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k € L'(R). Upon making several different assumptions on k, f and p, we get
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five main results. The first two main results establish sufficient conditions on k
and p such that the weighted ergodic space PAPy(X,p) is invariant under the

é(vzgg}hotztfisﬁseudo almost periodic operator K. The third result specifies a sufficient condition on all functions (k, f
functions and p) such that the Kf € PAPy(X, p). The fourth result is a sufficient condition
Pseudo almost periodic functions on the weight function p such that PAPy(X, p) is invariant under K. The hypothesis
Integral equations of the convolution invariance results allows to establish a fifth result related to
Partial functional-differential the translation invariance of PAP (X, p). As a consequence of the fifth result, we
equations

obtain a new sufficient condition such that the unique decomposition of a weighted
pseudo almost periodic function on its periodic and ergodic components is valid
and also for the completeness of PAP(X, p) with the supremum norm. In addition,
the results on convolution are applied to general abstract integral and differential
equations.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In [17], Diagana introduced weighted pseudo almost periodic functions theory as an extension of the
pseudo almost periodic functions theory introduced by Zhang [41] (see also [8,37-39,42-44]) as a natural
generalization of the almost periodicity notion started by H. Bohr [6,7] (see also [2,12-16,26-29,32]) and
continued by several researchers like V.V. Stepanov, S. Bochner, J. Von Neumann and S.L. Sobolev [11,18].

We now briefly describe some generalities, terminology and notation. Overall, the central and original
idea of Diagana [17] (see also [17-24]) was the enlargement of the ergodic component space with the help of
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a so-called weighted measure du(t) = p(t)dt, with p : R — R™ a locally integrable function commonly called
weight. More precisely, a continuous function f defined from R to the Banach space X is called a weighted
pseudo-almost periodic function if it can be written as follows: f = g+ ¢, with g an almost periodic function
and ¢ a weighted ergodic function in the sense that ¢ : R — X is a bounded continuous function such that
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The space of all weighted almost periodic functions and the weighted ergodic functions from R to X are
denoted by PAP(X, p) and PAP(X, p), respectively. It is clear that PAP(X, p) is more general, richer and
have become more important than the standard space of pseudo-almost periodic functions PAP(X). In
particular, we note two facts. First, if we consider that p is a constant function, then the first limit given
in (1) defines the mean of ¢, i.e. the ergodic functions space, PAP(X), is a particular case of PAP(X, p).
Second, we note that

o1(x) = , pa(x) = and  ¢3(z) = exp(—x?)

14 22

are ergodic functions and may not necessarily be weighted ergodic functions. Thus, the Diagana’s definition
of weighted pseudo almost-periodic functions, allows to distinguish between ¢1, ¢o and ¢3 according to the
size of the disturbance measured by p.

The initial motivation of this paper was the fact that the general theory of weighted pseudo-almost
periodic functions is far to be closed, since several questions remain still open. For instance, the existence
of the weighted mean for a general almost periodic function [25], the unique decomposition of a weighted
pseudo almost periodic function in its periodic and ergodic components and the characterization of the cases
when the set of weighted pseudo almost periodic functions is a Banach space with the supremum norm [45],
the ergodicity of the weighted mean and the convolution invariance of the weighted ergodic space [1,33].
For a recent list of some of these problems we refer the reader to [45] and for the partial solutions we refer
to [1,25,33].

In this paper, we are interested on the convolution invariance of PAP (X, p). Indeed, we recall that it is well
known that PAP(X) is a convolution invariant space, in the sense that if f € PAP(X), then f+k € PAP(X)
for k € L*(R). Now, for f € PAP(X, p), we note that f+k = gxk+¢*k and g*k is almost periodic function
but ¢ * k is not necessarily in PAPy(X, p). Then, the study of the convolution invariance of the spaces
PAP(X, p) and PAPy(X, p) are equivalent. Thus, we focus in the following task: is the space PAPy(X, p)
convolution invariant?

We found four sufficient conditions which imply positive answers to the question of convolution invari-
ance of PAPy(X, p). Moreover, we establish results with the consequences of the convolution invariance of
PAPy(X, p) in the translation invariance, the unique decomposition of PAP(X, p), and the completeness of
PAP(X, p) with the supremum norm.

We now state more precisely the sufficient conditions. Let us denote by p € Uy, the set of bounded
weights such that the second limit in (1) is valid. First, by assuming that p € Uy, satisfies the condition

t
sup sup PEES)

< 00, QT,S:{teR : |t|<|s|+r},reR+, (2)
reky teq,., P(t)

for each s € R and (k, f) arbitrary selected in L!(R) x PAPy(X, p), we get that f*k € PAPy(X, p). Second,
by considering that p and k satisfy the conditions
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we prove that for f arbitrary selected in PAPy (X, p), we get that f x k € PAPy(X, p). Third, considering
(3)-(4) together with one of the following conditions

t—r
rlgroloﬂ / / H/ le(s)|ds | p(t)dt = 0,
Sup/ / / |k(s)|dsp(t)dt < oo,
reRT

—oo  t+r

we introduce one additional affirmative answer to the question of convolution invariance of PAPy(X, p).
Fourth, by assuming that k, f and p are such that

36:R—>R, : kéeL'(R) and sup pluts) o
|uts|<r,reR*,seR p(”)(b(s)
) —r r+|s]
lim ——~ / +/ f(D)]x p(r)dr =0 for all s € R,
e | S 1) o)

we prove that fxk € PAPy(X, p). Note that the last result is not a result on the convolution invariance of
PAP(X, p), since it requires a restriction on f.

