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Abstract. A set of n x n symmetric matrices whose ordered vector of eigen-
values belongs to a fixed set in R” is called spectral or isotropic. In this paper, we
establish that every locally symmetric C* submanifold M of R” gives rise to a C*
spectral manifold for k € {2, 3, ..., 0o, w}. An explicit formula for the dimension
of the spectral manifold in terms of the dimension and the intrinsic properties of
M s derived. This work builds upon the results of Sylvester and §ilhav5' and uses
characteristic properties of locally symmetric submanifolds established in recent
works by the authors.

1 Introduction

Let R = {(x1,...,x,) € R" : x;y > x > --- > x,}. Denoting by S" the
euclidean space of n x n symmetric matrices with inner product (X, Y) = tr (XY),
we consider the spectral mapping 4, i.e., the function from S” to R"” which
associates to X € S§" the vector A(X) € RY of its eigenvalues; i.e., for X € §",
AX) = (LX), ..., 1,(X)), where 41(X) > A(X) > --- > A4,(X) are the eigen-
values of X counted with multiplicity. The objects of study in this paper are the
spectral sets of §”. A subset M C S" is a spectral set if U'XU € M for all
X e M and U € O", where Q" is the group of n x n orthogonal matrices. In other
words, if a matrix X lies in a spectral set M C S", then so does its orbit under the

natural action of the group O”
0"X:={U'XU: Ue0"}.
The spectral sets are determined entirely by their eigenvalues and can be defined
equivalently by
A7 M) :={X eS": A(X)e M} forsomeM C R".
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For example, if M is the euclidean unit ball B(0, 1) of R”, then A~'(M) is the
euclidean unit ball of S” as well. A spectral set can be written as a union of orbits

(1.1) A~ M) = | 0" .Diag(w),

xeM
where Diag(x) denotes the diagonal matrix with the vector x € R” on the main
diagonal. Notice that each orbit is an analytic submanifold of S”; see Example 2.7
for details.

In this context, a general question arises. Which properties of M remain true
for the corresponding spectral set 2~!(M)? In the sequel, we say that a property
obeys the transfer principle if it holds for A~!(M) whenever it holds for M.
The spectral mapping A has nice geometrical properties, but it may behave very
badly as far as, for example, differentiability is concerned. This imposes intrinsic
difficulties for the formulation of a generic transfer principle.

Invariance properties of M under permutations often correct such bad behavior
and allow us to deduce transfer properties between the sets M and A~'(M). A
permutation ¢ on n elements acts on R” by o(x1, ..., x,) = (X1, - - - Xo@m))- A set
M c R" is symmetric if M = M for all ¢. Thus, if M C R” is symmetric, prop-
erties such as closedness and convexity are transferred between M and A~!'(M);
namely, M is closed (respectively, convex [14], prox-regular [5]) if and only if
A~1(M) is closed (respectively, convex, prox-regular). The next result is another
interesting example of such a transfer.

Proposition 1.1 (Transferring algebraicity). Let M C R”" be a symmetric
algebraic variety. Then, A~'(M) is an algebraic variety of S".

Proof. Let p be a polynomial equation of M, i.e., p(x) = 0 if and only if
x € M. Define the symmetric polynomial g(x) := >, p*(ox). Observe that g is
again a polynomial equation of M and g(A(X)) is an equation of 2~!(M). We just
have to prove that go 4 is a polynomial in the entries of X. It is known that g can be
written as a polynomial of the elementary symmetric polynomials py, pa, ..., py-
Each p;(A(X)), up to a sign, is a coefficient of the characteristic polynomial of X
and thus is a polynomial in X. O

Concurrently, similar transfer properties hold for spectral functions, func-
tions F: S* — R” which are constant on the orbits O".X or, equivalently, func-
tions F' that can be written as F' = f o 4 with f: R" — R symmetric, i.e., invariant
under any permutation of entries of x. Since f is symmetric, closedness and con-
vexity are transferred between f and F'; see [14] for details. More surprisingly,
differentiability properties are also transferred; see [1], [20], [19], [13], [15], and
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[18]. As established recently in [5], the same occurs for the variational property
of prox-regularity, for the definition of which we refer to [17].
In this work, we study the transfer of differentiable structure of a submanifold
M of R” to the corresponding spectral set. This gives rise to an orbit-closed set
271 (W) of §”, which, in case it is a manifold, is called the spectral manifold.
Such spectral manifolds often appear in engineering sciences, often as constraints
in feasibility problems (e.g., in the design of tight frames [21] in image processing
or in the design of low-rank controllers [16] in control). However, given a manifold
M, the answer to the question of whether the spectral set A~!(M) is a manifold of
S” is not immediate. Indeed, a careful glance at (1.1) reveals that O".Diag(x) has a
natural (quotient) manifold structure; the question there is how the different strata
combine as x moves along M.
For functions, transferring local properties such as differentiability requires
some symmetry, albeit not with respect to all permutations. Many properties still
hold under local symmetry, i.e., invariance under permutations that preserve
balls centered at the point of interest. We make this notion more precise in Sub-
section 2.1.
The main goal here is to prove that local smoothness of M is transferred to the
spectral set 2 ~1(M) whenever M is locally symmetric. More precisely, our aims
here are
e to prove that every connected C* locally symmetric manifold M of R” is
“lifted” to a connected C* manifold 1~'(M) of S”, for k € {2,3, ..., 00, ®}
(where C? stands for real analytic);

e to derive a formula for the dimension of A~!(M) in terms of the dimension
of M and some characteristic properties of M.

We achieved these aims in 2009 for the cases k = 2, k = oo, and k = w
through a long technical proof in the unpublished technical note [6]. Here, we
provide a shorter, tractable version of the aforementioned proof, which moreover
encompasses all cases k € {2,3, ..., 00, w}. Notation and arguments have been
simplified, and additional comments providing extra intuition have been added.
We use the results from [20] and [19] and the properties of locally symmetric
submanifolds of [7].

The particular case of the lift of a C° manifold is recovered in a very recent
work [4] through an indirect technique based on metric projections. However, this
technique is specific for the case k = co and does not provide any information on
the dimension of the spectral manifold A~!()V[).

The main result of the current manuscript is Theorem 3.20, which proves that
the lift of a locally symmetric C* submanifold of R” is a C* manifold of S", and
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provides a formula for its dimension. We obtain this result using extensively dif-

ferential properties of spectral functions as well as structural properties of locally

symmetric manifolds. Roughly speaking, given a manifold M which is locally
symmetric around x € M, the proof splits in the following two steps:

Step 1. exhibiting a simple locally symmetric affine manifold D (see (3.8)) which
will be used as the domain for a locally symmetric local equation for the
manifold M around x (Lemma 3.10);

Step 2. showing that A=!(D) is an analytic manifold (Theorem 3.15) and using
it as a domain to build a local equation of A~'(M) (cf. (3.12)), in order
to establish that this latter spectral set is a manifold (Theorem 3.20). Let
us remark, however, that 1~!(D) is not an affine manifold in general; see
comments at the end of Section 3.2.

2 Locally symmetric functions and manifolds

This section does not contain any new results, but introduces relevant background
notation and revises material established in [7] (and previously in [6], though in a
less elaborated form) concerning the structure of a locally symmetric submanifold
M of R”. A key notion is that of a characteristic partition (see Section 2.3), as
well as the existence of a locally symmetric reduced tangential parametrization
(Theorem 2.17).

