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Abstract This work addresses the problem of delineating
the spatial layout of ten rock type domains in an iron ore
body and of assessing the uncertainty in the domain bound-
aries. A stochastic approach is proposed to this end, based
on truncated Gaussian simulation, which consists in defin-
ing successive partitions of the space that comply with the
desired spatial continuity and contact relationships between
rock type domains. The sequencing of these domains is
driven by their position (surficial vs. underlying rocks),
granulometry (compact vs. friable rocks), and grades (rich
vs. poor) of iron, alumina, manganese and loss on igni-
tion. A total of 100 realizations are produced, conditioned
to available drill hole data, and used to quantify the uncer-
tainty in the occurrence of each rock type domain, at both
global and local scales.
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1 Introduction

Because of the relationships between geological properties,
such as rock types, alteration or mineral zones, and metal-
lurgical properties, modeling the spatial layout of geological
domains has become an essential stage prior to the evalua-
tion of mineral resources and ore reserves. Moreover, since
the mining industry is increasingly aware of the impor-
tance of assessing geological uncertainty and its impact in
production schedules ([12] and references therein), there
is a growing interest in developing stochastic models of
geological domains instead of deterministic models.

To date, different stochastic modeling approaches have
been proposed for such a purpose, in which the geologi-
cal domains are represented through spatial random fields
known at a set of sampling locations (e.g., exploration drill
holes) but unknown elsewhere. Among these approaches,
truncated Gaussian and plurigaussian simulation [3] has
received attention in the past decade, especially in the
fields of mining [5, 16, 28-32], petroleum [1, 4, 19, 27],
and hydrogeology [6, 7, 26]. However, its practical use is
often restricted, especially in what refers to the number
of geological domains that can be simulated and the con-
tact relationships that can be reproduced [3, 7]. This paper
aims to present a hierarchical approach that overcomes
these practical restrictions (Section 2), with an applica-
tion to an iron ore deposit with ten rock types of interest
(Section 3).
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Fig. 1 a Simulated Gaussian
random field and b
corresponding domains

2 Methodology
2.1 Truncated Gaussian simulation

The truncated Gaussian model aims to simulate a cate-
gorical random field, in which each category represents a
specific geological domain, by truncating a Gaussian ran-
dom field. The number of categories and their proportions
directly depend on the number of truncation thresholds
and on their values [3]. For instance, in order to simu-
late two geological domains, each of which covering 50 %
of the study area, one needs a single truncation thresh-
old set to O (median of the standard Gaussian distribution)
(Fig. 1).

The design of the truncated Gaussian model is motivated
by its simplicity of use and by the existence of numerous
algorithms for simulating Gaussian random fields (at least,
in the case of stationary fields) and for conditioning to pre-
existing categorical data [21]. Along with the truncation
threshold(s), one needs to determine the auto-covariance
function of the underlying Gaussian random field in order

First Gaussian random field

Other

Domain 1

Second Gaussian random field

Domain 2

Domain 1

to complete the determination of the model. This covariance
function can be inferred from the covariance functions of
the domain indicators, since there is a one-to-one relation-
ship between Gaussian and indicator covariance functions
[3]. In practice, instead of covariance functions, one usually
works with variograms. If one denotes by y the truncation
threshold, by G the cumulative distribution function of the
standard normal distribution, and by y, and y the indicator
and Gaussian variograms, respectively, then the following
relationship holds [9]:

vy =G -Gl

1 arcsin(1—y) y2
- — expl—————1 do (1)
27 Jo 1 + sin(60)

In practice, the right-hand side of this equation can be cal-
culated by quadrature or by using expansions into Hermite
polynomials [13]. Given a truncation threshold y, this
allows numerically determining the value of the indicator

Domain 4
Other
Domain 3
Domain 2
Domain 2

D in 1 :
omain Domain 1

Fig.2 Simulated Gaussian random fields (top) and corresponding geological domains (bottom) obtained with the proposed hierarchical approach
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Table 1 Codification of
categorical data into indicator

Indicator of first

Indicator of second Indicator of third

data Gaussian random field Gaussian random field Gaussian random field
Domain 1 1 No information No information
Domain 2 0 1 No information
Domain 3 0 0 1
Domain 4 0 0 0

variogram (yy) knowing that of the Gaussian variogram (y)
and vice versa.

