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Resumen 

La simulación geoestadística se usa ampliamente en ingeniería de minas para cuantificar la 
incertidumbre geológica, al producir múltiples realizaciones alternativas de la distribución 
de los recursos in situ y/o reservas mineras en el subsuelo. Sin embargo, el modelamiento 
geoestadístico de propiedades de diferentes naturalezas, como las leyes de metales medidas 
en escalas cuantitativas continuas y los tipos de roca medidos en una escala categórica o 
nominal, sigue siendo un proceso engorroso y complejo. Tradicionalmente, se recurre a un 
enfoque jerárquico, donde se modela primero la extensión espacial de los tipos de roca, 
luego las leyes de metales dentro de cada tipo de roca por separado. Este enfoque tiende a 
producir discontinuidades en la distribución de las leyes al cruzar la frontera entre tipos de 
roca, lo que podría no ser deseable. Una alternativa para evitar tales discontinuidades es 
simular conjuntamente las leyes y los tipos de roca, enfoque que ha sido propuesto en años 
recientes, principalmente en un marco estacionario donde se supone que las distribuciones 
de leyes y de tipos de roca son invariantes al desplazarse en el espacio. 

El modelamiento conjunto de leyes de metal y tipos de roca se torna más difícil cuando se 
busca reproducir tendencias espaciales y zonaciones en los tipos de roca, una característica 
que se encuentra comúnmente en la práctica y pone en duda el supuesto de estacionaridad 
para los tipos de roca. En este contexto, la tesis tiene como objetivo desarrollar propuestas 
metodológicas y prácticas para simular conjuntamente una ley de metal y un tipo de roca, al 
representar la primera por un campo aleatorio Gaussiano estacionario y el segundo por un 
campo aleatorio intrínseco de orden k con incrementos generalizados Gaussianos. 

Las propuestas conciernen la inferencia de los parámetros del modelo y la construcción de 
realizaciones condicionadas a datos existentes. Por un lado, la principal dificultad en la 
inferencia radica en la identificación de la estructura de correlación espacial (covarianzas 
generalizadas directas y cruzada), para lo cual se diseña un algoritmo semi-automático 
basado en un ajuste de mínimos cuadrados de las covarianzas de indicadores de roca y 
covarianzas cruzadas de leyes e indicadores. Se define además varios modelos bivariables 
de covarianza para facilitar la elección de estructuras básicas en el modelamiento de las 
covarianzas generalizadas. Por otro lado, la simulación conjunta se basa en un algoritmo 
espectral para construir realizaciones no condicionales, y en un algoritmo iterativo y una 
variante de cokriging para condicionar las realizaciones a datos de leyes y tipos de roca. 

Los modelos y algoritmos propuestos son aplicados a dos yacimientos cupríferos (Lince-
Estefanía y Río Blanco-Los Bronces) para simular conjuntamente las leyes de cobre y la 
extensión de tipos de roca. Los resultados obtenidos muestran la capacidad de los modelos 
de reproducir las transiciones graduales de leyes al cambiar de tipo de roca, así como la 
zonación espacial de los tipos de roca en la región de estudio. 
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Abstract 

Geostatistical simulation is widely used in mining engineering to quantify geological 
uncertainty, by producing multiple alternative outcomes of the mineral resources and/or ore 
reserves distribution in the subsurface. However, the geostatistical modeling of properties 
of different natures, such as metal grades measured on continuous quantitative scales and 
rock types measured on a categorical or nominal scale, is still a cumbersome and complex 
process. Traditionally, a hierarchical approach is adopted, where the layout of the rock type 
domains is modeled first, then the metal grades are modeled within each domain separately, 
but this approach tends to produce discontinuities in the grade distribution when crossing 
the boundary between rock type domains, which may not be desirable. An alternative to 
avoid such discontinuities is to jointly simulate the grade and the rock type, which has been 
proposed in the past years, mostly in a stationary setting where the distributions of grade 
and rock type are assumed to be invariant under a translation in space.   

The joint modeling of a metal grade and a rock type is made much more difficult when one 
accounts for the spatial trends and zonations of the rock type domains, a feature that is 
commonly encountered in practice and makes the stationarity assumption questionable for 
the rock type. In this context, this thesis aims to make methodological and practical 
proposals for jointly simulating a metal grade and a rock type, when the former is 
represented by a stationary random field (transform of a Gaussian random field) and the 
latter is obtained by truncating an intrinsic random field of order k (shortly, IRF-k) with 
Gaussian generalized increments. 

The proposals concern both the inference of the model parameters and the construction of 
realizations conditioned to existing data. On the one hand, the main difficulty for inference 
lies in the identification of the spatial correlation structure (generalized direct and cross 
covariances), for which a semi-automated algorithm is designed, based on a least squares 
fitting of the data-to-data indicator covariances and grade-indicator cross-covariances. A 
few bivariate covariance models are also presented to ease the choice of basic structures for 
the modeling of generalized covariances. On the other hand, the joint simulation relies on a 
spectral-turning bands algorithm for constructing non-conditional realizations, and on an 
iterative algorithm (Gibbs sampler) and a variant of cokriging (mixed simple/intrinsic) for 
conditioning the realizations to known data on the grade and rock type. 

The proposed models and algorithms are applied to two copper deposits (Lince-Estefanía 
and Río Blanco-Los Bronces) to jointly simulate the copper grade and the rock type layout. 
The results show the ability of the proposed models to reproduce the gradual transitions of 
the grade when crossing a rock type boundary, as well as to reproduce the spatial zonation 
of the rock types in the region under study. 
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Chapter 1: Introduction 

1. Problem setting 

In mineral resources evaluation, one often deals with two different kinds of variables. On 
the one hand, nominal or categorical variables such as rock types, lithofacies, alteration and 
mineralization domains. On the other hand, continuous quantitative variables (i.e., variables 
measured on continuous quantitative scales) such as metal grades, pollutant concentrations, 
rock density or rock porosity. Because all these variables are often inter-dependent, the 
evaluation of mineral resources aims to model the spatial distribution of continuous 
variables (say, metal grades), conditionally to the data on these variables and on a 
categorical variable (say, a rock type). However, because of their different natures, their 
joint modeling turns out to be quite complex. A hierarchical or cascade approach is the 
most common method in order to quantify the spatial uncertainty in these variables, which 
consists of two steps (Alabert and Massonnat, 1990; Roldão et al., 2012; Boucher and 
Dimitrakopoulos, 2012; Jones et al., 2013): 

• First, the spatial layout of each rock type is delimited in the region under study. To 
this end, one can consider a deterministic model based on the available data and 
geological knowledge of the deposit, or a stochastic model based on simulating the 
occurrence of each rock type in the study region. 
 

• Second, the grades are simulated in each rock type separately by using only the data 
that belong to this rock type. 

This cascade approach is applicable when one has “hard” boundaries between the different 
rock types, i.e., when there is an abrupt transition or a discontinuity in the grade distribution 
when crossing the boundary between two rock types (Kim et al., 2005). Indeed, it ignores 
and neglects the spatial correlation of the continuous variable across the boundary (Wilde 
and Deutsch, 2012; Rossi and Deutsch, 2014). Therefore, in case of “soft” boundaries (i.e., 
a gradual change in the grade distribution when crossing the rock type boundaries), the 
cascade approach could be inappropriate. In addition, in deterministic modeling, one has a 
single interpretation of the layout of rock type domains, which precludes quantifying the 
uncertainty in the obtained rock type model.  
 
To overcome the limitations of the aforementioned approach and to consider the spatial 
correlation of the continuous variables when crossing the rock type boundaries, a natural 
approach is to simulate the continuous and categorical variables simultaneously. So far, few 
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works have been done in this direction, mainly because of the difficulty in handling 
variables of different natures at the same time. As an exception, one can mention the works 
by Bahar and Kelkar (2000), Freulon et al. (1990), Dowd (1994, 1997), Emery and Silva 
(2009), Cáceres and Emery (2010) and Maleki and Emery (2015), which combine the 
multigaussian and truncated Gaussian or plurigaussian models to represent the continuous 
and categorical variables, respectively. However, one should notice that these works are 
based on a stationarity hypothesis. In other words, it is assumed that the probability of 
presence of each geological domain representing a category is constant throughout the 
region under study. But this assumption is often unrealistic because geological domains 
generally exhibit spatial trends, so their probability of occurrence is not constant in space. 
For instance, in porphyry copper deposits, one usually distinguishes two main mineral 
zones (hypogene and supergene) whose proportions vary along the vertical direction and 
control the variations in the copper grades. Likewise, one often observes variation of 
different alteration domains along the vertical direction. As an example, Figure 1.1 shows 
the so-called vertical proportion curves for four alteration domains in Sungun porphyry 
copper deposit, northwestern Iran. As can be seen, the proportion of each alteration domain 
varies along the vertical direction and even might vanish. In these situations, it is not logic 
and rational to use simulation models based on assumptions of stationarity and one should 
consider non-stationary simulation models.  

 

Figure 1.1: Vertical proportion curves for four alteration domains (argillic, phyllic,  
potassic and propylitic) in Sungun copper deposit, showing the variation of the  

domain proportions with the elevation. Modified from Talebi et al. (2013) 

Consequently, in the process of joint simulation of grades and geological domains, if the 
domains are non-stationary, one cannot use the aforementioned stationary joint simulation 
methods.  
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2. Key idea of the thesis and objectives  

To overcome this problem, one has to go one step further, assuming that the continuous 
variable may be represented by a stationary random field, but the categorical variable is 
represented by a non-stationary random field. So far, some approaches have been designed 
for dealing with non-stationary geological domains in plurigaussian simulation (Beucher et 
al., 1993; Ravenne et al., 2002). For instance, the first solution that comes to mind is to 
consider spatially varying parameters, such as local truncation thresholds (Armstrong et al., 
2011). Although, this approach would be an interesting option, it does not offer a complete 
solution and suffers from some drawbacks. In particular, it does not allow managing the 
uncertainty on the true parameters (the local truncation thresholds), as one considers the 
domain proportions as if they were perfectly known, which is unrealistic (Biver et al., 
2002); therefore an important source of uncertainty may be omitted.   
 
The solution that will be discussed in this thesis is to look for a bivariate model, in which 
one random field is stationary (metal grade), while the other one is not stationary (rock type 
with a vertical or lateral trend) and can be represented by the truncation of an intrinsic 
random field of order k (IRF-k) with Gaussian generalized increments (Matheron, 1973; 
Chilès and Delfiner, 2012). Some bivariate models of this kind have already been designed 
for characterizing the joint spatial correlation structure of variables linked through partial 
differential equations, such as hydrogeological parameters (Kitanidis, 1999; Le Cointe, 
2006). This work aims at extending these models to a more general framework. 

The general objective of this work is to design geostatistical tools, models and algorithms 
for jointly simulating continuous (such as metal grades) and categorical (such as rock 
types) variables, represented by stationary and non-stationary random fields, respectively. 
The specific objectives include proposing guidelines and algorithms for the inference of the 
model parameter, especially for structural analysis, proposing guidelines and algorithms for 
the conditional joint simulation of grades and rock types, and applying the models and 
algorithms to case studies in ore body evaluation. 

3. Novel aspects 

The idea of simulating a non-stationary categorical random field (rock type) by truncating 
an intrinsic random field of order k with Gaussian generalized increments has been recently 
proposed by Madaniesfahani (2016). However, the latter work only considers the modeling 
of a categorical random field. The present work is concerned with a bivariate modeling of a 
non-stationary categorical random field (rock type) and a stationary continuous random 
field (metal grade), which implies extending the tools, models and algorithms to a bivariate 
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mixed (stationary/non-stationary) case. In particular, the following contributions that will 
be explained in Chapter 4 are novel: 

• development of a methodology for inferring generalized direct and cross covariances 
from grade and rock type data; 
 

• definition of coregionalization models that are mathematically valid;  
 

• development of a spectral – turning bands algorithm for non-conditional simulation and 
of a mixed simple/intrinsic cokriging for conditioning to grade and rock type data. 

 
Also, concerning the identification of the spatial correlation structure (generalized direct 
covariance) associated with the rock type, without considering the grade as a covariate, we 
will also modify the fitting procedure designed by Madaniesfahani (2016) in order to give 
more generality (see Chapter 4, Section 1.2). 

4. Hypotheses 

The proposed research relies on the following hypotheses: 

� In ore deposits, regionalized variables such as metal grades or rock type indicators 
present an irregular behavior at a local scale, but a structured behavior at a more global 
scale. A description in terms of random fields is therefore suitable to characterize the 
spatial distribution of these variables. 
 

� Variables representing geological domains, such as rock types, mineral or alteration 
domains, usually present regional trends and changes in their spatial continuity, so that 
a representation in term of stationary random fields is questionable. In other words, the 
probability of finding a particular domain is not constant in space and depends on the 
geological setting. 
 

� Regionalized variables are known only partially, at a set of samples for which direct 
observations (chemical assays or geological loggings) have been made. The data 
associated with the observations are supposed to be representative of the actual values 
of the variables, i.e., sampling errors are neglected. 

 
� Conditional simulation techniques allow constructing outcomes (called realizations) 

that reproduce the variability of the continuous and categorical regionalized variables at 
all spatial scales, and assessing the uncertainty in the domains and grades that may be 
found at unsampled locations.  
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Chapter 2: Literature review 

 

In this chapter, some leading approaches that have received wide acceptance and are used 
for simulating continuous variables (such as grades) and categorical variables (such as 
geological domains) are reviewed. Then, the principal concept of the joint simulation of 
continuous and categorical variables is explained. 

1. Multigaussian simulation of continuous variables (grades) 

The multigaussian model is the most widely used for simulating continuous regionalized 
variables (Journel and Huijbregts, 1978; Verly, 1983; Rossi and Deutsch, 2014). As the 
name indicates, the principal assumption is that the parent random field associated with the 
variable under study has a multigaussian (multinormal) distribution. Since most variables 
are not normally distributed, a transformation – called anamorphosis – is needed to convert 
the original variable into a Gaussian one: 
 ���� = �[����], 
 
where x indicates the spatial position, Z(x) is the original variable (metal grade), ϕ is the 
transformation function (anamorphosis) and Y(x) is the transformed (Gaussian) variable, 
with mean 0 and variance 1. Graphically, one associates each raw value with the Gaussian 
value having the same cumulative frequency (Figure 2.1) (Rivoirard, 1994). 
 

 
 

Figure 2.1: Anamorphosis of an original variable with cumulative distribution function F  
into a standard Gaussian variable with cumulative distribution function G 
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A variety of algorithms have been proposed to simulate a stationary multigaussian random 
field (or, for short, a Gaussian random field), which can broadly be classified into two 
families. The first family consists of algorithms that simulate random fields whose finite-
dimensional distributions are exactly multivariate Gaussian. The most common simulation 
algorithms of this family are the covariance matrix decomposition method (Davis, 1987), 
sequential method (Ripley, 1987; Deutsch and Journel, 1998), convolution methods such as 
the auto-regressive and moving average (Box and Jenkins, 1976; Boulanger, 1990; 
Mignolet and Spanos, 1992; Spanos and Mignolet, 1992; Guyon, 1995; Chilès and 
Delfiner, 2012) and spectral approaches based on discrete and fast Fourier transforms 
(Pardo-Igúzquiza and Chica-Olmo, 1993; Dietrich, 1993; Chilès and Delfiner, 1997, 2012). 
The second family comprises algorithms that produce realizations of random fields whose 
spatial distribution is close to multigaussian. In practice, they are often the only alternative 
when dealing with large conditioning datasets or with simulation domains that contain 
several millions of target locations. Approximations take place because of algorithmic 
simplifications (e.g. moving neighborhood restrictions) or because the algorithm relies on 
the central limit theorem. In general, this is a minor concern for practical applications, but it 
may be a crucial issue in studies that aim to assess statistical procedures. To date, the most 
widespread approximate algorithms are continuous spectral (Shinozuka, 1972) and turning 
bands (Emery, 2006, 2008b; Lantuéjoul, 2002; Matheron, 1973) methods. In the following 
sections, the main simulation algorithms are described in more detail. 
 

1.1. Matrix decomposition method 

As mentioned before, this is an exact algorithm for simulating Gaussian random fields at a 
finite set of target locations. It can be applied to any spatial configuration of these target 
locations {��,…, ��} and can also be adapted to produce realizations conditioned to a set of 
data (Davis, 1987).  

Consider a Gaussian random field with mean 0 and covariance function C. The variance-
covariance matrix of the variables at the target locations ��,…, �� is 

∑  =  [C��� – ���]�,� � �...� 

This is a real-valued, symmetric, positive semi-definite matrix. Provided that it is strictly 
positive definite, one can use the Cholesky decomposition of such a variance – covariance 
matrix: 

∑ =  AA� 
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where A is a triangular matrix called the Cholesky factor of ∑. 

Define a simulated vector as 

Y =  AX 

where: 

X =  [X�]� � �...� is a vector of independent standard Gaussian random variables N(0,1) 
Y =  [�����]� � �...�  is the simulated random field at the target locations ��,…, ��. 

This algorithm is straightforward and, once the matrix decomposition is obtained, one can 
generate many realizations very quickly. However, the Cholesky decomposition is difficult 
to obtain when the number n of target locations is large. In fact, the CPU time becomes 
prohibitive when more than a few thousands locations are considered (Deutsch and Journel, 
1998; Chilès and Delfiner, 2012). 

1.2. Sequential algorithm 

Sequential simulation is one of the most widespread algorithms for simulating Gaussian 
random fields (Chilès and Delfiner, 2012; Deutsch and Journel 1998; Gómez-Hernández 
and Cassiraga, 1994; Ripley, 1987). Assume that the Gaussian random field has to be 
simulated at target locations {��,…, ��}. The sequential simulation algorithm comprises 
the following steps: 

1- Simulate a standard Gaussian random variable (with mean 0 and variance 1) �� and 
put ����� =  �� 
 

2- For � ∈  �2, . . . � , put 
 ���!� = �"#��!� + %"#��!��! 
 
where �"#��!� is the simple kriging predictor of ���!� from the previously 
simulated variables  [�����, …  ���!'��], %"#��!� is the standard deviation of the 
simple kriging error, and �! is a standard Gaussian random variable, independent of [��, … �!'�]. 
 

At each step, one simulates the random field at one location and incorporates the simulated 
value to the set of conditioning data for simulating the random field at the next locations. 
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One of the main advantages of this algorithm is the direct conditioning of the simulations to 
a set of data, as it only requires considering these data as if they were previously simulated 
values and including them in all the kriging systems. Among the drawbacks of this 
algorithm, one can mention to the possibility to be confronted with numerical problems 
when the covariance function or the variogram is very regular near the origin and the target 
locations are very close (Lantuéjoul, 1994). Also, this method is slow in the sense that the 
kriging system becomes bigger and bigger when the simulation progresses (it involves not 
only the initial data but also all the previously simulated data). In practice, to overcome this 
drawback, one uses a moving neighborhood in order to restrict the conditioning variables 
(original data and previously simulated variables) to the ones located close to the target 
location (Deutsch and Journel, 1998), which makes the algorithm approximate (Emery and 
Peláez, 2011).  

1.3. Turning bands 

This method was originally formulated by Matheron (1973). Its advantage lies in the 
computational efficiency derived from the reduction in the dimension of space where the 
simulation is actually performed. In other words, the turning bands method is designed to 
reduce a multidimensional simulation into unidimensional ones. In a nutshell, one performs 
simulation along several lines; then at each point of the multidimensional space, a weighted 
sum of the corresponding values of the line processes is assigned. So, one first needs to 
define the direction of the lines and to determine the one dimensional fields to be simulated 
(Chilès and Delfiner, 2012; Emery and Lantuéjoul, 2006; Lantuéjoul, 2002). The whole 
process of generating a realization of a random field through the turning bands algorithm 
can be divided into three main steps. 

1.3.1. Generating lines 

The concept of turning bands simulation relies on generating one dimensional realizations 
along different lines turning around a center point and scanning the entire space. So, in the 
first step, one should define the directions of these lines. For isotropic random fields, one 
can choose random (uniformly distributed) directions, or directions distributed as regularly 
as possible rather than randomly. In the two-dimensional space, choosing regular directions 
is straightforward (Chilès, 1977), considering the following azimuths: 

(! = �� − 1�+ �,⁄      � = 1, … , �, 

However, in the 3D space, the maximum number of regularly spaced directions is reduced 
to �, = 15, which does not lead to a good approximation (Chilès, 1977). In this case, it is 
advisable to choose equidistributed directions instead of regular ones (Freulon, 1991; 
Lantuéjoul, 1994). For instance, consider the binary and the ternary expansions of any 
integer � = 1,2, …   
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� = ./ + 2.� + ⋯ + 21.1                     .! = 0,1 

� = 3/ + 33� + ⋯ + 2535                     36 = 0,1 

From these decompositions, two numbers between 0 and 1 are generated 

7� = ./2 + .�4 + ⋯ + .1219� 

:� = 3/3 + 3�6 + ⋯ + 35359� 

Finally, the coordinates of the nth point of the sequence are (Figure 2.2): 

�� = �cos�2+7��?1 − :�@ , sin�2+7��?1 − :�@ , :�� 

 

Figure 2.2: generation of 400 points according to an equidistributed sequence 

For anisotropic random fields, the distribution of the line directions is no longer uniform 
(Matheron, 1973). However, the common cases of geometric and zonal anisotropies can be 
derived from the isotropic case (Emery and Lantuéjoul, 2006). 