In this paper, we also get three further results of the application of convolution results. In the first
application, we get a result on the uniqueness of a weighted pseudo almost periodic solution of an integral
equation, see Theorem 4.1. Then, we introduce a second result for the uniqueness of pseudo almost periodic
mild solution of an evolution equation, see Theorem 4.2. Finally, in Theorem 4.3, we give a sufficient
condition for a unique weighted pseudo almost periodic of the heat equation where the source function
is given by vH(t)sin(u(t,z)), where « is a positive parameter and H is the function defined as follows
H(t) = cos(t) + cos(v/2t) + ¢(t) with ¢ such that ¢(t)e’ is bounded.

The paper is organized as follows. In section 2 we introduce the notation and recall some concepts and
previous results. In section 3, we state and prove the main results. To close the paper, in section 4 we
introduce some applications in integral equations, abstract differential equations and partial differential
equations.
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2. Preliminaries

In this section we present the concept of a weighted pseudo almost periodic function and related concepts
like the weighted mean of a function, the weighted ergodic function. Moreover, we also recall some useful
results.

Hereinafter, the notation (X, ||-||x) and (Y, |- ||y) will be used for the general Banach spaces X and Y with
norms || - ||x and || - ||y, respectively. Furthermore, we will use the notations C(R x Y, X) and BC(R,X) for
the jointly continuous function form R x Y to X and the Banach space of all bounded continuous functions
from R to X dotted with the sup norm, respectively.

2.1. Weight notion and related notation

We say that a function p is a weight if it has the following properties: (i) p is defined from R to [0, 00),
(ii) p is locally integrable over R, and (iii) p is strictly positive almost everywhere on R. The set of such
functions is denoted by U. Now, in relation to the weight notion, we introduce the function u defined as
follows

T

u(r.p) = [ plo)ds (5)

-Tr

as well as the following sets notation

Us = {pGU 2 lim p(r, p) = OO},

Up = {p € Uy : pis bounded with inﬂf{p(x) > 0}.
TE

Note that U, U, and Up are the collections of all possible weight functions, the weights such that belong
Ll

loc

(R) — LY(R), and the positive bounded weights, respectively. Clearly, the sets U, U, and Up are not
empty and Up C Uy C U. Two examples of weight functions are given by pg, p1 : R — [0,00) defined as
follows

a+ blx
po(x) = il

= T witha >1,5>0 and pi(x)=exp(l—x).

1
loc

Indeed, we have that py € U since pg € Li_(R) and po(z) > 0 for all z € R; py € Uy since
lim, o0 pt(7, po) = 00; and also py € Up since 1 < po(z) < a for x € R. Similarly we can prove that

p1 € U — Usp.

Definition 2.1. Let p1, p2 € Uy, Then, we say that p; is equivalent to ps if p1/p2 € Ug. The equivalence of
p1 and ps is denoted by p; ~ po.

We note that p; ~ ps if and only if there exist a; > 0 for ¢ = 1,2 such that a1p2 < p1 < agzps and
it implies agp(r, p2) < p(r,p1) < asu(r,p2). Hence ~ is a binary equivalence relation on Us,. Thus the
equivalence class of a given weight p € Uy, will then be denoted by cl(p) and is naturally defined as follows

c(p) = {G)EUOO : @Np}.

It is then clear that Us = U,cu. cl(p). Moreover, this notion of equivalence implies the identification of
some weighted pseudo almost periodic spaces, see Theorem 2.3 below.
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We also have the monotony property
p(t + s) < Csp(t) implies that u(t + s, p) < Csp(t, p), (6)

for some positive constant Cs and for each s > 0, since

r+s r r
plr +5.p) = / p(t)dt = / p(t + s)dt < C, / p(t)dt = Cupi(r, p).

2.2. Weighted pseudo almost periodic functions definition

In order to introduce the weighted pseudo almost periodic functions, we firstly need to define the
“weighted ergodic” space PAPy(X, p). Then, the weighted pseudo almost periodic functions appear as per-
turbations of almost periodic functions by elements of PAP((X, p) (see Definition 2.2). Indeed, firstly we
introduce some notation and then we precise the definition of PAP((X, p). Let us recall that the weighted
mean of g is denoted by M(g) and is defined by the following limit

r

. 1
Mig) = tim —— [ g(s) pls)as.

