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he role of assortment planning and pricing in shaping sales and profits of retailers is well documented and studied
T in monopolistic settings. However, such a role remains relatively unexplored in competitive environments. In this
study, we study equilibrium behavior of competing retailers in two settings: (i) when prices are exogenously fixed, and
retailers compete in assortments only; and (ii) when retailers compete jointly in assortment and prices. For this, we model
consumer choice using a multinomial Logit, and assume that each retailer selects products from a predefined set, and
faces a display constraint. We show that when the sets of products available to retailers do not overlap, there always
exists one equilibrium that Pareto-dominates all others, and that such an outcome can be reached through an iterative
process of best responses. A direct corollary of our results is that competition leads a firm to offer a broader set of prod-
ucts compared to when it is operating as a monopolist, and to broader offerings in the market compared to a centralized
planner. When some products are available to all retailers, that is, assortments might overlap, we show that display
constraints drive equilibrium existence properties.
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the theory on competitive outcomes in assortment
and/or prices appears underdeveloped. For exam-
Assortment planning decisions are fundamental ple, recently assortment and pricing decisions

1. Introduction

drivers of consumers’ purchase decisions and ulti- under the MNL have been analyzed in Misra
mately of a retailer’s profitability. Retailers face sig- (2008), but only best responses, specific to the joint
nificant challenges to understand the mapping  selection of assortment and prices, were studied. In
from assortment decisions to consumer behavior as particular, no results on general equilibrium prop-
this mapping should synthesize complex aspects of  erties, such as existence or uniqueness, or the struc-
purchase decisions such as, for example, substitu- ture of the equilibrium set are known.

tion behavior, consumers’ collection and aggrega- The present study aims to develop a general
tion of information, consumer heterogeneity, and framework that enables to analyze equilibrium out-
the effect of competition. A key input in most comes from competition in assortment-only or in
assortment models is a consumer choice model. In joint assortment and pricing decisions. In particu-
this regard, and despite its documented deficien- lar, the goals of the present study are two-fold: our
cies, the multinomial Logit model (MNL) of con- main objective is, given the widespread use of the
sumer choice has been widely used in the MNL model, to advance the theory pertaining to
economics, operations and marketing literatures equilibrium outcomes under this model. In addi-

(see Ben-Akiva and Lerman 1985, Guadagni and tion, we also aim to derive insights on assortment
Little 1983, Train 2002), and also in practice. Thus, and pricing actions in competitive settings using

it is important to study its properties and its impli- the MNL model, complementing those in the exist-
cations on decision making of firms in competitive ing literature.
settings, which predominate in practice. However, To this end, we analyze a model of assortment and

price competition in a duopolistic setting. On the con-
*An early version of this paper was circulated under the sumers’ side, we assume that Custom(::'rs select fr.om
title: “Product Assortment and Price Competition with the set of products offered by both retailers according
Informed Consumers.” to an MNL model. On the firms’ side, each retailer
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has access to a set of products from which to select an
assortment and is constrained by limited display
capacity. The set of products from which retailers
may select products are general and may overlap. In
particular, we differentiate between common products,
that is, those that are available to select in an assort-
ment for both competitors, and exclusive products,
those that are unavailable to a firm’s competitors. We
first analyze competition when product prices are
exogenous, a setting we refer to as assortment-only
competition. We then analyze competition when
prices are endogenous, that is, are decided by the
retailers. In this case, we consider a general formula-
tion when firms face arbitrary minimum margins,
and analyze the setting in which firms simultaneously
select assortments and prices. Unless otherwise
stated, we analyze the interactions between retailers
as a game and focus on pure-strategy Nash equilibria.

Regarding our first goal above, our results may be
summarized as follows:

1. We establish that, when retailers have access
only to exclusive products, an equilibrium in
pure strategies always exists for both assort-
ment-only and joint assortment and price com-
petition.

2. We prove that, in those settings, when multiple
equilibria exist, an equilibrium will always
Pareto-dominate all others. In other words, all
retailers would prefer to settle at the same
equilibrium. Moreover, we show that this equi-
librium arises naturally starting from a monop-
olistic setup, when retailers periodically react
through best responses to the competitors” last
observed offerings.

3. We establish that when retailers have access to
exclusive and common products, an equilib-
rium in pure strategies is guaranteed to exist
as long as there are no shelf space constraints.
When shelf space constraints bind, it is possi-
ble that the number of non-Pareto-dominated
equilibria grow exponentially with the retail-
ers’ display capacity. In addition, while an
equilibrium in mixed strategies always exists,
it is now possible that an equilibrium in pure
strategies fails to exist.

Many of these results extend to the case of an
oligopoly with an arbitrary number of firms and we
comment on how to do so throughout the study.

Regarding our second goal, our results allow to
measure the impact of competition on offerings in
the market. For example, when retailers compete
only through exclusive products, the introduction
of a product by a retailer leads the competitor to
also broaden her assortment. Also, we show that
the competitor might be better off reducing the

breadth of the assortment offered, so as to induce
the retailer to reduce her assortment as well, which
leads both retailers to increase their profit (this
is the case when the original equilibrium is not
Pareto-dominant). In terms of comparisons with
monopolists, our analysis shows that a retailer will
offer a broader set of products than if she was
operating as a monopolist (with the same capacity),
and that the set of retailers will jointly offer a
broader set of products than if a central planner
(facing the same display constraints) coordinated
the assortment decisions. In this regard, our results
complement those from studies in assortment selec-
tion and pricing in different competitive settings
(e.g., Cachon etal. 2008, Coughlan and Shaffer
2009, Dukes et al. 2009). Our analysis also indicates
that when retailers have access to both common
and exclusive products, the interactions between
retailers may take a fundamentally different form.
The presence of common products introduces an
interplay between retailers’ decisions at the product
level: a product that otherwise should not be
included in an assortment might be so if the com-
petitor includes it in her assortment, and vice versa.
We show that this interplay is softened when dis-
play constraints are absent since there is no longer
an opportunity cost associated with offering a given
product. In particular, we show that display
constraints are the driver of the possibility of equi-
librium non-existence in pure strategies.

Assortment optimization is in general a complex
combinatorial problem. Thus, characterizing and ana-
lyzing properties of the outcome of competition
among retailers may appear to be a daunting task a
priori. This is probably why most formulations in the
existing literature abstract away from this combinato-
rial structure. The main contribution of the present
study is to establish that under an MNL model, the
problems of assortment-only and assortment and
price competition are actually amenable to analysis,
despite the combinatorial nature of the problems
solved by the retailers. From a methodological view-
point, the analysis builds on the idea of computing
best responses via a problem transformation. Such an
approach has been previously used in various settings
when faced with a combinatorial optimization prob-
lem with a rational objective function. It was, for
example, used by Dantzig et al. (1967) for finding the
minimal cost-to-time ratio cycle in a network, by
Megiddo (1979) for computational complexity results
on the optimization of rational objective functions,
and more recently by Rusmevichientong et al. (2010)
in the closely related context of monopolistic assort-
ment optimization with Logit demand. The current
paper leverages this transformation in a novel
fashion, and shows that it can serve as one of the
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building blocks for a unified framework to analyze a
competitive setting. In addition, the resulting frame-
work is shown to be fairly flexible, enabling one to,
for example, incorporate endogenous prices.