2.1 Notation and definitions. A partition P of a finite set NV is a collec-
tion of non-empty, pairwise disjoint subsets of N whose union is N. The elements
of a partition are sometimes called blocks. The partition {{i} : i € N} is denoted
by idy. The set of all partitions of N is denoted by ITy. The symbol R denotes
the set of all functions from N to R. SetN,, :={1,...,n}. When N = N,, we
simply write I1,,, for I1y, id, for idy, and R” for RY. The partition induced by
x € RY, denoted by P,, is defined by the indexes of the equal coordinates of x.
More precisely, fori, j € N, i, j are in the same subset of P, if and only if x; = x;.
Given two partitions P and P’ of Iy, we say that P’ is a refinement of P, written
P < P/, if every set in P is a (disjoint) union of sets from P’. Given a partition P
of Iy, define the subset Ap of RV by

(2.1) Ap:={xeRY: P, =P}

Obviously, Ap is an affine manifold, which is not connected in general. (By affine
manifold, we mean an open subset of an affine subspace of a vector space.) The
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collection { Ap : P € Iy} is an affine stratification of R i.e., a finite decomposi-
ton of R" into affine manifolds (strata) that fit together in a regular way. For each
x € RV, there exists a & > 0 such that the ball B(x, J) intersects only strata A p with
P = P,; see [7, Section 2.2]. If the partition P € Ily is givenby P = {1y, ..., I,;},
then the orthogonal and bi-orthogonal spaces of Ap have the expressions

(2.2) Ap ={xeRN:ij :OforallieNm},
JEli
(2.3) Apt ={xeR" :x; =x; foralli, j € I, k e N,},

respectively. Note that Ap- = Ap, where the latter set is the closure of Ap. Also,
Apt = Up<p AP

The group X" of permutations over N,, has a natural action on R” and II,, de-
fined for x € R" by ox := (x,-1(1), . . . , X5-1(y)), and for a partition P = {1y, ..., I,;}
by oP := {{o(i): i € Ik} : k =1,...,m}. For a vector x € R" and a partition
P € 11, define the subgroups of permutations

Yp:={ce X":0P =P} and Z}:={ceX":ox =x}.
Note that % = X7 for all x € R".

Definition 2.1. A map f defined on R” is called symmetric if f(oy) = f(y)
for all y € R” and all ¢ € X". The function f is called locally symmetric at
x € R" if there exists an open ball B centered at x and

f(oy) = f(y) forallye Bandallo € X¥.

Locally symmetric functions are those which are symmetric on an open ball
centered at x under all permutations of entries of x that preserve this ball; see
[7, Section 3.1]. The above property is exactly the invariance property required
on f which allows the transfer of its differentiability properties to the spectral
function f o 4; see Theorem 2.2, below. For a proof, we refer to [20] and [22].
(Note that although the main result in [20] is stated for symmetric functions f,
the supporting results are stated in locally symmetric language, and the argument
remains unchanged in this case.) In the sequel, given a vector x € R”, Diagx
denotes the diagonal matrix with the vector x on the main diagonal, and diag:
S" — R” denotes its adjoint operator, defined by diag (X) := (x1y, . . ., X,,y) for any
matrix X = (x;;);; € S".

Theorem 2.2 (Derivatives of spectral functions). Let f: R" — R be locally
symmetric at x € R%, and k € {1,2, ..., 00, w}. The function F': S" — R defined
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by F = f o ) is C* in a neighborhood of X € A~'(x) if and only if f is C* in a
neighborhood of x. In that case,

VF(X) = U'(Diag Vf(A(X)U,
where U is an orthogonal matrix such that X = U (Diag A(X))U. Equivalently,
(2.4) VF(X)[H] = Vf(A(X))[diag (UHUT)]
for every direction H € S".

The differentiability of spectral functions will be intensively used in the se-
quel. Before giving the definition of spectral manifolds and locally symmetric
manifolds, let us first recall the definition of a submanifold.

Definition 2.3. A nonempty set M C R” is a C* submanifold of dimen-
sion d (withd € {0,...,n} and k € NU {w}) if for every x € M, there exist a
neighborhood U C R” of x and a C* function ¢: U — R"~¢ with Jacobian matrix
Jo(x) of full rank such that for all y € U, y € M if and only if ¢(y) = 0. The map
¢ is called a local equation of M around x.

Definition 2.4. A set S C R” is strongly locally symmetric if S = S for
all x € S and all ¢ € X7. The set S is locally symmetric if for every x € S, there
exists 0 > O such that S N B(x, J) is a strongly locally symmetric set.

In other words, S is locally symmetric if for every x € S, there exists 0 > 0
such that

(2.5) o(SNB(x,0)) =SNB(x,0)forallye SNB(x,d)and o € Z;’.

Observe that if S satisfies (2.5), then for p < J, S N B(x, p) is a strongly locally
symmetric set as well.

Example 2.5. Obviously, R” is (strongly locally) symmetric. It is also easily
seen from the definition that any stratum A p is a strongly locally symmetric affine
manifold. If x € Ap and the ball B(x, J) is so small that it intersects only strata
Ap with P’ = P, then B(x, 0) is strongly locally symmetric.

2.2 Locally symmetric manifolds. In this subsection, we recall the for-
mal definition of a locally symmetric manifold (submanifold of R") from [7] and
illustrate this notion by means of characteristic examples.

Definition 2.6. A subset M of R” is said to be a (strongly) locally sym-
metric manifold if M is a connected submanifold of R” without boundary, a
(strongly) locally symmetric set, and satisfies M N RY # 2.
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The above definition includes the technical assumption M NR% # &, since the
entries of the eigenvalue vector 1(X) are non-increasing (by definition of 1). This
assumption is not restrictive, since we can always reorder the orthogonal basis of
R” to satisfy this property.

Our aim is to show that A=}(M N RY) is a manifold, an objective ultimately
realized in Section 3 by Theorem 3.20. First we sketch two simple approaches
that could be adopted in order to prove this result and illustrate the difficulties that
appear.

Consider the expression (1.1) for the spectral set A~!(M). Although each orbit
0" .Diag(x) is well known to be an analytic manifold (see Example 2.7 below),
there is no straightforward approach for showing that the union (1.1) is also a
smooth manifold. Our strategy, developed in Section 3, uses crucial properties of
locally symmetric manifolds derived in [7, Section 5], namely, the existence of a
locally symmetric tangential parametrization in an appropriately reduced ambient
space. This is used to provide a locally symmetric local equation defined in a
reduced ambient space (see Section 3.2), which, in turn, is used to exhibit an
explicit smooth local equation for the spectral manifold A~ (M); see Sections 3.3—
34.

Example 2.7 (The case M = {x}.). Recall that the stabilizer O} of a matrix
X € S" under the action of the orthogonal group Q" is defined by

0} :={Uec0": U'XU =X).