-Tr

when this limit exists (see (5) for p notation). It is well known that in general the weighted mean does not
exist for any pseudo almost periodic function or equivalently, there exists g € PAP(X) such that M(g) may
not exist, see for instance J. Liang et al. [34]. Now, let us assume that p € Uy, then we define the weighted
ergodic space associated to p as follows

PAPy(X, p) = {f € BOR,X) : M(||fllz) = 0}. (7)

Sometimes the space PAPy (X, p) is referenced as the p— PAP((X) space. We note that by considering p = 1,
we recover the so-called ergodic space of Zhang, that is, PAPy(X, 1) is the ergodic space of Zhang which
is briefly denoted by PAP((X). Moreover, we observe that for several p € Uy, the spaces PAPy(X, p) are
richer than PAP((X) and, naturally, gives rise to an enlarged space of pseudo almost periodic functions.
Furthermore, analogously to (7), we define PAPy(Y,X, p) as the collection of jointly continuous function
F :RxY — X such that F(-,y) is bounded for each y € Y and M(||F(-,y)||) = 0 uniformly in y € Y. Now,
we are ready to recall the definition of weighted pseudo almost periodic functions.

Definition 2.2. Let p € Uy,. Then, we have that

(a) A function f € BC(R,X) is called “p-pseudo almost periodic” or briefly “weighted pseudo almost
periodic” if it can be expressed as follows f = g + ¢, where g € AP(X) and ¢ € PAPy(X,p). The
collection of such kind of functions will be denoted by PAP(X, p).

(b) A function F € C(R x Y,X) is called “p-pseudo almost periodic” or briefly “weighted pseudo almost
periodic” in ¢t € R uniformly in y € Y if it can be expressed as F' = G + ®, where G € AP(Y,X) and
® € PAPy(Y,X, p). The collection of such functions will be denoted by PAP(Y,X, p).

Remark 2.1. The definition of mean carries implicitly a measure p absolutely continuous with respect to the
Lebesgue measure and its Radom—Nikodym derivative is p, since du(t) = p(t)dt. Then, the results of the
paper can be extended to more general and recent concepts for weighted pseudo-almost periodic functions
in the context of measure theory [4,5].
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Example 2.1. Here we introduce some examples of weighted pseudo almost periodic functions.

(a) Let po(z) =1+ 22 for each z € R. We note that py € Ug, since u(r, po) = 2(r + r3/3). Now, we define
the function f: R — R as follows

f(z) = sin(x) + sin(v/2x) + ¢(x) with ¢ such that ¢pg is bounded.

Clearly, f belongs to PAP(R, po). Namely, sin(x) + sin(y/2z) is its almost periodic component, while
¢ € PAPy(R, pg) since

r—oo 2(r

. 1 f
M() = lim m_/ 16(2)(1 + 22)dz = 0.

Moreover, ¢ € PAP(R, p) if ¢po < p, with pu(r, p)[uu(r, po)] =1 — 0 as r — oo. This assertion is valid, for
example, with p(z) =1+ |z|.

(b) Let pi(z) = |z|¢, d € N for each = € R. Clearly p; € Uy, — Ug since pu(r, p1) = 2r?+1/(d + 1). Now, we
define the function f: R — R as follows

f(x) = sin(z) + sin(v/2z) + é(z) with ¢p; € L°(R).

We note that f belongs to PAP(R, p;). Indeed, sin(z) + sin(v/2x) € AP(R) and ¢ € PAPy(R, p1) since

d
M(9) = 1 /|¢ )|zl 4dzz = 0.

'l"~>oo opd+1

(¢) In this example, we present two weights which are equivalent. Let p;(x) = 2 + sinh(|z|) and p2(x) =
1+ cosh(|z|) for each x € R. It can be easily seen that p1, p2 € Uy and that

pi(z)  2+sinh(|z]) 4+el?l—e \wl
p2(z)  1+4cosh(|z]) 2+elel e T ©

Then py ~ p2. O
2.8. Some results for weighted pseudo almost periodic functions

In this section we list four useful results. First, we recall a result of J. Liang et al. [34] about the
non-uniqueness of the decomposition given in Definition 2.2 when p € Uy, see Lemma 2.1. Second, we
remember that PAP(X, p) has a natural structure of Banach space with the sup norm when p € Up (see
[17,35,46]). However, it is also known that, the completeness of PAP(X, p) in the sup norm topology and
when p € Uy — Up is not a trivial problem, see Theorem 2.2. Third, we have a result related to the
equivalence relation, see Theorem 2.3. Fourth, we recall a composition theorem of weighted pseudo almost
periodic functions, which will be important in the study of weighted pseudo almost periodic solution of
differential equations, see Theorem 2.5. Moreover, we present two immediate consequences of Theorem 2.5,
see Corollaries 2.6 and 2.7.

