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Abstract

We study the long-time behavior of variants of the telegraph process with position-dependent jump-
rates, which result in a monotone gradient-like drift towards the origin. We compute their invariant laws
and obtain, via probabilistic couplings arguments, some quantitative estimates of the total variation distance
to equilibrium. Our techniques extend ideas previously developed for a simplified piecewise deterministic
Markov model of bacterial chemotaxis.
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1. Introduction

1.1. The model and main results

Piecewise Deterministic Markov Processes (PDMP) have been extensively studied in the last
two decades (see [7,8,16] for general background) and have recently received renewed atten-
tion, motivated by their natural application in areas such as biology [23,9], communication
networks [10] or reliability of complex systems, to name a few. Understanding the ergodic prop-
erties of these models, in particular the rate at which they stabilize towards equilibrium, has in
turn increased the interest in the long-time behavior of PDMPs.

In this paper we pursue the study of these questions on PDMP models of bacterial chemotaxis,
initiated in [11,12] by means of analytic tools, and deepened in [14,21] on simplified versions
that can be seen as variants of Kac’s classic “telegraph process” [17].

We consider the simple PDMP of kinetic type (Z;);>0 = ((Y;, Wi))i>0 with values in
R x {—1, +1} and infinitesimal generator

Lf(y,w)= wayf(ya w) + (a()’)]l{ywSO} + b(ynl{yw>0}) (fQy, —w) = f(y, w)), (1)

where a and b are nonnegative functions in R. That is, the continuous component Y evolves
according to % = W, and represents the position of a particle on the real line, whereas the
discrete component W represents the velocity of the particle and jumps between +1 and —1,
with instantaneous state-dependent rate given by a(y) (resp. b(y)) if the particle at position y
approaches (resp. goes away from) the origin. This process describes, in a naive way, the motion
of flagellated bacteria as a sequence of linear “runs”, the directions of which randomly change
at rates that depend on the position of the bacterium. The emergence of macroscopical drift is
expected when the response mechanism favors longer runs in specific directions (reflecting the
propensity to move for instance towards a source of nutriments). We refer the reader to [23] for
a scaling limit of the processes introduced in [11,12] that leads to simplified models like (1).

In the particular case where the jump rates are constants such that b > a > 0, the convergence
to equilibrium of the process (1) has been investigated in a previous work [14], where fully ex-
plicit and asymptotically sharp (in the natural diffusive scaling limit of the process) bounds were
obtained. In the present work we will consider position dependent jump-rates which throughout
will be assumed to satisfy:

Hypothesis 1.1. Function b (resp. a) is measurable, even, non decreasing (resp. non increasing)
on [0, +00), bounded from below by b > 0 (resp. a > 0). Moreover we assume that b(y) > a(y)
forall y # 0.

In the sequel, b stands for sup,. b(y) € [b, o0] and sgn : R — {—1, 41} denotes the function
sgn(y) = Tiy=0) — Liy<o)-

Let us denote by ;" the law of Z, = (Y, W,) when issued from Zo = (y, w). The following
is our main result:

Theorem 1.2 (Convergence to Equilibrium). There exists k > 0, K > 0, and A > 0 such that
forany y,y € Rand w,w € {—1, +1},

y,w y,w kly|VIF| —At
W HTV < KKVl g=hr, )
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The constants above can be expressed in terms of the functions a and b following the lines of
the proof. We will try to provide as explicit as possible bounds in each of its steps.

The proof of Theorem 1.2 relies on a probabilistic coupling argument, reminiscent of
Meyn-Tweedie—Foster—Lyapunov techniques, see [20,18]. Variants of this type of methods have
been developed in several previous works on specific instances of PDMP [4,3,1,19]. The model
under study in the present paper is harder to deal with, since the vector fields that drive the
continuous part are not contractive.

Our approach will be based on extensions of some ideas and methods developed in [14].
However, due to the non constant jump-rates, we will have to construct explicit couplings of the
jump-times of two copies of the process issued from different positions. Moreover, in order to
obtain controls of the global coupling time, we will need to introduce and make use of some
discrete time Markov process (reminiscent of [2]) embedded in the trajectories of two coupled
copies of the process Z. These additional technicalities prevent us from getting estimates as
explicit as in [14].

Let us mention that related models on the circle have been studied in [21], using a spectral
decomposition, whereas a general approach to kinetic models including the above one has been
developed in [22], based on functional inequalities. Related PDE techniques have been applied
to similar one dimensional jump processes in [5] with speed in a bounded interval instead of
{—1, 1}, but also with bounded jump rates and independent of the position y.

Before delving into the proof of Theorem 1.2, we point out the explicit form of the equilibrium
of the process (Y, W) and its relation to one dimensional diffusion processes in a convex
potential.

Proposition 1.3 (Invariant Distribution). The invariant distribution of (Y, W) on R x {—1, 41}
is given by

U —ro 1
u(dy,dw) = C_pe dy ® 5(5—1 +841)(dw)

where Cf = fRe_F(y) dy < oo and F is the convex function

y
yeR— F(y)= / sgn(z) (b(z) — a(z)) dz. 3)
0
The domain of the Laplace transform of i is (—b +a, b — a) x {—1, +1}.
Example 1.4 (Laplace and Gaussian Equilibria). If a and b are constant functions, then

b—a
w(dy,dw) =

1
=gy 7 @1+ 841)(dw).

If a is a constant function and b is the map y — a + |y|, then

| 2 1
u(dy,dw) = eV 7dy® 5(5—1 + 84D (dw).
T

Fig. 1 compares in the latter case the empirical law of Y; to its invariant measure at increasing
time instants.

Proof of Proposition 1.3. We first note that the constant Cr is finite as soon as the functions a
and b satisfy Hypothesis 1.1, since z + b(z) — a(z) is non decreasing and positive on (0, 00).
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Fig. 1. Empirical distribution of ¥; starting at (5, —1) for ¢ € {2, 6, 10, 14, 18,22} with a(y) = 1 and b(y) = 1 + |y|.

Furthermore,

y _
lim l/ b(z) —ai)dz=b—a.
Yy Jo

y—>+00

This ensures that the Laplace transform of s is finite on (—b +a, b —a) x {—1, +1} and infinite
on the complement. For any function f € C' on R x {—1, 4+1} with compact support one has,
from the definition of F,

=0y(f(y, D = f(y,—D) —sgn(y) (b(y) —a) (f(»y, D) = f(y,=1)

=(f, )= fO, =) = F'(x) (f(y, D = f(y, =D).

