean space R™*!, m > 1. We consider in this section the (linear)
problem in R™*! of finding, for given functions g(y,t), 8(y), a solution (a, ¢) to the problem

A¢ + f'(w(t))g =aly)w'(t) +g(y,t) nRPH,
(y,0) = 0 for all y e R™,
ho(y,0) =pB(y) forall yeR™. (5.1)

Here R’ := R™ x (0,00). We want to solve Problem (5.1) using Holder norms. The main result
of this section is the following

Proposition 5.1. Given 8 and g such that
1Blcro@my + lgllo.sgmery < 400

there exists a solution
(6.0) € C27(RTH) x OO (R™)
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of Problem (5.1) that defines a linear operator of the pair (,g), satisfying the estimate
6llcae @ty + lallne@m) < ClIBlcragm) + lgllcos gy (5.2)
We will first solve this problem in an L? setting by means of Fourier transform and then use
classical elliptic regularity theory to solve it in Holder spaces.

We consider first the special case g = 0, namely the problem of finding, for a given function S(y)
defined in R™, functions a(y) and ¢(y,t) that solve the problem

Ad + f(w(t)p =ay)w'(t) in RTH
(y,0) = 0 for all y e R™,
hd(y,0) =pB(y) forall yeR™. (5.3)

We will solve first this problem in L? by means of Fourier transform. We have the following
result.

Lemma 5.1. Given 3 € HY(R™), there exists a unique solution
(¢,0) € HYR]M) x LA(R™)
of Problem (5.3) that defines a linear operator of . Besides, we have the estimate

ol g2ty + ez @emy < ClIBlar @em) - (5.4)

Proof. Let us assume for the moment that b is a smooth, rapidly decaying function. The we can
write Problem (5.3) in terms of Fourier transforms for its unknowns, ¢(&,t), &(€) as

0 — €70 + f(w(t)d =a(@)w'(t) inR™ x (0,00),
$(£,0) = 0 for all ¢ € R™,
0)

h(€,0) =H(€) forall £ecR™. (5.5)
Let us consider first the ODE problem
po(t) + f'(w(t) po(t) = —w'(t) in (0,00), po(0) = 0. (5.6)

This equation has a unique bounded solution, given by

polt) = w'(t) /Otﬁ/jow'(s)?ds.

In particular, pj(0) = f w'(t)2dt > 0. Similarly, for & # 0 the equation
pg( ) — €%pe + f (w(t) pe(t) = —w'(t) in (0,00),
pe(0) = 0.
has a unique bounded solution, which by maximum principle it is positive. Since p{(0) = —w'(0) <

0, we must have pg(O) > 0. This last value define a smooth function of £&. On the other hand for
large values of  we have that p;(0) ~ ¢;(0), where g¢ solves

g¢ (1) = [€Pqe(t) = —w'(t) in (0,00),
q:(0) = 0.
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Thus we have, for large values of [¢],

/ / o / — ' 0
PL(0) ~ g4(0) :/0 W (t) 16 dt ~ “’M(')
The solution of problem (5.5) is then given by
1 - .
a(§) = —pé(o)ﬁ(é), P(&:1) = a(€)qe(t)

Observe in particular that
/ a(§)d¢ < c / (L+[EP)BE)I de
m Rm

Now, from the fact that for some a > 0 and any function ¢ € H}(0,0) we have that

o [Tl [T(dP - s (5.7)
0 0

we deduce that for some C' > 0, and any (3,
[ [ nadr+a+igpiopdca < ¢ [ a+ier)laeras.

Taking inverse Fourier transform of ¢(£,¢) and &(€) we obtain a solution (¢, ) to the original
problem (5.3). The above inequalities translate into

/ |a|2dy+/ [IVo]* + ¢ [dydt < 0/ (VB> + 18] dy (5.8)
m RT+1 Rm

By density, and the standard L? regularity theory, we get, given 8 € H'(R™) the existence of a
solution (¢, a) € H? (RTH) x L?(R™). This solution satisfies the desired estimate.

Finally, for uniqueness we need to prove that if 5 = 0 in Problem (5.3), then « and ¢ vanish
identically. Taking Fourier transform we arrive to the family of ODE in H?(R),

a(€)w'(t) in R™ x (0,00),
0

076 — €170 + f'(w(t))d
»(£,0) = for all & e R™,
9h(€,0) =0 forall &eR™ (5.9)
For & # 0 we see that setting A
¢p=p- %W(t%

then as a function of ¢, p satisfies
" —€p + f'(w(t))p =0 in (0,00),p'(0) = 0 forall £&eR™. (5.10)

The function p and its equation can be evenly extended to all R. Then

/<lp’|2—f’(w>|pl2)dt+/ €12p]> = 0
R R

Since the first integral above is always non-negative, we get that p = 0. In particular this tells us

that
a)

0= ¢(§70) - = ‘6’2 w (0)7
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and hence &(§) = 0 almost everywhere in . We conclude that o« = 0. The fact that qg = 0 comes
directly testing its equation against ¢ itself. The proof is concluded. O

In order to solve Problem (5.1) and for later purposes, we also consider the problem
Ap + f(w(t)p = g(y,t) in RE,
#(y,0) = 0 for all y e R™, (5.11)

For the latter problem we have the following result.

Lemma 5.2. Assume that g € L*R7TY).  Then Problem (5.11) has a unique solution ¢ €
HQ(RTH). This solution satisfies in addition

H¢”H2(RT+1) < CHQ”B(RT“) (5.12)
and if p € HY (R,
”8t¢(y70)”H1(]Rm) < CHg”Hl(Riﬂrl)- (5.13)

Proof. As in the previous arguments, we consider the version of (5.11) after Fourier transform,

A~

2o — €20 + f(w(t)g =g(&t) nR™ x (0,00),
Qg(f,O) =0 for all & € R™.

Using inequality (5.7), we see that for each & this problem can be solved uniquely in such a way
that

[tde+a+igpirian < ¢ [Tk ar 5.14)
0 0
so that

[ lodP+ vl atiacar < ¢ [ lgacar

By taking Fourier transform back, and then using L? regularity we get a solution ¢ satisfying (5.12).
Now, testing equation (5.11) against e~ ¢l and setting B(¢) := 0;p(€,0) we see that

/ £ (w —|§|t b(&,1) dt+/ f(w =€t 4 g€, t) dt

50 < ~C </0°O el dt>% </Ow[\<5(§,t)!2 + (& 1))? dt)é

Using inequality (5.14) we then get that

Hence

1+ [EPBE)P < 0/000(1+|5|)|g(g,t)|2dt.

From here, estimate (5.13) immediately follows. Observe that the control is in reality stronger. In
terms of fractional Sobolev spaces we have

H/BHHI(Rm) S OHg||H2 (R77L+1)

but we will not need this. The proof is concluded. ]

Using Lemmas 5.1, 5.2 and simple superposition we conclude the following result.



27

SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES

Lemma 5.3. Given 8 € H'(R™), g € HY(R"), there exists a unique solution
(60) € HART) x LA(R™)
This solution defines a linear operator of the pair (B, g), that satisfies the estimate
(5.15)

of Problem (5.1). '
ol g2 sty + lell2@emy < CLIBIE @my + N9l ey ]

We are interested solving Problem (5.3) for functions 3 that are only locally in H'(R™) however

in a uniform way, in the sense of the local uniform norms introduced in (3.47).
We would like to solve Problem (5.3) for a 8 with || 3| ", Rm) < +00, obtaining a linear operator
. We have the following result.

with an estimate similar to (5.4) in its “local uniform version”

Lemma 5.4. Given 3 € H'(R™), there exists a solution
(¢7 ) S Hloc(Rm—l—l) X Lloc(Rm)

(5.16)

of Problem (5.3) that defines a linear operator of 8. Besides, we have the estimate
@) < ClBlm, @m)-

1ollg2, @iy + iz,

Proof. For the moment, let us further assume that 3 € H'(R™) and consider the solution (a, ¢) to
.1. We will prove that the a priori estimate (5.4) holds.

Problem (5.3) predicted by Lemma 5

Let p € R™ and for small values ¢ consider the function
py) == /1+ 8|y — p|?

Let us write ¢ in the form

Then Problem (5.3) becomes in terms of ¢ e
A¢ + f'(w(t)d =aly)w'(t) + Bso in RPH,
é(y,0) = 0  forall yeR™,
d(y,0) =B(y) forall yeR™. (5.17)
where, 3 p VB, & = p Y« Here By is a small linear operator of the form
Bsé = 0(3) - Vyo + O(6)¢,

We observe that for all small 9,
HBMBHHl(RTH) < CCSHQEHHQ(RTH)

where C' is independent of the point p defining p. By uniqueness of the H? solution in Lemma 5.3

and using the estimate (5.15) we get, after fixing ¢ sufficiently small

682y + 16811 ety < €l s ey

Now, if v was chosen large, then
18]z memy < CliBllap, @®m)



28 M. DEL PINO, F. PACARD, AND J. WEI

while
lallzz ey + 19lm@ey < Cllalzgn + 19 m @)

where the constants C' are uniform on the location of the origin p. Then we get

lallzz, @my + 160z, ety < ClBlLuy, @my. (5.18)
as desired.

