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RANDOM FINITE SETS IN VISUAL SLAM

Este trabajo trata sobre el diseño e implementación de un sistema de Localización y Mapeo
Simultáneo (SLAM) visual usando la teoría de Conjuntos Finitos Aleatorios (RFS), en el que un
navegador (e.g. robot, auto, teléfono celular, etc.) utiliza una cámara de vídeo RGB-D para recons-
truir la escena a su alrededor y al mismo tiempo descubrir su propia posición. Esta capacidad es
relevante para las tecnologías del futuro, que deberán desplazarse sin ayuda externa.

Se considera la inclusión de modelos realistas de medición y movimiento, incluyendo la in-
termitencia de las detecciones de objetos, la presencia de falsos positivos en las mediciones y el
ruido en la imagen. Para ello se analizan sistemas basados en la teoría RFS, que es capaz de incluir
estos efectos de manera fundamentada, a diferencia de otras alternativas del estado del arte que se
basan en heurísticas poco realistas como el conocimiento absoluto de las asociaciones de datos entre
mediciones y puntos en el mapa.

Se incluye una amplia revisión de la literatura, desde Structure fromMotion aOdometría Visual,
a los distintos algoritmos para SLAM. Luego, se procede a explicar los detalles de implementación
de un sistema flexible para el análisis de algoritmos de SLAM, así como la implementación par-
ticular del algoritmo Rao-Blackwellized (RB)-Probability Hypothesis Density (PHD)-SLAM. Se
presentan análisis del desempeño de este algoritmo al cambiar las distintas estadísticas que pueden
variar en su uso práctico. Se hace una comparación detallada con la alternativa Incremental Smooth-
ing and Mapping (iSAM2), usualmente usada en otros sistemas del estado del arte. Luego, basado
en la teoría de Modelos Gráficos Probabilísticos (PGM) que está detrás de iSAM2, se propone un
nuevo algoritmo, Loopy PHD-SLAM, capaz de propagar información a lo largo del grafo inducido
de manera eficiente, incluyendo las estadísticas de RFS. Con una implementación sencilla como
prueba de concepto, se observa la capacidad de este nuevo método de cerrar ciclos y converger a
soluciones correctas.
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RANDOM FINITE SETS IN VISUAL SLAM

This work presents the design and implementation of a visual Simultaneous Localization and
Mapping (SLAM) system using the concepts of Random Finite Sets (RFS), in which a navigator
(e.g. a robot, a car, a cellphone, etc.) uses a RGB-D video camera to reconstruct the scene around
it and estimate its own pose at the same time. This capacity is relevant for the technologies of the
future since they will need to move around without external assistance.

Realistic motion and measurement models are considered, including missed detections, the
presence of clutter measurements and image noise. The RFS framework is well equipped to man-
age these effects in a mathematically sound manner, in contrast with alternative state-of-the-art
solutions, which rely on unrealistic heuristics such as perfect knowledge of the data associations
between measurements and map landmarks.

An extensive literature review is included, which goes from Structure from Motion to Visual
Odometry to several alternative SLAM algorithms. Then, the implementation details for a flex-
ible visual SLAM system are explained. This system has been designed to analyse the perfor-
mance of SLAM algorithms. An implementation for the particular case of Rao-Blackwellized
(RB)-Probability Hypothesis Density (PHD)-SLAM is detailed and its performance is evaluated
for different model statistics configurations. A detailed comparison between PHD-SLAM and the
popular Incremental Smoothing and Mapping (iSAM2) alternative is presented. Then, based on
the theory of Probabilistic Graphical Models (PGM), which is behind the iSAM2 method, a novel
algorithm is proposed, Loopy PHD-SLAM, which is capable of efficiently propagating information
through the induced graph, including RFS statistics. A proof-of-concept implementation is used to
analyse its performance in practice, observing its capacity to close loops and converge to correct
solutions.
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Chapter 1

Introduction

A key landmark of the modern human experience is the computer: a robust device capable of per-
forming complex algorithms and tasks in an efficient manner. Nowadays everyone interacts with
many computers several times a day, be it to read an email, pay with a credit card, talk on the phone
or even change the radio station on the car. No one can deny that computers have improved the life
of many people, making it more efficient, more expressive and even more connected. However,
these machines are far from perfect, they improve every year, allowing their users to approach big-
ger, more abstract, productive and social challenges. Who would’ve thought a century ago that it
would be possible to talk with a friend twenty thousands kilometres away instantaneously?

Today, this journey continues into uncharted territory: the autonomy of computer systems.
Using research advancements, computers can be programmed to make decisions by themselves
using appropriate goals, so they can interact with the world intelligently, in a manner similar to that
of humans. Naturally, these decisions are much simpler than typical human interactions, but are
good enough that the devices can react to new contexts without the need for a human to intervene
and specifically program them for that particular context. This ability of generalization, abstract
thinking and adaptation is key for collaborating with humans or for exploring new places where no
human has gone before. It is the start of a world where machines are not just passive instruments,
but become active participants on the solutions for the problems of the world.