Lemma 2.1. Fixz p € Us. The decomposition of a p-pseudo almost periodic function f = g+ ¢, where
g € AP(X) and ¢ € PAPy(X, p) is not unique.
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We recall that the proof of this Lemma was given by Liang and collaborators in [34] through the con-
struction of some examples. Moreover, by the application of Lemma 2.1, we observe that when p € U, the
space PAP(X, p) cannot be always decomposed as a direct sum of AP(X) and PAP((X, p). The immediate
consequence of this fact is that we do not know precisely the subset of Uy, — Ug such that PAP(X, p) is a
Banach space with the induced norm || f||s = [|g|loc +|®||oc although AP(X) and PAP (X, p) are closed lin-
ear subspaces of BC(R,X). Then, in order to overcome this troublesome situation Zhang and collaborators
in [45] introduce the following norm

171 = inf (sup s 1) s+ sup x(t) ) (®)

and prove the completeness of (PAP(X,p), | - ||,). Here {g; + ¢;, i € I} denotes all possible decomposition
of f € PAP(X,p). To be more precise the result of completeness of PAP(X, p) is given by the following
theorem (see also Corollary 3.9)

Theorem 2.2. Fiz p € Uy. PAP(X, p) is a Banach space with the norm || - ||, defined on (8).

In order to characterize the Zhang’s space PAP(X) in terms of the new space PAP(X, p), Diagana [17]
(see also [17-19,21,35]) introduce and analyze the equivalence relation given on Definition 2.2-(c). Moreover,
he gives a generalization of the well known composition results for the pseudo almost periodic functions.

Theorem 2.3. Let p € Uo,. If p1, p2 € cl(p), then

(a) PAP(X,py + p2) = PAP(X, p1) = PAP(X, p3), and
(b) PAP(X, p1/p2) = PAP(X, cl(1)) = PAP(X).

Corollary 2.4. Let p € Ug. Then, PAP(X, p) = AP(X) @ PAPy(X, p) and (PAP(X, p),|| - ||sc) is a Banach
space equivalent to the spaces (PAP(X,p), || -1|,) and (PAP(X,1),||-||1).

Theorem 2.5. (See [17-19,21].) Let p € Uy, and let f € PAP(Y,X, p) satisfying the Lipschitz condition
1t ) — F(t0)x < Llfu— vlly for all uyv € Y,t € R (9)
1 g € PAP(Y, cl(p), then f(g(-)) € PAP(X, cl(p)).

Corollary 2.6. Let p1,p2 € Us with po € cl(p1). Let f € PAP(Y,X, cl(p1)) satisfying the Lipschitz’s
condition (9). If g € PAP(Y, pa), then f(-,9(-)) € PAP(X, cl(p1)).

Corollary 2.7. Let p € Ug. Let f € PAP(Y,X, cl(p)) satisfying the Lipschitz’s condition (9). If g €

Here, we introduce two comments related with Theorem 2.3. Firstly, we note that the Theorem 2.3 enables
us to identify the Zhang’s space PAP(X) with a weighted pseudo almost periodic class PAP(X, p). Indeed,
if p € Up, then PAP(X,p) = PAP(X, cl(1)) = PAP(X). Secondly, by considering p; and ps as given on
Example 2.1-(c) an application of Theorem 2.3 implies that PAP(X, p1) = PAP(X, p3) = PAP(X, p1 + p2)
and PAP(X, cl(1)) = PAP(R, p1/p2).

3. The convolution and some consequences

In this section we focus on the following question: When the convolution operator IC, defined as follows
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oo

(KA)() = / k(t —s)f(s)ds for a given k € L'(R), (10)

— 00

maps PAPy(X, p) into itself? In the best of our knowledge, there are some isolated results for this problem,
but there is not yet a systematic study, see for instance [3,9,10,31,40]. Here, we recall that an effective way
to construct weighted pseudo almost periodic functions is through the convolution operator. Indeed Diagana
[17-19,21] proved the following result

Proposition 3.1. Fiz p € Ug. Let f € PAPy(X,p) and k € L*(R). Then Kf = f * k, the convolution of f
and k on R, belongs to PAPy(X, p).

However, the restriction p € Up reduces PAPy(X, p) to PAPy(X,1) the ergodic space of Zhang (see
Theorem 2.3). In order to overcome this problem, in this section we assume that p € Us. To be more
precise we assume that

Fix p € Uy and k € L*(R). (11)

Now, under the general hypothesis (11), we obtain four main results related to the general question which
proves that f € PAPy(X, p) implies that f € PAPy(X, p). In a broad sense, we get the results by three
types of additional conditions:

(a) The first two results (see Theorems 3.2 and 3.3) are obtained by requiring explicit conditions between
k and p.

(b) The third result (see Theorem 3.4) is deduced by imposing conditions on k, p and f.

(¢) The fourth result (see Theorem 3.5) is a result where we assume conditions for the weight p.

Then, to have that the convolution (Kf) is PAPy(X, p), first we use Theorem 3.5. If this does not work we
check Theorems 3.2 and 3.3, where k helps to p. Finally, we prove with Theorem 3.4, where f helps to k
and p, see Liang et al. [34].

Moreover, we obtain a fifth result (see Theorem 3.7) related to the translation invariance property of the
space PAPy(X, p).

