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1. Introduction

Let (M, go) be a compact manifold without boundary of dimension n > 3. If g = une go is a metric
conformal to gg, the scalar curvature R of ¢ is given in terms of the scalar curvature Ry of gy by

n+2

R=u"n2 (=nAgytu+ Ro i)

where Ay, denotes the Laplace Beltrami operator with respect to go and ¢, = 4(n —1)/(n — 2).
In 1989 R. Hamilton introduced the Yamabe flow
% =-—-Rg (1.1)
as an approach to solve the Yamabe problem on manifolds of positive conformal Yamabe invariant. It is the
negative L2-gradient flow of the total scalar curvature, restricted to a given conformal class. This was shown
by S. Brendle [1,2] (up to a technical condition in dim n > 6). Significant earlier works in this directions
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include those by R. Hamilton [9], B. Chow [3], R. Ye [17], H. Schwetlick and M. Struwe [14] among many
others. The Yamabe conjecture, was previously shown by R. Shoen via elliptic methods in his seminal
work [13].

In the special case where the background manifold My is the sphere S™ and gg is the standard spherical
metric g, , the Yamabe flow evolving a metric g = T (+,t) g4n takes (after rescaling in time by a constant)
the form of the fast diffusion equation

_n+2

-2
(u"%) = Agntt — cpl, ¢p = n(nf)
t

4

(1.2)

Starting with any smooth metric gop on S™, it follows by the results in [3,17,7] that the solution of (1.2)
with initial data gy will become singular at some finite time ¢ < T and v becomes spherical at time T,
which means that after a normalization, the normalized flow converges to the spherical metric. In addition,
v becomes extinct at T

A metric g = TR gs» Mmay also be expressed as a metric on R™ via stereographic projection. It follows
that if g = 472 (,t) ggn (where g,,. denotes the standard metric on R™) evolves by the Yamabe flow (1.1),
then 4 satisfies (after a rescaling in time) the fast diffusion equation on R”

n -+ 2
n—2

(@) = A, p= (1.3)

Observe that if g = ﬁﬁ(-,t) gyn Tepresents a smooth solution when lifted to S™, then 4(-,¢) satisfies the
growth condition

a(y,t) = O(lyl~ "), as |yl — cc.

Definition 1.1 (Type I and Type II Ancient Solutions). The solution g = u(-, t)ﬂ%2 go to (1.1) is called ancient
if it exists for all time ¢ € (—o0,T), where T' < co. We will say that the ancient solution ¢ is of type I, if its
Riemannian curvature satisfies

lim sup (|t| max |Rm | (-,t)) < oo.

t——o0 Mo

An ancient solution which is not of type I, will be called of type II.

The simplest example of an ancient solution to the Yamabe flow on S™ is the contracting spheres. They are
special solutions @ of (1.2) which depend only on time ¢ and satisfy the ODE

dig=2 )
= —cp U.
dt
They are given by
n—2
- 4 T .
Uy (p,t) = (n_QCn(Tt)> , peSs (1.4)

and represent a sequence of round spheres shrinking to a point at time ¢ = T. They are shrinking solitons
and type I ancient solutions.

King solutions: They were discovered by J.R. King [10]. They can be expressed on R™ in closed form
(after stereographic projection), namely g = @, (-,t)"=2 g.., where 1, is the radial function

n—2
4

alt) > , yER" (1.5)

L+ 20(t) [y|* + |y*

i, (y,t) = <
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and the coefficients a(t) and b(t) satisfy a certain system of ODEs. The King solutions are not solitons and
may be visualized, as t — —oo, as two Barenblatt self-similar solutions “glued” together to form a compact
solution to the Yamabe flow. They are type I ancient solutions.

Let us make the analogy with the Ricci flow on S2. The two explicit compact ancient solutions to the two
dimensional Ricci flow are the contracting spheres and the King—Rosenau solutions [10-12]. The latter ones
are the analogues of the King solution (1.5) to the Yamabe flow. The difference is that the King-Rosenau
solutions are type II ancient solutions to the Ricci flow while the King solution above is of type I.

It has been shown by Daskalopoulos, Hamilton and Sesum [4] that the spheres and the King—Rosenau
solutions are the only compact ancient solutions to the two dimensional Ricci flow. The natural question to
raise is whether the analogous statement holds true for the Yamabe flow, that is, whether the contracting
spheres and the King solution are the only compact ancient solutions to the Yamabe flow. This occurs not
to be the case as the following discussion shows.

Indeed, in [15] the existence of a new class of type II ancient radially symmetric solutions of the Yamabe
flow (1.2) on S™ was shown. These new solutions, as ¢ — —oo, may be visualized as two spheres joined by
a short neck. Their curvature operator changes sign. We will refer to them as towers of moving bubbles.

Since the towers of moving bubbles are shown to be type II ancient solutions, while the contracting
spheres and the King solutions are of type I, one may still ask whether the latter two are the only ancient
compact type I solutions of the Yamabe flow on S™, Eq. (1.2). In this work we will observe that this is not
the case, as will show the existence of other ancient compact type I solutions on S™.

It is simpler to construct these new solutions in cylindrical coordinates, so let us first describe the
coordinate change. Let g = ﬁﬁ(~,t) gnn be a radially symmetric solution of (1.3). For any T > 0 the
cylindrical change of variables is given by

w(z, )= (T —t) 7 ireta(y,t), z=Ilyl, r=—In(T —1). (1.6)
In this language Eq. (1.3) becomes
n —2)2 n+2
() = s +au? — g, p= "2 0 P NE2 (1.7)

By suitable scaling we can make the two constants « and (3 in (1.7) equal to 1, so that from now on we will
consider the equation

(uP)r = Ugy + uP — w. (1.8)

Indeed, one can see that

a7 [ 7T
u(z, ) = (ﬂ) a <\/B’ a) (1.9)
solves (1.8) iff the @ solves (1.7).