When more than two geological domains are considered
and there is no natural sequence in the domains, the trun-
cated Gaussian approach is often too restrictive, since it
does not allow all the domains being mutually in contact
[3]. To overcome such a restriction, the idea is to perform
successive applications of this model, as explained next.

2.2 Hierarchical simulation

In order to simulate more than two geological domains, one
option is to iteratively apply truncated Gaussian simulation,
so that the domains are simulated through a hierarchical
process. At each stage, by truncating a new synthetic Gaus-
sian random field (independent of the previous ones), one
can split the space into two or more regions, depending on
whether one or more truncation thresholds are considered.
The regions so obtained can be combined in order to form
the domains of interest. For instance (Fig. 2),

e At the first stage (first layer), one defines two regions,
corresponding to domain 1 and its complement (Fig. 2
left).

e At the second stage (second layer), one defines, in the
complement of domain 1, two regions corresponding to
domain 2 and its complement (Fig. 2 middle).

e The last layer defines two regions, corresponding to
domain (n — 1) and domain n (Fig. 2 right).

2.3 Inference of model parameters
2.3.1 Sequencing of geological domains

The proposed hierarchical approach is a particular case
of plurigaussian simulation, which relies on the trunca-
tion of several Gaussian random fields [3]. One of its
advantages is that one can control the sequencing of geo-
logical domains. In particular, the domain defined in the
first layer (Fig. 2 left) appears in the foreground and cross-
cuts all the other domains, while the domains defined in
the last layer (Fig. 2 right) appear in the background.
Based on this observation, the partitioning of space can
be done according to geological criteria such as age or
origin of the domains to be simulated [23]. In the case
study presented in Section 3, the sequencing of the rock
types will be driven by considerations on the associ-
ated variables (granulometry and grades of elements of
interest).

2.3.2 Truncation thresholds

Once the sequencing of geological domains has been
defined, the truncation thresholds can be determined in
accordance with the proportion of space covered by each
domain, in a similar way as in the traditional truncated
Gaussian model [3]. For instance, consider the case of four
domains with equal proportions (0.25), defined as in Fig. 2.
In such a case, the truncation threshold to apply to the first
Gaussian random field (Fig. 2 left) is G~ 1(1/4) = —0.6745;
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Table 2 Statistics of available data

Global FH CH ALH ALI MNI CI FPI FRI Al CG
Number of data 4465 455 308 239 314 204 486 1332 600 239 150
Fe Mean value 51.76 64.77 66.12 63.80 51.64 49.04 42.64 42.92 56.98 55.41 61.08
Variance 133.90 10.66 17.40 3.99 68.75 68.11 76.57 48.21 18.88 41.63 15.25
Minimum 9.92 37.13 40.03 51.10 29.67 26.92 25.56 24.32 41.80 29.07 48.60
Maximum 69.70 69.35 69.53 68.78 66.29 66.53 68.32 69.31 68.32 65.20 68.65
Al Mean value  1.31 1.24 0.73 2.21 222 1.96 0.47 0.81 1.09 2.62 3.97
Variance 1.66 0.57 0.42 1.42 1.89 1.87 0.30 0.29 0.61 3.81 5.63
Minimum 0.10 0.13 0.11 0.21 0.12 0.16 0.10 0.10 0.13 0.11 0.55
Maximum 12.60 5.54 4.31 9.62 9.35 6.74 8.37 3.31 6.47 12.60 12.30
Granulometric  Mean value  33.10 23.77 72.18 33.42 24.61 25.39 60.52 24.87 22.42 35.04 45.50
fraction Variance 55227 29492 477.09 49275 311.39 309.53 25525 24249 216.89 396.58 304.04
Minimum 0.12 0.97 1.77 0.63 0.61 0.69 0.79 0.30 0.85 2.27 3.76
Maximum 98.18 94.79 98.18 92.70 90.41 87.62 96.52 95.75 91.23 88.97 86.41
Mn Mean value 0.30 0.13 0.04 0.23 0.14 3.54 0.10 0.09 0.09 0.13 0.07
Variance 1.94 1.36 0.03 0.40 0.05 20.61 0.62 0.04 0.05 0.04 0.04
Minimum 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
Maximum 32.06 24.73 2.88 4.54 2.17 32.06 17.12 3.10 3.69 1.30 1.66
LOI Mean value  2.25 1.78 1.28 4.01 3.63 3.01 1.11 1.35 1.56 6.62 5.92
Variance 4.06 1.14 1.11 3.37 1.63 3.33 0.94 0.81 1.17 3.28 8.61
Minimum 0.06 0.20 0.13 0.62 0.18 0.22 0.06 0.10 0.10 1.87 0.56
Maximum 13.84 7.08 8.02 11.04 10.37 9.34 9.46 9.02 8.77 13.84 12.87