An integration by parts ensures that
/ @ f D =0y f(r. =D) e O dy = / (fO, 1) = F, =) F'(me "D dy,

which yields f Lf(y, w) u(dy, dw) = 0. In other words, u is an invariant measure for L. [

The next result is independent of the previous and can be seen as a generalization of the scaling
limit of the telegraph process studied by Kac [17] (see also [15,14]). It shows that, under the
suitable scaling, process (1) behaves like the diffusion processes expected from Proposition 1.3:

Theorem 1.5 (Diffusive Scaling). For each N > 1 let ay,by : R — Ry be jump-rates
satisfying Hypothesis 1.1 such that y — an(y) + by (y) is of class C' and

(i) an(0) + by (0) — oo,
ay+by

s ol 2¢; locally uniformly for some functions c1,c3 : R — R

(i) by —any — 2cy and

when N — o0. Let (Y,(N), Wt(N)),Zo denote the process driven by (1) witha = ay, b = by and
assume that YéN) — &y inlaw as N — oo. Then, the sequence of processes

(N) o (N))
(E‘ )Nzl' (YTN(') N>1~
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with Ty the solution of Ty (t) = %(aN(Y(N))) + bN(Yr(N)))), v (0) = 0, weakly converges in

N (t (t
C ([0, 00), R) when N — o0 to the solutiollva & of the stoghastic differential equation
d&§ = dB; — (sgn(&)c1(&) + c2(8)) dt, 4

where (B;)>0 is a standard Brownian motion independent from &.

Remark 1.6 (Diffusion in a Convex Potential). The drift term in (4) is odd since ay and by are
even. Notice from point (ii) above that % = (2Ji ex)ds+o(1) uniformly on compact
sets as N — oo. Hence ay(y) + by(y) — oo for all y > 0 by (i), and ¢, = 0O if and only
if ay(y) + bn(y) ~ an(0) + by (0) for each y > 0. Thus, any diffusion with generator of the
form % f"(y) = U'(y) f'(y) for an even convex potential U can be obtained as a limit, taking for

instance ay (y) = ay(0) —> oo and by (y) = an(0) +2U'(y).

The remainder of the paper is organized as follows. In the next subsection we briefly recall
generalities on the coupling approach to long-time convergence in total variation distance. We
also define therein the reflected version of the process (1), a detailed study of which is crucial
for proving Theorem 1.2. Section 2 is devoted to the study of jump and hitting times of the latter
process. A coalescent coupling for it is then constructed in Section 3 and the corresponding
convergence estimates are established. The proof of Theorem 1.2 is achieved in Section 4.
Finally, Theorem 1.5 is proved in Section 5.

1.2. Preliminaries

In the sequel we will use the notation £ meaning “equal in law to” and E (1) for an exponential
random variable with mean 1/A.

Recall that the total variation distance between two probability measures n and 7 on a
measurable space X is given by

7 = fillpy = inf{P(X £ X) : X, X random variables with £(X) = , £(X) = n} . (5)

If n and 7 are absolutely continuous with respect to a measure v with respective densities f and
f then

=iy =3 [ |r=flav=1- [1niav.

See [18] for alternative definitions of this distance and its main properties. A pair of stochastic
processes (Uy, U 1)r>0 constructed on the same probability space, for which an almost surely finite
random time T satisfying U; 7 = U, 7 for any r > 0 exists, is called a coalescent coupling.
The random variable

T, = inf{t >0 Upyy = Upps Vs > o}
is then called the coupling time. It follows in this case that

|cwn - e

<P(Ty > 1).
TV

A helpful notion in obtaining an effective control of the distance is stochastic domination
(see [18] for a complete introduction).
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Definition 1.7 (Stochastic Domination). Let S and T be two real random variables with respec-
tive cumulative distribution functions F and G. We say that S is stochastically smaller than T
and we write S <y, T,if F(t) > G(¢) forany t € R.

In particular, for a couple (U, U,) as above, Chernoff’s inequality yields

|ewn - @

L SPT>n<E <e”) oM 6)

for any non-negative random variable T such that 7, <y, T, and any A > 0 in the domain of the
Laplace transform A — E (e*”) of T.

We will use these ideas to obtain the exponential convergence to equilibrium for (Y, W) in
Theorem 1.2, and in Theorem 1.9 for its reflected version (X, V') which we now introduce. The
Markov process ((X;, V;)):>0 is defined by its infinitesimal generator:

Af(x,v)

L=
= v, f(x,v) + (a(x)]l{v:—l} b Ly + %) (Fx,—v) = fx,v), (D)

{x>0}

where the maps a and b satisfy Hypothesis 1.1. The term 1 {,—o) (IL{X>0})_1 means that V flips
from —1 to 41 as soon as X hits zero. In other words, X is reflected at zero.

Remark 1.8. Given a path ((Y;, W;));>0 driven by (1), a path of ((X;, V;));>0 can be constructed
taking

Xt = 1Yl Vo = sgn(¥Yo) Wo
and defining the set of jump times of V to be
{t>0:AV, #0}={t>0: AW, #0}U{r >0:Y;, =0}.

Since W does not jump with positive probability when Y hits the origin, one can also construct
a path of ((¥;, W;));>o from an initial value y € R and a path ((X;, V;));>0 driven by (7): set
oo = 0 and (0;);>1 for the successive hitting times of the origin and

(Ye, W) = (=Disgn(y)(X;, Vy) ift € [07, 0i41).
Let us state our results about the long time behavior of (X, V).

Theorem 1.9. The invariant measure of (X, V) is the product measure on Ry x {—1, +1} given
by

2 1
v(dx, dv) = C—e*“x) dx ® - (51 +841)(dv)
F

where F and Cp are given by (3). Moreover, denoting by Uf’v the law of (X;, Vi) when Xo = x

and Vo = v, there exists A > 0, K > 0 and ¢ > 0 such that, for any x,x > 0 and
v, ﬁ € {_11 +1})
, X0 —At c(xViE
‘ vl — it v < Ke Meetrvh), (8)

Following the lines of the proof, the constants A, K and ¢ can be expressed in terms of the
jump rate functions a and b. Let us summarize some important random times involved in the
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proof of Theorem 1.9 (all related to the reflected process):

o T(x,y) stands for the first jump time starting at (x,v) and ¢( ) stands for its Laplace
transform,

® Z(x,v) stands for the first hitting time of (0, 4-1) starting at (x, v),

e T, stands for the first crossing time of the continuous components of two paths,

e T, stands for the coupling time (i.e. from T on the two paths are equal forever).

Roughly, we will let both paths evolve until the first crossing time 7;. (which is stochastically
controlled by hitting times of 0) and then couple the whole processes by using explicit couplings
of the jump-times. Notice that it is not obvious to deduce Theorem 1.2 from Theorem 1.9.

