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1. Introduction

The goal of the synchronization of two dynamical systems
evolving separately, one called “master” and the other called
“slave,” is that those systems will be sharing a common trajectory
from a certain time onward. The synchronization of chaotic sys-
tems has been widely studied due to its theoretical challenges and
its applications in important areas such as secure communications,
chemical systems, modeling brain activities [1], ecological systems
[2], among others.

The synchronization can be performed under the hypothesis
that system parameters are known (nonadaptive synchronization,
or simply synchronization) or, if those parameters are unknown
(adaptive synchronization) [3]. When the systems to be put in syn-
chrony are described by fractional differential equations, the term
fractional adaptive synchronization is used.

We can find in literature many works related to adaptive syn-
chronization, whose results can be applied to the adaptive syn-
chronization of fractional Lorenz systems. Different techniques
have been proposed in these works, such as modified projec-
tive adaptive synchronization [1,4,5], adaptive full-state linear error
feedback [6-8], adaptive sliding mode control [9-12], fuzzy gener-
alized projective synchronization [13], among others [14]. However,
these techniques use the maximum possible number of control sig-
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nals, which in the case of the fractional Lorenz system analyzed in
this work is three.

We can find some few works that can be applied to fractional
Lorenz system, where only one control signal is used to make
adaptive stabilization, using sliding mode control [15-17]. Apply-
ing these control techniques it is possible to stabilize a Lorenz sys-
tem at the origin, using only one control signal. However, the as-
sumption on the system structure for the application of these tech-
niques does not allow their use in synchronization of two frac-
tional Lorenz systems. This is because the definition of the syn-
chronization errors lead to a structure different from the one re-
quired for the application of these techniques. Moreover, even for
making stabilization of the Lorenz system using these techniques,
some of the Lorenz system parameters are needed to construct the
control signal, so all the system parameters can not be unknown.

In this paper we study the synchronization of two fractional
Lorenz systems with unknown parameters, using a direct approach.
The direct approach consists of directly adjusting the controller pa-
rameters, without identification of the unknown plant parameters.
Since all the parameters of the Lorenz system are considered un-
known and only one or two control signals are used to achieve
synchronization, this is a work that, as far as the authors know,
has not been reported in literature.

Firstly, we analyze the three possible cases where two control
signals and one adjustable parameter are used. Next we analyze
two cases where only one control signal and one adjustable pa-
rameter are employed. In the first four cases studied, no assump-
tions on the system states boundedness is made. In the fifth case,
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boundedness on the master state trajectories is assumed. The sta-
bility of the controlled systems are proved in all cases, using the
fractional extension of the Lyapunov direct method, and the main
difficulties in proving the convergence to zero of the synchroniza-
tion errors are exposed.

An alternative solution for the five cases, where an upper bound
on some of the system parameters is assumed to be known is pre-
sented as well. In these cases, not only the stability of the con-
trolled system is proved, but the convergence to zero of the syn-
chronization errors is proved as well, using the fractional extension
of the Lyapunov direct method.

The paper is organized as follows. Section 2 presents some basic
concepts of fractional calculus and stability of fractional order sys-
tems, which are used along the paper. Section 3 presents the state-
ment of the adaptive synchronization problem, and the proposed
solutions in the adaptive case. The alternative solutions assuming
a known upper bound on some system parameters are presented
as well. The theoretical stability analysis of the controlled system
in both cases and the convergence of the synchronization errors
when the upper bound on some system parameters are assumed
to be known are also presented in Section 3. Section 4 presents
the simulation results for the solutions proposed in Section 3, and
a comparison with another control strategy available in literature.
Finally, Section 5 presents the main conclusions of the work.

2. Some concepts related to fractional calculus and stability of
fractional systems

This section presents some basic concepts of fractional calculus
and stability of fractional order systems.

2.1. Fractional calculus

Fractional calculus studies integrals and derivatives of orders
that can be any real or complex numbers [18]. The Riemann-
Liouville fractional integral is one of the main concepts of frac-
tional calculus, and is presented in Definition 1.

Definition 1 (Riemann-Liouville fractional integral [18]). The
Riemann-Liouville fractional integral of order @ € C(% () > 0) is
defined as

1 [ f)
F(a)a (t-—1)i

LG ft)= (1)
where t > a, f(«) is the real part of @ and I'(«) corresponds to
the Gamma Function, given by Eq. (2):

[oe)

I'(a) =/t“*1e*fdt. (2)
0

There are some alternative definitions regarding fractional

derivatives. Definition 2 corresponds to the fractional derivative ac-

cording to Caputo, which is the one most frequently used in engi-
neering problems and the one used in this paper.

Definition 2 (Caputo fractional derivative [18]). The Caputo frac-
tional derivative of order o € C(%(«) > 0) is defined as

C no _ 1 t f(n)(t)
o Drx() = C(n-a) a/ (t —7)* ! ar ®)

where t > a, n =% () +1fora ¢ Ng; n =« for o € Ny.

2.2. Stability of fractional order systems

The known methods for stability analysis of integer order sys-
tems differ from those that have been proposed for fractional order

systems. The conditions under which fractional order linear time-
invariant systems are stable were studied in [19]. However, in the
case of fractional adaptive systems this analysis is not valid, since
they are time-varying. The following theorem is used in this paper
for the stability analysis of the adaptive fractional synchronization
schemes.