1.3.2. Deriving the covariance function of the one-dimensional random fields 

For generating one-dimensional random fields, one needs to derive their covariance C��D� 
from the dimensional covariance CE�ℎ� of the desired field in the d-dimensional space (in 
general, d = 2 or 3). For simplicity, assume that the latter is isotropic (the case of geometric 
or zonal anisotropies can be obtained by a simple transformation of the spatial coordinates). 
For d = 3, the one-dimensional covariance can be obtained from the following equation 
(Matheron, 1973; Chilès and Delfiner, 2012): 
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C��D� = GGD �DCH�D�� (2.1) 

 

In the same way, there is a one-to-one relationship between the one-dimensional and two-
dimensional covariances (Brooker, 1985): 

C��D� =  GGD I J√D@ − J@  C@�J�GJL
/  (2.2) 

Table 2.1 and Figure 2.3 show the 1D covariance functions associated with the 3D isotropic 
spherical and exponential covariance models. 

Table 2.1: 3D and 1D covariance functions 

 3D Model 1D Model 

Spherical 
model 

 

CH�D� = M1 − 3D2. + DH2.H0  NJℎODP�QO  �R D < . 

 

C��D� = M1 − 3D. + 2 DH.H  �R D < .0 NJℎODP�QO  

 

Exponential 
model 

CH�D� = exp �− D.� C��D� = W1 − D.X exp �− D.� 

 

 

 

A 
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B 

Figure 2.3: 3D and 1D covariance function for A) spherical and B) exponential models 

1.3.3. Generating realizations along the lines 

After defining the direction of the lines and obtaining the corresponding 1D covariance 
function, one can perform one dimensional simulation along each line. Different methods 
have been proposed for this purpose, for instance, spectral, partition and dilution methods 
(Lantuéjoul, 1994, 2002). Figure 2.4 shows the one dimensional simulation associated with 
a 3D isotropic spherical covariance model by using these three methods. 

 

A 

 

B 
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C 

Figure 2.4: One dimensional simulation  with A) spectral method  
B) partition method C) dilution method. Modified from Lantuéjoul (2002) 

  

Among all existing approaches for simulating along the lines, the spectral method will be 
amply used in this thesis, which yields a simulation algorithm known as the “spectral - 
turning bands” method (Mantoglou and Wilson, 1982; Mantoglou, 1987). This method and 
its variants are meticulously explained in the following sections.  

1.4. Spectral - turning bands simulation 

This method is a particular case of turning bands, for which the one-dimensional simulation 
is obtained by using a cosine wave. The required steps of this method are as follows: 

1- Generating the lines 
 

2- Simulating a random field along each line with the spectral method (Figure 2.4A).  

The method is based on the spectral representation of a covariance function. According to 
Bochner’s theorem (Bochner, 1933), every continuous covariance function in the d-
dimensional space with a unit value at the origin (unit variance) is the Fourier transform of 
a positive integrable measure Y�GZ� (Lantuéjoul, 2002; Shinozuka, 1971): 

 

C�ℎ� = I O@[!�\]|_`� Y�GZ� = I O@[!�\]|_`� R�Z� GZ (2.3) 

 

where < | > is the usual scalar product and Y�GZ� is the spectral measure (with an integral 
equal to 1, therefore this is a probability measure). If this measure is absolutely continuous, 
it is equal to  Y�GZ� = R�Z� GZ where R�Z� is a probability density function called the 
spectral density. 

It can be shown (Lantuéjoul, 2002; Shinozuka, 1971) that the following random field: 
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���� = √2 cos�< Z|� > +�� (2.4) 

 

is stationary with mean zero and covariance function C�ℎ�, where Z is a random frequency 
distributed according to the spectral density in the d-dimensional space, and � is a random 
phase uniformly distributed in [0, 2+[. To obtain a simulation that is multigaussian, one has 
to sum and properly rescale many of such independent simulations, based on the central 
limit theorem (Lantuéjoul, 1994, 2002): 

 

���� = b 2�, c cos�< Z!|� > +�!��d
!��  

(2.5) 

 
In a nutshell, for using the spectral method, one needs to know the spectral measure or the 
spectral density and the number of basic random fields (�,) to be summed. For deriving the 
spectral density from a given covariance function in the d-dimensional space, the following 
formula can be used (Yaglom, 1987; Lantuéjoul, 2002; Chilès and Delfiner, 2012): 
 

R�Z� = 1�2+�E I O@[!�\]|_`� C�ℎ�G�ℎ� (2.6) 

 
where d is the dimension of the space where the target random field is defined.  
 
Table 2.2 gives a list of isotropic covariance functions and their spectral densities (spectral 

measures) in Rd (Lantuéjoul, 2002; Chilès and Delfiner, 2012). For the sake of simplicity, 

the covariance functions in this table are assumed to have a unit sill and a unit scale factor; 
a proper rescaling of the spectral densities should be done if the sill or the scale factor 
differs from 1 (Marcotte, 2015). 
 

3- The simulated value at each target point (x) of the d-dimensional space is the sum of 
the simulated values at the projections of this target point (x) on the different lines 
obtained from the previous step.  
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Table 2.2: Spectral densities of some basic isotropic covariance models 

Model Spectral measure in RRRRd 

Spherical 
34+||Z||H efOQQOg6 h||Z||2 ij@

 

Exponential 
1

+E9�@  1
�1 + ||Z||@�E9�@  

Gaussian 
1�2?+�E exp k− ||Z||@4 l 

Matérn (K-Bessel) 
Γ�n + G2�
Γ�n�+E@

1
�1 + ||Z||@�o9E@ 

 

As an illustration, consider Figure 2.5A, where (! is the angle of line p! with the abscissa 
axis, 7! is the unit vector of line p! with component cos (! and sin (!, and Q! is the 
projection of the target point on line p!. The simulation at point x is determined by:  

���� = 1√�,  c �!�Q!��d
!��  (2.7) 

 

where Yi is a cosine wave as per Equation (2.4) (Figure 2.5B). This approach has been first 
proposed by Shinozuka (1971). 

For instance, to simulate a Gaussian random field with a Gaussian covariance function with 

a unit sill and a unit scale factor in R3, one should first simulate a set of frequency vectors 

{ Z!: � = 1, … , �,  with the Gaussian density given in Table 2.2 (these are vectors in R3 

whose coordinates are independent Gaussian random variables with mean 0 and variance 2) 
and a set of independent phases {�!: � = 1, … , �,  uniformly distributed in [0, 2+[. The 
simulated random field can then be obtained by calculating a sum of cosine waves as given 
in Equation (2.5). 
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A B 

 

Figure 2.5: Principles of spectral-turning bands simulation  

1.5. Variants of spectral simulation 

Shinozuka and Jan (1972) proposed a variant of the spectral simulation method, where the 
previous formula is combined with a coefficient (amplitude) to generate realizations of the 
random field:  

���� = b2R�Z�|p|  cos �< Z|� > +�� (2.8) 

where:  

• R is the spectral density of the target covariance in the d-dimensional space 

• � is a random phase with uniform distribution in [0, 2+] 

• Z is a random vector in the d-dimensional space uniformly distributed in a bounded 
domain D containing the support of R  

• |p| is the measure of D 

• R�Z� is an amplitude depending on Z. 

The inconvenient of this method is that it is applicable only to the simulation of random 
fields whose spectral densities have a bounded support, which is quite restrictive. Emery et 
al. (2016) removed this inconvenient by applying importance sampling for simulating 
vector Z, i.e., Z is simulated with a probability density r different from a uniform density:  



16 

 

���� = b2R�Z�r�Z� cos �< Z|� > +�� (2.9) 

where 

• R is the target spectral density 

• r is another density that must contain the support of the target spectral density 

• Z is a random vector with probability density r in the d-dimensional space 

• � is an independent random variable (phase) uniformly distributed over the interval 
[0, 2+]. 

Based on the central limit theorem, to obtain an approximately Gaussian random field, it 
suffices to sum up and properly normalized many of such independent random fields: 

 

���� = c b 2R�Z!��,r�Z!�  cos �< Z!|� > +�!��d
!��  (2.10) 

where 

• �, is a large integer 

• Z! are independent random vectors with probability density r 

• �! are independent random variables (phases) uniformly distributed over [0, 2+]. 
 

Interestingly, the previous variants can be generalized to the multivariate case, i.e., to the 
simulation of a vector random field instead of a scalar random field. In a nutshell, one has 
to replace the square root in Equations (2.9) and (2.10) by a Cholesky factor, insofar as the 
spectral density R�Z� is no longer a scalar, but a Hermitian, positive semi-definite matrix. 
Therefore, one can simulate any vector random field whose direct and cross covariance 
functions are continuous and absolutely integrable, provided one knows the analytical 
expression of their spectral densities, without the need for these spectral densities to have a 
bounded support. The only restriction is that the support of the density r from which the 
frequency vectors are simulated must contain the support of R. The reader is referred to 
Emery et al. (2016) for details. 
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2. Simulation of categorical variables (rock types) 

Most often, the spatial distribution of metal grades in an ore deposit is related to geological 
characteristics, so that the modeling of geological domains is a critical step in mineral 
resource and ore reserve evaluation. Up to now, many approaches have been proposed in 
order to model the layout of geological domains and significant improvements have been 
achieved in the last decades. Generally, the existing approaches can be divided into two 
groups: deterministic and stochastic approaches. 
 
Deterministic approaches, such as hand contouring, wireframing or implicit modeling, rely 
on an interpretation of the available data (typically, from drill hole samples) and on the 
geological knowledge of the deposit. The main drawback of these approaches is that they 
do not account for any uncertainty (possible misclassification) in the assumed geological 
model, insofar as they provide a single interpretation of the geology of the deposit without 
offering any measure of the uncertainty in the boundaries of the geological domains 
(Cáceres et al., 2011; Cown, 2003). 

 
In contrast, stochastic approaches consist in simulating the layout of the geological domains 
in order to provide a set of alternative outcomes of the geology of the deposit and to allow 
quantifying the uncertainty in the domain boundaries. There exist many stochastic methods, 
such as object-based and Boolean simulation (Chessa and Martinius, 1992; Stoyan et al., 
1996; Viseur, 1999; Lantuéjoul, 2002; Chilès and Delfiner, 2012), sequential indicator 
simulation (Journel, 1983; Journel and Isaaks, 1984; Alabert, 1987; Journel and Alabert, 
1988; Journel, 1989), simulation based on multiple-point statistics (Guardiano and 
Srivastava, 1993; Strebelle and Journel, 2000; Ortiz, 2003; Ortiz and Deutsch, 2004; Daly 
and Caers, 2010; Mariethoz and Caers, 2014), truncated Gaussian and plurigaussian 
simulation (Matheron et al., 1987; Beucher et al., 1993; Galli et al., 1994; Le Loc’h et al., 
1994; Le Loc’h and Galli, 1997; Armstrong et al., 2011). Since the truncated Gaussian and 
plurigaussian will play a key role in this thesis, these methods are detailed in the following 
section.  

2.1. Truncated Gaussian model  

The underlying idea in truncated Gaussian model is to simulate a Gaussian random field in 
the region of interest and to obtain the geological domain at each specific location 
depending on the simulated Gaussian value at this location (Matheron et al., 1987; Galli et 
al., 1994; Armstrong et al., 2011). For instance, to simulate two geological domains, each 
covering 50% of the study region, one defines a truncation threshold set to 0 (median of the 
standard Gaussian distribution) (Figure 2.6). In general, the values of the truncation 
thresholds define the proportion of space covered by each geological domain.  
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Figure 2.6: An example of truncation rule to convert a Gaussian field into two rock type domains 

 

The design of the truncated Gaussian model is motivated by its simplicity of use and by the 
existence of numerous algorithms for simulating Gaussian random fields (at least, in the 
case of stationary random fields) and for conditioning the realizations to pre-existing 
categorical data (Lantuéjoul, 2002; Chilès and Delfiner, 2012). Along with the truncation 
threshold(s), one needs to determine the auto-covariance function of the underlying 
Gaussian random field in order to complete the determination of the model. This covariance 
function can be inferred from the covariance functions of the domain indicators, as there is 
a one-to-one relationship between Gaussian and indicator covariance functions (Armstrong 
et al., 2011). In practice, instead of covariance functions, one often works with variograms. 
If one denotes by y a truncation threshold, by G the cumulative distribution function of the 
standard normal distribution, and by γy and γ the indicator and Gaussian variograms, 
respectively, then the following relationship holds (Matheron, 1975; Kyriakidis et al., 1999; 
Chilès and Delfiner, 2012): 

 

st = u�v�[1 − u�v�] − 12+ I exp w− v@1 + sin �(�x G(yz{|�} ��'~�
/  (2.11) 

 

As a matter of fact, the variogram of the Gaussian random field controls the regularity of 
the boundary between geological domains: if this variogram is smooth near the origin, then 
the boundary will be regular; otherwise the boundary will be erratic (Lantuéjoul, 2002).  
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The conditional simulation of a truncated Gaussian model can be performed in three steps. 
First, knowing the covariance function of the underlying Gaussian random field, one can 
generate a set of Gaussian values at the data locations in agreement with this covariance 
function and with the coding of geological domains (this step can be performed by Gibbs 
sampling, which will be explained later). Then one can perform a multigaussian simulation 
using the Gaussian values of the previous step as conditioning data. Finally, by truncating 
the Gaussian realizations according to the truncation rule, one obtains realizations of the 
geological domains (Figure 2.7).  
 
 

 

 

Figure 2.7: Simulated Gaussian random field and corresponding geological domains after truncation  

2.2. Plurigaussian model  

In many cases, the truncated Gaussian approach is restrictive. For instance, if there is no 
natural sequence in the rock types, or if a given rock type can be in contact with more than 
two other rock types, it is difficult to use truncated Gaussian approach (Galli et al., 1994; 
Armstrong et al., 2011). To overcome this restriction, one can use the plurigaussian model, 
which extends the truncated Gaussian model by considering two or more Gaussian random 
fields and using a truncation rule to convert these Gaussian fields into geological domains 
(Figures 2.8 and 2.9) (Le Loc’h et al., 1994; Le Loc’h and Galli, 1997).  
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Figure 2.8 : An example of truncation rule with two Gaussian random fields and two different thresholds 

 

 

Figure 2.9: Simulated Gaussian random fields and corresponding  
geological domains obtained after truncation  
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The plurigaussian model thus gives more flexibility for defining geological domains, as the 
user has several free parameters such as the number of underlying Gaussian random fields, 
their direct and cross covariances or variograms, and the definition of truncation thresholds. 
The latter are related to the proportions of space covered by the different domains, while 
the former are related to their spatial continuity (indicator direct and cross variograms).The 
simulation of a plurigaussian model is similar to that of the truncated Gaussian model 
(Lantuéjoul, 2002; Armstrong et al., 2011): 

• Gibbs sampling for simulating the Gaussian random fields at the conditioning data 
locations, conditionally to the categorical data. 
 

• Multigaussian simulation for simulating the Gaussian random fields at the target 
locations. 
 

• Truncation to convert the simulated Gaussian fields into geological domains. 

 

2.3. Gibbs sampler 

As mentioned before, in the process of truncated Gaussian and plurigaussian simulation, 
one needs to generate Gaussian values at the data locations and then, with the generated 
values, one can perform simulation at the desired target locations. As this last step can be 
done with any multigaussian simulation algorithm, it remains only to generate Gaussian 
values at the data locations, which can be done with a Monte Carlo Markov Chain 
(MCMC) algorithm known as the “Gibbs sampler” (Freulon, 1992; Chan, 1993; Le Loc’h 
and Galli, 1997; Emery, 2007a; Armstrong el al., 2011). Let us explain this algorithm 
through a simple example consisting of two rock type domains (coded as “1” or “2”) that 
are defined by considering a single Gaussian random field Y(x) and a single truncation 
threshold (y): 

� ���� < v if rock type “1” prevails at ����� ≥ v if rock type “2” prevails at �  
 

2.3.1. First stage: Initialization 

At this stage, one defines an arbitrary value for Y(x) at each data location that fulfills the 
conditions imposed by the geological domain prevailing at this location (i.e., the value 
should be smaller than y if the location corresponds to rock type 1, larger than y otherwise). 
The generated values are obtained independently between one location and another, so that 
they do not reproduce the desired spatial continuity for Y(x). 
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2.3.2. Second stage: Iteration 

(a) Select a data location, say ��. The selection can be done in a regular or a random 
order, provided that each data location would be selected infinitely many times if 
the number of iterations gets infinite. 

(b) Calculate the distribution of ����� conditional to all the other data {�����: � ≠ .}. 
This is a Gaussian distribution, with mean equal to the simple kriging prediction of ����� and variance equal to the simple kriging variance. 

(c) Simulate a random variable �� according to the previous conditional distribution. 
(d) If �� is compatible with the rock type prevailing at location �� (i.e., �� is smaller 

than y if �� corresponds to rock type 1, or it is larger than y if �� corresponds to 
rock type 2), replace the current value of ����� by ��. If it is not compatible, one 
can go back to step (c) until obtaining a compatible value, or go back to step (a). 

(e) Go back to step (a) and loop many times. 

 

 

Figure 2.10: Generating a set of Gaussian values by Gibbs sampling 

 

The practice of the Gibbs sampler requires some care in two aspects: the calculation of 
kriging predictions and kriging variances at step (b) and the number of iterations required 
before stopping the algorithm. Regarding the first aspect, Emery et al. (2014) proved that 
the successive vectors simulated in the iterative phase do not converge in distribution to the 
desired distribution unless kriging is performed in a unique neighborhood. Some variations 
of the Gibbs sampler have been proposed to avoid solving a large kriging system (Arroyo et 
al., 2012; Lantuéjoul and Desassis, 2012), but so far these are restricted to the simulation of 
stationary Gaussian random fields (thus not directly applicable in this thesis). As for the 
number of required iterations, it can be determined through statistical testing (Emery, 
2008a) or through an empirical assessment of the convergence of the Gibbs sampler 
(Lantuéjoul, 2002; Armstrong et al., 2011). 
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3. Joint simulation of grade and rock types 

In the multigaussian simulation approach, one simulates a continuous variable (say, a metal 
grade) by means of a Gaussian random field in order to construct the grade realizations. In 
the truncated Gaussian and plurigaussian approaches for simulating categorical variables, 
one uses auxiliary Gaussian random fields to construct realizations of geological domains 
(rock type domains). As a consequence, by introducing spatial cross-correlations between 
the Gaussian random field associated with the grade and the Gaussian random field(s) 
associated with the rock type, one can take account of the dependency between rock types 
and grades and impose this dependency by jointly simulating all these Gaussian random 
fields. Finally, when obtaining the results of the Gaussian joint simulation, one can 
transform the simulated Gaussian random fields into simulated grades and rock types by 
using the anamorphosis function and the truncation rule, respectively. This idea and 
variants of it have been explored by a few authors in the past decades (Dowd, 1994, 1997; 
Bahar and Kelkar, 2002; Emery and Silva, 2009; Cáceres and Emery, 2010).  

Specifically, in order to perform joint simulation of grades and rock types, the following 
steps should be taken (Emery and Silva, 2009): 

 
1- At the first step, one has to codify the rock type information into indicators  

∀ x ∈ Rd,   ∀i ∈ �1, … , � ,   Θ���� = �1 if � belong to rock type i0  otherwise                           
 

2- Then one has to transform the continuous variable (grade, denoted as �/) into a 
Gaussian variable (�/) and model the corresponding anamorphosis function �. 

∀ x ∈ Rd,  �/��� = ���/����, 
 

3- After obtaining the Gaussian and indicator data, one has to calculate their direct 
and cross covariances or variograms. 
 