2. Basic properties of the reflected process
2.1. Distribution of the jump times

Let us denote by 7T(y ) the first jump time of the stochastic process (X, V) starting from
(X0, Vo) = (x, v) with infinitesimal generator defined by (7). This random time satisfies

t
T = inf{t >0: / c(Xs)ds > E} ,
0
where E is an exponential variable with unit mean and ¢ stands for the function b when v = +1
and, when v = —1,

a(x) forx >0,
+oo forx <O0.

c(x) = {

The process (X, V) being deterministic between jump times, we have

t
T = inf{t >0: / c(x +vs)ds > E} .
0
Consequently, if B is the primitive of b with B(0) = 0, we have
Tty = BV (E + B(x)) — x, )
and if A is the primitive of a with A(0) = 0,

x— ATV (Ax)—E) ifE < A®),

X otherwise. (10)

Te, -1 = {
The functions A~! and B! are well defined since a and b are positive functions.

Lemma 2.1 (Law of Jump Times). Let x € Ry. The random variable T(x 11) is absolutely
continuous with density given by

1+ b(t + x)e” BUFO=BOIY o (1),

The random variable T, _1y is a mixture of an absolutely continuous random variable and the
constant variable x. Its distribution is

e A5, 4 a(x — 1)e” A=A (e,

where 8y denotes the Dirac mass at x and dt the Lebesgue measure on R.
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Proof. We notice that T(y 41y is almost surely finite since [ b(x + s)ds = +o00. Let E be an
exponential variable with unit mean and ¢ > 0, then

t
P(Tu4+1y >0 =P </ b(x 4+ s)ds < E> — ¢ Jobles)ds
0

We obtain the density of T, 41y by derivation. The distribution of T, _p) is similarly obtained
noting that P(E > A(x)) = e 4™, 0O

Lemma 2.2 (Laplace Transform of Jump Times). Let x > 0 be fixed. The Laplace transform of
T(x,+1) is finite on (—o0, b). Furthermore, if . < b(x),

E I:e)‘T(x,+l):| < &
T b(x) — A

Proof. Let x > 0 be fixed. Since b is non decreasing, we notice first that T 1) <g0. E/b(x),
where E is an exponential variable with mean 1. Then its Laplace transform is at least defined
on (—oo, b(x)) and is bounded from above by that of E/b(x) on this interval.

Let us now fix A < b. Thus there exists z > 0 such that A < b(x + z). The distribution of
T(x,+1) conditional on T(, y1) > z is equal to the distribution of z + T, +1) and the Laplace
transform of T{y 11) can be split as follows

E I:e)»T(X,H)iI —FE I:e)LT(X’+])1T(x.+1)SZ] + E I:e)LT(,\’,+])]lT(X.+1)>Zi|
p .
_ / b(x + t)ef(;(x_b(x+u))dudt + efé’(k—b(x+u))duE [e”(x+z,+l)] .
0

which is finite from the definition of z. [

Lemma 2.3 (Stochastic Order for Jump Times). For 0 < X < x, we have
T +1) <sto. Tz 41y and  Tx,—1) 0. Tz, -1)-

Proof. We first consider v = 41. Let E be an exponential variable with unit mean and
T+ =B Y (E+Bx)—x and T; 1) =B ' (E+ B@X) - i.

We have

Tx,+1) Tz +1)
/ b(x +s)ds = E = / b(X + s)ds
0 0

with b a non-decreasing function and x > x. Then, clearly one has Ty 1) < T3 +1) (inequal-
ities are strict when the jump rates are strictly monotone functions). The proof is similar for
T(x,—l)- O

Recall that, when a < b are positive constants, the following identities in distribution hold for
exponential random variables:

EDEE@ AEWD—a),
E@Z£E®) +¢E(a),

where all random variables on the left hand side are independent and & is Bernoulli with
parameter (1 — a/b). The next results generalizing these relations will be helpful to construct
a coalescent coupling of two processes starting from different initial data.
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Lemma 2.4 (Decomposition of Jump Times, Part I). For x > X > 0, the identity in law
L
Tty =Tz 40 A Zy
holds, with Z a random variable with values in (0, 00] independent of Tz 11, such that
P(Zy >t) =exp(—B(x +1t)+ B(x) + B(x +t) — B(x)) forallt € [0, X). (11)
Moreover, there exists a coupling (T(x,+1y, T(z,+1)) such that, almost surely,
TG +1) = T+
and, conditionally on {T(, 11y = t},
[: A
T+ =t +&T G441

with YA“(,;H’H) £ T +1,+1) and & a Bernoulli r.v. independent of YA’(X+,,+1) of parameter

b+ 1) — b(E+1)
- b(x +1)

B : € [0, 1).

We observe that if b(x) goes to +00 as x — o0, we have Z, < +o00 a.s., whereas Z, = 400
a.s. if b(x) = b is constant.

Proof. Since b is a non-decreasing function, we have for any ¢ > 0,
B(t +x) — B(x) > B(t + Xx) — B(x).

Using the representation (9) and the memoryless property of the exponential distribution, we thus
have for all ¢+ > 0 that

P (T, 41 > 1) =P(E > B(x +1) — B(x))
=P (T +1) > t)P(E > B(x+1) — B(x) — B(X +1) + B(X)).

The first statement follows. We next check that (Tx +1), T(z,+1)) = (T(z,+1) AN Z+, T(z,+1)), with
(T(z,+1)> Z+) as before, is the required coupling. Since

Tz, > Z+) = {Tz +1) > Tx,+1)s (12)
we deduce that T()E,-H) = T(x,+1) + (T(i,-i-l) - T(x,+1)) ]l{T(i,+|)>T(x,+1)}' Thus, we just need to
check that, conditionally on {7y 1 = t},

LUz 4> T onds T+ — T +1) £, TGr,41))-

Using (12), and the expression for the density of 7z ;1) together with (11), we get

P (T(i,+l) > T, 4+1) + 7, T, 41y > s) =P (T()?,+l) >Zi+r,Zy > s)

_ /oo b+ 1) —bX+1) _(B+r+n)-BG+) e~ (BEHD=BO) by 4 1y
5 b(x +1)

for all s, r > 0. Alternatively,

P (T +1) > Toret) + 7 Ties1) > 8)
o0
2/ P(Ti +1) — Tty > 1 T +1) > Tt ) Ty = 1)
S

x e~ BOAD=B b (x 4 1)dt.
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Taking derivative with respect to s in the two above integrals, one concludes by comparing the
two different obtained expressions. [J

The function a being non-increasing, we obtain an analogous result for T(, _1y:

Lemma 2.5 (Decomposition of Jump Times, Part II). For x > X > 0, the identity in law

Tty E Ty A Z-
holds, with Z_ a random variable with values in (0, X] independent of T(x,—1), such that

P(Z- >t) =exp(—AX) + A(Xx — 1)+ A(x) — A(x — 1)) forallt € [0, x). (13)
Moreover, there exists a coupling (T(x, 1y, T(3 1)) such that, almost surely,

Tix,-1y = Tz -1y

and, conditionally on {T(z _1) = t},
L A
T~y =t + e T(x—1,-1)

with f"(x_[,_l) £ T(x—t,—1) and x; a Bernoulli rv. independent of f"(x_,,_l) of parameter
_ax—1) —alx —1)

%= aG—1)

el0,1) ift<x and az:=1.