Why active participation, one may wonder? In general, this trend responds to the intractability
of predicting, defining and solving every situation a system may encounter; there are tasks that
require so much detail that humans cannot do them by themselves. Very fine-grained input may be
required, decisions may have to be made thousands of times faster than what a human can do and
unforeseen dangerous obstacles may need attention; even the amount of work is sometimes just too
much. Active participation alleviates these problems and opens a world of possibilities, where a lot
of the tasks done today by people can be accomplished by autonomous computer systems.

A major field in the autonomization of systems is the planning and execution of movement.
Movement is hard: it requires observing the environment, detecting obstacles and making quick
decisions over the control of the navigator. Many things can change rapidly: obstacles may move,
motors may not respond as specified, the expected position of the system may drift with time, noise
can cloud the measurements; many times very fine precision is required to interact with objects or
pass through narrow corridors; objects may enter and leave the sensing area; a previously designed
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plan may be rendered invalid when new objects are observed, etc.. There are many details that
have to be solved precisely for autonomous movement to work. Nevertheless, when it does work,
astonishing results can be accomplished.

As the field moves forward, the market introduces new products that make use of the tech-
nology, such as Unmanned Aerial Vehicles (UAV, also known as drones) capable of autonomous
hovering and flight [1]. Their use includes military applications, journalism, de-mining, surveying
and recreational purposes. Even multi-vehicle swarms have been experimented with, collectively
improving all of their estimates. Their ability to safely manoeuvre around other vehicles such as
aeroplanes heavily relies on them understanding their environment.

These UAVs can be used to survey a terrain, i.e. generate a three-dimensional map of an area.
This can be important for urban and rural planning, construction, geology and archaeology, and
requires finding a precise map, obtained through the algorithms in this field*. The technique has
been used for monitoring glacier dynamics [2], forest fires [3] and urban 3D reconstruction [4].

Rescue missions can be performed by autonomous navigators. They have better manoeuvrabil-
ity than people and if they are small in size, they can move through debris in a collapsed building
[5]; their expendability makes the rescue less critical and their inexpensive nature allows for big
swarms to search big areas simultaneously. After a disaster, there are many sharp edges and exposed
material that the rescuers must skilfully avoid using appropriate movement techniques.

Autonomy has also been tried as a manufacturing methodology known as “lights out”, where
factories run with no human presence on-site. FANUC, a japanese robotics company has factories
using this methodology [6]. Sophisticated robots like Baxter (from Rethink Robotics) [7] can learn
production line tasks and manage lightweight assemblies with a user-friendly interface for non-
programmers, removing the need for humans in most of the manufacturing process.

Other robots have become very successful in the market, like Roomba, which can navigate
around an entire floor in a house, cleaning everything on its way [8]; or the NAO, a small humanoid
which can be taught to play football, around which an entire league has formed, namely RoboCup
[9]. Of course the task is complex and requires good mapping of the field and localization of the
player, appropriate tracking of the ball and tight coordination from the different players.

One of themost recent and promising applications of autonomous navigation is self driving cars,
i.e. cars that do not require a driver, since they observe the roadwithmany sensors and actuate all the
controls usually performed by the drivers themselves, such as accelerating, braking, steering, gear
shifting, path planning and avoiding obstacles [10]. A competition, the DARPAChallenge, has even
developed to create a fully autonomous car. In this application there are additional challenges as the
road has many rules and there are other drivers that the systemmust take into consideration. There’s
an elevated need for robustness, reliability and safety, since the vehicle transports people, whose
physical integrity is trusted to the navigation algorithm, even in the presence of highly unexpected
events such as bumps in the road, unresponsiveness of the wheels in the snow, inattentive animals
that may cross the street or erratic behaviour of other cars in the road. A good implementation may
save many lives that are lost every year to car accidents. The extra caution mandates a need for
strict policies, which slowly but steadily are being enacted on different jurisdictions. Despite the
many difficulties that surround them, self driving cars will probably reach the consumer market

*In this context, the stitching of different images to form a map is usually called aerial photogrammetry.
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in the coming years, which puts them in a privileged position as the quintessential example of the
autonomization field, capable of solving a real problem by applying state-of-the-art technology, all
by themselves.

As shown, this field has a lot to give to the world, but of course, there are still challenges to
overcome. This work addresses a specific problem that can still be improved upon: Visual SLAM.
This is the problem of understandingwhere the navigator and the obstacles are using a visual system
such as a video camera and a odometry source as data input. Planning and control strategies can be
built on top of this solution.

A video camera shall be attached to the navigator so it can see the world as it moves around.
From this stream, the navigator must process the images to estimate the three-dimensional position
of landmarks in the world, which are easy-to-identify elements in the scene, such as the corners of
a table or a printed logo in a book. Using these estimated landmarks, the navigator has to create
a model of its surrounding area, known as the map. From this map, the system can try to recon-
cile different observations of the same landmarks, improving the quality of the map itself as new
measurements come in, as well as improving the estimate of its own position in the map.