1.1. Literature Review

Misra (2008) studies joint assortment and price com-
petition of retailers offering exclusive products with
MNL demand and in the presence of display con-
straints, and conducts an empirical study to analyze
the impact of competition on assortment size and
prices. The analytical results obtained focus only on
best response analysis and do not provide equilib-
rium existence or uniqueness results, which may be
obtained through our framework. Furthermore, the
present study also develops theory for the case of
assortment-only competition. We also refer the reader
to Draganska and Jain (2006) and Draganska et al.
(2009) for empirical investigations of assortment and
pricing strategies in oligopolistic markets.

Additional dimensions of competition as well as
alternative consumer choice models have also been
analyzed (see Anderson and de Palma 2006, Cachon
and Kok 2007, Hopp and Xu 2008, Kok and Xu 2011,
Symeonidis 2009). The present study is the first, to the
best of our knowledge, to study assortment-only com-
petition and to provide a framework that applies to
both the latter and joint assortment and pricing
competition.

The possibility of offering overlapping assortments
has been considered before in the literature. The
challenges introduced by common products are high-
lighted in Cachon et al. (2008) when modeling compe-
tition with consumers that sequentially search for
products (see also Iyer and Kuksov (2012) for an
analysis of the role of search cost in competitive envi-
ronments), and by Dukes et al. (2009) in a competitive
setting dominated by a retailer. Similarly, Coughlan
and Shaffer (2009) highlights the interaction between
common and exclusive products in the context of
price match guarantees when retailers compete in
price and assortment.

The interplay between product introduction and
price competition has been studied in Thomadsen
(2012) to highlight that a rival may benefit from a firm
introducing an additional product. Price-only compe-
tition under choice models has been studied and is
still an active area of research. Anderson et al. (1992)
study oligopoly pricing for single-product firms
under Logit demand and study pricing and assort-
ment depth for multi-product firms in a duopoly with
a nested Logit demand, restricting attention to sym-
metric equilibria. When firms offer a single product
and customers’ choice is described by an attraction
model, Bernstein and Federgruen (2004) establish
existence and uniqueness of an equilibrium for profit-

maximizing firms and Gallego et al. (2006) generalize
this result for different cost structures. Gallego and
Wang (2014) study price competition under the
nested Logit model. For the Logit model, Konovalov
and Sandor (2009) provide guarantees for the exis-
tence and uniqueness of an equilibrium for affine cost
functions when firms may have multiple products.
Allon et al. (2013) provide conditions that ensure exis-
tence and uniqueness of an equilibrium under MNL
demand with latent classes.

While the studies above focus on assortment
competition, there is a large body of work that focuses
on monopolistic assortment optimization, and
approaches to compute optimal strategies given the
combinatorial nature of the problem. The problem of
assortment planning has often been studied in con-
junction with inventory decisions, starting with the
work of van Ryzin and Mahajan (1999), who consider
Logit demand and assume that customers do not look
for a substitute if their choice is stocked out. They
identify a tractable set of candidates that contains the
optimal assortment. Maddah and Bish (2007) study a
similar model, where in addition, the retailer could
select prices; see also Aydin and Ryan (2000) for a
study in the absence of inventory considerations.
More recently, dynamic multi-period assortment opti-
mization has been analyzed; see, for example, Caro
et al. (2014). The case of customers looking for substi-
tutes if their choice is stocked out, known as stock-
out-based substitution, was studied in Smith and
Agrawal (2000), Mahajan and van Ryzin (2001) and
more recently Goyal et al. (2009). We also refer the
reader to Rooderkerk et al. (2013) and references
therein for a recent study of attribute-based assort-
ment optimization.

In the present work, we do not consider inventory
decisions and assume that products that are included
in a retailer’s assortment are always available when
requested; hence stock-out-based substitution does
not arise. In particular, we focus on the case in which
the retailers face display constraints. Such a setting
with Logit demand and fixed prices in a monopolistic
context has been studied in Chen and Hausman
(2000), where the authors analyze mathematical prop-
erties of the problem, and in Rusmevichientong et al.
(2010), where the authors provide an efficient algo-
rithm for finding an optimal assortment. Fisher and
Vaidyanathan (2009) also study assortment optimiza-
tion under display constraints and highlight how
such constraints arise in practice. When demand is
generated by a mixture of Logit, Miranda-Bront et al.
(2009) show that when the number of classes is suffi-
ciently high, the assortment optimization problem is
NP-Hard (see also Rusmevichientong et al. 2014). A
review of the literature on monopolistic assortment
optimization and of industry practices can be found
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in Kok et al. (2008). At a higher level, the move from a
single-agent optimization to competition relates to the
work of Immorlica et al. (2011).

1.2. The Remainder of the Paper

Section 2 formulates the model of competition. Sec-
tions 3 and 4 present our analysis of the assortment
only and joint assortment and price competition
settings, respectively. Section 5 presents extensions
and concluding remarks. Proofs are relegated to
Appendix S1.

2. Model of Assortment and Price
Competition

We next describe the setting in which retailers com-
pete and the demand model considered, and then
present two competitive settings: one where retailers
compete on assortments in which prices are predeter-
mined and one in which retailers compete on both
assortments and prices.

2.1. Setting

We consider duopolistic retailers that compete in
product assortment and pricing decisions. We index
retailers by 1 and 2, and whenever we use 7 to denote
a retailer’s index, we use m to denote her/his compet-
itor’s index (e.g., if n = 1, then m = 2).

We assume that retailer n has access to a subset S,
of products, from which she or he must select her or
his product assortment. In addition, we assume that,
due to display space constraints, retailer # can offer at
most C, > 1 products. Such display constraints have
been used and motivated for various settings in previ-
ous studies (see, e.g., Fisher and Vaidyanathan 2009,
Misra 2008, Rusmevichientong et al. 2010). Without
loss of generality, we assume that C,, < |S,|, where |A]
denotes the cardinality of a set A. We let S denote the
set of all products, that is, S := S§; US,, and denote
its elements by {1, ..., S}. For each product i € S and
n=12, we let ¢,; > 0 denote the marginal cost to
retailer n resulting from acquiring a unit of the prod-
uct, which is assumed constant.

