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0. Notation

Most of the notation used in this paper is completely standard. For the convenience of the reader, to
avoid ambiguities, we state it clearly from the beginning. The standard Euclidean basis of R™ is denoted by
€1,...,e, (so that, in particular, e; = (1,0,...,0)). If E C R"™ and v € R™, we use the notation

E+v:={p+v, pe E}.
Also, |E| is the Lebesgue measure of E. The (n — 1)-dimensional Hausdorff measure is denoted by 5"~ 1.

The notation A will be used for the symmetric difference, i.e. EAF := (E\ F)U (F \ E). We denote by
x e the characteristic function of a set E, i.e.

1 ifzeF,

Xe®)=N0 ity g B

* Corresponding author.
E-mail addresses: jdavila@dim.uchile.cl (J. Dévila), delpino@dim.uchile.cl (M. del Pino), serena.dipierro@ed.ac.uk
(S. Dipierro), enrico.valdinoci@wias-berlin.de (E. Valdinoci).

http://dx.doi.org/10.1016/j.na.2015.10.009
0362-546X/© 2015 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.na.2015.10.009
http://www.sciencedirect.com
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2015.10.009&domain=pdf
mailto:jdavila@dim.uchile.cl
mailto:delpino@dim.uchile.cl
mailto:serena.dipierro@ed.ac.uk
mailto:enrico.valdinoci@wias-berlin.de
http://dx.doi.org/10.1016/j.na.2015.10.009

358 J. Ddvila et al. / Nonlinear Analysis 137 (2016) 357-380

Also, throughout the paper, the world “decreasing” stands simply for “non increasing”.
1. Introduction

The main goal of this paper is to construct a nonlocal analogue of the classical Delaunay surfaces (see [7]),
i.e. surfaces that minimize a fractional perimeter functional among cylindrically decreasing symmetric
competitors that are periodic in a given direction. The notion of perimeter that we take into account is
a periodic functional of fractional type, whose critical points are related to axially symmetric objects.

We also study the main geometric properties of the minimizers, such as dislocation of mass and closeness
to periodic array of balls.

For this scope, we will introduce a new fractional perimeter functional that takes into account the
periodicity of the surfaces and we develop a fine analysis of the functional in order to obtain suitable
compactness properties. The setting we work in is the following. We consider a fractional parameter s € (0, 1).
We use coordinates r = (x1,2') € R x R"™! = R", with n > 2, and deal with the slab

S =[-1/2, 1/2] x R*"1.

We consider the kernel K : R" \ (Z x R"7!) — R,

Z |J) + k61|n+s

and, given a set £ C R", we define

/ K-y dmdy—/ / du dy T
ENS JS\E Ens JS\E f |$—Z/+k€1|n s

This fractional functional is related to, but quite different from, the nonlocal perimeter introduced in [4]
(namely, it shares with it some nonlocal features, but it has different scaling behaviors and periodicity
properties). More precisely, on the one hand, the functional studied here may be considered as a periodic
version (in the horizontal direction) of the fractional perimeter in [4]. On the other hand, the kernel that we
consider is non-standard, since it has different scaling properties in the different coordinate directions.

We consider the class of our competitors £, that is given by the sets F' C S of the form

F={(z1,2') € S with |2| < f(z1)},

for a given even function f:[—1/2, 1/2] — [0, 4+o0] that is decreasing in [0, 1/2].
In this setting, we prove the existence of volume constrained minimizers of Pg in J¢:

Theorem 1. For any p > 0 there exists a minimizer for Pg in J£ with volume constraint equal to L.

More explicitly, for any p > 0 there exists a set F, € & such that |Fi| = p and, for any F € A such
that |F| = p, we have that Ps(F,.) < Ps(F).

Recently, in the literature, there has been an intense effort towards the construction of geometric object
of nonlocal nature that extend classical (i.e. local) ones, see e.g. [6,9,8]. In some cases, the nonlocal objects
inherit strong geometric properties from the classical case, but also important differences arise. In our setting,
we think it is an interesting problem to determine whether cylinders are minimizers for large volume.

As for small volumes, the next result points out (in a quantitative way) that in this case the minimizing
set does not put a considerable proportion of mass close to the boundary of the slab (in particular, it is “far
from being a cylinder”):
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Theorem 2. Let
F, = {(xl,x’) €8 st 7| < f(xl)}
be a minimizer with volume constraint p > 0, as given in Theorem 1. Then

f(1{4) < O pTeD, (1.1)

Mn—l

n2
for some C > 1. In particular, for any & € (0,1), if p € (0,C~15°%), we have that

’F*ﬁ{|$1| > 1/4}| <$
||

(1.2)

for a suitable constant C > 1.

In case of small volumes, we also show that minimizers are close to balls. The notion of closeness will be
measured by the so-called Fraenkel asymmetry (or symmetric deficit) of a set E, which is defined as

. . |FAB]
Def(FE) = inf ,
|E|
where the infimum is taken over every ball B C R™ with |B| = |E|. Roughly speaking, the Fraenkel

asymmetry measures the L' distance of E from being a ball of the same volume (the ball may be conveniently
translated in order to cover the set E' as much as possible, and the quantity above is normalized with respect
to the volume in order to be scale invariant). In this setting we have:

Theorem 3. Let F, C S be a minimizer according to Theorem 1, with volume constraint p. Then, if p is
small enough, Fy is close to a ball. More precisely, for any p € (0,1), we have that

2 2

n<—s

Def(F,) < C 3G,

We observe that the control in the sense of deficit obtained in Theorem 3 may lead to further uniform
(though perhaps less explicit) asymptotic bounds, also in the C!-sense, by exploiting suitable density
estimates and approximation results, see e.g. Corollary 3.6 in [9] and Theorem 6.1 in [8].

We point out that, after the present paper was completed and submitted for publication, the very
interesting article [3] appeared, dealing with surfaces of constant fractional mean curvature (in the sense of
[4,1]). This paper also provides very fascinating fractional counterparts of the Delaunay surfaces (in a different
setting than the one considered here, and in the planar case, with an announcement of the n-dimensional
results to come).

The rest of the paper is organized as follows. In Section 2 we study the decay properties of the kernel.
Then, in Section 3 we give a detailed comparison between our functional and the one in [4] (this is not
only interesting for seeing similarities and differences with the existing literature, but it is also useful for
constructing competitors and deriving estimates).

As a matter of fact, the proof of Theorem 1 also requires a careful energy analysis and ad-hoc compactness
arguments in order to use the direct minimization method: these arguments are collected in Sections 4 and
5. With this, all the preliminary work will be completed, and we will be able to prove Theorems 1-3 in
Sections 6-8, respectively.