For x € RZ, we have an exact description of the stabilizer Ofy;,,(,, of the matrix
Diag(x). Indeed, with the partition P, = {I},...,I,}, U € O%iag(x) is a block-
diagonal matrix made up of matrices U; € OVil. Conversely, every such block-
diagonal matrix clearly belongs to Ofy;,. - In other words, we have the identifica-
tion Of,e = O x - x Ol'I. Since O” is a manifold of dimension p(p — 1)/2,
ODyag(n is @ manifold of dimension 7%, |I;](|/;| — 1)/2. It is well-known that
the orbit O".Diag(x) is diffeomorphic to the quotient manifold O"/Op;,,(.. Thus,

O".Diag(x) is a submanifold of S” of dimension

-1 ) AT ANt
dim 0" Diag(x) = dim 0" — dim O, = ”(”2 ) _ 3 I7;1(] 2| )
i=1

n? =S|
= 221 = > L),

I<i<j<m

where we have twice used the fact thatn = >_7", |[;].
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Let us now explain how a natural approach to show that 2~!(0M) is a mani-
fold using local equations, would fail. Assume that the manifold M of dimension
d € {0,1,...,n} is described by a smooth equation ¢: R” — R"? around the
point x € M N R™.. This gives a function ¢ o A, whose zeros characterize 4~ (V)
around X € 17'(M); i.e., for all Y € §” around X,

(2.6) Y el !M) & 1Y) eM < o(A(Y)) =0.

However, we cannot guarantee that ® := ¢ o A is smooth, unless ¢ is locally
symmetric (in which case, Theorem 2.2 applies). However, as shown in the next
easy example (cf. [7, Example 5.5] and also [6, Example 3.8]), local equations
¢: R" — R of a locally symmetric submanifold of R” can fail to be locally sym-
metric.

Example 2.8 (A symmetric manifold without symmetric equations). Con-
sider the symmetric (affine) submanifold of R? of dimension 1

M={(x,y) e R:x =y} = A((12)).
The associated spectral set
A7) ={A e S?: 11(A) = 1,(A)) ={alr : a € R}

is a submanifold of S? around I, = A7!(1, 1). However, although A=!(M) is a
(spectral) 1-dimensional submanifold of S?, it cannot be described by a local equa-
tion that is a composition of 4 with a symmetric local equation ¢: R> — R of M
around (1, 1). Indeed, assume to the contrary that such a local equation of M ex-
ists, i.e., there exists a smooth symmetric function ¢: R> — R with surjective
derivative Vg(1, 1) which satisfies ¢(x, y) = 0 if and only if x = y. Consider now
the two smooth paths c;: 1 — (¢,f) and c: t — (1,2 — t). Since p o ¢1(¢) =0,

2.7) Ve(l,1)(1,1) =0.

On the other hand, since ¢4(1) = (1, —1) is normal to M at (1, 1) and since ¢ is
symmetric, the smooth function ¢ — (¢ o ¢3)(#) has a critical point at # = 1. Thus

(2.8) 0 =(poc)(1) =Ve(l, D1, —1).
But (2.7) and (2.8) imply that Vg(1, 1) = (0, 0), which is a contradiction.

We close this section by observing that the property of local symmetry intro-
duced in Definition 2.4 is necessary and, in a sense, minimal. In any case, as
revealed by the following examples, it cannot easily be relaxed.
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Example 2.9 (A manifold without symmetry). Consider the manifold
N ={(0):1e (-1, 1)} ¢ R%. We have an explicit expression for 2 ~'(N):

e tcos’6  t(sin260)/2 —tsin®@  #(sin20)/2|
AT _{[t(sin26)/2 t5in? 6 ] L(sinze)/z —t00526] ! 20}‘

Figure 1. A spectral subset of §? represented in R?.

It can be proved that this lifted set is not a submanifold of S2, since it has a
sharp point at the zero matrix, as suggested by Figure 1.

Example 2.10 (A manifold without enough symmetry). Consider the set
N = {(t,0,—1) : t € (—¢,¢)} c R3, and let x = (0,0,0) € N. Then, Ap, =
{(a,a,a) : @ € R}, and N is a smooth submanifold of R® which is symmetric
with respect to the affine set Ap . However, it is not locally symmetric. Indeed, it
can be easily seen that the set 1~!(N) is not a submanifold of S§* around the zero
matrix.

2.3 Properties of locally symmetric manifolds. In this subsection, we
collect definitions and results from [7] that are needed in the present work. Note
first that if x € M N RZ, then every set in P, contains consecutive integers.
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Definition 2.11. Consider partitions P, P’ € I1,,.

e The partition P’ is said to be much smaller than P, written P* << P,
whenever P’ < P and there exists some set in P’ which is formed by merging
at least two sets from P, at least one of which contains at least two elements.

e When P’ < P but P’ is not much smaller than P, we write P’ <~ P. In other
words, if P* < P but P’ is not much smaller than P, then every set in P’ that
is not in P is formed by uniting one-element sets from P.

Suppose that M is a locally symmetric manifold. Among the partitions P € 11,
such that M N R N Ap # @, there is a unique maximal partition P, called the
characteristic partition of M. The characteristic partition describes the strata
that may intersect M:

(2.9) Mcanu( U Ar) c gt

P=<~P,

Formula (2.9) implies that every set in P, contains consecutive integers, and the
tangent space Ty (x) of M at x satisfies

(2.10) Trn(x) C Ap.
The stratum Ap, is dense in M: for every x € M and 0 > O,
(2.11) MN Ap, NB(x,0) # 9.

Define

NI

N2 := the union of all sets in P, with more than one elements.

the union of all sets in P, with exactly one element, and

Clearly, N, is the disjoint union of N! and N2. (Either N! or N2 may possibly be
empty.)

Definition 2.12. The characteristic partition P, of M yields a canonical
split of R” as a direct sum of the spaces RY and R™ as follows. Each vector
x € R" is represented as

(2.12) x=x" @M,

where
e x € RV is the subvector of x obtained by collecting the coordinates that
have indices in one-element sets of P,, preserving their relative order;
e x" e RV is the subvector of x obtained by collecting the remaining coordi-
nates, again preserving their order.
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It is readily seen that the canonical split is both a linear and a reversible opera-
tion. Reversibility means that given x'" e RY and x e R™, there exists a unique
xI @ x" e R" such that

ofF @MY =x  and (F QMM =M,
In the particular case P, =id,, x = xF for all x € R".

Definition 2.13. P € II, is called P,.-decomposable if P = P, for some
P, <~ P,.

Note that a P,-decomposable partition P has the property that if a set in P
contains elements from N}, then it cannot contain elements from N2. Accord-
ing to (2.9), if x € M, P, is P,-decomposable; moreover, every P = P, is P,-
decomposable.

Definition 2.14. For a P.-decomposable partition P, define the partitions
PF € Ty and PM € Ty as follows:

e PF contains those sets of P that contain only elements from N!;

e PM contains the remaining sets of P (those containing only elements from

N2),

The disjoint union P = P U PM is called the P,-decomposition of P.

For example, applying the P,-decomposition to P, yields Pf = idy;. Notice
that the P,.-decomposition cannot be applied to partitions P that are much smaller
than P,, since these partitions may have sets containing elements from both N}

and N2, We now summarize the properties of P, and the P,-decomposition that
are needed later.