the truncation threshold to apply to the second Gaussian ran-
dom field (Fig. 2 middle) is G~'(1/3) = —0.4307, while the
truncation threshold to apply to the third Gaussian random
field (Fig. 2 right) is G~1(1/2) = 0.

2.3.3 Variogram analysis

The first stage to variogram analysis is to convert each cat-
egorical data, which indicates the domain prevailing at a
sampling location, into indicator data associated with each
Gaussian random field and truncation threshold, depending
on whether or not this field is below the threshold. An exam-

Fig. 4 Cross section showing
interpreted rock type model

ple with the three Gaussian random fields of Fig. 2 is given
in Table 1, in which the original categorical data are codified
into three possible indicator values: 0, 1, or unknown.

The second stage to variogram analysis is to calculate,
for each Gaussian random field, the experimental variogram
of the associated indicator data and to transform such an
indicator variogram into a variogram for the Gaussian ran-
dom field itself, using the one-to-one relationship linking
both variograms (1). When several truncation thresholds
apply to the same Gaussian random field, several indica-
tors can be defined, for each of which one can calculate
an experimental variogram for the Gaussian random field;

CG
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Table 3 Splitting into canga vs. other ferruginous rocks

Table 4 Splitting into compact vs. friable rocks

Rock group Rock codes Relative proportions Rock group Rock codes Relative proportions
Canga CG 0.035 Compact CH, CI 0.19
Other ferruginous HF, HAL, HC, IF, IFR,  0.965 Friable FH, ALH, ALI, 0.81

rocks IC, IA, IAL, IMN

MNI, FPI, FRI, Al

these experimental variograms are then averaged in order to
stay with a single experimental variogram for the Gaussian
random field.

Once the experimental variograms of all the Gaussian
random fields are obtained, they have to be fitted with per-
missible variogram models with a unit sill, which completes
the variogram analysis stage. This can be done manually or
by use of automatic fitting algorithms under a constraint on
the total sill value [14, 22].

2.4 Simulation algorithm

The simulation of the geological domains can be performed
through the following steps [3, 21]:

1. Simulate the underlying Gaussian random fields at the
data locations, conditionally to the categorical data,
which provide inequality constraints on the Gaussian
values to be simulated. This step can be realized by
a Markov chain Monte Carlo algorithm known as
the Gibbs sampler. For each Gaussian random field,
the sampler is initialized by assigning values that are
consistent with the inequality constraints at the data
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Fig.5 Experimental (crosses) and modeled (solid line) variograms for
the first Gaussian random field, along vertical (black) and horizontal
(blue) directions

locations. Then, each location is visited successively
and its value is updated conditionally to the inequal-
ity constraints and to the values at the other locations.
It can be shown [18] that, as the number of updates
increases, the simulated values converge in distribution
to the desired Gaussian random fields conditioned to the
inequality constraints.

2. Simulate the Gaussian random fields at the target
locations, which can be realized by any multivari-
ate Gaussian simulation algorithm. In this work, a
turning bands algorithm is used, for which the sim-
ulated fields are mixtures of piecewise linear func-
tions, piecewise quadratic functions, or weighted cosine
waves associated with random frequencies and random
phases [15, 17, 21]. These simulated fields are sub-
sequently conditioned to the Gaussian data obtained
in the previous stage by means of conditioning krig-
ing, a procedure also known as substitution of residuals
[9, 11].