The paper ends with two appendices. First, in Appendix A, we show that the limit as s 1 of our
fractional functional converges to the classical “periodic” perimeter (i.e. to the perimeter on the cylinder
obtained by identifying the “sides” of the slab S). Then, in Appendix B, we remark that the assumption of
cylindrical symmetry for the competitors in J# can be relaxed (in the sense that our fractional functional
decreases under cylindrical rearrangements).
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2. Kernel decay

First, we point out that our functional is compatible with the periodic structure in the horizontal direction.
For this, if FF C S, we define the periodic extension of F' as

Fper = U (F + kel),
keZ

and we have:

Lemma 4. For any 7 € R, it holds that Ps(F,

per

=+ 7‘61) = PS(Fper>-

Proof. The function z1 — xp,., (z1,2") is 1-periodic, and so is 21 — K(21,2’), for any fixed 2/ € R*~1.

Therefore, for any 7 € R,

/ dz, / 01 Xyt e (212 2 VX (oot reny (01, 8V K (& — 1)
[—1/2,1/2] [—1/2,1/2]

= / d / Ay X Fper (21, 2" ) XRr\ o (1,4 ) K (2 — )
[—1/2,1/2] -7 [—1/2,1/2]—7

/ dxq / dy1 X Fper (€1, 2" ) XR\ By (1, ¥ ) K (2 — ).
[—1/2,1/2] [—1/2,1/2]

Thus the desired result follows by integrating over 2’ and y'. O

Now we prove a useful decay estimate on our kernel. We remark that the scaling properties of our kernel
are quite different from the ones of many nonlocal problems that have been studied in the literature: as a
matter of fact, the kernel that we study is not homogeneous and it has quite different singular behaviors
locally and at infinity. Indeed, close to the origin the dominant term is of the order of |x|~"~%, but at infinity
the z; direction “averages out”, as detailed in the following result:

Lemma 5. For any = = (1, < Cla/|*="=2, for some C > 0.

x') € R™ with || > 1, we have that K(z)

Proof. Fix x = (z1,2’) € R"™ with |2| >

the integer part of by. We observe that

1. Let ag :== 2’| —x1 + 1 and by = £3|2/| — 1. Let also y+ be

by =32 | —x1 > 2|+ 2 —21 =a4 + 1.

This says that at least one integer lies in the segment [a,by]| and so y4 > ay. Therefore

yrt+xz1—1>ay +x1 —1=12].

Moreover
y-+x+1<b_+a+1< —|2'|—1.
Consequently
1 1 1
- < I - -
S e et T
k€ (—oo,b_JU[by ,+00) k>yy k<y_+1
1 1
= — —
; (331 + k)n-i—s ; (_331 + k)"+5
k>yy k>2—y_—1
r1+k —x1+k
<X/ /
= ; r1+k—1 tn+8 kze; r1+k—1 t’I’LJrS
k2y+ kz—y_ —1
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oo dt oo dt
_ o
/11+y+1 tnts —r1—y_—2 s
oo dt oo at
e
= ™ tnts ™ tnts
C

= |1./|n+571 :

This says that

1 C
< . 2.1
Z \331 +k|n+s |x/‘n+sfl ( )

kg (=3lz’|-=z1, 3]z’ |—21)

Now, we observe that the interval [—3|z’| —x1, 3|2'| — 1] has length 6|2’| and so it contains at most 6|z’|+1 <
7|2'| integers. This implies that

1 7
Z |xl|n+s g ‘xl|n+s—1' (22)

k€L
ke[=3|z'|—z1, 3|z’ |—=z1]

Moreover,

n+s

|£E+k61|n+5: (|171—|—k|2—|—|93/|2) 2 >max{|x1+k‘n+s, |x/|n+s}.

Thus, recalling (2.1) and (2.2), we conclude that

1 1
K@) < 1 _
n—+s n—+s
2 ha I
kg (=3la!|—a1, 3|2’ |—21) kel=3[a/|—o1, 3|2’ |—21]
< X RS VI -
< s s
o= |21 + K| o= ||
kg(=3|a/ |-z, 3|z’ |-21) ke[=3|a! |-z, 3|z’ |—x1]
C+7

~ |:L./|n+sfl ’

which gives the desired claim up to renaming C. O

Corollary 6. Fix M € N. We define
har(x) := min{M, K(x)}. (2.3)
Then, for any x € R™,
has(z) < Cpr min{l, |2/|' 7775},

for some Chpy > 0 possibly depending on M.

Proof. If |z/| > 1, we use Lemma 5 to see that
min{1, |2/|'7" 7} = [2/|' 7" > CT K (2) = O M hay(2).
On the other hand, if || < 1, we have that
min{1, [2/|'7"7} =1 > M thy ().

Combining these two estimates we obtain the desired result. O
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3. Relation with the fractional perimeter

The aim of this section is to point out the relation between our functional and the fractional perimeter Per,

introduced in [4]. That is, we set

dxd
Per,(F // x ‘Z_H
n\F |z — 1y

and we show that: on the one hand, our functional is always below the fractional perimeter Per,, on the

other hand, our functional is always above the fractional perimeter Per,, up to a correction that depends

on higher order volume terms, and on a volume term coming from the boundary of the slab S. The precise

statement goes as follows:

Proposition 7. Let ' C S. Then
Ps(F) < Perg(F).
More precisely,

dx dy
Pers(F) Z / / |{E7y+k€1|n+s

kez\{0}

In addition, if we set
F=Fn{z c[1/4,1/2]},
F o= (F+e1) o € [1/2, 3/4])

dr d
and Ig(F // o= |Z+§

Per,(F) < Ps(F) +C (IFI2 + Hs(F)),

we have that

for some C > 0.

Proof. We use the change of variables §y = y + ke; to see that

S S ]
S\F |z —y + ke |t (S\F)+ke1 ez, |»”U —y|nts (S\F)per

kez
We observe that (S\ F)per € R™ \ F', so we obtain that

7 <// dxdy+ // dxder _ Per,(F).
FJ(S\F)pe [T —y["s mp T =yt

This establishes (3.1). More generally, we see that

R \F)\ ((S\ Flper) = |J (F +ken),

kez\{0}

therefore, with another change of variables, we have

(3.1)

(3.2)

dx dy
T — |n+s

dx dy dx dy
Per,(F) — Ps( / / = / / . 3.5
( ) S Fotkes \x . |n+s Z ‘I —y+ kel|n+s ( )

kez\{0} keZ\{0}

This proves (3.2). Now we observe that, if |k| > 2 and z, y € S, then
||

o=y her] > [or = ya+ K| > k] = o — 3] > W - 1> 2,
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therefore

dx dy dx dy 9
< F|7, .
> s < 2 <o (30

kez\{0} kez\{0}
[k|>2 |k|>2

for some C' > 0. Moreover,

dacdy dx dy 9
L xmetm —mhp St < [ G <cire (37)
for some C' > 0. Also, if z € S, y € S+ e and \xl —y1] < 1/4, we have that
1 1 1
$1>y1*|$1*yl|>*§+1*111
1 1 1
and y1—1<|y1—x1|+x1—1<14—5—1:—1.