Using this estimate on the solution of Lemma 5.1, we extend it by density to a solution of Problem
(5.3) satisfying (5.18) whenever ||| !, (gm) < +00. The proof is concluded. O

Our next task is to estimate the solutlon thus found using local uniform Hoélder norms.

5.1. Proof of Proposition 5.1. We argue first that it suffices to establish the above statement
replacing || QHCO,U(RT“) by the stronger norm ||g]| che ®mHY) namely finding a solution such that
+

1Pl gz @rity + lellcoo@my < CLBlcve@m) + l9llore @i ]- (5.19)
To see this we let («, ¢) solve Problem (5.1) and write
$=9¢+9
where ¢ is the unique bounded solution to the problem
AF—§ =g mRTH,
o(y,0) = 0 for all y e R™,
It is standard that ¢ satisfies the estimate
Hé”cz,o(mﬂ) < |’gHCO,U(R$+1)'

Problem (5.1) can be written in the equivalent form

(y)w'(t)+g nRPH,

Ap + f(w®)d =a
) =10 for all y e R™,
)

( 0
op(y,0) =B(y) forall yeR™.
where - .
_(1 + f/(w))¢7 B = /8 - at¢(y7 O)
so that

H.gHCS’U(RTJrl) + ”B|’Cé"7(RM) <C [ Hg|’00,a(RT+1) + HﬁHcévf’(Rm) ]7

and the claim follows.
The proof consists of proving the a priori estimate (5.2) for the solution built in Lemma 5.4.
Let us fix a point p € R™. We consider the unique solution of the equation

Ay’)/:a in B(p73)
v=0 on dB(p,3).
Let us write, for |y| < 3

oy, t) = w'(t)v(y) +¥(y,1)
so that 1) satisfies
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AY + fl(w(t)p =g in B(p,3) x (0,00),
o(y,0) =B(y) for all y € B(p,3). (5.20)

Standard boundary regularity estimates for the Laplacian yield the estimate

[Pllczeppayxn S CUBlete e T 19lcorBr2x02) + IWIa2Be2x0) ] (6:21)
On the other hand, using Lemma 5.4,
C el z2Bp,3)
CllBlmy, @my + 19l @pery
ClIBlere@m) + 9l e @mey ] (5.22)

IV 72 (B(p,2))

IN A

IN

while

IN

191 72 (B(p,2)x (0,2)) Cllollz, @y

IN

CLIBlp, @my + lgllgy sy
C [H/B”Cé’”(]]{m) + Hg”céﬁ(RTH) ] . (5.23)

IN

Since
1Vl 2 (Bm2)x0,2) < ClINVE2(BE.2) T |8l H2(B(R.2)%(0,2)) ]
it follows that
192 (B 2x02) = CLIBlgte @m) + 9l cpe@ren ]
and hence from (5.21), we conclude
HT/’”cg»U(B(pJ)X(o,l)) < [ ”m‘c&vf’(Rm) + ”gHC(}"’(RT“)] . (5-24)
Since 9(y,0) = —w'(0)y(y) for y € B(p,3) we find then that
lallcoe By = 1AllcoeBe.r) = CLIBlcte @y + 19l cie @rey]-
The constants C' accumulated above are all independent of the point p € R chosen, therefore
HQHCOJ(RM) <C [ Hﬂ”céﬂ(]gm) + Hg”céﬁ(RTH) ] . (5-25)
Besides, the definition of ¢ yields
||¢||Cg"’(Rm><(0,1)) <C [ ||6||Cé’U(Rm) + Hché"’(R’fﬂ)] . (5-26)

Finally, estimate (5.25) and interior elliptic estimates for the equation satisfied by ¢ yield that for
any 7 >0

”CﬁHcgvf’(B(p,l)><(T+17T+2)) <C [ |’¢HH2(B(]),3)X(T,T+3)) +

l9llcoe (Bw3)x(rr+3)) + llallcos Bes)
C ISl mz, @m + 19t @mery +[18llcre @m)]
ClIBlcre@my +llgllcpe @py ] (5.27)

IN

IN
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where, again, C' is uniform on p and 7. Combining (5.26) and (5.27) we obtain
H¢||nga(er+1) S C [ Hﬁ”cl,a(Rm) —|— Hg”céyg(RTJrl) ]

and estimate (5.2) has been established. The proof is concluded. O

We have the validity of a similar result for Problem (5.11)

Lemma 5.5. Given g such that
||9Hco,cr(RT+1) < +00

there exists a solution ¢ € C2’”(RT+1) of Problem (5.11) that defines a linear operator of g, satis-
fying the estimate

H‘ZSch,o(RTH) < CHQH()O&(RTH)- (5-28)

Proof. The proof goes along the same lines as that of Lemma 5.1, being actually easier. A solution
satisfying the estimate

HQSHHEM(RTH) <C ||9HL12'U'(RT+1)- (5.29)

is found with the argument in Lemma 5.4, using the result of Lemma 5.2. Estimate (5.28) for this
solution then follows right away from local boundary and interior elliptic estimates. O

6. LINEARIZED PROBLEM IN THE HALF-CYLINDER

Let T' be a smooth, complete, embedded manifold in R™*! that separates the space into two

components. For each point p € I' we assume that we can find a parametrization
Y,: B(0,1) CR™ T c R™*!
onto a neighborhood U, of p in I', so that if we write
9i5(y) = (0iYyp, 0;Yp) = 0i + Op(y)

we may assume that 6, is smooth with 6,(0) = 0 and with second order derivatives bounded in
B(0,1), uniformly in p.

In this section we want to extend the linear theory developed so far to the same problem considered
in the region I'c x (0, 00). Thus we consider the problem of finding, for given functions g(y,t), 8(y),
a solution («, ¢) to the problem

076+ Ar.o + f'(w(t)d =aly)w'(t) +g(y,t) forall (y,t) € T=x (0,00),
#(y,0) = 0 for all y eI,
hd(y,0) =5(y) forall yel.. (6.1)

We also consider the problem

Oio+Ar.o + f(w(t))p =g(y,t) forall (y,t) €T x (0,00),
#(y,0) = 0 for all yeTl.. (6.2)
For an open subset A of a manifold embedded in RY, we call C*“(A) the Banach space of
functions h € CE7(A) for which
||h||CkU(A) < +00.
We prove first the following result.
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Lemma 6.1. For all sufficiently small € the following statement holds: given
(8,9) € CM7(I'.) x C*(T'c x (0,00))
such that
1B8llcto ey + lgllcoe mox(0,00)) < +00
there exists a solution (¢,a) = T(B,g) of Problem (6.1), linear in its argument, that satisfies the
estimate
[@llc2o(r.x(0,00)) + ltllcoe @y < ClIBllcrer.) + llgllcos (T'e x (0,00))] (6.3)
where C' is independent of ¢.
Proof. We shall construct a solution by gluing solutions built through Lemma 5.1 to problems of
the form (5.1), associated to local Euclidean parametrizations of I'.
The local coordinates of the surface I' induce corresponding ones for the neighborhood 6_1Up of
the point p. = ¢ !p in I';, by means of the map
y € B(0,e7Y) = 7Y, (ey) € e U,
The Laplace-Beltrami operator is represented in these coordinates by

_ ( det g(ey) 9" (ey) 0 )

Ar, =
Vdet g(ey)

where the ¢ represent the coefficients of the inverse matrix of gij- Then we can expand
Ar, = Ay + By, By, = bij(ey) 9ij +ebi(ey) 05, |yl <&, (6.4)
where the coefficients b;;, b; have derivatives bounded, uniformly in p, and b;;(0) = 0. Observe in
particular that |b;;(ey)| < Cely| with C uniform in p, so that for 6 > 0 small but fixed we have
bij| < C68, |Dybij| +|Dybs| < Ce, ye€ B(0,6e),

so that the coefficients are uniformly small with 6 as ¢ — 0, in other words Ap, differs from
Euclidean Laplacian by an operator d-small, uniformly in p.

We fix a small number ¢ and choose a sequence of points p; such that I' is covered by the union
of the open sets

Uy := Yy, (B(0,6/2)) (6.5)
and so that each U; does not intersect more than a finite, uniform number of U/, with ¢ # j. Let us
consider a smooth cut-off function 7, with n(s) =1 for s < 1, = 0 for s > 2. We define on I'; the
smooth cut-off functions,

Mem(y) = 1(e lyl/md), y =Yy, (ey),

extended as zero to all I'; outside their supports.
We look for a solution to Problem (6.1) with the following form.

¢ = Zﬁk1¢k +¢, a= anak (6.6)
k=1

j=1
where ¢y, is defined, for instance, on Uy, x (0,00) with

Uy, == 'Y, (B(0,29)),
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and the function ng1¢y is extended by zero outside its support. Using Einstein’s summation con-
vention, equation (6.1) can be written as

M1 (97 + Ar.)ér + £/ (w)dr] + 2V dp - Viome + > mkiogw’
k=1

OrAr. k1 — h+ (07 + Ar ) + f'(w)y =0.
nkl¢k(y7 0) + ¢(y7 0) = 07

forall yeTl.. (6.7)
We separate further the above equation as
[ (7 + Ar. )k + f'(w an w)+ 1)y + anak +
k=1
(0F + Ar)y — (Z Nk1)¥ + 2Vr. ¢k - Vreonk + ¢kAr.nk — b (6.8)

k=1

Since the sets U cover T' and for each j, there is at most a uniformly bounded number of £ # j
is such that U, NU, # 0, it follows that for some constant C' uniform in &.