To reconcile the different measurements, this work uses the concept of random finite sets [11],
which comes from the world of point processes, a branch of probability theory. The observed land-
marks are a set of points in space and to understand the relationship between different observation
frames, it would be nice to calculate the probability of a set of observations to come from a particular
map model. Obtaining such probabilities is not trivial, though; elaborate mathematical arguments
are required to derive useful formulas to calculate them. From this, known methodologies like
Markov models can be applied to estimate the underlying map and navigator trajectory.

The world of SLAM is big and many different sensors have been used to deal with it, e.g. lasers,
radars and sonar. Then, why use cameras? The answer is simple: cameras are very rich sensors,
i.e. they contain a lot of useful information; they provide direct three-dimensional data, which can
be used to construct more complete maps and better position estimates; and they are much cheaper
devices compared with the alternatives. Also, there is massive amounts of video streams in the
wild that can benefit from SLAM, retroactively. Note however that although rich, video streams
are harder to process as the extra information requires higher bandwidth and processing power; this
is becoming less of an issue each year, as processors capable of such work are cheaper and become
more accessible.

This topic has received a lot of attention lately and many algorithms have been derived. Nev-
ertheless, there are advantages to this approach around robustness to non-ideal environmental con-
ditions.

1 Hypothesis

This work is guided by the following hypothesis:

Current visual SLAM solutions can benefit from including Random Finite
Set statistics and their integration may be done without compromising the spar-
sity benefits of graphical modelling.

3



2 Objectives

The general objective of this work is to implement and analyse the performance of visual SLAM
with random finite sets. To do so, three specific objectives will be pursued. First, a flexible frame-
work will be coded, which can take input from a RGB-D sensor and apply the Rao-Blackwellized
PHD filter to estimate both the sensor pose and themap around it. This frameworkwill be able to run
simulations as a way to better understand the performance of the algorithm and will be appropriate
to compare the results of this methodology against others.

Second, using this framework, a comparison will be performed between the PHD approach
and the Incremental Smoothing and Mapping (iSAM2) methodology, which is one of the preferred
state-of-the-art methodologies in the literature. This comparison will consider their performance in
multiple simulated environments with controlled parameters to see how well they can face different
kinds of challenges and with real data to validate the findings.

Third, using observations from the comparison, an extension to the random finite set approach
will be proposed, which exhibits advantages from both approaches. This extension will be targeted
towards improving the state-of-the-art performance on the visual SLAM problem, however, it will
be an early step.

3 Thesis structure

The structure of this work is simple. In chapter 1, a short and smooth introduction has been presented
to prepare the reader for the content of the work.

In chapter 2, a comprehensive review of the state of the art in the field is presented and the
connections between different perspectives of the problem are exposed. Also, a theoretical frame-
work and background is presented, which explains everything that may be required to understand
the present work.

In chapter 3, a new visual SLAM system is proposed making use of recent advancements on the
theory of random finite sets, in particular the Rao-Blackwellized PHD SLAM algorithm. Details on
its design and implementation are discussed, as well its nuances and some extensions, along with
the video stream processing and landmark extraction units.

In chapter 4, a comparison is performed between the random finite set approach and the alter-
native iSAM2 methodology. Big topics like data association and batch processing are addressed
and compared between the algorithms.

In chapter 5, the method is extended using batch processing ideas inspired by alternative per-
spectives, using a Loopy Belief Propagation approach. Both theoretical and practical analyses of
the extensions are presented, accompanied by a proof-of-concept implementation.

Finally in chapter 6, the work is concluded, giving an overarching summary of the work, along
with the main insights and proposing new directions to continue this line of research.
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Chapter 2

Review of the State of the Art

Navigating with cameras seems like quite a challenge to undertake. Like in any other endeavour,
the first question shall be what options are there today to accomplish the task, i.e. what has already
been done? It is important to stand on the shoulders of the community and use previous work as an
advantage.

Visual SLAM, as its name clearly states, is at the intersection of two areas of research: on one
side, there is the analysis of visual information to extract useful 3D representations, a technique
known as Structure from Motion; on the other side, SLAM, or Simultaneous Localization and Map-
ping, comes from the notion of estimating the pose of a robot and the map surrounding it. Both ideas
come from different places and objectives, but are very much related. The first one is very rooted
on geometry, focusing on details including projections to the camera plane, camera transformations
and image features. The second one is based on sensing theory and motion dynamics, focusing
on information propagation, covariance estimation and system modelling. Both approaches try to
reach an equivalent goal: understanding scenes and achieving robust navigation, albeit in different
settings, as will be explained.

1 Structure from Motion (SfM)

Artists have long captured the essence of their times in paintings and sculptures. Using their eyes,
they are able to replicate the world around them in stone. Structure from Motion seeks to transfer
this ability to a machine, capable of generating a 3D representation from a set of images of a model.
If enough images are available, and they have different perspectives of the scene, it is possible
to triangulate points in the images and find their location in 3D space. Using this strategy with
every point, a complete 3D model can be reconstructed. Its applications are many, from historical
archiving [12] to making tiny personal statues [13].