3. Truncate the conditioned Gaussian random fields to
obtain the simulated geological domains.
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Fig. 6 Histogram of granulometric fraction for rock types considered
in the second layer
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Fig. 7 Experimental (crosses) and modeled (solid line) variograms
for the second Gaussian random field, along vertical (black) and
horizontal (blue) directions

3 Case study
3.1 Presentation of the data

The previous hierarchical approach is now applied to an
iron deposit recognized by a set of exploration drill holes
(Fig. 3). For confidentiality reasons, the name and loca-
tion of the deposit are not disclosed. The available data
consists of 4465 samples with information on the grades
(expressed in percent) of four elements of interest (iron,
alumina, manganese and loss on ignition), the granulo-
metric fraction (between O and 100 %) above 6.3 mm,
and the dominant rock type, which is classified into 11
categories:

Friable hematite (FH)

Compact hematite (CH)
Alumina-rich hematite (ALH)
Alumina-rich itabirite (ALI)
Manganese-rich itabirite (MNI)
Compact itabirite (CI)

Friable poor itabirite (FPI)
Friable rich itabirite (FRI)
Amphibolitic itabirite (AI)

e (Canga ore (CG)
e  Waste.

Hematite is an oxide-facies formation, while itabirite
is a laminated, metamorphosed oxide-facies formation in
which the iron is present as thin layers of hematite, mag-
netite or martite. The itabirites were weathered in different
scales, resulting in rocks with a variety of grain size par-
tition and iron enrichment zones. The definitions of the
friable/compact or rich/poor subgroups are related to the
observed granulometric fraction and/or the grades of the
main elements, as it will be explained later. On the other
hand, the surficial canga ore occurs as a layer of concre-
tional material composed mainly of goethite derived from
the weathering of iron formation. The main statistics of the
grade variables are indicated in Table 2.

Also, a lithological model with 219 x 108 x 55 grid
nodes spaced 10 m x 10 m x 10 m was provided, with infor-
mation on the rock type interpreted by geologists (Fig. 4).
Although this model has been constructed in agreement
with the drill hole data and the geological knowledge of
the deposit, it is of interest to assess the uncertainty in the
spatial layout of the ten ore rock types within the domain
under study (colored area in Fig. 4). Outside this domain,
the material is assumed to be waste and of no interest.

3.2 Truncated Gaussian modeling

To simulate the ten ore rock types, a hierarchical model is
proposed, in which the space is successively partitioned into
subdomains, based on the truncation of synthetic Gaussian
random fields that relate to the granulometry or to the grade
of an element of interest. In the following, the waste domain
is assumed perfectly known and will not be simulated. The
next subsections provide details on the model. The relative
proportions presented in these subsections were calculated
from the interpreted geological model.

3.2.1 First layer (surficial/underlying rocks)

The ore domain can be split into two subgroups accord-
ing to the rock type origin: on the one hand, an overlying
conglomerate or canga (CG) and, on the other hand, the
remaining ferruginous rock types (Table 3). The truncation

Table 5 Splitting into

hematite vs. itabirite Rock group Rock codes Relative proportions
Compact Compact hematite CH 0.388
Compact itabirite CI 0.612
Friable Friable poor itabirite FPI 0.3937
Friable rich itabirite ALIL, MNI, FRI, Al 0.4012
Friable hematite FH, ALH 0.2051
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Fig. 8 Histograms of iron grade for rock types considered in the third layer

threshold for this first layer is G~1(0.035) = —1.81. The
experimental variogram of the associated Gaussian random
field, calculated along the vertical and horizontal direc-
tions as explained in Section 2.3.3, is displayed in Fig. 5,
together with the model fitted with a least-square algorithm
[14].

3.2.2 Second layer (granulometry)

The second layer consists in splitting the ferruginous rock
group into compact vs. friable rocks (Table 4). Although
not strictly identical, the underlying Gaussian random field
to truncate is related to the granulometric fraction above
6.3 mm (Fig. 6). Based on the relative proportions of com-
pact and friable rocks, the truncation threshold is set to

Fig. 9 Contact relationships
between rock types for the
second and third layers

G~1(0.19) = —0.723. As for the first layer, variogram
analysis has been held along the horizontal and vertical
directions (Fig. 7).

