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1. Introduction

Fractional calculus relates to the calculus of integrals and
derivatives of orders that may be real or complex, and it has
become very popular due to its demonstrated applications in
numerous fields of science and engineering [1].

We can mention the control field, where innumerable control
strategies [2] including adaptive control schemes [3-7] have been
generalized using fractional operators. The success of fractional
operators in the control field is because they allow increased
flexibility in the design and adjustment of the controller, obtaining
in that way controlled systems with better performance as com-
pared with integer order schemes.

Regarding the identification field, the nature of many complex
systems makes that they can be more accurately modeled using
fractional differential equations. Among many examples, we can
mention several systems that have been modeled using fractional
differential equations with the Caputo definition, see for instance
[8-10]. In that sense, the systems to be controlled/identified can
now be described for fractional differential equations as well.
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We can find in the literature many excellent books and works
related to the analysis of fractional differential equations, such as
[11,1,12], and many others that address the fractional differential
equations in a more applied way [13,14]. However, still there are
many specific fractional differential equations that have not been
analyzed. Since there are real problems which are in the form of
this specific fractional differential equations, these are open pro-
blems that need to be eventually solved.

This paper presents the analysis of three specific fractional
differential equations, when the order of the fractional derivatives
a is in the interval (0,1) and the Caputo definition for fractional
derivatives is used. The boundedness of the solutions is analyti-
cally proved, as well as the convergence to zero of the mean value
of the squared norm of one of the variables. The application of the
presented results to adaptive schemes in the context of identifi-
cation and control is presented, and numerical simulations are
given, which support the analytical results.

The paper is organized as follows: Section 2 presents some
basic concepts about fractional calculus. A new lemma is pre-
sented in this section as well, which proves the convergence to
zero of the mean value of a non-negative function, based on the
boundedness of its fractional integral. Section 3 introduces the
three fractional differential equations analyzed in this study, with
the corresponding proof of the boundedness of the variables and
conclusions about the evolution along the time of some of them.
Section 4 introduces the application of the results in Section 3 to
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adaptive schemes, together with some illustrative numerical
simulations, which support the analytical results. Finally, Section 5
presents the main conclusions of the work.

2. Basic concepts

This section presents some basic concepts of fractional calculus
and some properties of fractional operators that are used along
the paper.

2.1. Fractional calculus

Fractional calculus studies integrals and derivatives of orders
that can be any real or complex numbers [1]. The Riemann-
Liouville fractional integral is one of the main concepts of frac-
tional calculus, and is presented in Definition 1.

Definition 1 (Riemann-Liouville fractional integral [1]).

ot
Iaa+ x(t) = L & dr,

T/, oo t>a, Rla)>0 (1)

where I'(a) corresponds to the Gamma Function [1].

There are some alternative definitions regarding fractional deri-
vatives. Definition 2 corresponds to the fractional derivative
according to Caputo, which is the one most frequently used in
engineering problems and the one used in this paper.

Definition 2 (Caputo fractional derivative [1]).

1 £ x(r)
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wheret>a,n—l1<a<nnezZ™".

The following lemma will be useful for proving the boundedness
of solutions of fractional differential equations in Section 3, and
was reported in [15,16].

Lemma 3 (Duarte-Mermoud et al. [15]). Let x(t) e R" be a vector of
differentiable functions. Then, for any time instant t > ty, the fol-
lowing relationship holds:

1DE (x"(HPx(t)) <x"(P DEx(t), Yae(0,1] 3)
where P e R™" is a constant, square, symmetric and positive definite
matrix.

2.2. Evolution of a function with bounded fractional integral of order
ae(0,1)

In what follows, a new lemma is proposed and proved, which
will be useful in establishing conclusions on the evolution of some
solutions of fractional differential equations in Section 3.