Theorem 1 (Lyapunov stability and uniform stability of fractional
order systems [20]). Let x = 0 be an equilibrium point for the nonau-
tonomous fractional-order system (4).

LDEX(0) = f(x(6).0), @€ (0.1) (4)

Let us assume that there exists a continuous function V(x(t), t)
such that

« V(x(t), t) is positive definite.
. fODfV(x(t), t), with B € (0, 1], is negative semidefinite.

then the origin of system (4) is Lyapunov stable.
« Furthermore, if V(x(t), t) is decrescent,
then the origin of system (4) is Lyapunov uniformly stable.

Besides the stability and uniform stability, asymptotic stabil-
ity can be proved for fractional order systems using the fractional
extension of Lyapunov direct method as well, as it is stated in
Theorem 2.

Definition 3. A continuous function y: [0, t) — [0, co) is said to
belong to class-K if it is strictly increasing and y (0) =0 [21].

Theorem 2 (Fractional-order extension of Lyapunov direct method
[21]). Let x =0 be an equilibrium point for the nonautonomous
fractional-order system (4). Assume that there exists a Lyapunov func-
tion V(t, x(t)) and class-K functionsy; (i = 1, 2, 3) satisfying

ndlxl) = Ve, xt)) < ya(Ixl) (5)
CpPv (e x(t)) = —ys(lIxll) (6)

where B < (0, 1). Then the origin of the system (4) is asymptotically
stable.

Remark 1. Given the relationship between positive definite func-
tions and class-K functions, Theorem 2 can be rewritten as in the
following.

Let x=0 be an equilibrium point for the nonautonomous
fractional-order system (4). Assume that there exists a Lyapunov
function V(t, x(t)) positive definite and decrescent, satisfying that
fODfV(t,x(t)) is negative definite, B € (0, 1), then the origin of
system (4) is asymptotically stable.

The following lemma will be useful in proving the stability of
fractional synchronization schemes, together with Theorem 1.

Lemma 1 ([20]). Let x(t) € R" be a vector of differentiable functions.
Then, for any time instant t > ty, the following relationship holds

%tODa (X" (O)Px(t)) < X" ()P { D*x(t), Ve e (0, 1] (7)

where P € R™" is a constant, square, symmetric and positive definite
matrix.

The case when P = [ was treated in [22], and the specific scalar
case can also be found in [23].
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3. Problem statement and solutions

Let us consider the synchronization of two fractional Lorenz
systems [24] formulated in the state space, one called “master sys-
tem” and the other called “slave system”, described by the follow-
ing equations:

tCOD(tIXm =0 Ym —Xm)

Master{ ¢ DZym =Y Xm — XmZm — Ym (8)

tCOD(tXZm = XmYm — PZm
where o € (0, 1) and

(DX =0 (¥s — X5) + Uy

Slave§ § Dfys = yXs —xszs — ys + Ua )

EOD?ZS =Xsys — Pzs +Us

where Xs = [Xm Ym Zm|" € R3 and X; =[xs ys z]" e R3 are the
states of the master and slave systems, respectively. U =
Uy Uy U3]T € R3 is the control signal applied to the slave system,
designed to achieve the synchronization of both systems. The goal
is to find that U(t) such that the controlled system is stable and

lim [|Xm — aXs[| = 0 (10)

i.e., to synchronize both systems except for a scaling factor a e R
(generalized projective synchronization [25]), which in this study
is a scalar and constant factor.

It is well known that Lorenz systems [24] exhibit chaotic be-
havior for the following parameter values:

c=10 y=28 B=8/3.

We define the synchronization error as e =[e; e, e3]T eR3 or
e =X, — aXs € R3, where a € R* is the scale factor. Then from (8)
and (9), the equations describing the synchronization errors evolu-
tion are

Die; = —oe; +oe; —al;
EOD;"ez = ye) — ey — XmZm + axszs — aUs (11)

&, Dies = —fes + Xmym — axsys — aUs

When a =1, Eq. (11) turns out to be

(Dfey =—0e;+oe; —U
¢ Dfe; = ye; — ey — Xse3 — Zmey — Uy (12)

¢ DZe3 = —fes + Xme + yse; — Us.

The question to be answered is how to synchronize both sys-
tems (8) and (9) to achieve and maintain a common regime as
t goes to infinity. Moreover, it is desired to accomplish this task
without the knowledge of the parameters o, y, B, seeking for
solutions involving a reduced number of control and states sig-
nals, as well as with a reduced number of adjustable parameters
and, hopefully, without any assumption on the boundedness of the
master system trajectories.

In this study we will distinguish five different cases. We will
analyze first the three cases of adaptive synchronization using two
control signals and one adjustable parameter, and later it is ana-
lyzed two cases using one control signal and one adjustable pa-
rameter. In the first case, we will also introduce the alternative
solution using upper bounds on some of the system parameters,
with the corresponding stability and convergence analysis. In the

other four cases we will only introduce the alternative solution,
but no stability and convergence analysis will be made for the sake
of space, since the demonstration is pretty similar to the first case.

3.1. Fractional synchronization using control signals U, and Us

This subsection presents the solution to the synchronization
problem using control signals U, and Us. The problem is addressed
first in the adaptive case and later in the nonadaptive case.