1<V =Y ny <C. (6.9)
k=1
Now, defining
N2
b = = — 6.10
> =170 ( )

and using that ng1mpe = Nk we get that

B=" k1B,
k=1

Then Equation (3.40) will hold if we have the following infinite system of equations satisfied.

bk + Ar b+ f'(w)dp = apw’ — (f/(w) + 1)¢  in Uy x (0,00)

(bk(ya 0) = 07
forall yelp, k=12,..., (6.11)
O}y + Arp —V(y)y = =D [2Vr.¢k - Voo + opArne | + 9
k=1
in Uk X (0, OO)

P(y,0) =0 forall yeTl..
(6.12)

Using local coordinates y = 7Y, (ey) in U, we get equation (6.11) expressed as
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Ok + Dyor + By, dr, + f(w)dp = apw’ — (f'(w) + 1),
for all (y,t) € B(0,20e 1) x (0,00),
¢r(y,0) =0, ye B(0,25 1),
0upr(y,0) = —0(y,0) + Bi(y), v € B(0,26¢7). (6.13)

where B, is the small operator in (6.4), and by slight abuse of notation we denote in the same
way h(y) and h(y), a function h defined on e ', evaluated at the point y = e 'Y (ey). Equation
(6.13) can be extended to all of R%, with all its coefficients well-defined. Now, ng3(y) = n(ely|/39),
and we will have a solution of (6.11)-(6.12) if we solve the system

O dr. + Ayor + ks By, or + /(W) dr = agpw’ — na(f'(w) + 1)y,  in RY,
)=0 forall yeR™

7,0) = —misdii(y, 0) + Bi(y) forall y€R™  (6.14)

O}y + Ar —V(y)y = = > [2Vr.dk - Ve + opArne | + 9
=1

in I'z x (0, 00)
P(y,0) =0 forall yel..
(6.15)
We will solve first equation (6.15) for given ¢y’s and g.
Let us consider the Banach space
£(C™7(A))
of bounded sequences in C"7(A), endowed with the norm
[0l oo (oo () = sup Akl cm.o (a)-
Let
D = (¢ )k>1 € L°(CHI(RY)), g€ C™(T: x (0,00))
be given. We write equation (6.15) as
O+ Arp = V(y)y = g in e x (0,00)
Y(y,0) =0 forall yeT..
(6.16)

We see that g defines a linear operator of the pair (¢,g) and
9llc2om.x0,00)) < Cllgllcoer.x0,00)) + 5H¢||zo<>(c2»v(R3))]
where the constant C' is uniform in all small €. Here we have used the fact that

IVromii| + [Ar.ge| < Ce.
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Now, since 1 <V < C, the use of barriers yields the existence of a unique bounded solution % to
(6.16), which satisfies

%] oo (P x(0,00)) < CllGl Lo (e x(0,00)) -
Then the use of local interior and boundary Schauder estimates, invoking the representation of
the equation in local coordinates and the uniform Holder character of the coefficients, yields that
1 = U(D, g) satisfies
H‘I’(‘pag)HC%v(rsx(O,oo)) < C[HQ”CO»U(FEx(o,oo)) +EH‘I>HZ<><>(C2»U(R3))] . (6.17)

Next we consider in addition 8 € C17(I'.) be given and define 3 as in (6.10). Then b := (B )k>1

satisfies
[6llgoe(crommyy < C IBllcror,)-
Let
T 0(CH(R™) x £5(CO7(RY)) — £°(CP7(RY)

(8,9) — T(B,9) :=¢
be the linear operator built in Lemma 5.1 as a solution of Problem (5.1), so that
T8 Dlc2ems) < [lgllcoewe) + 18llcre@m)]- (6.18)
Then the equation (6.14) after substituting ¢ by ¥(¢, g) becomes
Ron+ Dyor + f'(w)dr = arw' + gp,  in R,
ok(y,0) =0 forall yeR™,

Ori(y,0) = Bi(y) forall yeR™, (6.19)

where

k= —mkaBp, o1 — mes(f'(w) + DW(d,9),  Br(y) :== —ms0¥(¢,9) (v,0) + Bi(y)
so that we find a solution if we solve the linear fixed point problem

d = A®) +g, Pel®(C*(RY)) (6.20)
where

A@)e = T(—x%¥(P,0) (- 0), —m3Bp, b1 — mua(f'(w) + 1)¥(2,0)),
g = T(=m30,%(0,9) (-,0) + By, —ms(f'(w) +1)¥(0,9))
From estimates (6.17), (6.18) and the d-smallness of the operator B, we readily get that for all
small €

[ @) oo (2.0 (mS ) < COIP|goo (2.0 (R )
and also
8l (c2o®e)) < C [lgllcoe(r.x0.00)) + 11Bllcroq.)]-
It follows that if § is fixed sufficiently small, then for all small ¢, Problem (6.20) has a unique
solution ® = ®(3,¢) which is linear in its argument and satisfies the estimate

19(8; e (c20®)) < C Tlgllcor roxo,00)) + I1Bllcrer.)] (6.21)
It is straightforward to check that the solution (¢, ) thus obtained by formula (6.6), satisfies the
desired properties. The proof is concluded. ]

We consider next the case in which ¢ and 8 have a uniformly weighted Holder control.
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Let us consider a positive function p(y,t) defined on T’z x (0,0) which we assume of class C?7.
Let us write

¢ = pg

and consider Problem (6.1) written in terms of ¢. We have

a(y)w'(t) +g(y,t) forall (y,t) € T x (0,00),
0 for all y eI,
=f(y) forall yel.. (6.22)

oy,

026+ Ar.¢ + Bo+ f'(w)g =
) =
09(y,0)

0
0
where ~ B B B
Bo=p ' [07p+ Ar.pld+ 207" [Vr.p-Vi.d + 0p0id)]

a=pla, g=plg, B=p"'8.
If we have that ~ ~

BBl co.o(r. x (0,00) < Cll@llco (0 x(0,00) (6.23)
for a c¢ sufficiently small, then there is a small linear perturbation of the operator built in Lemma
6.1 which solves problem (6.1) whenever

1Bllcre e,y + 13l co.e (1. x (0,00) < +00-

and a corresponding estimate is obtained for ¢ = p~1¢ Condition (6.23) will be achieved provided
that

10~ D2 pllo.s (. x (0,000 + 107 Dpllcoor.xoo)) < € (6.24)
with ¢ sufficiently small. Under this condition we have obtained a solution ¢ to Problem (6.1) such
that

1P~ D2@l| 0.0 (1. x(0.00)) + 127 Dl oo (02 (0,00)) + 107 Bllc0.0 (0 x(0,00))
< C”(ﬁHCZf’(FsX(O,OO)) <
Ol DBlco .y + o™ Blloves + I glesewaxooen]-  (6:25)

For our purposes, the following weight plays a very important role. For y € T we denote r(y', y9) =

V1+|y]? and we write
re(y) = r(sy), yele.
For positive numbers v, v let us consider

ply.t) = re(y) e, (y.t) € T x (0,00).
Then we observe that if v is fixed sufficiently small, then for any fixed v > 0 and all small ¢ we
have the validity of condition (6.24).
Let us consider the weighted Holder norms defined in (3.54)-(3.55)
Then the following result has been obtained.

Proposition 6.1. If v > 0 is fived sufficiently small and v > 0 is arbitrary, then for all sufficiently
small e the following statement holds: given (5,g) such that

”BHC}U(FE) + Hg|’08:,‘;(f‘gx(07oo)) < +00
there exists a solution ¢ = T (B, g) of Problem (6.1), linear in its arqument, that satisfies the estimate

|’¢HC§;;’(FEX(0,OO)) < C[HBH@,U +Hg”co"(1“5><(0<>o))] (6-26)
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where C' is independent of €.

7. SOLVING THE PROJECTED PROBLEMS

In terms of the operator 7(f3,g) defined in Proposition 6.1, we will have a solution to (4.9) if we
solve the fixed point problem

¢ = —T(0Y()(y,0), Rs(h) + N (¢)), ¢ € CrI(lex (0,00)). (7.1)

Taking into account that for v = 4 + u we have

Hat\lj(o)(y,o)ucg;g(rs) + [ R3(h) +N(0)HCS;$(FX(O,00)) < cet

and the fact, straightforward to check, that the operator on the right hand side of equation (7.1),
defines a contraction mapping on the set of functions ¢ with

3
”(bucfj,‘y’(l“x(O,OO)) < Me?,

then fixing M sufficiently large, contraction mapping principle provides a unique solution of (7.1) in

that region. Using the Lipschitz property (3.76) for R3(h), corresponding properties are inherited
for the solution. The following result holds.