As a consequence, if x € F C Sand y; € F+e; C S+eq, with |z —y| < 1/4, we have that = € F and y € ﬁ,
where the notation in (3.3) is here in use, therefore

dx dy
(ler =il s < Hs(F).
Jo o ot =D =

This and (3.7) give that

dx dy
<C (|F|2 + HS(F)). (3.8)
/ /f;Jrel |‘T - y|n+s
Thus, using the change of variables T := = + e; and ¥y := y + €1, we also have that
drd drd
/ / T / / <o (|F|2 +HS(F)). (3.9)
FJr—e [z =Yl Fer |z —yl

Putting together (3.8) and (3.9) we obtain
keZ\{0}

dx dy / / dxdy / / dx dy 9
S C|F|*+1Is(F) ).
// le—y+ker[ s Jp Jpie lo—ylmts Fee, T —ynte (' | s ))
|k|<1

This and (3.6) imply that
 dzdy 9
< F Hg(F)).
// \x y + kep|nts C(' [+ 15 ))

Recalling (3.5), we see that this ends the proof of (3.4). O

kez\{0}

As a consequence of our preliminary computations, we obtain that cylinders have finite energy:

Corollary 8. The functional attains a finite value on cylinders. Namely, for any R >0, let € = {(z1,2') €
R x R"1 s.t. [2/| < R}. Then Ps(4 NS) < +oc.

Proof. We take a set € with smooth boundary and contained in [—1, 1] x R"! such that € NS = € N S.
Then, we use (3.1) and we obtain that

400 > Pery(€) = Ps(€ N S) = Ps(€NS),
as desired. [

Next result computes the term IIg in (3.4) in the special case of small cylinders (this will play a role in
the proof of Theorem 3).
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Lemma 9. For any r € (0, 1/4), let € = {(z1,2') € S s.t. |2'| <r}. Then IIg(€) < Cr™*.

Proof. We first translate in the first coordinate and then change variables X = z/r and Y := y/r, so that

we obtain
1/2 3/4 1
/ dxq / dy, / dx'/ dy' ———
1 |2’ |<r ly'|<r |z -y
1/4 1
= / da:l/ dyl/ dz’ / dy’ P
1/4 |2’ |<r wi<r |l =yt
/o 1/(4r) / / 1 610
=rtF Xm/ le/ dX / dY' ———. 3.10
—1/(ar) 0 1X7|<1 Iv7|<1 | X —Y|nts
Now we take a bounded set * C [—1, 0] x R"~! with smooth boundary that contains {(z1,2’) € R" s.t. 21 €

[-1,0] and |z’| < 1}. Then we have that

dX dYy
dX / dY/ / / / < Pery(¢7*) < C,
/ ! Y ixn<a Y,|<1 |X Y|n+s Jrmge | X =Y [ts S ()

for some C' > 0, thus (3.10) becomes

“1 1/(4r) 1
IIs(¢) < Cr™° 1—|—/ Xm/ le/ dX'/ Yy ——
) ( —1/(4r) 0 |x/|<1 Iv/|<1 | X —Y|nts

/0 1/(4r) / / 1 )
n Xm/ le/ dX/ v —— . 3.11
—1/(4r) 1 1X/|<1 ly’|<1 |X —Y|nts

Notice that we can change variable (z,y) := (=Y, —X) and see that

/0 1/(4r) , , 1
Xm/ le/ dX / dY' ——
~1/(4r) 1 IX/|<1 ly’|<1 | X —Y|nts

1/(4r) ~1 1
Y Y T .
0 —1/(47) ly'|<1 || <1 |z —y|"te

As a consequence, we can write (3.11) as

-1 1/(4r) 1
IIs(€¢) < Cr™® 1+2/ dxl/ dyl/ d:c'/ ay s |- (3.12)
—1/(4r) 0 |2/ |<1 ly’|<1 lz -yl

Now we observe that

—1 1/(4r) 1
/ dml/ dyl/ dm’/ dy ————
~1/(ar) 0 lo/|<1 wi<r T =yt
1 1/(4r) ]
g/ d:rl/ dyl/ dx’/ dy ————
~1/(ar) 0 le/|<1 i<t T — e
—1 1/(4r) 1
= C/ dl’l/ d’yli
—1/(4r) 0 |z1 — ya[ s
~1
S C/ dxl(—xl)l_"_s
—1/(4r)

“+oo

éC’/ dr 717"
1

<C

The desired result thus follows by plugging this estimate into (3.12). O
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4. Energy bounds

We consider here an auxiliary energy functional and we prove that the functional Pg is bounded from
below by it. The proof requires a very careful analysis of the different contributions and the result, together
with the one in the subsequent Proposition 11, will play a crucial role for the proof of Theorem 1, since it
will lead to the compactness of the minimizing sequences.

Proposition 10. Let F C S. Suppose that there exists an even function f:[—1/2,1/2] — [0,400], with f
decreasing in [0, 1/2], such that

Fo= {(ml,x') €S st |7'| < f(xl)}.
Let e, < ay €0, 1/2] and suppose that
f(z1) =4 forall z1 € [0,e,) (4.1)
and

flz1) = 2f(y1) for all x1 €[0,e4) and y1 € (o, 1/2]. (4.2)

V2 (a)
C/ / d dx,
l N A P yl] "

Then

for a suitable constant C > 0.
Proof. We have

Ps(P) = | K@y

// dx dy
S\F |z —y|nts

1/2 1/2 1
:/ dml/ dyl/ dx’/ dyliwrs.
—1/2 2 Juei<reor Jawisreor 1Tl

Now we introduce cylindrical coordinates by writing 2’ = pf and ¢’ = rw, with 8, w € S"~2. We obtain

1/2 1/2 (Tl) pn—Z,rn—Q
Ps(F) 2/ dml/ dyl/ do dw/ / —. (4.3)
—1/2 1/2 Sn-2 Sn—2 Fy) \xl—y1|2—|—|p9—rw|2)T

Here and in the sequel, df and dw are short notations for d.#"~1(0) and d.s#"~!(w), respectively. Now, for
any 6 € S 2, we consider a rotation Ry on S™ 2 such that §# = Rge,. Then, we can rotate w = Rpw, and
obtain that

n—2 2 n—2 2
/ dw £ nts :/ dw 2 Tt
5772 (loy — 2+ 0 — rw?) 2 572 (|lzy — 1 |? + |pRoez — rw|?) 2

/ ~ pn 27‘” 2 / B pn 27" 2
= dw T = dw —
§*=2 (|lz1 — p1]? + |Ro(pes — r@)[?) 2 "2 (o — 1] + |pez — r@[?) 2

Notice that the latter integral in now independent of 6. Then we can write (4.3) as

1/2 1/2 (z1) pn72rn72
/ d{l)l / dy1/ d(.d/ dp/ nts ) (44)
1/2 1/2 sn-2 Fly) |x1 —y1]? + |pea — rw|?) 2

for some C > 0.
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Now we observe that
lpes — rf? = g2 + 1% — 2prws = |p — [ + 2011 — ws)

where wy = w - eg is the second component of the vector w € S"72 C {0} x R""!. Now' we define
w = (w3,...,wp). Then w = (0,ws,w) and

w3 + |w|® = 1. (4.5)

b

We also set

Sl

Sn2 = {w = (0,wp,w) € S" % s.t. wy >

Using (4.5), we see that,

V19 ,
< —, C 82
flr <3} es:
Also, in S772,

2pr(1 — w3)

T < 2pr(1 — w3) = 2pr|w|*.