Lemma 2. (Adaptive fractional synchronization using control signals.
U, and Us and one adjustable parameter 0). Let us assume that the
parameters o, y, B in (8) and (9) are unknown and o, 8 > 0. If the
following control signals are used in (9)

Up=0

1
U, = 5(961 — XmZm + (XsZs) (13)

1
Us = E(mem — aXsYs)
where 6 is an adjustable parameter with the following adaptive law
§DIO = Seqe; (14)

where § corresponds to the adaptive gain that can be used to han-
dle the convergence speed, then the controlled system (11),(13),(14) is
uniformly stable.

Proof. Using the control signals (13) in (11), the evolution of
the synchronization errors results

¢DYe; = —oe;+oe
L Dfey=(y —0)ei—e; (15)

C
tng€3 = —/96’3

Defining the parametric error as ¢ = y — 6 € R, Eq. (15) can be
expressed as

EOD‘["& =—0e +0e,
C
tOD‘[X82 = ¢€1 — € (16)

C
tng€3 = —ﬂ€3

In order to prove the stability of the controlled system, let us
use the fractional extension of Lyapunov direct method [20]. We
propose the following Lyapunov candidate function, which is posi-
tive definite and decrescent
V= L«32+lez+1ez+l¢>2 (17)

T 2017272723726
with § e R, § > 0.

Assuming that ey, ey, e3, ¢ are differentiable, then applying

Lemma 1 to (17) and using (16) and (14) it can be written as

CDRV < —%(61 —ey)? - %ef - %e% — Be. (18)

As can be seen from (18), the fractional derivative of the Lya-
punov function is negative semidefinite, then it can be concluded
from Theorem 1 that the origin of system (16),(14) is uniformly
stable, and therefore eq,e;,e3,¢ € £, and this concludes the
proof. O

Remark 2. In order to prove the convergence of the synchroniza-
tion errors to zero, in the integer order case [26] it is used the
Corollary of the Barbalat Lemma [27]. To this extent, besides the
fact that the synchronization errors are bounded (eq, e;, e3 € £L®),



4 N. Aguila-Camacho et al./Chaos, Solitons and Fractals 87 (2016) 1-11

it is proved that the integer integral of the squared synchroniza-
tion errors is bounded (eq,e;.e3,¢ € £2) and that the errors are
uniformly continuous (€1, é,, é3 € L>®).

However, in the fractional case it is not possible to prove
that the integer integral of the squared synchronization errors is
bounded, so it is no possible to use the corollary of the Barbalat
Lemma [27].

Instead of this, it can be proved that the fractional integral of
the squared synchronization errors is bounded (integrating expres-
sion (18)), but unfortunately there is not a fractional equivalent
to the corollary of the Barbalat Lemma. That is why the analyti-
cal proof of the convergence to zero of the synchronization errors
is a subject currently under research. Nevertheless, all the simu-
lation studies accomplished during this research have shown that
the synchronization errors converge to zero, as it will be shown in
Section 4.

Lemma 3. (Nonadaptive fractional synchronization using control sig-
nals. U, and Us, assuming a known upper bound on parameter y ). Let
us assume that the parameters o, y, B in (8) and (9) are unknown
and y, o, B > 0. It is also assumed that an upper bound B, on the
parameter y is known (y < By ). If the following control signals are
used in (9)

Up=0
U —1(—x Zm + aXsZs + By ;)
2= a mém S5 y €2 (‘19)
1
Us = a(xm.Vm — XsYs)
then the controlled system (11), (19) is asymptotically stable.

Proof. Using the control signals (19) in (11), the evolution of
the synchronization errors results

¢Dfe; =—0e;+0e,
Die;=ye; —e;—Bye (20)

C
tOD?€3 = 7593

In order to analyze the stability of the corresponding controlled
system (20), let us use the fractional extension of Lyapunov direct
method [21]. We propose the following Lyapunov candidate func-
tion, which is positive definite and decrescent

1 1 1
V=c——e2+-—c+ e 21
26517 2% 2% (21
Note that it is the same Lyapunov function that is used in the
adaptive case, except for the term including the parameter error

(%qﬁz), which in this case does not exist since this is a nonadap-

tive solution.
Assuming that eq, e,, e3 are differentiable, applying Lemma 1
and using (20) it can be written as

1 1
EDEV < —e?42eie; — ?eg - ?B,,eg — Be3
1 B
<-(e1-e)’~ e+ 1- T ) - fe] (22)
14 Y
2, 2 By 2
<—(e1—ey)" +e3 1—7 — Bes

B
Given that ¥ < By and y, B, > 0, then 7” > 1 and conse-

B
quently (1 - 7}’) < 0. Using this result in expression (22), it can

be concluded that the fractional derivative of the Lyapunov func-
tion is negative definite. Then using Theorem 2, it can be con-
cluded that the origin of the system (20) is asymptotically stable,
that is e, ep, e3 € £> and

tlimel t) = tlimez(t) = tlime3(t) =0 (23)
and this concludes the proof. O

Note that in this nonadaptive case, asymptotic stability can be
proved directly from the fractional extension of Lyapunov direct
method, so no additional tools are needed in order to prove that
the synchronization errors converge to zero. This is due to the fact
that more knowledge on the system is needed to construct the so-
lution than in the adaptive case, since the upper bound B, must
be known.