Proposition 2.15. (i) P <~ P, ifand only if P" < idys and PM = PY;
(i) Ifx e M and P, < P, then Pt < PF < idyi and pY =pM < pM,

If P € II, is P.-decomposable, then the partitions P* € Iy and P € Ty
define strata in R™ and RV, respectively; see (2.1), (2.2), and (2.3). A glance at
(2.2) and (2.3) reveals the following relations:

(2.13) Apt = A3 @ Apir  and Ay = Apr @ Ay

As above, for x € M, let Ty(x) be the tangent space of M at x, and let Ny¢(x) be
the normal space of M at x. The local symmetry of M implies that these spaces
are invariant under all permutations ¢ € X”. For all x € M,

(2.14) Tri(x) = (Tre(x) VA3 & (Te(x) N Ap), and

(2.15) Nae() = (Vo) N A3 @ (N () N Ap).
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It has been established in [7, Section 5.1] that for all x € M,

(2.16) if w € Tr(x) then w" € Apir; and

(2.17) if v € Ny(x), then o™ € Agit.
The following lemma complements the structural property (2.16).

Lemma 2.16 ([7, Lemma 6.1]). For every x € M and € > O, there exists
w € Tyv(x) N B(O, €) such that in the vector w" e RN;, every subvector wf has
distinct coordinates for every set I in the partition PE.

In the rest of this section, we briefly recall a local equation, the tangential
parametrization, for a submanifold of R”, specialized to our context of a locally
symmetric manifold M. Let z7: R" — Ty(x) denote the orthogonal projection
onto the tangent space at x, and let 7y be the orthogonal projection onto the normal
space Ny(x). Let 77: R" — x + Th(x) be the projection onto the affine space
x + Th¢(x); and, similarly, let 7y denote the projection of R” onto x + Ny (x). Note
that for all y € R” sufficiently close to x,

(2.18) Tr() + N () =x+).

The local symmetry of M implies the existence of d > 0 such that
(2.19) oxr(y) =nr(oy) and onn(y) =y (oY)

for ally € B(x,d) and all 0 € X!. Choosing smaller 6 > 0, if necessary, we can
ensure that the following conditions hold.
Al. The restriction 77 : M N B(x, ) — x + Th¢(x) is a diffeomorphism onto its
image.
A2. The ball B(x, d) intersects only strata Ap with P = P,.
Under the above conditions, M N B(x, J) is a strongly locally symmetric man-
ifold; see (2.5). In addition, there exists a smooth map

(2.20) ¢ (x+ To(x)) N B(x,d) = Ny(x)
such that
(2.21) MNB(x,0) ={y+¢d(y) e R":y e (x+ Tr(x)) NB(x, d)}.

The map ¢ measures the difference between the manifold and its tangent space.
Clearly, ¢ = 0if M is an affine manifold around x. Note that, technically speaking,
the domain of the map ¢ is the (strongly symmetric) open set z7(M N B(x, d)),
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which may be a proper subset of (x+ Th(x)) N B(x, ). To keep the paper readable,
we do not introduce the more precise (but also more complicated notation) of a
rectangular neighborhood around x.

We call the map y: (x + T(x)) N B(x, ) > M N B(x, §) defined by

(2.22) w(y) =y+o)

the tangential parametrization of M around x. This function is smooth,
one-to-one and onto, with a full rank Jacobian matrix Jy/(x): it is a local diffeo-
morphism at x; and its inverse is 77, i.e., locally z7(yw(y)) = y.

We can now state the main result of [7], noting that the proof of (2.23) utilizes
the fundamental relation (2.17) established in [7, Theorem 5.1].

Theorem 2.17 ([7, Theorem 5.1].). For x € M, the function ¢ in (2.22)
satisfies

(2.23) P(x) € Noe(x) N Ap.

Moreover, for all y € (x + Ty (x)) N B(x, 0) and for all 0 € X,

(2.24) w(oy) =oy(y)
and
(2.25) P(oy) = op(y) = P(y).

3 Spectral manifolds

We begin this section with an example of the special case in which the (locally
symmetric) manifold M is (a relatively open subset of) a stratum Ap. In this case,
basic algebraic arguments allow us to conclude directly that A~!()\) is a smooth
manifold.

Example 3.1 (Lift of stratum Ap). Suppose that a manifold M is (a relatively
open subset of) a stratum Ap and intersects RZ. We show directly that the spec-
tral set A~1(M) is an analytic (fiber) manifold, using basic arguments exposed in
Example 2.7. As stated there, the orbit Op;,,,, 18 a submanifold of §" of dimen-
sion leiqim |Z;||1;|, where P = {I, ..., 1I,}. The key is to observe that, in our
case, for all x € M, Oppe( = Ol x ... x Ol and P, = P. Then, all the orbits
0" .Diag(x) are manifolds diffeomorphic to 0" /O, (fibers), hence of the same
dimension. We deduce that A~'()\) is a submanifold of S diffeomorphic to the
direct product M x (0"/Of;,.x)» With dimension

(3.1) dim27 M) =d+ Y L.

1<i<j<m
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The proof of the general situation (M an arbitrary locally symmetric manifold)
is a (non-trivial) generalization of the above arguments. The strategy is more
precisely explained in Section 3.2. First, in Section 3.1, we treat the special case
P, =1id,. In this case, the proof that a locally symmetric manifold lifts smoothly in
S" goes through without extra technicalities, illustrating the main ideas. Moreover,
the main result in the special case P, =id, is a needed step in the general case.

We require the following definition.

Definition 3.2 (Ordered partition). A partition P = {Iy,...,I,} of N, is
called ordered if whenever 1 < i < j < m, the smallest element in /; is (strictly)
smaller than the smallest element in /;.

For example, the ordered version of the partition {{4}, {3, 2}, {1, 5}} of Ns
is {{1,5},{2, 3}, {4}}. Consider an ordered partition P = {Iy,...,I,} of N,.
Consider the space S} of all block-diagonal symmetric matrices in which the £-th
block is of size |I;|, and denote by O the subgroup of block-diagonal orthogonal
matrices in which the ¢-th block is of size |I;|. Denote by Xp = Diag(Xy, ..., X,;)
an element of S, where X; € S|, For Xp € S%, we define

2p(Xp) = (AX)), ..., A(Xw)) € R

Note the difference between 1p(Xp) and A(Xp): the coordinates of Ap(Xp) are or-
dered within each block, whereas those of 1(Xp) are ordered globally. For techni-
cal reasons, we need a slight modification of Theorem 2.2 (Derivatives of spectral
functions) to cover the case of spectral functions of the type f o 1p on Sp.

Lemma 3.3. Suppose that f: R" — R is locally symmetric at x € R%. For
sufficiently small 5 > O, the function F: Sy — R defined by F = f o Ap, is
C* on 251 (B(x, 0)) if and only if f is C* on B(x, ). The Jacobian of f o Ap,_at
X € Ap'(B(x, 6)) applied to H € S} _is

J(f o dp)XH] = J(f o HX)[H].

Herek € {1,2,3,..., 00, w}.

Proof. Let P, = {I},...,I,} and X = Diag(X,,...,X,,) € /I;XI(B(x, 9)).
Suppose B(x, d) intersects only strata Ap with P = P,. The fact that x € RY
implies that Apmin(X¢) > Amax(Xe+1) for 1 < € < m — 1. Hence Ap (X) = A(X), and
the claim follows from Theorem 2.2. [
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3.1 Lift into S” (case P, =id,). In this subsection, we consider the case
P, =id,. This condition implies that P* = P for any P,-decomposable partition
P, and v = for any v € R". Thus, Property (2.17) simplifies to

(3.2) Na(x) € Apt forallx € M.