We say that product i is exclusive to retailer n if it
belongs to S, but not to S,; we denote the set of
exclusive products for retailer n by S,\S,;, where
A\B := AN B stands for the set difference between
sets A and B, and the complement of a set is taken rel-
ative to S. Similarly, we say that product i is common
if it is available to both retailers, that is, if i belongs to
S1 N S,. An example of exclusive products would be
private labels and of common products would be
national brands.

For n € {1,2}, we define A, to be the set of feasible
assortment selections for retailer 7, that is,

A, i ={ACS,:ALC,}.

We let A, denote the assortment selection and
Pu = (Pn1, ---, Pns) the vector of prices offered by
retailer n. Note that p, specifies a price for all
products in S, for notational convenience: it
should be clear that only prices that correspond to
the assortment selection of the retailer matter. In
addition, we will omit the dependence of
various quantities on the price decisions when pos-
sible, making them explicit only when deemed nec-
essary.

2.2. Demand Model and Retailers” Objective

We assume that customers have perfect information
about product assortments and prices offered by
both retailers. (Here, we ignore search costs as, for
example, in Thomadsen (2012); see, e.g., Kuksov
and Villas-Boas (2010) for a study that accounts for
such costs.) We assume that customer { assigns a
utility U, ;(t) to buying product i from retailer n,
and utility U, o(t) to not purchasing any product,
where

Uy,i(t) i= pyj — Opipni + &, m=1,2

un,O(t> = Uy + éf)

In the above, p,; represents the adjusted mean util-
ity associated with buying product i from retailer
n. Similarly, o,; > 0 is a parameter of price sensi-
tivity. To obtain MNL demand, we assume that
{& . ie SU{0}} are iid. random variables follow-
ing a standard Gumbel distribution. Note that these
random variables, which represent idiosyncratic
shocks to utility, are independent of the retailer # and
hence consumers identify common products as such.
(Considering idiosyncratic shocks of the form &,
would lead to MNL demand with only exclusive
products, a special case of the analysis. We discuss a
setting with nested Logit demand in section 5).

Without loss of generality, we set p := 0. Custom-
ers are utility maximizers; customer t computes the
best option from each retailer, i, € argmax{U, ;(f)
: i€ A, U{0}}, forn € {1,2}, and then selects option i
that belongs to argmax{U ;, (t), Uz,(f)}. Note that the
assumption above implies that utility maximization
may be attained simultaneously at a common product
offered by both retailers with positive probability (e.g.,
when py; — a1 p1i = Wp; — op2i). In such a case,
we assume that customers select any of the retailers,
with equal probability.

Remark 1. Note that in our basic model, if custom-
ers do not prefer any retailer, a retailer offering a
lower price for a common product will capture the
whole market for that product (we discuss exten-
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sions in section 5). Thus, we have assumed that cus-
tomers have perfect information and are rational.
An alternative interpretation of the model in this
special case is that products are sold through an
intermediary and the demand is fulfilled by the
cheaper supplier.

For n =1,2 define the attraction factor of product
i € S, when offered by retailer # as follows

V= eﬂn,i*‘“n,ipn.i .

The above setup leads to MNL demand where the
customers’ consideration set is obtained after elimi-
nating options that are strictly dominated. These are
product-retailer pairs such that the same product is
offered by the competitor and provides a higher util-
ity when bought from the competitor. In particular,
one can show that for given assortment and price
decisions {(A,,pn) : n = 1,2}, the probability that a
customer elects to purchase product i € A, from retai-
ler n, q,;, is given by

Qn,i(AmpnzAm,pm) =
vai (14 & An} + 0,11 € An})
T+ icana, Vi + 2 ica,na, (OniVii + Om iVim,i)

+ Z Vinis

i€An\Ay

where 1{-} denotes the indicator function and

1
514‘1' = 1{vn,i > Vm,i} +§1{Vn,i = Vm,i}

defines the split of product i's market share
between the retailers (when offered by both). The
expected profit per customer for retailer n, is then
written as

ﬂn(An,PnaAum) = Z(pn,i - Cn.i)Qn,i(AmpmArmpm)-

i€cA,

Each retailer’s objective is to maximize her expected
profit per customer, given the competitor’s decision.

3. Assortment-Only Competition: Main
Results

In this section, prices are assumed to be predeter-
mined and not under the control of retailers. We fur-
ther assume that all products have a positive profit
margin (i.e., p,; > ¢, ;). This accommodates settings
where, for example, prices are set by the manufactur-
ers/service providers and not the retailers. Here and
throughout the study, we will abstract away from
strategic interactions between retailers and manufac-
turers.

Given retailer m’s assortment decision, retailer n
selects an assortment so as to maximize her/his
expected profit per customer subject to the display
constraint on the number of products that can be
offered. Mathematically, the problem that retailer n
solves can be written as follows

n AnaAm ) ].
/r‘?gjf,{ﬂ ( )} (1)

where we have omitted the dependence of the
expected profit on prices. In problem (1), the retailer
attempts to find the best set of products to offer
among a combinatorial number of possibilities in A,,.
We say that a feasible assortment A, is a best
response to A, if A, maximizes the profit per cus-
tomer for retailer #, that is, if A, solves problem (1).
Given that there is a finite number of feasible assort-
ments, there always exists at least one best response
to each assortment A,, € A,,. We say that an assort-
ment pair (Aq,A,) is an equilibrium if A, is a best
response to A, for n = 1,2. Formally, this corresponds
to the concept of a pure-strategy Nash equilibrium.

3.1. Best Response Correspondence

Our analysis of the best response correspondence
relies on a simple equivalent formulation of the
profit maximization problem. This idea of focusing
on such an equivalent formulation when faced with
a combinatorial problem with an objective function
in the form of a ratio has previously been used in
various settings as mentioned in the introduction.
The reader is in particular referred to Gallego et al.
(2004) and Rusmevichientong etal. (2010) for
applications to monopolistic assortment optimiza-
tion with Logit demand. The treatment that follows
develops the appropriate modifications for the
competitive setting we study. Consider the following
problem

max A (2a)

s.t. %%{Z,-GA\M (Pni—Cnji— AV,

+ Z (571,1'(;771,1' o Cn,i) - A) (571,1")71,1' + 5m,ivm,i)

i€ANA,,
_)\ZiGA,n\A Vm,i} 2 )\ (Zb)
Lemma 1. Problems (1) and (2) are equivalent in the

following sense: the optimal values for both problems are
equal and an assortment is optimal for problem (1) if and
only if it maximizes the left-hand side of (2b) when
A = X*, where \* corresponds to the optimal objective

function of (2).
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Lemma 1 exploits the rational form of the profit
function, by first finding any assortment that
surpasses a given profit level, and then looking for
the highest profit level attainable. Hence, in theory,
one could solve for the best response to A, by solving
the maximization in Equation (2b) for all possible
values of 4, and then selecting any assortment
maximizing the left-hand side of Equation (2b) for A\*.
This way of envisioning solving Equation (2)
will prove useful in the equilibrium analysis we
conduct for this setting, as well as throughout the rest
of the study. We now outline how to solve the maxi-
mization in Equation (2b). To that end, for i € Sy,
define