20r(1 —wsy) =

Therefore, fixed any a > 0, we have

/ dw B / dw
nts nts
Sn=2 (a2 + |pes — rw|2) 2 Sn=2 (a2 +lp—r]2+ 20r(1 - wg)) 2

dw dw
> T 2 nfs
ST (@ =P A 2or(1L—wa)) T TSI (2 4 o= 2pr|w]?)
dw

2 C nts )
{lwl<V19/10} (a2 4 |p — 7|2 + 2pr|w|?) =
for some C' > 0, possibly different from line to line. So we use polar coordinates R"™2 > w = Ry,
with ¢ € S"~3 and obtain from the latter estimate that
d Vis/ao R"*dR
/ Y >C / — (4.6)
5772 (a2 + |peg — Tw|?) ® 0 (a2 +[p— 7| +2prR?) 2
Now we observe that, for any X, Y > 0, we have that
VIO pe-3gp X\ 1 N
/ T =
0 (X2+Y2R?) 2 0 (1+12) >

where the change of variables R = Xt/Y was performed.

TognT3qt
I(x) ;:/ —_—
0 (1+¢2) 2

We observe that if x € [0,1] and ¢ € [0, 2], then 1 + > < 2 and so

Now we denote, for any x > 0,

I'z)=>C / " dt = C a2,
0

L For concreteness we suppose in this part that n > 3. In the very special case n = 2, one does not have any compo-
nent (ws,...,wn), so she or he can just disregard w and go directly to (4.10).
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up to renaming C' > 0. Moreover, if > 1, then

=3 dt

1
F(x)>/7n+s>c’
0 (141¢2) 7

Summarizing, for any = > 0, we have that
I(x) > C min{z" 2%, 1}.

Thus, going back to (4.7),

/”9/10 R"3dR (X)"‘2 1 (\/191/)
= _— F
nts n+s
0 ()(2_|_Y2R2) 2 Y Xn+ 10 X

X n—2 1 Y n—2 1 X n—2
>0 (= i - = in{ (= . .
=>C (Y) s mm{l7 (X) } C’Xn+s mln{(y) ,1} (4.8)

Now we take X := y/a? + |p — r|? and Y := \/2pr and we plug (4.8) into (4.6). In this way we obtain

d 1 2 _ 2 %
/ = nts > ¢ nts min { <a+|pr|) ) 1} . (4'9)
gn—2 (a2 + |pes — rw|2) 2 (a2 +|p— r|2) 2 pr
Hence we take a := |x1 — y1| and we insert (4.9) into (4.4), obtaining that
1/2 1/2 931)
20 [ [ /
1/2 1/2 f(y1)

n—2
n—2,.n—2 _ 2 _ 2\ 2
x rFr - min{(xl wl +lp=rl ) ,1}. (4.10)

(Jer =12+ lp—rf?) 2 pr

Now we observe that
1/2 1/2 (z1) 400
/ da:l/ dyl/ dp/ dr
—1/2 1/2 Fyr)

n—2
pn—2rn—2 ) |$1 _ y1|2 + |p _ T‘|2 —5
X X{|zy—y1|2+|p—r|2<pr} — min " .1
(ler =3l + 1o —7[?) P

1/2 1/2 f(z1) pnT_Qr#
:/ dx; / dyl/ dp/ er{\:cl—y1|2+|p—r|2<pr} 2 ST
—1/2 1/2 Flyn) (ler =2+ p—rl?)

This and (4.10) give that

T p=E2 22
PS(F / / / dp/ dT‘ X{|$1—y1|2+|p—r\2<pr} s . (4.11)
~1/2 ~1/2 Fv1) (lr =2 +lp—rl?) 2

Accordingly, we perform the change of variables p = |x1 — y1| a and r = |z1 — y1| 5, so that (4.11) becomes

1/2 1/2 |$f1( 1le I |$ . n_o_g n=2 ,n=2
y1l oz [
dxl/ dyl/ dOé/ ﬂX{lJr‘a Bl2<aB} ! <
/1/2 1/2 yl\ (1+\C¥—ﬁ|2)1+2

—2 n—2

1/2 I11 y1| Foo le _y1|n—2—s anTﬁT

10 [z1—yq| [E3 1*141\
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where €, and «, were introduced in (4.1) and (4.2). As a matter of fact, using (4.2), we obtain that, in the
domain above,

fly) _ _ flo) - 9f(x1)

lz1 — 3| = 2]z —y| T 10]z — |
AS a consequence
1/2 [z1—y1] +oo |£U1— |n7275a 2 ﬂn;2
C/ dfﬂ1/ dy1/9f(zl> / dB X {1+4|a—pI2<aB} s
10 21 —v1] (1+ o= B2
1/2 By atl o1 — y1|"_2_sa%6"52
C/ da:l/ dy1/9f< / dﬁX{1+\a76|2<aﬁ} 5 +3 (412)
10 o1 — y1| (1+|OZ—/B| )

Now we observe that in the domain above 0 < § — a < 1, therefore, recalling (4.1),

f1) _ fe)

I+la—pBP2<2< <
| l 8 8\951*y1|2

and

2 2
22 81 f*(x1) _ > f2(r1) -,
100 |21 — 1 8|x1 — y

aff >« (4.13)
that is
1+ |a— 8% < aB.

Accordingly, (4.12) boils down to

f(z1)

1/2 = o+l . |n—2—s "> -
so [ an [ an [T ap [T w7 S
(14 Jo— )"

10|T1 1/1|

Hence, using again (4.13),

C/ i /1/2d /\11 yl\ /a—l-l dﬁ |.’1?1 _y1|n—2—s f"_2(al‘1)
1 Vil e (14 |a—p2)TF Jer—pfn?

10 [z —yq |

a+l dg /1 dr
=] ————>C,
/a (1+ |a—m2)“r§ 0 (1+T2)1+

flz1)

1/2 [z1—y1] fniQ(.’,E )
n—2—s 1
/ dxy / dyl/ oror) da |z — y1] o1 — 2

10 Jz1 —y1]

Ex 1/2 "o
>C/ mﬁ/ dyn |or — o r2—s . @) Sz
0 [’

B Y R PR Y

Now we point out that

vl

and thus we get that

which completes the proof of Proposition 10. [

5. Convergence issues

Here we show that uniform energy bounds, as the ones obtained in Proposition 10, joined with volume
constraints, imply a suitable compactness.
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Proposition 11. Let Cy, Cy > 0. Consider a sequence of even functions fy : [—1/2, 1/2] — [0, +00], with fy
decreasing in [0, 1/2]. Assume that for any €. < auy € [0, 1/2] such that

fu(xz1) 24 forall x1 € (0,64 k) (5.1)
and
fe(@1) = 2f(yr) for all z1 € [0,e. k) and y1 € (e, 1/2] (5.2)
it holds that
€,k 1/2 nfl(x )
k 1
—r - dry < Ch. 5.3
/0 [/a*k |x1 —yl\HS y1‘| 1 1 ( )
Suppose also that
1/2
]’?71(.731) d$1 = 02. (54)
0