The key notion to achieve this is keypoint extraction. This means finding easily-recognizable
landmarks repeatedly in a set of images of the same scene, e.g. the corner of a table. If the pro-
jections of the same 3D point from several camera viewpoints are known, they give geometrical
constraints on the viewpoints which can be solved numerically. After extracting a number of key-
points from an image, they have to be matched with the extracted points from other images. This
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matching process is guided by a descriptor extracted around each keypoint that captures certain
invariant properties of the landmark and will not vary much from image to image.

Many ways to find such keypoints and descriptors have been defined in the literature. The
general idea is that relevant geometric points such as corners or complex texture details are con-
stant regardless of viewpoint, so they can be used as reference. Harris [14] provided one of the
first extractors which was based on finding locations where the irradiance gradient was strong in
multiple directions, i.e. corners. Years later, Shi and Tomasi [15] developed better descriptors for
corners that could be easily matched. One of the pinnacles of computer vision occured in 1999-2004
when Lowe described the SIFT (Scale-Invariant Feature Transform) keypoint routine [16], which
is invariant to many transformations on the images such as scale, rotation in the image plane and
mild rotations out of the image plane, and partially invariant to illumination changes. This means
that keypoints can be well-matched even in distorted settings, unlike previous methods, which had
difficulty if the viewpoints weren’t parallel. The similar algorithm SURF (Speeded Up Robust Fea-
ture) was developed by Bay in 2008 [17], but the big drawback of both methods is they’re slow
and encumbered with software patents, making them unsuitable for open source, large or real-time
settings. After these, a number of open technologies flourished, targeted at newly found constraints
such as FAST (Features from Accelerated Segment Test) [18], FREAK (Fast Retina Keypoint) [19],
ORB (Oriented FAST and Rotated BRIEF) [20] and KAZE [21]. These alternatives can be orders of
magnitude faster than SIFT or SURF, although sometimes at a price in the quality of the matchings.

Once the keypoints have been found andmatched between the images, all that’s left is geometry.
There are many mathematical details to solving this problem [22], but the main idea is simple. A
camera projects the 3D world into the 2D space of the film or sensor. This transformation can
be described by the pin-hole equation (2.1), which relates the underlying scene landmarks to the
previously found keypoints, (

x
y

)
= f

Z

(
X
Y

)
, (2.1)

where (x, y) is the 2D projected point in the camera sensor plane, (X,Y, Z)T is the location in 3D
space of a landmark and f is the focal distance to the sensor.

Note that the relationship can be expressed as a linear transformation if a dummy fourth dimen-
sion is added,

xy
w


local

=

f 0 0 0
0 f 0 0
0 0 1 0



X
Y
Z
W

 = Ct


X
Y
Z
W

 . (2.2)

This 4D extended space is known as homogeneous coordinates and is useful to express many
statements succinctly. In here, the camera is defined by the 3x4 matrix Ct. To convert from
homogeneous coordinates back to regular 3D coordinates, the components must be normalized:
(X ′, Y ′, Z ′)T = (X/W, Y/W,Z/W ). If W is zero, the vector represents a “point at infinity” or,
equivalently, a direction. Analogous rules apply for 2D coordinates.

This equation is valid in the camera frame of reference but it is usually useful to use another
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global origin. Then the camera matrix can be factored into two terms,

xy
w


global

=

f 0 0 0
0 f 0 0
0 0 1 0

(R3x3 t3x1
01x3 1

)
X
Y
Z
W

 = CfCp


X
Y
Z
W

 , (2.3)

where the first term Cf represent the internal calibration and usually doesn’t change with time
(unless in special circumstances, e.g. the focal length of the camera changes) and the second term
Cp contains the position and orientation, which consists of a translation vector t3x1 and a rotation
matrix R3x3 (see section 7.2).

From these projection equations, three constraints can be derived for every keypoint. Note
however that every keypoint adds three new variables, namely its three coordinates in space. This
means that adding keypoints alonewill not help in determining the camera pose, which is an intuitive
result. To solve this, some redundancy is required, which results from having the same keypoints
in different cameras.

In theory, with perfect projection, there are ways to reconstruct the exact pose of the camera*
from two images using eight keypoints [23]. Naturally, in real operations perfect reprojection is not
possible. Instead, a typical minimization on the square error of the reprojection can be applied to
find the best possible candidate,

min
pi,ck

|p|∑
i=1

|c|∑
k=1

vik|P (pi, ck) − xik|2, (2.4)

where pi are the landmark locations, ck the camera poses, P (pi, ck) is the theoretical projection
of the landmark pi in camera ck and xik the measured keypoint location. vik is a binary value
that equals one if the landmark is visible from the camera and zero otherwise and is introduced to
dismiss unknown data. The cardinalities |p| and |c| correspond to the number of landmarks and
camera poses respectively.