4- According to the spatial relationships and contacts between rock types, one has 
to determine a truncation rule and the number (N) of Gaussian random fields 
{ ��,…, ��} needed to model the rock type layout with plurigaussian simulation 
(or truncated Gaussian simulation if N = 1). By determining the truncation rule, 
one specifies the number of thresholds. The threshold values can be determined 
according to the proportion of each rock type.  
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5- The most important step is then to propose a coregionalization model for the 
previously defined Gaussian random fields {�/, ��,…, ��}. The model should be 
defined so as to fit the experimental direct and cross covariances or variograms 
of the Gaussian random field �/ and rock type indicators Θ� … , Θ}. This step 
will be explained in detail through the real case study presented in Chapter 5. 

Finally, after determining the coregionalization model, one jointly simulates the Gaussian 
random fields, by means of multigaussian simulation algorithms and Gibbs sampling. The 
realization of the categorical variable (rock type) is obtained by truncating the simulated 
Gaussian values of ��,…, �� according to the truncation rule, while the realization of the 
continuous variable (grade) is obtained by transforming the simulated Gaussian values of �/ according to the anamorphosis function. Figure 2.11 illustrates the different steps of joint 
simulation. 

 

 

Figure 2.11: The process of stationary joint simulation (Maleki and Emery, 2015) 
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Joint simulation accounts for the uncertainty in the spatial layout of the boundaries between 
rock type domains, which is ignored when using a deterministic geological model. Also it 
considers the spatial correlation of the continuous variable across the boundaries, which is 
ignored when performing a cascade simulation of the categorical and continuous variables. 
In addition, joint simulation accounts for the spatial dependencies between the continuous 
and categorical variables. For more information on the advantages of this approach 
compared with other methods and for application case studies, the interested readers can 
consult Emery and Silva (2009) and Maleki and Emery (2015); the latter reference is 
reproduced in Chapter 5.   
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Chapter 3: From stationary to  

intrinsic random fields of order k 

1. Non-stationary geological domains    

As mentioned in the previous chapter, many models and algorithms have been designed for 
simulating categorical regionalized variables such as rock types. However, most of these 
are based on a stationarity hypothesis. In other words, it is assumed that the probability of 
presence of each rock type is constant throughout the region under study. This assumption 
is unrealistic, insofar as the probability of occurrence of different rock types is generally 
not constant under translation. Under these circumstances, one should think of using non-
stationary simulation methods. For instance, in the process of truncated Gaussian or 
plurigaussian simulation, one may introduce local proportions of rock types for determining 
the truncation thresholds.  

One solution for dealing with non-stationary geological domains is using local proportions 
instead of global proportions. It means that one should define the local proportion (viewed 
as the probability of occurrence) of each rock type in different parts of the region under 
study. When performing simulation, instead of global proportions, the local proportions of 
rock types will be used.  

 

Figure 3.1: Deducing the proportion of each rock type in specific blocks from available data 

 

For instance, in Figure 3.1, one has four blocks to simulate. From the available data one can 
deduce that, in block number 2, the proportion of rock type A is seventy five percent and 
the proportion of rock type B is twenty five percent. So, if one generates one hundred 
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realizations in this block, approximately seventy five realizations should correspond to rock 
type A and twenty five realizations should correspond to rock type B. In the same way, if 
one generates one hundred realizations in block number 3, all the realizations would be 
rock type C. 

The idea of using local proportions is interesting and seems logical. However, in practice 
there are some difficulties: 

• The first problem is how to calculate the local proportions in all parts of the region 
under study. The simplest response that comes to mind is calculating the local 
proportion with the available drill hole data, but the calculations may be unreliable 
when these data are scarce or non-evenly distributed.  
 

• One may use an interpreted block model that is provided by geologists for deducing 
the local proportion of each rock type across the region under study. However, there 
is also a level of uncertainty in the interpreted block model and the accuracy of this 
model may be questionable.  

Other methods can be used for modeling non-stationary geological domains. In this thesis, 
in order to model non-stationary geological domains and to avoid these disadvantages of 
using the local proportions approach, we will resort to models based on intrinsic random 
fields of order k or IRF-k, for short (Matheron, 1973). Briefly, in order to generate a 
realization of non-stationary geological domains, the idea is to consider the truncation of 
such an IRF-k with Gaussian generalized increments (Matheron, 1973; Dimitrakopoulos, 
1990; Chilès and Delfiner, 2012), following the recent work by Madaniesfahani (2016).  

In the following sections, the stationarity hypothesis will be reviewed. Then, the concepts, 
methods and tools that will be used in this thesis for modeling non-stationary geological 
domains will be explained.  

2. Review of stationarity hypotheses  

The possibility of statistical inference (inference of the model parameters such as the mean, 
variance or variogram) often relies on a stationarity assumption, which allows substituting a 
repetition over different realizations of a random field at a given location, by a repetition 
over a single realization of the random field within a sufficiently large domain (Matheron, 
1989; Chilès and Delfiner, 2012).  
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2.1. Stationary random fields (strict stationarity) 

In geostatistical simulation it is common to assume that the random field Z = {Z(x): x ∈ Rd} 

under study is (strictly) stationary, i.e. that its finite-dimensional distributions are invariant 
under translation (Chilès and Delfiner, 2012, Matheron, 1971). So, for any vector h and any 
set of locations {x1,…, xk} and thresholds {z1,…, zk}: 

 

Pr ob[����� < ��, … . , ���#� < �#] = Prob [���� + ℎ� < ��, … . , ���# + ℎ� < �#] (3.1) 

 
 
Physically this means that the random field is homogeneous in space and, so to speak, 
repeats itself in the whole space. This makes statistical inference possible on a single 
realization.  

2.2. Second-order stationarity 

Strict stationarity requires all the moments of the finite-dimensional distributions to be 
invariant under translation, but since this cannot be verified from the limited experimental 
data, one usually restricts it to the first two moments (the mean and the covariance 
function). This is called “weak” or second-order stationarity. In other words, the expected 
value (or mean) of Z(x) must be constant for all points x. Secondly, the covariance function 
between any two points x and x+h depends on the vector h but not on x. In summary, the 
first and second moments should exist and be invariant under translation (Chilès and 
Delfiner, 2012, Matheron, 1971): 

 

� E[����] = �                                              E�[���� − �][��� + ℎ� − �] = C�ℎ� (3.2) 

 

Note that, provided its first and second order moments exist, a strictly stationary random 
field is also second-order stationary. Conversely, a second-order stationary random field is 
not necessarily strictly stationary, because its higher order moments may not be invariant 
through a translation (Chilès and Delfiner, 2012). 

2.3. Intrinsic stationarity (IRF-Order 0) 

In practice the previous assumptions may still be questionable for representing regionalized 
variables with non-homogeneous spatial variations. Therefore, for dealing with this kind of 
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situations, one can privilege the stationarity of the increments over the stationarity of the 
random field itself. This milder hypothesis assumes that for every vector h the increment ���� = ��� + ℎ� − ���� is a second-order stationary random field. Then Z(x) is called an 
intrinsic random field (of order 0) and is characterized by the following properties 
(Matheron, 1971): 

 

� E[��� + ℎ� − ����] = 0                 E�[��� + ℎ� − ����]@ = 2γ�ℎ�        (3.3) 

 
with γ�ℎ� the (semi)variogram. 

For instance, as can be seen in Figure 3.2, the (realization of the) random field shows a 
clear trend along the x direction. However, by calculating the increments of this random 
field one can obtain a new field that does not exhibit trend anymore. So, one can model the 
original field as an intrinsic random field.  

 

  

Figure 3.2: (A) a random field with trend (B) increments of the random field with a stationary behavior 

 

There are some main changes when passing from stationary to intrinsic random fields 
(Chilès and Delfiner, 2012, Matheron, 1971): 

• The basic working tool of the stationary case, the covariance function C�ℎ� is 
replaced by the variogram γ�ℎ�. This is more general, since the class of valid 
variogram functions is broader than the class of covariance functions, as C�ℎ� must 
be positive semi-definite whereas it is only required that −γ�ℎ� be conditionally 
positive semi-definite (Armstrong and Jabin, 1981). In contrast to the covariance 
function, the variogram may be unbounded, and this enables the description of 
phenomena with a potentially unlimited dispersion (theoretically infinite variance).  
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• In the stationary case there exists a mean value (m) around which the random field 

fluctuates. The phenomenon remains “controlled” in the sense that the deviations 
from the mean are never too large nor last too long. In the case of an intrinsic 
random field (of order 0) with an unbounded variogram, no such regulation exists. 
There is no constant mean value (m). Such a random field is defined up to an 
arbitrary constant and is generally studied only through its increments. 

 
• In the case of a second-order stationary random field, any linear combination 

 

� = c λ�������  (3.4) 

 

has the variance: 
 

Var  c λ� �����¡ = c c λ�λ��� C��� − ��� (3.5) 

 
where C�ℎ� is the covariance function. In the case of an intrinsic random field, only 
special linear combinations have a finite variance, the allowable ones, satisfying the 
condition ∑ λ� = 0. The variance is then calculated by using −γ�ℎ� as if it were a 
covariance function: 
 

Var  c λ� �����¡ = − c c λ�λ��� γ��� − ��� (3.6) 

 
Other linear combinations do not, in general, have a finite variance. Thus, at the cost 
of a relatively minor operating restriction (only use linear combinations whose 
weights sum up to zero), one gains the possibility of dealing with a larger class of 
phenomena that cannot be represented by stationary random fields. In fact, the 
intrinsic hypothesis allows using a wider range of variograms but the weights must 
sum to zero (in the intrinsic model, one can only calculate the expectation and the 
variance of linear combinations with weights adding to zero). In contrast, the range 
of admissible variogram models is more restricted for the stationary hypothesis but 
any weighting factors may be used (Chilès and Delfiner, 2012). 
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3. Non-stationary modeling 

The use of stationary  or intrinsic models may still be questionable in some circumstances, 
as it may not allow accounting for local changes of the phenomenon under study, in 
particular, local changes in the mean value (trends), in the dispersion (proportional effects) 
and in the spatial continuity (e.g., local anisotropies or local ranges of correlation). In fact, 
many natural parameters do not fulfill the second-order or intrinsic stationarity hypothesis, 
because of known systematic changes in the parameter values. Therefore, many approaches 
have been proposed to alleviate even more these stationary assumptions. In the following 
section some well-known methods that are used in this thesis for modeling non-stationary 
random fields will be explained.  

3.1. Universal kriging  

In the universal kriging model, the random field is split into two components (Matheron, 
1971; Chilès, 1977; Goovaerts, 1997; Deutsch and Journel, 1998; Chilès and Delfiner, 
2012): 

• R��� a deterministic drift that accounts for the spatial trend  

• ���� a random residual that is assumed second-order stationary or intrinsic 

such that: 

 

���� = ���� + R��� (3.7) 

 

where ���� is the random field under study, R��� is the drift, and ���� is the fluctuation, or 
residual, about this drift (Figure 3.3). In fact, the residual represents the variations in the 
small scale and reflects local anomalies, whereas the drift represents the variations in the 
large scale. 
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Figure 3.3 : Dichotomy into drift and residual 

 

Obviously, if the drift is removed from the regionalized variable, the residual is stationary 
or intrinsic and ordinary kriging can be applied to it. So, one can do the following three 
steps:  

• The drift is estimated and removed to form stationary residuals at the data points 

• The stationary residuals are kriged to obtain a prediction of the residuals at un-
sampled locations 

• The predicted residuals are combined with the drift to obtain a prediction of the 
actual regionalized variable. 

The drawback of this approach (residual kriging) is that it relies on an estimate of the drift, 
which is actually uncertain. So, instead of performing this complicated series of operations, 
one can generalize the kriging system of equations in order to incorporate additional 
Lagrange multipliers that represent the constraints imposed by the addition of a drift. Then 
the kriging weights are estimated as thought the drift effect had been removed from the 
regionalized variable. By having a set of data at locations ��, … , �� and a location �/ 
targeted for prediction, the universal kriging predictor is of the form: 

 

�∗��/� = c £¤���¤��
¤��  (3.8) 
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In this approach, one assumes that the drift is a linear combination of known basis 
functions, but with unknown coefficients (Matheron, 1971; Chilès, 1977): 

R��� = c 3"R"���#
"�/  (3.9) 

 

where R" is a basis function defined according to the nature of the drift or trend, and 3" is 
an unknown coefficient. Usually the first basis function is the constant function identically 
equal to 1, which guarantees that the constant-mean case is included in the model. In the 
universal kriging approach, the remaining functions are usually chosen as polynomials of 
the coordinates (Matheron, 1971, 1973; Chilès, 1977; Chilès and Delfiner, 2012). For 
instance, in the presence of a quadratic trend in the x direction, R��� is equal to: 

 

R��� = 3/ + 3�� + 3@�@ 

 

Similarly, if one has a quadratic trend in the x and y directions, R��, v� is equal to: 

 

R��, v� = 3/ + 3�� + 3@v + 3H�@ + 3¥v@ + 3¦�v 

 

Finally, by imposing the restrictions of linearity, authorization, unbiasedness and optimality 
one can obtain the following universal kriging equations, depending on whether the 
residual is second-order stationary or intrinsic (Matheron, 1971; Goovaerts, 1997; Chilès 
and Delfiner, 2012):  

• universal kriging with second-order stationary residual  
 

§C ��¤ − �¨� R"��¤�R"��¨� 0 © × e£n̈« j = eC ��¤ − �/�R"��/� j (3.10) 

 
 

• universal kriging with intrinsic residual 
 
 

§s ��¤ − �¨� R"��¤�R"��¨� 0 © × e £¨−n«j = es ��¤ − �/�R"��/� j (3.11) 
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Using universal kriging is not always straightforward. In fact, one of the main difficulties in 
the separation into drift and residual relates with variogram analysis. Indeed, due to the 
presence of the drift, the sample variogram of the original data is a biased estimator of the 
underlying variogram (Matheron, 1971; Chilès, 1977; Chilès and Delfiner, 2012). 

In addition, even if one considers the variogram analysis of the residual instead of the 
original data, since this residual is unknown, one has to estimate it at the data locations. 
However, supposing that one estimates the drift and removes it from the data, the sample 
variogram of the estimated residual remains biased, especially at medium and large 
distances (Matheron, 1971; Chilès, 1977; Chilès and Delfiner, 2012). The inference of the 
variogram without bias can only be done in a few specific cases, such as having no drift 
along one direction of space (Journel and Huijbregts, 1978). The formalism of intrinsic 
random fields of order k explained in the next section is aimed at solving this inference 
problem while dealing with a more general class of non-stationary random fields. 

3.2. Intrinsic random fields of order k (IRF-k) 

3.2.1. Introduction  

As mentioned in the previous section, if the assumption of second-order stationarity is not 
satisfied, one can work with the increments of the random field. In this case the increments 
fulfill the assumptions of second-order stationarity. However, there exist many natural 
phenomena with a clear trend, for which even the increments are not stationary. For 
instance, one can mention the following phenomena: 

• In the geothermal reservoir modeling, temperature and pressure tend to increase 
with depth, whereas porosity and permeability tend to decrease (Chilès and Gable, 
1984; Suárez Arriaga and Samaniego, 1998).  

• In petroleum reservoir modeling, geometrical characteristics or petrophysical 
properties such as rock porosity present trends that cannot be dealt with stationary 
hypotheses (Chilès and Gable, 1984; Dimitrakopoulos, 1990). 

• In groundwater hydrology, the hydraulic gradient is often responsible for a trend in 
the parameters that characterize an aquifer system (de Marsily, 1986; Dong, 1990; 
Kitanidis, 1983; Kitanidis, 1999; Le Cointe, 2006). 

To overcome this problem, Matheron (1973) proposed the theory of intrinsic random fields 
of order k. The key idea of intrinsic random fields of order k is to work with higher order 
increments (“generalized increments”) that can filter out the trend and be stationary. As an 
example, consider a non-stationary random field that presents a quadratic drift. In order to 
obtain a stationary random field one can calculate the increment of the initial random field. 
However, as can be seen in Figure 3.4A, even after calculating the increments, these are not 
stationary. So, one can go one step further and calculate the increments of the previous 
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increments in order to obtain stationary generalized increments. As shown in Figure 3.4B 
the results do not present drift and agree with an assumption of stationarity. In other words, 
by calculating twice the increments one obtains a stationary random field. Therefore, one 
can conclude that the original field is an intrinsic random field of order 1.  

  

First increments ���� = ��� + ℎ� − ���� Second increments u��� = ��� + ℎ� − ���� 
Figure 3.4: calculating first and second increments in order to obtain stationary generalized increments 

 

3.2.2. Generalized increments of order k (authorized linear combinations of order k) 

Under the standard intrinsic hypothesis, instead of dealing with the original random field, 
one deals with its increments. This procedure filters out the constant values and the 
modeling is done with the variogram instead of the covariance function. Intrinsic random 
fields of order k go one step further and try to filter out not only the constant value, but also 
all probable drift in the region under study, by working with higher – order increments 
(Matheron, 1973; Chilès, 1977; Chilès and Delfiner, 2012). In this respect, first of all, such 
an increment, also called a “generalized increment of order k” or an “authorized linear 
combination of order k” (ALC- k, for short), is defined as a system of weights and locations λ = �λ�, �� , such that, for any monomial R" of degree less than or equal to k, one has: 

 

c £!R"
! ��!� = 0 (3.12) 

 
In other words, the authorized linear combinations of order 0 are increments that filter out 
the constant values and the authorized linear combinations of order k are generalized 
increments that filter out the polynomials of degree k or less. 
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In the following, it is shown that how authorized linear combinations of order k are formed 
in order to filter out the drift. As mentioned in the universal kriging model, suppose that, 
instead of a complete knowledge of the drift, its functional form is given: 

 

R��� =  c 3"R"���¬
"�/  

(3.13) 

 

where coefficients 3" are unknown.  

The generalized increments are formed in such a way that the unknown drift coefficients 3" 

do not influence them. Z(λ) is such an increment if it is of the form:  

 

Z(λ) =  ∑ £!���!��!��  
(3.14) 

 

Here £ stands for the vector of weights (£� … £��, such that the value of the increment is 
independent of the drift. According to the concepts of IRF-k, the increment is independent 
of the unknown coefficients 3" of the drift if: 

 

c £!R"��!� = 0�
!��  

(3.15) 

As a result, for all  ≤ ¯ in the one-dimensional space: 

 

c £!�!1 = 0�
!��  

(3.16) 

For all p, q such that  + ° ≤ ¯ in the two-dimensional space: 

c £!�!1v!5 = 0�
!��  (3.17) 
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c £!�!1v!5 = 0�
!��  (3.18) 

For all p, q, r such that  + ° + P ≤ ¯ in the three-dimensional space:  

c £!�!1v!5�!L = 0�
!��  (3.19) 

There exists a criterion about the minimal number of locations that should be used for 
constructing a generalized increment of order k, which depends on the order k and on the 
workspace dimension (d). According to Chilès and Delfiner (2012), this minimal number of 
locations can be obtained from the following formula: 

1 + �¯ + G�!¯! G!  (3.20) 

Since the unbiasedness constraint of universal kriging is the same as the constraint of 
generalized increments of order k, one can use universal kriging for calculating weights of 
generalized increments. For this purpose, one just needs to predict the random field at a 
location from the values at the remaining locations, by universal kriging with any arbitrary 
covariance function. For instance, Figure 3.5 shows a configuration of eight locations. By 
performing universal kriging one can assign a weight for each location in order to construct 
a generalized increment of order k.  

 

Figure 3.5: configuration of eight data 
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As can be seen in the next tables, the weight assigned to each data location varies from 
order to order (Tables 3.1 and 3.2). 