3.2. Fractional synchronization using control signals U; and Us
This subsection presents the solution to the synchronization

problem using control signals U; and Us. The problem is addressed
in the adaptive case and in the nonadaptive case.
Lemma 4. (Adaptive fractional synchronization using control signals.
U; and Us and one adjustable parameter 0). Let us assume that the
parameters o, y, B in (8) and (9) are unknown, o, B > 0 and a = 1.
If the following control signals are used in (9)

Uiy = —zmey +0e;

U,=0 (24)

Us = Xnés + yseq — Xse

where 0 is an adjustable parameter with the following adaptive law:

E)D‘tx@ = 891@2 (25)

where § corresponds to the adaptive gain that can be used to handle
the convergence speed, then the controlled system (12), (24),(25) is
uniformly stable.

Proof. Using control signals (24) in (12), the evolution of the
synchronization errors turns out to be

(Dfer =—0e; + (0 —0)es +zme;
¢ Dfe; = ye; — ey — Xse3 — Zme; (26)
&, Dies = —fes +xsep
Defining the parametric error as ¢ = o +y — 6, then we can
write that (o —6)e, = ¢pe; — ye,. Therefore, Eq. (26) can be ex-
pressed as
LDfer =—oer +des — yes +zmes
¢ Dfey = ye; — ey — Xs€3 — Zme; (27)
Dies = —Bes +xser
In order to prove the stability of the controlled system, we

will use the fractional extension of the Lyapunov direct method
[20], proposing the following Lyapunov candidate function, which
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is positive definite and decrescent:

1 1 1 1
Ve —p24 —p24 —p2 1 - 42 2
2€]+2€2+2€3+25¢ (28)
with § e R, § > 0.

Assuming that eq, ey, e3, ¢ are differentiable, then applying
Lemma 1 and using (27) and (25) results

LDV < —oet — e — pe3 (29)

As can be seen from (29), the fractional derivative of the
Lyapunov function is negative semidefinite, then it can be con-
cluded that the origin of system (27),(25) is uniformly stable, and
e1, e, e3,¢ € £L* and this concludes the proof. O

Regarding the convergence to zero of the synchronization er-
rors, explanation given in Remark 2 is also valid.

Lemma 5. (Nonadaptive fractional synchronization using control sig-
nals. Uy and Us, assuming a known upper bound on parameters y,
o). Let us assume that the parameters o, y, B in (8) and (9) are un-
known, B > 0 and a = 1. It is also assumed that an upper bound By s

2 2
on the sum Y40 s known (Y42 < B, ). If the following control
signals are used in (9)

Ui = —zmey + Byoeq
U, =0 (30)
Us = xmey +Yseq — Xser

then the controlled system (12),(30) is asymptotically stable.

Proof. Using the control signals (30) in (12), the evolution of
the synchronization errors results

¢ Dfe; = —0e;+0e;+2Zmey — Byoe
tDiey = ye; — ey —Xse3 — Zme; (31)

¢ Des = —Pes +xse;

For the sake of space, the stability proof is not explicitly given
in this subsection. The reader can check that using the Lyapunov

. . 1 1 1
function candidate V = ie{ + ie% + ieg and Lemma 1, the frac-

tional derivative of the Lyapunov function results negative definite

2

+0
¢DRV < —(()/27)61 - ez) — Be?

+€%<(V +(7)2 —Bya) 2

Then using Theorem 2, it can be easily concluded that the
origin of system (31) is asymptotically stable, that is tlim e1(t) =
—00

tlim ey (t) = tlim e3(t) =0.

3.3. Fractional synchronization using control signals U; and U,

This subsection presents the solution to the synchronization
problem using control signals U; and U,. As in the previous sub-
sections, the problem is addressed in the adaptive case and in the
nonadaptive case.

Lemma 6. (Adaptive fractional synchronization using control signals.
U; and U, and one adjustable parameter 0). Let us assume that the
parameters o, y, B in (8) and (9) are unknown, o, B > 0 and a = 1.
If the following control signals are used in (9)

Up = yse3 +0Oe;
Uy = —Xs€3 — Zin€71 + Xme3 (33)

U;=0

where 6 is an adjustable parameter with the following adaptive law:

E)D?e = 86‘182 (34)

where § corresponds to the adaptive gain that can be used to han-
dle the convergence speed, then the controlled system (12),(33),(34) is
uniformly stable.

Proof. Using the control signals (33) in (12), the evolution of
the synchronization errors turns out to be

¢DYe; = —oej + (0 —0)ey —yses
EOD‘[X82 =Yye; —ey —Xne3 (35)

(,Difes = —pes + xmey + yse

Defining the parametric error as ¢ =0 +y — 6, we can state
that (o —0)e, = ¢pe; — ye,, and Eq. (35) can be rewritten as

tDie; = —oe; + e, —ye; —yses
tD¥e; =ye; — ey — Xmes (36)

foD‘g‘eg, = —fes + Xpmea + yseq

In order to prove the stability of the controlled scheme, let us
use the fractional extension of Lyapunov direct method [20], con-
sidering the following Lyapunov candidate function, which is posi-
tive definite

1 1 1 1
V=c-e?+-e2+-e2+ —<¢? 37
with § e R, § > 0.