Lemma 7.1. For all small € sufficiently small the following holds. There exists a solution ¢ = ®(h)

of problem (/.2) that defines an operator on functions h satisfying constraints (3.64). For such

functions and some p > 0 we have
[2(m') — @) < Ce’|bi —hallgaqpr

C3, - (Pex(0,00))

@ () < et

chfw(rgx(opo))
and
1 2 4.1 2
”N(@(h )) _N((I)(h ))”Cfl)f#w(f‘gx(()po)) < Ce Hh —h H2,2+u,F
for all h, h', b2 satisfying (3.64).

7.1. The reduced problem: proof of Theorem 4. We are ready to solve the full problem. Let
us consider the solution ®(h) to (4.2) predicted by Lemma 7.1, and call a[h] the corresponding a.
Then

07 ®(n) + Ar,@(h) + f'(w(t)@(h) = afb]w'(t) — R3() — N (2(h)) in T: x (0,00),
?(y,0) =0 forall yeTly,,
O®(h)(y,0) = =0, ¥ (®(h))(y,0) forall yeT.. (7.2)

We can express the parameter function afh] for the solution predicted of Problem (4.9), as an
operator in h, by integration against w’, for y € T'.,

afb] (1) /0 Tt = /0 T A @) + Ra(h) + N (@) w (7.3)

Then we will have solved our original problem if we find a solution h within constraints (3.64) of
the equation
Arh +|Ar(y)Pn = Blal (y) inT. (7.4)
where
Blh] (y) = e *afb](e7'y), yel.
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and « is the function in (7.3). We see then that

[|[n] < Cet,

”c;?fu(rs) =
hy] — ah - < C&%||hy —holl 20 gy -
lafhi] —af 2]Hcgv+ﬂ(r5) < Ce'lm 2HC§’+M(F5)

Using Lemma 3.2 we then get
IBBloatp—or < Ce™"?|ab]] oo

4+#(Fs)
< 0T, (7.5)
180" = B0 asu—or < Ce™2[laln’) — afb’]|oa r,)
< el - mllcze - (7.6)

7.2. The proof of Theorem 4. At this point, we make use of a linear result. for the problem
jp[h] := Arh + |A1’*|2h =g inl. (77)
Lemma 7.2. Let i/ > 0. Then there exists a positive constant C' > 0 such that if g satisfies

Igllo.atpr < 400

then there is a solution h = T (g) of equation (7.7) that defines a linear operator of g that satisfies

[bll2,0,44 .0 = IDEB]|g a0 + [Bllo24pwr < Cllglloas o

This result follows from Proposition 10.1 and Corollary 10.1 in the next section. We will use it
here to conclude the result. We find a solution to Equation (7.4) if we solve the fixed point problem

h = 7(B)), (7.8)

where we choose p/ = &, (0 < pp < 1), and 0 < §. From the lemma, and estimates (7.5), (7.6) we
find that the operator on the right hand side of (7.8) is a contraction mapping of the region where

— 3
Hh”2,cr,4+,u’,1“ < 52 7 < ez,

C
hence there is a solution of (7.8) and hence of (7.4) in this region. Obviously constraint (3.64) is
satisfied by this solution for all small €.
We claim that T is the graph of an entire function. This is equivalent to showing that " =
{y +¢eh(y) / y € T'} is a graph, provided that ¢ is sufficiently small. The map

(y,z) €T x (=0,0) =y + zv(y)

defines a diffeomorphism onto a tubular neighborhood of I', for sufficiently small §. Moreover, since
curvatures of I' are actually decaying at infinity, we have moreover that its inverse = — (y(x), z(z))
has uniformly bounded derivatives. Now, we have that " is described by the equation V(z) :=
z(x) — eh(y(z)) = 0. We observe then that

Dpo V() = Opyz — eVTI(Y) - Opgy = v + Oex™?).

thanks to estimate (3.66). Since
1 c

VI VFR T 1?2
for some ¢ > 0 it follows that 0.,V (z) > 0 at every point of I'*", and hence this manifold can be
described locally about each of its points as a graph of a function of (z1,...,zg), hence this is also
globally the case. This function is clearly entire. The proof of the Theorem is thus concluded. [
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In the next section we shall conclude the proofs of Theorems 5-2.1 by solving the reduced problem
(7.4) in the situations there considered. In order not to lose the main thread of the presentation of
the results, we postpone the rather delicate analysis to Section 10.

8. PROOF OF THEOREM 5

The proof follows the same scheme as that for the epigraph case, so that we only exhibit the
differences. The step of the improvement of the approximation is actually identical. The coefficients
of the metric, as well as the curvatures, decay faster in r than those of the minimal graph. In fact
the Jacobi operator is at main order Laplacian along each of its leaves. The slight difference is that
now we will need to find sufficiently far away a solution of

Jrlh]=p inT
where p = O(r=277) as r — oo. We do not solve this problem directly but rather its projected
version

Zi

4
Jr[h] :QU—Z:CZ-—3 inT
= 1+

/ i p=0 forall i=1,...,4
T 1+ 7"3

where z;’s are the Jacobi fields associated to rigid motions. At this point we refer to the theory
developed in [9] that allow to solve this problem for bounded A in which in addition one has fast
decay of first and second derivatives. We can adapt the theory to the use of weights with Holder
norms like in this paper in a straighforward way. The final problem that is to solve is actually a
projected version of (7.4),

2
1+73

4
Arh + |[Ar(y)*h = B (y) = ) e in T, (8.1)
j=1

/Lhzo forall i=1,...,4
F1+T3

We conclude, as in [9], the existence of a solution u and coefficients ¢; such that

4

Au+ flu) = Zciﬁwl(t), u>0 inQ, ueL®9), (8.2)
i=1
u=0, % = constant on 02 (8.3)

An interesting, but important fact is that for Serrin’s overdetermined problem Pohozaev’s identity
also holds and the boundary term vanishes. A slight variation of the argument given in [9] pp.
99-102, that exploits the invariance under rotation and translations of the problem, yields that
¢; = 0 for all 4, and the construction is concluded. In the case of the catenoid we can further
restrict ourselves to the space of axially symmetric functions to conclude the existence of an axially
symmetric solution. O
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9. PROOFS OF THEOREMS 6 AND 7

In this section, we sketch the proofs of Theorems 6 and 7 and Corollary 2.1 which follow from
the general scheme of proof of Theorem 4. The notable difference here is that the first error is
O(e) only but thanks to the CMC condition the first approximate can be made to depend on the
signed distance to the surface only. As before we need to improve the error up to order O(¢*). The
reduced problem—the Jacobi operator-can be solved easily in this case, thanks to the compactness
and non-degeneracy condition. So we shall concentrate only on the part of improving the errors.

9.1. Fermi coordinates and the expression of the Laplace-Beltrami operator. In this
section, we assume that ' is an oriented smooth hypersurface embedded in M. We first define the
Fermi coordinates about I and then, we provide some asymptotic expansion of the Laplace-Beltrami
operator in Fermi coordinates about I'.

We denote by n a unit normal vector field on I' and we define

Z(x,z) = Exp,(zn(x)), (9.1)

where x € I', z € R and Exp is the exponential map. The implicit function theorem implies that
Z is a local diffeomorphism from a neighborhood of a point (x,0) € I' x R onto a neighborhood of
xe M.

Remark 9.1. In the special case where (M, g) is the Fuclidean space, we simply have
Z(x,z) = x+ zn(x).
Given z € R, we define I', by
I,={Z(x,z) e M : xeT}.

Observe that for z small enough (depending on the point y € T" where one is working), I', restricted
to a neighborhood of y is a smooth hypersurface which will be referred to as the hypersurface parallel
to I' at height z. The induced metric on I', will be denoted by g..

The following result is a consequence of Gauss’ Lemma. It gives the expression of the metric g
on the domain of M which is parameterized by Z.

Lemma 9.1. We have

Z*g = g.+d?
where g, is considered as a family of metrics on TT, smoothly depending on z, which belongs to a
neighborhood of 0 € R.

Proof. Tt is easier to work in local coordinates. Given y € I', we fix local coordinates x :=
(z1,...,2p) in a neighborhood of 0 € R™ to parameterize a neighborhood of y in I' by ®, with
®(0) = y. We consider the mapping

F (:Ev Z) = Equ)(m)(Z N((I)($)))7
which is a local diffeomorphism from a neighborhood of 0 € R™*! into a neighborhood of y in M.
The corresponding coordinate vector fields are denoted by

Xo := F,(0.) and X = F*(&Bj),
for j = 1,...,n. The curve xg — F(xg,x) being a geodesic we have g(Xy, Xo) = 1. This also
implies that Vg(OXo = 0 and hence we get

9.9(Xo, X;) = 9(V%, X0, X;) + 9(V%, Xj» Xo) = 9(V%, Xj, Xo)-
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The vector fields Xy and X; being coordinate vector fields we have V%OXJ- = Vg(on and we
conclude that
20.9(Xo, X;) = 29(V%, Xo, Xo) = 0r,9(Xo, Xo) = 0.