0,:(\) = (Pni = Cnji — NV if i & Ay,
P Oni((Pri — Cni — A)Vni + Av) i€ Ay
(3)

Given this, formulation (2) can be rewritten as

max{)\ ceR: %ﬁf{; 0,1,,4()\)} > )\(1 + Em(Am)) },
(4)

where E, (A), referred to as the attractiveness of an
assortment A, is defined as follows

En(A) := va,i, m=1,2.
i€eA

For given non-overlapping assortment offerings, A,
and A, this quantity is related to an aggregate
measure of the market share of retailer 1,
E.(Ay)/(1 + E1(A1) + E2(A2)). One can solve the
inner maximization in Equation (4) by ordering
the products in &, according to the corresponding
values of 0,;()\), from highest to lowest, and
selecting the maximum number of products in the
assortment (up to C,) with positive values of
Oni(N).

3.1.1. Product Ranking. As already highlighted
in the monopolistic setting by Rusmevichientong
et al. (2010), the 0,;(\)-ranking for an optimal
value of 4 need not to coincide with the ranking of
the profit margins (which is always the case in the
absence of capacity constraints: see van Ryzin and
Mahajan 1999). In addition, note that in the com-
petitive setting under analysis, the product ranking
according to the 0,;/s (and hence the selected
assortment) will vary depending on the value of 4
and on which products are included in the compet-
itor’s assortment A,. This last observation implies
that, for a fixed value of 4, a product that is not
“appealing” (i.e., a product that is not included in

a best response) if not offered by the competitor
might become appealing when the latter offers it.
This can be seen from the second case in Equation
(3) where 0,;(A\) might increase by Av,; when
product i is offered by retailer m. This gain can be
interpreted as the value of profiting from product i
without having to expand the consideration set of
products.

3.2. The Case of Exclusive Products

This section studies the case of retailers having
only exclusive products, that is, S1 NS, = . We
begin by specializing the best response computa-
tion to this setting, and then study equilibrium
behavior. In this setting, one has that for each
product i € S,

Hn,i(/\) = (Pn,i — Cnji — /\)Vn,i,

independent of A,, thus the solution to the inner
maximization in Equation (4) depends on A, only
through E,,(A,,). Define \,(e) as retailer n’s expected
profit per customer when retailer m offers assort-
ment A,, with attractiveness e. That is

Au(€) := max {)\ eER: max { ZHM-(A)} >A1+ e)}.
A iea
(5)

Similarly, let a,(e) denote retailer n’s best response
correspondence to assortments with attractiveness e,
that is,

a,(e) := argmax { Z Qn,i()\n(e))}. (6)

AeA, icA

The next result establishes monotonicity properties
of the best response correspondence in terms of
attractiveness and profit level.

ProrositioN 1
S1NS = 0.

(i) Retailer n’s best response profit is decreasing in the
attractiveness of its competitor’s assortment, that is,
An(e) is decreasing in e.

(ii) The attractiveness of retailer n’s best response
assortments is non-decreasing in the attractiveness
of the competitor’s assortment, e, in the following
sense: for any e > ¢ >0, E,(a') < E,(a) for all
acay(e)and a’ € a,(€).

(BEST RESPONSE PROPERTIES). Stuppose that

Proposition 1(i) states that a retailer’s (optimized)
profits will decrease if the competitor increases the
attractiveness/breadth of its offerings, which is in line
with intuition. Proposition 1(ii) provides an important
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qualitative insight: if one retailer increases the attrac-
tiveness of the products it is offering, then so will the
other one.

The conclusions of Proposition 1 are usually
obtained in the context of supermodular games. How-
ever, it is worth noting that, in general, it is not clear
whether one could obtain a supermodular representa-
tion of the assortment game with the exception of the
case where margins are equal across products. (In the
latter case, the game can be seen to be log-supermod-
ular on the discrete lattice of possible attractiveness
levels induced by all feasible assortments.) However,
once properties outlined in Proposition 1 are at hand,
one can establish existence and ordering of equilibria
in a similar fashion as is usually performed for super-
modular games (see e.g., Vives 2000), which we do
next. The following result guarantees that an equilib-
rium exists.

THEOREM 1 (EQUILIBRIUM  EXISTENCE). Suppose  that
S1NSy, = (0. Then there always exists an equilibrium in
assortment decisions.

The proof of this result rests on the fact that assort-
ments with higher attractiveness levels lead the
competitor to also offer assortments with higher
attractiveness. Since there is a finite number of possi-
ble attractiveness levels to offer, attractiveness of best
responses will necessarily settle at a certain level, with
the corresponding assortments forming an equilib-
rium.

Theorem 1 establishes the existence of an equilib-
rium, but leaves open the possibility of having multi-
ple equilibria. While there might indeed exist
multiple equilibria, we show next that if such a case
occurs, both retailers will prefer the same equilib-
rium.

ProPoOSITION 2 (BEST ~ EQUILIBRIUM). Suppose  that
§1 NSy = 0 and that multiple equilibria exist. Then, one
equilibrium Pareto-dominates all equilibria, and such an
equilibrium minimizes the attractiveness of the offerings
of each retailer among all equilibria.

In other words, when multiple equilibria exist,
retailers would prefer to select one with the least
breadth of offerings. The result is a direct conse-
quence of the relationship between profit level and
attractiveness of the offering, established in Proposi-
tion 1(3).

REMARK 2 (ARBITRARY NUMBER OF FIRMS). Proposition
1, Theorem 1, and Proposition 2 can be generalized
to an arbitrary number of retailers and we briefly
indicate how one might do so in the proofs of those
results.

The next example illustrates the possibility of multi-
ple equilibria

ExampLE 1 (MULTIPLE EQUILIBRIA). Let S, :=if, i, ...}

be such that v,» > v,» for all j <C,, n =12, and
Y UL, .

suppose that for all 7 in S,\{i}}, pni — cni = T,

where

B (Pl,i} - Cl,i})"l,i}
- b
1+ Vit + ngcz Va2

(Pz,ig - CZJ%) V2,2

ro:
1 + Vz_i% + Vlﬁi%

ry =

In other words, for each retailer, all products except
the one with the highest attraction factor have the
same profit margin, and the latter margin is strictly
lower than the former. The construction above is
such that when retailer 1 selects the assortment {i}},
retailer 2’s best response is any assortment of the
type {i%, e 1]2} for j < C,. Similarly, when retailer 2
selects the assortment {iJZ : j < Ca}, retailer 1’s best
response is any assortment of the type {il, ..., i'}
for j < Cj. This, in conjunction with Proposition Zéi)
implies that

(i} i, 50,7 < G (i, i {1 < G,

are all equilibria.