Assuming that e, ey, e3, ¢ are differentiable, then applying

Lemma 1 and using (36) and (34) results

LDV < —oet — e — pe3 (38)

As can be seen from (38), the fractional derivative of the Lya-
punov function is negative semidefinite, then it can be concluded
that the origin of system (36),(34) is uniformly stable, that is
e1, ey, e3, ¢ € £, and this concludes the proof. O

Comments made in Remark 2 regarding the convergence to zero
of the synchronization errors are also valid in this case.

Lemma 7. (Nonadaptive fractional synchronization using control sig-
nals. Uy and U,, assuming a known upper bound on parameters y,
o). Let us assume that the parameters o, y, B in (8) and (9) are un-
known, B > 0 and a = 1. It is also assumed that an upper bound By,

2 2
on the sum Y42 is known (Y42 < B, ). If the following control
signals are used in (9)

Ui =yses + Byael
Uy = —Xs€3 — Zmeq + Xmes (39)

U;=0
then the controlled system (12),(39) is asymptotically stable.
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Proof. Using the control signals (39) in (12), the evolution of
the synchronization errors results

¢ Dfe; = —0e; +0e; —yses — Byoe
Diey=ye; —ey—Xme3 (40)

¢, Des = —Bes + xmez + yse

As in the previous case, the stability proof is not explicitly given
here. The reader can easily check that using the Lyapunov func-

. . 1 1 1 .
tion candidate V = je% + ie% + 56% and Lemma 1, the fractional

derivative of the Lyapunov function results negative definite:

2
+ 0
DRV < —(%el - e2> — Be?

2 (41)
el ((y 20) - B,,(,>

Then using Theorem 2, it can be proved that the origin of sys-
tem (40) is asymptotically stable, that is tlim eq(t) :tlimez(t) =
—> 00 — 00

tlim e3(t) =0, and this concludes the proof. O
—00

3.4. Fractional synchronization using only control signal Uy;.

This subsection presents the solution to the synchronization
problem using only control signal U;y. As in the previous subsec-
tions, the problem is addressed in the adaptive case and in the
nonadaptive case.

Lemma 8. (Adaptive fractional synchronization using only control
signal. Uy and one adjustable parameter 0). Let us assume that the
parameters o, y, ( in (8) and (9) are unknown, o, B > 0 and a = 1.
If the following control signals are used in (9)

Uy = 0e; — YmZs + YsZm
U, =0 (42)

U;=0

where 0 is an adjustable parameter with the following adaptive law:

£ D¥O = Seqe; (43)

where § corresponds to the adaptive gain that can be used to han-
dle the convergence speed, then the controlled system (12),(42),(43) is
uniformly stable.

Proof. Using the control signals (42) in (12), the evolution of
the synchronization errors (12) becomes

E]D‘["el =—0ey+ (0 —0)e +YmZs — YsZm
¢ Dfey = yej — ey — XmZm + XsZs (44)

& Dies = —fes + xmey + yse

Defining the parametric error as ¢ = o +y — 6, then Eq. (44)
can be expressed as

EOD?el =—0e;+e(P—¥)+YnZs — YsZm
CDFey = yer — ey — XmZm + XsZs (45)

¢ Dies = —fes + Xmey + yse

In order to prove the stability of the controlled system, the
fractional extension of the Lyapunov direct method is used [20],

proposing the following Lyapunov candidate function, which is
positive definite and decrescent:

1 1 1 1
with § e R, § > 0.

Assuming that ey, ey, e3, ¢ are differentiable, then applying
Lemma 1 and using (45) and (43) the result turns out to be

LDIV < —oef —e5 — fe3 (47)

As can be seen from (47), the fractional derivative of the Lya-
punov function is negative semidefinite, then it can be concluded
that the origin of system (45),43) is uniformly stable, that is
e1,e,e3,¢ € L2, and this concludes the proof. O

Regarding the analytical proof for the convergence to zero of
the synchronization errors, the comments made in Remark 2 are
also valid in this case.

Lemma 9. (Nonadaptive fractional synchronization using only control
signal. Uy, assuming a known upper bound on parameters y, o ). Let
us assume that the parameters o, y, B in (8) and (9) are unknown,
B > 0and a=1. It is also assumed that an upper bound By, on the
sum 9% is known (M < By ). If the following control signal

Z 1 yo ) g gnats
are used in (9)

Ui = —YmZs + YsZm + Byoeq
U, =0 (48)

U;=0
then the controlled system (12),(48) is asymptotically stable.

Proof. Using the control signals (48) in (12), the evolution of
the synchronization errors results

E)D?el =—06€1+0€+YmZs — YsZm — Byael
& Dfe; = yer — ey + XsZs — XimZm (49)

¢ Dfes = —fes + XmYm — XsYs.

Again in this case, for the sake of space, the detailed stability

proof is not given. However, the reader can check that using the
1 1

2+ ie% + ieﬁ and Lemma 1,

the fractional derivative of the Lyapunov function results negative

definite

Lyapunov function candidate V = 16

2

+0
EOD?‘VS —<L2 )e1—e2) — Be?

+e%<()/ +0)° _BW> 50

Then using Theorem 2, it can be proved that the origin of sys-
tem (49) is asymptotically stable, that is tlim e1(t) :tlim ey (t) =
— 00 — 00

tlim e3(t) = 0 and this concludes the proof. O
—00

3.5. Fractional synchronization using only control signal U,

Finally, this subsection presents the solution to the synchroniza-
tion problem using only control signal U, for both, adaptive and
nonadaptive case.