It is well known (we refer the reader to the book by J.L. Vazquez [16], Section 3.2.2) that for any given
A > 0 Eq. (1.8) admits an one parameter family of traveling wave solutions of the form uy(z,t) = va(x — At)
with the behavior

va(z) = 0(e¥), asxz — —oo. (1.10)
It follows that v := v, satisfies the equation
Vgz + A (V) +0P —v =0. (1.11)

The solutions vy define Yamabe shrinking solitons which correspond to smooth self-similar solutions of (1.3)
when expressed as metrics on R™ (the smoothness follows from condition (1.10)). It was shown in [6] that
they are type I ancient solutions.
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Solutions of (1.11) with A = 0 correspond to the steady states of Eq. (1.7) and are given in closed form
as the one parameter family,

vo(z) = <W> , ¢>0 (1.12)

14 c2e2ve

n—2
When A > 0, solutions to (1.11) with behavior (1.10) define smooth complete and non-compact Yamabe

1/2
with v = 25 and k,, = (%) . They represent geometrically the standard metric on the sphere.

solitons (shrinkers) which all have cylindrical behavior at infinity, namely
ua(z) =1+0(1), asax— +oo.

In [5] the asymptotic behavior, up to second order, of these solutions was shown. In particular, it follows
from Theorem 1.1 in [5], that for any A > 1 there exists a unique solution vy of (1.8) which satisfies

oA (0) = 5 (1.13)

and has the asymptotic behavior
ua(xz) =0(e¥), asz— —oo and ovy(z)=1-Cre ™ +o(e™™*), asz — +oo (1.14)
for some constants vy > 0 and C, > 0 (depending on A). For values of A in the range 0 < A < 1, the behavior

of the solutions vy was also studied in [5] and differs for dimensions 3 < N < 6 and N > 6.

Remark 1.1. For the convenience of the reader let us point out that the proof of Theorem 1.1 in [5] is given
in Chapter 3 where the solution v in cylindrical coordinates satisfies equation

A e +Ap — D) P o, F0P —v =0 (1.15)
for a parameter A > 0 and
_9)2
Q= (n—2) = 1 .
4 (p—1)°
If
= ——1/2 _ P— 1
v(z) =v(yz), 7= =5

then o satisfies (1.11) with A = B(p—1)/(py) = 26/p. Hence = 31 := p/2 in Theorem 1.1 in [5] corresponds
to A =1 in our case.

Remark 1.2. Since Eq. (1.11) is translation invariant the solution vy generates an one parameter family v p
of solutions of Eq. (1.11) given by vx 5 = va(z + h) which satisfy vy ,(—h) = 1/2.

Linearizing Eq. (1.11) around the constant solution v = 1 (which corresponds to the cylinder in geometric
terms) we obtain the equation

Vge + A0+ (p—1)0=0. (1.16)

Hence, assuming that v & 1 — C'e™ "% as x — 400, it follows that -, satisfies the equation
Y=y +(p-1)=0 (1.17)

and its roots are non-complex (which corresponds to non-oscillating solutions ¢ of (1.11)) iff

p
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All such solutions were studied in [5], however here we will restrict ourselves to the case
A> 1.

It has been shown in [5] (Theorem 1.1) that when A > 1, the solution vy of (1.11) is monotone increasing
and satisfies (1.14) with

Ap — \/A?p? —4(p— 1)
2

which corresponds to the smallest of the roots of (1.17). When A = 1, Eq. (1.11) admits the explicit one
parameter family of Barenblatt solutions

. (p-1)
ne=(rretems) o >0

. -0, (118)

14+ ce—(P-D=

where we recall that p — 1 = 4/(n — 2) and one may choose ¢ = ¢, so that

1 1/(p—1)
1= <1 + ce—(P—1)$>

satisfies the condition v1(0) = 1/2. It follows, that in this case
v =1—CrePVT L o(e= D) agz — oo (1.19)

for a constant C; = C1(p) > 0. Notice that when A =1 the roots of (1.17) are given by

L PFIp—2]
2
and v1 :== (p— 1) in (1.14) (as it follows from (1.19)), hence it satisfies
—lp—2
p=lp=2 oy
Y1 = 2
-2
PEPA psa

In other words, when p > 2 (corresponding to n < 6) the Barenblatt solution (A = 1) satisfies (1.14) where
~1 is now the largest of the roots of (1.17).

Next we introduce an ansatz for the new type I solutions of (1.8), which will be the main focus in this
work. Let us assume that

unp(z,7) =vr(r — AT+ h) (1.20)

is a traveling wave solution of (1.8) for given parameters A > 1 and h € R. Since Eq. (1.8) is invariant under
the reflection z — —x, it follows that

U p(z, 7) = urp(—x,t) = va(—x — AT + h) (1.21)

is a solution to (1.8). It corresponds to another traveling wave of (1.11) which travels in the opposite direction
than uy p. It follows from (1.14) that wy p, and ay 5 satisfy the asymptotics

unp(z,7) =0(e"), asz— —oo and Uyp(z,7)=0(e"") asx — +oo. (1.22)
In addition, we have
U p(z,7) =1 = Oy e NEATHR) (oM @=ATHR)) g 0 — AT 4+ h — 400 (1.23)
and also
Gap(z,7) =1 — Oy e NEETATHR) o g(emM(Z2=A74h)) g g 4 A\ — h — —o0 (1.24)

with 7, given by (1.18) and C > 0 depends only on A.
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In this work, we will show the existence of a four parameter class of ancient solutions wy x/pp of
Eq. (1.8) with A, ) > 1 and h,h' € R, which as ¢ — —oo may be visualized as two traveling wave solutions,
uy,p, (traveling on the left) and @y ps (traveling on the right). In fact, we will show in the next section that
U\ ,h,h' 1S given by

UN N h,h! = UX N, h,h! — WA Nk, (1.25)
with
VAN bk = min(uy p (-, 7), e (7))

and wy »/ p,p > 0 an error term which is small in an appropriate norm.
4

Let gxa php = uﬁ n.h Jeyi denote the metric on the cylinder R x S™~1 defined by the solution uy of
(1.8). Here gy = da? + g1 denotes the standard cylindrical metric. We have seen that (1.8) is equivalent
to gx x,h,p satisfying the rescaled Yamabe flow g = —(R—1)g. In addition we will show that each uy x/ p.n,

when lifted on S™, defines a smooth ancient type I solution to the Yamabe flow on S™ X (—o0,T), in the
sense that the norms of its curvature operators are uniformly bounded in time. This exactly means that
the corresponding solution to the unrescaled Yamabe flow (1.1) is a type I ancient solution in the sense of
Definition 1.1. Next we state our main result.