3.2.3 Third layer (iron grade)

Each of the previous groups (compact and friable) is now
split according to iron mineralization (Table 5). In the case
of compact rocks, one can distinguish hematite (iron grade
mostly above 62 %) vs. itabirite (iron grade below 62 %). In
the case of friable rocks, two subgroups of itabirite can be
identified: iron-rich itabirite (iron grade between 52 and 62
%) and iron-poor itabirite (iron grade below 52 %). All these
subgroups are defined by the truncation of a single Gaussian
random field, which is related (although not identical) to

Third Gaussian random field
(iron mineralization layer)
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Fig. 10 Experimental (crosses) and modeled (solid line) variograms
for the third Gaussian random field, along vertical (black) and hori-
zontal (blue) directions

the iron grade (Fig. 8). Note that, with such truncations, the
friable poor itabirite has no contact with the friable hematite.
Also, using a single Gaussian random field in the third layer
for splitting both the friable and compact groups implies
that compact itabirite is likely to be in contact with friable
itabirite, while compact hematite is likely to be in contact
with friable hematite, thus avoiding contacts between com-
pact itabirite and friable hematite or between friable itabirite
and compact hematite (Fig. 9).

FH ALH

150("

—FH
ALH

100

Number of data

50

Al grade (%)

Number of data

According to the relative proportions indicated in
Table 5, three truncation thresholds have to be defined: the
first one, related to compact rocks, is G~1(0.388) = 0.3418,
while the second and third ones, related to friable rocks,
are G~1(0.2051) = —0.8234 and G~1(0.5988) = 0.2504.
The variogram of the underlying Gaussian random field is
displayed in Fig. 10.

3.2.4 Fourth layer (alumina grade)

The alumina content is used as the next criterion for split-
ting the previously defined friable hematite and friable rich
itabirite groups (Fig. 11). Again, a single Gaussian ran-
dom field (related to the alumina grade) is used to define
the subgroups (Fig. 12). Based on the relative proportions
given in Table 6, the truncation thresholds for this layer
are G~1(0.3444) = —0.4 and G1(0.4422) = —0.1455,
respectively. The variogram of the Gaussian random field to
truncate is displayed in Fig. 13.

3.2.5 Fifth layer (manganese grade)

In the fifth layer, the other friable itabirite is divided into
two subgroups according to the manganese content, defin-
ing a manganese-rich itabirite (with manganese grade above
1 %) and manganese-poor itabirite (with manganese grade
less than 1 %) (Fig. 14). Based on the relative proportions
given in Table 7, the truncation threshold is G1(0.2695)
= —0.6144. The variogram of the Gaussian random field to
truncate is displayed in Fig. 15.

FRI ALI+MNI+AI
300" "l
I ALI
i —— MNI
| ———FRI
250 ! ——AI
|
|
|
200 ;
|
|
I
|
150 |
I
|
|
|
100 !
1}
1}
|
|
50 }
|
Nt
0 i ! '!!-.—__.-
0 2 4 6 8

Al grade (%)

Fig. 11 Histograms of alumina grade for rock types considered in the fourth layer
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Fig. 12 Contact relationships Fourth Gaussian random field
between rock types for the third (alumina mineralization layer)

and fourth layers
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Table 6 Splitting friable
hematite and friable itabirite Rock group Rock codes Relative proportions
Hematite Alumina-rich hematite ALH 0.3444
Friable hematite FH 0.6556
Itabirite Friable rich itabirite FRI 0.4422
Other friable itabirite ALI, MNI, Al 0.5578
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Fig. 13 Experimental (crosses) and modeled (solid line) variograms Fig. 14 Histogram of manganese grade for rock types considered in
for the fourth Gaussian random field the fifth layer
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Table 7 Splitting into manganese-rich vs. manganese-poor itabirite

Rock group Rock codes Relative proportions
Manganese-rich itabirite MNI 0.2695
Manganese-poor itabirite ALIL Al 0.7305

3.2.6 Sixth layer (loss on ignition)

The loss on ignition is the last criterion for splitting the
manganese-poor itabirite defined in the previous layer into
two subgroups: amphibolitic itabirite with a loss on igni-
tion mostly greater than 5 %, and alumina-rich itabirite,
with a loss on ignition mostly less than 5 % (Table 8 and
Fig. 16). Based on the relative proportions given in Table 8,
the truncation threshold for this layer is G71(0.4322) =
—0.1708. The variogram of the Gaussian random field to
truncate is displayed in Fig. 17.