Lemma 10. (Adaptive fractional synchronization using only control
signal. U, and one adjustable parameter 6). Let us assume that the
parameters o, y, B in (8) and (9) are unknown, o, B > 0, a=1
and that the master states trajectories Xm, ym remain bounded. If the
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following control signals are used in (9)

U =0
U, = 0e; — XmZm + XsZs (51)
Us;=0

where 6 is an adjustable parameter with the following adaptive law
¢ D20 = Seqe, (52)

where 8§ corresponds to the adaptive gain, then the controlled system
(12),(51),(52) is uniformly stable.

Proof. Using the control signals (51) in (12), the evolution of
the synchronization errors becomes

¢Dfe; =—0e;+0e;
LDfea = (y —0)e1 —ez (53)

¢, Dies = —pes + xmez + yse

Defining the parametric error as ¢ = o — 6, thus Eq. (53) can
be written as

Die;=—o0e;+oe;
&D?ez = ¢€1 — € (54)

C
o Dies = —fes +xmeay +yseq

In order to prove the stability of the controlled system, let us
analyze first the subsystem EOD?‘el,fOD;"eZ,fOD‘t”qb, using the frac-
tional extension of the Lyapunov direct method [20]. Let us con-
sider the following Lyapunov candidate function, which is positive
definite and decrescent

1 1 1
V=c——e?+-e}+-—<¢° 55
30t 3%t 559 (55)
with § e R, § > 0.

Assuming that eq, ey, ¢ are differentiable, then applying Lemma

1 and using (54) and (52) the result becomes

CDYV < —ed+teje;—e3
’ 1 2 71,2 1p2 (56)
= (&1 —-e)” —er— 36

As can be seen from (56), CODf‘V is negative semidefinite, then

it can be concluded that the origin of subsystem (%Dﬁ‘el,fon‘ez)
together with (52) is uniformly stable. This means that eq,e,, ¢ €
L.

In order to analyze the stability of es, let us analyze the third
equation of (54), which has the form

€ Dfes = —Pes + xmey + yser. (57)

Since the master state trajectory y,, remains bounded, i.e., ym €
£, then given that e; € £%, it can be concluded that ys € £*.
Since xn € £~ as well, then by using the BIBO stability concepts
for fractional systems [28], it can be concluded from (57) that
e3 € £, and this concludes the proof. O

Lemma 11. (Nonadaptive fractional synchronization using only con-
trol signal. U,, assuming a known upper bound on parameter y.) Let
us assume that the parameters o, y, B in (8) and (9) are unknown,
o,y, B >0anda=1.1tis also assumed that an upper bound B, on
the parameter y is known (y < By ) and that the master system tra-
jectories Xm, Ym, zm remain bounded. If the following control signals

are used in (9)

Ui = —YmZs + YsZm + Byoeq
U,=0 (58)
U;=0

then the controlled system (12),(58) is asymptotically stable.

Proof. Using the control signals (58) in (12), the evolution of
the synchronization errors results

g)D‘t"e1 =—0e1+06e
¢ D¥e;=ye; —e;—Bye (59)

¢ D¥es = —fes + Xmea + yser.

The stability of the subsystem EOD;"e1,f0D‘g‘e2 can be first an-

alyzed, using the Lyapunov function candidate V = %6% + %e%

and Lemma 1, obtaining that the fractional derivative of the Lya-
punov function is negative definite:

b
ED?V < —(e —e2)2+e§(1 _;/)' (60)

Thus using Theorem 2, it can be concluded that tlim e1(t) =
— 00
lime,(t) = 0.
t—o0
Since Xm,Ym,zm € £, the equation for tCODf‘e3 in (59) can

be analyzed using BIBO stability concepts for fractional sys-
tems [28], concluding that tlim e3(t) =0, and this concludes the
— 00

proof. O

Remark 3. Solution using only control signal Us(t) could not be
found using the methodology proposed in this paper, which is why
this case is not presented in this document.

As a summary of all the results already presented in Section 3,
we present in Tables 1 and 2 the main characteristics of the five
proposed control strategies for the adaptive case and the nonadap-
tive case, respectively.

Remark 4. Although the solutions proposed in this paper are for
Lorenz systems, the proposed methodology using the fractional ex-
tension of Lyapunov direct method and quadratic Lyapunov func-
tions could be applied to achieve synchronization of other type of
systems.

4. Numerical results and simulations

From the approaches presented in Section 3, it can be con-
cluded analytically that fractional adaptive synchronization of
Lorenz systems can be reached, by handling either one or two con-
trol signals, using one adjustable parameter. It is also possible to
achieve nonadaptive synchronization using one or two control sig-
nals, assuming a known upper bound on one or two system pa-
rameters.

In the adaptive cases, it can be concluded analytically from the
results presented in Section 3 that the controlled system is uni-
formly stable, although the convergence to zero of the synchro-
nization errors could not be proved analytically, due to a lack of
tools to accomplish this task. However, simulations studies have
been developed in the context of this research, and they have
shown that the synchronization can be effectively achieved in the
adaptive cases as well.