Theorem 1.1. For any (A, N,h,h/) € R* such that \,N' > 1 there exists an ancient solution ux x p p
of (1.8) defined on R x (—o0,T), for some T = Ty p,n € (—00,+00] and satisfies

0< U N h,h! < UN N h,h' > fO’I“ all (.’IJ,T) € R x (—OO,T).

In addition, the metric gx x nn = e geyt when lifted on S™ defines a smooth ancient solution of the
rescaled Yamabe flow g = —(R—1) g, on S™ x (—o00,T). This is a type I ancient solution in the sense that
the norms of its curvature operators are uniformly bounded in time (which exactly means the corresponding
solution to the unrescaled Yamabe flow (1.1) is a type I ancient solution in the sense of Definition 1.1).

The rest of this paper is organized as follows: in Section 2 we prove Theorem 2.1 which is the existence of a
four parameter family of ancient solutions us. In particular, we show that each of them is exponentially close
in the integral sense to a given approximating solution which depends on the four parameters A\, X', h, h'. In
Section 3 we show that all our constructed solutions are Type I ancient solutions, as stated in Theorem 3.1.
Theorem 1.1 is a direct consequence of Theorems 2.1 and 3.1.

Remark 1.3 (KPP Equation and the Work of Hamel-Nadirashvili [8]). Eq. (1.8) resembles the well known
semilinear KPP equation

for a nonlinearity f(u) which satisfies appropriate growth conditions (cf. in [8]). It is well known that
Eq. (1.26) possesses a family of traveling wave solutions vy, A > A, with similar behavior as those of
Eq. (1.8) described above. F. Hamel and N. Nadirashvili, in [8], constructed ancient solutions wy x/ p.p of
Eq. (1.26). The main idea in [8] is to exploit the semilinear character of Eq. (1.26) and estimate the error of
approximation wy s as in (1.25) by the solution to the linear equation

Vi = Vgz + f1(0) .

This allows them to estimate the error of the approximation wy s p.» pointwise in a rather precise manner.
However, the same method cannot be applied to our quasilinear equation (1.8), which actually becomes
singular as * — £oo (where the approximating supersolution vy /5 vanishes). In this work we need to
depart from the methods in [8] and we have chosen to use integral methods in order to estimate the error
term wx x p,n -
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2. The construction of merging traveling waves

For fixed \,\' > 1, h,h' € R, let uy;, and 4y s be the two traveling wave solutions of Eq. (1.8) as
introduced in the previous section. We define the approzimate supersolution v := vy x p,p as

b (1) = min(ux p (4, 7), 0w (7)), T € (=00, +00). (2.1)

Using the definitions of uy j and @y 5, we have
o (5 7) = min(va(z — AT + h), vn (—z — X7+ 1)). (2.2)
We will show in this section that for any (\,\,h,h') € R* such that A, \ > 1, there exists a solution

Ux,\,h,h7 Which is close in certain sense to the approximate supersolution vy /. 4/, as stated next.

Theorem 2.1. For any (A, N, h,h') € R* such that \,N' > 1 there exists an ancient solution ux x pn
of (1.8) defined on R x (—oo, T a7 h,n) for some Ty pp € (—00,+00) which satisfies

0 < uxynnw <O pas  forall (x,7) € R X (=00, Tx\ hw)-

In addition, for T < 0, the solution uy x p.p is close to the approxzimate supersolution vy x/ s in the sense
that

/ ‘vi,x,h,h/ - Ui,,\/,h,h/K'aT) dz < Dy x nn el
R

where d = 22 F@=1) g D) i pp is a positive constant depending only on the dimension n and X\, X', h, h'.

Moreover, if A\, X', h,h' # M\ N b B, then ux v nn 7 U o -

We have seen in the introduction that wy j and @y s satisfy conditions (1.22)-(1.24). It follows that for
each 7 there is a unique intersection point x(7) for which wy »(z(7),7) = @ p (2(7), 7).

Lemma 2.1. The intersection point x(T) of uxp and ux p satisfies, as T — —oo, the asymptotic behavior

Tr — N 1 ( Cx / )
z(71) = T+ In + A’y — h + o(1). 2.3
™ D A+ v Cx » » W) (2:3)
In addition at x = x(7) we have
unp(x(7), 7) =ty p (2(7), 7) =1 = Cr nv b 4T+ o(edT) (2.4)
with
' —1
g vt -1 (25)
p
and Cx x nn depending on A, X', h,h'. Also, it follows that
(’LL)\’}L)I((E(T)7 T) =Y\ C)\,)\’,h,h’ edT + O(GdT), (’LAL)\/7h/)m(:L‘(T), T) = =Y\ C)\,)\’,h,h’ edT + O(edT). (26)

Proof. Using the asymptotics behavior (1.23) and (1.24) it follows that at © = z(7) we have

Cre (z—AT+h) + 0(6_—“ (av-i-h—/\r)) ~ Cye T (—z—=XT1—h") + 0(6_7*/ (—.’I)/—A/T—}Ll)).