This quadratic optimization is known as Bundle Adjustment (BA) [24] and serves as the fun-
damental framework for SfM. However, it has two major problems: it can be huge even with a
moderate number of images and it is non-convex so a good initial approximation is required to con-
verge to the real minimum. To find such an initialization a possible methodology is known as visual
odometry [25]. This approach only works if the images are sequential and move smoothly, such
as in a moving vehicle. Using this additional structure, it can be seen that consecutive frames will
probably share many common keypoints, so that small optimizations can be performed throughout
the sequence in pairs. Since the movement should be smooth, the viewpoint of the camera does
not change too much, so exploring the camera pose space should be fast. This gives differential
constraints between consecutive frames, which can then be followed globally to find a good initial
approximation. The small optimizations are usually carried out through the Random Sample Con-
sensus (RANSAC) voting scheme [26]. Variations that improve performance and accuracy exist
[27, 28, 29, 30], but the general idea remains the same.

*Almost the exact pose: there will always be scale and Euclidean ambiguities, i.e. the absolute size of things can’t
be known just from images [22] and the origin is arbitrary.
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2 Simultaneous Localization and Mapping (SLAM)

How is it possible to estimate the position of a robot as it walks around a city making errands? To
inspire an answer, it can be noted that people do this all the time, and they use two big clues to
solve the problem: first, they know what to expect from their muscular actuation, e.g. one footstep
should move them about 20 cm in whatever direction they were pointing at; second, they can see
objects, signs and buildings around the city that guide them.

These two clues are the key to SLAM. Walking expectation corresponds to grasping a little bit
about how one’s own motion works, this is usually called a motion model and its input is called
odometry. So, taking one step is the odometry, and the rule “one step moves 20 cm” is the motion
model.

Naturally, this model is not perfect and contains uncertainty. It is very important to consider
this uncertainty when using the information. If a person closes their eyes and walks around the city,
they may have some notion of where they are for a while but as time passes the uncertainty grows;
after a couple of steps it is hard to know if the next step will still be on the sidewalk, the street or a
wall.

The only thing required to fix the problem is opening the eyes. Immediately, people can locate
themselves in the scene and stop before stepping into the dangerous road. This stage is called
measurement or sensing, and consists of collecting data from the environment, measurements, and
relating it to the pose, the measurement model. In this case, the observed curb of the road is the
measurement, and “If an object is visually close to the feet, it is right next to the person in the real
world” is the measurement model. Just like with motion models, measurement models are uncertain
and require care and attention.

Peoplemake use of these two cues simultaneously in a tight feedback loop and this is the essence
of SLAM. The moving robot needs to formalize this into concrete mathematical expressions.

2.1 Mathematical Formulation

To formulate the SLAM problem in a mathematical framework, it is modelled as in figure (2.1),
where the vehicle follows a path through time and observes landmarks along the way. The map is
represented by these point landmarks. A landmark can be an easily recognizable place in space like
the corners of a table, just like in the SfM setting.

...................

Figure 2.1: Elements and relationships in the SLAM problem. The vehicle trajectory is shown
as blue triangles, the landmarks as black circles; the trajectory is the blue continuous line and the
measurements are expressed as dashed red lines.
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Unlike the optimization approach of Bundle Adjustment, SLAM is based on probabilities. This
way, a suitable probability distribution must be proposed on the different robot trajectories and map
landmarks, which then must be used to find the most likely trajectory and map. The solution is not
straightforward and several alternatives exists, which will be listed later.

To discuss the different available algorithms, the use of a common terminology eases under-
standing. This work uses the following definitions: The robot pose at time k will be denoted asXk,
corresponding to an appropriate vector representation, e.g. in a 2D map this could be the vector
(x, y, θ)T , of the vehicle’s location and orientation. The complete trajectory between the starting
time t = 0 and the final time t = T will be X0:T .

The map will beM , that may be represented as the concatenated vector of the landmark posi-
tions, e.g. (x0, y0, x1, y1)T could be a 2D map with two landmarks. The representation of the map
is an important issue with subtle nuances that requires careful study and will be further explored
through this work. When referring to a particular landmark inside the map lowercase mi will be
used to avoid confusion between time and positional indices.

In every time step k, the vehicle will sense some of the landmarksm1
k,m

2
k, . . . ,m

n
k , generating

measurements z1
k, z

2
k, . . . , z

n
k from the measurement model (detailed later). Then, the vector Zk

will be the concatenation of all these zi
k. Similarly to the case of the map, the representation for

measurements will continue to be explored in this work. The measurements from time 1 to k will
be Z1:k.

The pose Xk and the mapM will comprise the state of the model, Yk = (XT
k ,M

T )T .

In every time step, Uk is a vector representing the direct odometry information on the movement
of the vehicle, e.g. (wl, wr) could be the measured rotation of the left and right rear wheels of a car
from the last time step. The odometry readings from time 1 to time k will be U1:k.

Note that both measurements and odometry readings start at time t = 1, unlike the trajectory
which starts at t = 0. This is because the robot position needs to be fixed at the start, i.e. the global
framework of reference is determined by X0.