Example 2.6 (Explicit Laws for Jump Times). In the case b(x) = b + x with b > 0 (as in the
TCP model studied in [10,6]), T(x,+1) has the density

_ (t+x+b)2—(x+bJ2

Ja+n(@® =G +x+0e 2 L0
and an everywhere finite Laplace transform given by E[e*Tt+D] = 1 + An(x + b — 1), with

MZ
nw) = e2+/2m (1 — &(u)) and @ the cumulative distribution function of a standard Gaussian
variable. We also notice in this case that for 0 < x < x,

L -
Tie,+1) =T +1) N E(x — X),
for E(x — X) an exponential variable of mean 1/(x — x) independent of T(z ), and

IED(E(x —)NC) > T()?,+1)) =1- (x —)Nc)n(x +l_7)

2.2. Hitting time of the origin
Let (x,v) € Ry x {—1, 4+1}. We notice that

L
Zix,+1) =Zx,—1) + Sy,

where Zy v is the first hitting time of (0, +1) of a path starting from (x, v) and Sy is an excursion
above x independent of Z(, _1). Consequently Z, _1) is stochastically smaller than Z ).

The Laplace transform of the hitting time of zero starting from (x, v) was explicitly computed
in [14] in the case where a and b are both constant. Let us recall this result in the following
proposition.
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Proposition 2.7 (Hitting Time of 0 for Constant Jump Rates [14]). Let us define A, = %(\/_ -
Ja)? and, for any A < ke,
b—a— b—2))2 —4ab
c(A) = @~ +2 ) 20 and
a+b—2x—+/(a+b—21)2—4ab
2a '

VA
Then, for any A € (—o0, Ac],

E (e)\z(x,—l)> — 5N and E (e)‘z(x.+l)) — w()\)exc(l).
Moreover, these Laplace transforms are infinite on (A., 00).

If the jump rates a and b are not constant, the evolution away from the origin is no longer
invariant by translation. Consequently, we have to consider a new way to estimate the distribution
of the hitting time of zero.

Proposition 2.8 (Hitting Time of 0 for General Jump Rates). Let M > 0 such that

[PM) v (5t~ atimy)® (1-e20) < 1.
a(M)

Then, the Laplace transform of the first hitting time Zx ) of (0, +1) starting from (x,v) €
R x {—1, +1} satisfies

XV —a 1
E [ekza,v)] < Ce™IIEEI ol < SWBGD) — a (M),

where C > 0 is an explicit constant depending on M, a and b.

Proof. We first notice that f(x,v) = PV with «, B > 0, is a Lyapunov function for the
infinitesimal generator A of ((X;, V;)):>0 defined by (7). More precisely, we have

Af(x,+1) = f(x,+1) [a —b(x) (1 — 672}3)] ,
Af(r, —1) = f(x, =1) [—a +ax) (e25 — 1)]
for all x > 0. If we choose «, 8 > 0 and a compact set K = [0, M] x {—1, 1} such that
—a+a) (¥ —1) <0 and o - b)) (1-e) <0, (14)
by monotony of a and b there are p = p(«, 8, M, a) > 0 to be specified and ¢ > 0 such that

Af(x,v) < —pf(x,v) +clg(x,v).

The Laplace transform of the first hitting time of [0, M) x {—1, 1} starting from (x, v), denoted
T(x,v) = inf{t > 0: (X;, V;) € [0, M) x {—1, 1}}, can then classically be controlled as follows:

J Xintgs Vf/\r(x’v))em”("*”)
IAT(x,v) ‘
BEA / [Af (X5, Vi) + pf (X5, V)l e”ds + Nipe,
0

= f(xv U) + Nt/\‘[(x’v)
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where (N;);>0 is a martingale with respect to the filtration generated by ((X;, V;));>0. Taking
the expectation in the previous inequality we deduce that, for x > M,

B [ePTon] < o2 G-MHA+D (15)
We next choose «, 8 > 0 in order to optimize p. For «, 8, M > 0 satisfying (14), we set

o= [b(M)(l _ e 2y oe] A [a — a(M)(P — 1)] .
First we choose o > 0 such that

20 = b(M)Y(1 — e 2Py + a(M) (e — 1)

and then
1
B = 7 [log (b(M)) —log (a(M))]. (16)
With this choice, we have
1 2
2a = b(M)—a(M) and p(M) =3 <w/b(M) - ,/a(M)) . (17)

Condition (14) is satisfied for any M > 0 since

—3 (VB0 — Jatn)’.

‘We now obtain an estimate for the Laplace transform of Z(, 41y. Let M > 0 be arbitrarily fixed
for the moment and A > 0 such that A < p(M). For x > M, we have

—a +a(M) (ezﬂ . 1) = o — b(M) (1 - e*zﬂ) —

L
Zix 1) =T+ + Zm,—1) (18)

where 7, +1) and Zy,—1) are independent.
Let us denote by 77 and 7> the first and second inter-jump time lengths of V. From Fig. 2 we see
that, before a path starting from (M, —1) hits (0, 4-1), either

1. Ty = M, in which case we have Z(y; _1) = M;
2. Ty < M and T, > Tj, in which case

Zim,—1) =211+ Zp,+1) <2M + Zpg,41); o1
3. Tt < M and T, < Ty, and then
Ziv-ny =T+ T+ Zy-1,+1,-1) <2M + Z(yy—1+15,~1)-

Since Z(s,—l) <sto. Z(M,—l) for s € [0, M] and, moreover, Z(M,+l) Ssto. T(M,+1) T Z(M,—l) with
Zm,-1y and 1(p7 11y independent, we deduce that

ZM,-1) Ssto. 2M + Tm +1) + Zm,—1)-

Lemma 2.1 ensures that Py (T = M) = e AM) Aga consequence, if ¢ is the Laplace
transform of Z (s 1), one has

oA < e~ AMAM (l - eiA(M)> ePME [e)‘f“”’“)] o).
For any A < p(M) we get, thanks to Holder inequality and (15), that

E[¢*"+n] < (IE [ep(M)nM.H)])””(M) < 2D p(M).
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T T+ T3

Fig. 2. The three different types of paths from (M, —1) to (0, +1).