Solving for = readily implies that

A — Ny 1 ( Ch
x(r) = T4 In
T+ Yn T+ Y C

Ry — fm) T o(1).
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Using Eq. (1.17), we may eliminate the parameters A, A’ from the above expression substituting

2 2
+(p—1 -1
My =P ; ), Ny = P2 ;l(? )

and obtain (2.3). With this choice of () we have
M (z(T) = AT) =" <%\;W - A) T+ CA N b

for some constant ¢y n depending on A, X', h, i’ and eliminating A as above we obtain
a(z(r) = A7) = _pvt =) T+ AN hh-

p

Setting d == %@, we conclude using (1.23) that
U p(2(7),7) =1 = Crxvppr €@+ 0(e7)
for a constant C x/ p.n > 0 depending on A, X', h, h’. Since uy p(x(7), ) = un p(x(7), 7), (2.4) follows.
It remains to show (2.6). Recall that ux p(z,7) = va(x — AT + h). First we claim that

lim (vy), = 0. (2.7)

T—+00

To prove this fact note that by (1.11) we have
((va)e +A0%), =wvx — 0§ >0,

since vy < 1, implying there exists a finite limit lim,_, {00 ((vx )z +AvY) and hence the lim,_, o (vx)z = ¢. We
claim that ¢ = 0. Indeed, if ¢ > 0, there would exist an ¢ so that for all © > xy we would have (vy), > ¢/2.
This would imply that

x

or(z) = va(20) +/ (Vx)g dz >

Zo

(x —x0), >z

o

contradicting that the lim,_, o vx(z) = 1. Using that vy > 0 we argue similarly in the case we assume
¢ < 0. We will prove next more precise asymptotics on the derivatives of vy, which will yield (2.6). By (1.11)
we have

((vx)z + A}), = vr — 08,
On the other hand, by (1.14) we have
vy —vf =Ch(p—1)e " +o(e™™"), forz>1
and hence,
((va)e +A0R), =Cx(p—1) e ™" 4 0(e™ 7).
Integrating this relation from x to +oco and using (2.7) and that the lim, 1., vx(z) = 1 yields

Cr(p—1
(V) = A — A0} — SRR a— (f; ) e~ 4 o(e” ).
A

Asymptotics (1.14) implies v§ =1 —pCre™"* + o(e~7**), and therefore,

-1
(va)e = Cr e M7” (p/\ P > + o(e™™")
T

= Cxyae” M +o(e” ™), asz — +oo, (2.8)

where we have used that pAyyx =3 + (p — 1). Finally, since z(7) — AT +h > 1 for 7 < —1, we get (2.6) by
substituting z(7) — A7 + h in (2.8). O
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Denote briefly by v := v a 4,n/. Then we have the following integral identity.

Lemma 2.2. We have

d
o [ordo= [wrdo— [t (9 Covnr 7 4 ofe). (2.9)
dr Jg R R

Proof. For simplicity set w3 = uyx; and us = wuy . Then uq(-,7),u2(-,7) are solutions to (1.8) on

(=00, 2(T)), (x(7),+00) respectively and by definition we have v = u; on (—oo,z(7)) and v = wuy on
(2(7), +00). In addition, because of (1.22) we have

lim (up)z(x,7) = lm (ugz)z(xz,7)=0.

Tr— —00 r—-+00

Note this can be proved in the same way as we have proved (2.8), just using the asymptotics of our solitons
at © — —oo instead of © — 4o00. Hence, integrating Eq. (1.8) for u; on (—oo,z(7)) and Eq. (1.8) for us on
(z(7),400) we obtain

PR 2(r) a(r)
— / uf dx = / uf do — / uy dz + (ur)z(x(7),7) + 2/ (1) Wl (z(7), 7)
dr J —co —c0

and

d +o0 +o0 +o0
. / ub dx = / ub dr — / ug dz — (u2)z(z(7),7) — 2 (1) ub(z(7), 7).
T Ja(r) x(T) x(T)

Since uy (z(7),T) = u2(x(7), 7), adding the last two equalities yields
d
— / vP dr = / vP dx — / vdx + (u1)z(2(7),7) — (u2)z(z(7), 7).
dr Jr R R

Combining this with (2.6), we readily get (2.9). O

For any m € N, let u,, denote the solution of the initial value problem

(2.10)

(uP)r = Ugy —u+uP reR, 7>-m
u(-,—m) =vanpn(,—m) xR

with exponent p = 22 > 1.

n—2

Lemma 2.3 (Uniform Barrier from Above). The solution wu,, exists for all time —m < 7 < 400 and satisfies

U, < U N hR - (2.11)

Proof. The bound (2.11) simply follows from the comparison principle. Since (-, —m) < uy (-, —m)
and up, (-, —m) < Ay (s, —m) we have u,, < wuyy and u, < Gy for 7 > —m, concluding that
Um, < OAN e (55 T) = min(u;wh(-, T), b p (-, T)) The bound (2.11) and standard arguments on quasilinear
parabolic PDE imply that the solution u,, exists for all —m <7 < 4oc0. O

Remark 2.1. In what follows we show a bound from below for wu,,, which is uniform in m and will guarantee
that the solutions w,, will stay positive for —m < 7 < T, for some uniform in m time T.

Lemma 2.4 (The Profile for u,,). There exists a number T, < 400 such that u, >0 on R x [-m,T,,) and
in the cases where Tp, < 400, Up, = 0 for 7 > T,,. In addition, for all 7 € [—m,Ty,), um(-,t) satisfies the
asymptotic behavior

Um(x,7) =0(e%), asx — —o0 and up(x,7)=0(e""), asx — 4oo. (2.12)

Moreover, the function u.,,(x,T) is decreasing in T, for all T > —m.
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Proof. The first two claims in this lemma follow immediately from well known results for fast-diffusion
4

equations and the Yamabe flow on S™, since g = up, (-, 7) "2 g¢y corresponds to a solution of the Yamabe

flow and the behavior (2.12) is equivalent to saying that g can be lifted to a smooth metric on S™.