Therefore, g(Xo, X;) does not depend on z and since on I' this quantity is 0 for j = 1,...,n, we
conclude that the metric g can be written as

g:gz+dz27

where g, is a family of metrics on I' smoothly depending on z (this is nothing but Gauss’ Lemma).
0

The next result expresses, for z small, the expansion of g, in terms of geometric objects defined

on I'. In particular, in terms of ¢ the induced metric on I', h the second fundamental form on I,
which is defined by

h(ti,ts) == —§(V{ N, ts),
and in terms of the square of the second fundamental form which is the tensor defined by
h @ h(ti,t2) := §(V{ N,V N),
for all t1,to € TT. Observe that, in local coordinates, we have
(h® h)zg = Z hia §° ilbj-
a,b
With these notations at hand, we have the :

Lemma 9.2. The induced metric g, on I', can be expanded in powers of z as
g:=g—2zh+ 22 (h@h+g(Ry(-,N), -, N)) + O,
where Ry denotes the Riemannian tensor on (M, g).
Proof. We keep the notations introduced in the previous proof. By definition of ¢, we have
9- =9+ O(z)-
We now derive the next term the expansion of g, in powers of z. To this aim, we compute
forall 4,5 =1,...,n. Since Xg = N on I', we get
0.3,y = —2h, (9.2)
by definition of the second fundamental form. This already implies that
g =§—2hz+ O(?).
Using the fact that the Xy and X are coordinate vector fields, we can compute
92 9(Xi. X;) = 9(V, V%, X0, X)) + 9(V, V%, X0, Xi) +29(V%, Xo, V%, Xo)- (9.3)
By definition of the curvature tensor, we can write
V,gXo vgfj = Rg(XO7 X]) + vgfj vgfo + v[gXo,Xj] )
which, using the fact that Xy and X; are coordinate vector fields, simplifies into

ngo Vg(] = Rg(Xo,Xj) + V‘()](J V‘()](O .
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Since Vg@ Xo =0, we get
Vg{o Vg(on = R,(Xo,X;) Xo.
Inserting this into (9.3) yields
92 9(Xi, X;) = 29(Ry(Xo, Xi) Xo, X;) +29(V, Xo, V% Xo).
Evaluation at zg = 0 gives
029z 1._o = 29(R(N,-) N, ") +29(V! N, VIN).
The formula then follows at once from Taylor’s expansion. O
Similarly, the mean curvature H, of I', can be expressed in term of § and h. We have the :

Lemma 9.3. The following expansion holds
H, = Trjh+ 2 <Tr§i1 ® h + Ricy(N, N)) +O(2),
for z close to 0.

Proof. The mean curvature appears in the first variation of the volume form of parallel hypersur-

faces, namely
1 d

B Vdet g, dz
The result then follows at once from the expansion of the metric g, in powers of z together with
the well known formula

H, =

det g,.

Qet(I + 4) = 1+ TeA 4 L ((TrA)’ — Ted?) + O(AJP),
where A € M, (R). O

Recall that, in local coordinates, the Laplace Beltrami operator is given by

A, = \/%axi (giﬂ' \/@axj) .

Therefore, in a fixed tubular neighborhood of T, the Euclidean Laplacian in R"*! can be expressed
in Fermi coordinates by the (well-known) formula

Ay =02 —H, 0, +A,.. (9.4)
In the case where the ambient manifold is the Euclidean space, we get
Lemma 9.4. The induced metric g, on ', is given by
g :go—2zko+22ko®ko.

in other words
9z = go((I —zA)-,(I = z4) )
where A is the shape operator defined by

A= (hy). (9.5)
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Proof. We just need to compute
O X 00, X = 00X 00, X + 2 (00X 00, N + 0,8 -0, X ) + 22 0., N - 0, N,

where N := X*N. We can use (9.2) to write
Op,N - 0p;N = A0y, X - A0y, X
And, using the definition of the first and second fundamental forms on I'; we conclude that
Op, Xz 00, X, = 05, X -0, X —22(A04,X) - 00, X + 22 (A0, X) - (A0, X).
This completes the proof of the result. O

Similarly, the mean curvature H, of I', can be expressed in term of z and A, the shape operator
about I which has been defined in (9.5). We have the :

Lemma 9.5. The following expansion holds

H, = ZTr (ARFL) 2P
k=0

Proof. The mean curvature appears in the first variation of the volume form of parallel hypersur-

faces, namely
1 d
H,=—- —+/det g,
Vdet g, dz .

1 d B
_mgdet(I—ZA):Tr(A([_ZA) 1)

and the result follows. O

Hence we find that
H, =

9.2. Construction of an approximate solution. Given any (sufficiently small) smooth function
h defined on I', we define I'j, to be the normal graph over I' for the function h. Namely

I :={y+hy)N(y) e R"™ . yeT}.
We also define the epigraph
Q ={y+tNy) eR"™ . yel, t>h(y)}.
We would like to solve the equation
Au+ f(u) =0,

in Q, with v = 0 and J,u = constant on 0f);,. In this section, we explain how to build a
function A and a function u which solve this overdetermined problem to high order of accuracy.
The construction makes use of an iteration scheme which can be used to determine all the orders
successively.

We keep the notations of the previous section and, in a tubular neighborhood of I" we write

o =0 (ZH2,)

where h is a (sufficiently small) smooth function defined on I'. It will be convenient to denote by ¢
the variable
z = h(y)

€

t:=



SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES 43

Using the expression of the Laplacian in Fermi coordinates which has been derived in (9.4), we find
with little work that the equation we would like to solve can be rewritten as

(1+ Hdh”fk) 0?v + E2Ag<v —c (HC + Agch) O
(9.6)
e (dh, datv)gg} iy H@)=0

for t > 0 close to 0 and y € I'. Some comments are due about the notations. In this equation and
below all computations of the quantities between the square brackets [ | are performed using the
metric gc defined in Lemma 9.4 and considering that ¢ is a parameter, and once this is done, we
set ( =t + h(y).

The fact that we ask that u has 0 boundary data translates into
v(0,y) =0
on I'. Finally, the Neumann data of u reads

1/2
L 2
N(v, h) = (1 + HthgC)C:h(y) v

where this time the expression between the square brackets is evaluated at ¢ = 0.
We set
v(t,y) = w(t) + o(t,y)

where w is the solution of (1.5). In this case, the equation (9.6) becomes

M(v,h) =0,
where we have defined
M(v,h) = [ (02 + 20y, + f'(W)) ¢ — & (Dgeh + He) (W + 8,0)
2 2 9.7
_ HthgC (w" + 07 ¢) — e (dh, d8t¢)g<:| etn (9.7)

+ (flw+¢) - flw) = f(w)9)

We now perform some formal computation to determine the solution ¢ and h so that M (w + ¢, h)
is constant. We assume that ¢ and h can be expanded in power of ¢ as

p=chpo+e’pr+egot+etst...
and
h:€h0+€2h1+€3h2+...

where all functions ¢; depend on ¢ and y while the functions h; only depend on y. We naturally
assume that ¢; nor h; depend on e and, since this will turn out to be the case and since this
simplifies the computations, we also assume that hg is constant and ¢g = ¢ (t).
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Lemma 9.6. The following ezpansion holds
M(w +6,h) = = ((0F + F/(w)do — Tr(A) v
+ & ((@2 + f(w))p1 — Tr(A%) (t + ho)w' — Tr(A)dydo + 5 f (’w)Q%)
+ & (O + f(w))d2 — (Tr(4%) (£ + ho)? + Jp bn) !
— TH(A2)(t + ho)ugo + 11 (w)gotn + 11 (w)6})
+ & ((@2 + f'(w))ps — (Tr(A*) (t + ho)® + Jr ha) w' (9.8)
“TY(A2) (¢ + ho) Bedr + Agg b1+ 3 £ (w)$? — || dhn |2, w”
— (2Tr(A%) hy + [0c Ag hiljc=0) (t+ ho) w’
—Tr(A?)h10;¢0 — Tr(A3)(t + ho)?Orpo

"

) (w ) (1
1O (w)gods + L5 oo + L4
+ O()

where
Jr = (g, + Tr(4%))

is the Jacobi operator about T' and f\9) denotes the j—th order derivative of f.

Proof. Under the above assumptions, the following expansion is easy to derive
2 4
" Age¢] C=et+h — Agy1 + O(e”)
since ¢g = ¢o(t) which does not depend on y. Using the fact that g- depends smoothly on ¢ together
with the facts that hg is constant and ¢g = ¢o(t), we get

[Ag R] =eDgy(h1 +ehy + e hg) +&° [0 Ag.h] ., (t+ho) + O(eh),

|(=et+h
Using the result of Lemma 9.3, we obtain the expansion

[H] Tr(A) + e Tr(A?) (t + ho + e hy + €2 ho)
+ €2TI"(A3)(t—|-h0)(t—|—h0+2€h1)
+ 3 Tr(AY)(t + ho)? + O(eh)

c=0

|(=et+h

Next, we have
2 _ 4 2 5
[l ] ..., =<" lanl, + O
since hg is assumed to be constant. Similarly, we get
[(dhv dat¢)gg] |¢=ct+h = 0(64)
since hg is constant and ¢g = ¢o(t). Finally, Taylor’s expansion yields
fw+o) = flw) = fw)d = 5" (w)¢® + 5./ (w)¢® + 3 f (w)e* + O(7)

To derive the expansion, it is enough to insert these expression in (9.7) and rearrange the result in
powers of e. O
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Using similar arguments, we also get the expansion of the normal derivative of v + ¢ in powers
of e.