Thanks to (16), if M is chosen in order that

[bM) i (50T~ ata))’ (1—e200) <1
a(M)

then for any A < p(M), ¢ is finite and
e~ A M

(1 — e=AMD) 2MM+FM)/p(M) |

00) <

Combining (18) and (15) with the previous estimate completes the proof in the main case x > M.
If x < M then

Z(x,~1) <sto. Zm,—1) and  Z 41y <sto. M + T(Mm,+1) + Z(M,—l),

and one can conclude as in the previous case. [J
3. The coupling time for the reflected process

This section is dedicated to the construction of a coalescent coupling of two paths of the
reflected process driven by (7) starting from two different initial conditions.

3.1. The first crossing time

Let us consider (x, v) and (x, v) two initial data with X < x. The first crossing time of two
paths (X, V) and (X, V) starting respectively from (x, v) and (X, v) is defined by

TC:Tc(x,v,)?,ﬁ):inf[tZO:Xt :X,}.

Since (X;);>0 is continuous, T is stochastically smaller than the hitting time of zero Z(y ;) of
the initially upper path, whatever the joint law of the pair. The first crossing point X7, is such
that

1
X, < sup X < = (Zuw +x). (19)
1€[0, Zx.0)] 2

Notice that at time 7, the two velocities are opposites.
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3.2. A way to stick the two paths

In what follows we assume that (Xq, Vo) = (x, +1) and ()N(o, Vo) = (x, —1) and construct
two paths which are equal after a coalescent time T, = T, (x). The successful coupling consists
in producing a jump of (exactly) one of the two velocities V' or Vata crossing time of their
position components X and X. We will use the coupled jump-times studied in Lemmas 2.4 and
2.5 in order to minimize the time required to do so, in the spirit of [14].

To be more precise, given x > 0 fixed, let us denote by U, and U_ (respectively L_ and L)
the first and the second inter-jump time lapses of the path starting from (x, 4+1) (resp. starting
from (x, —1)). These random variables are constructed as follows. We first choose U4 with
distribution 7, 41y and L_ with distribution 7, _y independently. We then define U_ and L
in such a way that (U, L4) and (U—, L_) have the laws of the couplings defined in Lemmas 2.4
and 2.5 respectively and that Ly — U, and U_ — L _ are independent conditionally on (U4, L_).
More precisely, conditionally on Uy and L_, we introduce two independent Bernoulli variables
& and x with

P — U1y~ PEHUD DG — Lo+ U
b(x +Uy)
a(x—L_)—ax+Uy—L_)
a(x —L_)

P(x =11Us, L) = T <y + 1=
and two independent random variables L —Uy and U_ —L_ with the same law as Ty 1y, —L_,+1
and Ty4y, —p_ 1 respectively. Then we set

L+ = U++$(L+—U+) and U_ = L_+X(U__L_)

Fig. 3 shows the four possible outcomes. Those where exactly one of the Bernoulli variables
is equal to 1 allow us to stick the paths at time U4 + L_ (i.e. on the rightmost corner of the
rectangle): the velocities of the two paths are the same right after that instant, and the overshot
length (beyond the rectangle’s corner) determined by the previous coupling is compatible with
the law of the two marginal processes from that moment on (because of their Markov property).
We then say that the coupling attempt succeeded, and this happens conditionally on (U4, L_)
with probability

]P)(E = 0’ X = 1|U+7L7) +P(E = 1’ X =0|U+7L7)
_|:b(x—L_+U+) l_a(x—L_—i-UJr)
| et un ( ate— L) )

< b(x—L_+U+)> a(x—L_+U+):|
+{1- Ty <x
b(x +Uy) a(x—L_)

Ty _—x- (20)

b(Uy)
b(x + Uy)

Observe that the success or failure of the coupling attempt is determined by the Bernoulli
random variables £ and . If the coupling attempt fails, the two trajectories cross or bounce off
of each other at time U 4 L_ and by similar reason as before the (already determined) lengths
(Ly+ —Uy) and (U~ — L_) can be used to restart two (upward and downward) trajectories from
x — L_ 4 Uy, independently of each other conditionally on the past and consistently with the
pathwise laws of each of the two processes.
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U
Y, U-
x x
1 - | ~
L- boXy boXy
L+ | |
l l
T T.
Case 1: Uy < Ly and U_ =L_ Case 2: Uy =Ly and U_- > L_
x x
1 - | ~
: Xt : Xy
| |
l l
T T
Case 3: Uy < Ly and U_ > L_ Case4: Uy =Ly and U_ = L_

Fig. 3. Position of both paths after one step.

The coupling construction is now obvious: we repeat this scheme starting from the new
crossing or bouncing point, until we succeed in sticking the two paths. Notice that this iterative
algorithm is more efficient than the general procedure of the Meyn—-Tweedie method [20] since,
after a fail, the two processes have already the same position (and still opposite velocities).

We point out that the coupling scheme implemented for the reflected process in [14] in the
constant jump rates case is a particular case of the above described scheme. Notice however
that here, in general, the upper path starting from (x, +1) does not necessarily remain above the
other path until the coupling time. We then cannot control the coupling time by the hitting time
of 0 for the process starting at (x, 4+1) as it was done in [14]. On the other hand, contrary to the
constant rates case where the coupling could only succeed right after the lower process hits 0,
the coupling can now succeed at an arbitrary step of the scheme, though not with a probability
bounded from below uniformly in x (this can be easily seen from formula (20) e.g. in the case
when a is constant and b(x) = a + x). Therefore, a new approach to estimate the coupling time
is needed, which is developed in the next subsection.

3.3. Coupling time from a crossing point

In this section we will use the notation P, (resp. [E,) for the distribution (resp. the expectation)
of a random variable associated with the coupling scheme given that the two copies started at
position x > 0.

We first observe that for fixed R > 0, the probability of success in one step can be bounded from
below (considering the last term in (20) and taking expectation) uniformly over x € [0, R] by
some number pg € (0, 1) satisfying

00 u
pR Z e—A(R)f b(l/l)e_ fO b(R+S)deM. (21)
0
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This suggests that the number of trials below a fixed height R > 0 required in order to get a
successful coupling can be stochastically dominated by some geometric random variable. Notice
that we do not expect a successful coupling to occur only below level R. We will rather use
the above remark in order to construct the scheme in such a way that the coalescent time will
be always smaller than or equal to some real random variable that we can control in terms of
geometric number of positive time lapses.