We will next show the monotonicity in 7 of the solutions u,,. It follows from (1.8) that the function
wi (z) = va(x + M + h) satisfies

wy +w —wy = v\ (z + Am+ h) + 08 (z + dm + h) —vr(x + Am + h)
= —Avi(z+Am+h) <0

and similarly the function ws(z) = vy (—x — NM'm + h') satisfies

why + wh —wy = vy, (—x = Nm+h)+ 08, (=2 = Nm+h) —vx(—z - Nm+h)
= -Nuvy(—z=XNm+h)<0

since v§ > 0 for all A > 1. It follows that f,, := min(wq,ws) is a supersolution, namely it satisfies

fon + 10— fimn <0

in the distributional sense. This implies the function u,,(z,7) is decreasing in 7 for any 7 > —m, z € R.
Hence, the result follows by a simple approximation argument. [

Remark 2.2. Each solution wy j, satisfies (uy ), <0, since (uxp)r = —Avh(x — At +h) < 0, because v} < 0.

Remark 2.3. The inequality (u,,), < 0 implies that the scalar curvature R,, of the corresponding metric
defined by the solution wu,, is nonnegative. Recall that for a solution u of (1.8), R > 0 corresponds to
(uP), < uP.

We will next show that each u,, is sufficiently close to vy i/, in certain sense and this happens uniformly
in m. This will assure that the limit as m — 400 is a non-trivial solution of (1.8). We begin with the following
crucial for our purposes estimate which is a consequence of Lemma 2.2.

Proposition 2.1. We have

Qm(T) = /(Up —ub,) < Dy €’ (2.13)
R

for a constant Dy x> 0 depending only on A\, X', h, 1.

Proof. Since u,, satisfies (1.8), integrating this equation on R readily yields

i/updgc:/upalgv—/udx.
dr Jr R R

mlizrrolo(um)w(a:, 7)=0

Here we used that

—

which easily follows from (2.12) and the fact that the metric w;, * ge, when lifted to a sphere defines a
smooth metric. If we combine this with (2.9) we obtain

a4
dTR

(VP —ul Ydx < /

(P —ub) dx—/(v—um)dx—l—c_')\})\r,h’h/ ed™ (2.14)
R

R
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with éA,A’,h,h/ = (va +7v) Cxnvopp + 1. Next set wy, = v — u,, and observe that since u,, < v we have
w,, > 0. Since

1
(WP —ul) =a(v—1uy), wherea:=p / (504 (1 —8)uy)P tds
0

we may write (2.14) as
d
dr

Note that, since both v<1 and Uy < 1, we have

a—p=p (/Ol(sv—i-(l—s)um)p_lds—l) <0.

Hence, using also that w,, > 0, we conclude

awm de = —— / a Wy, dr + = /( — p)wy, dx + C_',\,N,h,h/ 4T 4+ o(edT).

d awmdx<7/awmdx+0>\>\/hh/ed
dr
Setting
Qu(r) = [ 07—} 7) o= [ a(o-un)(er)do
R R
we obtain

d p—1 _ d
I < — ’ / T
dTQm(T) = p Qm(T) + C)x,)\ ,h,h! €

Equivalently, if

A _ (=17

Qm(T) =€ "7 Qun(1)
and p:=d— ijl we have

d A _
%Qm(T) < Caxnw €7 +o(el).

Next observe that by (2.5) we have d > pT?l, hence p > 0. Also, since w,, = 0 at 7 = —m, we have

Qm(—m) = (. Hence, the above differential inequality yields the bound
Qm(T) < M_léA,A',h,h/ et T>—m

from which the bound (2.13) readily follows. O

Proposition 2.2 (Passing to the Limit). After passing to a subsequence, the sequence {um} converges,
uniformly on compact subsets of R x (—oo,+00), to an ancient solution w = ux x . of (1.8). It is positive,
u >0, on R x (=00, Tax nn) for some Ty pn, depending only on A\, XN, h,h' and the dimension n. In
addition, u(x, T) is decreasing in T for all (z,7) € R X (—00,4+00) and satisfies conditions (2.12).

Proof. The uniform bound u,, < v implies that the sequence of solutions {u,,} is uniformly bounded on
compact subsets of R x (—o00,400), hence by standard estimates it is equicontinuous. Hence, passing to a
subsequence it converges to a limit w = wuy x5, and u(z, ) is decreasing in 7 for all x € R, since the same
holds for each u,, be the previous lemma.

We will next show that the limit u is nontrivial. Since u,(-,7) < v(-,7), v»=! < a < poP~! and
v(-,7) < C(7) min(e®,e~*), we can pass to the limit m — +oo in (2.13) and using the dominated convergence
theorem we obtain the bound

Q(7) = /Rd (v —u)(-,7) dx < Dy €, (2.15)
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for

P — P

v—1u

&:p/ol(sv+(1—s)u)p_1ds:
Observe that
Q(r) ::/]Ra(v_u)('ﬂ')dx:/Rvp(~,7')dx—/Rup(-,7‘)dx.

In particular, this implies for every fixed 7 < —1 there exists a point (z,7), such that « € [z(7) — 1, 2(7)]
and

0 <v(z,7) —u(x,7) < Dy nn edr.

Recalling that v(z,7) & 1 — Cxe?M*Te™ (@) whenever £ — A7 > 1 and x € [x(7) — 1, 2(7)], we conclude
that

w(z,7) > 1 — Dy pw el
This implies that
m(T) = mﬂgxu(~,7’) > 1 — Dyanp el (2.16)
On the other hand, using (2.4) we have
w(z, ) < v(z,7) <v(@(r),7) =1 — Crnnw el +o(e?).
Hence,
L= Dy e <m(r) <1—Coypp e’ (2.17)

for C_'A,)\r,h’h/ = Cx x n,n + 1. This in particular implies that m(7) > 0 for all 7 < 7y if 79 < 0. Hence, there
exists a number T' = T x pp such that m(7) > 0 for all ¢ < T x p p and we may assume that Ty y/ pp/
is the maximal such time (note that T y p,n may be equal to +00). Standard estimates then imply that
u(z,7) >0 for all (z,7) € R X (—00,Tx x nn). We also have that u(-, 7) satisfies conditions (2.12). O

Next we show how to distinguish between solutions that we have constructed using different parameters.
More precisely, we have the following result.