Then, there exists a function f such that, up to a subsequence, fr, — f a.e. in [—1/2, 1/2] as k — 400, and

1/2
/ fnil(l'l) dl‘l = CQ.
0

Proof. First we point out that, for any r € [0,1/2],

Cy > / f,:’_l(xl)dxl >r [%)nf] f,?_l,
0 T

that is
1
filr) = inf fi < (Cj) o (5.5)
In particular f(1/2) < (ZCg)ﬁ. So, for any M >4+ (2C’2)ﬁ7 we are allowed to define
ep(M) =1inf{r € [0, 1/2] s.t. fi(r) < M}. (5.6)
We claim that
e (M) < Mciy (5.7)

Indeed, if (M) = 0 we are done, so we assume e (M) > 0. Then, for any k and M fixed, for any j € N,
we can take r; € [(1 —277) e, (M), e, (M)] such that fi(r;) = M. Hence, from (5.5), we have that

M < fulr)) < <02> .

rj

Co >
M < ,
(5k(M)

Now we define ay(M) = e,(M/2). We point out that, if 1 € [0,e,(M)), then fr(x1) > M, and
therefore fi(x1) = 4. Also, if y1 € (ax(M), 1/2] = (e (M/2), 1/2], we have that fi(y1) < M/2. Accordingly,
if z1 €10,e,(M)) and y1 € (o (M), 1/2], we have that f(z1) = M = 2f(y1).

So we pass j — 400 and we obtain

that proves (5.7).
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These considerations show that (5.1) and (5.2) are satisfied by €. == ex(M) and ;== ax(M). As a
consequence

formula (5.3) holds true with e, = e, (M) and o, = ai(M). (5.8)
Now we claim that there exists a constant Cy > 1 such that, if M > C, then
er (M) C
n—1 *
[ e dn < s 5.9)

To prove this, we use (5.8) to notice that
Ek(M) 1/2 1 1
Cl 2 / / . (Il) T dyl dl’l. (510)
0 ar (M) y |71 — ya |1 FS

Now, fixed 21 < ep(M) < ex(M/2) = ay (M), we compute

/1/2 1 1/2 1 1 1 1 (

7dy1:/ dylz[ — . 5.11
ar(M) |71 — Y1 |tE ar(ar) (Y1 —m1)tFs s [(ax(M) —21)s  ((1/2) — 21)* )
Now, if 21 < ei(M), we have that

1 1 1 O 1
- — > - — M 2 = 2 R
g nzg a2z -2y
if M is sufficiently large (independently on k), thanks to (5.7). Moreover, using again (5.7), we see that
Cs
ap(M) —x1 < ap(M) =ep(M/2) < =
for some C5 > 0. Therefore (5.11) implies that
1/2 1
/ TS =2 [04 MEC= Cs} > CeM*" 1),
ar(M) 171 — Y P

for suitable constants C; > 0, as long as M is large enough, independently on k.

So we plug this information into (5.10), and we conclude that
ex (M)
07 2 Ms(n_l)/ f,?_l(xl)dxl,
0

and this proves (5.9).
Now we claim that
fe — f ae in[0,1/2], as k — +oo, (5.12)

up to subsequences, for some function f. To prove this, we use the compactness of the functions with
bounded variation, joined with a diagonal trick. We fix M € N, M > 1, and we use (5.7) to see that
(ex(M), 1/2) D (CoM'=", 1/2), for any k, and so, by (5.6),
sup Jk< sup  fp <M.
(CaM1=7,1/2) (en (M), 1/2)

Since f) is monotone, this gives that ||fxllpv(conmr—n,1/2) < 2M. As a consequence of this and of the
compactness of bounded variations functions (see e.g. Theorem 3.23 in [2]) we get that, for any fixed M € N,
fi — f™ ae. in (CoM'™", 1/2), up to a subsequence, for some function fM) : (Co M=, 1/2) — [0, +00).
More explicitly, we write this subsequence by introducing an increasing function ¢5; : N — N, and by stating
that

Foromon ) — f™M)ae. in (CoM'™™, 1/2). 5.13
934 ¢1(k)
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As a matter of fact, for a.e. 71 € (CoM'~™, 1/2), we have that
f(MJrl)(IEl) - kEI—&I-loo f¢1\1+10¢MO~~0¢1(k)(x1) - kEI—GI-loo f¢1\40~-0¢1(1€)(xl) = f(M)(xl)’

so we can define f : (0,1/2) — [0, +o0] by setting f(z1) := f™M) (1), for some M so large that Co M'~" < ;.
Hence, we consider the diagonal subsequence fy, ..., (r) and we prove that it converges to f a.e. in (0, 1/2).
For this scope, we fix ¢ > 0, 1 € (0, 1/2) (possibly outside a set of measure zero) and M,, € N such
that CoM.~™ < 1 and we use (5.13) to find k(e, 1) such that, if k > k(e, 1), then

|f¢>Mmlo---o¢>1(k)(x1) — flx1)] <e.
Now, if k > M,, + k(e, 1), we have that ¢y o--- o ¢1(k) is a subsequence of ¢ps, ©o---0¢;i(k) and thus
| foro oy k) (T1) — flz1)] < e
Since ¢ is arbitrary, this shows that fg, o...o6,(k)(21) — f(21), which in turn completes the proof of (5.12).
Now we identify fi with the subsequence constructed in (5.12) and prove that
Pl in £1(0,1/2), as b — +oc. (5.14)

For this scope, we fix § > 0 and we use (5.12) and Egoroff’s Theorem to find E5; C (0,1/2) such
that (0,1/2) \ Es| < § and f;' — f"~! uniformly on Es. We choose M; = 6~/ and we use (5.9)
to conclude that

e (Ms) C s(n—
/ l?il(xl)dxl<ﬁzc*5 (21>7
0 My

for every k. Therefore

1/2
/ I @) = £77 ()| dan </ (Ff27 @) + £ @) don 4+ 2 = £ oo () | Bl
0 (0,1/2)\Es

s(n—1)

<20,5° 2 +/ N @) dan +/ M @) doy 4 7 = e sy - (5.15)
(er(Ms),1/2)\Es (en(Ms),1/2)\Es
Now we recall that, by (5.6), fr < Ms in (ex(Ms),1/2), thus

/ Fr () dzy < My [ (ex(Ms), 1/2) \ Es| < Mo = V3.
(ex(M5),1/2)\E5

The same holds with h instead of k. Consequently, formula (5.15) gives that

s(n—1)

1/2
/ 7 @) = i @) day 20075 +2V0 41 = fi 7 e -
0

So, if we choose h, k so large that || f~! — £~ || ;) < V6, We obtain

1/2 s(n—1)
/ 2 ) = 7 (@) day <2067 7 43V6.
0

Since § was arbitrarily fixed, we have just shown that f; is a Cauchy sequence on L'(0,1/2), which
implies (5.14).