First, we define a sequence of “rectangles” of potential trajectories of the two copies in the
coupling scheme, on which the two copies will live at all times, irrespective of whether the
coupling attempt has already been successful or not (of course once it has been so, their positions
and velocities coincide from that moment on). More precisely, we define a discrete time Markov
chain (9,),>¢ starting at x by

Dy = x,

_ +1 +1 (22)
Pt = Pn + g, 1) ~ Ta, 1)
where conditionally on all the past up to (and including) time n, T("(i;: 1 4 and T(”g 1_ ) are

independent and respectively equal in law to T, 41y and T, 1 on the event { &, = y}r.' Plainly,
(®,)n>1 describes the height of the right-most corner of the nth rectangle obtained by iterating
the construction of Fig. 3. Consider also the sequence of positive random variables (real time
lengths) (0,),>0 defined by

oy = 0, (23)
_ gn+l n+1
o+l =T, 1)+ Tig, 1y
which give the (real) time-position of the rectangles’ right-most corners, and finally set X, =
Y1 oi, with the convention Xy = 0. Following Lemmas 2.4 and 2.5 and in order to determine
at which attempt the coupling is successful, we introduce two sequences (§,),>1 and (x,)n>1 of
Bernoulli random variables, conditionally independent of each other given (0%, @i )i~ and such

that for n > 0, on [@n =y, T(nqﬁt%ﬂ) =1, T(”gnLI) = s},

b(y+1t)—b(y—s—+1)

P(&n+1 = 1] (0k, Pi)k<ns1) = PO 1) ., and
aly —s)—a(y+1t—ys)
P(xnt1 = 1 (0ks P)r<ny1) = 2t —5) Lis<y) + Lis=y)-

We also set §9 = xo = 1 for notational simplicity. Observe that (6,1, @y, &n, Xn)p>0 1S @ Markov
process. We denote by (F),>( the filtration it generates. We then define a sequence of random
variables (x,) by

kn = Lg,=1,5,=0) + Lig,=0,x,=1)-

According to the discussion at the end of the previous subsection, the discrete time instant (or
rectangle number) at which the coupling succeeds is

p=inf{n>1:x,=1}

and the real time spent in order that this happens is

P
T, =X, = Za,-.
i=l
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The trajectories of the two copies can be easily constructed from the previous objects, but we
actually do not need to work with them.
Let us now introduce the discrete random variable

pr =inf{n >1:x, =1and $,_1 < R}.
Both p and pg are stopping times with respect to (F,),>0. Since p < pg a.s., we clearly have

OR
T, < T*R = Zoi. (24)
i=1
Our goal now is to exhibit an upper bound for the Laplace transform of the random time T,X
under P,. We need to introduce the stopping time (with respect to (Fy),>0)

tr(x) :=inf{n > 0: &, € [0, R]}, (25)
and the real time
TR(X)
T = o (26)
i=0

accumulated when the sequence (9,),>0 reaches [0, R] for the first time. Let ¢, ) denote the
Laplace transform of T{y ) for (x, v) € R* x {—1, 4+1}. We have

Lemma 3.1. Assume there exist positive real numbers R, 1, B such that » < B, A + B < b and
PR+ B+ VR —1y(, — B) < 1. Then, Tg < 00 a.s. and

TR
E)C |:eXp {ﬁ@fR + )\. ZUI} )’]TR:| S eﬂxnx>R
i=0
where 1) := (¢, +1)(B + Mo, —1(L — )~ > 1.

Proof. For each x > R and 8 > ), from the stochastic monotonicity of the jump times (see
Lemma 2.3) we get

E, [gﬂ¢|+?»01] — PR [e(ﬂH)T,\-,H] E [eu—ﬁm,_l]

P R 41)(B+ VR, —1) (A — B). Q27)

If or.1+1)(B + Mo,k — B) < 1, we deduce from (27) that ef Prernth Lizioipenn js o
positive supermartingale with respect to (F,),>0, hence

IA

TRAN

eﬁx]l»}e > E, |:6Xp {lgdsrRAn +A Z Gi} nrRArl] >, [nrRAn] )

i=0
Letting n — oo in the last expectation we get by monotone convergence E, [n*®] < oo, hence

TR < o0 a.s. Letting then n — oo in the first expectation and using Fatou’s Lemma the statement
follows. O

For each y > 0 and R > 0, we now set

Er(y) = sup E, [eyT(Y*”]lKl:o].
y€l[0,R]
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Proposition 3.2 (Laplace Transform of the Coupling time Starting at a Crossing Point). Assume
that (R, ), B) satisfy the conditions of Lemma 3.1 and moreover that Eg (A + B) < 1. Then, the
Laplace transform of Ty satisfies

E, [em] - eﬁﬂ“"(ﬂ(o,ﬂ)(/\)§0<R,—1>()»)_

1 —Er(A+B) 28

Proof. Fix x € R and R, A, 8 satisfying conditions of Lemma 3.1. From (24), we just need to
estimate T*R. To this aim, we consider the process (&, 6,),>0 defined in terms of (P, 0,)n>0
in the following way: first set 7o = 0 and 7| = Tg(x) + 1 and forall n > 1,
Tapt = Tw + 73 + 1, withtg =inf{n > 7, : &, € [0, R]} — 7.
In other words, 7,41 is the index of the first attempt to couple the paths that follows the first
(discrete) return time 7, + rR of (Pr)x>o into [0, R] after T,. Then, we set @0 =x,00 =0,
& = b, 01 = 21:101 and
“ fn+l
Puy1 = Dz, Ont1 = Z .
i=T,+1
Thus, 65,41 is the sum of the real time
fnJrl_1
n .__ )
2 o = Z lof]
i=T,+1
needed after 6, in order to observe again a “rectangle corner” in [0, R], plus the time o3, ., spent

in one coupling attempt right thereafter. Then, (.73,,+1 € Ry is the position of the discrete chain

(or rectangle corner) at the time instant ;4. Notice that for each i > 0, 7; is a stopping time

with respect to the filtration (F,),( and that, conditionally on F; N {®, = x}, (73, Efn) has
- R

the same law as the pair (tg(x), X, (x)) defined in (25) and (26). We can now write

AR
=) _é
i=0
where pg = inf {n >1:k; = 1} is a stopping time with respect to the filtration

(gn)n>0 (-7: )n>0

We notice that pg < o0 a.s. since the probability of fail in one step starting from a position
x € [0, R] is uniformly bounded on [0, R] by 1 — pr. We then can write

n
0 AZU,

B[ ]—ZE ;i 1 jemn ZE e =0 Ly ke =0.p=t |- (29)

On one hand, we have
B[] = E [ @t | = B [B [ b | Fy g | 50

<E [E@rmw [e’\‘”] R (x)] )
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By Lemma 2.3, By [¢*] = ¢y +1)(M)@.—1(R) < @0.+1)(M@(r.~1)(%) for any point y €
[0, R]. Thus, using also Lemma 3.1 we get
E,[e*1] < PO.+1) R PR —1)(R)ePT L=k,

and

~ A BPy_11;
B[ 1, <1101 | =B [€910,21] = 00,00 0or e’ " B,

n—1

On the other hand, we have

[ 56, BEI1,
E, | ¢1>RﬂKf]=0i| ZE["AETR(X)E@N) ["MﬁMIMPR]lKFOH

and for all y € [0, R]
E, _ek01+ﬂd§1]1431>1e]1k1=0i| < Er(h +’3)eﬂy'

Then, again from Lemma 3.1 we get

E, | e’gqjll@vkﬂxﬁ =0] < ERO.+ Bef Tk

and then, forallk =1,...,n — 1,

E [6A6k6ﬁ¢k1¢k>R1Kk:0|gk—li| —E-

A6 /‘5931135 R
. . |:e e 1> ]L(fl:()

<Er(+ ﬁ)eﬂq}k*lﬂ@kq*.