Proposition 2.3 (Distinguishing Between Solutions). Let \, X', A\, X' > 1 and (\, N, h,h') # (\, N, h, '), then
UN, N b,k 7é US\,S\’,B,E"

Proof. We will prove the proposition in two steps.
Step 1. Fiz h,h/,h,h'. If AN, AN > 1 and (A, N) # (A, X), then ux x hn # Us 5 i -

To prove the claim we argue by contradiction. Assume that (A, \') # (A, \') and uy x pn = uy
simplicity we call this solution u. Without loss of generality we may assume that A < X. By (2.5) we have

g te-1) wyxte-1 s

p b
implying vy = v57vn- If m(7) = maxgpu(-,7) then it satisfies (2.17). Let Zmax(7) be a point such
that m(7) = u(Tmax(7), 7). If v,0 are the approximating solutions corresponding to wx x' nn, Ux 5/ jj

respectively, then we have u = ux x/ p,nr < v and u = uy 5, 3 5 < U, which combined with (2.17) gives that

V(Tmax(7),7) > 1= C1 e and  9(Tmax(7),7) > 1 — Cy . (2.18)
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In addition, if z(7), Z(7) denote the maximum points of v(-,7), v(-, 7) respectively, we have
V(Zmax(7), 7) < v(x(7),7) <1 —=Coe? and 9(amax(7),7) < 0(Z(7),7) <1 — Cye?. (2.19)
Using the asymptotics (1.14) and the estimates (2.18), (2.19) we conclude that

e_'YA (Zmax (T)=AT) ~ e_'Y,_\ (—Zmax () _5\7—)
)

yielding

)= 2=t =D oy - o o), (220)

xmax(']—
This in particular implies that yx — vx = 735 — 75 - In addition, by (2.20) and (2.3) we have
Tmax(7) ® z(7) + O(1) = Z(7) + O(1).
On the other hand, by (2.13) we have
/(vp —uP)dx < Cred™
R
and
/(ﬁp —uP)dx < Coe™.
R
Recalling that v < v and u < v we conclude that
/ |vP — 0P| dx < C e,
R

Since (1) and Z(7) are comparable for 7 < —1, without a loss of any generality we may assume z(7) < Z(7).
Then we have

z(T) ~ ~
[ |v§(a:—|—h—)\7')—U§($+h—)\7')|dxSC’edT
implying
z(T)+h—AT B B
/ W8 (y) =B (y+ (A= X7 +h—h)|dy < Ce™.

Using the asymptotics (1.14) and that (A — X) 7 > 1 (since A < )), the previous inequality gives

2M _ _
/ e — R ANT)| gy < et (2.21)
M

for a big constant M > 1. Estimate (2.21) holding for any 7 < —1 forces A = A, which concludes the proof
of Step 1.

Step 2. Fiz now A\, X > 1. If h, W' h,h satisfy (h,h') # (h,h'), then UNN bk FE Uy o b

To prove Step 2 we argue by contradiction. Assume that (h, h') # (h,h') and u == uy x pp = Uy N B
By translating vy, vy by h,h' respectively, we may assume that h = h/ = 0 (our proof is not using the
exact choice of vy, vy so that vy (0) = vy (0) = 1/2). Let v be the approximation of u = ux y/ p,p given by
v:=min(vx(x + h — A7), 03 (=2 + I’ — X'7)). We observe that

Q) ::/Ra(v—u)(-,T)dx:/Rvp(-77)d:c—/Rup(~,T)dx.
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Hence, the bounds v < v and (2.15) yield

‘/ VP (- dx—/ P(,T) dx) < Oy opp €77,
R

where d is given by (2.5) and depends only on A, \'. Similarly, if ¥ := min (vx(z — A7), vx (—2 — X 7)) is the
approximation of u := u, , j, 5 with h=h" =0, then

’/vp dx—/up(-,r) dx’ < Cy v el
R

We conclude that

‘/v” da:—/R (~,7’)d$‘ < Celr. (2.22)

We will now show that if (h, ') # (0,0), then (2.22) cannot hold leading to a contradiction. To this end,
denote by z(7) the intersection point between vy(x + h — A7) and vy (—z + h — AN'7) and by Z(7) the
intersection point between vy (z — At) and vy (—x — X'7). We have

z(1)+h +o00
/Up(~,7')dm:/ Uﬁ(m—/\T)da:—&—/ o) (—x — N'7)dy
R _

0o z(T)—h'

z(T) +o0
/171’(.’7-) d:c:/ vy (x — A7) dx—l—/ ), (—x — N'7) da.
R

—00 z(T)

and similarly

Hence,
z(7) z(T)—h'
/17p(~,7') d:z:f/vp(~,7') dz:/ vi(x—/\T)der/ o), (= — N'7) d.
R R z(1)+h T
By (2.3) we have

I+
which implies
. v (B +h) ;, (W +h)
Z(r)—xz(r)=h— ——>+40(1) = — =+ 0(1). 2.23
(7) = a(r) = h = PEEE o) o) (223)
: — _ — . :
Setting u == %J?V,A, w o= %}W; and combining the above yields
z(r)+h—p' (h+h')
/@p(-,r) dac—/vp(-,T) de = / oY (z — A7) dx
R R z(1)+h
z(7)—h'
+ / oy (=2 = XN'7)dx + o(1). (2.24)
z(T)—h'+u(h+h’)

For h, b’ and 7 < 0 (depending on h, h') we have vy(x — A7) > 1/2 and vy (—z — A'7) > 1/2 on the intervals
over which those functions are integrated in (2.24). In addition, both integrals on the right hand side of
(2.24) have the same sign. Hence,

]/UP dx—/RvP(-,r)dx] > () (W) 4 o(1) = 2 [t ]+ o(1).