 

Table 3.1: weights assigned to eight locations (order 1) 

Location 1 2 3 4 5 6 7 8 

Weights 

for order 
1 

-1 0.2942 0.2615 0.3838 0.8881 0.6786 0.4846 0.6318 

0.6062 -1 0.1612 0.2645 0.0743 0.3991 0.2184 0.1755 

0.1367 0.4378 -1 0.3373 0.0489 0.2644 0.0282 0.258 

0.012 0.1503 0.1314 -1 -0.2474 0.2296 0.047 -0.1222 

0.0672 0.0644 0.226 0.1942 -1 -0.1001 0.1311 0.0155 

0.1189 0.0163 0.0222 0.3614 0.2022 -1 0.1086 0.2636 

0.0221 0.105 0.0615 -0.3778 0.5916 -0.1844 -1 -0.2222 

0.0369 -0.068 0.1363 -0.1635 -0.5578 -0.2873 -0.0178 -1 

Sum 0 0 0 0 0 0 0 0 

 

Table 3.2: weights assigned to eight locations (order 2) 

Location 1 2 3 4 5 6 7 8 

Weights 
for order 

2 

-1 0.187 0.7322 4.5963 0.704 0.4443 0.4546 1.5609 

0.8025 -1 -0.0423 -1.7688 -1.0572 -4.0994 0.4771 -0.0946 

-0.0726 0.372 -1 -1.3284 14.5969 14.7234 -0.0023 -0.0475 

0.2611 0.6338 0.5618 -1 -5.8135 
-

12.8335 
0.2238 -0.0425 

-0.0078 0.3875 -0.0479 -4.1194 -1 3.1834 0.0497 -1.0746 

0.099 -0.5419 0.0477 3.344 
-

15.4828 
-1 -0.0968 0.2698 

0.0138 -0.0571 -0.1851 0.2239 5.5825 0.3647 -1 0.4286 

-0.0959 0.0186 -0.0665 0.0524 2.4702 -0.7829 -0.1062 -1 

Sum 0 0 0 0 0 0 0 0 
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3.2.3. Definition of intrinsic random fields of order k (IRF-k) 

From a mathematical viewpoint, a random field Z = {Z(x): x ∈ Rd} is an intrinsic random 

field of order k (shortly IRF-k) if its generalized increments of order k or authorized linear 
combinations of order k (ALC-k) have a zero expectation and a variance that is invariant 
under a spatial translation (Matheron, 1973; Chilès, 1977; Chilès and Delfiner, 2012).  

If �λ�, ��  is an ALC-k, then: 

 

∀ℎ,
²³́
³µE[c λ����� + ℎ�] = 0�var [c λ����� + ℎ�] �

 

 

does not depend on h 

 
In addition, according to the above definition, if �� is an IRF-k, then for each random field �@ that differs from �� by a polynomial of degree ≤ ¯ and for each ALC-k £ = �λ�, �� , one 
has: 

c £!����!�! = c £!�@��!�!  (3.21) 

 
This identity is due to the fact that the authorized linear combinations of order k filter out 
the polynomials of degree less than or equal to k, therefore �� and �@ are indistinguishable 
if one only works with ALC-k. 

One can therefore extend the definition of an IRF-k to an equivalence class of random 
fields that differ by a (deterministic or random) polynomial of degree less than or equal to 
k, and from which one member of the class is an IRF-k in the sense of the first definition. 
This amount to defining an IRF-k as an application Z on the class Λ# of ALC-k such that: 

 

∀λ ∈ Λk, Z(λ) = ∑ £!���!�!  

 

So, we can say that:  

• Z = {Z(λ): λ ∈ Λk} is an intrinsic random field of order ¯ 

• Z = {Z(x): x ∈ Rd} is a representation of this intrinsic random field. 
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In summary, the regionalized variable is viewed as one realization of one representation of 
an intrinsic random field of order k, which is a class of random fields defined up to a 
polynomial of degree less than or equal to k. Each element of the class generates the same 
generalized increments or authorized linear combinations of order k. 

3.2.4. Generalized covariance 

The spatial structure of a stationary random field ���� is defined by its ordinary covariance 
function C�ℎ�. In addition, the variogram s�ℎ� can also be used as a structural analysis tool 
if only the increments of the random field are assumed stationary (intrinsic stationarity 
assumption). However, s�ℎ� only allows calculating the variance of a linear combination 
whose weights sum up to zero, which are ALC-0. In the same manner when the stationary 
assumptions are limited to the generalized increments of order k, what characterizes the 
correlation structure of ���� is a new function called the generalized covariance function 
and usually denoted by ·�ℎ�. For second-order stationary random fields, the generalized 
covariance is the usual covariance. For an IRF-0, the generalized covariance is minus the 
variogram, which is broader than the class of ordinary covariances (Chilès and Delfiner, 
2012; Matheron, 1973). Just as there were more models for variograms than for covariance, 
there are more models for generalized covariances than for both ordinary covariances and 
variograms. In fact, the class of generalized covariances becomes broader and broader 
when k increases. 

Let Z be an IRF-k and Z be one of its representations. From a mathematical point of view, a 

symmetric function ·�ℎ� defined on Rd is called a generalized covariance of Z if:  

 

∀£ = �λ�, �� ! ∈ Λ#, ∀μ = ¹μ�, �!º»! ∈ Λ# 

E[Z(λ)Z(µ)] = Cov¼∑ λ������ ,! ∑ μ�6 ���!º�½ = ∑ ∑ £!n6·��� − �!º�6!  (3.22) 

 

The variance of any ALC-k is: 

 

E[Z(λ)2] = var�∑ λ������ !  = ∑ ∑ £!£6·��� − ���6!   (3.23) 

 

In other words, one can calculate the variance of any linear combination of order k as if 
there exists an ordinary covariance function, but by replacing this hypothetical covariance 
by the generalized covariance ·�ℎ�. 
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In addition to all the ordinary covariances, which are also generalized covariances, specific 
generalized covariance models have been developed, such as (Figure 3.6):  

• Power model ·�ℎ� =  �−1�#9�|ℎ|¤ 

with ¾ ∈ R+ and ̄ ∈ N such that 2¯ < ¾ < 2¯ + 2 

 

• Spline model ·�ℎ� = �−1�#9�|ℎ|@# ln�|ℎ|� with ̄ ∈ N 

 

 

A 

 

B 

Figure 3.6: Generalized covariance of differents orders for the Power model (A) and Spline model (B) 
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Figure 3.7 shows realizations of (representations of) IRF-k with power or spline generalized 
covariance of different orders.  

 

Figure 3.7: Examples of realizations of intrinsic random fields with power or spline generalized covariance 
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Several approaches have been proposed for identifying the generalized covariance function 
from a set of data on (a representation of) the intrinsic random field. Some of these 
approaches are non-parametric, i.e., do not presume that the generalized covariance belongs 
to a parametric family of functions (Cressie, 1987; Chilès and Gentier, 1993; Chiasson and 
Soulie, 1997; Huang et al., 2009), while others are essentially parametric and are often 
applicable only within the scope of automatic or semi-automatic structure identification 
(Delfiner, 1976; Chilès, 1977; Kitanidis, 1983, 1985; Marshall and Mardia, 1985; Stein, 
1986; Renard, 1989; Zimmerman, 1989; Bruno and Raspa, 1993; Pardo-Igúzquiza, 1997; 
Kunsch et al., 1997; Cassiani and Christakos, 1998). 

3.2.5. Generalized variogram  

An important drawback of the generalized covariance is that one cannot calculate an 
experimental covariance and, as a result, one cannot choose and fit a model graphically. So, 
structure identification is not as straightforward or intuitive as in the stationary case. As a 
solution, one can use and work with the so-called generalized variogram instead of the 
generalized covariance (Chilès and Delfiner, 2012). The generalized variogram can be 
calculated experimentally and can be displayed and fitted graphically. The generalized 
variogram for different orders is presented in the following formulae:  

¯ = 0 ∶  Γ�ℎ� =  12 À.D[��� + ℎ� − ����] 
 

(3.24) 

¯ = 1 ∶  Γ�ℎ� =  16 À.D[��� + 2ℎ� − 2 ��� + ℎ� + ����] 
 

(3.25) 

¯ = 2 ∶  Γ�ℎ� =  120 À.D[��� + 3ℎ� − 3 ��� + 2ℎ� + 3 ��� + ℎ� − ����] 
 

(3.26) 

where Γ�ℎ� is the generalized variogram. The variance can be estimated experimentally by 
the mean squared value. 

Also there is a relation between generalized covariance and generalized variograms through 
the following formulae (Chilès and Delfiner, 2012):  
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¯ = 1 ∶  Γ�ℎ� =  ·�0� − 43 ·�ℎ� + 13 ·�2ℎ� 

 

(3.27) 

¯ = 2 ∶  Γ�ℎ� =  ·�0� − 32 ·�ℎ� + 35 ·�2ℎ� − 110 ·�3ℎ� (3.28) 

3.2.6. Internal representation  

Some representations of an IRF-k may be written as authorized linear combinations of 
order k, therefore they have a finite expectation, a finite variance and a finite covariance 
function (in general, this covariance is not stationary and is a function C��, �º� rather than C�� − �º�). Such representations are called internal representations. 

For example, if Z = {Z(x): x ∈ Rd} is a representation of an IRF-0, then one can define 

another representation Y = {Y(x): x ∈ Rd} that differs by a constant value, by putting: 

 

���� = ���� − ���/� 
(3.29) 

 

This second representation � is an increment; therefore it has a finite expectation and a 
finite variance. Generally, if � is a representation of an intrinsic random field of order k and λ = ��λ�, �� �; �−1, �� ∈ ΛÃ, , then an internal representation can be defined by putting:  

 

���� = ���� − c £! ���!�!  (3.30) 

 

The covariance function of the internal representation Y = {Y(x): x ∈ Rd} can be expressed 

as if Z had a stationary covariance function, but replacing this hypothetical covariance by 
the generalized covariance. One finds: 

 

cov�����, ��xº� = ·�� − �º� − c £!·��! − �� −! c £!·��! − �º� −! c c £!£66! ·��! − �6� 

(3.31) 
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3.2.7. Intrinsic kriging 

Consider that the regionalized variable under study is a representation of an IRF-k with 
known generalized covariance ·�ℎ�. Denote by R"��� the basic functions (monomials of 

degree less than or equal to k) and by ·��� – �¨� the generalized covariance for the vector 

separating locations �� and �¨. Also, let ��,…, �� be the data locations and �/ the location 

targeted for prediction. According to the general rules of kriging (Matheron, 1971; Chilès 
and Delfiner, 2012), four restrictions should be fulfilled in order to deduce the final kriging 
system: 

 

• Linearity 
The predictor at location �/ is of the form: 

�∗��/� =  c £!���¤��
¤��  (3.32) 

 
 where �£¤: ¾ =  1 …  �  are weights to be defined later. 
 

• Authorization  
One has to be sure that the prediction error has a finite expectation and a finite 
variance. Therefore, the error must be an ALC-k, which entails the following 
conditions: 

c £¤R"��¤� = R"��/��
¤��  (3.33) 

 
• Unbiasedness  

The prediction error should have a zero expectation. As any ALC-k has a zero 
expectation, this constraint is automatically fulfilled.  
 

• Optimality 
One wants that the prediction error has a minimal variance. Because the variance of 
an ALC-k can be calculated as if there exists a covariance, by replacing this 
covariance by the generalized covariance, one has:  
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var����/�, ���/º � = ·�0� + c c £¤£¨
�

¨��
�

¤�� ·��¤ − �¨� − 2 c £¤·��¤ − �/�¤  (3.34) 

 
To minimize this variance under the authorization constraint (3.33), one has to 
introduce Lagrange multipliers. One finds: 
 

∀¾ = 1 … �, c £¨·��¤ − �¨� + c n«R«��¤� = ·�«
�

¨�� �¤ − �/� (3.35) 

 

Therefore, the system of equations to determine the kriging weights is as follows (Chauvet, 
1999; Wackernagel, 2003; Chilès and Delfiner, 2012): 

 

§·��¤ − �¨� R"��¤�R"��¨� 0 © × e£n̈« j = e· ��¤ − �/�R"��/� j (3.36) 

 

where μ« are Lagrange multipliers. As can be seen, the system of intrinsic kriging is the 
same as the one of universal kriging, with the difference that one should substitute the 
generalized covariance for the ordinary covariance or the variogram.  

3.2.8. Simulation of an IRF-k with Gaussian generalized increments 

Several approaches have been developed for simulating intrinsic random fields of order k 
with Gaussian generalized increments (i.e., such that the finite-dimensional distributions of 
the generalized increments are multivariate Gaussian). Among these, let us mention: 

• Sequential approaches (Chilès, 1995) 

• Dilution approaches (Chilès, 1995; Chilès and Delfiner, 2012) 
• Discrete spectral approaches (Chilès, 1995; Stein, 2001, 2002) 

• Continuous spectral approaches (Emery and Lantuéjoul, 2008; Arroyo and Emery, 
2016a, 2016b) 

• Turning bands (Chilès, 1977; Dimitrakopoulos, 1990; Emery and Lantuéjoul, 2006) 

• Gibbs sampling (Arroyo and Emery, 2015). 
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Continuous spectral approaches will be used in this thesis, insofar as they have proven to be 
computationally efficient, applicable to large-scale problems and to multivariate simulation, 
and accurate in the reproduction of the desired generalized covariance structure. The reader 
is referred to the next chapter for deeper algorithmic details. 

Apart from the Gibbs sampler, the aforementioned approaches produce non-conditional 
realizations. To condition the realizations to existing data, a post-processing stage is needed 
(Delfiner, 1976; Chilès and Delfiner, 2012), based on the kriging of the residuals between 
the conditioning data values and the simulated values at the data locations. This is similar to 
the procedure used for conditioning realizations of stationary Gaussian random fields, 
except that here intrinsic kriging has to be used instead of simple kriging in the residual 
kriging stage. 
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Chapter 4: Methodology 

 

In this chapter we explain the proposed method for the joint simulation of continuous and 
categorical variables when the categorical variable is represented by a non-stationary 
random field. To this end, this chapter is divided into two main parts. In the first part, it is 
explained how to infer the model parameters. The second part is dedicated to explain the 
algorithm used to simulate the continuous and categorical variables.  

1. Inference of model parameters 

The inference of model parameters consists of three steps: inference of the grade model, 
inference of the rock type model, and inference of the cross-correlation structure.  

1.1. Inference of the grade model 

As the grade (continuous variable) is viewed as a realization of a stationary random field, 
there is no difficulty in the process of determining the parameters of this variable, based on 
the multigaussian model explained in Chapter 2. First, one has to transform the grade data 
into standard Gaussian data and then calculate the experimental variogram (or covariance) 
of the transformed Gaussian data. Then, one fits a theoretical model to the experimental 
variogram (covariance) and obtains the parameters for the grade model.  

In the following, we will denote by �/ the stationary Gaussian random field associated with 
the grade and by ·/�ℎ� its stationary covariance function. 

1.2. Inference of the rock type model  

The following presentation is limited to the case of two rock types obtained by truncating a 
single intrinsic random field of order k, but the formalism could be extended to more rock 
types by considering the truncation of several intrinsic random fields (plurigaussian model) 
instead of a single one. 

In the stationary case, there exists a one-to-one relation between the covariance function Ä�ℎ� of a Gaussian random field and the covariance function Ct�ℎ� of an indicator random 

field obtained by truncation (Equation 2.11). This relation can be expressed by means of an 
expansion using Hermite polynomials (Matheron, 1975; Chilès and Delfiner, 2012): 
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Ct�ℎ� = r�v�@ c 1 Å1'�@9Æ
1�� �v�[Ä�ℎ�]1 (4.1) 

where {Hp: p ∈ N} are Hermite polynomials, v is the truncation threshold, and g is the 

standard Gaussian probability density function.  

When one considers a non-stationary random field (namely, an IRF-k with Gaussian 
generalized increments) instead of a stationary one, the spatial structure is no longer 
described by an ordinary covariance function and one should work with a generalized 
covariance that has no any clear relation with the indicator covariance. 

To overcome this difficulty, one can take advantage of an interesting characteristic of an 
intrinsic random field of order k, which is the concept of internal representation that was 
explained in the previous chapter. Such an internal representation of an intrinsic random 
field of order k will play a key role in the inference of the rock type model. As a matter of 
fact, because an internal representation is written as an authorized linear combination of 
order k, it has a finite covariance function that can be associated with the covariance 
function of the indicator random field obtained by truncation. In the following, let Z = 

{ Z(x): x ∈ Rd} be a representation of an intrinsic random field of order k, Z = {Z(λ): λ ∈ 

Λk}, with generalized covariance ·��ℎ� and Gaussian generalized increments, and truncate 
it at a given threshold z: 

ÇÈ��� = �1     if    ���� < � 0          otherwise (4.2) 

 
An internal representation of the same IRF-k can be obtained by putting: 

����� = ���� − c £!��������}
���  (4.3) 

where ���: i = 1, … , n  are given (fixed) locations, while λ���� is the universal kriging 
weight assigned to location �� when predicting location � with a pure nugget effect model 
(Equation 3.10): 

hI� F/ËF/ 0Ì,Ìi hΛ���M���i = h 0�,�F���i (4.4) 

where Î = �#9E�!#!E!  is the total number of basic drift functions {fl: l = 1… L} associated with 

the chosen order k and workspace dimension d, I� is the identity matrix with size � ×  �, 01,5 is the zero matrix with size  × °, F/ is the Î ×  � matrix with f «���� as the entry at 
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row g and column i, F��� is the Î ×  1 vector with entry f «��� at row g, Λ��� is the � ×  1 
vector of universal kriging weights, and M��� is a Î ×  1 vector of Lagrange multipliers. 
Using the formula giving the inverse of a 2 × 2 block matrix (Bernstein, 2005), one finds: 

 Λ��� = F/Ë�F/F/Ë�'� F��� (4.5) 

 

Denoting by �/ the � ×  1 vector with entry ����� at row i, one therefore has: 

 ����� = ���� − �/ËF/Ë�F/F/Ë�'�F��� (4.6) 
 
As can be seen, ����� differs from ���� by a combination of the components of F���, i.e., 
by a polynomial function of the coordinates of �, so that �� is a representation of the same 
IRF-k Z as Z. Furthermore, the expression of ����� is equal to a universal kriging error, 
which is an authorized linear combination of order k, which means that �� has zero mean, 

finite variance and ordinary covariance function. Hence Y1 = {Y1(x): x ∈ Rd} is an internal 

representation of Z. 

Recall that the minimal number of locations ���: i = 1, … , n  necessary for constructing an 
internal representation depends on the workspace dimension (d) and order of intrinsic 
random field of order k and can be calculated from the following equation (Chilès and 
Delfiner, 2012): 

� ≥ Î = �¯ + G�!¯! G!  (4.7) 

 

Now, the indicator (Equation 4.2) can be rewritten as: 
 ÇÈ��� = �1     if    ����� < � − ��� 0                        otherwise  (4.8) 

 

where ��� = �/ËF/Ë�F/F/Ë�'�F��� is a polynomial with random coefficients of the 
coordinates of �. The internal representation �� is a Gaussian random field, with zero mean 
and with a (non-stationary) covariance function C���, �′� that can be expressed as a 
function of the generalized covariance ·��ℎ� of Z: 

 C���, �′� = ·��� − �′�− c £!·���! − �� −! c £!·���! − �′� −! c c £!£66! ·���! − �6� (4.9) 
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The internal representation �� can now be standardized to a unit variance by putting: 
 

�Ð���� = �����?C���, �� (4.10) 

 
The covariance function of �Ð� is: 
 

Ä���, �′� = C���, �′�?C���, ��?C���′, �′� (4.11) 

 
Now Equation (4.8) can be rewritten as follows: 
 ÇÈ��� = �1   if    �Ð���� < v��� 0              otherwise  (4.12) 

 
with  
 

v��� = � − ���?C���, �� (4.13) 

 
Recalling the relationship between the covariance function of a standard Gaussian random 

field (�Ð�) and its indicator (Equation 4.1) one obtains: 

CÈ��, �′� = c Å1'��v����Å1'��v��º�� r�v����r�v��º��[Ä���, �′�]19Æ
1��  (4.14) 

 
Finally, the non-centered indicator covariance between any two locations � and �′ can be 
expressed as: 

Ñ�ÇÈ��� ÇÈ��′� = CÈ��, �′� + u�v����u�v��′�� (4.15) 

where u is the standard Gaussian cumulative distribution function. 

The right-hand side of Equation (4.15) depends on the generalized covariance function ·�, 
the locations ���: i =  1 …  n  and weights �λ����: i = 1, … , n  used to construct the internal 
representation (known), as well as the truncation threshold � and vector �/ (through the 
difference � − ��� that defines the numerator of v��� in Equation (4.13)), while the left-
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hand side can be calculated experimentally for each pair of data locations, for which the 
indicator (0 or 1) is known.  

Accordingly, if the generalized covariance ·� can be parameterized through a few 
parameters (e.g., by considering a set of known basic nested models weighted by unknown 
nonnegative coefficients), one can estimate these parameters jointly with the truncation 
threshold � and vector �/ by least squares fitting, in order to find the parameters that 
minimize the sum of squared errors between the theoretical covariances (Equation 4.15) 
and their experimental estimates. 
 
The following table summarizes the main tools that have been used in this subsection for 
rock type modeling.  