The relevant probability distribution is dependant on the observations performed by the robot
and can be stated as [31, 32]

P (X0:T ,M |Z1:T , U1:T ). (2.5)

To use this approach in practice, estimates have to be calculated in real-time as the robot moves.
In this setting, the solution at every time step has a lot in common so it would be wasteful to redo all
the work at every step. Instead, previous results can be reused and only updated to account for the
last odometry and measurement readings. This is known as filtering and has the following structure,

· · · → Pk(X0:k,M |Z1:k, U1:k) Zk+1,Uk+1−−−−−−→ Pk+1(X0:k+1,M |Z1:k+1, U1:k+1) → · · · (2.6)

In some cases, real-time operation is not required, e.g. processing an old video. In this offline
setting, the full problem can be solved at once, though it could be more computationally intensive.
This is formulated as

arg max
X0:T ,M

P (X0:T ,M |Z1:T , U1:T ). (2.7)
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2.2 EKF SLAM

One of the seminal strategies to solve the filtering problemwas proposed by Smith, Self and Chesse-
man in 1987-1990 [33]. It follows the Bayesian inference approach, which is optimal when the
model is known and exactly implemented.

The idea is simple: using the law of total probabilities and Bayes’ theorem, the distribution
Pk+1(Yk+1|Zk+1) can be optimally derived from the distribution Pk(Yk|Zk) [34],

Pk+1|k(Yk+1|Zk) =
∫
P (Yk+1|Yk)Pk(Yk|Zk) dYk, (2.8)

Pk+1(Yk+1|Zk+1) =
Pk+1|k(Yk+1|Zk)P (Zk+1|Yk+1)

P (Zk+1|Zk)
. (2.9)

Equation (2.8) is known as the prediction step and moves the information from the previous
pose to the new pose; equation (2.9) is known as the update step and incorporates new information
from the measurements to the distribution.

These equations are optimal for any mathematical state process Y and measurement process Z
of the form

Yk+1 = f(Yk) (2.10)
Zk = h(Yk), (2.11)

and they underlie all the following filtering approaches. Note that both the motion model f(·)
and the measurement model h(·) are arbitrary stochastic functions. This form is called a Hidden
Markov Model (HMM). Y corresponds to the latent but unobservable state and Z is the observable
measurements. Its graph representation can be seen in figure (2.2).

..

Yt−1

.

Yt

.

Yt+1

. Zt−1. Zt

. Zt+1

Figure 2.2: Hidden Markov Model.

Hidden Markov Models assume that the state Yk only depends directly on its immediate pre-
decessor Yk−1, i.e. the state is history-blind given the previous state. Similarly, the measurements
Zk only depend directly on the current state Yk. This is a big assumption, but it is reasonable in the
context of SLAM.

Indeed, defining the state as the concatenation of the pose vector and the map landmarks, i.e.
Yk = (XT

k ,M
T )T , the pose Xk only depends directly on the previous pose Xk−1 and the odometry

reading Uk in between, i.e. no matter what happened before, if the vehicle was at (2, 3) [m] and
moved by (1, 2) [m], it is now at (3, 5) [m] (the map components trivially only depend on them-
selves). The odometry reading imposes no problem because it is only a parameter of the motion
model f(Xk, Uk) = fUk

(Xk) and the filtering equations for HMMs can deal with variant motion
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models transparently. Similarly, the measurements only depend on the current pose and some land-
mark in the map, not in the historic trajectory of the pose.

For practical purposes, filtering equations (2.8) and (2.9) are too general and difficult to im-
plement efficiently. The model can be simplified to the Kalman filter [35] by assuming Gaussian
distributions for the state and the measurements and linear updates, i.e.

Yk+1 = FkYk + BkUk + vk (2.12)
Zk = HkYk + wk, (2.13)

where Fk is the linear motion matrix, Bk is the linear odometry matrix and Hk is the linear mea-
surement matrix. The noise terms vk and wk are Gaussian distributed and follow vk ∼ N (0,Qk)
and wk ∼ N (0,Rk), where Qk and Rk are the noise covariance matrices for the motion and mea-
surement model respectively.

The Kalman filter only needs to propagate means Ȳk and covariances Pk instead of relying in
complex numerical approximations, giving a simplified prediction equation:

Ȳk+1|k = FkȲk + BkUk (2.14)
Pk+1|k = FkPkFk

T + Qk, (2.15)

and update equation:

Dk = Zk − HkȲk+1|k (2.16)
Sk = HkPk+1|kHk

T + Rk (2.17)
Kk = Pk+1|kHk

T Sk
−1 (2.18)

Ȳk+1 = Ȳk+1|k + KkDk (2.19)
Pk+1 = (I − KkHk)Pk+1|k, (2.20)

whereDk is themeasurement innovation,Sk is the innovation covariance,Kk is theKalman optimal
gain, and I is the identity matrix. These equations are very efficient since matrix algebra is all that
is required.