Note that the number of equilibria in Example 2 is
C1 + C2, — 1, and that in each of these equilibria,
retailers offer different total attractiveness, thus they
do not lead to the same outcomes. The following
result shows that such a number is the highest possi-
ble in the setting.

PrOPOSITION 3 (BOUND ON THE NUMBER OF EQUILIB-
RIA). Suppose that St NS, = 0 and let &, denote all
possible attraction levels offered in a best response by
retailer n, that is,

En={E,(a) e Ry :a €ayle),e>0}, forn=1,2.

There are at most |E1| + |E2| — 1 equilibria in which
retailers offer different attraction levels.

A priori, a trivial bound on the number of funda-
mentally different equilibria is the number of combi-
nations of best response attractiveness levels, |€1/€2].
Proposition 3 provides a significantly sharper bound.
The proof of Proposition 3 relies on the strong mono-
tonicity property established in Proposition 1(i),
which enables one to eliminate a large set of equilib-
rium candidates. In Example 1, we had that £, = C,,
n=12,and C; + C; — 1 equilibria. Thus, the bound
in Proposition 3 is tight. The next result, which we
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state without proof, is a direct consequence of Propo-
sition 3.

COROLLARY 1  (SUFFICIENT CONDITION FOR A UNIQUE EQUI-
LIBRIUM OUTCOME). Suppose that all products offered by a
given  retailer have the same margin, that is,
Pni — Cni = 1y for all i € S, n =12, where ry and r,
are given positive constants. Then, retailers offer the same
attraction level in all equilibria.

3.2.1. Tatonement Stability. Proposition 1 has
also important implications for stability. Consider the
following discrete-time interaction dynamics: sup-
pose that initially one of the retailers operates as a
monopolist until a competitor enters the market, and
that retailers adjust their assortment decisions on a
periodic basis by taking turns, always reacting opti-
mally to their competitors” last observed offering (i.e.,
retailers behave myopically, and adjust their deci-
sions periodically without anticipating the competi-
tors’ reaction). More generally, starting from arbitrary
offerings (A, A9), suppose that retailer n offers in
period f the assortment

; ay(En(ALY)) if + = 2k +n for some k € N
An € {At—l} ~ .

(7)

The next result establishes that such a best-response
process always converges to an equilibrium
outcome. Moreover, starting from a monopolistic
setting, the result establishes convergence to the
equilibrium outcome that Pareto-dominates all
others, as described in Proposition 2.

CORrOLLARY 2. Let (A9, A) be arbitrary initial assort-
ments. There exists t < oo such that the taténement pro-
cess {(AY, AL) : t > 1} described in Equation (7) is such
that (AY, Ab) is a pure-strategy equilibrium for all t > t.
Moreover, if AS = 0, for t > t, the equilibrium (A}, Ab)
Pareto-dominates all others.

The result above, whose proof can be found in
Appendix S1, follows from Proposition 1. In par-
ticular, we show that if E;(AY) > E»(A3), then the
recursive application of Proposition 1(ii) implies
that the sequences of total attractiveness of the
assortments offered by both retailers (excluding
A}, which does not affect the sequence) will be
non-increasing, that is, E,(Al) > E, (A1), t>1,
n =12 Similarly, if Ex(AY) < Ey(A3) then the
sequences of attractiveness will be non-decreasing.
This observation, together with the finiteness of
the product sets, implies convergence to an

equilibria outcome. With regard to the second
statement in the result, it follows from the fact
that the attractiveness offered by a monopolist is
below that offered by a Pareto-dominant equilib-
rium, and that a Pareto-dominant equilibrium
minimizes (among equilibria) the attractiveness
offered by both retailers. From the above, one can
envision a Pareto-dominant equilibrium as arising
naturally as the outcome of an iterative best-
response process that starts in the absence of
competition.

3.2.2. Competitive Outcome vs. Monopolist and
Centralized Solutions. Let (A]"", AY"") denote an
equilibrium that pareto-dominates all others. Let
(A", AS™) denote an optimal pair of assortments to
offer by a central planner, that is,

(AS™, AF™) € argmax  {mi (A, A2) + mo(Az, Ar)}-

(Al ,A2)€A1 x Ay

Finally, let A; denote an optimal assortment for a
monopolist that does not face any competition, that
is,
Ay € argmax{m, (A, 0)}.
Ane-An

We have the following result, which we state with-
out proof.

COROLLARY 3.  Suppose that St NS, = 0.

(i) E.(A%) < E (A™).
(ii) E1(A{™) + Ea(A5™) < Ed(AY™) + E2(47™).

In particular, (i), which follows from Proposition
1, implies that a retailer operating as a monopolist
with some fixed capacity (i.e., with its competitor
offering no products) will increase her/his offerings
in terms of attractiveness when a competitor enters
the market. (ii) establishes that competing retailers
will jointly offer a broader offering, resulting in a
higher probability of purchase, relative to a setting
in which decisions are coordinated by a central
planner aiming to maximize total profits, and facing
similar capacity constraints. To see this, note that
the central planner achieves higher profits than
those achieved by any of the retailers in a potential
equilibrium; a close inspection of the proof of Prop-
osition 1(ii) reveals that the attractiveness of the
solution to the assortment maximization in Equation
(2b) is non-increasing in the level 4; this implies that
the attractiveness of the products offered by the
central planner would never be higher than the joint
attractiveness of the products offered by the
competing retailers in equilibrium.
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3.3. The Case of Both Exclusive and Common
Products

We now turn to the case when retailers may offer the
same products in their respective assortments, that is,
when &1 N Sy is not empty. Our next result shows that
an equilibrium is guaranteed to exist when retailers
do not face display constraints.

THEOREM 2 (EQUILIBRIUM EXISTENCE WITH AMPLE CAPAC-
ItY). Suppose that C, = |S,| for n=12. Then an
equilibrium always exists.

The proof of this result is constructive: we estab-
lish that the tatonement process described in section
3.2 converges to an equilibrium provided that ini-
tially both retailers offer all common products. In
addition, it is possible to establish that the tatone-
ment process (7) with AJ € 4;(0) and A = () is guar-
anteed to converge to an equilibrium. Thus, as in
section 3.2.1, one can envision such a limit equilib-
rium as arising naturally as the outcome of an itera-
tive best-response process that starts in the absence
of competition. However, in this setting, such an
equilibrium does not necessarily Pareto-dominate all
others.