 

Table 4.1: Random fields, covariance tools and truncation thresholds used for rock type modeling  

Random field Notation Spatial correlation 
structure 

Truncation 
threshold 

Representation of 
IRF-k 

���� ·��� − �′� z 

Internal 
representation 

����� C���, �′� 
 

� − ��� 

Standardized internal 
representation 

 

�Ð���� 
Ä���, �′� 

� − ���?C���, �� 

Indicator ÇÈ��� CÈ��, �′�  

 

The above approach for inferring ·��ℎ� slightly differs from the one recently proposed by 
Madaniesfahani (2016), although both approaches rely on the passage from the initial 
representation of the intrinsic random field of order k to an internal representation of it, in 
order to establish a link between the generalized covariance ·��ℎ� and the indicator 
covariance CÈ��, �′�. In the approach by Madaniesfahani (2016), the internal representation 
Y1 is constructed by choosing ���: i = 1, … , n  among the data locations and the values of 
the truncation threshold z and of vector �/ are fixed, so that � − ��� =  −1. The approach 
proposed here does not make such assumptions and is more general. 
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1.3. Inference of the cross-correlation structure  

The key assumption in the inference of the cross-correlation structure is that the joint 
distribution of the stationary random field �/ associated with the grade and the generalized 
increments of the IRF-k Z (in particular, the internal representation �� and its standardized 

version �Ð�) are multivariate Gaussian.  

Let ·�/�ℎ� be the generalized cross-covariance between Z and �/. The cross covariance C�/ 
between the internal representation �� and �/ can be expressed as a function of ·�/ and of 
the locations ���: i = 1, … , n  and weights �λ����: i = 1, … , n  used to construct the internal 
representation: 

C�/��, �′� = cov M���� − c £!������!��
!�� , �/��′�Ò 

                  = ·�/�� − �′� − c £!���·�/��! − �′��
!��  

(4.16) 

Likewise, the cross covariance between the standardized internal representation �Ð� and �/ 
is: 

Ä�/��, �′� = C�/��, �′�?C���, �� (4.17) 

Now, there exists a relationship linking this cross covariance Ä�/ and the cross covariance 
between �/ and the indicator random field defined in Equations (4.2) and (4.12). To 
establish this relationship, let us expand the indicator into Hermite polynomials:   

 cov¹1ÓÐÔ�Õ�\t�Õ�, �/��′�» 
= cov Öu�v� + c 1? Å1'��v����r�v����Å1��Ð�����,Æ

1��  �/��′�× 

 
Since the Hermite polynomial of degree 1 is equal to minus the identity function, one has: 
 �/��′� = −Å���/��′�� 
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Accounting for the fact that the Hermite polynomials applied to jointly Gaussian random 
fields do not have any cross-correlation unless they have the same degree (Rivoirard, 1994) 
and that H0 is identically equal to 1, it comes: 

 

CÈ,/��, �′� = cov¹1ÓÐÔ�Õ�\t�Õ�, �/��′�» 
                                                             = − r�v���� cov�Å���Ð�����, Å���/��º�� 

                                                             = − r�v���� cov��Ð����, �/��º�  
 
Using Equation (4.17), one finally has: 
 CÈ,/��, �′� = − r�v���� Ä�/��, �′� 

 

(4.18) 

The right-hand side of Equation (4.18) depends on the generalized cross covariance ·�/, 
the locations ���: i =  1 …  n  and weights �λ����: i = 1, … , n  used to construct the internal 
representation, as well as the truncation threshold � and vector �/ (through the difference � − ��� that defines the numerator of v��� in Equation (4.13�), while the left-hand side 
can be calculated experimentally for each pair of data locations by knowing the values of 
the indicator (0 or 1) and the Gaussian transforms of the grade data.  

Therefore, as in the previous subsection, if the generalized cross covariance ·�/ can be 
parameterized through a few parameters, one can estimate these parameters jointly with the 
truncation threshold � and vector �/ by least squares fitting, in order to find the parameters 
that minimize the sum of squared errors between the theoretical cross covariances 
(Equation 4.18) and their experimental estimates. 

The following table summarizes the main tools that have been used in this subsection for 
modeling the cross-correlation structure between grade and rock type.   
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Table 4.2: Random fields, covariance tools and truncation thresholds used for modeling the cross-correlation 
between grade and rock type 

Gaussian 
random field 

associated 
with grade 

Notation Random field 
associated with 

rock type 

Notation Spatial cross-
correlation 
structure 

Stationary 
Gaussian 

random field 
�/��� 

Representation of 
IRF-k 

���� ·�/�� − �′� 

  Internal 
representation 

����� C�/��, �′� 

  Standardized 
internal 

representation 

 

�Ð���� Ä�/��, �′� 

  Indicator ÇÈ��� CÈ,/��, �′� 

 

1.4. Summary  

Because they involve some common parameters (truncation threshold z and vector �/), the 
inference of the rock type model (generalized direct covariance ·�) and the inference of the 
cross-correlation model (generalized cross-covariance ·�/) should be performed jointly in a 
single least squares fitting process. 

In summary, the steps to follow in order to infer both generalized covariances are:  

• Choose an order k for the intrinsic random field Z that will yield the rock type after 
truncation. 
 

• Choose a set of locations ���: i =  1 …  n  on which to construct the internal 
representation ��. 
 

• Choose basic nested structures for the direct and cross covariance models, including 
the ordinary direct covariance ·/�ℎ� (associated with grade), the generalized direct 
covariance ·��ℎ� (associated with rock type) and the generalized cross covariance ·�/�ℎ�. The unknowns are all or part of the parameters of these nested structures: 
sills, slopes, scale parameters, shape parameters or exponents. 
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• Calculate the experimental non-centered covariance matrix of the indicator data (the 
matrix entries are 1 or 0) and experimental cross covariance of the indicator data 
and transformed grade data. 
 

• Calculate the theoretical covariance matrix of the indicator data and the theoretical 
cross covariance of indicator and transformed grade data, as per Equations (4.15) 
and (4.18). The entries of these two matrices depend on the parameters to be fitted. 
 

• Find the covariance parameters, truncation threshold z and vector �/ that minimize 
the total sum of squared errors between the experimental and theoretical direct and 
cross covariance matrices. 
 

Note that vector �/ varies from one realization to another, as it depends on the values of the 
initial representation of the intrinsic random field Z at the chosen locations ���: i = 1, … , n , 
while the parameters of the generalized direct and cross covariances ·��ℎ� and ·�/�ℎ� are 
the same for all the realizations of this intrinsic random field. Therefore, it is convenient to 
keep only the latter parameters for the simulation stage and “forget” the value of �/ 
delivered by the least-squares fitting algorithm. 

Also, as the truncation threshold z and vector �/ are not fitted independently, but through 
the difference � − ��� that defines the numerator of v��� in Equation (4.13), the value of 
the truncation threshold z remains undetermined. This indetermination is actually not an 
issue, as it has no relevance on the model. Indeed, instead of truncating the initial 
representation � at threshold z (Equation 4.2), one can use another representation of the 
same intrinsic random field of order k equal to � − � with a truncation threshold equal to 
zero. Put in other words, up to a change in the representation of the intrinsic random field 
of order k, Z, the truncation threshold can be set to zero without any loss of generality. 

1.5. Examples of bivariate covariance models 

In this thesis, we will suppose that the stationary random Gaussian field �/ associated with 
the grade has a Matérn (K-Bessel) covariance function ·/�ℎ�, the non-stationary random 
field � to truncate (representation of the IRF-k associated with rock type) has a power 
generalized covariance ·��ℎ�, and the generalized cross-covariance between both fields  ·�/�ℎ� is a Matérn (K-Bessel) model. The Matérn model is chosen because of its versatility 
(it depends on a shape parameter that controls the behavior of the covariance at the origin; 
also, the well-known exponential and Gaussian covariance models are particular cases of 
the Matérn model). In this section, all these covariances are further assumed to have a unit 
scale parameter, but this parameter can be modified to any other value, possibly depending 
on the direction of space in order to model geometric or zonal anisotropies.  
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So, the matrix of generalized direct and cross covariances has the following form:  

C�ℎ� = h ·/�ℎ� ·�/�ℎ�·/��ℎ� ·��ℎ� i = h·ØÙ""Ù«ÚÚ ·ØÙ""Ù«ÔÚ·ØÙ""Ù«ÚÔ ·ÛÜÝÙLÔÔi (4.19) 

 
Since the spectral - turning bands method will be used for simulating the random fields, one 
needs to determine the spectral density corresponding to each covariance or generalized 
covariance function. The corresponding spectral density matrix of the above covariance 
matrix is: 
 

f�ω� = kRØÚÚ RØÔÚRØÚÔ RÛÔÔ l (4.20) 

 
where: 
 RØÚÚ is the spectral density for the Matérn direct covariance 

RÛÔÔ is the spectral density for the power generalized direct covariance 

RØÚÔ and RØÔÚ are the spectral densities for the Matérn generalized cross covariance. 

For having an admissible model, the only restriction is to define the elements of the matrix 
in order to meet the positive semi-definiteness condition for the spectral density matrix. It 
means that one should fulfill the following condition: 
 RØÚÚ × RÛÔÔ ≥  RØÔÚ ×  RØÚÔ (4.21) 

 
The spectral densities of the Matérn model with sill c00 and shape parameter µ00 and of the 

power model with slope c11 and exponent α11 have the following expressions (Lantuéjoul, 
2002; Chilès and Delfiner, 2012; Arroyo and Emery, 2016a): 
 

RØÙ""Ù«�Z� =  ß// à�n// + 1.5�à�n//�+�.¦ 1�1 + ||Z||@�oÚÚ9�.¦ (4.22) 

RÛÜÝÙL�Z� =  ß�� à�¾��2 + 1�à�¾�� + 32 �
à W¾��2 − ¯X à W1 − ¾��2 + ¯X +¤ÔÔ9�.¦

1
h||Z||2+ i¤ÔÔ9H �2+�H (4.23) 

 

where k is the integer part of 
¤ÔÔ@ . 
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Therefore, in order to fulfill condition (4.21), one must have: 
 

ß// à�n// + 1.5�à�n//�+�.¦ ß�� à�¾��2 + 1�à�¾�� + 32 �
à W¾��2 − ¯X à W1 − ¾��2 + ¯X +¤ÔÔ9�.¦

1
�1 + ||Z||@�oÚÚ9�.¦ h||Z||2+ i¤ÔÔ9H �2+�H

≥  ß�/@  à@�n�/ + 1.5�à@�n�/�+H 1�1 + ||Z||@�@oÔÚ9H 

 

where c10 and µ10 represent the sill and shape parameter of the Matérn cross-covariance.  
 
After simplification, one reaches the following two constraints: 

 
• First condition 

 4n�/ − 2n// ≥  ¾��  (4.24) 
 

• Second condition  

ß�/@  ≤  ß// ß�� à�n// + 1.5�à�n//�  à W¾��2 + 1X à W¾�� + 32 X
à W¾��2 − ¯X à W1 − ¾��2 + ¯X à@�n�/�à@�n�/ + 1.5� 2¤ÔÔ 

 

(4.25) 

where 

ß// and ß�/ are the sills of the Matérn direct and cross covariances 

ß�� is the slope of the power direct covariance 

n// is the shape parameter of the Matérn direct covariance 

n�/ is the shape parameter of the Matérn cross covariance 

¾�� is the exponent of the power direct covariance. 

 

In a nutshell, one first needs to know the analytical expression of the spectral densities of 
the direct and cross covariance matrix and then, by considering conditions (4.24) and 
(4.25), find suitable covariance parameters (ß//, ß��, ß�/, n//, n�/, ¾��). The parameters 
associated with the grade (ß// and n//) can be fitted on the basis of the experimental 
covariance or variogram of the transformed grade data, whereas the remaining parameters 
are unknown and should be fitted by least squares optimization based on Equations (4.15) 
and (4.18) (see previous subsections for details). 
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2. Joint simulation 

2.1. Non-conditional simulation  

After determining the model parameters, one can jointly simulate the two random fields Y0 
and Z based on the spectral - turning bands algorithm. This algorithm has been chosen in 
this thesis because it is very computationally fast, flexible (simulation can be performed at 
as many locations as desired, irrespective of their spatial configuration) and accurate, in the 
sense that the simulated fields have the desired covariances or generalized covariances.  

To this end, the algorithm proposed by Emery et al. (2016) and presented in Chapter 2 can 
be generalized to the multivariate case, i.e., to the simulation of a vector random field 
instead of a scalar random field: one has to replace the square root in Equation (2.9) by a 
Cholesky factor, insofar as the spectral density R�Z� is no longer a scalar, but a positive 
semi-definite matrix. Therefore, one can simulate any vector random field whose direct and 
cross covariance functions are continuous and absolutely integrable, provided that one 
knows the analytical expression of their spectral densities, without the need for these 
spectral densities to have a bounded support. The only restriction is that the support of the 
density r of the simulated frequency vectors contains the support of R.  

An extension of this method has recently been proposed by Arroyo and Emery (2016a) for 
simulating intrinsic random fields of order 0, which uses the spectral densities associated 
with their variograms (generalized  covariance of order 0) instead of that of the ordinary 
covariances. We can furthermore extend this method for simulating an intrinsic random 
field of order k (with ¯ > 0) by considering the spectral representation of their generalized 
covariances, as introduced in Matheron (1973) and Chilès and Delfiner (2012). First, let us 
explain in more detail the method of Arroyo and Emery (2016a). 

For any � ∈ Rd, let us define a multivariate random field with P scalar components in the 

d-dimensional Euclidean space as follows: 

���� =  c ¾1�Z1� �cos�2π < �, Z1 > +  �1� − cos ��1��Û
1��  (4.26) 

 

where 

• <, > represents the inner product in R
d 

•  Z1:  = 1, … , â are independent random vectors (frequencies) with probability 

density r in Rd 
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• �1:  = 1, … , â  are independent random variables (phases) uniformly distributed 

over [0, 2+] 

• ¾1:  = 1, … , â are vector-valued mappings with P real-valued components. 

 

In order to characterize the simulated vector random field Y, let us calculate its matrix of 
direct and cross variograms. In the following, let define Υ�ℎ� the â × â matrix of direct 
(diagonal terms) and cross (off-diagonal terms) variograms of Y: 

 

Υ�ℎ� = 12 Ñ�[��� + ℎ� − ����][��� + ℎ� − ����]Ë (4.27) 

where T indicates vector transposition (one should actually write Υ as a function of x and 
x+h, but we will see later that it actually depends only on the separation vector h, therefore 
the simulated field is intrinsic of order 0).  

By elementary calculations, one obtains: 

Υ�ℎ� = 2Ñ�[c ¾1�Z1� sin�+ < 2� + ℎ, Z1 >Û
1�� + �1� sin �+ < ℎ, Z1 >�] 

            × [c ¾5�Z5� sin�+ < 2� + ℎ, Z5 >Û
5�� + �5� sin �+ < ℎ, Z5 >�]Ë  

 

= 2Ñ�c c ¾1�Z1�¾5�Z5�Ësin �+ < ℎ, Z1 >�sin �+ < ℎ, Z5 >�Û
5��

Û
1��  

× sin�+ < 2� + ℎ, Z1 > + �1� sin�+ < 2� + ℎ, Z5 > + �5�  
 

Since �1:  = 1, … , â are independent and uniformly distributed in [0,2+], the only terms 

that do not vanish in the previous sums are found when  = °. Therefore, the previous 
equation can be simplified into:  
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Υ�ℎ� = 2Ñ�c ¾1�Z1�¾1�Z1�Ësin@ �+ < ℎ, Z1 >� sin@�+ < 2� + ℎ, Z1 > + �1�Û
1��   

                = c Ñ�Û
1�� ¾1�Z1�¾1�Z1�Ë  sin@ �+ < ℎ, Z1 >� 

               = I c ¾1�Z�¾1�Z�ËÛ
1��

1 − cos�2π < ℎ, ω >�2 g�Z�dZ 

 

So, the â × â matrix of direct and cross variograms Υ�ℎ� becomes:  

 

Υ�ℎ� =  I å�Z�åË�Z� 1 − cos�2π < ℎ, ω >�2 g�ω�d�ω� (4.28) 

 

where å�Z� is the â × â matrix whose p-th column is ¾1�Z�.  
Now let us compare this expression with the spectral representation of a variogram 
(Matheron, 1973; Chilès and Delfiner, 2012):  

 

γ�ℎ� = I 1 − cos�2π < h, ω >�4+@ ∥ ω ∥@ ç�dω� 

 

where ç is a positive symmetric measure with no atom at the origin such that: 

 

I ç�dω�1 + 4+@ ∥ ω ∥@ < ∞ 

 

If ç�dω� is absolutely continuous, then the previous representation can be written as: 

 

γ�ℎ� = I[1 − cos�2π < ℎ, ω >�]R�ω�dω 
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with 
R�ω�dω = ç�dω�1 + 4+@ ∥ ω ∥@ 

 

R is the spectral density associated with the variogram γ�ℎ�. In the multivariate case, this 
spectral density becomes a â × â matrix. For the simulated vector random field � to have 
direct and cross variograms associated with a given spectral density matrix R, based on 
Equation (4.28), the following condition must be satisfied: 

 

A�ω�A�ω��2 r�ω� = R�ω� 

 
Or: 
 

A�ω�A�ω�� = 2R�ω�r�ω�  (4.29) 

 
The only necessary condition to find a matrix A�ω� fulfilling the above equation is that R�ω� is a real-valued symmetric positive semi-definite matrix for every ω ∈ Rd and that the 

support of r contains the support of R. In such a case, A�ω� can be obtained by taking the 

Cholesky factor of  
@é�ê�ë�ê� :  

 

A�ω� = chol �2R�ω�r�ω� � (4.30) 

 

Finally, based on the central limit theorem, to obtain a random field with (approximately) 
multivariate-Gaussian increments, it suffices to sum up and properly normalize many of 
such independent random fields: 

∀ x ∈ Rd, 

���� =  1√�, c c ¾1�Z!,1� cos�2π < �, Z!,1 > +  �!,1�Û
1��

�d
!��  (4.31) 

 

with �, ∈ N.  
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The simulated vector random field is therefore a mixture of basic random fields made of 
weighted cosine waves associated with random frequencies and random phases.  

As we want to simulate intrinsic random fields of order k greater than 0, the ordinary 
covariances or variograms may no longer exist. Instead, we have to use generalized 
covariances and cross covariances (Arroyo and Emery, 2016b), which have a spectral 
representation similar to that of ordinary covariances and variograms (Matheron, 1973; 
Chilès and Delfiner, 2012). In the particular case of the Matérn and power covariance 
models, the spectral densities have been presented in the previous section (Equations 4.22 
and 4.23). 

For practical implementation, the random frequencies ω!,1 are simulated with a density r 

different from the target spectral density R. To make sure that the support of g contains that 
of f, it is convenient to choose r as the spectral density of a Matérn covariance with shape 

parameter n, as the support of this density is the entire space Rd (Lantuéjoul, 2002): 

 

r�Z, n� = Γ�n + G2�
Γ�n�+E@

1
�1 + ||Z||@�o9E@ (4.32) 

 
A random vector with such a density can be obtained by computing the ratio of a Gaussian 
random vector and the square root of gamma random variable with shape parameter n 
(Emery and Lantuéjoul, 2006). 

In summary, the steps for jointly simulating â intrinsic random fields of order k are: 

• Identify the spectral density matrix f associated with the generalized direct and cross 
covariances of the random fields. In our case, we will use combinations of Matérn 
and power generalized covariances, for which the spectral densities have already 
been explicited.  
 

• Choose a probability density g, with support containing the support of f  
 

• Choose a number of turning lines �, (a large integer). 
 

• For  = 1, … , â and � = 1, … , �,: 
o Generate a random phase �!,1 uniformly distributed on [0, 2+[. 
o Generate a random vector Z!,1 with density r.  

o Calculate the Cholesky decomposition of matrix 
@é�êì,í�ë�êì,í�   
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o Identify ¾1�Z!,1� as the -th column of the Cholesky decomposition matrix 

calculated in the previous step. 
 

• Calculate the simulated vector random field � by using Equation (4.31). 
 

2.2. Conditioning to data 

The simulation is said to be conditional when it restitutes the data values at the sampling 
locations. In the stationary case, it is possible to convert a non-conditional simulation into a 

conditional simulation thanks to an additional step based on simple kriging (kriging with a 
known mean value). The conditional simulation can be obtained by putting (Journel and 
Huijbregts, 1978; Chilès and Delfiner 2012): 

 

�îï��� = �ïð��� + [�ï��� − �ïïð���] (4.33) 

 
where:  ���� is the true Gaussian random field (unknown except at the data locations) �ïð��� is the simple kriging of ���� from the conditioning data. �ï���  is a non-conditional simulation at location � �ïïð��� is the simple kriging of the non-conditional simulation from its values at the 

data locations. 
 
In case of having two or more random fields, one should use simple cokriging instead of 
simple kriging in order to obtain conditional realizations of these random fields. 
 
In the present thesis however, one has two random fields, only one of which is stationary, 
but the other one is an IRF-k (non-stationary), so that simple cokriging can no longer be 
used to condition the realizations. 
 