The goal here is to establish, under conditions (A1)—(A2), that if x € MNRZ, then
i;}l (MNB(x, 9)) is a submanifold of Sp , and to calculate its dimension. This is an
intermediate step on the way to proving that A=!(M) is a submanifold of S”. The
advantage of treating first the special case P, = id,, is twofold: on the one hand,
the results in this subsection are needed later; and, on the other, the succession of
arguments in the general case is similar to the that for the special case.

Using (3.2), we can easily exhibit a locally symmetric local equation of M.
Thus, we fix x € M N RZ and recall the definitions of the projections 77 and 7.

Lemma 3.4. If P, =id,, then my is locally symmetric at x.

Proof. Take y € B(x, d’), where 6 > 6’ > 0 is so small that B(x, ) intersects
only strata Ap for P = P,. Without loss of generality, assume that there exists
z € M N B(x, d) such that 7y(y) = my(z). The fact that z € A Pil together with
(3.2), applied to z, gives that z + Ny(z) € Ap'. Therefore, 7y(z) € Ap'; and,
consequently, for all ¢ € £, my(oy) = GEN(y)’ =onyn(z) = wn(z) = wy(y). This
means that 7y is locally symmetric at x. O

Recall also the definition of ¢ given by (2.20) and the conditions on the ball
B(x, 0) there. Define the function ¢ : B(x, 0) — Ny (x) by

(3.3) Yy X+ p(rr(y) — an ().

Lemma 3.5 (Existence of a locally symmetric local equation in the case
P. =1id,). The function ¢ defined by (3.3) is a local equation of M around x € M
which is locally symmetric. In other words,

(ﬁ_(ay) = 0¢_(y) = gb_(y) forally € B(x,0) and all 6 € Z.

Proof. Successive use of (2.18) and (2.21) gives, for y € B(x, ), the equiva-
lence of following statements:
(1) @) =0;
(i) 7y (y) =x+ p(mr());
(iii) y = 77 (y) + p(mr(»);
(iv) ye MNB(x, ).
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The Jacobian mapping ]¢_(y) is a linear map from R” to Nj(x), which, when
applied to any direction £, yields J qﬁ_(y)[h] = Jp(m7(y)[mr(h)] — wn(h). Clearly,
J gz;(x)[h] = —h for h € Ny(x), which shows that the Jacobian is onto and hence of
full rank. Thus, ¢_ is a local equation of M around x. In view of Theorem 2.17 and
the symmetries of the projections, (¢ o w7)(oy) = (¢ o w7)(y) for all ¢ € X" and
y € B(x, d). This implies that 6~ '¢(ay) = 0~ (x + (¢ 0 T1)(Y) — o7TN(Y)) = H().
Since d(y) € Ny(x) C Ap*, we obtain the second claimed equality op(y) =

P(). O
Next, consider the map @ : i;}l (B(x, 0)) = Ny(x) defined by

(34 X > (¢ 0 4p)(X) = x+P(xr(Ap, (X)) — Ty (Ap,(X)).
Since c;; is a local equation of M around x, we deduce that for X € Sj ,
(35 Xe l;Xl(M NB(x,0)) < ip(X) e MNB(x,0) ®(X) =0.

Thus, in order to prove that @ is a local equation for l;xl MNB _(x, 0)), it remains
to establish that @ is C*-differentiable and that its Jacobian J® has full rank at
X € i;xl (x). This is accomplished in Theorem 3.7. First we need the following
lemma.

Lemma 3.6. The function my o Ap, is analytic on l;xl (B(x, 0)). Moreover, at
each X € l;xl (B(x, 0)) and every direction H € Sp,

J(zn o Ap)X)[H] = my(diag (UHUT)),
where U € O}_is such that X = U" (Diag 4p,(X))U.

Proof. By Lemma 3.4, 7y is locally symmetric at x. By Lemma 3.3,
my o Ap, is analytic on l;xl (B(x, 0)). Its Jacobian at X € i;} (B(x, 0)) in the direc-
tion H € Sp_is

J(zy 0 Ap)X)H] = J(zy o NX)[H] = Jry(A(X))[diag(UHUT)]
= zy(diag (UHU)).

The second equality follows by (2.4). ([l

Theorem 3.7 (Main result (case P, = id,)). Let M be a locally symmetric
C* submanifold of R" of dimension d. Suppose P, = id,, fix x € M N RY and
let § > 0 be such that conditions (A1)—(A2) hold. Then A~'(M N B(x, d)) is a
Ck submanifold of S™ with codimension n — d. Here k € {2,3, ..., 00, w}.
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Proof. By Theorem 2.17 and (2.19), the function ¢ o 77 is locally symmetric
at x. Therefore, Lemma 3.3 yields that ¢ o w7 o Ap, is Ck on l;} (B(x,0)) =
2~Y(B(x, 6)). Combining this with Lemma 3.6, we deduce that the function ®
defined by (3.4) is C* on A71(B(x, 9)).

Let us now show that the Jacobian J® has full rank at X € A~ (B(x, 0)). First,
the gradient of the i-th coordinate function ¢; o 7 at x applied to the direction 4 is

V(i o wr)(®)[h] = Vi(mr(x)[zr(h)].

Second, Lemma 3.3 and Theorem 2.2 give that the gradient of ¢; o 77 o A at X in
the direction H € S" is

V(i o wr o NX)H] = Vi(mr QX)) [z r(diag (UHU))],

where U € O" satisfies X = U' (Diag A(X))U. Combining this \ﬁlith Lemma 3.6
we obtain the following expression for the derivative of the map ®:

JOX)[H] = Jp(xr(AX))) [ r(diag (UHUT )] — zy (diag (UHU)).

Notice that for each & € Ny (x), defining H := U'(Diagh)U € S", we have
JCI_)(X)[H] = —h, which shows that the linear map JCI_)(X): S" — Ny(x) is onto
and thus has full rank. In view of (3.5), ® is a local equation of M around X.
Since d = dim (M) = dim (Ty(x)) and dim (Ny((x)) = n — d, and since ¢_ and
® are local equations of the manifolds M and A~ (M N B(x, d)), respectively, these
manifolds have the same codimension n — d. [

3.2 Reduction of the ambient space (general case). We now consider
a manifold M with general characteristic partition P, and 0 > 0 such that condi-
tions (A1)—(A2) hold. Using (2.21) and (2.23), we obtain the inclusion

MNB(x,6) C (x+ Tovi(x) ® (Ne(x) N A,%j)) N B(x, 5).

To define a local equation of M in the appropriate space, we introduce the reduced
tangent and normal spaces:

(3.6) THe() = Ti(@) N Ap  and NiP() 1= Nye(x) N Ap.

Note that these spaces are invariant under permutations ¢ € X?. For later use,
when calculating the dimension of spectral manifolds, we write

(3.7) n™ = dim N&9Y(x).
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We now describe the set on which the local equation of 4 ~1(M) is to be defined.
Let x = x ® x™ be the canonical split of x in R”. Naturally, B(x", 6;) denotes the
open ball in RY: centered at x¥ with radius o1, and B(x™, &,) denotes the open ball
in R centered at x with radius J>. Define the rectangular neighborhood of x

B(x, 01,8, := B(x', 8) @ B(XM, 8,).