3.1. Conwolution invariance of PAPy(X, p)

Theorem 3.2. Consider that the condition (11) is satisfied and K is defined by (10). Assume that p and k
satisfy the following requirements:

/|k t)dt < oo,
\s|<7" T€R+
(12)
sup /\kt—8)|p( )dt < oo,
|s|<r,reRy P
lim /ds/|k‘t—s\p
7—00 ILI,
(13)

. 1 -
roo (T, p) T/dslk(t—s)lp(t)dt_

Then f € PAPy(X, p) implies Kf € PAPy(X, p).
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Proof. By the properties of convolution we have that f € BC(X,R) implies that f x k& € BC(R,X) for
k € L*(R). Then, in order to get that f x k € PAP(X, p) we must to prove that M(||f * k||x) = 0. Indeed,
we proceed in two stages. Firstly, we assume that k(t — s) = 0 for ¢ > s. Then, by applying the Fubini
Theorem, we deduce that

MIF bl = |l —— / [CRTIORE
. 1
< lim / / 1) eli(t — ) e

—r

IN

i M(: ) /p(t) / £ (s)[|x|k(t — s)|ds

+ [ 1) elkte = s)ids | de

||X/|kt—s \p(t)dtds

7‘—>OO ‘[L

+ lim

/nf ||X/|kt—8|l) )dtds
T‘—)OOILL

— i ||x/|kt—s |p(t)dtds
™00 M
1 T
+lim / 1F()lps) | —— / Ik(t — s)|p(t)dt | ds. (14)
=00 pi(r p(s)

Now, we note that these two limits tend to zero. Indeed, we deduce that the first limit vanishes by using the
fact that f € BC(R,X) and the first limit of the hypothesis (13). Meanwhile, the deduction that the second
limit vanishes is proved by application of the first part of the condition (12) and the fact that M(]| f]|x) = 0.
This concludes the first stage, since we have that M(||f x k||x) = 0 for k € L*(R) such that k(t —s) = 0 for
t > s. Now, in the case of a general k£ we deduce the result similarly using the fact that ffooo = fioo + f:oo

and the second parts of the hypothesis (12)—(13) to estimate the terms corresponding to ft+°°. ]

Theorem 3.3. The result in Theorem 3.2 is true if (13) is replaced by

lim |k(s)|ds | p(t (15)

r—oo (7, p) t+
—OO s

In particular, Theorem 3.2 is valid, if (13) is replaced by

sup/ / / |k(s)|dsp(t)dt < oo. (16)
reRT

— 00 t+r
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Proof. We follow the proof by applying similar arguments to the proof of Theorem 3.2. Mainly, we note
that the hypothesis (13) and (15) are equivalent. This fact can be proved by using the identities

]Mﬂ/ﬁHFWWWﬁZjMU ]iHM% dt (17)

—r t+r

j p(t) 7|k<t — s)|dsdt = / p(t) t/T|k<s>ds dt. (18)

More precisely, if in (14) we use (17)—(18) instead of the Fubini Theorem, we can follow the proof of the
theorem by using the facts that f € PAPy(X, p) and the pair (p, k) satisfies the hypothesis (12) and (15). O

Example 3.1. Let us consider h,(t) = e~ " and p,(t) = e°* with ap := o — 0 > 0. We note that

1 f 1 Tfatfs ot asrfozt
@/ka(ts)pg(t)dt_e: ealt=9)e dt:eo/e ot dt

S S S

-1
— @S —QoTr __ ,—QpS < 1’
e {_010 (e e )]

which implies that (k, p,) satisfies the conditions in Theorems 3.2 and 3.3. O

Here, we recall that Diagana [17,19] considers the condition

r

sup /efa(rﬂ)p(t)dt < 00,
r>0

T
which corresponds to the particular case k(t) = e~ of (16) in Theorem 3.3, but he does not consider
other condition and does not the convolution operator either. Moreover, we have two observations. First,
@ % f is not necessarily in PAPy(X, p) as is shown by p(t) = [t|?e*?, see examples 2.1,
2.2 in Liang et al. [34]. Second, let & > 0, our results allow consider (e~(+2)? |t|e?!)-convolutions.

the convolution e~

Theorem 3.4. Consider that the condition (11) is satisfied. Assume that p, k and f € PAP(X,p) such that

p(u+s)
Jo:R—>R : k¢e L'(R) and sup —— < 00, (19)
* ( ) [u+s|<r,reRt, seR p(u)¢(s)
—r r+|s]
lim If(Dlx p(r)dr =0 for all s € R. (20)
r=oo pu(r, p) .

Then the (k, p)-convolution of f is in PAPy(X, p).

Proof. Clearly k * f € BO(X,R) since f € PAP(X,p) and k € L*(R). Now, by Fubini Theorem, we get

Mk = 1) = Jims —— [k« Ot
. 1 o0 T
= lim p)_ZO (s) / 10 = 5)lp(e)dnds
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= lim / k(s)] | —— / 1£(t — ) lxp(t)dt | ds

r—oo p(rsp) J
= [ flks)]ds, (21)
r—00
where f. , is defined by the term between the brackets [...]. We note that f, , has the following properties

(f1) By definitions of f,, and p we can deduce that |f. ,(s)| < [|f]lcc, which implies that || f. k|71 (r) <
1 FllsollL1 ey for all v € Ry

(f2) By a change of variable and hypothesis (19) we have that there exists a positive constant C' such that
the following bound holds

1 T
frple) = 2o / 17t — ) lxp(t)dt

r—

- /Ilf(U)lle(U+5)du

plr.p) .
) - ]s|
< / Wl
rtls|
= Col) | — T /| 17 @)llxpludu

Now, noticing that f, , > 0, the application of condition (20) implies that f ,(s) — 0 when r — oo for
all s € R. Then, naturally f, ,(s)|k(s)] = 0 when r — oo for all s € R.