Lemma 4. Let x(-) : Rt - R be a bounded nonnegative function. If
there exists some a € (0, 1] such that

1 ' x(7)

—_ | ———<—dt <M,
@) J, (t—7)' @ r=

Yt > to, with M e (0, o) 4

then

' x(7) d
lim t“’SM =0, Ve>0 (5)
t—oo t

Proof. Let us start with the fact that the fractional integral is
bounded Vt > ty, then it can be written as

ot
/[0 # dr<MI(@), Vt=to ©)

Multiplying expression (6) by t=¢,&>0 and applying limit
algebra

.1t . [MI"
tlLIPO Lé / X(T)dr} < lim [ tg(a)} =0 @)

Since x(t) is nonnegative we can state that

t t
lim {l / #z) dr} <lim|L / XD g 3
t—oo|t [ a t—oo |t to (E—7) a
and from (7) and (8) we can write

ot
lim {l / X(@) dT}:O )
t—ooo |t Jto tl a

Expression (9) can be rewritten as

ot
lim |- 20971 _ g (10)
t

t—oo

and this completes the proof.o

As can be seen, Lemma 4 does not allow concluding that
function x(t) converges to zero, although it assures that its mean

value do converge to zero, with a convergence rate greater than
t-@=o,

3. Analysis of certain classes of fractional differential
equations

In what follows, three kinds of fractional order differential
equations (FODE) will be analyzed. The boundedness of the solu-
tions is proved in all three cases, as well as certain characteristics
of the evolution along the time for some of them.

3.1. Fractional order differential equations of Class 1

One of the parametrization that appears very often in many
real problems has the form

y(t) = kpn" (OU(t)+E)u (t)
DY n(t) = —y sgn(ky)y(Ou(t) ae(0,1]
CDEEWD) = —y,y(Our(t) ae(0,1] (11)

where kj, € R is an unknown constant with known sign, y,y; e R*,
YO :RT SR, nt): RT ->R", ut): RT ->R" are assumed to be
bounded, &(t): RT —»R and u(t): R™ -»R are assumed to be
bounded.

Boundedness of the solution #(t), £(t) and also of y(t) is always
required in these problems, and that is why the analysis of (11) is
so attractive.
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Lemma 5 (Boundedness of solutions for FODE of Class 1). Let us
consider the FODE defined in (11) with the assumption that n(t), &(t)
are differentiable. Then it can be assured that

® 5(t),&(t),y(t) remain bounded Vt > to.
® The mean value of y*(t) converges to zero as t —oo.

Proof. Before starting the demonstration, we would like to men-
tion that although the case @ =1 is included in this proof, it was
already solved in [17].

Let us start the proof with the fact that, since it is assumed that
n(t), &(t) are differentiable, then using Lemma 3 with P = I, we
can write the following inequality:

k
D [ omer+,- £0| <o DEne+ o g

(12)

Using expressions (11) in the right hand side of inequality (12),
then it can be written that

cpe {"”' w OO+, - é(t)} <y (13)

Applying the fractional integral of order a to expression (13) it
follows that

”' 0 <ro)n(ro>——e: (to) < — I2y2(t)
(14)

”' 7O 4, - S E0-

Since I‘t’Oyz(t) >0,Vt>tg, and 7,74, | kp| > 0, then

b oner+ - £0 <2 oo+ o 15)

Considering bounded initial values for n(ty), &(to), then
expression (15) implies that #(t), &(t) remain bounded Vt > t,.

Since u(t),u(t) are assumed to be bounded in this problem,
then using the equation of y(t) in (11), it can be concluded that y(t)
remains bounded too.

Regarding the convergence to zero of the mean value of y2(t),
the following analysis can be made. From expression (14), using
the fact that #(t), £(t) are bounded, then it can be concluded that
Iff)yz(t) < co. Then we can apply Lemma 4 and conclude that

t—oo

t .2 d
lim {t“‘SW} —0, ve=0 (16)

that is to say, we can assure that the mean value of y2(t) converges
to zero when t— oo, and this concludes the proof.o

3.2. Fractional order differential equations of Class 2

In the case of FODE (11), y(t) is a linear combination of #(t), &(t),
u(t) and u,(t). However, very often the evolution of y(t) is described
not by the class of equation in (11), but for a fractional differential
equation using the Caputo fractional derivative as well. This is pre-
cisely the case we study in this subsection, as can be seen from (17),