It is possible to find alternative conditions that will
ensure the existence of an equilibrium. For example, it
is possible show that conditions 1 and 2 below each
ensure existence of an equilibrium.

ConprrioN 1. Monotonic margins: v,; > v, 11, and
Pni — Cni = Pnis1 — Cpiga for all i€ Sy, n =12, and
Vpi > Vi for all i€ B,NS,, for some B, ¢c P,
n =1,2. Here, P, is the set of “popular assortments”

defined as (see, e.g., Kok et al. 2008):

P ::{{Gn(l)v"'ao-"(cﬂ)}

10, is a permutation of S 8.t vy, 5. (1) > - > Vg, (15,0) )

ConprtioN 2. Equal margins: p,; — c¢,; = 1y, for all
i€Sy, n=12 where r; and r, are given positive
constants, and S; = Sy, C; = Gy, and vy; = vp; for
alli € Sy.

Table 1 Illustration of Non-Existence of Equilibrium

3.3.1. The Impact of Display Constraints. In
general, when common products are available and
display constraints are present, the structural results
of the previous section fail to hold, as we illustrate
through the following example.

EXAMPLE 2 (NON-EXISTENCE OF EQUILIBRIUM IN PURE
STRATEGIES). Consider a setting with two retailers,
each having access to the same three products
S1 =8 = {1,2,3}, and with display capacities
C1 =2, C; = 1. Suppose that prices and costs are
uniform across products and retailers and given by
Pni = Pn2 = pnz =p >1 and cu1 = Cup = 3 =
p — 1 for n = 1,2, and that the remaining parameters
are such that v,; = 1.1, v, = 1.01, v,3 = 1. Table
1 depicts the rewards for each retailer for feasible
pairs of assortment decisions (A, As).

One can verify that no equilibrium exists. Intui-
tively, the latter stems from the fact that retailer 1,
with a capacity of 2, will always prefer to incorporate
in its assortment the product that retailer 2 is offering,
while retailer 2 prefers to offer a product not offered
by the competitor. Recalling the discussion following
the definition of 0,;()\) in Equation (3), the current
example illustrates how a product gains in appeal
(measured by 0, ;(\)) when offered by the competitor.
In this setting, this prevents the possibility of an equi-
librium.

The focus above was on equilibria in pure strate-
gies. Since each retailer has a finite number of
alternatives the assortment game will always admit a
mixed-strategy equilibrium (see, e.g., Fudenberg and
Tirole 1991, section 1.3.1): in the setting of Example
2, one can check that retailer 1 offering A; = {1,2}
with  probability 051 and A; = {1,3} with
probability 0.49, and retailer 2 offering A, = {2}
with probability 0.35 and A, = {3} with probabil-
ity 0.65 constitutes a mixed-strategy Nash equilib-
rium.

In addition to the above, even when an equilibrium
in pure strategies exists, the presence of common
products may also preclude the existence of a Pareto-

{1} 2} {3}

A

) (0.262, 0.262) (0.354, 0.325) (0.355, 0.323)
2} (0.325, 0.354) (0.251, 0.251) (0.336, 0.332)
{3} (0.323, 0.355) (0.332, 0.336) (0.250, 0.250)

A
{1,2} {1,3} {2,3}
(0.177, 0.502) (0.177, 0.500) (0.268, 0.489)
(0.162, 0.516) (0.246, 0.511) (0.168, 0.500)
(0.243, 0.513) (0.161, 0.516) (0.166, 0.502)

Each entry in the table corresponds the profit of retailer 1 and retailer 2 as a function of the assortments selected for the setup in Example 2.
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dominant equilibrium, as highlighted by the follow-
ing example.

EXAMPLE 3 (EXPONENTIAL NUMBER OF NON-PARETO-DOMI-
NATED EQUILIBRIA). Consider the following setup. Sup-
pose that the set of available products is common to
both retailers (S = S3) and has S = 2C elements,
where C; = C; = C, that all products are priced at
the same price p, that their marginal cost is zero,
and that other parameters are such that vi; = vy,
forallie S, and

Va1 > Vpp > ... >Vyg, and Vi1 < = Vs

2

Define A* := P; and suppose that 3E;(A*) < 1. This
condition corresponds to assuming that the maximum
share any retailer can achieve (under any scenario) is
below 25%. Under the setup above, we show that if
retailer 2 offers an arbitrary selection of products A,
then the best response of retailer 1 is to offer the set of
C products with the highest v, ;’s in S1\A». Recalling
(2), retailer 1 solves for the maximal /4 such that

max {E1(A1\A2)(p — X) + Ex(A1 1 A2) (5= 3)

~AE>(A2\A) p 2\

Given any assortment offered by retailer 2, A, the
revenue of retailer 1, 4, is bounded by the revenue
of a monopolist (with display capacity C), ie,
A < p(E1(A)(1 4 Ey(A*))"". This, in conjunction
with the market share condition above, implies that
A< p/4.

For any products j€ §1\A, and j € A, given
that v,y < (3/2)v,, it will always be the case that
vai(p — A) = (3/4)vajp > v2;p/2. Hence 0,j(A) >
02;(\) and the best response of retailer 1 to A, will
never include any product in A,. In addition, since
/. < p/4, retailer 1 will always include C products in
&1 not offered by the competitor.

Given the above, one can verify that any pair of
assortments (A;, Az) that belongs to the set

{A] g S,Az == S\A] : {Al} == C}

is an equilibrium. It is also possible to see that one
can choose the v, ;’s so that all equilibria yield differ-
ent profits to the retailers and are non-Pareto domi-

nated. The cardinality of the set above is <2CC )

This illustrates that in general, even when prices are
uniform across products, the number of non-Pareto-
dominated equilibria may be exponential in the
capacities of the retailers in contrast with what was
observed in the case of exclusive products.

4. Joint Assortment and Price
Competition: Main Results

We now turn attention to the case in which in addi-
tion to assortment decisions, retailers also set prices
for the products they offer. We follow a parallel
exposition to that of section 3 by separating the
analysis for the case of exclusive products and that
of both exclusive and common products.

We assume throughout this section that prices are
restricted to be greater or equal than ¢, ; + 7,,; for any
product i and retailer n, where r,,; is a minimal mar-
gin imposed by the product manufacturer. This
assumption reflects the fact that minimal prices are
commonly imposed directly or indirectly by manufac-
turers through, for example, a Manufacturer’s sug-
gested retail price (MSRP).

When price is an additional lever, various forms
of competition may arise. We focus on the case in
which assortments and prices are selected simulta-
neously by the firms. Thus, best responses are com-
puted as unilateral deviations in both assortment
and prices.