We know that, in case of having a stationary Gaussian random field, the distribution at a 
given location conditional to observations at surrounding locations is Gaussian, with mean 
value equal to the simple kriging prediction and variance equal to the simple kriging 
variance. In the same manner, for an intrinsic random field of order k with Gaussian 
generalized increments, a similar result holds, but simple kriging has to be replaced by 
intrinsic kriging (Delfiner, 1976; Chilès and Delfiner, 2012). Therefore, in order to obtain 
joint conditional realizations of both the stationary and non-stationary random fields, we 
have to design a specific version of cokriging, which we will call mixed simple / intrinsic 
cokriging, to account for the stationarity and known mean value of the first random field 
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and the non-stationarity of the second one. The elements of the right hand and left hand 
side kriging matrices will be filled by considering the generalized direct and cross 
covariances and also the basis drift functions associated with the non-stationary field.  
 

This mixed cokriging has actually to be used in two instances: 

1) In the Gibbs sampler necessary to construct Gaussian data from known categorical 
data (stage required in truncated Gaussian and plurigaussian simulation). 
 

2) In the post-conditioning step used to convert the non-conditional realizations into 
conditional ones (Equation (4.33) and its extension to a vector random field). 
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Chapter 5: First case study 

 

This chapter presents an application of the joint simulation of grades and rock types to a 
stratabound copper deposit (Lince-Estefanía, northern Chile). In the region of interest, there 
exist three main rock types (intrusive, andesite and breccia bodies), therefore three auxiliary 
Gaussian random fields will be considered: one associated with the copper grade and two 
that will be used for simulating the rock types according to a two-dimensional plurigaussian 
truncation rule. The spatial dependence between the copper grade and the rock types will be 
reproduced by considering cross correlations between these three Gaussian random fields. 

Because there are no obvious trends in the spatial distribution of the rock types, but rather 
occurrences that alternate throughout the region under study, here a stationary model can be 
elaborated for both the rock type and the grade. Accordingly, we will not resort to intrinsic 
random fields of order k and the proposed model will rely on the calculation and fitting of 
ordinary covariances and variograms. A non-stationary case study will be presented in the 
next chapter, where the rock type distribution exhibits a clear trend between the inner and 
the outer parts of the region under study. 

Up to some minor edits, the remaining of this chapter reproduces a paper that has been 
published in Mathematical Geosciences. The information of the paper is the following: 

Title : Joint simulation of grade and rock type in a stratabound copper deposit 

Authors: Mohammad Maleki, Xavier Emery 

Journal: Mathematical Geosciences 

Issue: Vol. 47, pp. 471-495. 

Abstract:  
This work deals with the joint simulation of copper grade (as a continuous regionalized 
variable) and rock type (as a categorical variable) in Lince-Estefanía deposit, located in 
northern Chile. The region under study is heterogeneous, containing three main rock types 
(intrusive, andesite and breccia bodies) with different copper grade distributions. In order to 
perform joint simulation, the multigaussian and plurigaussian models are used in a 
combined form. To this end, three auxiliary Gaussian random fields are considered, one for 
simulating copper grade, up to a monotonic transformation, and two for simulating rock 
types according to a given truncation rule. Furthermore, the dependence between copper 
grade and rock types is reproduced by considering cross correlations between these 
Gaussian random fields.  
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In order to investigate the benefits of the joint simulation algorithm, copper grade and rock 
types are also simulated by the traditional cascade approach and the results are compared. It 
is shown that the cascade approach produces hard boundaries, i.e., abrupt transitions of 
copper grades when crossing rock type boundaries, a condition that does not exist in the 
study area according to the contact analysis held on the available data. In contrast, the joint 
simulation approach produces gradual transitions of the copper grade near the rock type 
boundaries and is more suited to the actual data. 

Key words: contact analysis; multigaussian model; plurigaussian model; joint modeling; 
geological heterogeneity. 

1. Introduction  

In ore body modeling, it is often of interest to assess the spatial variability of geological 
parameters such as rock types and grades of elements of interest, which is a key factor in 
downstream processes, such as mine planning and management, and provides information 
on geological heterogeneity at multiple scales. Because the spatial distributions of grades 
and rock types are often interdependent, a separate modeling of these two parameters is 
inadequate. Instead, it is more natural to consider a joint modeling of grades and rock types. 

Nowadays, a hierarchical approach (or cascade approach) is usually applied for this 
purpose. It means that, first of all, the layout of each rock type is delimited in the study 
area. In this respect, one can use a deterministic model based on geological knowledge and 
available exploration data (Duke and Hanna, 2001; Mackenzie and Wilson, 2001), or a 
stochastic model based on simulating the occurrence of each rock type in the study area 
(Journel and Alabert, 1990; Armstrong et al., 2011; Chilès and Delfiner, 2012; Strebelle, 
2002, to name a few). After delimitating the rock type layouts, the grades are simulated in 
each rock type separately by using only the data that belong to this rock type, leading to a 
piecewise grade model (Alabert and Massonnat, 1990; Roldão et al., 2012; Boucher and 
Dimitrakopoulos, 2012; Jones et al., 2013). Although this cascade approach is simple, it has 
some substantial drawbacks. For instance, it does not take into account the dependence 
between the grades across rock-type boundaries, therefore, except for the case of a “hard 
boundary” for which there exists a sudden change in the grade distribution when crossing 
the boundary (Kim et al., 2005), it does not properly reflect the spatial relationship between 
the grades and the occurrence of given rock types (Wilde and Deutsch, 2012; Rossi and 
Deutsch, 2014). In addition, when using a deterministic rock type model, one works with a 
single interpretation of the deposit and does not account for any uncertainty in the rock type 
layout. 

To account for the spatial dependence of grade across rock-type boundaries, Larrondo et al. 
(2004) and Ortiz and Emery (2006) suggest modeling not only the direct, but also the cross-



68 

 

correlation functions of the grades variables defined separately within each rock type, while 
Vargas-Guzmán (2008) proposes a stepwise modeling of these grade variables using 
successive conditional covariance functions. In all cases, a piecewise grade model is still 
considered, insofar as the grade is split into as many variables as rock types, which does not 
allow for smooth transitions across rock types. An alternative approach that avoids such a 
piecewise modeling is to jointly simulate the grades and rock types. This approach is more 
complex because of the different natures of these two parameters: grades are measured on a 
continuous quantitative scale, whereas rock types are measured on a nominal scale. To 
overcome this difficulty, one can integrate two well-known geostatistical models, as 
proposed by Emery and Silva (2009) and Cáceres and Emery (2010): the multi-Gaussian 
model for simulating grades and the truncated plurigaussian model for simulating rock 
types. This approach allows a flexible modeling of the contact relationships between rock 
types and the dependence relationships between grades and rock types, but, to the best of 
the authors’ knowledge, so far it has been applied only to disseminated deposits. 

The objective of this paper is to apply the joint simulation approach to a stratabound copper 
deposit, in order to quantify the uncertainty in the copper grades and prevailing rock types, 
and to compare this approach with the aforementioned cascade approach. The outline is as 
follows: after a brief recall on the methodology, the case study will be presented, consisting 
of exploratory data analysis, contact analysis, joint modeling of grade and rock type, joint 
simulation and analysis of results. 

2. Methodology 

2.1. Multi-Gaussian simulation of grades  

The multi-Gaussian model is widespread for simulating mineral grades (Journel and 
Huijbregts, 1978). The implementation consists of the following steps. First, one has to 
transform the grade data into normal scores and fit a variogram to the transformed data. 
Then, a Gaussian random field is simulated by use of algorithms such as the turning bands, 
sequential or spectral simulation (Deutsch and Journel, 1998; Lantuéjoul, 2002; Chilès and 
Delfiner, 2012). Finally, the simulated Gaussian values are back-transformed to grade 
values.  

2.2. Plurigaussian simulation of rock types 

Plurigaussian simulation aims at constructing realizations of a categorical variable (a rock 
type in the present case), represented by the truncation of one or more Gaussian random 
fields. First, according to the spatial relationships and contacts between rock types, one has 
to define a number of Gaussian random fields and a truncation rule (Lantuéjoul, 2002; 
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Dowd et al., 2003; Armstrong et al., 2011). Afterwards, the spatial correlation structure of 
the Gaussian random fields is modeled, in order to fit the rock type indicator variograms. 
With respect to simulation, a set of Gaussian values are first generated at the data locations, 
conditionally to the rock type data, by Gibbs sampling. Then, multi-Gaussian simulation is 
performed over the study area. Finally, using the truncation rule, the simulated Gaussian 
values are converted into rock types. 

2.3. Joint simulation of grade and rock type 

The joint simulation approach uses the multi-Gaussian model to simulate the grades and the 
plurigaussian model to simulate the rock types. The novelty is that the underlying Gaussian 
random fields are supposed to be spatially cross-correlated, which allows introducing a 
spatial dependence between rock types and grades. When all the Gaussian random fields 
have been jointly simulated, by using the back-transformation and truncation rule, one can 
obtain the simulated grades and rock types. Details of the approach can be found in Emery 
and Silva (2009). Figure 5.1 illustrates the main steps of the approach.  

 

 

Figure 5.1: Steps of joint simulation approach 
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3. Case study: Lince-Estefanía deposit 

The case study under consideration corresponds to a stratabound manto type copper deposit 
located in northern Chile and operated by Minera Michilla. Mining is done through 
underground (Estefanía) and open pit (Lince) operations. 

3.1. Geological description 

The Lince-Estefanía deposit Michilla is located 130 km north-northeast of Antofagasta city, 
Chile. The host sequence comprises andesitic basaltic lava flows of the La Negra Formation 
(Oliveros et al., 2008). This sequence has been intruded by diorite to granite bodies, dykes, 
as well as breccia bodies with volcanic clasts and an intrusive matrix. Breccia bodies are 
generally located around the dioritic intrusions and extend laterally from the intrusions into 
stratabound manto bodies. Breccias with high copper content are believed to be pre- or syn-
mineralization.  

The main ore minerals are copper oxides (predominantly atacamite and chrysocolla), which 
dominate near the surface (above elevation 500 m), and copper sulfides (chalcocite, bornite, 
covellite and chalcopyrite), which dominate at elevations below elevation 250 m. From 
elevations 250 to 500 m, a mixed sulfide-oxide transition is found. Chemical analyses of 
the ores, as well as field and petrographic observations, indicate that copper sulfides in 
stratabound-manto and breccia ore bodies were formed by the same processes, which 
suggests that one may observe a correlation of copper grades across these rock types.  

3.2. Presentation of the data set 

The case study will be developed on the basis of an exploration data set from diamond and 
reversed-circulation drill holes. For the sake of simplicity, the data have been restricted to a 
small portion of the deposit and the grade values have been multiplied by a constant factor 
in order to preserve data confidentiality. Concerning rock types, three main types will be 
considered for modeling: 

• Intrusive bodies (code 1), consisting of dioritic bodies with thicknesses from 20 to 450 
m, associated with small dykes that crosscut all the other rock types. Their boundary 
with the surrounding rocks is irregular.  
 

• Andesite (code 2), composed of aphanitic andesites, porphyritic andesites, ocoites and 
metandesites that are unlikely to contain economic copper mineralization due to their 
low permeability. It is widely distributed in the deposit, with a monoclinal structure that 
strikes at N65°E and dips at 35-40° NW, and is part of the volcanic sequence known as 
La Negra Formation. 
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• Volcanic breccias bodies (code 3), composed of amigdaloidal andesites and volcanic 

breccias that are likely to hold copper mineralization due to their high porosity. As for 
andesites, it is part of the La Negra Formation. It extends into stratabound manto bodies 
and occupies a monoclinal structure that strikes at N65°E and dips at 35-40° NW. 

 

A cross section showing the data is presented in Figure 5.2, which uses local coordinates 
(abscissa axis oriented along the direction N65°E). A summary of descriptive statistics and 
a visualization of the copper grade distribution is given in Table 5.1 and Figure 5.3, 
showing a dependence between grade and rock type, with volcanic breccias (rock type 3) 
having the highest average copper grade and intrusive bodies (rock type 1) the lowest 
average copper grade. To better understand the dependence relationships between grade 
and rock type, a contact analysis is performed next. 

 

Figure 5.2: Location of copper grade and rock type data over a cross section of the deposit 
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 Global Rock type 1 Rock type 2 Rock type 3 

Count 7173 619 3680 2874 

Minimum 0.00 0.00 0.00 0.00 

Maximum 17.07 2.38 14.51 17.07 

Mean 0.49 0.136 0.352 0.746 

Standard deviation 1.14 0.187 0.709 1.576 

Median 0.18 0.09 0.18 0.2 

     

Table 5.1: Statistics of grade data (in percent), globally and per rock type 

 

 

Figure 5.3: Histograms of copper grade data, overall (A) and per rock type (B, C, D) 
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3.3. Contact analysis 

The analysis aims at determining the behavior of the copper grade in the neighborhood of 
the boundary between two rock types (Glacken and Snowden, 2001; Wilde and Deutsch, 
2012). In practice, two kinds of analysis can be performed. The first one is a mean value 
contact analysis, consisting in grouping the data of one rock type into distance classes from 
the boundary with another rock type (as an approximation, one often considers the distance 
to the closest data of this second rock type in the same drill hole), then plotting the mean 
grade of each group as a function of the distance to the boundary (Rossi and Deutsch, 
2014). The resulting plot shows how the mean grade varies when getting closer to or farther 
from a boundary. The second analysis is a cross correlation contact analysis, which consists 
in identifying pairs of data with a given lag separation distance that belong to two different 
rock types and plotting the correlation coefficient between such data pairs as a function of 
the lag separation distance. The plot indicates how correlated the grade values are between 
both sides of the boundary. As a result, one observes a soft contact between all rock types, 
characterized by a rather smooth transition of the mean grade (Figures 5.4A, 5.4C, 5.4E) 
and a correlation that does not vanish at small lag separation distances (Figures 5.4B,5. 4D, 
5.4F). The width of the transition zone is limited to 10 to 20 meters, which makes a 
difference between this deposit (a high-variability stratabound deposit) and disseminated 
porphyry copper deposits with thicker transition zones. 

3.4. Copper grade modeling 

The grade data are transformed into normal scores (associated with a Gaussian random 
field Y0) prior to performing variogram analysis. The modeled variogram (denoted as g00) 
consists of a nugget effect and four nested anisotropic spherical structures (Figure 5.5) 

).,,500(18.0)195,,195(17.0

)60,95,175(26.0)5,10,20(29.0nugget 1.000

∞∞+∞+
++=

sphsph

sphsphg
          (5.1) 

In the above formula, the distances into brackets indicate the ranges (expressed in meters) 
along the main anisotropy directions.  
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Figure 5.4: Contact analysis between rock types: (A, C, E) mean grade graphs;  
(B, D, F) cross-correlation functions calculated along main anisotropy directions  

(green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°) 
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Figure 5.5: Sample (dashed lines) and modeled (solid lines) variograms of normal 
scores data associated with grade, calculated along main anisotropy directions  

(green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°) 

3.5. Rock type modeling 

3.5.1. Truncation rule 

The examination of the drill hole data indicates that all the rock types are in contact. If one 
considers two independent Gaussian random fields (Y1 and Y2) for plurigaussian simulation, 
then three simple truncation rules can be considered in order to reproduce the contacts 
between rock types (Figure 5.6). A simple way to determine which of these truncation rules 
is best suited to the data is to examine the direct and cross variograms of rock type 

indicators. More specifically, if γij represents the cross variogram between the indicators of 
rock types i and j, then (proof in Appendix A) 
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do not vary with the lag separation vector in the model of Fig. 5.6C. 
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Figure 5.6: Possible truncation rules for plurigaussian modeling 

Experimentally, one observes that γ12 and γ13 are practically proportional to γ11 (Figure 

5.7A, 5.7B), but not to γ22 (Figure 5.7C) or γ33 (Figure 5.7E). Accordingly, the ratios γ12/γ11 

and γ13/γ11 can be considered as independent of the lag separation vector, whereas the ratios 

γ12/γ22 and γ13/γ33 cannot. This suggests that Figure 5.6A is the best truncation rule to 
describe the contact relationships between rock types. Such a truncation rule, in which rock 
type 1 (intrusive bodies) appears to crosscut the other two rock types, furthermore agrees 
with the geology of the deposit, insofar as rock type 1 is the youngest one (dated between 
168 and 112 Ma) and intruded both andesite and breccia bodies, which pertain to the 
Jurassic La Negra Formation (Oliveros et al., 2008). 

The truncation rule will therefore be defined on the basis of two thresholds, associated with 
two independent Gaussian random fields Y1 and Y2, as follows: 

• Location x belongs to the rock type 1 if Y1(x) ≤ y1   

• Location x belongs to rock type 2 if Y1(x) > y1 and Y2(x) ≤ y2 

• Location x belongs to rock type 3 if Y1(x) > y1 and Y2(x) > y2. 

The truncation thresholds y1 and y2 can be defined according to the rock type proportions 
(Armstrong et al., 2011). This leads to the following threshold values: y1 = -1.405 and y2 = 
0.137. 
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Figure 5.7: Cross versus direct variograms of rock type indicators, calculated along main  
anisotropy directions (green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°).  

Straight lines indicating perfect proportionality are superimposed 
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3.5.2. Variogram analysis 

To complete the plurigaussian model, it remains to fit the variograms of the two underlying 
Gaussian random fields Y1 and Y2. Because these random fields are assumed independent, 
their cross-variogram is zero. As for the direct variograms, a trial-and-error procedure is 
used, in order to fit the variograms of rock type indicators (Emery, 2007b; Emery and Silva, 
2009). At this stage, an important practical aspect to consider is that, in the following 
section, we will be interested in cross-correlating the two Gaussian random fields used in 
the plurigaussian model with the Gaussian random field already used in the multi-Gaussian 
model (Equation 5.1). Therefore, it is advisable to consider all or part of the basic nested 
structures used for grade modeling (Section 3.4). Following this recommendation, the 
variograms of Gaussian random fields associated with the plurigaussian model (denoted by 
g11 and g22) are found to be 

),,500(572.0)195,,195(197.0

)60,95,175(161.0)5,10,20( 07.011

∞∞+∞+
+=

sphsph

sphsphg
            (5.2) 

).10,20,30(50.0)5,10,20( 50.022 sphsphg +=             (5.3) 

In these formulae, the distances into brackets indicate the ranges along the same directions 
as for the grade data. The sample and modeled indicator direct and cross variograms are 
shown in Figure 5.8. The cross-variograms are negative due to the compositional nature of 
the rock type indicators: the increase of an indicator (from 0 to 1) is necessarily associated 
with the decrease of another indicator (from 1 to 0). 
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Figure 5.8:  Sample (dashed lines) and modeled (solid lines) direct and cross variograms  
of indicator data associated with rock types, calculated along main anisotropy directions  

(green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°) 

 

 



80 

 

3.6. Modeling the spatial dependence between grade and rock type 

Up to now, six nested structures (a nugget effect and five spherical structures) have been 
introduced. The first spherical structure is common for the Gaussian random fields 
associated with the grade (Y0) and with the rock type (Y1 and Y2). The next three spherical 
models are common for Y0 and Y1, the last spherical model only pertains to Y2, whereas the 
nugget effect only pertains to Y0. In order to cross-correlate grade and rock type, we will 
now propose a linear model of coregionalization for Y0, Y1 and Y2. 

From the previous steps, some entries of the coregionalization matrices associated with the 
aforementioned nested structures are already specified: the diagonal entries correspond to 
the direct variograms of Y0, Y1 and Y2, while the off-diagonal entries between Y1 and Y2 are 
equal to zero because Y1 and Y2 are independent. Also, the entry associated with a cross-
variogram gij between Yi and Yj (with i, j = 0, 1 or 2) is zero when the entry associated with 
the direct variogram gii or gjj is zero (Wackernagel, 2003). Accordingly, it only remains to 
determine four entries (a,b,c,d): 
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(5.4)  

For the fitting, one has to be aware of which Gaussian random field is modeling each rock 
type. For instance, the indicator of rock type 1 only depends on random field Y1, while the 
indicators of rock types 2 and 3 depend on both random fields Y1 and Y2. Accordingly, the 
cross variogram between the transformed grade (Y0) and the indicator of rock type 1 only 
depends on the cross variogram between Y0 and Y1, while the cross variograms between the 
transformed grade and the indicator of rock type 2 or rock type 3 also depend on the cross 
variogram between Y0 and Y2. Based on the previous statements, the unknown coefficients 
(a,c,d) are first chosen (by trial-and-error) in order to fit the cross variogram between the 
transformed grade and the indicator of rock type 1. Once done, the last coefficient (b) is 
chosen in order to fit the cross variograms between the transformed grade and the indicators 
of rock types 2 and 3. The following values give the best fit between sample and modeled 
cross variograms (Figure 5.9): 
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a = 0.01; b = 0.2; c = 0.15; d = 0.1; e = 0.15.          (5.5) 

In order to ensure the mathematical consistency of the proposed coregionalization model, 
one has to check that all the defined coregionalization matrices are positive semi-definite, 
i.e., that their eigenvalues are nonnegative (Wackernagel, 2003).  