DEy(t) =Ay(®)+kp b " (Bu(t)

DY n(t) = —y sgn(kp)y" (P b u(t) ae(0,1] a7
where AeR™" is an asymptotically stable matrix, beR",
ne): RTY >R™, y(t) : RT ->R", u(t) : R™ > R™ and is assumed to be

bounded, Pe R™" is a symmetric, positive definite matrix that
satisfies the equation ATP+PA=—-Q <0 (with Q e R™" being

positive definite), k, e R is an unknown constant, whose sign is
known, and y e R

In what follows, the boundedness of #(t),y(t) is proved in
Lemmg 6, as well as the convergence to zero of the mean value of
ly(ey2.

Lemma 6 (Boundedness of solutions for FODE of Class 2). Let us
consider the FODE defined in (17) with the assumption that n(t), y(t)
are differentiable. Then it can be assured that

® 7(t),y(t) remain bounded Vt > to.
® The mean value of Ily(t)I? converges to zero when t— oco.

Proof. As it was mentioned in the case of the fractional differ-
ential equations of Class 1, we would like to mention that although
the case ¢ =1 is included in this proof, it was already solved in
[17].

Let us start the proof with the fact that, since y(t),n(t) are
assumed to be differentiable, then we can use Lemma 3 and write
the following inequality:

Df |y (t)Py(t)+ LT om | <2y" P D y(t)

L2k nWt)CD" ne) (18)

Using (17) in (18), using also the fact that ATP+PA=—Q <0
and applying the fractional integral of order a to the resulting
expression we obtain
Ly tomito) (19)

y (t)Py(t>+ Ly (t)n(r)<yT(to)Py<to)+ ’

Considering bounded initial values for y(to),7(to), expression
(19) implies that y(t),#(t) remain bounded V¢ > t,.

Regarding the convergence to zero of Ily(t)l?, using the fact
that #(t), y(t) remain bounded, in a similar way to that used in the
case of fractional differential equations of Class 1, it can be con-
cluded here that I I y(t)I* < co.

Then using Lemma 4 we can assure that

i, y@)1? dr}

. =0, Ve>O0 (20)

lim {t”‘g
t—o0

that is to say, for the FODE of Class 2 (17), the mean value of
lly(t)II%> converges to zero as t — oo, and this concludes the proof.o

3.3. Fractional order differential equations of Class 3

Fractional differential equations of Class 3 have the same
structure as fractional differential equations of Class 2, with the
difference that the entire vector y(t) : Rt - R" is not used in the
fractional differential equation of #(t), but an algebraic combina-
tion of their components y;(t): R™ -R is used instead. The
structure of FODE of Class 3 is presented in the following:

D y(6) =Ay(t)+bn" (B)u(D)
yi®) =kp cTy(t)
Din( = —y sgn(kp)y, (Hu(®), ae(0.1] @1

where A e R™" is an asymptotically stable matrix, b e R", ce R",
nt) : R ->R™, y(t) : RT >R, u(t): RY > R™ are assumed to be
bounded, y;(t): R* - R, k, e R is an unknown constant but with
known sign and y e R*. Besides, positive definite matrices P = P’
e R™" and Q = QT e R™" exist such that

ATP+PA= —QPb=c (22)
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Let us now analyze the boundedness of #(t), y(t), as well as the
convergence to zero of the mean value of Ily(t)lI2.

Lemma 7 (Boundedness of solutions for FODE of Class 3). Let us
consider the FODE defined in (21) with the assumption that n(t), y(t)
are differentiable. Then it can be assured that

® 3(t),y(t) remain bounded Vt > to.
e The mean value of ly(t)|I%> converges to zero when t — co.

Proof. As in the two previous classes of fractional differential
equations, the following proof is valid for a € (0, 1]. However, we
must mention that the particular case @ =1 was already analyzed
in [17].