(f3) By definition of the limit given on hypothesis (20) we have that for all € > 0 there exists N > 0 such
that » > N implies that

T+|s|

fw)|lxp(u)du < e.

Then, the bound deduced in (f;) implies that f,,(s) < C € ¢(s) for all s € R and r > N. Thus,
using additionally the fact that k¢ € L'(R) by the assumption (19), we deduce that there exists
g(s) = C € ¢(s)|k(s)| € L'(R) such that f, ,(s)|k(s)| < g(s) for all s € R.

From the properties (f;)—(f3), the Lebesgue dominated convergence theorem and (21) we follow that M (| & x*
fllx) =0. Hence k * f € PAPo(X,p). O

Theorem 3.5. Consider that the condition (11) is satisfied and IC is defined by (10). Assume that p is such
that for each s € R the inequality

t
sup sup (t+s) <00, Q= {t eR : |t < s] +7“}, re Ry, (22)

T6R+ teQr,s p( )

holds. Then f € PAPy(X, p) implies Kf € PAPy(X, p).
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Proof. Denote by C, the supremum given in (22). By the definition of C|,|, p(t+]|s]) < Cjsp(t) for [t] < |s|+r.
By (6), we deduce that the following inequality holds

u(r+1sl, p) < Cg p(r,p), for each (s,7) € R x Ry. (23)

Now the proof continues using the ideas and the same notation as in the proof of Theorem 3.4. Indeed, by
the estimate (23), the hypothesis (22), and the fact that f € PAPy(X, p), we deduce that

T—S

/ 1 £(0) ot + )t

—Tr—Ss

0< fr,p(s) = 7

r+|s|

IA

oy | 1 Oleott e

—r—]s|

7+ ]

< Wr+lslp) 1
= ulrp) plr+s)p)

—r—|s|

1f (®)lxp(t + s)dt

T+|s|

1
< Cly CESED) Cs / £ () lxxp(t)dt.

—r—|s|
Then

r+|s|

1 () [xp(t)dt

1
0< Ii < Gl Cs lim oo
< lim frp(s) < CpgCs lim. pu(r + s, p)

—rs|

= Cl5) CM(]| fllx) = 0,

ie. fr,p(s) = 0 when r — oo. Thus the property (fy) is again valid. Meanwhile, to prove (f;) and (f3) we
proceed similarly. Then, the proof finishes as in Theorem 3.4, i.e. by application of Lebesgue dominated
convergence theorem. O

Example 3.2. In this example, we introduce some possible functions where the hypotheses given on (19),
(20) or (22) are valid. First, conditions (19) or (22) are satisfied with ¢ = p if p is sub-multiplicative, i.e.
there exists ¢; > 0 such that p(s +¢) < ¢sp(s)p(t) for all ¢,s € R. Now, condition (20) follows if f and p
satisfy at least one of the following requirements

fp € LP(R) for some p such that 1 < p < oo, or

—r r+|s|
lim / ptdt—l—/ptdt =0.
r=o0 pu(r, p) . ) )
—r—|s r

Moreover, the condition (20) in Theorem 3.4 is related with the condition f € PAPy(X, p) “enlarged”, see
Liang et al. [34]. Meanwhile, the condition (22) is easy to verify when p is sub-multiplicative or for instance,
when p is even, ||p||11(0,+) — 00 when ¢t — oo and the limit thm p(t+ [s))[p(t)] ! exists. O

— 00
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Here, we comment two important facts. First, note that the bound in Theorem 3.5 is not uniform in
s € R. Then the limit of the mean is not uniform. However, these conditions are satisfied by a wide range of
weight functions. For instance if p verifies the sub-multiplicativity condition (see Example 3.2). A function
of this type is given by p(t) = (1 + [t|?)e* for a > 0 and 3 > 0. Second, more particular conditions of type
(22) have been obtained previously by Agarwal et al. [1].