Lemma 9.7. The following expansion holds

N(w + ¢, h) = w'(0) +ep(0) + (2 g1 + 7 Do + ' 0yds) o + lldhally, + O(®)

In order to construct the approximate solution the idea is first to find the functions ¢q, ¢1, ..., @3
so that M (w + ¢, h) = O(&°). Thanks to Lemma 9.6, we obtain the following system of equations

(07 + f'(w))po = Tr(A)w'
(07 + f'(w)¢1 = Tr(A?)(t+ ho)w'
+ Te(A)ddo + 5. ()}
(07 + f'(w)p2 = (Te(A%) (t+ ho)? — Jr ha) w'
Tr(A%)(t + ho)Oydo + 5 (w)por + & f
(Tr(A*) (t + ho)? — Jr ha) w'
+ Tr(A?) (¢t + ho) Orp1 — Ny, d1
— 3 f(w)et + || dha |13, w”
+ (2Tr(A%)h + [0cAg n]jc=0)(t + ho) w'
+Tr(A?)h19y o + Tr(A%)(t + ho)*dro

"

(W)}

+

(8t2 + f/(w))¢3 (99)

3 (w @ (
— [P (w)gops — fT()Qﬁo(Zﬁl + f4—!()<2561

\

We consider this system of equation as a system of ordinary differential equations (of the variable
t > 0) which depends smoothly on parameters (namely y € T') through the functions Tr(AF), the
metric gg on I' or the functions hy, ..., hs.

The next step relies on the solvability of a second order ordinary differential equation. We shall
solve ¢ and ¢1, ¢o, ¢3 differently. First we solve ¢y. Observe that a crucial fact is that since M is
a CMC surface

Tr(A) = Constant (9.10)
so that ¢y can be chosen to be a function of ¢ only. In fact we can choose
¢o(t) = —Tr(A)po(t) (9.11)

where pg(t) is the unique bounded solution to (5.6). Observe that ¢¢(0) = 0 and ¢y decays expo-
nentially in .

Next we solve ¢1, ¢ and ¢3 successively and at the meantime we also determine hg, h1, ho. This
is similar to the procedure done in Section 3.

As observed in Section 3 for a bounded function ¢(¢) € L*(0,00) a necessary and sufficient
condition to obtain a bounded solution p(t) to

P+ f(wp=q(t), p0)=p(0)=0 (9.12)
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is the following

/ o)W (£)dt = 0 (9.13)
0
In fact the solution p(t) is given by (3.33).

We now explain how the constant hy and the functions hqy and hs are chosen. The idea is to use
(9.13) in order to solve the system (9.9) for any given constant hg and any given set of functions
hi,...,hs and then we determine hg, ..., hs so that

1 =0 = 042 1=0 = Opb3 =0 + € [|dh1 |2, = O (9.14)

on I'.
To begin with, observe that, thanks to when ¢ = 0, we have

w'(0) 8yt 4= = (/Ooo(t + ho) w' () dt> Tr(A?)

= [T a0 + 55 W @i

and hence, the first equation in (9.14) amounts to ask that the constant hy € R is chosen so that

| nyua =~ [T + 3
0 0

Sf (w)gd)w (t)dt (9.15)
which can be solved uniquely for hg.
Next we choose hy so that d;¢s]—o = 0. By (9.13) this amounts to choosing hy such that

Jr(h) /O T ORd = (A% /O Tl ho)2(w (1)) 2t

1 " 3

+ /0 h (Tr(A2)(t + ho)ypo + % £ (w) o1 + of () O)w’ (t)dt

which has a unique solution hi, thanks to the nondegeneracy assumption on M.

A similar argument as above can be used to solve ¢y so that d;¢21—o = 0 and hence a unique hy
can be found.

If we succeed in achieving these choices to determine hy and ho, then according to Lemma 9.6
and Lemma 9.7, this will ensure that

M(w + ¢, h) = O(e°)
in a neighborhood of I' in T" x [0, c0) and
(w+ @)li=0 =0,

N(w + ¢, h) = w'(0) + £¢(0) + O(c°)
on I' for
pi=cpot+eipr+e3patetps  and  hi=chy+eihy +e8hy

We could use this iteration scheme to solve the equations M(v, h) = 0 and MN(v, h) = constant to
any order but it turns out that the above accuracy will be sufficient for our purpose.
Proceeding as in the proof of Theorem 4, we look for true solutions of the form

(5;:5¢0+52¢1+€3¢2+E4¢3+¢ and E:=€h0+82h1+€3h2 +h
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where we use || - ch,a( ) to measure ¢ and | - llc20(ry to measure the function h. Since I
0,y

T'ex (0,400
is compact and non-degenerate, the rest of the proof goes exactly as those of Theorem 4. We omit
the details.

10. ArPPENDIX: THE BDG GRAPH AND ITS JACOBI OPERATOR

In this appendix we let T" a fixed Bombieri-De Giorgi-Giusti minimal graph [5], as in the statement
of Theorem 4. We begin by some preliminary facts in [5] and [8].

10.1. The Bombieri-De Giorgi-Giusti minimal graph. Let us consider the minimal surface
equation in entire space R®,

H[F] = V- <L> =0 inR" (10.1)

V1+|VF]?
The quantity H|[F] corresponds to mean curvature of the hypersurface in R?,
I:={(,F(z)| 2 €R%}.

The Bombieri-De Giorgi-Giusti minimal graph [5] is a non-trivial, entire smooth solution of equation
(10.1) that enjoys some simple symmetries which we describe next. Let us write 2/ € R® as
2’ = (u,v) € R* x R* and consider the set

T = {(w,v) €R®| |v|>|u] }. (10.2)

The solution found in [5] is radially symmetric in both variables, namely F' = F(u,v). In addition,
F is positive in T" and it vanishes along 0T". Moreover, it satisfies

F(|ul,|v|) = =F(|v],|u|]) for all wu,v. (10.3)

It is useful to introduce polar coordinates (Jul,|v|) = (rcos@,rsin@). In [3] it was found that F
is well approximated for large 7 by a function that separates variables, Fy(2') = r3g(6), where g()
solves the two-point boundary value problem

!
21¢ sin® 26 ¢’ sin® 26 /T T T
/9¢2 + ¢’ - < /9¢2 + ¢'2 VD) I\4 7 \2 (10.4)
Problem (10.4) has a unique solution g € C?([F, 5]) such that g and ¢’ are positive in (§,%) and

such that ¢'(§) = 1.

Lemma 10.1. [3] There exists an entire solution F = F(|ul,|v|) to equation (10.1) which satisfies
(10.3) and such that

F0§F§Fo+% T, r> Ry, (10.5)
where 0 < o <1, C>1, and Ry, are positive cornstants.
In what what follows we will denote, for I’ and Fy as above,
I={(,F@))| o €R®}, Tg={(x,Fo(2))| 2/ €R3}.
By I'. we will denote the dilated surfaces I'. = e'I". Also, we shall use the notation:

r(z) == 1+ 22, ro(z) := r(ex), z=(2/,19) €R® xR =R’ (10.6)
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10.2. Local coordinates. In [3] it is found a convenient family of local parametrizations of the
surface I" which we describe next. Given p € I' with p = (p/,pg), R = r(p) = |p/| >> 1, we let v(p)
be its normal vector, and Iy, ..., IIg an orthonormal basis of its tangent space. Using the fact that
the curvatures of I' at p are bounded as O(R™!) one finds that there exists a § > 0 independent of
p and a smooth function G)(y) defined on R® with G(0) = G},(0) = 0, such that I' can be locally
parametrized around p by the map

8
y € B(0,0R) CR® — Y,(y) :=p+ Y_y;ll; + Gp(y)v(p) € T. (10.7)
j=1
Besides, for each m > 2 the following estimate holds:

Cm

1Dy Gpll=(mo.0m) < Hm—

where ¢, is independent of p.

Let us consider the metric g;; of I' around p expressed in these coordinates. Then
9ii(y) = (0¥, 0;Yp) = bij +0(y)

where

| D' 0(y)| < R—Tn for all |y| < @R, m > 2. (10.8)

10.3. The Laplace Beltrami operator. The Laplace-Beltrami operator of I' is expressed in these
local coordinates as

1 .
Ap = ————=09; (/detg(y) 9" (y) 9,
Vdetg(y) < ’ )
Let us set
. 1 .
ads(y) == g"(y), (y) = —=29; (V/detg(y) g (y) ) .
! ! Vdet g(y) ( )
So that
Ar = a5j(y) 0 + b7(y) 0, |yl <OR, (10.9)
where
2
y y
() oyl < B IDyaly)] < 2]
y C
B9(y)| < c‘R—Q’, |Dyb)(y)| < 7z forall ly| < OR, m > 2. (10.10)
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10.4. Solvability for the Jacobi operator of the BDG graph. We consider the linear problem
Jelh] = Arh+ [Ap(y)Ph = gly) i T. (10.11)

In [8] the following result was established.