If h+h' # 0 this contradicts (2.22) and concludes the proof of the lemma. If A’ = —h then v(z, 7) = v(z+h, )
for all 7, which means that the solutions t,, @, of (2.10) with initial data v(-, —m),v(-, —m) respectively
satisfy upm, (z,7) = tpm(x + h,7) for all 7 > —m, hence the same will hold for the limits u,u. Since u = u,
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this means that u(x,7) = u(x + h, 7) for any « € R. On the other hand, the fact that the solution u defines
a metric that can be lifted to a smooth metric on S™ implies that u(z,7) = C(7) e"(1 + 0(1)), as x — —o0
with C(7) > 0, hence u(x,7) = u(x + h,7) must imply that A = 0 which means that (h,h’) = (0,0) and
contradicts our assumption. The proof of Step 2 is now complete. [

Proof of Theorem 2.1. The proof of the theorem is a direct consequence of Propositions 2.2 and 2.3. O

3. The geometry of merging traveling waves

In this last section we derive the geometric properties of the ancient solution uy x p.p of Eq. (1.8) on
R x (=00, T\ ».h.n), as constructed in Theorem 2.1. The one parameter family of metrics g x/ nn (7) ==
_a_
uy 37 pp (5 7) g, can be lifted to a smooth one parameter family of metrics on S™ x (=00, T x7,4,n) Which
defines an ancient rotationally symmetric solution of the rescaled Yamabe flow on S™, equation

6 p—
a9~
We next prove the following result concerning the behavior of the Riemannian curvature of the metric

—(R-1)g. (3.1)

gan b (T) near 7 = —oo.

_a_
Theorem 3.1. The solution gx x pn (T) = u:\”’;\"f,h7h,(~,7')g defines a type I ancient solution to the Yamabe

eyl

flow in the sense that the norm of its curvature operator is uniformly bounded, that is for any 7o < Tx ' h,n'»
we have || Rm (gax pn)|| < C for all T € (—o0, 70).

Remark 3.1. The statement of Theorem 3.1 exactly means that the unrescaled flow (1.1), whose scaling by
[t| yields to Eq. (3.1), is a type I ancient solution according to Definition 1.1.

Proof. Since our metric is conformally flat, the norm of its curvature operator || Rm| can be expressed in
terms of the powers (positive or negative) of the conformal factor, its first and second order derivatives. On
the other hand, the conformal factor satisfies the equation of type (1.8) in the considered parametrization.
Therefore, we see that if we have uniform upper and lower bounds on the conformal factor, by standard
parabolic estimates we get uniform bounds on all its derivatives and therefore the uniform bound on || Rm||.

Estimate (2.13) will be crucial in proving this theorem, that is we have

P p dr
/R(v)‘v/\',hvh' — U ) 4T S CetT

Denote shortly by v := vy x/ p,p and by w := ux x p,n. Since u < v, the previous estimate and the definition
of v := min(uy p,ur p) imply the bound

x(T)
/ (u’))\’h —uP)dr < Ce

—00
where uy p, = va(z — A7 + h) is a traveling wave coming in from the left and z(7) given by (2.3) denotes
the point where the two traveling waves uyp and wys p intersect. Let z = 2 — At + h and denote by
U(z,7) = u(z + At — h). If we perform this change of variables in the previous integral estimate we obtain,

z(7)
/ (oA(2)P = U(z,7)P)dz < C ™ (3.2)

—0o0

where Z(7) == x(7) — A7 + h and U(z, 7) satisfies the equation
Ur=U,,+AUP),-U+U". (3.3)
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We will obtain derivative estimates which hold for

1
—OO<Z<Q_3(7')—|-§, (3.4)

since similar estimates may be obtained in the region z(7)— % < z < 400 from the symmetry of our problem.

We go now from cylindrical to polar coordinates via the following coordinate change,

Uzyr) =y, Tyl 7, r=lyl =7 (3.5)
where 4(y, 7) satisfies the equation
(@P)r = a AU+ Bra, + 14, (3.6)
for some constants o > 0 and 3,~. Furthermore, the ancient solution gx x/ nn = Gnee grn has positive
scalar curvature R > 0, which is equivalent to
Arnt < 0.
By the mean value theorem we have
a(yo,7) = Cy iy, 7)dy (3.7)
B(yo,1)

for all yo € R™. Assume first that |y| < 2M for a fixed number M. Then, v < v implies

, 2
min{1,e*} m1n{1,|y|p—1}
2 =C 2

lyl7= lyl7=r
Here we have used the estimate vy (z) < min(1, e*) which follows from the bounds vy <1 and (1.14). Since
p>1,(3.7) and (3.8) imply

a<d=uv\(2)|yl 7T <C <cC. (3.8)

U(yo,7) > C a(y, 7)F dy. (3.9)
B(yo,1)

On the other hand, after the coordinate change (3.5), estimate (3.2) becomes

NN
/ (U)\ U )dy S CvedT7
B(0,e

p—1 n_1q

) ly|2

p—1 -~ p—1 -~

where B (07 ez "”(7)) is the euclidean ball in R™ of radius e“z (7). Note that for lyo| < 2M, and 7 << —1
sufficiently small so that et 3T > 1, the previous estimate yields

oF — 4P
C/ (ﬁf\—ﬂp)dyé/ p—1 (ATl)dySCBdT,
B(yo,1) B, =y |y|2

where ¢ = ¢(M) is a constant uniform in time. Hence,

/ MWW@Z/ Sa(y)Pdy — Ce', |yl < 2M (3.10)
B(yo,1) B(yo,1)

where C'= C(M). Combining (3.9) and (3.10) yields
(yo,7) = C n(y)fdy—Ce™™ >c>0
B(yo,1)

for 7 < 7y sufficiently small and all |y| < 2M. This together with (3.8) imply

c<d(y,7)<C, T <7, ly| < 2M. (3.11)
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Having (3.11), Eq. (3.6) is a uniformly parabolic equation for (y,7) € B(0,2M) x (—00,79), so standard
parabolic estimates applied to Eq. (3.6) imply we have all uniform bounds on the derivatives of 4 in the region
B(0, %) X (—00, —27p). Since 472 is the conformal factor of our metric gxx,h,h in polar coordinates, by
the discussion at the beginning of the proof we have

[Rm(y,7)| <C, 7<70, |y<M

for a uniform constant C. Equivalently, in z coordinates this means

IRm(z,7)]| <C, 7<79, 2< log M. (3.12)

p—1
Observe this estimate implies that we have the curvature uniformly bounded in the tip region of our ancient
solution.