The desired claim now follows from (5.14) and an even reflection in (—1/2,0). O
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6. Proof of Theorem 1

The proof uses the direct methods of the calculus of variations, combined with the fine estimates of
Propositions 10 and 11. That is, we take a minimizing sequence of sets Fy, € J¢ with |Fy| = p and

|Fl=n

Since Fy, € #, we have that F} has the form
By = {(21,4') € S st | < fulen) },

with fr : [—1/2, 1/2] — [0, +00] even and decreasing in [0,1/2]. We remark that, for any k € N,

1/2
p=|F|=0C, P (@) day,
0

for some dimensional constant C, > 0. Also, we can fix a set F, with Pg(F,) < 400 (recall for instance
Corollary 8), and we may assume that
Pg(Fy) < Ps(F,) for every k € N. (6.2)

We want to prove that

1/2
up to a subsequence, fr — f a.e.in [—1/2, 1/2], with C, / ) dey = p. (6.3)
0
Indeed, if there is a sequence along which
Sup |[.fillpoe (1172, 1/2)) < +00
keN
then
sup || /7 By (=1/2,1/2)) < +00
keN

and so, again up to a subsequence, we can pass to the limit in L'([—1/2, 1/2]) and a.e. in [—1/2, 1/2], see
e.g. Theorem 3.23 in [2], and obtain (6.3). Thus, we can suppose that

sup || fi || £oe (-1/2,1/2)) = +o0.
keN

In this case, we check that the assumptions of Proposition 11 are satisfied. For this, let €, 1 < au € [0, 1/2]
such that

fu(z1) >4 forall z; € [0,e. ) (6.4)
and
fe(z1) = 2fx(yr) for all z1 € [0,e, 1) and y1 € (g, 1/2]. (6.5)

We observe that (6.4) and (6.5) say that (4.1) and (4.2) are satisfied (for all the indices k), hence we can
use Proposition 10 and conclude that, for every k € N,

E*’k 1/2 n—1 ]
Ps(Fk) >C / / ki(xl)dy dz,
0

T

for a suitable C' > 0. Therefore, for every k € N,

€uik 1/2 n—1 T
Ps(Fo) >C / / ki(xl)dy dz,
0

1
Qe ke |1‘1 - y1‘1+s ]
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thanks to (6.2), and this gives that condition (5.3) is satisfied in this case. Consequently, (6.3) follows from
Proposition 11.

Thus, we define
F, = {(xl,x’) € Sst. |2 < f(x1)}7

and we show that F is the desired minimizer. First of all, | Fi.| = p, thanks to the integral constraint in (6.3).
Furthermore, as k — +oo,

XF, — XF, ae.inS. (6.6)

To check this, we recall that, by (6.3), fr — f in S\ Z1, with |Z;| = 0. Moreover, we have that, for any fixed
zy € [-1/2, 1/2], the set A% := {2/ € R"! s.t. |2/| = f(x1)} is a sphere in R*~! and so it is of measure
zero in R"™1 (in symbols, |A%1| = 0). Thus, if Zs = {(z1,2') € S s.t. |2'| = f(z1)}, we have, by Fubini’s
Theorem, that

1/2 1/2
| Zs| :/ dfcl/ Az’ X ( f(ey)=|2} (|27]) = / dry|A*| = 0.
—1/2 Rn—1 -1/2

Therefore, (6.6) would follow if we show that fr — f in S\ (Z1 U Zs). For this, fix x € S\ (Z1 U Z3).
Since x € Z5 we have that either |2'| < f(x1) or |2'| > f(x1). Since x ¢ Z; we have that fr(z) — f(z), so
that for large k, either |2'| < fr(x1) or || > fx(x1), respectively. This shows that, for large k, x € F, if
and only if © € Fy, therefore x, () = xr(x), and this proves (6.6).

Consequently, using (6.1) and (6.6), we have, by Fatou Lemma,

;réfs Pg(F) = kEIJPoo Ps(Fy) = klim /Fk o K(z —y)dzdy

c ——+00
|Fl=p

= Jim [ @ o) K@ —vdedy > [ [ xn @) xon o) K@ =) dedy = Py(F).

This shows the desired minimization property and it ends the proof of Theorem 1.

7. Proof of Theorem 2

We suppose that f(1/4) > ﬂﬂﬁ, for some (3 > 0, and we obtain an estimate on (. For this we use the
volume constraint and we observe that

Y8

1 1/8
COMZ/ 7 (@) day 2/ SN @) day > g
0 0

for some C, > 0. That is, by monotonicity, we have that
1 1
BuTT < F(1/4) < f(m1) < f(1/8) < Crp

for every x1 € [1/8, 1/4] (here and in the sequel C; > 0 is an appropriate dimensional constant). Notice that
this already says that

B < Ch. (7.1)
As a consequence, we see that (1.1) is obvious if u > 1/16"~1, so we suppose from now on that

pe (0,1/16™7h). (7.2)
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We let B the ball with volume p (say, centered at the origin) and we use the minimality property of F,
and (3.1) to see that

= Pery(B)
Ps (B)
Ps(F.

1/4 1/4 1
Cg/ dxl/ yl/ dl‘// dy’inﬂ
1 i<t Jyisren 1T
1/4 1/4 1
C’g/ dasl/ dyl/ . da:’/ X dy’7+ .
|2/ |<Bu =T wisopmT =yl

Now we let M = ;fﬁ. Notice that M > 16, thanks to (7.2), thus, if N is the integer part of M/8, we
have that N < M/8 and

Cop’ v =

VoWV

M M
N>—-1>—. 7.3
8 16 (7.3)
Hence we change variables X := Mz and Y = My and then we translate in the first coordinate, and we
obtain

o M/4 M/4 1
C4MT 2 MS—TL/ dX]/ le/ 1 dXI/ 1 dylim
M/8 M/8 |X/|<BMpuTT [Y/|>Cy Mun—T | X =Y
M/8 M/8 1
= MS_”/ da:l/ dyl/ da:’/ dy’iwrs
| |<8 lv'|>Ch Ix— yl
/ d:z:l/ dyl/ dx’ / .
|z'|<3 ly \>c1 |33 - |
1
> M5 / dajl/ dyl/ dx’/ dy ——————
Z k-1 k-1 |o/|<B ly'|>Cy |z —y|nts
= M*~ ”Z/ dxl/ dyl/ / dylil
l2/|<3 ly'|>Cy |z —y|nTe
s—n / / 1
=M N/ dml/ dyl/ dm/ dy T mTs (7.4)
0 0 o’ <8 wisc 1T =Yl

Now we observe that if z1, y1 € [0, 1], |2'| < f and |y’| > Cy + 1, then
71—y ST<SCL+1=B< |- < ]2 =],
thanks to (7.1), thus in this case
|z —yl < Csla’ — /| < C5 (|| +1y']) < C5(B+1y']) < C5(Ci+1y']) < 2G5 [y'].