By successively conditioning in (29), we finally have

o0
E[e*] < P L=r 3" g0 1y (Wer—n () (Er G+ )"
n=1

_ P =R 11y (W, —1) (+)
1 —Er(A+B)
for parameters as required. [

Let us now verify the existence of (R, A, 8) such that all the assumptions of Proposition 3.2
hold. Notice first that for all 8 > A > 0 and each R > 0 we have

a+ (B —re @Hp—MR

a+p—x
thanks to the fact that T(g 1) >0, E(@) A R. Since also T(g, 1) <st0. £(b(R)), we furthermore
have

, (30)

YR, -1HA —B) <

P+ B < 20 G1)
’ T b(R) -+ B)
forall A + B8 < b(R).
Given A > 0, we take 8 > A of the form 8 = aA for o > éf—g (or simply a > 1if b = o0).

b
‘;%}Ez, hence we find R large enough such that

b(R) (1 - e—ﬁR) >

Then, we have b >

a+1
a—1

a.
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Thanks to (30) and (31), the assumptions of Lemma 3.1 are satisfied for all » € (0, A.), where

] 1
e = inf{,\ > 0: (¢ + Dr > b(R) (1 _ e*<“+<°‘*1>“R) - a_+1a} :
p—

Indeed, from (30) and (31), condition ¢(g,+1)(B + M@k, —1)(A — B) < 1 holds as soon as
b(R) (& + (a — 1))\e—<5+(“—”m) <@+ (@—Dr) BR) — (@ + DHr)

& b(R)(a — Dae”@H@=DMR (o — DAb(R) — (@ + (@ — DA) (@ + DA
. 1
& (a+ Dr < b(R) (1 - e—(“+<“—1)“R) - “—“Lla.
a—
Since the previous inequality is satisfied for A = 0, by continuity we have A, > 0; the function
of A on the r.h.s. being strictly concave, we also have A, < co.
Finally, notice that by Lemma 2.3 and Hoélder’s inequality, for any g > 1,

— 1
Er(y) = (1= pr)' "% (qp),

with pg € (0, 1) a quantity as in (21). Taking ¢ = ¢(y) = y !, this in turn yields, for each fixed
R > 0, limsup,_, o Er(y) < (I — pgr) < 1. Therefore, there exists Al € (0, A.) small enough
such that Eg((« + 1)A) < L forall A € (0, A),).

3.4. The coupling time for the reflected process

Let us consider two initial data (x, v) and (x, v), with x > X. The coalescent time T (x, X)
of a path (X, V) starting from (x, v) and a path ()N( , V) starting from (X, v) is equal to the first
crossing time T, (x, X) of both paths plus the time spent to stick them using the coupling described
in Section 3.2. Consequently, the coupling time is stochastically smaller than the hitting time
Zx,v) of the origin of the upper path (X, V), plus some remainder term.

For any (R, X, B) satisfying assumptions of Proposition 3.2, the Laplace transform of the
coupling time T (x, X) is bounded by

E I:eAT*(x,)Z):I < PO MoR 1M o I:eATC(x‘)Z)eﬁXC]lXC>R:|
T 1=+

where the first crossing time 7,(x, x) is smaller than Zy ,) and the first crossing point X is

bounded from above by § (Z(x,») + & — x). Consequently,

E [ e)LT*(x,)Z)] < PO MR -DD) )2 [e</\+ﬂ/2)2<x,m] ,
1—Er(A+B)

Using now Proposition 2.8, for 0 < A < B satisfying conditions of Proposition 3.2 with
bt B/2 < 3(VO(Me) — Va(Mo)?, we get

E [e“*(x’f)] - ©0,+1) (RN @R,—1)(A) BGx)  slblMe) (i)
- 1 —Er(A+P)

with C is given in Proposition 2.8 and

M, = sup {M >0: /MeM(Vb(M)_V“(M))Z (1 - e_A(M)> < 1} .
a(M)

(32)
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Finally, combining estimate (32) with inequality (6), we conclude the bound (8) and the proof of
Theorem 1.9.

4. The unreflected process

Let us construct a coalescent coupling of two unreflected processes starting from (y, w) and
(¥, w) respectively. For a given time 7o > 0, the coupling algorithm is the following:

1. Define (x, v) = (|yl, wsgn(y)) and (x, v) = (|y|. w sgn(y)).

. Couple two reflected processes starting at (x, v) and (x, v) as in Section 3.

. Let them evolve until their common hitting time of 0.

. Construct until that time the two associated unreflected processes starting at (y, w) and (y, w)
as explained in Remark 1.8. The algorithm stops if, when at the origin, the two copies have
the same velocities. Otherwise, go to Step 5.

5. Try to couple the unreflected processes starting from (0, +1) and (0, —1) before a fixed time

10.
6. In case of failure, return to step 1 for two initial conditions in [—#, fp] x {—1, +1}.

A~ W

The only remaining task is to analyze Step 5 of this algorithm. To that end, one has to study
the law of (Y;, W;) when Yy = 0 and Wy = =£1. Let us denote by (7;),>0 (with Top = 0) the
successive jump times of the unreflected process. The variable S, = T, — T,,—1 stands for the nth
inter-jump time. In order to lighten the computation, we restrict ourselves to the law after 1 or 2
jumps.

Remark 4.1 (Jump Times of the Unreflected Process). We can explicitly compute the law of the
jump-times of the unreflected process. For y € R, set A(y) = A(|y|) and B(y) = B(]y|) where
A and B were defined on Ry in Lemma 2.1. For y > 0, the law of the first jump time starting
from (y, —1) has the density f(, 1) given by

e~ AD=AG=D) gy <y

_Jaly —
fo.-n@® = LA(y)b(t _ y)e*B(’*y) ift > y.