Choose 01, J; such that B(x, J1, d2) C B(x, d). By conditions (A1)—(A2) and
Proposition 2.15 (i), B(x*, d,) intersects only strata Apr C R for PF = PF_ and
similarly for the ball B(x", §,). Thus, B(x, §;, &) is invariant under permutations
oe X

The key element in our next development is the set

(3.8) D = (x+ Ti(x) ® N () N B(x, Iy, 62),

which plays the role of a new ambient space. Indeed, D is an affine manifold of R”
and, as it turns out, is the domain of a symmetric local equation of M. We gather
properties of ‘D in the next proposition.

Proposition 3.8. In the situation above,
(3.9) Ta() ®Nx) = TRt & Apt.
Hence
D = (x+ (Tix) @ Ap)) N B(x, d1, ).
Moreover, D is invariant under all permutations o € X%, and so is a locally sym-

metric set.

Proof. Since Ty(x) and Ny(x) are orthogonal complements, applying suc-
cessively (3.6) and (2.14), we have

Toi(x) & NYL () = Toe(x) @ (Nae(x) N Apt)
= (Tv(¥) N Ap) & (Tre(x) N ApH) & (Nve(x) N At
= (Tn()NAp) ® Ap-
= T34 ® Ap*,

which yields (3.9) since x € A f;j- and 0 € T]rftd(x). The invariance of D follows

from the invariance of each set in the intersection. O

Let 714 and 7% be the projections onto x + N]rftd(x) and N]rftd(x), respectively.

Note that

(3.10) x+y =2r(y)+ 7y) forall y € x + To(x) ® NE4(x).

The next result is the analogue of Lemma 3.4.
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Lemma 3.9. The projection %4 is locally symmetric at x.

Proof. Projecting onto x + N(x) can be accomplished in two steps: first
prOJectlng onto x + ALL and then onto x + Nﬁd(x) Now, the projection onto
A“‘ is given by y — x + IE”I dezn oy [7, Lemma 2.9]. Since it is locally
symmetric at x, the result follows. (|

Similarly to (3.3), we define the map qﬁ D — N¥(x) by

(3.11) Y= X+ @r(y) — ayt ().
The next lemma is an analogue of Lemma 3.5.

Lemma 3.10. The map gz; is well-defined, locally symmetric, and is a local
equation of M around x.

Proof. The set D is chosen so that ¢ is well-defined. Thanks to (2.23) and
the fact that x — 7i4(y) € N3 (x), the range of $ is in N34(x). The remainder
of the proof follows closely that of Lemma 3.5. In view of (3.10), (2.21) and
Theorem 2. 17, we see that for all y € D, the following statements are equivalent:

1 o) =
(ii) ﬂred(y) =x+P(xr(y));
(i) y = zr () + p(xr());
(iv) ye MNB(x, ).
The Jacobian of qﬁ_ at y is the linear map from T(x) & N]rvetd(x) to N]rvetd(x) given by

JdWIR] = Jp(xrO)mr(h)] — ().

Clearly, for h € erftd(x), J(ﬁ_(x)[h] = —h, which shows that the Jacobian J¢_ at
x is onto and has full rank. Thus, ¢_ is a local equation of M around x. Finally,
Theorem 2.17 shows that for each o € X" and y € D, ¢(nr(0y)) = ¢p(onr(y)) =
@(zr(y)). This, together with Lemma 3.9, gives the local symmetry of ¢_

O
We introduce the spectral function @ : A7 H D) —» N]rftd(x) associated with ¢_,
defined by

(3.12) X (¢ o X) = x+p@r(AX))) — TR (AX).
By construction, the zeros of ® characterize M, since
(3.13) X e AT\ MNB(Kx, ) = AX)eMNB(x,5) CI_)(X) =0

At this stage, let us compare (3.12) with (3.4) and the particular treatment in Sec-
tion 3.1. In Section 3.1, we had Ny(x) € A+, yielding Ni4(x) = Nai(x) and
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thus D = B(x, J1, ,), which is an open subset of R”. Unfortunately, in the general
case, there is an extra difficulty, stemming from the fact that D is not open in R".
Consequently, @ is defined on a subset 2~1(D) of S, of lower dimension. To work
around this diffuculty, we proceed as follows.
1 Transfer of local approximation. We show that the set 1~!(D) is an analytic
manifold locally around X € A~!(x), and calculate its dimension.
2 Transfer of local equation. We show that the function @ defined on A~ (D) is
differentiable with derivative at X of full rank (as a linear map on the tangent
space of 171(D)).

3.3 Transfer of the local approximation. The goal of this subsection is
to show that locally around X € A~!(x) the set ~!(D) is an analytic submanifold

of S”. We do this in two steps. The first step consists of showing that the F-part

and the M-part of D give rise to analytic submanifolds in the spaces Sf}l’l and

2
SLSL”' respectively. In the second step, we show that ‘intertwining’ the two parts

preserves this property in the space 8". Suppose the partition P, = P U PM is
made up of the sets

(3.14) Pr={I,....LI) and PY ={IL.i,..., L)
Lemma 3.11. The affine manifold D can be decomposed as
7 = {yF @M F e DF, WM ¢ @M}’
where DF and DM are affine manifolds defined by
DF = (ITH2 1" @ Apr) N B(&', 61) and
DY = Apu NB(M, 6)

and [TY(x)]" is the F -part of the reduced space T (x). The sets D and DM are
locally symmetric, and dim DF = d + n™ — m.

Proof. Recalling the definition of Tjrf[d(f) and using (2.16) and the right part
of (2.13), one sees that y¥ =0 for every y = y" @y e T (x). By the left part of
(2.13) with P = P,, combined with Proposition 3.8,

D ={y" @y )" e (I3 @ Api) NBG",81), YW e Apir NBGM, 62)}
=" @y" :y" e (IT3@1" @ Apr) NBGF, ), Y € Apy NBGM, 5},

where we have used the facts that the ball B(x", J,) intersects only strata A pr with
PF = PI and similarly for the ball B(x", &,). The desired expressions for D and
DM follow.
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By Proposition 3.8, the set D is invariant under all permutations in X%. Thus,
by Proposition 2.15(ii), being the F-part and the M -part of D respectively, the sets
DF and DM are invariant with respect to the permutations preserving Pf and PY,
respectively. We now compute the dimension of DF . Proposition 3.8 yields

X+ Tr(x) ® Ny =Tie () @ Apt = ([T ® Ap) ® ({0} @ Apir),

where the zero vector is of dimension |Nﬁ|. Thus, using (3.9), (3.7), and the fact

that dim A j;ﬁ- =m, we getd + n™ =dimDF +dim A j;ﬁ-, completing the proof.[]
In the next two lemmas, we show that the two parts of D lift to manifolds

Ao (DM) and 25} (DF). Let us start with the easier case, concerning the M -part.

Lemma 3.12. The set 8" := 15} (D™) is an analytic submanifold in SE}E'
with codimension > /L, (|Lesi|(|Lcsi] + 1)) /2 — m. '

Proof. Vectors in Apv have equal coordinates within each block I,;. Each
block lifts to a multiple of the identity matrix (of appropriate dimension). Since the
lifting A5y is block-wise, 8" is a direct product of multiples of identity matrices.
Hence it is an analytic submanifold with dimension m. (]

1
|Nn|

Lemma 3.13. The set 8F := l;}} (DF) is an analytic submanifold in Sp,;" with

codimension |N,1,| —(d +n™ —m).