Let us start the proof using the assumption that y(t),#(t) are
differentiable functions. Then Lemma 3 allows writing the fol-
lowing inequality:

D¢ |y <2y"(t)P °DY y(t)

+

T ~Cno
S T OO 23)

Using (21) in (23), using also the expression for y,(t) and the
expressions in (22), and applying the fractional integral of order o
to the resulting expression, it follows that
Y(OPY()+———

n'one) <y’ (to)P}’(fo)+ K T(ton(to) 249

|l<|

Considering bounded initial values 7(tp),y(to), expression (24)
implies that y(t),7(t) remain bounded V¢ > to.

Now, in the same way we made for the two previous fractional
differential equations, it can be proved here that Iff) Ily(6)11% < oo,
using the fact that y(t), #(t) are bounded. Then using Lemma 4 we
can assure that

{tde i, ly@11* dz
t

lim

t—oo

=0, Ve>0 (25)

that is to say, for the FODE of Class 3 (21), the mean value of Ily(
)12 converges to zero as t— oo, and this concludes the proof.0

As the reader can note, only the convergence to zero of the
mean value of y2(t) was proved in Lemma 5, and the convergence
to zero of the mean value of Ily(t)I?> was proved in the cases of
Lemmas 6 and 7. However, the convergence to zero of the signal
¥2(t) or Iy(t)I? was not mentioned in any of the cases. Currently,
this is a topic under investigation.

Remark 8. It is important to point out that for the case of @ =1,
Egs. (11), (17) and (21) correspond to the well known Error Models
1, 2 and 3, respectively [17]. Therefore, for the case of o (0,1)
these equations could be understood as the fractional order ver-
sions of Error Models 1, 2 and 3, respectively. That is the reason
why results are important to analyze these types of FODE. When
presenting the applications in Section 4 we will elaborate a little
bit more about these concepts.

4. Applications to adaptive schemes in the context of identi-
fication and control problems

Generally speaking, adaptive systems refer to the identification/
control of partially known systems. Several adaptive algorithms
have been developed in the past for stable identification/control of
integer order systems with unknown parameters [17-20], using

adaptive laws described by integer order differential equations
as well.

The introduction of fractional operators has also reached the
adaptive schemes [3-7], describing the systems to be controlled/
identified and using adaptive laws also described by fractional
differential equations. The analytical proof of the boundedness of
the signals in the schemes, however, is not solved in most of the
cases, due to the lack of tools and/or methodologies. Using the
results proposed in this paper, the boundedness of the signals in
many fractional adaptive schemes can now be proved, as we will
see in the following.

4.1. An identification scheme

Let us assume that a plant to be identified has the following
algebraic form:

(D) = 0" w(t) (26)

where x,eR, the vector of constant parameters 6" eR", is
unknown and w(t) e R" is a vector of available signals, and is
assumed to be bounded. The aim in this problem is to estimate the
unknown parameter vector &*.

To that extent, let us construct an estimator of the form

Xy(t) = 6" (Ho(t) (27)

where 0(t) e R" is the vector of the estimated parameters.

Let us define the identification error as e(t) = X,(t)—x,(t) and
the parameter error as ¢(t) = 0(t)—6". Then, subtracting (27) and
(26) we obtain the following equation for the identification error:

ety =" (Do(t) (28)
From (11) we can select
DY p(t) = DgL O(t) = —e(t)ao(t) (29)

then the pair of Egs. (28) and (29) has the same structure than the
FODE of Class 1 studied in this paper, for the particular case when
ey, 5 =0.

In that way, since w(t) is assumed to be bounded, under the
assumption that ¢(t) is differentiable, it can be assured that e(t),
¢(t) remain bounded Vt>0, and that the mean value of the
squared identification error e?(t) converges asymptotically to zero.

Let us briefly consider a particular example, where 6% =[5 27",
w(t)=[sinx, cos u(®)]" and u(t) is a unit step. Initial values for the
estimated parameters are 6(0)=[4 4]" and the fractional order
used for the adaptive law is a = 0.7. Simulations were performed
using the NID block of the Ninteger toolbox [21], developed for
Matlab/Simulink. The Crone approximation of order 10 was used
to implement the fractional operator, with a frequency interval of
[0.01,1000].