Accordingly

1 1 1 1 1 1
/ dxl/ dyl/ dm’/ dyl7n+s 2/ dxl/ dyl/ dx’/ dyliwrs
0 0 |2/|<3 wisc. |z =yl 0 0 |2/|<3 Wy |>Cit1 T =Y
1 1
1
2 CG/ dl’l/ dyl/ dl’// dy/T—i-a = O7ﬂn71.
0 0 2/ |<B o Y]

By inserting this information into (7.4) and using (7.3) we obtain that

08 M1+Sinﬁn71 n—s—1 —
— = Cop -1 "1,

N CgMS nNﬂn 1>

and this gives that § < Cm,u"2<" D . This proves (1.1).
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Now we prove (1.2). For this we use the monotonicity of f, the volume constraint and (1.1) to compute

Fon {|ay| > 1/4 ot
| {lz1] /}|=Cnﬂl/
|F| 1/4

fr M) doy < Crap™ fH(1/4) < Crapn?,

which implies (1.2). The proof of Theorem 2 is thus complete.

8. Proof of Theorem 3

We take B the ball of volume p (say, centered at the origin). Using the minimality of F, and Proposition 7,
we see that

Ps(B) — Ps(F,) _ Pery(B) — Per (F,) + C (|F*|2 + HS(F*))

MT MT

0< (8.1)

Now we use Theorem 2, so we write
F = {(ml,m’) € S st |2| < f(xl)}

with
f(1/4)

—— < ON"%S‘*U .
,U;"_l

In particular, using the monotonicity of f, we have that, for any x; € [1/4, 1/2]
Flen) < f(1/4) < Cpem s pmT =i

This (in the notation of (3.3)) says that F, and F, are contained in the cylinder of radius r, and therefore,
by Lemma 9,

s(n—s)

Mg(F,) < Cr"™* = Cpn?tib x N%-

Using this and the fact that |F,| = p = |B|, we write (8.1) as

2

77.275
0< Persn(f) - Pefs(ﬂ) C (M"T“ n anm), (8.2)
|B|* |F, |
Now we use the quantitative isoperimetric inequality in Theorem 1.1 of [9], according to which
Per, (F, Pery (B X
reB) o 2B (1 opert(r),
|F* = |B =
By inserting this into (8.2) we conclude that
Pery (B nts n2 o2
0< —;r‘n(s) O Def?(F*) + C (u% n unmfl)). (8.3)
Since
22 _
n—-s®  n—s (n+s)< n (n+s)<(n+s)

)

n2n—1) nn-1 n “nan-1 n ~ n

we see that (8.3) implies the thesis of Theorem 3.



376 J. Ddvila et al. / Nonlinear Analysis 137 (2016) 357-380

Acknowledgments

J. Dévila and M. del Pino have been supported by grants Fondecyt 1130360 and 1150066, Fondo Basal
CMM and by Millenium Nucleus CAPDE NC130017. S. Dipierro has been supported by Alexander von
Humboldt-Stiftung. E. Valdinoci has been supported by PRIN grant 201274FYK7 “Critical Point Theory
and Perturbative Methods for Nonlinear Differential Equations” and ERC grant 277749 “EPSILON Elliptic
Pde’s and Symmetry of Interfaces and Layers for Odd Nonlinearities”.

Appendix A. Limit of Ps as s "1

Now we show that (a suitably scaled version of) our nonlocal perimeter functional Ps approaches the
classical perimeter as s / 1. Notice that of course the functional Ps depends on the fractional parameter

€ (0,1) (though we did not keep track explicitly on this dependence when it was not necessary to use it).
Also, heuristically, points “close to each other”, up to periodicity, provide the biggest contribution to Pg,
due to the singularity of the kernel. A rigorous version of this concept is given by the following result:

Proposition 12. Let F € . be a set with (OF) N {|z1| < 1/2} of class C?. Then

lim in__f Ps(F) = "V ((0F)  {|21] < 1/2}).

Proof. First of all, we fix A € (0,1/4), to be taken as small as we wish in the sequel, and we define
1 1
F :=Fﬂ{|$1| S |:2—)\7 2:|}
We observe that if z € F and y € F'\ F), then

1
e —yEe| 2 lor =y £ U2 L Fyl —lan] > 5+ A= [za] > A

Similarly, if y € F\ and @ € F \ F), then

1
|$—yi€1\>\xl—yﬁ:l\>|1i$1|—|y1\>§+)\—|y1|>>\

Consequently,
dud dod ‘
e o B s o T s | <4
ke{- 1+1} FAFS |$*y+kel| F\F\ JFx ‘l"*erke |
As a consequence
lim (1 — s) / /  dwdy _ / / dx dy S &)
! ke{- 1+1} F\F |£U—y+kel| F\Fx JF |x_y+k€1|

for any fixed A € (0,1/4).

Now we claim that

L dx dy
lim lim (1 — s) ol
ANOs 71 ke{-1 +1} B TR [z =y ke

— w1 [AHOF) — A" ((0F) 0 {|21] < 1/2})] - (A.2)
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To prove this, we write
1 1 1 1 1
+._ e - . - _z -
Fy .Fﬂ{xle[Q A, 2]} and F, : Fﬂ{xle{ 5’ 2—1—)\2]}.

Notice that
Fy, = F;r UFy (A.3)

and that ifﬂceF)\+ andyEFj—l—el,orifxeF; andyEF;—i—el,orifxeF; and y € F, + ey, then we
have that |z — y| > 1/4, and so

/ / dxdy / / dz dy / / dxdy < 3. 4mHs| P2
i JEf e, & —y|"+s Ff+e [ —y|mts Fy +e1 [ —y[mts S

and therefore

lim (1 — s) / / de dy+ / / dz dy+ / / do dy+ =0. (A4)
8/1 FFJFf e, [0 =yt Ffie |2 —y["te Foder [T —y["te

Now, we define 2, as the interior of the closure of F\" U (Fy + e1). By Lemma 11 in [5], we have that

dx d
lim(1 —s / / x y+ = wyp_1Per(Fy, 2\) = w1571 (F N{x; = 1/2}).
5/1 Fy\N§2y .Q,\\F)\ “/I; - |7l s

Accordingly,

dxdy _dxdy
lim lim (1 — s) T = lim lim(1 — s) T
/\\03/1 P JF 4eq |~T— |nts *\08/1 Fan2y J 23\ Fx \35— y[nts
=w,1 " (Fn{z =1/2}). (A.5)

Now, we decompose the set F) as in (A.3) and we change variable, to see that

/ / dx dy / / dx dy
Fy JF |x - - el|n+g Fy JFyx+eq ‘Jj - |n+9
B / / dx dy / / dx dy / / dzx dy / / dx dy
Py P e [ —y[+s N [ —y[n+s Ff JFj te [z —y[n+s Ff JF ter [ —y|ts

Using this, (A.4) and (A.5), we obtain that

dx dy 1
lim lim (1 — 1" (F'N =1/2}). A6
Al\‘rno Sl/'ni ° /FA /FA ‘.T -y — 61|n+8 = Wn-1 ( {1’1 / }) ( )

Similarly, one sees that

_ dzdy
lim lim (1 — s) — w, Y (F O {z = —1/2)). A7
A\Os/l /I;)\ /FA |xfy+el|n+s 1 ( { 1 / }) ( )

Notice also that
AN EN{zy =-1/2}) + " (Fn{z = 1/2}) + "1 ((0F) N {|z1| < 1/2}) = o7 (OF).
This, (A.6) and (A.7) give the proof of (A.2).