Proof. By Lemma 3.11, D is a locally symmetric affine submanifold of RV,
Our aim is to show that the characteristic partition of D is idyi. Then, apply-
ing Theorem 3.7 to D’ shows that 8 is an analytic submanifold of codimension
INY| — (d +n™d — m).

To this end, fix € > 0, and let ® € Ty¢(x) N B(0, €) have the properties

F e RM is such that each subvector a),F has dis-

stated in Lemma 2.16, i.e., @
tinct coordinates for all i € N,. By (2.14), there exists a unique representation
w=w, +w, | ,wherew, € Tjr\f[d(x) andw,; | € T)(x)N Af;f. Taking the F-parts,

F = of +of | with of e [TEYX)]" and o | € A%+, Recall that
F X

we have o
PF = {I,...,1}, and write ] = o — @ . Since the subvector wj has dis-
tinct coordinates, whereas ('] | );, has equal coordinates, the subvector (o), has
distinct coordinates for all i € N,..

Consider now DF. Fix x € Apr N B(x", 6;). Taking w close to 0 ensures that
o is close to 0, all of the coordinates of ! +x/ are distinct, and ] +x" € DF.
Thus DF N AidN}, # @, and the characteristic partition of the affine manifold D is

idy;, as asserted. (]
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We show that A~!(D), the intended domain of the local equation of A~!()V),
is an analytic manifold by merging the results of the two preceding lemmas using
the following technical result.

Proposition 3.14 (Local canonical split of S* induced by P,). For each
x € M N RYL, there exist an open neighborhood W C S" of X € A7 Y(x) and
two analytic maps OF : W — Sﬁﬁ and OM: W — Sﬁi such that
() A(Y) = Apr(OF (V) @ Apw (@M (Y)) forall Y € W;
(ii) the Jacobians of the analytic maps @F and OM have full rank at X.

Proof. To each set in the partition P, = {I, ..., I,,}, we apply the following
classical result on eigenvalues [2, Example 3.98]. Let X € S” have eigenvalues

X)) = = 1 (X)) > AX) =0 = A1 (X)) > A (X)) = -0 = (XD

then there exist an open neighborhood W C S” of X and an analytic map
®: W — §" such that

Q) {A(Y), ..., Lprr—1 ()} = {41(OY)), ..., 4,(O(Y))} forall Y € W, and

(i1) the Jacobian of ® has full rank at X.

Recall now that each I, contains consecutive integers and assume, without loss

of generality, that P, is an ordered partition, i.e., forall 1 < ¢, < €, < m,
i €ly, jely,impliesi < j. In other words, 4;(X) > 4;(X). Apply the above
result to each I, to get an open neighborhood W, C S” of X and an analytic map
O;: W, — S having full rank Jacobian. Set W = (), W, and put the F-pieces
and the M -pieces together; i.e., restricting each ®, to W, define the direct products

OF :=x{0,:I; e P} and O := x{0O,:I, € P¥}.

The order of multiples in the direct products follows the order of the sets I, in P,.
Then the functions defined above have the desired properties. (]

Theorem 3.15. The set 2~ (D) is an analytic submanifold of S" around
X e A~ Y(x) with dimension

(3.15) dimA~4(D) =

n

n(n+1) red 1 s il (sl + 1)
5 +d+n"" —|N | — Z 5 .

i=1

Proof. By Proposition 3.14, there exist a neighborhood W C S" of X and
analytic maps ®F and ® such that

(3.16) A(Y) = apr (O (Y) ® Apr (@M (Y)) forall Y € W.
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Set X7 := ©F(X) e Syl and XM := @M(X) e Shi'. Then (3.16) gives
X = AX) = Apr(XF) @ Apu(X™), and hence x = Apr(XF) and XM = Jpu (X™),
from which we conclude that X¥ e 8% and X e 8™ (recall Lemmas 3.12
and 3.13). Consider the respective codimensions

(317) S = CO—dimSF = |N’11| — (d + nred _ m)’ and
. IK i IK i 1
(3.18) 5 1= codims¥ =3 |(|2+|+ )

i=1

Since ® and ®Y have Jacobians of full rank at X, they are open around it. By
shrinking W if necessary, we may assume that there exist analytic maps

P eF(W)—> R" and ¥Y: @MW) R,
with Jacobians having full rank at X and X, respectively, such that
PY)=0 = Ye8 NO"(W) and P¥(¥)=0 < Y e8” nOM"W).
We now define a local equation ¥ : W — R*' x R*2 for A~!(D) around X by
X = (P 0 @) (X) x (M 0 @M)(X).
Indeed, using (3.16), we have
YY) =0 & AY) =Apr(®"¥) @ Apu (@Y (¥)) €D = Y € 17/(D)

for all Y € W . That the Jacobian of ¥ has full rank at X follows from the chain
rule and the fact that the Jacobians J@OF (X), JOM (X), J¥F(XF), and JPM (XM)
are all of full rank. Thus W is an analytic local equation of 1~!(D) around X, from
which it follows that A='(D) is a submanifold of S” around X. Using (3.17) and
(3.18), we compute its dimension as follows:

dim 27'(D) = dim$" — (co-dim 8" + co-dim 8")

D) gty 2 3 el + 1)

2 P 2 U

Theorem 3.15 is an important intermediate result used in Subsection 3.4 be-
low, which contains the final step of the proof. In the following particular case,
Theorem 3.15 actually gives us the result directly.

Example 3.16 (Lift of strata). For a partition P° € II,, the set

M::Apou( U AP)

P<~P°
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is a locally symmetric manifold with characteristic permutation P° [7, Re-
mark 4.6]. Suppose, in addition, that the sets in P° contain consecutive integers.
Then M NRY # &. For each x € M N RYL, er\f[d(x) = {0}, i.e.,n™ = 0. This
means that the affine manifolds M and D coincide locally around x; see (3.8).
In this case, Theorem 3.15 shows directly that A~!()M) is a manifold in S" with
dimension given by (3.15).

At first glance, it may appear that the dimension depends on the particular
choice of x. However, since P, = P, or P, <~ P,, Proposition 2.15(ii) implies that
PM = pM = (o, ..., 12, Let PI' = {Ip,...,I°}. Since n = |N}| + |N2| =
S P+ YK |12, one can verify that (3.15) becomes

dim A7) =d+ Y RN

1<i<j<wx+m

Thus, by (3.1), dim A=}(M) = dim A~'(Ap.). This is a particular case of the more
general formula (3.21), below. J

In Example 3.16, the manifold M has a trivial reduced normal space. The
following remark sheds more light on this aspect.

Remark 3.17. Let M be a locally symmetric manifold with characteristic
partition P,, and let x € M N RZL. Then, by (2.21) and (2.23), it can be seen that

Nid(x) = {0} &= M N B(x,d) = (x+ Th(x)) N B(x, §) for some 6 > 0.

Inclusion (2.9) shows that x € AJ-*J-, which, together with (2.10), implies that
(x+ T(x)) C Ap*. Thus

Nyl(x) = {0} & MNB(x,5) = Ap- N B(x, d) for some § > 0.