Fig. 1 shows the evolution of the identification error e(t) and
the norm of the parameter error Il ¢p(t)!l. As can be seen, the output
error and the norm of the parameter error remain bounded, as it
was expected from the analytical results. Besides, it can be seen
that the output error converges to zero, as well as the norm of the
parameter error, although it was not analytically proved. Addi-
tional comments about the convergence of the parameter error
will be given at the end of this section.

We may note that in this particular example, the value of a =
0.7 was selected only for illustrative purposes. In a real application,
this is a design parameter, that is to say, the selection of the order
to be used is a decision of the designer. This decision of course will
depend of the specific application, the control goals, etc. One
option to choose this parameter could be an optimization problem,
if it is possible to apply, as it was done in [3] using genetic
algorithms.
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Fig. 1. Evolution of the identification error and the norm of the parameter error in the identification scheme, when the input signal corresponds to a unit step.

Remark 9 (Fractional Error Model 1). Although the example pre-
sented here is for an identification scheme, we can assure, based
on the analysis from Section 3, that for any adaptive scheme with
the structure (28), (29), the output error e(t) and the parameter
error ¢(t) will remain bounded Vt > ty, under the hypothesis that
¢(t) is differentiable and w(t) is bounded. Besides, the mean value
of the squared output error will converge asymptotically to zero.

The pair of Egs. (28) and (29) could be seen as a Fractional
Order Error Model 1 (FOEM-1).

Note that error models have been completely studied in the
integer order case [17,22-25|. They are particularly attractive
because they provide a common framework for the analysis of
many adaptive schemes.

4.2. A fractional order model reference adaptive control
scheme (FOMRAC)

Let us consider a fractional order linear time-invariant plant to
be controlled, given by

D xp(t) = ApXp(t) + bpu(t) (30)

where A, e R™" is an unknown constant matrix, b, e R" is a
known constant vector, the pair (Ap, b,) is controllable, x,(t) e R" is
assumed to be accessible, u(t) € R is the control input to be defined
and the fractional order a € (0, 1).

Let a reference model be given by

D X (t) = AnXm(t) + b (t) 31

where A, e R™" is a known Hurwitz constant matrix, b, € R" is a
known constant vector which satisfies b,k=Db, for some ke R,
and r(t)e R is a given uniformly bounded piecewise-continuous
reference input. It is assumed that xp,(t), for all t > to, represents
the desired trajectory for x,(t). The aim here is to control the
plant so that all the signals remain bounded and ideally
lime_, o 1 Xp () —Xm () = 0.
Let us choose the control input as

u(t) = 0" (Oxy(t)+k 1(t) (32)

where (t) e R" is a vector consisting of adjustable parameters and
it is further assumed that a constant vector #* exists such that

Ap+bp0*T =An 33)

Defining the control error as e(t) = xp(t) —xm(f), the fractional
differential equation describing the evolution of the output error
can be expressed as

Df e(t) = Ame(t) + by (DXp(t), e (0,1) (34)

where ¢(t) = 0(t)—6*.
From (17) we can select

D§ p(t) =D O(t) = —e" (t)Pbyxp(t) (35)

then we can see that the pair of Egs. (34) and (35) has the same
structure than the FODE of Class 2 analyzed in Section 3. For that
reason, we can assure that the output error e(t) and the parameter
error ¢o(t) remain bounded Vt>t,. We can also assure that the
mean value of the squared norm of the output error lle(t)? will
converge to zero when t—oo. Note that in this problem k, is
considered known, and that is why it does not appear in the
equations.
Let us show a particular example, considering

_4 1 1 -1 0
A”={—3 —1}’ bp:b’“:{l} A’"Z{o —2}

For this case, matrices P=15,, and Q=[] exist such that
A;P+PAm = —Q. Also, a vector &* =[3 —1]" exists such that (33)
holds and k=1 in (32).

Fig. 2 shows the evolution of the norm of the output error I e(
t)Il and the norm of the parameter error Il¢(t)ll, when the refer-
ence signal r(t) corresponds to a unit step. The initial values used
in the simulations correspond to 8(0)=[2 0]", x,(0)=[0 1]" and
xm(0) =11 2]7, and the fractional order used is @ =0.8.