4.1. The Case of Exclusive Products

We start with the case of retailers having only exclu-
sive products, that is, S; NS, = (. It turns out that
equilibrium prices can be related to assortment selec-
tions through the profit attained by each retailer.
This is, given fixed assortment selections, each firm
solves a classical multi-product pricing problem with
constraints on the prices. In particular, one can show
that retailer n will set the price of product i (if
offered) to

" 1
Pni = Cni =+ max{_ + A, 7n,i}a (8)

O i

where ), is the equilibrium profit retailer n achieves
(which will be shown to be well defined in the proof
of Theorem 3). Relationship (8) can be seen to be an
expression of equal margins across offered products,
with the modifications to account for the differenti-
ated minimal margins imposed. Margins, adjusted
to differences in price sensitivities, will be equal
provided that the retailer’s profit is relatively large
compared to the minimum margins. Variants of
such a property have previously appeared in vari-
ous related settings; see, for example, Anderson
et al. (1992).

Following the analysis in section 3.2, and using the
observation above, one can show that the best
response of a retailer still depends only on the com-
petitor’s offered attractiveness (which now depends
on the competing assortment and prices). In particu-



Besbes and Saure: Assortment Competition with Logit Demand

124 Production and Operations Management 25(1), pp. 114-127, © 2015 Production and Operations Management Society

lar, retailer n’s expected profit per customer as a func-
tion of the competing attractiveness level e is given by
Equation (5), but considering that

Oni(N) = (p:,i()‘) —Cni—A) exp{ﬂn,i - “n‘ip;,i(A)}-

Thus, one has that the best response correspondence
a,(e), whose elements are now assortment and price
vector pairs, is given by

a,(e) := argmax { Z 011,1'()\11(6))} x{pu(Aule))}-

A€A, i€A

In such a setting, in which prices are set by the
firms, one may establish parallel results to Proposi-
tion 1 and Theorem 1, which were established when
prices were exogenously fixed.

THEOREM 3  (EQUILIBRIUM EXISTENCE AND PARETO DOMI-
NANCE). Suppose that S NSy = (. Then, there always
exists a pure-strateqy Nash equilibrium in assortments
and prices. Moreover, there is always one equilibrium
that Pareto-dominates all others.

To establish this result, we first establish that
prices are uniquely defined by assortment selec-
tions. We then show that similar monotonicity
properties as those established in Proposition 1
hold in the current setting in which prices may be
adjusted. These properties in turn imply the exis-
tence of a pure-strategy Nash equilibrium and that
one equilibrium Pareto-dominates all others. More-
over, such properties can be used to extend the
comparison of outcomes under competitive vs. a
monopolist or a centralized setting to obtain a
result similar to that in Corollary 3.

From Equations (3) and (8) one observes that 0; > 0
for every product i € S,,. This, in turn, implies that
retailers will always use their full capacity in any
equilibrium. This stands in contrast with the case in
which prices were exogenously set. In particular, in
the absence of display constraints, all products are
offered and the equilibrium is unique. The next result,
which we state without proof, formalizes this.

COROLLARY 4. Suppose that S1NS, = 0. In equilib-
rium, retailers always use their full capacity. In particu-
lar, in the absence of display constraints, there exists a
unique equilibrium in which firm n offers all products in
Sy,n=1,2.

When no minimum margins are imposed by the
manufacturers and price sensitivity is the same across
products and retailers, it is possible to establish the
existence of a unique equilibrium. The analysis of best

responses in such a setting has already appeared in
the literature (see, e.g., Misra 2008); however, no equi-
librium results were provided. The present approach
establishes existence and uniqueness of an equilib-
rium, but also illustrates along the way the general
applicability of the framework we use to, for example,
assortment-only competition.

4.2. The Case of Both Exclusive and Common
Products

When retailers may offer the same products, equilib-
rium prices depend not only on the profit
obtained by each retailer but also on the competi-
tor’s offering.

As in the case of competition with only exclusive
products, one can show that for given fixed assort-
ment selections and competitor’s prices, retailer 1 will
set the price of an exclusive product following Equa-
tion (8). Now, for a common product i offered by both
retailers, it is possible to show that one can, without
loss of generality for the equilibrium outcome in
terms of profits, restrict attention to the following
candidate equilibrium prices

. B = Homi O i
* ) ) L)
Pni = max{mm{4 + (Coni =+ Tmi)s Cni

Oni Ol i

1
+—+ )\n};cn,i +rn7i}7
Ol i

where ), is the equilibrium profit retailer n
achieves. The difference between the expression
above and that in Equation (8) follows from the fact
whenever possible, retailers will undercut the com-
petitor’s prices so as to capture the full market for a
product. In this regard, it is implicit in the formula
above that retailers price marginally below the price
that makes a customer indifferent between buying
from either retailer as long as it yields a positive
profit.

We note that if the minimal margins are sufficiently
high, then the retailers will face a problem where
prices are effectively fixed. Thus, the results in section
3.3 imply that it is not possible to ensure existence of
an equilibrium under when common products are
available in conjunction with display constraints. We
show, however, that as in the analysis of assortment
competition with fixed prices, a equilibrium is
guaranteed to exist when retailers do not face display
constraints.

The next result ensures equilibria existence is guar-
anteed in the absence of display constraints

ProrosiTioN 4.  In the assortment and price competition
setting with common products, suppose retailers do not
face display constraints. Then, there always exists a pure-
strateqy Nash equilibrium.
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As in the case of simultaneous competition with
only exclusive products, the result above rests on the
fact that a best response to any offering involves offer-
ing all products. Thus, any equilibrium in the pricing
game where all products are offered is also an equilib-
rium in the simultaneous assortment and pricing
competition setting.

5. Extensions and Additional
Challenges

The present study has analyzed an assortment game
in which firms face display constraints and consumer
demand is driven by a MNL. We have characterized
equilibrium behavior, showing that significant struc-
ture is present in such a problem. The approach taken
to analyze the game is fairly general and has been
extended to cases in which prices are endogenous.

5.1. Other Forms of Competition or Operational
Constraints

In the present study, we have studied simultaneous
assortment and price competition. Another interest-
ing direction to analyze is the impact of the type of
competition (simultaneous vs. sequential) on the type
of outcomes one observes. Similarly, one might test
the flexibility of the approach to incorporate new
operational constrains. For example, one can show
that most results in our analysis hold when the dis-
play constraint is replaced by a similar constraint of
the type |A,| > C,, that might arise in setting in which
managers must fulfill minimum assortment diversity
requirements.