 

 

Figure 5.9: Sample (dashed lines) and modeled (solid lines) cross variograms between  
indicators data and transformed grade data, calculated along main anisotropy directions  

(green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°) 

3.7. Joint simulation results 

Provided with the model fitted in Sections 3.4 to 3.6, one can construct realizations of grade 
and rock type. The first step consists in simulating the Gaussian random fields Y1 and Y2 at 
the data locations, conditionally to the grade and rock type data, for which an iterative 
algorithm (Gibbs sampler) is necessary. Then, one performs a joint multi-Gaussian 
simulation of Y0, Y1 and Y2; this is done by decomposing these random fields into spatially 
non-correlated factors using coregionalization analysis and by independently simulating the 
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factors via the turning bands method (Emery, 2008b). Figure 5.10 shows one joint 
realization of grade and rock type over the same cross-section as in Figure 5.2, and Figure 
5.11 displays the probability of occurrence of each rock type and the expected copper grade 
calculated over 100 realizations. The drill hole locations are perceptible on the probability 
maps and correspond to the locations where the probability is close to zero or to one. 

 

 

Figure 5.10: One realization of copper grade and rock type (joint simulation) 

 

 

Figure 5.11: Probabilities of occurrence of each rock type and expected copper grade,  
calculated over 100 realizations (joint simulation) 
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3.8. Cascade simulation of grade and rock type  

The results of the joint simulation approach will now be compared to those of the more 
traditional cascade approach. The cascade approach consists in first simulating the layout of 
the rock types, then in simulating the copper grade in each rock type separately by using 
only the data that pertain to the rock type under consideration. The steps are the following. 

(1) For each rock type: transformation of the copper grade data into normal scores and 
variogram analysis of the normal scores data. 
 

(2) Plurigaussian simulation of each rock type, using the model presented in Section 3.5. 
 

(3) For each plurigaussian realization and each rock type 
a. Identify the nodes belonging to the rock type 
b. Simulate copper grade conditionally to the grade data belonging to the rock 

type. At this stage, turning bands simulation is used (Emery and Lantuéjoul, 
2006).   

 
(4) Obtain copper grade realizations by juxtaposing the simulated grades in rock types 1, 2 

and 3 (a single grade realization is associated with each rock type realization). 
 

Figures 5.12 and 5.13 illustrate the results of the cascade simulation approach. The 
probability maps are similar to those obtained with the joint simulation approach, which is 
explained because the rock type is represented by the same plurigaussian model in both 
approaches. In contrast, the map of expected copper grade shows stronger differences with 
the joint simulation approach, which can be observed by comparing Figures 5.11 and 5.13. 
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Figure 5.12: One realization of copper grade and rock type (cascade simulation) 

 

 

Figure 5.13: Probabilities of occurrence of each rock type and expected copper grade,  
calculated over 100 realizations (cascade simulation) 
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3.9. Comparison of results  

3.9.1.  Distribution of copper grade conditioned to rock type 

Since it accounts for cross correlations between grade and rock type (through coefficients a, 
b, c, d and e in Equation 5.4), the joint simulation model fitted in Sections 3.4 to 3.6 yields 
a marginal grade distribution that differs from one rock type to another. The distribution of 
grade conditioned to the rock type can be assessed analytically by using expansions into 
Hermite polynomials (Appendix B), or numerically by co-simulating the three Gaussian 
random fields (Y0, Y1, Y2), converting the simulated Gaussian values into grades and rock 
types, and finally calculating the distributions of the simulated grades after separating by 
rock type. The resulting distributions agree with the distributions observed on the data, 
within each rock type and overall (Figures 5.14A, 5.14B). Concerning the cascade 
approach, as the copper grade is simulated within each rock type separately, the distribution 
in each rock type is also well reproduced when compared to the original data (Figure 
5.14A, 5.14C). 

 

 

Figure 5.14: Log-probability plots showing the distributions of copper grade in each rock type and overall, for 
A) original drill hole data, B) joint simulation model and C) cascade simulation model 
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3.9.2.  Spatial correlation of copper grade conditioned to rock type 

In addition to marginal distributions, one can assess the spatial correlation of the simulated 
grade in each rock type and compare it with the experimental correlation observed in the 
data. It is seen (Figure 5.15) that the correlation functions are generally well reproduced 
with both approaches (joint and cascade simulation), with a slightly better performance of 
one approach in some cases and of the other approach in other cases.  

 

 

Figure 5.15: Spatial correlation of copper grades within each rock type, calculated along main anisotropy 
directions (green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°), for original data (A, D, G), joint 

simulation (B, E, H) and cascade simulation (C, F, I) 
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3.9.3.  Rock type boundaries 

The differences between the two simulation approaches are more striking when looking at 
the behavior of the copper grade in the vicinity of a rock type boundary. In particular, a 
look at the realizations indicates that the joint simulation tends to produce soft boundaries, 
with smooth transitions in the copper grade values (Figures 5.10B, 5.10D), while the 
cascade simulation tends to produce hard boundaries, with abrupt changes in copper grade 
(Figures 5.12B, 5.12D).  

This is confirmed by examining the variations of mean grade when getting closer to a rock 
type boundary and by assessing the correlation of copper grade across a boundary, through 
mean graphs and correlation graphs similar to the ones used for contact analysis. Figures 
5.16 and 5.17 show such graphs for the grades simulated with the two approaches. In the 
cascade approach, the mean grade shows an abrupt transition near the rock type boundaries 
(Figure 5.16) and the simulated grades on either side of the boundaries are practically not 
correlated (Figure 5.17). In contrast, with the joint simulation approach, the variations of 
mean grade are smoother and the simulated grades between both sides of the boundaries are 
correlated, as what is observed in the data (Figure 5.4) (the more irregular profile of the 
data curves shown in Figure 5.4 can be attributed to experimental fluctuations due to 
scarcity of data, rather than to a genuine behavior of the copper grade). The realizations 
obtained with the joint simulation approach are therefore more realistic in the neighborhood 
of rock type boundaries and better suited to the description of the copper grade in the 
deposit.  
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Figure 5.16: Mean grade graphs for joint simulation (A, C, E) and cascade simulation (B, D, F) 



89 

 

 

Figure 5.17: Correlation graphs for joint simulation (A, C, E) and cascade simulation (B, D, F), calculated 
along main anisotropy directions (green: N25°W; red: N115°E dip -60°; blue: N25°W dip -30°) 
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4. Conclusions  

Obtaining uncertainty models is a cumbersome process when one deals with regionalized 
variables of different natures that are cross-correlated, such as grades and rock types. In this 
study, two well-known geostatistical models are combined: the multi-Gaussian model to 
describe grades and the plurigaussian model to describe rock types. The benefits of jointly 
simulating the grades and rock types with the proposed method are threefold. First, as 
opposed to deterministic rock type modeling, one can measure the uncertainty in the rock 
type layout, e.g., through probability maps. Second, the spatial dependence between grade 
and rock type can be reproduced. Third, the spatial correlation of grade across rock type 
boundaries is also reproduced, while this correlation is ignored by using the cascade 
simulation approach. 

The co-simulation approach is suitable when grades exhibit gradual transitions across rock 
type boundaries. This happens in most ore deposits, in which there is no clear-cut 
discontinuity in the grade distribution when crossing a geological boundary, which can be 
explained because the physicochemical properties of the rock (pH, reduction potential, 
permeability, etc.) usually have transitional spatial variations. In contrast, the cascade 
approach consisting in simulating the rock types first, then the grades within each rock 
type, is adequate in the presence of hard boundaries. Such boundaries could be associated 
with faults or with geological gaps (vacuities or stratigraphic hiatii), among others. 

5. Appendix A. Relations between indicator direct and cross 
variograms 

In this study, three possible truncation rules that differ by the ordering of the rock types are 
under consideration (Figure 5.6). A simple way to determine the most suitable truncation 
rule is to examine the direct and cross variograms of rock type indicators (R1, R2 and R3). In 
the model shown in Figure 5.6A, the rock type indicators are defined by truncating the 
Gaussian random fields Y1 and Y2 as follows 
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Let us calculate the cross variogram between R1 and R2 for a given lag separation vector h: 
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Since Y1 and Y2 are independent, one obtains 
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Because Y2 is stationary, )(}1{}1{ 2)()( 2222
yGEE yYyY == <<+ xhx , where G is the standard 

Gaussian cumulative distribution function. Therefore 
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where γ11(h) is the direct variogram of R1 for lag separation vector h. Similarly, one finds 

that the cross variogram between R1 and R3 is proportional to γ11 

 

)(]1)([)( 11213 hh γ−=γ yG .               (5.10) 

 

Accordingly, the ratios of cross-to-direct variograms, γ12(h)/γ11(h) and γ13(h)/γ11(h), do not 
depend on h. This property implies the absence of preferential contacts (edge effects) 
between rock type 1 and rock type 2, and between rock type 1 and rock type 3 (Rivoirard, 
1994; Séguret, 2013).  

The results concerning the flags shown in Figures 5.6B and 5.6C are obtained by permuting 
the components of vector (R1, R2, R3). 

 

 

6. Appendix B. Distributions of grade conditional to rock type 

In this appendix, it is of interest to determine, in the model fitted in Sections 3.4 to 3.6, the 
distribution of grade conditional to the rock type, i.e. 
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for any real value y0 (cut-off on the transformed copper grade).  
 
To this end, let us expand the joint density of {Y0(x), Y1(x)} as follows (Lantuéjoul, 2002): 
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with g the standard Gaussian probability density function, ρ01 the correlation coefficient 
between Y0(x) and Y1(x), and Hp the Hermite polynomial of degree p, defined as 
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By integrating term by term, one obtains the bivariate cumulative distribution function 
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Likewise, the joint density of {Y0(x),Y1(x),Y2(x)} can be expanded as follows (Lantuéjoul, 
2002): 
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A term-by-term integration leads to the trivariate cumulative distribution function 
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Accordingly, using the inclusion-exclusion principle, the distribution of grade conditional 
to the rock type (Equation 5.11) can be expressed as 
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Chapter 6: Second Case study 

1. Presentation of the case study and exploratory data analysis 

The non-stationary models and algorithms presented in Chapter 3 are now applied to a 
second case study in mineral resources evaluation. The region under study is part of the Río 
Blanco – Los Bronces porphyry copper deposit, a breccia complex located in the Chilean 
central Andes, about 80 km northeast of Santiago. 
 
Los Bronces is located in the western part of the deposit and is being mined by Anglo 
American, while the Río Blanco deposit is emplaced in the eastern part, with mineralized 
bodies (Río Blanco, La Unión, Central, Don Luis, Sur-Sur and La Americana) distributed 
over an area of six kilometers from north to south and two kilometers from east to west. La 
Unión, Don Luis and Sur-Sur are mined by Codelco (Andina Division) by open pit and 
underground operations. The Río Blanco deposit is partly hosted in the western margin of 
the San Francisco batholith, a multiphase intrusive containing quartz-diorite, granodiorite, 
quartz-monzonite, quartzmonzodiorite and granite, and partly in Miocene volcanics of the 
surrounding Abanico and Farellones formations, which consist of sub-horizontally dipping 
andesitic lavas (Warnaars et al., 1985; Stambuk et al., 1988). A geological description of 
the Río Blanco deposit can be found in the specialized literature (Skewes and Stern, 1995, 
1996; Serrano et al., 1996; Kay et al., 1999; Vargas et al., 1999). 
 
A set of 2376 samples from advanced exploration diamond drill holes, located in a volume 
of approximately 400 m × 600 m × 130 m in the Sur-Sur mineralized body, is available, 
with information on the rock types and total copper grades. In this deposit, the distribution 
of copper grade is mainly controlled by the lithology. One can actually distinguish two 
main rock types controlling the copper grade distribution:  
 

• Tourmaline breccia: it is mainly located in the center of the region under study and 
has a high average copper grade. Tourmaline breccia has sharp and steep contacts 
with the host rock (Serrano et al., 1996; Frikken, 2003). The matrix is a kind of 
milled rock flour replaced by secondary tourmaline cement containing specular 
hematite, sulfide, quartz, magnetite, sulfate (anhydrite, gypsum) and biotite, with 
open spaces filled by tourmaline-quartz-sulfide. For lower tourmaline contents, the 
clasts are angular to subangular, while they become more rounded for higher 
tourmaline contents (Figure 6.1). 
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• Other rocks, with a low average copper grade. This group includes different rock 
types such as granodiorite and diorite in the eastern part of the region under study, 
whose mineralogy is mainly composed of plagioclases, orthoclase, quartz, biotite 
and hornblende (Figure 6.1), as well as low-graded breccias in the western part of 
the region under study, with a matrix of milled rock flour and a relatively low 
proportion of tourmaline (Frikken, 2003). 
 

 
 
Figure 6.1: Transition from granodiorite to tourmaline breccia from drill hole samples (from Frikken (2003)) 

 

The location of the drill hole samples is displayed in Figure 6.2. One observes the clear 
zonation of the rock type, where the tourmaline breccia is present only in the central part of 
the region, while the lateral parts on the east and west sides are covered by the other rock 
types. A stationary model for the rock type would therefore be questionable, so that a 
model based on the truncation of an intrinsic random field of order k looks attractive. 
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Figure 6.2: Location maps of drill hole data (top: easting-northing plan views; bottom: 3D perspective views). 
Colors indicate the copper grade (left) or the rock type (right) with the tourmaline breccia coded as “2” and 

the other rocks coded as “1” 

 
The distribution and statistical parameters of the copper grade in the whole region and in 
each rock type are presented in Figure 6.3 and Table 6.1. As can be seen, the high values of 
copper grade are mainly located in the tourmaline breccia (rock type 2) and the low values 
of copper grade are mainly located in rock type 1.  
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Figure 6.3: Histogram of copper grade (in percent) in different rock types 

 
 

Table 6.1. Statistics of copper grade data (in percent), over the region and within each rock type 

 Global Rock type 1 Rock type 2 

Number of data 737 216 521 

Mean 1 0.7 1.2 

Variance 0.4 0.2 0.4 

Minimum 0.1 0.1 0.2 

Median 1 0.6 1.1 

Maximum 6.3 3.2 6.3 

 

To determine whether or not the joint simulation approach is suited for these data, it is 
essential to examine the transition of copper grade between rock types, and define whether 
the rock type boundaries are “soft” (with gradual grade transitions) or “hard” (with abrupt 
grade transitions). To this end, a contact analysis between rock types was carried out. This 
analysis determines the behavior of the grade variable in the neighborhood of the boundary 
between two rock types. Specifically, one can use a “mean graph”, which shows how the 
mean copper grade varies when getting closer to or farther from the rock type boundaries, 
and a “correlation graph”, where one determines how the copper grade values between both 
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sides of the boundary are correlated. The results of contact analysis are displayed in Figure 
6.4A (mean graphs) and Figure 6.4B (correlation graphs). In each case, one observes a soft 
contact between rock types, characterized by a rather smooth transition of the mean grade 
and correlation graphs that slowly decay to zero. So, having soft boundary incites us to use 
the joint simulation method instead of the conventional cascade method (recall the 
discussion in Chapter 1 - Section 1 and Chapter 2 - Section 3). 

 

 

Figure 6.4: Contact analysis between rock types: A) mean grade graphs B) cross correlogram 

2. Spatial structure analysis  

One should define the joint spatial structure of copper grade and rock type. As explained in 
Chapter 4, the copper grade will be modeled by a stationary random field (transform of a 
Gaussian random field �/), while the rock type will be modeled by truncating an intrinsic 
random field of order k with Gaussian generalized increments (��). 

2.1. Structural analysis of copper grade 

In order to identify the spatial structure of copper grade, the grade data are transformed into 
Gaussian data and variogram analysis is performed on the Gaussian data. The experimental 
variogram is calculated along the vertical and horizontal directions, which are recognized 
as the main anisotropy directions. The fitted model (generalized covariance ·/) comprises a 
nugget effect and two nested Matérn structures with shape parameters equal to 0.5, which 
correspond to exponential models (Figure 6.5):  
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·/ = 0.195 nugget 
+0.29 Matérn/.¦ �30m, 75m� 

+0.45 Matérn/.¦ �100m, 250m� 

(5.1) 

 
where the distances into brackets indicate the scale parameters of the Matérn models along 
the horizontal and vertical directions, respectively, while the scalar coefficient before each 
structure indicates the sill value of this structure. Recall that, for the Matérn model with 
shape parameter 0.5 (exponential model), one can define a practical correlation range equal 
to three times the scale parameter (Chilès and Delfiner, 2012). 

 

 

 

Figure 6.5: Sample and modeled variogram along main anisotropy  
directions (transformed copper grade) 

2.2. Joint structural analysis of copper grade and rock type 

In order to choose the best strategy for inferring the parameters of the rock type model, one 
has first to decide whether or not to represent the rock type by a stationary random field. To 
this end, let us calculate the experimental variogram of the tourmaline breccia indicator 
along the north-south and east-west directions (Figure 6.6). This indicator variogram has an 
apparent range of correlation that is of the order of magnitude of the region under study 
(400 meters along the east-west direction and 600 meters along the north-south) and, in any 
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case, greater than the range of correlation found for the copper grade (Figure 6.5). This 
observation makes questionable the use of a stationary random field model for representing 
the rock type, which would furthermore be complex to conciliate with the copper grade in a 
unified bivariate stationary model. Instead, a non-stationary model obtained by truncating 
an intrinsic random field of order k (denoted as ��) with Gaussian generalized increments, 
as presented in Chapter 4, seems a more convenient approach to represent the rock type. 

 

 

Figure 6.6: Experimental variogram of tourmaline breccia indicator  
along the north-south (A) and east-west (B) directions 

 

The full spatial structure of the random fields �/ (associated with the copper grade) and �� 
(associated with the rock type), i.e., their generalized direct and cross-covariances, will now 
be determined according to the methodology presented in Section 1.4 of Chapter 4. This 
methodology relies on the choice of  

(1) an order k for the intrinsic random field; 
 

(2) a set of locations for constructing an internal representation; 
 

(3) a set of basic nested structures for the direct (·/ and ·�) and cross (·�/) covariance 
models.  
 

In relation to the order of the intrinsic random field, let us consider an order k = 1 in order 
to allow for a drift that could account for the rock type zonation. Once this order is chosen, 
the minimal number of locations needed to construct an internal representation is n = 4 
(Equation 4.7); these locations are chosen randomly over the region of interest.  
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Concerning the nested structures, the direct covariance ·/ of the Gaussian random field �/ 
has already been fitted in the previous subsection with two Matérn models, both with shape 
parameters 0.5 (Equation 5.1). Under these conditions, let us assume a bivariate model for ·/, ·� and ·�/ composed of the sum of two structures (apart from the nugget effect): 

• The first structure is a bivariate Matérn model, where all the generalized direct and 
cross covariances are Matérn covariances. The conditions for this bivariate model to be 
mathematically valid have been established by Gneiting et al. (2010). For the sake of 
simplicity, in the following, we will set the shape parameters and the scale parameters 
along the horizontal and vertical directions to the same values as that found in the 
fitting of ·/, i.e. a shape parameter equal to 0.5 and scale parameters equal to 30 m 
(horizontally) and 75 m (vertically). This bivariate model actually boils down to an 
intrinsic correlation model where the generalized direct and cross covariances are 
proportional to the same exponential covariance. 
 

• The second structure is a bivariate power-Matérn model, for which the generalized 
direct covariance associated with the rock type is a power model and the other direct 
and cross-covariances are Matérn, as presented in Section 1.5 of Chapter 4. Here again, 
some choices are necessary in order to reduce the number of parameters that will be 
determined by the least-squares fitting algorithm presented in Chapter 4. So, let us fix 
the exponent, shape and scale parameters of this bivariate model, in order to leave only 
the sills or slope to the least-squares fitting. 
 

− Scale parameters: the same scale parameters as the ones found when fitting ·/ will 
be used, in order to preserve the anisotropy direction and anisotropy ratio of the 
grade model. Consequently, the scale parameters are set to 100 m along the 
horizontal direction and 250 m along the vertical.  
 