Despite its efficiency, the Kalman filters assume that the models are linear. This is a strong
assumption and is not true in most SLAM applications, so an extension is required to work with
non-linear dynamics. To solve this, Smith, Self and Chessman use the Extended Kalman Filter or
EKF [34]. The models then become

Yk+1 = f(Yk, Uk) + vk (2.21)
Zk = h(Yk) + wk, (2.22)

where f(·) and h(·) are arbitrary nonlinear model functions of motion and measurement respec-
tively. The noise terms follow vk ∼ N (0,Qk) and wk ∼ N (0,Rk) with Qk and Rk being the
covariances for the Gaussian motion and measurement noises respectively.

To manage the nonlinearities of the models, every time a linear matrix needs to be derived from
it (analogous to Fk and Hk in the linear filter), the Jacobian of the non-linear models are used,
(Jf)k and (Jh)k.
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The mean and covariance structure for the case of SLAM can be seen in figure (2.3). Both
the estimate and the covariance are updated in time using the EKF equations. Note that to define
an appropriate measurement model, a simplifying assumption that is made by this approach (and
almost all others) is perfectly known data association. This means that when ameasurement arrives,
the system can identify to which map landmark it corresponds to, e.g. in the first time step in
figure (2.1), the vehicle knows that the measurement was produced by the topmost landmark. The
algorithm isn’t responsible for figuring this out and takes it for granted. This is a critical assumption
that can be dealt with in many ways and has its own section later in this chapter.
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Figure 2.3: EKF vector and covariance representation.

As observed in figure (2.3), the space requirements are quadratic in the number of landmarks.
This is a problem when dealing with large environments, since it becomes both too large to fit in
memory and matrix operations become too slow as the map grows, so it’s usually used on small
maps of less than a couple hundred landmarks. Also, with time, numerical imprecision can affect
the quality of the results and the linearization step may not be a good enough approximation if the
models are highly non-linear.

2.3 FastSLAM

It is clear that the EKF solution can be improved. In 2003, Montemerlo and Thrun devised a major
optimization on the problem called FastSLAM [36].

Their algorithm is based on the key insight that the problem can de decomposed in two sub-
problems. Using the conditional independence properties that occur in the SLAM formulation, the
desired probability distribution can be factorized as

P (X0:k,M |Z1:k, U1:k, N1:k) = P (X0:k|Z1:k, U1:k, N1:k)
∏

i

P (mi|X0:k, Z1:k, U1:k, N1:k), (2.23)

where N1:k represents the known data association of the measurement at time k. For this decom-
position to work, these associations are crucial, otherwise it becomes more cumbersome, as will
be observed in later sections. Note that this approach assumes that one and only one landmark is
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measured at each time step; this is only a mathematical covenience, multiple measurements can be
processed sequentially.

From the factorization, it can be seen that every term is a distribution on only one of the un-
knowns. Solving separately for each one makes the process much more efficient. Each one of the
landmarks will be filtered using Kalman filters, similar to the EKF model. Note however, that these
factors are conditioned on the trajectory, which means that they require known localization. The
trajectory term does not depend on the map so in theory would need to be marginalized over all
possible maps.

To solve both complexities, a sequential Montecarlo method (or particle filter) is introduced
[37]. The trajectory factor will be represented as a set of “particles” {s}i, i.e. several hypothesized
poses, which will follow the required pose distribution. Then, each particle has a known localiza-
tion, so each particle can calculate all of the other terms efficiently.

For each localization, the map is represented as a vector of landmarks, expressed by their means
µi

n and covariances Σi
n. Then, each landmark can be propagated independently as an extended

Kalman filter.

There is still the question of how to make these particles follow the complex distribution of
the pose. For this, at each time step, the system updates the particles using a stochastic motion
model, i.e. it moves as expected from odometry and then adds Gaussian noise (these movements
correspond to a proposal distribution) and then updates the landmarks for each particle. Finally,
each particle is assigned an importance weight,

wi = target distribution
proposal distribution

= P (X i
0:k|Z1:k, U1:k, N1:k)

P (X i
0:k|X i

0:k−1, Z1:k−1, U1:k, N1:k−1)
, (2.24)

which through some mathematical work can be reduced to

wi ∝
∫
P (Zk|X i

0:k,m
Nk , Nk)︸ ︷︷ ︸

N (Zk; h(Xk, Uk), Rk)
new measurement

P (mNk |X i
0:k−1, Z1:k−1, Nk)︸ ︷︷ ︸

N (mNk ; µi
Nk, k−1, Σi

Nk
)

previous landmark estimate

dmNk . (2.25)

Then, a new set of particles is sampled, picking sample si with probability proportional to wi.
From the definition of the weights, the new particles follow the desired distribution.

This way, the algorithmmanages (in most cases) to greatly reduce the amount of work required.
Where EKF SLAM memory requirements were quadratic in the number of landmarks in the map,
O(M2), FastSLAM only requires O(KM), where K is the number of particles. The processing is
similarly reduced, sincematrix algebra only deals with small dimensions. If trees are creatively used
as data structures, the complexity can be even reduced toO(K logM). This allows the algorithm to
deal with maps as large as 50,000 landmarks (at the time of publishing). Also, since every particle
is more-or-less independent, different data associations could be introduced as in the case of MHT-
FastSLAM [38].