Now we observe that

/ /  dzdy
|:v —y+ keg |t
/ / dzx dy / / dzx dy / / dx dy
Py J Py |z =y + keg[n+s F\Fy |z —y + ke |PFs F\Fy JFy |z —y+ ke [nts |7

ke{—1,4+1}

ke{-1 +1}
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Thus, we exploit (A.1) and (A.2) and we obtain that

lim(1—s) Y //m d dy = wn1 [ OF) — 2 ((0F) 0 {lea] < 1/2})] . (A.8)

s 1 y + kep|™ts
ke{—-1,+1}

Now we observe that if |k| > 2 and z, y € S, then

k
o=y kerl > Kl =z —y] 2 1k~ 1> 5,

therefore, for any s € [1/2, 1),
n+s 2 n+1 2
P lr—y ke ks (k72
keZ\{0,—1,+1} keZ\{0,—1,+1} kez\{0,—1,+1}
which implies that
dx dy
lim(1—s) > // =0
/1 ke€Z\{0,—1,+1} @ =y + kei
This and (A.8) yield that

. dx dy -1 -1
lim (1 — — w1 [HHOF) — L ((OF 1/21)]. (A.
At keZ\{O}// [& =y + ket ! (7" (OF) = A" ((0F) n{lan| < 1/2})] . (A.9)

Moreover, by Theorem 1 in [5], we have that

lim (1 — s)Pery(F) = w,_1Per(F) = w, 1" (OF).

s /1

Using this, (3.2) and (A.9), we conclude that

w1 A (OF)  lim (1 = 5)Ps(F) = lin (1~ 5) [Pers(F) - PS(F)}

. dx dy
= hrri(l —5) o TS
s/ kEZ\{O} F v —y+hents

= w1 [AHOF) — A (OF) N (|| < 1/2})]

which gives the desired result. [

Appendix B. Symmetric rearrangements in x’

Here we show that spherical rearrangements in the variable 2’ € R"~! make our functional decrease.
Given a set A C R"~! (respectively, a function f : R"~! — [0, +00]), we consider its radially symmetric-
decreasing rearrangement A* (respectively f*, see e.g. pages 80-81 in [10] for basic definition and properties).
Given A C R™ (respectively, f : R® — R), fixed any z; € R we denote by A®>* (respectively, f*»*
R"~! — R) the radially symmetric-decreasing rearrangement of the set

A= {2 e R" ! st (z1,2) € A}

(respectively, of the function f(z1,-)).
Given A C S we also set

A* = U {z1} x A"V*,

z1€[—1/2,1/2]

We now show that Pg decreases under this radially symmetric-decreasing rearrangement in the variable x’:
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Proposition 13. For any F C S with |F| < 400, we have that Ps(F*) < Ps(F).

Proof. Fix M € N (to be taken arbitrarily large in what follows). We take hjs as in (2.3). Notice that, by
Corollary 6 (and up to renaming Chy),

K= / has(z) dz < Chy min{1, [2'[* 7"} da’ < Cyy < +oo.
S Rnfl

Furthermore, K(x; + 1,2') = K(z1,2’). This implies that also the map z1 — hps(21,2’) is 1-periodic for

any fixed 2/ € R"~!. Thus we can consider its integral on a period, and we have that, for any » € R,

/ har (21, 2") day :/ har(zy, 2" day.
r+[—1/2,1/2] [—1/2,1/2]

So, if we integrate over ' € R™~!, we obtain that

~/r+s hy(z)de = / ha(z)de = k.

s
Now, given any y € R™, we notice that —y + S = —y; + 5, and thus

/hM(x—y)dac:/ hayr(z) dz = Ky (B.1)
S —y+S

Moreover, fixed z; € R, we have that the map R"™! 3 2/ — K(x,2') is radially symmetric and
decreasing, therefore K“+*(2') = K (z1,2’). Accordingly, hi; " (2") = has(z1,2”). Also, for any fixed z; € R,
we have that Xf., = X(p=1)» = XFe1.«. Thus, fixed z; € R, we use the Riesz rearrangement inequality (see
e.g. Theorem 3.7 in [10]) and we obtain

/ / XF(Ih x,)hM(fl — Y1, x - y/)XF(yla yl) da’ dy'
]Rn—l ]R"”l

xre (@) har (@1 = y1, 2" =y )xrn (y') da’ dy’
Xior (2R (21 = y1, 2" — 4 )Xo () da’ dyf

xrere (@ )har (@1 =y, @' =y )x e - (y') da’ dy’

n—1 n—1

= / / xF (1, 2 ) hoar (@1 — v, 2" — Y ) xee (y1,y') do’ dy'.
Rn—-1 Jrn—1

Now we integrate over z1 € [—1/2,1/2] and y; € [—-1/2,1/2] and we obtain that

I N
———

//XF(w)hM(w*y)XF(y) dxdy<//XF*(w)hM(fcfy)XF*(y)drcdy. (B.2)
SJS SJS

On the other hand, if z € S, we have that xp(z) = 1 — xg\r(z), therefore

/5 /SXF(”J)”M(JC —y)xr(y)dzdy
- /S/ShM(l' —y)xr(y) dedy — /S/SXS\F(x)hM(x  rely) dody

:nM|F|—/ /hM<x—y>dxdy,
S\FJF

thanks to (B.1). Similarly, we have that

/ / s+ (@) har (2 — y)xr- (y) do dy = rag |F*] — / hat(z — y) d dy.
S JS S\F* Jals
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Therefore, recalling (B.2), we obtain that

HM|F|—/ /hM(a:—y)dxdyS/{M |F*|—/ ha(z — y) dx dy.
S\F JF S\F* JF*

Hence, using that |F*| = |F| and that hp; < K, we obtain that

/S\F*/*hM(m—y)dmdyS/S\F/FK(m—y)dxdy. (B.3)

Now we observe that, by Fatou Lemma,

1iminf/ / hM(x—y)dxdy>/ K(x —y)dzdy,
M—+oo Jo\px J S\F* JF~

thus we can pass to the limit (B.3) and obtain the desired result. [

In the light of Proposition 13, we have that the cylindrical symmetry assumption for the set of competitors
in ¢ (recall the definition on page 2) can be weakened. Indeed, it is not necessary to suppose that the
competitors are a priori cylindrically symmetric, since the cylindrical rearrangement makes the energy
functional decrease. It would be interesting to weaken also the assumption that the set is a priori decreasing
with respect to z1 € [0, 1/2]. In principle, a periodic version of the cylindrical rearrangement should prove
that the energy also decreases under monotone rearrangement in the x; variable. Though this property is in
accordance with the intuition and with some numerical simulations, it is not immediate to give a rigorous
proof of it, due to the presence of competing terms in the sum that defines the functional, so we leave this
as an open problem.
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