Proposition 10.1. Let 4 < v < 5. There exists a positive constant C > 0 such that if g satisfies
" gllpeo(ry < +o0
then there is a unique solution of equation (10.11) such that ||t¥~2 h| ey < +00. This solution
satisfies
122 |y < C i gllneory -

The proof of this result is based on the construction of explicit barriers, using the fact that the
surfaces I' and I'y are uniformly close for r large. Barriers constitute an appropriate tool to solve
Problem (10.11) since Jr satisfies maximum principle, as it follows from the presence of a positive

bounded function in its kernel. In fact, we have that
Jrl(1+ [VF]?) 2] =o0.
In the current setting we need to consider right hand sides with decay of order at most O(r~*),

the prototypes being g = Z?:l k:z?’ and g = Zle k‘f‘. It is not possible in general to obtain a

suitable barrier in the setting of the above proposition when v < 4. We have however the validity
of Proposition 10.3 below which will suffice for our purposes.

The closeness of the surfaces allows us to define a canonical correspondence between maps defined
on I' and functions on I'y as follows. Let p € I" with r(p) > 1 and let v(p) be the unit normal to I'
at p. Let m(p) € I'g be a point such that for some ¢, € R we have:

m(p) = p + tpr(p). (10.12)

As shown in [8], the point 7(p) exists and is unique when r(p) > 1, and the map p — 7(p) is
smooth, with uniformly bounded derivatives both for = and its inverse. The approzimate Jacobi
operator Jr,, corresponding to first variation of mean curvature at Iy, is given by

Tro[h] == Argh + |Ar, (y) 1.
For large r, Jr is “close to” Jr, in the sense of the following result, contained in [8].

Lemma 10.2. Assume that h and hg are smooth functions defined respectively on I' and I'g for r
large, and related through the formula

ho(m(y)) = hy), yeT, r(y) >r.
There exists a 0 > 0 such that
Trh)(y) = [Trlho] + O(r=2~7)DE ho + O(r=*=7) Droho + O(r~* 7)o ] (x(y)) - (10.13)
We can compute explicitly the operator Jr, as follows. Let us consider the first variation of

mean curvature measured along vertical perturbations of the graph I'g, namely the linear operator
H'(Fy) defined by

H(R)lg] = S H(Fy +16) im0 = v-( o SERENE wo).

VIFIVERE  (1+|VER?)3

Then we have the relation

Jrolh] = H'(Fy)[¢], where ¢(a') = /1+ |VF(a!)]* h(z', F(2')). (10.14)
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For vertical perturbations ¢ = ¢(r, ) of I'y, it is straightforward to compute

H'(Fy)[¢] := L := Lo+ Ly, (10.15)
with
~ 1
Lo(¢) = 7 sind(20) {(992 Wrigg)e + (r°g” @pr), — 3(gg’ @1, )e — (g9’ 157‘4%%} ,  (10.16)
and
- 1 - -
L1(¢) = m {(7’_1 ’w(bg)@ + (quﬁr)r} N (1017)
.3
5(r,0) = sin” 26 - 10.18
(r:) (r—%+9g2 + g'*)2 ( )
We can expand
?I)(e, T) = 12)0(9) + 7"_4 w1y (Tv 0)7
where , ,
- sin”(260) 3 sin”(260) 4 .3
0) = ———, 0)=——————=+4+0 20)).
wo(6) (92 +g/2)§ wi (1, 0) 5 99° +g’2)5 (r~*sin”(20))
We set
Lo(¢) = m{(QQQ 12)07‘3(259)9 + (ng/2 Wody)r

— 3(gg wordr)e — 3(gg wor'de)r }. (10.19)

Crucial in the proof of Proposition 10.1, as in the arguments that follow below is the presence of
explicit solutions that separate variables for the operator Lg. Let us consider the equation

T
4’2

Lo(rPq(0) = 29 e

= ) (10.20)

By a direct computation we obtain
r7sin®(20) Lo(r’q(0)) = r**P [9(g> dioq')’ — 3B(gg'qin) + wo(B +4) (Bg”°q — 39g'q) ).

We see that ¢ = gg annihilates the above operator. As a consequence, the operator takes a
divergence form in the function g_gq, namely,
T sin®(20) Lo(r7q(0)) = 9% g5 [ g’ (g—éq)/]’,
Thus equation (10.20) becomes
g% (%) = 5p(0)9(6) 5" sin®(26).

Provided that all quantities are well-defined, we get the following explicit formula for a solution
q(0), 6 € (1, 3)-

o 2 3 S % +4
(0) [A - —/ﬂ g 3(9g% +4°)2 Smgfm/ p(r)g—‘%(r) sin®(27) dr |, (10.21)

where A is an arbitrary constant.
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Lemma 10.3. (a) Let p(0) be a smooth function, even with respect to 7w/4, namely
p(g —0)=p(6) forall 0 €0, g).

Then there exists a smooth function h(r,0) with the same symmetry, that satisfies, for some p > 0,

0 4
Jrolh] = I% + 00 ") asr — 400, (10.22)
and
||r2(10gr)h||Loo(1"0) < +o0.
(b) Let p(f) be a smooth function, odd with respect to /4, namely
p(g —60)=—p(8) forall € (0, %)
Then there exists a smooth function h(r,0) with the same symmetry, such that for some p >0,

Jrolh] = @ + 00 ") asr — 400, (10.23)
and
Hrh||L°°(Fo) < +o0,
and, in addition,
IV h? = O(r™*") asr — +oc. (10.24)

Proof. We will prove next part (a). We consider first the case in which p(7/4) = 0. We will
construct a smooth function ¢g(r, 8) such that for all large r we have

L(¢g) = ]@ 4+ O(r~171) (10.25)

for some p > 0.
Using Formula (10.21) with 5 = 0 and suitable constant A, we see that

Lo(a@) =29 g (T T,

rd’ 4’2
for
1% 2 o o8 ds 2 _4 . 3
q0)=—5 [ 97399+ )2 —5 = [ p(r)g 3(7)sin”(27)dr ,
9 J= sin”(2s) Js
Let us analyze the asymptotic behavior of ¢(f) near § = w/4. Setting
g_ T
r=0-—
4

we can expand
9(8) = gz +0(®), g1=¢(x/4), p(8) =paa® +O(z*), pa=1p"(r/4).
Hence we have i
/ ’ p(r)g 3 (1) sin®(2r) dr = Ag + O(a?)
where ’

Ay = p(T)g_% (1) sin3(27') dr .

M:\\
NE]

Thus, we have
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q(0) = —gl_%Ao/ sT5ds+ O(z?).
0

Hence, for As = —391_%A0, we get the expansion
q(0) = Ay (0 —w/4)5 + 00 — 7/4)2. (10.26)
Now, let us consider Let n(s) be a smooth cut-off function such that 7(s) = 1 for s < 1 and n(s) =0
for s > 2. We consider the interpolation
¢o(r,0) = (L—n(s)a(0), s:=1r"g(0).
Then, using that p() ~ g(8)? = O(r~*) on the support of 1, we get
Lo(¢o) = ]@ + 007 +
Lo(m) ¢ + 4w7§ 39v0 3910 — 9" 1],
r#sin”®(20)
b= —q(6). (10.27)

Now, we compute
n=20'rg=0(""), ny=n"r’g =0(?),
ey = 41126 + 21 g = O(r™2),  mrg = 21/"r°g9" + 21/'rg’ = O(r),
2
7790 — 77//7,49/ + 77/7,,29// — O(T4)
Substituting these expressions in (10.19) we then get
Lo(n) = O™, Bgne—g'rn] = O(1),

while on the other hand in the support of the derivatives of 1 we have
1 _2
Y =0(g(0)5) =0(r3)

and also

391 = 39¢' = O(g(0)3) = O(r™5).

Lo(¢o) = @ +O(r 5.

Now, let us consider the full operator L evaluated at this ¢p. On the one hand, it is straightforward
to check that

Thus, globally we get

Lo(¢) — Lo(¢o) = O(r™®).
Let us estimate now Lj(¢g) in (10.17). We have that

Li(¢o) = 7*8(;%3(772)6)
Y

* r7 sin3(26)
WongYe
78 sin3(26)
We observe that where 1 — 7 is supported we have at worst
10

goo = O(g~3) = O(r)

(Woqp)e

{(r=" womg)e + (rdone), }

= L1+DL+1I3
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and hence we find

We also compute

Hence, ,
Li(¢o) = O(r~*75).

We also readily see that (L1 — L)y is even smaller than the above bound. We conclude

L(¢o) = @ + O(r+3). (10.28)

where ¢g is a symmetric, smooth bounded function. We recall that we have obtained this under
the assumption that p(0) = 0. We consider next the case p(0) # 0.