Example 3.3. Consider the weight defined by p(z) = (1 + |z|?)e®® for each z € R. Clearly, p € Uy, — Up.
Set k(z) = e~ and f(z) = sin(x) + sin(v/22) + e~ 1#. Tt is easily seen that f belongs to PAP(R, p) and
satisfies (22). Then,

(Kf)(u) = (f * k) (u)

oo
2

= / <sin(u —7) +sin(v2(u — 7)) + e"“”‘) e " dr

— 00

is in PAP(R, p), by application of Theorem 3.5. O
3.2. Some consequences of convolution invariance of PAPy(X, p)

In this subsection we introduce some consequences of the fourth Theorems 3.2-3.5. Indeed, let us start
by recalling that when f € AP(X) the standard mean satisfies the translation invariance property: M(f) =
M(fe) for any & € R with p = 1. Here f¢ denotes a &-translation of f, ie. fe(t) = f(§+1t) for all t € R.
Therefore, the following question naturally appears: is the translation invariance property valid for the
weighted mean when f € BC(R,X) and p € U are arbitrary selected? The answer to this question was
focused by Ji and Zhang in [33]. In particular, they prove the following result

Theorem 3.6. Consider the notation

Ugo:{pero i MTETR) vTeR},
r=oe pu(r, p)
a(\, f) = lim i/f(t)(fi)‘tdt
’ r—oo 2r ’

oo(f) ={reR : a(X, f) #0}.
Suppose that p € UL and f : R — X an almost periodic function such that

1 [ .
lim —/p s)e”8ds| = 0
r=oc | p(r, p) )

-r

for all X € ap(f)\{0}. Then a translation invariance of the following type

1 1

tim s [(fp)ets)as = tim o [ pe(s)as
1 i
—r+§

is satisfied.
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Moreover, Ji and Zhang assuming that PAPy(X,p) is translation invariant for p € U,, prove that
PAPy(X, p) is convolution invariant.

On the other hand, Ji and Zhang [33] note that the problem of existence and the ergodicity property
of the weighted mean for almost periodic functions are involved in a systemic answer to the translation
invariance property of PAPy(X, p). In the case of the existence of the weighted mean for almost periodic
functions, by applying the Theorem 2.3 of [25], the authors of [33] prove two results (see Theorems 3.3
and 3.5 of [33]). Meanwhile, concerning the ergodicity, they introduce a result (see Theorems 3.11 of [33]).

In this subsection, we prove that PAPy(X, p) is convolution invariant under (22). More precisely, we have
the following result.

Theorem 3.7. Consider that the condition (11) is satisfied. Then, the following assertions are valid

(a) If the space PAPy(X, p) is translation invariant, then PAPy(X, p) is convolution invariant.
(b) If (22) holds, then the space PAPy(X, p) is translation invariant.

Proof. The proof of item (a) follows by application of Theorem 2.4 of [33]. Now, we prove that f €
PAPy(X, p) implies that fs(-) € PAPo(X,p). Indeed, let us consider that f € PAPy(X,p), then by con-
dition (22), we have that for any s € R

lim /||f )lxp(t)dt =0,

and the translation fs(-) € PAPy(X,p). O

Corollary 3.8. Consider that the condition (11) is satisfied. Then, the space PAPy(X,p) is translation in-
variant, whether (22) is valid or even if we impose that one of the following two pairs of conditions hold:
(12) and (13) or (12) and (15).

Using Theorem 3.2 of Liang et al. [34] we have

Corollary 3.9. If (12) and (13), or (12) and (15), or (22) hold, then the decomposition of PAP(X,p) is
unique. Furthermore, under the same hypothesis, PAP(X, p) is a Banach space with the sup norm.

4. Applications to abstract integral and differential equations

Consider the integral equation [37]

t

£ = / R(t, s)f (s, u(s))ds, (24)

where f and R satisfy the following hypothesis

(H1) The function f belongs to PAP(Y,X, p) (see Definition 2.2-(b)) and satisfying the Lipschitz condi-
tion (9).

(H2) The kernel R satisfies the inequality ||R(t,s)|| < Mk(t — s) for all ¢ > s, some k € L1([0,00)) and
some positive constant M. Moreover, R(t, s) is k-bi-almost periodic [37], that is, for every € > 0 there
are £, > 0 and ¢ > 0 such that each interval of length /. contains 7 for which the inequality
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|IR(t+7,s+7)— R(t,s)]| < eck(t—s), t>s,
is satisfied.

We note that, for an arbitrary almost periodic function a > 0, the kernel defined by the following relation
R(t,s) = exp (— f:(a + a(r))dr) satisfies the condition (H2) with k(t) = exp(—at) for each ¢ > 0.

Theorem 4.1. Consider p € Uy, satisfying (22) or the conditions in Theorems 3.2 and 3.3. Assume that
(H1) and (H2) hold. Then, if LM ||k||; < 1, the integral equation (24) has a unique cl(p)-pseudo almost
periodic solution.

Proof. Let us consider the operator

t

(Nu)(t) == /R(Ls)f(s,u(s))ds.

Then the integral equation (24) can be rewritten equivalently as the operator equation of second kind
Nu = u. Then the proof of the theorem follows by application of fixed point arguments. Indeed, we firstly
obtain some estimates and then we specify the application of fixed point argument.