As can be seen from Fig. 2, the norm of the output error Ile(t)ll
and the norm of the parameter error Il¢(t)ll remain bounded
vVt >0, as it was expected from the analysis above. Although the
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Fig. 2. Evolution of the norm of the output error and the norm of the parameter error in the FOMRAC scheme, when the reference signal corresponds to a unit step.

numerical example presented here uses a = 0.8, the same results
were observed for any other fractional order a e (0, 1) used.

Besides the boundedness of the signals, it can be seen from
Fig. 2 that the norm of the output error converges to zero.
Although only the convergence of the mean value of lle(t)ll? was
analytically proved, the convergence of lle(t)ll was observed as
well, for every simulation study we made in the FOMRAC problem.
The analytical proof of this fact is currently under investigation.

Regarding the convergence of the norm of the parameter error
llp(t)1l, it can be seen from Fig. 2 that it does not converge to zero.
Since this is a control scheme, only the convergence to zero of e(t)
is required. Nevertheless, some facts regarding the convergence of
the parameter error are presented at the end of this section.

Remark 10 (Fractional Error Model 2). Although the example
presented here is for a specific FOMRAC scheme, we can assure,
based on the analysis from Section 3, that for any adaptive scheme
with the structure (34), (35), the output error e(t) and the para-
meter error ¢)(t) will remain bounded Vt > ty, under the hypoth-
esis that ¢(t), e(t) are differentiable. Besides, the mean value of the
squared norm of the output error will converge asymptotically
to zero.

The pair of Egs. (34), (35) could be seen as a Fractional Order
Error Model 2 (FOEM-2).

4.3. Other structures in fractional adaptive schemes

In previous subsections we referred to what could be seen as
FOEM-1 and FOEM-2, stating the fact that they allow representing
many adaptive schemes. Besides FOEM-1 and FOEM-2, we can
identify at least two more structures in the context of adaptive
schemes, which could be seen as two more fractional error
models.

Remark 11 (Fractional Error Model 3). Fractional Error Model 3
(FOEM-3) has the same structure than FOEM-2, with the differ-
ence that the entire error vector e(t) : Rt —R" is not accessible,
but only an algebraic combination of their components e;(t):

R* — R is available. This error model usually arises when we can
only measure the output of the plant to be controlled or identified,
and for that reason FOEM-3 is applicable to a much wider class of
problems than FOEM-2. Structure of FOEM-3 has the form in (36):

D} e(t) = Ae(t) +bp" (Hw(t), Pe(0,1)
e1(ty=k, h'e(t)
“Dg () = —y sgn(kp)er(Haxt), ae(0,1)

where A e R™" is an asymptotically stable matrix, b € R", the pair (A,
b) is controllable, h € R" and the pair (h",A) is observable. Besides,
0" cR™ is the ideal (true) parameter, which is assumed to be
unknown, 9(t) : RT - R™ is the adjustable parameter that estimates
0" and ¢(t) = O(t)— 0* : R* - R™ is the parametric error. e(t) : R* —
R™ is the error vector, @(t) : R* —R™ is the input signal to the error
model, and e{(t) : R* — R is the output error, which is accessible. k,
€ R is an unknown constant but with known sign and y e R" is the
adaptive gain, which is assumed to be scalar and constant in this
study. However, it is possible to use either scalar or matrix adaptive
gains which are constant or time varying (see [17]).

As might be expected, having no access to e(t) implies that
more stringent conditions must be imposed on the transfer func-
tion between g{)T(t)a)(t) and eq(t). In that sense, we assume that
positive definite matrices P=P" e R"" and Q =Q e R™" [17]
exist such that

ATP+PA= —QPb=h

(36)

(37

As can be seen from (36), the structure of FOEM-3 coincides
with the FODE of Class 3 studied in this paper. In that way, under
the hypothesis that e(t), ¢p(t) are differentiable, we can assure that
e(t), ¢(t) remain bounded Vt > ty, and also that the mean value of
le(t)I? converges asymptotically to zero.