3.4 Transfer of local equations, proof of the main result. This sub-
section contains the final step of our argument. We show that (3.12) is indeed a
local equation of M around X € A~!(x).

Lemma 3.18. The map 0 defined in (3.12) is of class Ckat X e 27(x).
Denote the differential of ® at X by DO(X): T)-1(p)(X) — er\f[d(x),

For every direction H € T;-1(py(X),
(3.19)  DOX)[H] = Dé (T (A(X)) [nr (diag(U H U")] — 7§ (diag(U H U")),

where U € O" is such that X = U (Diag A(X))U.
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Proof. We deduce from Theorem 2.17 that forall o € £} andy € D,
(3.20) (¢ owr)(oy) = (¢ o))

In addition, the gradient of the i-th coordinate function ¢; o w7 at x applied to any
direction h € Tp(x) = Tjrf[d(x) &) A#xl (see Proposition 3.8) yields

V(¢i o mr)(X)[h] = Vi(mrx)[zr(h)].
Thus, by Theorem 2.2, we obtain for H € T)-1(p)(X)
V(giomr o NX)[H] = Vi (mr(AX))) [xr(diag (UHUT))] fori € N,

where U € O" is such that X = UT (Diag A(X))U. By Lemma 3.9, the projection
74 is locally symmetric at x. Thus, by (2.4),

J(@t o DXOH] = Ja*(A(X)[diag(UHU )] = ziy(diag (UHU)),

from which (3.19) follows. O

Next, we show that the differential of @ at X is of full rank. We accomplish
this without actually computing the tangent space of the manifold A~!(D) at X.
Instead, we show that the tangent space is sufficiently rich to guarantee surjectivity.

Lemma 3.19. The differential of ® at X
DOX): Ty-1(py(X) = N (x)
is onto, and hence has a full rank.

Proof. Let U € O" be such that X = UT(Diag (X)) U. The tangent space
of O" at U is {UA : A is an n x n skew-symmetric matrix}. Thus, for each n x n
skew symmetric matrix A, there exists an analytic curve t — U(¢) € O" such that
U©) = U and U(0) := ZU(O) = UA. Now fix h e er\f[d(x) and consider the
curve t — U (t)T(Diag (x+th))U(¢). For all values of ¢ sufficiently close to 0, this
curve lies in A71(D), because x+ 4 lies in D. Introduce the vector x, whose entries
are those of x + th reordered in decreasing way. Since N{f[d(x) is invariant under
all permutations ¢ € X%, x;, € x + Nﬁd(x), for ¢ sufficiently close to zero. The

derivative of this curve at # = 0 (i.e., a tangent vector in 7,-1p,(X)) is
H := U(0) (Diagx)U(0) + U(0)" (Diag h)U(0) + U(0)" (Diag x)U/(0)
= —AU " (Diagx)U + U' (Diagh)U + U' (Diag x)UA,
where we have used the fact that AT = —A. Substituting the above expression for
H into (3.19) and using the facts that UUT = UTU = I and that UAU' (Diagx)

and (Diagx)UéUT have the same diagonal, we obtain DCI_)(X JIH] = —h, which
shows that D ®(X) is surjective onto N{f[d(x). ]
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Theorem 3.20 (The Main Result). Let M be a locally symmetric C* sub-
manifold (k € {2,3,...,00,w}) of R" of dimension d. Then .~'(M) is a CF
submanifold of S" of dimension

(3.21) dim27'O0) =d + > 7,
1<i<j<m*
where P, ={I], ..., 1.} is the characteristic partition of M.

Proof. Fixx e MNRYL and X € A~ !(x), and consider the spectral function
@ introduced in (3.12). Equation (3 13) shows that ® is a local equation of M.
Lemmas 3.18 and 3.19 prove that @ is a C¥ local equation of A~!(M) around X.
Thus 271 (W) is a C* submanifold of S§” around X. Moreover, the dimension of

27N W) is dim A7 (M) = dim 27Y(D) — dim(NVE4(x)).

Suppose that (3.14) holds. By Proposition 2.15(ii), P = PY. So suppose
that I.y; = I%._,,; foralli = 1,...,m. Recall that n = |[N}| + |N2| and that
S Ieril =n — |NL|. Using (3.6) and Theorem 3.15, we get

nm+1) o Wil (Ll + 1D
—INI—Z

. -1 _
dim A= (M) =d + ) )

2 Nl I)cz
:d+” | Z|+|

n |N1 * 2 * *
=d+ 2 (Z |I *—m+i ) + Z |Im*—m+i||Im*—m+j|

I<i<j<m
INL (N, = 1) R .
=d+ " +INU@ = INAD+ ) e il e ]
1<i<j<m
=d+ Y I
1<i<j<m*
The last equality comes from the fact that all the setsin PL = {I}, ..., I%._, } have
size one. O

Observe that the dimension (3.21) of A~!(M) depends only on the dimension
of the underlying manifold M and its characteristic permutation P,. This is not the
case with the dimension (3.15) of A=!(D), which also depends on the partition P,
(via n™d, x and m).

Remark 3.21. The case of a locally symmetric C! manifold M is compro-
mised by [7, Lemma 3.13] (Determination of isometries), which uses the intrinsic
Riemannian structure of M, thus requiring C? regularity. Lemma 3.13 from [7]
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was used there to obtain the reduction of the ambient space for the tangential
parametrization of M, which is one of the main ingredients in establishing Theo-
rem 2.17.

Let us now give a few applications of the main result. It is known that the set
of all symmetric matrices in S” of rank k is an analytic manifold; see, for example,
[9, Proposition 1.14, p.133]. This also follows from our main result, together with
the formula for its dimension.

Example 3.22 (Matrices of constant rank). Let
M = {x € R" : x has exactly n — k zeros}.

Then 27'(M) = {A € S$" : rankA = k}. Fix a subset J of {1,2,...,n} with
n — k consecutive elements, and let M’ := {x € R" : x; = 0,i € J}, which is a
connected component of M. Then dim M’ = k, and the characteristic partition of
MisP, ={i:ieJyU{{i}:i ¢ J}. By Theorem 3.20, 2~!() is an analytic
submanifold of §” with dimension

k(k2— 1)+k(n—k) =k(2n—2k+1)‘

In particular, the dimension of rank-one matrices (k = 1) is n, whereas the dimen-

dim 27OV = dim A~'OW) =k +

sion of the invertible matrices (k = n) is (}).

Example 3.23 (The unit shpere). The unit sphere
M:={xeR":xj+---+x> =1} CR"

is a symmetric analytic manifold of dimension n — 1 and characteristic partition
P, ={{i}:i =1,...,n}. By Theorem 3.20, 2~!(M) is an analytic submanifold
of §" with dimension

.. e n\ _(n+l)
dimA™"(M) =(n 1)+<2>_< 2) 1.

Indeed, it is easy to see that
l_l(M) ={AeS": |AAQ)| =1} ={AeS":|A]| =1}.
i.e.,, A~1(M) is the unit sphere in S”.

Remark 3.24 (The case |[N!| € {0, 1}). If M is a connected, submanifold of
R" of dimension d such that [N.| € {0, 1}, then M C Ap,. The same arguments
as in Example 3.1 allow us to conclude that A~!(M) is a spectral manifold of
dimension given by (3.1).
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