Moreover, the survival function I:"(y,H)(t) =P, +1)(T7 > t) is given for y > 0 by
F(y () = e—(B(y—i-t)—B(y))’
and for y < 0 by
5 (e AOmAGHD) ify 4 p <,
() = e AW BUAY) ity 4 > 0.
For any bounded measurable function g on R x {—1, +1}, one then has

Eo,—1) [§Yr, Wolir <. o=1] = E.—1) [8( — 281, + D15, <.5, 45,51} ]

t
= / gt —2s,+1) flo,—1)(=8) Fs,+1y(t — s)ds
0

t
f g, +1)h_1(u) du,
—t
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where

1 t—u\ - I+u
h_l(u)=§f<o,+1)< ) ) (’3“s+1)< 2 )

Similarly,

IE(0,—&-1) [g(Yt, Wt)]lT2<t,T3>t] = IE(O,—H) [g(t —25, +1)]1S1+S2<1,T3>t]

t t—s2 _
= f / gt — 252, +1) fio,4+1)(51) fis1,—1)(82) Fs)—sp,+1) (t — 51 — 52) dss1ds
0 Jo

t
=f g(u, +Dhi(u)du,
—t

where

14u
7z 1 t—u\ - t+u
hi(u) = /0 5f(0,+1)(S1)f(sl,—1) (T) F—15¢ 11 <T - Sl) ds.

Since L((Y;, W)Yo =0, Wy = w) = L((—Y;, Wy)|Yy = 0, Wy = —w), two copies as in step 5
of the algorithm couple before time r > O with probability larger than

t
& = 2/ h_1(w)ANhi(u)du > 0.

—t

Remark 4.2 (Explicit Lower Bound). A lower bound of ¢ can be derived from the fact that
y — a(y) and y — b(y) respectively belong to [a(?), a(0)] and [b(0), b(¢)] on the interval
[—t,1].

Let us now control the total duration of the algorithm. Notice that the estimates on the reflected
process in Section 3 do no longer depend on the initial conditions, after the first crossing time
of the reflected copies in the compact set [—R, R] x {—1, 4+1}. This implies that, after the
first iteration of Step 2 in the above algorithm, the duration of each step can be controlled
independently of the initial data, and of the previous steps.

Moreover, the algorithm succeeds after at most a random number of iterations with geometric
law of parameter &;,. Since the duration of each step in the algorithm has a finite exponential
moment, this is thus true for the coupling time as well. The upper bound of Theorem 1.2 can
then be deduced. As a conclusion the bounds in Theorems 1.2 and 1.9 depends in the same way
on initial data but the rate of convergence is smaller for the unreflected process.

5. Diffusive scaling

We finally prove Theorem 1.5. Omitting for a moment the sub and superscripts for notational
simplicity, and writing
Jo= Wi+ k' (Y) = 2 (a(Y) Ly, w, <0y + b(YD) Ly, w,>01) K Y)W,

J; = fot Jsds and }A’, =Y, + «(Yy) W, for a given positive function « of class CL, we see by
Dynkin’s theorem that the processes

Mt = ?t — J; = Yt +K(Yt)Wt - Jt
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and
n t t t
N, =Y? - 2/ K (Yy)ds — 2/ Yy jsds — 2/ i (Ys)ic (Yy) Wyds
0 0 0
are local martingales with respect to the filtration generated by (Y;, W;).
In fact, using f(y, w) =y +x(y)w and g(y, w) = (y + k(y)w)?, since w? = 1, we have
Lf(y, w) =w+«'(y) =2 (@ Tyw=o) + b yw=0)) € ()w,
Lg(y,w) =2w(l + &' (Mw)(y + k Mw) — 4 (a0 Lyw=oy + bW Ljyw=0}) yk (M w

=2k (y) + 2y (w +«'(y) = 2 (a(M Lyw=0y + bW Liyw=0}) k(y)w)
+ 2" (Y (y)w.

Integrating by parts we then get that
M?=Y2?—2Y,J, +J?

t t t
=V’ - 2/ Yy 4+ k (Y5)Wy) jods — 2/ JodYs + 2/ Jy jsds
0 0 0

t ' t
=N; + 2/ k(Yy)ds — 2/ Kk (Ys)Ws jeds + 2/ k' (Yo (Ys)Wds
0 0 0

t t
- 2/ JdYy +2/ Jsjsds

0 0

t t t
=N +2f k(Ys)ds — 2] K (Y)Wl js — k' (Y5)]ds — 2/ Jsd M.
0 0 0
Thus, noting that
Js = K/(Ys) + sgn(Yy) ([Za(Ys)K(Ys) — 1]+ 2]1{)’SWX>O} [ —k(Xs)(a(Ys) + b(Ys))])

we see that for « (Yy) = (a(Yy) + b(YS))*1 the processes

T a'(Ys) + b (Y) b(Ys) —a(Yy)
M, =Y, —|— S TP Yo [ ———2)|d
P [ /o [<a<xv)+b(m)2+sgn( ‘)<a<Yx>+b<Ys>)} ’

W,
a(Yy) + b(Yt):| '
N, =M2—2/t [;JFW sgn(Y)M}ds
! o La(Yy) +b(ys) 7 *(a(Yy) + b(Yy))?

are local martingales.

The function Ty of the statement is well defined by the Cauchy-Lipschitz Theorem, thanks to
the assumptions on the coefficients and the fact that ¥, has Lipschitz trajectories. Moreover, Ty
is strictly increasing, the coefficients a and b being positive functions. Recalling the dependence
on N of the coefficients, and setting for each N € N,

w1 / ap M) + b, EN)
CT 2 ) Law ™) 1oy E™)

+sene™) (bw ™) - w(&_i’“))} ds

Can &™) + o ™)
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and

(N) (N)
o™ t+/ WT(N) (S(N))bN(E ) —an (& )ds
2k an &™) + by EN)

we see from the previous and Doob’s optional stopping theorem that the processes
N N N N N
( ) _ g )) and (@f ) g2 >)
>0 =

are local martingales with respect to the filtration generated by the process (E(N) Wr(,]\:/()r))tzo'

Define now for each R > 0 the stopping time o) = inf{t > 0 : |§, ™) > R}. The hypotheses
and Remark 1.6 imply that, for every T > 0,

t
Pl osup [of —t|ze|+P[ sup g™+ f sen(&)er(€) + (&) ds| = e
t<cy AT t<oNAT 0
—>0
N—oo

for all ¢ > 0, and

2
2l s 662 [ s |5 -pf

t<op NAT <oy NAT

<0+ 0((an(0) +byO)~H —=0

The processes (5 (N)) S0’ ( I(N)) 0 and ( (N)> thus satisfy the hypotheses of Theorem 4.1
> 1> t>0

in [13, p. 354] (in the respective roles of the processes X (-), A, (-) and B, (-) therein), which
ensures that £((&, Wy > 0)) converges weakly to the unique solution of the martingale problem
with initial law L(éo) and generator given for f € C2°(R) by

1
Gf(x) = zf”(X) — (sgn(x)e1(x) + c2(x)) f'(x).
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