This section presents some representative simulation results, for
the case when only control signals U,, Us are used, for both the
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Table 1

Summary of the results about fractional adaptive synchronization presented in Section 3.
Section  Control signal ~ Adjustable  Scale factor =~ Assumptions Stability

parameter
31 Uy, Us 6 a>0 o, B>0 Uniform stability
3.2 Ui, Us 0 a=1 o, >0 Uniform stability
33 Uy, U, % a=1 o, >0 Uniform stability
34 Uy 0 a=1 o, B >0 Uniform stability
3.5 U, 0 a= o, >0 Uniform stability
Xms Ym, Zm € L™
Table 2

Summary of the results about fractional synchronization using upper bounds on some system parame-
ters presented in Section 3.

Section  Control signal ~ Bounds on Scale factor ~ Assumptions Stability and
parameters convergence

31 Uy, Us y < éy a>0 y,0,8>0 Asymptotic stability

3.2 Uy, Us wtor B, a=1 B >0 Asymptotic stability

3.3 Uy, Uy M <B,, a=1 B>0 Asymptotic stability

3.4 U @l B a= B >0 Asymptotic stability

35 U, y <B, a=1 y,o,8>0 Asymptotic stability

Xm, Ym, Zm € L™

adaptive case (see Subsection 3.1) and the nonadaptive case (see
Subsection 3.2). The results presented here illustrate the effective-
ness of the proposed synchronization schemes. No simulation re-
sults are presented for the rest of the cases for the sake of space,
although the conclusions about stability and convergence that can
be observed in this case are valid for the rest of the cases as well.

For these simulations, the NInteger Toolbox [29] for Mat-
lab/Simulink was used. The parameter values for the master sys-
tem (8) and slave system (9), which are assumed to be unknown,
are 0 =10, y =28 and B = 8/3. It was reported in [30] that for
this values, the Lorenz system exhibits a chaotic behavior when
the derivation order lies in the interval 0.99 < « < 1.18, when «
< 0.99 the Lorenz system tends asymptotically to one of the two
attractors and when « > 1.18 the system exhibits and unstable be-
havior. Given that the analytical proofs given in this paper are valid
in the interval o < (0, 1), only simulations for the cases « € [0.99,
1) (chaotic) and « € (0, 0.99) (stable) are presented.

The initial conditions for master and slave systems were chosen
as [-8,—5,6]" and [10, —10, —10], respectively. For this study we
took a scale factor &« =1 as well as o = 2. In all simulations, the
adaptive gain 6 = 1 was chosen in the adaptive case for simplicity,
although the analysis is also valid for any § > 0.

Fig. 1 shows the fractional adaptive case for different values of
the derivation order «. The norm of the synchronization error vec-
tore=[e; e e3]T has been plotted in this graphic and a scale
factor a = 1 has been used.

As can be seen, in the three cases the adaptive synchroniza-
tion is achieved, that is, the norm of the synchronization error
converges to zero. It can be noted that the convergence speed is
greater as the derivation order « gets closer to 1. However, the ini-
tial overshot is lower as the derivation order « gets farther from 1,
as can be noted in the zoomed part of the graph. This last charac-
teristic is directly related to the control effort, that is, the control
effort is lower as the derivation order gets farther from 1.

Fig. 2 shows the evolution of the master and the slave states
for two different values of the derivation order, in this case using
a scale factor a = 2.

As can be seen from Fig. 2, the synchronization is effectively
achieved in both cases and the use of a scale factor a =2 is ob-
served as well. Also it can be noted that when using a derivation
order o = 0.5, the systems exhibit an stable behavior, and when

45 T T T T T T

=05
4=0.8
40 4=0.99 [|
35 1
30 .
25) 1
z
20| 1
15] .
10 1
5 ]
 —
0 20 40 60 80 100 120 140 160 180 200

Time (s)

Fig. 1. Evolution of the norm of the synchronization error in the adaptive case, for
different values of the derivation order «.

o = 0.99 the systems exhibit a chaotic behavior, as it was found in
[30].

Let us now analyze the results in the nonadaptive case. In this
simulations the same parameter values and initial conditions than
in the adaptive case are used, and the upper bound on the system
parameter used is By, = 40.

Fig. 3 shows the fractional nonadaptive case for different values
of the derivation order «. The norm of the synchronization error
vector e=[e; e, e3]” has been plotted in this graphic as it was
done in the adaptive case, and a scale factor a = 1 has been used.

As can be seen from Fig. 3, the synchronization is achieved
for every derivation order used, as it was expected from the sta-
bility analysis in Section 3. It is important to note that in this
nonadaptive case, the convergence speed does not present impor-
tant differences if we look at the cases o« = 0.5 and o = 0.8, as it
was in the adaptive case. This is due to the fact that no adapta-
tion process takes place here, so the usual adaptation speed given
by the derivation order of the adaptive law does not affect the
convergence speed of the errors, as it is in the adaptive case. Of
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Fig. 2. Evolution of master and slave states for different derivation orders «.
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Fig. 3. Evolution of the norm of the synchronization error in the nonadaptive case,
for different values of the derivation order «.

course, in this case more knowledge of the system is needed in
order to construct the control signal than in the adaptive case.
Regarding the transient response in this case, it can be seen
from the zoomed part of Fig. 3 that the overshot is higher as the
derivation order gets closer to 1, as it happens in the adaptive case.