− Exponent: in order to obtain an IRF-1 for the random field ��, the exponent of its 
power covariance cannot be greater than 4 (Matheron, 1973; Chilès and Delfiner, 
2012). Exponents lower than 2 correspond to an IRF-0, which are not of interest 
here (although they can be viewed as special cases of IRF-1). Accordingly, we 
orient ourselves toward a power generalized covariance for �� with an exponent 
between 2 and 4. For simplicity, let us choose a value of 3. Note that such a 
generalized covariance is smooth near the origin and will tend to produce smooth 
boundaries between the two rock types after truncating the IRF-1 (Lantuéjoul, 
2002), which agrees with the geological understanding of the deposit.  
 

− Shape parameter: concerning the shape parameter of the cross-covariance between �/ and ��, the lower bound is 1, as per Equation (4.24) presented in Chapter 4. 
Again, for simplicity, we will take this bound as the parameter value.  
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The generalized direct and cross-covariances of the random fields �/ and �� will therefore 
be assumed of the following form: 

·/ = 0.195 nugget + 0.29 Matérn/.¦�30�, 75�� + 0.45 Matérn/.¦�100�, 250�� 

·� =                                  ß��  Matérn/.¦�30�, 75�� +  ß��º  PowerH�100�, 250�� 

·�/ =                                ß�/  Matérn/.¦�30�, 75�� +  ß�/º  Matérn��100�, 250�� 

where the coefficients ß��, ß��º , ß�/ and ß�/º  remain to be determined. This is achieved by 
using the least-squares fitting algorithm presented in Chapter 4, which is aimed to obtain 
the smallest total sums of squared errors between the experimental and modeled covariance 
matrices of the indicator data and cross-covariance matrices of indicator and transformed 
grade data. 

Also, the choice of the scale parameters, shape parameters and exponent of the bivariate 
model can be revised if the sum of squared errors is deemed too high. Another criterion for 
validating the fitted model is to construct a set of conditional realizations, to calculate the 
probability map for the tourmaline breccia and compare this map with the interpretation of 
the deposit made by the mining geologists: the closer, the better. 

The final results of this process are presented in Table 6.2. 

 
Table 6.2. Fitted generalized direct and cross covariances  

 
Basic 

structure 
Sill or slope 

Horizontal 
scale 

parameter 
(m) 

Vertical 
scale 

parameter 
(m) 

Shape 
parameter or 

exponent 

Generalized 
direct 

covariance 
K1 

 

Matérn 0.030 30 75 0.5 

Power 0.098 100 250 3.0 

Generalized 
cross-

covariance 
K10 

Matérn 0.000 30 75 0.5 

Matérn 0.252 100 250 1.0 
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Three observations are worth being made on the fitted model: 
 
(1) The nugget effect is only present in the grade model (covariance ·/), as the rock type 

variations are assumed to be continuous in space. Being absent from ·�, the nugget 
effect must also be absent from the cross-covariance ·�/ (Wackernagel, 2003). 
 

(2) The sill/slope coefficients ß//º = 0.45, ß��º  and ß�/º  of the power-Matérn model fulfill the 
condition presented in Equation (4.25) to be mathematically valid. 

 
(3) The sill coefficient ß�/ of the bivariate Matérn model is zero, which means that, for this 

structure, there is no cross-correlation between the grade and the rock type. The cross 
correlation originates from the power-Matérn model, which accounts for the large scale 
variations and non-stationarity of the rock type distribution. In other words, the large-
scale lithological zonation is responsible for the spatial dependence between the copper 
grade and the rock type and for the geological control exerted by the latter upon the 
former. 

3. Conditional simulation 

Provided with the spatial correlation model, one can construct realizations of the grade and 
rock type. The simulation first consists in simulating the intrinsic random field �� at the 
drill hole data locations, conditionally to the grade and rock type data, by Gibbs sampling 
(using a mixed simple / intrinsic cokriging for determining the successive conditional 
distributions, as explained in Section 2.2 of Chapter 4). Then, the spectral turning bands 
algorithm is applied to construct non-conditional realizations over the region of interest, 
which are subsequently conditioned to the data (transformed grade data and output of the 
Gibbs sampler for the rock type data) by residual cokriging, again using a mixed simple / 
intrinsic cokriging. The realizations of �/ are back-transformed to the copper grade scale by 
means of the grade anamorphosis function, while the realizations of �� are truncated to lead 
to the rock type model (tourmaline breccia / other rocks). As explained in Chapter 4, the 
truncation threshold can be set to zero, in both the Gibbs sampler and the truncation stages. 
 
One hundred realizations are generated over a regular grid with a spacing of 5m × 5m × 
12m along the east, north and elevation coordinates, respectively. Cokriging is made in a 
unique neighborhood, which theoretically ensures the convergence of the Gibbs sampler 
(Emery et al., 2014). The Gibbs sampler is stopped after 10,000 iterations, i.e., when the 
value at each drill hole data has been updated 10,000 times. Regarding the spectral - turning 
bands algorithm, �, = 1000 lines are used.  
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Figures 6.7 and 6.8 show four conditional realizations of grade and rock type. As expected, 
no discontinuity is observed in the distribution of copper grade when crossing the boundary 
between the two rock types (soft boundaries). The maps are consistent with the data values 
displayed in Figure 6.2, where the tourmaline breccia is located in the center of the region 
under study and contains the highest copper grade. 
 
 

 
 

Figure 6.7: Four conditional realizations of the copper grade (easting-northing plan views)  
for a specific elevation 
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Figure 6.8: Four conditional realizations of the rock type (easting-northing plan views)  
for a specific elevation 
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4. Post-processing the realizations 

4.1. Post-processing the copper grade realizations 

Having constructed 100 grade realizations, several outputs can be calculated. For instance, 
Figure 6.9A shows the expected copper grade, identified as the average, at each location, of 
the 100 grade realizations (this is sometimes referred to as “conditional mean” or as “e-
type”). Such an average of the realizations is actually similar to the predictor that would be 
obtained by simple kriging of the grade data (Figure 6.9B), except for some perceptible 
differences in the borders of the region under study. 

 

          

                              A                                                                                              B 

Figure 6.9: A, average of one hundred conditional realizations and B, simple kriging prediction of copper 
grade (easting-northing plan views) for a specific elevation 

 
Figure 6.10 displays the conditional variance and the conditional coefficient of variation of 
the copper grades. The conditional variance indicates the dispersion of the simulated grade 
around its expected value. The conditional coefficient of variation is equal to the square 
root of the conditional variance divided by the conditional mean and states the local 
variability as a fraction of the expected value. Both the conditional variance and conditional 
coefficient of variation measure the uncertainty in the true (unknown) copper grades and 
reflect the so-called proportional effect (higher uncertainty in high-graded areas), contrarily 
to the kriging variance (Journel and Huijbregts, 1978). 
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                              A                                                                                              B 

Figure 6.10: A) conditional variance B) conditional coefficient of variation 
(easting-northing plan views) for a specific elevation  

 
At a global scale, one can also calculate the expected mean grade and the tonnage that can 
be recovered for different cut-off grades (Figure 6.11). Typical cut-off grades for this kind 
of deposit vary between 0.3% and 0.7%, depending on technical and market conditions. 
 

 

A 
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B 

Figure 6.11: A) mean grade and B) tonnage above different cut-off grades 

4.2. Post-processing the rock type realizations 

By having one hundred realizations of the rock type, one can calculate the uncertainty in 
the proportions of each rock type at each target grid node, through probability maps (Figure 
6.12). As can be seen from this figure, the probability of occurrence of tourmaline breccia 
(rock type 2) is very high in the center of the region under study and is almost zero in the 
eastern and western sides, while the reverse happens for the other rocks (rock type 1). This 
zonation is consistent with the logs observed on the drill hole data and with the geological 
understanding of the deposit. 
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Figure 6.12: conditional probabilities of rock types 1 and 2 (easting-northing plan views)  
for a specific elevation 

5. Model validation  

5.1. Split-sample validation using drill hole data 

Split-sample validation can be used to determine the accuracy and quality of the simulated 
values. Specifically, the original drill hole data set (2376 data) is divided into two subsets, 
each containing about half of the data, via a random selection. Then, one of the subsets 
(training subset) is used as conditioning data for simulating the grades and rock types at the 
locations of the other subset (testing subset). The simulated values at the testing subset, as 
well as their average (conditional mean, considered as the best predictor of the true values) 
can finally be compared to the true values.  

As observed in Figure 6.13, the results of this process suggest that the proposed model is 
accurate for the copper grade, insofar as the grade prediction is conditionally unbiased (the 
regression of the true value upon the predicted value is close to the identity) and precise 
(the points of the scatter plot have a small dispersion)  
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Figure 6.13: Split-sample validation of copper grade using drill hole data 

 

For a given cut-off grade, one can classify the data into four sets: data with predicted and 
true grades below the cut-off (waste correctly classified as waste, blue points in Figure 
6.13), data with predicted and true grades above the cut-off (ore correctly classified as ore, 
red points in Figure 6.13), data with predicted grade above the cut-off but true grades below 
the cut-off (waste misclassified as ore, green points in Figure 6.13), and data with predicted 
grade below the cut-off and true grade above the cut-off (ore misclassified as waste, yellow 
points in Figure 6.13). As a measure of accuracy, one can calculate the percentage of data 
that have a correct classification (waste classified as waste or ore classified as ore).  

The process can be repeated by considering each grade realization individually instead of 
the average of the realizations. The percentages of correct classification for different cut-off 
grades and realizations are shown in Figure 6.14.  
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Figure 6.14: Percentage of correct classification (ore / waste) for twenty grade realizations 

 

From the conditional realizations, one can also compute a series of symmetric p-probability 
intervals (PI) at each location of the testing subset. The bounds of the PI of probability p are 
the quantiles (1–p)/2 and (1+p)/2 of the simulated values, for instance the lower and upper 
quartiles if p = 0.5. A correct modeling of uncertainty would entail that, for example, there 
is a 50% probability that the actual copper grade falls into the 0.5-PI or, equivalently, that 
over the testing subset, approximately 50% of the 0.5-PI contain the true copper grade 
value (Goovaerts, 2001). As a consequence, the scatter plot of the probability p versus the 
proportion of testing data contained in the p-PI (known as an accuracy plot) allows one to 
visualize the departures between observed and expected proportions as a function of the 
probability p (Figure 6.15). This plot indicates an accurate modeling of the uncertainty, as 
the departures are small.  
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Figure 6.15: Accuracy plot calculated from 100 conditional realizations of copper grade 

5.2. Validation using blast hole data  

Another way to assess the accuracy of the model is to use blast hole data (if accessible). In 
such a case, one can simulate the copper grade at the blast hole locations and compare the 
simulated values with the true values. Figure 6.16 shows the locations of blast hole data in 
a specific horizontal bench, while Figure 6.17 shows the scatter plot of the average of 100 
simulated value vs. the true value (copper grades measured at the blast hole samples). As 
for the split-sample validation performed on the drill hole data, the results of this process 
demonstrate that the model is conditionally unbiased, as the regression line is close to the 
bisector line, and precise, as the points of the scatter plot have a small dispersion around 
this bisector. 
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Figure 6.16: Location of blast hole data in a specific bench (color scale for copper grade) 

 

 

Figure 6.17: Split-sample validation of copper grade using blast hole data 
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6. Comparison with the cascade approach 

In order to demonstrate the superiority of the joint simulation approach over the cascade 
approach, the copper grade has also been simulated by the cascade approach. To this end, 
the non-stationary rock type model obtained from the joint simulation approach is used and 
the copper grade is simulated in each rock type separately, according to the following steps: 

For each rock type (tourmaline breccia and other rocks): 

(1) Transform the copper grade data into Gaussian data 
(2) Calculate the experimental variogram of the transformed data 
(3) Fit a theoretical (stationary) variogram model 
(4) For each rock type realization: 

− Construct a non-conditional realization of the transformed grade at the locations 
belonging to this rock type, by means of the stationary spectral – turning bands 
algorithm presented in Chapter 2, Section 1.4.  

− Condition the realization to the transformed data by simple kriging. 

− Back-transform the simulated values from the Gaussian scale to the grade scale. 

This way, one obtains as many copper grade realizations as rock type realizations. In the 
following subsections, we compare the results of this approach with the ones obtained with 
the joint simulation approach.  

6.1. Reproducing the nature of the rock type boundary  

As shown in the first section of this chapter, the available data indicate a soft boundary 
between rock types 1 and 2, i.e. the transition of copper grade from rock 1 to rock type 2 is 
gradual. Ideally, the simulation algorithm should be capable to reproduce this soft boundary 
for each realization.  

This can be confirmed by examining the variations of the mean grade when getting closer 
to a rock type boundary and by assessing the spatial correlation between the simulated 
copper grades across a boundary, through mean graphs and correlation graphs similar to the 
ones used for the available data. Figures 6.18A and 6.18B show these graphs for the joint 
simulation approach. It is seen that the mean grade shows a gradual transition near the rock 
type boundary and the simulated grades on either side of the boundaries are correlated, as 
what is observed in the original data (Figure 6.4). This indicates that the joint simulation 
approach, as was expected, reproduces the soft boundary between rock types 1 and 2. 
Conversely, the graphs related to the cascade approach (Figures 6.18C and 6.18D) indicate 
an abrupt change in the mean values of the simulated copper grades when crossing the 
boundary and a very weak correlation between the simulated grades on the both sides of the 
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boundary. This is explained because the cascade model neglects the spatial correlation of 
the copper grade across the boundary and therefore reproduces a hard boundary.  

  

 

Figure 6.18: Contact analysis for results of joint simulation (A, B) and cascade (C, D) approaches 

 

The maps of the simulated copper grades corroborate the previous statements: in the joint 
simulation approach, gradual variations of the grades are observed near the rock type 
boundary, whereas discontinuities are perceptible in the cascade approach (Figure 6.19). 
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Figure 6.19: One copper grade realization generated with the joint simulation (top) and cascade (bottom) 
approaches, together with the corresponding rock type realization (easting-northing plan views)  

for a specific elevation 
 

6.2. Prediction of copper grades 

Figure 6.20 shows the average of the 100 copper grade realizations generated by the joint 
simulation and cascade approaches, respectively. Such an average map (conditional mean) 
indicates the expected copper grade and provides the prediction of the copper grade that 
minimizes the mean squared error.  

At first glance, the joint simulation approach generates lower values of the copper grade in 
the edges of the region under study (corresponding to rock type 1) in comparison with the 
cascade approach. This can be explained because, in the joint simulation, the copper grade 
is positively correlated with the IRF-1 associated with the rock type, which is likely to take 
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large negative values in the outer locations. In contrast, in the cascade approach, the grade 
in rock type 2 is modeled as a stationary field with a constant mean value, so the variations 
in the conditional mean are only due to the effect of the conditioning data (these data are 
not so abundant in this rock type, so their effect is moderate).  

 

 
Figure 6.20: Average of one hundred realizations of the copper grade generated by the joint simulation (left) 

and cascade (right) approaches (easting-northing plan views) for a specific elevation 
 

6.3. Quantification of grade uncertainty  

Nowadays, uncertainty is a fundamental parameter that is widely used for classifying 
mineral resources into measured, indicated and inferred resources. Among many possible 
measures of uncertainty, the conditional variance (CV) and the conditional coefficient of 
variation (CCV) are sometimes considered as criteria for classifying the resources 
(Dimitrakopoulos et al., 2010; Maleki-Tehrani et al., 2013). As seen in Figures 6.10 and 
6.21, both the CV and CCV are significantly smaller when using the joint simulation 
approach in comparison with the cascade approach, which is explained because the latter 
uses fewer conditioning data when simulating the grades in each rock type separately 
(tourmaline breccia data are neglected when simulating the other rock type, and vice-versa, 
which leads to a greater uncertainty).  
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As a result, if one uses these measures as criteria for classifying the mineral resources, the 
amount of the ore tonnage located in the measured class is likely to considerably increase 
by using the joint simulation approach, while the cascade approach will tend to provide 
more ore tonnage in inferred resources, thus a more conservative resource classification. In 
other words, by using the joint simulation approach, the uncertainty in the obtained model 
is reduced significantly by a more judicious use of the information conveyed by the drill 
hole data.  
 

 

A B 
 

Figure 6.21: A) Conditional variance and B) conditional coefficient of variation for the copper grade, 
obtained by the cascade approach (easting-northing plan views) for a specific elevation  
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Chapter 7: Discussion and conclusions 

1. General discussion 

In this thesis we have generalized an algorithm established in the stationary framework for 
jointly simulating categorical (rock type) and continuous (grade) variables. In the proposed 
generalization, the continuous variable is the transform of a stationary Gaussian random 
field and the categorical variable is obtained by truncating an intrinsic random function of 
order k with Gaussian generalized increments (instead of a stationary Gaussian random 
field). This algorithm is very useful as, in practice, geological domains such as rock types, 
mineralization or alteration domains often exhibit spatial trends, so that the probability of 
occurrence of a given domain is not constant in space. Using a non-stationary model 
therefore seems consistent with the existence of geological zonations. The second case 
study has proven the applicability and capability of the proposed model and algorithms to 
perform joint simulation of stationary and non-stationary random fields and to reproduce 
their spatial correlation and spatial trends. 

From a methodological viewpoint, one does not have access to an experimental covariance 
or variogram to which a theoretical model can be fitted graphically, as happens in the 
stationary case. Therefore, in practice, the main difficulty of the proposed algorithm is the 
inference of the generalized covariance associated with the non-stationary field and the 
generalized cross covariance with the stationary field. A semi-automated fitting procedure 
has been designed, based on the calculation of the indicator covariance and cross 
covariance between all the pairs of data locations, followed by a least-square optimization 
to determine the parameters of the generalized covariance and cross covariance functions to 
be modeled. Also, some bivariate models for the generalized direct and cross covariances 
of a stationary and a non-stationary random field have been developed, and conditions on 
their parameters have been established to guarantee their mathematical validity. 

Another difficulty that has been solved relates to the processes of converting a non-
conditional simulation into a conditional one and of converting categorical data into 
continuous ones via Gibbs sampling. For a stationary Gaussian random field, these 
processes rely on the use of simple kriging or, when simulating two or more cross-
correlated random fields, simple cokriging. In the present thesis however, we dealt with two 
Gaussian random fields, one of which was stationary and the other one was an IRF-k (non-
stationary). As a consequence, a specific type of cokriging, called mixed simple / intrinsic 
cokriging, has been designed for the purpose of conditioning the realizations and Gibbs 
sampling. Concerning the practical implementation of cokriging, a unique neighborhood 
has been used to ensure the convergence of the Gibbs sampler to the desired distribution.  
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2. Conclusions  

In mining applications, one is generally interested in modeling the uncertainty in the 
outcome of continuous variables (such as metal grades), conditionally to the data on these 
variables and a correlated categorical variable representing geological domains. As these 
variables have a different nature, their joint modeling is often complex and cumbersome. 
Most often, this problem is by-passed by resorting to a hierarchical or cascade approach, in 
which the categorical variable is modeled first, then the continuous variables are modeled 
within each category, which tends to produce discontinuities when crossing the boundaries 
between categories.  

To address this issue, approaches mixing the multigaussian and plurigaussian models have 
been proposed in the past years, but were restricted to a stationary setting, while the spatial 
layout of rock types, mineralization or alteration domains often exhibits spatial trends and 
zonations, making the stationarity assumption questionable. 

In this context, the objective of this thesis was to extend the joint simulation of continuous 
and categorical random fields to a non-stationary setting, by assuming that the categorical 
field is obtained through the truncation of an intrinsic random field of order k. To reach this 
objective, some essential tools and algorithms have been developed for inferring the model 
parameters (essentially, the spatial correlation structure, represented by generalized direct 
and cross covariance functions) and for constructing realizations conditioned to existing 
data. Then, the proposed tools and algorithms have been applied and validated through a 
real case study (Rio-Blanco Los Bronces porphyry copper deposit), where copper grade and 
rock type have been jointly simulated conditionally to the information available at a set of 
drill hole samples from advanced exploration campaigns.  

The methodological proposals presented in this thesis may be the basis for future works, in 
particular: 

1) A straightforward generalization to simulate more than two rock types would be to use 
the plurigaussian model instead of the truncated Gaussian model, following the work of 
Madaniesfahani (2016). 
 

2) Improvements in the identification of the spatial correlation structure (generalized direct 
and cross covariances) and in the Gibbs sampler when the available data are numerous 
are challenging issues. Indeed, the algorithms proposed in this thesis are still limited by 
the number n of input data, as the inference of generalized direct and cross covariances 
relies on the fitting of data-to-data covariance matrices (i.e., matrices of size n × n), 
while Gibbs sampling is performed with a unique neighborhood implementation.  
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