3.2.7 Summary

The hierarchical model and Gaussian variograms are sum-
marized in Fig. 18 and Table 9, respectively.

3.3 Hierarchical simulation

After determining the truncation thresholds and variogram
models for the six underlying Gaussian random fields, the
rock types are simulated in the study area conditionally
to the drill hole data. The hierarchical simulation algo-
rithm has been implemented by using an adaptation of a
publicly available code [13], and 100 realizations of the
rock types are constructed. Figure 19 shows two differ-
ent realizations in the same cross section as Fig. 4. Each
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>
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0.2 1,
X
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Fig. 15 Experimental (crosses) and modeled (solid line) variograms
for the fifth Gaussian random field
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Table 8 Splitting manganese-poor itabirite into amphibolitic vs.
alumina-rich itabirite

Rock group Rock codes Relative proportions
Amphibolitic itabirite Al 0.4322
Alumina-rich itabirite ALI 0.5678

realization provides a structurally accurate map of the rock
types, which reproduces the conditioning data, as well as
the rock type contact relationships, proportions, and spatial
continuity.

3.4 Post-processing the realizations
3.4.1 Probability maps

The first and maybe most useful and expedient output that
can be constructed from the simulation results are maps
showing the probability of occurrence of each rock type in
the study area, which help to measure the uncertainty in the
layout of each rock type. Figure 20 shows such maps in
a cross section of the study area, calculated by using 100
realizations.

3.4.2 Most probable rock type

One can also construct a lithological model of the study
area by selecting the most probable rock type at each loca-
tion and calculate the associated probability of occurrence
(Fig. 21). A low probability indicates high uncertainty,
therefore a risk of finding a rock type that differs from what
is expected.
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Fig. 16 Histogram of loss of ignition for rock types considered in the
sixth layer
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Table 9 Summary of variogram models
12k Gaussian random  Basic nested ~ Sill Horizontal ~ Vertical
field structure range (m)  range (m)
x x + +
1F +
1 Cubic 0.253 100 150
= osf + Cubic 0.747 1000 150
gn 2 Cubic 0.703 25 15
& 6l Cubic 0.297 450 150
3 Exponential  0.767 110 85
04F Cubic 0.233 700 165
4 Exponential  0.998 200 200
0.2n x Cubic 0.002 350 350
5 Spherical 1.00 520 520
% 50 100 150 200 250 300 350 400 Cubic 0.930 65 30
Lag separation distance (m) Cubic 0.070 600 35

Fig. 17 Experimental (crosses) and modeled (solid line) variograms
for the sixth Gaussian random field, along vertical (black) and hori-
zontal (blue) directions

3.4.3 Matches and mismatches with the interpreted model

Another useful parameter that can be calculated relates
to the match and mismatch between the most probable
rock type (Fig. 21) and the interpreted lithological model
(Fig. 4). This parameter is an indicator of the consistency
between the simulated and interpreted models and can be

Fig. 18 Hierarchical modeling
of rock types
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used to identify the sectors with greater geological uncer-
tainty (those for which the interpreted lithological model is
likely to be mistaken).

The numbers of matches and mismatches in the study
area are shown in Table 10, respectively. For instance, as can
be seen in the first row of Table 10, there are 9198 blocks
flagged as friable hematite (FH) in both the interpreted
lithological model and the most probable model (matches).
However, there are 529 blocks that are flagged as FH in the
interpreted model but as CH in the most probable model
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Fig. 19 Rock type realizations in a cross section of the study area
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(mismatches). For the simulation all over the study area,
one observes 602,927 matches over a total of 651,952 ore
blocks. In other words, the interpreted model matches the
most probable model for 92.5 % of the ore blocks.