Control strategy 1
Control strategy 2
Control strategy 3| -|

60 I I I i I 1 I I i
0 0.5 1 15 2 25 3 3.5 4 45 5
50 T T T T T T T
0

i& Control strategy 1
-50 Control strategy 2| -

Control strategy 3

100 I I I I i I L i i

0.5 1 15 2 25 3 3.5 4 4.5 5

T T
Control strategy 1
Control strategy 2| -{

Control strategy 3

0

220 I I I i I
0 0.5 1 15 2 25 3 35 4 45 5

Time (s)

Fig. 4. Evolution of the synchronization errors for three different control strategies.

4.1. Comparison with another control strategy proposed in the
technical literature

The work presented in this paper has advantage over other
techniques, since all the system parameters o, y, 8 are assumed
to be unknown, and a reduced number of control signals and ad-
justable parameters are used to achieve the synchronization.

Although there are no similar works reported in the literature
accomplishing all these conditions, we would like to make some
comparison between the results reported in this paper and another
result reported in literature for the same system, no matter the in-
formation needed to implement the control or the number of con-
trol signals used. The idea is to analyze the convergence time and
the transient response of the synchronization errors for each case,
as well as the control effort.

In what follows, we are going to refer to the control strategy
proposed in this paper using control signals U, and Uz and one
adjustable parameter described in Section 3.1 as Control strategy 1.
On the other hand, the control strategy proposed in this paper us-
ing only control signal U, and one adjustable parameter described
in Section 3.5 will be referred as Control strategy 2.

Finally, Control strategy 3 corresponds to the one reported in
[6], which does not need any knowledge of the system parameters,
but it uses three control signals U, U,, U3 and three adjustable
parameters ki, k, k3. Basically, Control strategy 3 uses a feedback
control in the form

U] = k] (XS *Xm)
Uy = ky(Ys — Ym) (61)
Us = k3(zs — zm).

where the parameters kq, k, and ks are adaptively adjusted using
the following adaptive laws:

l:(l = —56%
kz = —88% (62)
k3 = —88%,

The parameter § corresponds to the adaptive gain.

Fig. 4 shows the evolution of the synchronization errors using
these three control strategies, and Fig. 5 shows the corresponding
control signals. In these simulations, the initial conditions for the
master and slave systems are the same as in previous simulations,
adaptive gains are § =1 and the initial condition for all the ad-
justable parameters is 40. The fractional order used is o = 0.993
and the simulation time is 5 seconds.

As can be observed in Fig. 4, no big differences can be seen
about the convergence time of the synchronization errors between
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Fig. 5. Evolution of the control signals for three different control strategies.

the three control strategies. In the case of errors e; and e,, the
difference in the convergence time is about half a second between
Control strategy 3 and Control strategies 1 and 2.

In the case of e3, the difference in the convergence time is
about 1 second between Control strategy 1 and Control strategy
3. In the case of Control strategy 2 the difference is about 2 sec-
onds with respect to Control strategy 3 and 1 second with respect
to Control strategy 1.

Although no big differences can be seen between the three con-
trol strategies regarding the convergence time of the synchroniza-
tion errors, it can be seen from Fig. 4 that the initial overshoot
of e; and e, for Control strategy 3 is significantly higher than for
Control strategies 1 and 2. In the case of ez, Control strategy 1 does
not present overshoot at all, while for Control strategy 2 the mag-
nitude of the overshoot is lesser than for Control strategy 3.

Another aspect of great importance can be seen in Fig. 5, where
it can be observed that the initial control effort is particularly high
for Control strategy 3, compared to Control strategies 1 and 2.
Since Control strategy 2 uses only control signal U, and Control
strategy 1 uses only control signals U, and Us, this behavior repre-
sents a great advantage of using control strategies proposed in this
paper.

We must point out that Control strategy 1 and 2 use not only
less control signals (2 and 1 respectively) than Control strategy
3, but they also use only one adjustable parameter, compared to
three used in Control strategy 3.

Of course, the simulations presented here were carried out us-
ing specific values for adaptive gains, initial conditions of the esti-
mated parameters, order of the fractional adaptive laws in the case
of Control strategies 1 and 2, among others. Thus, the results could
be different under different values of all these parameters. An op-
timization procedure could be a great option to find specific pa-
rameters (adaptive gains, fractional orders, initial conditions) that
guarantee desired results.

5. Conclusions

In this paper, the analysis of the adaptive synchronization of
two fractional Lorenz systems has been presented, as well as the
analysis of nonadaptive synchronization. The synchronization was
studied based on theoretical results and complemented by simula-
tions, analyzing the behavior of the synchronization errors.

The study performed in this paper indicates that fractional
adaptive synchronization of Lorenz systems can be achieved with
a reduced number of parameters and signals, under mild assump-
tions. This can be done by using two control signals and one ad-

justable parameter, or even using one control signal and one ad-
justable parameter. The study also indicates that nonadaptive syn-
chronization can be achieved under the same mild assumptions,
using one or two control signals and upper bounds on one or two
of the system unknown parameters.

In both solutions, adaptive and nonadaptive, the stability of the
resulting schemes was analytically proved, using the fractional ex-
tension of Lyapunov direct method. The convergence to zero of the
synchronization errors was proved in the nonadaptive case, using
the fractional extension of the Lyapunov direct method as well. In
the adaptive case, however, the convergence to zero of the syn-
chronization errors could not be analytically proved, due to a lack
of available tools to accomplish this task, being this topic currently
under investigation. Nevertheless, simulation studies indicate that
the synchronization errors do converge to zero in the adaptive case
too.
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