In many adaptive schemes, the parametrization of the identifi-
cation/control models do not lead to any of the three fractional
error models presented previously. One case we can mention is
when we want to implement a model reference adaptive controller
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for a plant with relative degree n* > 2. In this case, additional sig-
nals must be included in the scheme (filtering the control input and
the plant output) and auxiliary and augmented errors must be
included as well (see [17] for details). In that way, the equation
representing the augmented error has the form of the first equation
n (11), and Lemma 5 allows the use of fractional adaptive laws to
adjust the parameters.
For cases like this one, the Fractional Error Model 4 arises.

Remark 12 (Fractional Error Model 4). Fractional Error Model 4
(FOEM-4) arises when vector e(t) is not accessible, and condition
(37) does not hold neither. This occurs mainly in those cases in
which, to achieve the identification or control, additional signals
must be introduced in the adaptive scheme. The equations
describing FOEM-4 are stated in (38):

e1(t) = ey (t)+k(tyex(t)

e1() =k, W) (Hax0), Be(0,1)

ex(t) = 0" (OW(S)la(t) — W(S)' (He(t)

“DE () = —y, sgn(kp)e1(O(t), ae(0,1)

DIy (t) = —y,e1(t)ex(t), ae(0,1)

S(t) = W(S)lmaxt) (38)

where eq(t): Rt - R is the output error, ex(t): Rt >R is the
auxiliary error, k, € R is an unknown constant, with known sign,
£1(t) : R™ >R is the augmented error, k(t) : R* - R is an adjus-
table parameter that estimates é the transfer function W(s) is

asymptotically stable, " ¢ R™ is the ideal (true) parameter, which
is assumed to be unknown, @(t) : R* —R™ is the adjustable para-
meter that estimates 6%, ¢(t)=0(t)—0" : R* -R™ is the para-
meter error, y(t)= k(t)—klp: RT™ >R and w(t): RT ->R™ is the
input signal to the error model. {(t) : Rt - R™ is assumed to be
bounded and y,,7, € R correspond to the adaptive gains, which
are assumed to be constant in this study. Either scalar or matrix, as
well as constant or time varying adaptive gains can also be used.

Equations in (38) can be put in the form of FODE of Class
1 studied in this paper (see [17] for the equivalent integer order
case). In that way, under the assumption that ¢(t), y(t) are dif-
ferentiable and w(t) is bounded, it can be assured that in FOEM-4
¢(t),w(t) remain bounded, as well as the rest of the signals in the
scheme. In the same way, it can be assured that the mean value of
the squared augmented error ;2 converges asymptotically to zero.

Remark 13. In most of the adaptive schemes we analyzed, we
assumed that w(t) is bounded. When this condition cannot be
assured, then a normalized version of the information signal

w(t) . . . _
Trot@wm can be used instead in adaptive laws, and the corre

sponding boundedness of the solutions can be proved in the
same way.

Remark 14. In the study of the classic error models, the con-
vergence to zero of the parameter error ¢p(t) was shown to be
dependent of a property of the information signal w(t). This
property is referred to as persistent excitation, and it has been
thoroughly studied for classic error models [17,24].

In general, it was observed from simulation studies performed
in this work that in Fractional Error Models the persistent excita-
tion condition is related to the spectral density of the information
signal w(t), same as in the integer order case. However, for some
particular cases of o(t), no conclusive results can be observed from
simulations.

The concept of fractional order persistent excitation condition
has not been addressed yet in the published literature. Given the
importance of this concept in adaptive schemes, this is a topic
currently under investigation.

5. Conclusions

In this paper, the analysis of three classes of fractional order
differential equations using the Caputo definition when a (0, 1)
has been presented. The analysis allows proving boundedness of
the solutions and also the convergence to zero of the mean value
of the squared norm of some variables of the FODE.

The application of these theoretical results to adaptive schemes
was addressed, introducing the concept of fractional order error
models. The results presented in this paper allow proving
boundedness of signals in many different adaptive schemes,
appearing in adaptive control and system identification fields.
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