3.4.4 Uncertainty in rock type proportions

For each realization, one can calculate the proportion of
blocks that belong to each rock type and use this parameter
for determining the uncertainty in the proportion of space
covered by each rock type and for comparing with the pro-
portions in the interpreted model. Table 11 indicates the
minimum, maximum, and average proportions of rock types

Table 11 Statistics of rock type proportions for 100 realizations and
interpreted model

Minimum over Maximum over Average over Interpreted

realizations (%) realizations (%) realizations (%) model (%)

FH 097 1.27 1.11 0.97
CH 0.63 0.79 0.70 0.67
ALH 047 0.60 0.53 0.44
ALI 132 1.58 1.44 1.28
MNI 0.51 0.66 0.59 0.49
CI  26.96 27.78 27.31 27.41
FPI 13.37 14.26 13.87 14.27
FRI  1.61 1.80 1.70 1.56
Al 0.93 1.17 1.03 0.94
CG 181 2.31 2.07 2.32

over 100 realizations, which are globally consistent with the
proportions in the interpreted model.

3.5 Model validation

When inferring the model parameters and simulating a given
spatial attribute (in the present case, a rock type), there is
interest to know about the accuracy and quality of the sim-
ulated values. Accordingly, validation is an essential step
of the simulation process. To this end, the original data are
divided into two subsets randomly. Then, one of the subsets
(training subset) is used as conditioning data for simulat-
ing the rock types at the data locations of the other subset
(testing subset). Using the realizations, the probability of
occurrence of each rock type can be calculated for each
data of the testing subset. Then, for each rock type, the data
of the testing subset are sorted by increasing probability of
occurrence: for a given probability p (up to some calculation
tolerances), one expects that a proportion p of the testing

Table 10 Matches between interpreted (rows) and most probable (columns) rock types

FH CH ALH ALI MNI CI FPI FRI Al CG Total
FH 9198 529 489 127 116 66 615 771 52 581 12,544
CH 642 6324 142 32 22 143 739 389 16 241 8690
ALH 408 155 4130 89 84 16 127 161 163 304 5637
ALI 252 54 190 12,093 164 140 1926 355 904 532 16,610
MNI 184 2 58 96 4815 85 771 184 36 87 6318
CI 99 531 18 208 106 345,449 7856 411 71 134 354,889
FPI 858 406 241 2038 755 5060 171,298 2393 868 868 184,785
FRI 1207 395 298 501 362 368 1984 14,486 169 470 20,240
Al 93 41 270 707 10 71 501 95 9832 549 12,175
CG 761 59 358 571 223 176 1375 578 661 25,302 30,064
Total 13,702 8496 6194 16,462 6657 351,580 187,192 19,823 12,778 29,068 651,952
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Table 12 Results of split-sample validation