5.2. Modeling Customer Choice with Common
Products

The current study has highlighted that the presence of
common products may lead to significant differences
in equilibrium behavior. The possibility of common
products has been assumed away in most of the litera-
ture. For example, when the choice model is a nested
Logit in which customers first select a retailer, the
product utility shocks are assumed to be independent
once a retailer has been chosen. While such assump-
tions are appropriate for settings in which consumers
do not search across retailers due to loyalty or costs of
search, it becomes inappropriate if consumers per-
form some data collection before selecting a product
to purchase. In particular, it appears that common
products ought to be treated differently than exclu-
sive products.

5.2.1. Extension of the Basic Model. The present
study has analyzed one case in this spectrum in which
the product utility shock is identical across retailers.

Nonetheless, the proposed framework provides
enough flexibility to incorporate many variations of
the base setting. For example, one could accommo-
date the hypothesis that products that are offered by
more than one retailer become more attractive to con-
sumers. For that, one would consider a formulation in

which Sni = Vi > Vi + BV = Vi),

where 0.5 < ff <1 reflects the potential increase in
product attractiveness when it is offered by multiple
firms. In such a setting, f = 0.5 corresponds to the
setting analyzed in this study, and f = 1 reduces to
the case of exclusive-only products. One can show
that the results in sections 3 and 2 continue to hold
in such a setting, after minor modifications to their
proofs. (Note that cases with exclusive-only prod-
ucts are not affected by this modification.)

An important avenue for future research is to fur-
ther one’s understanding of customer choice behavior
in the face of both common and exclusive products
and to understand the implications of such behavior
on equilibrium outcomes.

5.2.2. The Case of Nested Logit Demand. As
pointed out in Remark 2, our demand model is such
that it is possible for a retailer to capture the whole
market for a product offered by both retailers. This
feature follows from the fact that idiosyncratic shocks
to utility are independent of the retailer. Let us
analyze the case where such shocks depend on the
retailer as well, that is,

un,i(t) = i — O iPni + éi,_,‘a n=1,2.
(We assume that g’f) does not depend of the retailer,
as it represents an outside alternative).

As mentioned in section 2, assuming that
{ff”- :n=1,2,ieS8,, t > 1} are ii.d. random vari-
ables a standard Gumbel distribution would recover
MNL demand at the expense of eliminating the possi-
bility that customers recognize that common prod-
ucts are identical. Let us consider then the case of
nested demand, where consumers first select the
product to buy, and then the retailer to buy from.
In terms of the utility specification above, assume
that (¢, : n=1,2,i € S) has a GEV distribution of

n,i
the form

P{& . <x,,n=1,2icS}

ni—=
=exp { — Z (e—xu/}’i 4 e-h:/%) ”}’
icS

where y; € [0,1] relate to the importance of a prod-
uct choice over retailer choice. This gives rise to a
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nested Logit demand (see e.g., Train 2002), where in
a first stage customers choose a product according
to an aggregate measure of the utility they perceive
from buying from the retailers offering such a prod-
uct, and in a second stage they choose the retailer
according to a traditional MNL model. In particular,
the probability that a customer elects to purchase
product i € A, from retailer n, g,; is

Qn,i(AmpmAm’Pm) = f/}(AmPn,Am,Pm) ";I%,,,ia

where
1 . Vi
q; (Ans Pus Ay Pm) = ﬁ’
JEANUAY ']
1/7
2= Vi
micT 1y /7
Vn,i + vm,:'
where 7; = (v}/iy" + v}f”‘)” . In this model, products

capture a larger market share when offered by both
retailers, however the split between the retailers
depends on the value of y; (the case of y; = 0 corre-
sponds to our base definition of common products,
and the case of y; = 1 corresponds to the case of
exclusive products). Note that the modification
above only affects settings with common products:
for an exclusive product i€ S,, one has that
Vi = v,; and qﬁ‘i = 1, thus recovering the models of
sections 3.2 and 4.1.

One can show that the setting above corresponds to
an extension of our base model in which

i1
p=1( 1y, 1/3\"
Sui =V /7 (\)1/4" + Vzé“) )

n,i ki
With this equivalence at hand, one can show that
the results in section 3.3 for assortment-only compe-
tition continue to hold under nested Logit demand,
and only minor modifications to their proofs are
required. For the case of assortment and price com-
petition in section 4.2, while the results continue to
hold, a different set of proof techniques is required.
In particular, while a closed-form expression for the
optimal price p;, ; is not available, the discontinuities
in the payoff functions introduced by the original
definition of 6, ; now disappear, allowing to prove a
parallel result to Proposition 4 using standard fixed-
point results.

5.3. Heterogeneous Customers: The Case of
Mixed Logit Demand

While it has been shown that under mixed Logit
demand, under some conditions and for fixed
assortments, existence and uniqueness of an equilib-
rium in prices can be guaranteed (see Allon et al.
2013), the assortment problem becomes (theoretically)

Table 2 Illustration of Non-Existence of Equilibrium for the Case of
Multiple Segments

A
{3} {4}
A
™ (0.897, 0.575) (0.985, 0.571)
2 (0.900, 0.657) (0.977, 0.680)

Each entry in the table corresponds the profit of retailer 1 (row) and
retailer 2 (column) as a function of the assortments selected.

intractable, as highlighted in Rusmevichientong et al.
(2014) where it is shown that the monopolist’s problem
is in general NP-Hard, even in the absence of display
capacities. One may also show that structural proper-
ties presented here will not hold for such models.

Consider, for example, a setting with assortment-
only competition and exclusive products, where a
fraction p, of the consumers are loyal to retailer n,
meaning that they only consider products offered by
retailer n when making the purchase decision,
n=1,2. In this setting the expected profit per cus-
tomer for retailer n, 7, (A, An), is given by

Tn(Any Am) = pumta(An,0) + (1 = py — p) 0 (An, Am).

This is a special instance of mixed Logit demand. We
provide below an example with exclusive products in
which an equilibrium fails to exist for the assortment
competition game. Consider a setting with two retail-
ers, each with a capacity of C; = C, = 1; retailer 1
has access to S; = {1,2} while retailer 2 has access to
S» = {3,4}. Parameters are set such that vi; = 9.8,
Vi = 46, V23 = 91, Vo4 = 65, P11 — €11 = 04,
P2 —c12 =02, ppsa— 23 =09, and prs — 24
= 0.8. In addition, consider p; = p, = 0.3 and
p1 = P, = 0. Table 2 depicts the rewards for each
retailer for feasible pairs of assortment decisions
(A1, A2). One can verify that no equilibrium exists.

We have shown that the analysis in our study
extends to the case of nested Logit demand, and that
it does not for the case of mixed Logit demand. Gener-
alizing the class of models for which assortment
games are amenable to analysis is an important theo-
retical direction of research.
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