Let us consider u € PAP(X,p). Then, by Definition 2.2, we can write u as follows v = y + z with
y € AP(X) and z € PAPy(X,p). Now, using the hypothesis (H1) and the composition result given in
Theorem 2.5, it follows that f(-,u(-)) € PAP(X, p) and naturally, by Definition 2.2, f can be expressed as
follows

su() = Fu) + o),

where f = g+ ¢ with g € AP(Y,X) and ¢ € PAPy(Y,X, p). Then, we can split A/ in two operators N}
and Na, since we can rewrite (Nu) as follows (Nu) = (Mu) + (Mau), where for each ¢ € R the operators
N7 and N> are defined by

t

(Mu)(t) == /R(t,s)G(s,u(s))ds,

t

(Nau)(t) := /R(t,s)@(s,u(s))ds.

— 00

Moreover, we note G(-,u(:)) € AP(X) and ®(-,u(-)) € PAPo(X,p). Then, by the definition of the space
AP(X), the fact G(-,u(-)) € AP(X) implies that for each € > 0, there exists £(¢) > 0 such that every interval
of length ¢(¢) contains a number 7 such that

HG(t—Fr,u(t—!—T)) —G(t,u(t))H < for all t € R.

_c
M|kl

Now, using the assumption (H2) it follows that [|(Mu)(t + 7) — (M1u)(¥)]| < € for all ¢ € R. Hence
Niu € AP(X). The next step consists of showing that
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r—00

17 -
lim —— / [(Naw) ()] [p(t)dt = 0. (25)

Indeed, from hypothesis (H2) we deduce that

[Nw) (@) < /Mh(t—S)Ilfﬁ(s,U(S))lld&

Then, the fact that ®(-,u(-)) € p-PAPo(X) implies that Myu € p-PAPy(X), since by Theorem 3.5 any
(h, p)-convolution of a PAPy(X, p) function is PAPy(X,p). Then Nou € PAPy(X,p) since ®(-,u(-)) €
p-PAP(X). Thus (25) is satisfied.

To complete the proof, we apply the fixed-point principle of Banach to the nonlinear operator A/. Based
on the above, it is clear that A/ maps PAP(X, p) into itself. Moreover, for all u,v € PAP(X, p), it is easy to
see that

|(Nu) = N0)lloo < LM [K]|y [Ju = vl]oo,

and hence A has a unique fixed-point, which obviously is the unique p-pseudo almost periodic solution
to (26). O

As a simple application we obtain a p-pseudo almost periodic solution to the abstract differential equation
u'(t) = Au(t) + f(t,u(t)), t € R, (26)

where A is the infinitesimal generator of an exponentially stable Cy-semigroup (T'(t));>o and f €
PAP(X,X, cl(p)) [30,36]. Moreover, we assume that

(H3) There exist constants M > 0 and « > 0 such that ||T(¢)|| < Me“* for each ¢t > 0.
(H4) (e, p)-conditions. The weight p satisfies at least one of the following conditions:

p is such that (22) holds, or

eas e—(XT'

e p(t)dt < oo, lim /e_at t)dt = 0.
/ o) r=o0 pu(r, p) o)

S -

sup
|s|<r,reR p(S)

Thus, we have the following result related to the pseudo almost periodic mild solutions of (26).

Theorem 4.2. Fiz p € Uy. Suppose that assumptions (H1), (H3)-(H4) hold. Then (26) has a unique
cl(p)-pseudo almost periodic mild solution whenever L < a/M.

To illustrate Theorem 4.2 we consider the existence and uniqueness of weighted pseudo almost periodic
solutions to the heat equation given by the system

(1) = 9 a(t,) 49 H () sim(u(t,2), (w,1) € [0,7] B, (1)

u(t,0) = u(t,m) =0, t eR, (28)
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where 7 is a positive parameter and H is a function defined as follows H(t) = cos(t) + cos(v/2t) + ¢(t) for
each t € R and with ¢ such that ¢(t)e’ is bounded. Now, in order to analyze (27)-(28), we suppose that
X = (L?[0,7],|| - ||2) and define the notation

D(A) = {u € L2[0, 7] : u" € L2[0,7], u(0) = u(r) = o}
Au=Au=1"(), Vu(-) € D(A).

It is well-known that A is the infinitesimal generator of an analytic semigroup T'(t) on L?[0, 7] with M =
a=1:||T(#)]] < et for t > 0. More precisely

s 2
T(t)p =Y e ™" <ot >,
n=1

for ¢ € L?[0, 7] and v, (t) = \/2/7sin(nt) with n € N. Now, set p(t) = e’ and f(¢,u(t)) = vH(t)sin(u(t, "))
for t € R. Clearly f satisfies the Lipschitz condition (H2) since

1t ut, ) = f(E 0t )2 < AI[Hud, ) — o, )2,

for all u(t,-),v(t,-) € L2[0,7] and t € R. Moreover, it is straightforward to check that H € PAP(R, cl(e))
with ¢(t) as its weighted ergodic component and cos(t) 4 cos(v/2t) as its almost periodic component.
Consequently, f is e’-pseudo almost periodic in ¢ € R uniformly in the second variable. Note that the
hypothesis (H4) is also satisfied. Hence an application of Theorem 4.2 implies the following result.

Theorem 4.3. The heat equation with Dirichlet condition in (27)-(28) has a unique weighted e'-pseudo
almost periodic solution, whenever v is small enough.
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