Let us now focus on the inner part of our solution that turns out to have the asymptotics of a cylindrical
metric. More precisely, we will assume now that |y| > M /2 which according to (3.5) means

Z> —_—
(¢]

and also that z < Z(7) + 1, since we are interested in deriving estimates in the region (3.4). Recall that the
estimate (2.13) can be rewritten as

/&(v—u)dm < Celm,
R
where @ = p fol(sv + (1 — s)u)P~! ds. This implies
z(7)+1
/ a(va(x — AT+ h) —u(z, 7)) de < Ce.
A

T*th% log %

Let z =z — A7 + h be the coordinate change in the previous integral. Then,
z(1)+1

/ a(z, 1) (va(z) = Ul(z,7))dz < Ced™ (3.13)
_2 log M

where a(z,7) = a(z+A7—h, 7). Note that a(z,7) > vy (2)P~! and we may choose M > 2 so that log M/2 > 0,
hence

1 1 2 M
> =1 > > — —. T .
1>a(z,7)r T >un(z) > 5 Z€ (p_llog 5 ,J:(T)) (3.14)

since v)(2) increases in z and vy(0) = % by our normalization. Set w(z,7) = vr(z) — U(z,7). Then
w < vy < 1. Hence, (3.13) and (3.14) imply that for any g > 1,

z(1)+1
/ w(z,7)dz < Ce. (3.15)

2 M
=1 log 5

On the other hand, since both U(z, ) and vy (z) satisty Eq. (3.3) we get that w(z,7) satisfies
(aw)r =Wy + Aw, —w+aw

and by (3.14) the equation is uniformly parabolic. Hence, standard parabolic estimates applied to it and
estimate (3.15) yield the C* bound

lwllex @, ) < Cre®

holding on U, := (]% log %,9‘:(7’)) X (—00,279) and 79 < —1 is sufficiently small. In particular, we have

U(z7) 2 va(z) = Cem 2 >0, for (2,7) € Ur.
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This implies the bound

IRm(z,7)|| < C, 7 <27, log M < z < Z(7). (3.16)

p—1

Finally, estimates (3.12) and (3.16) yield a desired uniform bound on || Rm || for our ancient solution

g hp for all 7 < 279 and all # < z(7). Recall that for z > z(7) we get the uniform curvature bound

using the same analysis as above (the only difference is that this time we need to consider the soliton that
is coming in from the right). This finishes the proof of the theorem. O

Remark 3.2. Let uy x p,p be the ancient solution to (1.8) as in Theorem 2.1. Then, we will next observe
that the metric gy np = (u,\w’h’h/)ﬁ geyt has nonnegative Ricci curvature. Indeed, recall that
UAN hoh/ = LMyt oo U, Where uy, is the solution of the initial value problem (2.10). It is sufficient to
see that each u,, has nonnegative Ricci curvature, since then we can pass to the limit m — +oo. Indeed, we
have seen that the convergence of {u,,} to ux x/ nn is uniform on compact subsets of R x (00, +00) and that
U e > 0 on R x (=00, Ty x p,n), where Ty p p is uniform in m. Standard regularity arguments on
the quasilinear equation (1.8) imply that the convergence is C* on compact subsets of R x (00, T x' n.n)s
from which our claim readily follows.

We will next observe how one may show that each solution ¢m(-,7) = wm(-,7)gey of (2.10) has

nonnegative Ricci curvature. The initial data of u,, at 7 —m is vy pp (-, —m). We recall that for

every 7, we have defined vy pp by (2.2), namely vx x/ pp/ (-, 7) = min(v)\(x — AT+ h),vn(—x — N7+ h’))

where vy, vy are traveling wave solutions of Eq. (1.11). It has been shown in [5] (Section 4, Proposition 4.5)
that both metrics defined via conformal factors vy, vy respectively, have nonnegative sectional curvatures.

Moreover, it has been observed in [5] (Section 4) that for a given smooth and rotationally symmetric
metric g = v(x) geyr Where gey = dz? + ggn—1, nonnegative sectional curvatures are equivalent to having

V2 — vy, >0 and 40 — 02 >0. (3.17)

T
Since each for each 7 € R, the functions vy (-, 7),va (-, 7) satisfy (3.17) (up to the dilation performed in
(1.9)), the minimum wvx x/ pn (-, 7) also satisfies (3.17) (up to the same dilation) in the distributional sense
and it is smooth on R\ {z(7)}, where x(7) denotes the point at which vy(-,7) and vy (-, 7) intersect. One
can then show that there is an approximation {vf\’/\,’h’h,(',r)}, § € (0,00) of vaa nn (-, 7) each satisfying
(3.17) and such that v3 y/ j 4 (,7) = VAN hw (-, 7), as § — 0 uniformly on compact subsets in R and also
in C* on compact subsets of R\ {z(7)}.

Let u’, be the solution to (2.10) with initial data vf\’)\,’h’h,(~,—m) instead of vy pp (-, —m). Since

g% (-, —m) = (vf\,/\,7h,h,)ﬁ(-, —m) geyr has nonnegative sectional curvatures, it also has nonnegative Ricci

curvature and this is preserved by the Yamabe flow. It follows that ¢ (-,7) := (ufn)ﬁ(-,r) Geyi has
4

nonnegative curvature and passing to the limit § — 0, the same holds for g,,(-,7) = (Um)™2(-,T) geyi-

This sketches the proof of the claim about our solutions having nonnegative Ricci curvature.

Proof of Theorem 1.1. Theorem 1.1 follows as a direct consequence of Theorems 2.1 and 3.1. [
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