Rock type Probability Average Number of Expected number of Effective number of Difference
interval probability validation data validation data validation data
FH 0.0-0.2 0.072 350 25.31 28 —2.69
0.2-0.4 0.289 148 42.81 41 1.81
0.4-0.6 0.491 98 48.11 33 15.11
0.6-0.8 0.689 70 48.22 42 6.22
0.8-1.0 0.902 60 54.14 47 7.14
CH 0.0-0.2 0.069 275 19.01 30 —10.99
0.2-0.4 0.287 99 28.37 30 —1.63
0.4-0.6 0.481 64 30.78 42 —11.22
0.6-0.8 0.702 47 33.01 37 -3.99
0.8-1.0 0.886 27 23.91 22 1.91
ALH 0.0-0.2 0.070 207 14.43 27 —12.57
0.2-0.4 0.290 67 19.44 22 —2.56
0.4-0.6 0.505 34 17.18 10 7.18
0.6-0.8 0.691 27 18.67 17 1.67
0.8-1.0 0918 37 33.96 34 —0.04
ALI 0.0-0.2 0.064 314 20.23 40 —-19.77
0.2-0.4 0.269 109 29.36 30 —0.64
0.4-0.6 0.496 66 32.75 32 0.75
0.6-0.8 0.697 53 36.93 34 2.93
0.8-1.0 0.901 28 25.23 25 0.23
MNI 0.0-0.2 0.065 157 10.26 22 —11.74
0.2-0.4 0.292 46 13.45 12 1.45
0.4-0.6 0.512 28 14.34 8 6.34
0.6-0.8 0.715 31 22.15 24 —1.85
0.8-1.0 0.898 30 26.93 27 —0.07
CI 0.0-0.2 0.070 370 26.03 27 -0.97
0.2-04 0.283 176 49.87 51 —1.13
0.4-0.6 0.488 96 46.86 53 —6.14
0.6-0.8 0.688 67 46.07 49 —-2.93
0.8-1.0 0.903 52 46.98 46 0.98
FPI 0.0-0.2 0.069 550 38.13 26 12.13
0.2-04 0.289 241 69.53 53 16.53
0.4-0.6 0.495 189 93.53 86 7.53
0.6-0.8 0.698 202 141 139 2
0.8-1.0 0912 289 263.63 247 16.63
FRI 0.0-0.2 0.070 487 3431 34 0.31
0.2-04 0.287 198 56.81 57 -0.19
0.4-0.6 0.486 137 66.65 69 —2.35
0.6-0.8 0.689 90 62 69 =7
0.8-1.0 0.901 59 53.18 49 4.18
Al 0.0-0.2 0.064 158 10.15 17 —6.85
0.2-0.4 0.297 58 17.2 20 -2.8
0.4-0.6 0.487 42 20.45 15 5.45
0.6-0.8 0.695 34 23.64 31 —7.36
0.8-1.0 0.908 31 28.15 25 3.15
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Table 12  (continued)
Rock type Probability Average Number of Expected number of Effective number of Difference
interval probability validation data validation data validation data
CG 0.0-0.2 0.072 96 6.91 7 —0.09
0.2-0.4 0.298 66 19.7 19 0.7
0.4-0.6 0.499 44 21.96 19 2.96
0.6-0.8 0.683 14 9.56 12 —2.44
0.8-1.0 0.924 14 12.93 13 —0.07

data actually matches this rock type. The results of this pro-
cess (Table 12) show that the proposed model is accurate,
insofar as the observed data proportions are close to the
expected probabilities.

4 Discussion and conclusions

The stochastic modeling of geological domains has received
an increasing attention over the past decades in the charac-
terization of ore deposits, oil reservoirs, and aquifers, inso-
far as it allows better understanding the geological structure
in the subsurface, mapping the uncertainty in the domain
layout at locations where sampling information is not avail-
able and consequently identifying the locations where the
geological interpretation is likely to be mistaken. The hier-
archical application of the truncated Gaussian model, as
proposed in this paper, turns out to be congenial and flex-
ible, as it allows reproducing (1) the sequencing of the
domains and their contact relationships, (2) the proportion
and spatial continuity of each geological domain, via the
definition of the truncation thresholds and Gaussian vari-
ograms, and (3) the available conditioning data at sampling
locations. The case study demonstrated the straightforward-
ness of this approach to modeling geological domains and
its capabilities, overcoming the limitations of the standard
truncated Gaussian model that is often restricted to the sim-
ulation of few domains and to specific orderings of the
domains, e.g., sedimentary sequences.

Despite these benefits, there are still some opportunities
for further enhancements to get geologically more realistic
images, in particular in what refers to the reproduction of
connectivity constraints (e.g., when one desires a domain
to connect different spatial locations without interruption),
local anisotropies (when the main direction of continuity
changes in space), and specific shapes, such as weathering
features along the compositional bands that are observed
in the interpreted lithological model of Fig. 4, or coni-
form shapes that mimic the geological geometries related

to different genetic processes (e.g., deposition, infiltration
by gravity, intrusive bodies, or metamorphic geological
processes). Currently, these features can be reproduced
by resorting to object-based [8], process-based [10], or
multiple-point geostatistical models [25]. Such models are
actually not incompatible with the proposed hierarchical
approach, as they can be used in one or more layers instead
of the truncated Gaussian model. The latter can also be
extended so as to reproduce connectivity constraints [2] or
meandering structures [20]; another alternative is to define
truncations based not only on half-bounded intervals but
also bounded intervals or unions of intervals, which may
yield geological domains with greater spatial continuity and
connectivity [24].
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