Let us compute Lg(logr). We get

1 .
Lo(logr) = m{47‘3gl2(9) — 3r*(gg o) }
1 N 5
= {39"(8) — 399" w0 — 394’ (1W0)s } -

— rdsin®(26)
/2

! g 399 39'g
~ o - - : 10.29
it (992 +g'%)3/2  (9g% + g%)3/2  sin®(20) (o)o} (10.29)

Then we observe that we can decompose

b
Lotogr) = D 4+ X0 g~ giapa) (10.30)

where b(6) is symmetric, smooth and with b(7/4) = 0. In addition, we readily check that
Li(logr) = O(r="%), (Lo — Lo)(logr) = O(r~ "),

!

hence .
L(logr) = 9;_4 + @ + Oo(r~h). (10.31)
Hence, if we let
A= gip(m/4),
then we have that
L(Alogr) = 1@ - plr(f) + O™, (10.32)

where
p1(0) :== —Ab(8) + p(0) — p(/4).
Now, let us consider a bounded approximate solution ¢g(r,€) as built above where p is replaced by
p1. We see then that
@1 := Alogr + ¢

L(¢1) = @ + O(r73). (10.33)

satisfies

Observe that then the function
hi=(1=n(r) 1+ |VF[*) ¢

is smooth, symmetric, and satisfies (10.22) The proof of part (a) is concluded.
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We prove now part (b). Let us consider Formula (10.21) for 5 = 1 We have now that
- p(0) T

L(rq(0)) = T—gve € (Z’ 5) (10.34)
for
6 % .
a(0) = g5 (9) /_ g 5(9g% +47)3 ﬁés)/ p(T)g~3 (1) sin®(27) dr . (10.35)

4
Since p(0) = 0 and p is smooth, we have that the asymptotic behavior of ¢(#) near § = 7/4 is now
given by
q(8) = A1(6 —7/4)5 + 06 — 1/4)5.

Then we define
T T

do(r,0) = (1 —n(s))rqd), 0c¢c (Z’ 5), s =12g(h).
Similar computations as in the proof of Lemma 10.3 lead us now to

Loldo) = ]@ +0(r™75),  Li(go) = 0(r™*79),

and consistently to

Fn) = 25+ 0(4)

Finally, the function
®o
V14 |VF|?

extended oddly through 6 = 7 satisfies (10.23).

Next we want to estimate the quantity
\Vroh|? = ¢" 9;h 0;h,

where ¢ denotes the inverse of the matrix with the coefficients of the metric in a system of local
coordinates on I'y. Let us consider the parametrization in polar coordinates

(ug,7,u2,0) € S3 x Ry x §% x (0,7) — (r cos fuy, rsin Ouy, Fy(r, )

where Fy = r3g(0). Then the matrix g;; takes the form

r? cos? 015 0 0 0
0 (1+ Fozr) 0 0
0 0 r2sin® 01 0
0 0 0 (7’2 + F029)
and its inverse is therefore
r~2cos 20 I3 0 0 0
0 (1+ F02T)_1 0 0
0 0 r=2sin"26 I 0
0 0 0 (7‘2 + Fo20)_1

where I3 is the 3 x 3 identity matrix. Hence, if we evaluate at a function h = h(r,0) we simply get

1 1
IVrh|* = ——[0,h]* + ———|0h|?
1+F02r ' T2+F02€
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or
1

T+ 9977

Let us set h = (1 —n(s)) q(0)r~" so that
IVrh|? = |Vrh|? + O(r8).

Evaluating formula (10.36) at hfor s = r2g > 2, we get globally that

1
|Vrh|? = oh® + W@hﬁ (10.36)

1 - 1 ¢%0) 4
— 5h o~ = = d=p
1+ 9g%rt 10l r4 14 9g%rd ofr )
globally, since q(6)? ~ g%. On the other hand,
1 2 __ 1 ! 2

We have that |¢'|*> ~ g_% < Cr3 and hence the above quantity is O(r=477) at least away from
6 = 5. Near T we use that ¢'(7/2) = 0 to get the same smallness there.

Thus
Vrhl? = O(r~H)
for s > 2. Now, in the region 1 < s < 2, where the cut-off acts, we take into account that
o = O(r?)
and get that the contribution of this term to the computation of
1 712
72 4 by’ 19651
is like
~rlq(0) = O(rH),
The contribution of the derivative in r yields also a small order term. Hence, we have in the entire
region that
Veh|? = O(r~*7")
and the validity of (10.24) follows. The proof is concluded. O

Proposition 10.2. (a) Problem (10.11) has a solution h with
=% (log ¥) hl| oo (r) < +00
if
8

8 2
g:Z:k:Z4 or gz[Zkf] .
i=1

i=1

(b) If

then Problem (10.11) has a solution h with
HI‘2+‘u DFhHLOO(F) + HthLoo(F) < +00.
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Proof. Let us prove Part (a). Let k:? denote the principal curvatures of I'g. Then we compute
directly that the functions

] ] 2
> I and [chﬂ?]

i=1 =1
are both of the form (for large r)

gly) = I@

with p symmetric and smooth. In addition, we have that away from the origin,

8 8

S k) = YK Ew)* + Oy

i=1 i=1
Let hg be the approximate solution predicted by Part (a) of Lemma 10.3 in Iy, so that for instance

8
Apyho + [Ar *ho = > 1K' + O™ #)
i=1

where
|r?log r hol| oo (rg) < +00.
Let hi(y) := ho(m(y)). Then, according to Lemma 10.2 and a direct computation we find that

Trlha)(y) = Trolho)(n(y)) + Ox(y)~*7#).

Hence
8

Trl](y) = k() +Cv)

i=1
where ¢ = O(r~*7*) By Proposition 10.1 there exists a solution hy of
JIrlhe] = ¢

with [|x2# hy || reo(r) < +00. The desired result follows by simply setting h := hy + hg. The proof
for the other right hand side is the same. For part (b) the argument is similar, taking into account
Part (b) Lemma 10.3. O

10.5. Weighted Schauder estimates. We have the following result, that controls the decay of
the first two derivatives of solutions of equation (10.11).

Lemma 10.4. Let v > 2. There exists a constant C' > 0 such that the following holds. Let h be a
solution of equation (10.11) such that

lgllow.r + I Al| oo (r) < +oo.

Then
HDlz“h”U,VI + ”hHmV—ZF <C [ Hg”U,V,F + ”ry_2hHL°°(F)]- (10-37)
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Proof. We use the local coordinates (10.7). Then, around a point p with r(p) = R, for any sufficiently
large R, the equation reads on B(0,20R) for a small, fixed 6 > 0 as

af;(y)diih + b (y)dih + |Ar(y)|*h = g(y) in B(0,20R).
Consider the scalings

h(y) = R"h(Ry), g&(y) = R"g(Ry).
Then we obtain the following equation.

ad;(y)0ijh + b)(y)0ih + bo(y)h = g in B(0,26),
where 5 -
aij(y) = ag;(Ry), bi(y) = Rb)(Ry), bo(y) = R*|Ar(Ry)|>.
We will apply interior elliptic estimates to this equation. First, let us notice that from the estimates
obtained for the metric, we have that the coefficients above are all uniformly bounded an elliptic in
B(0,20). Besides, we have that their first derivatives are also bounded in this region, with bounds
uniform on the point p and on R.
Elliptic estimates then yield

| D3Rl coe 50,0y + 1hllcoe B0y < ClIENIcos (0,200 + 1l (B0,20))]- (10.38)
Let us observe that for any y1,y2 € B(0,26) we have

&8(y1)l = [R"g(Ry)| < ClrgllLe(r),
and ~ ~ N R
81 — 82| _ puole(iyr) — g(Rya)] _ Clelyr.
ly1 — 2l |[Ry1 — Rya|”
Therefore, we have the inequalities

Igllcor(Bo20)) < Cllgllowr, 1llzeso20) < Cllr” A oo (r).- (10.39)
Now, we have that
D?h(y) = R"[D*h](Ry)
Hence for yi,y2 € B(0,0R) we have

VD2h — D2} D2h(R-1 — D2h(R™! —o |7
peD2hon) = Dhlys) - DAET90) = DURETYS) e ) o oy

It follows that if A = Y,(B(0,6)) then
[DEhlyon < CID?hlcoe50.0))-

Similarly we have that ~
[hlv—2.04 < C|hllcoo(B0,0))
while clearly, also,
£ 2R oo (a) + I DEA oo (a) < CLlRlcow(06)) + ID*Allcos (0.0 ]
Hence from inequalities (10.38) and (10.39) we obtain

IDZhllow,a + hllop—2,0 < Clllgllowr + £ 2hll oo )],
where C' is uniform in p con r(p) >> 1. Using this and an interior estimate for the equation on a
bounded region, the desired estimate (10.37) follows. O
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Corollary 10.1. 1. The solution h predicted by Proposition 10.1 satisfies the estimate

|DER)|owr + |Allop—20 < Cllglowr-

2. The solution in Part (a) of Proposition 10.2 satisfies that for any small T > 0,

IDFhloa—rr + |h]lo2—rr < +00

3. The solution in Part (b) of Proposition 10.2 satisfies

IDEAllos,r + [lhlloar < +oo

while for some p >0

| Drhllo24+pur < +o0.
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