The algorithm makes good use of the conditional independence of the map given the trajectory,
but this separation can introduce numerical deviations. In EKF SLAM, the covariance between
every landmark was clearly stored and updated; in FastSLAM, only the conditioned diagonal co-
variances are explicitly stored, the full covariance is implicit in the particle distribution. This means
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that the particles have to be numerous enough to accurately track the distribution. Even further, as
particles are stochastic in nature, they may slowly lose information, which could render the solution
less accurate in long runs. Discussion on this issues will be expanded later as they are common to
filtering approaches.

As a side note, this approach seems to decouple the stages of localization and mapping, which
could appear to be inconsistent with the idea of simultaneous localization and mapping that was
deemed so important at the beginning of the section (after all, this was the key insight that solved
the problem in the first place). However, it is not so: both stages are very coupled through the im-
portance resampling step, which takes information from the map estimation back to the localization
step, which then gives information back to the map when updating its particles (and their poses).

In a subsequent work by the authors [39], they make a small but important change on the solu-
tion. In the resampling step, instead of using the motion model as proposal distribution, i.e. using
the last odometry reading, they use both the motion and measurement models, i.e. using both the
last odometry and measurement readings. Though theoretically the original algorithm is correct, it
is wasteful since a bad odometry reading would give very poor particles, unnecessarily increasing
the number of particles required to continue correctly. The new algorithm is much more efficient
as the measurement can easily guide the proposal. The new weights are calculated as

wi ∝
∫ ∫

P (Zk|X i
0:k,m

Nk , Nk)︸ ︷︷ ︸
N (Zk; h(Xk, Uk), Rk)

new measurement

P (mNk |X i
0:k−1, Z1:k−1, Nk)︸ ︷︷ ︸

N (mNk ; µi
Nk

, Σi
Nk, k−1)

previous landmark estimate

P (Xk|X i
0:k−1, U1:k−1)︸ ︷︷ ︸

N (Xk; X̄i
k−1, Pi

k−1)
previous pose estimate

dmNkdXk.

(2.26)

Using a linear approximation in the measurement model (not necessarily in the motion model),

h(Xk,m
Nk) ≈ Z̄i

k + Hm(mNk − µi
Nk, k−1) + Hx(Xk − X̄ i

k), (2.27)

the weight can be associated to a Gaussian with mean Z̄i
k and covariance

HxPkHx
T + HmΣi

Nk, k−1Hm
T + Rk. (2.28)

Using this new approach the required number of particles is an order of magnitude less, requir-
ing less memory and computation time. Note that this improvement has no practical disadvantage
so should always be preferred over the original algorithm.

2.4 GraphSLAM

Although filtering approaches work well when real-time constraints are imposed, their theoretical
optimality assertions may not hold because of numerical approximations needed to run them in
reasonable times. If an operation will be performed offline, it seems useful to have slower but more
accurate algorithms, which look at the entire data and optimize it.

There is a group of similar-spirited methods that use the key notion of conditional indepen-
dence between different elements in SLAM to formulate the problem in the context of graphs, the
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mathematical framework for networks and connectedness. These will be referred as GraphSLAM
algorithms.

Using this viewpoint the sparsity of the problem is exposed and exploited. In fact, this ex-
ploitation can be efficient enough as to let some of these algorithms run in real-time. This may
seem counter-intuitive, since they are solving a much bigger problem, but as it turns out, by having
all the information available they may be able to make better decisions instead of having to generate
a lot of redundancy to cope with the unknown future. The system may just try the best candidate
in a difficult transition and just correct it later, when better information is available. Filtering ap-
proaches do not have this luxury so have to be cautious and prepared for all scenarios. Besides,
although new information can change the past, it usually will only affect a very small part of it (the
near past), so most of the time it is not really necessary to update most of the solution. GraphSLAM
makes it possible to attain these benefits efficiently.

Thrun’s GraphSLAM

In 2005, Thrun and Montemerlo used the natural sparsity of the SLAM problem by maintaining
the system information in an adequate matrix-vector pair called the information matrix Ω and vec-
tor ξ. Unlike EKF-SLAM, which also uses a matrix-vector pair (joint covariance Σ and mean µ),
GraphSLAM’s pair directly corresponds to the gathered information; every entry can be associ-
ated to a particular constraint, corresponding to a particular odometry or measurement reading. As
new information comes in, the structure is filled with new entries directly, no need for complex
propagation, i.e. it is additive. In particular for each constraint of the form

(z − h(µ, θ) −Hµ)T Q−1(z − h(µ, θ) −Hµ), (2.29)

Ω and ξ corresponding entries are changed

Ωx,y = Ωx,y +HTQ−1H, (2.30)
ξx,y = ξx,y +HTQ−1(z − h(µ, θ) −Hµ) (2.31)

where the indices indicate submatrix. The system needs to be linearized for this constraints to be
applicable.

This representation has a couple of advantages. On one hand, very few entries are added at
each step (compared with the total number of entries in the matrix), i.e. the matrix is very sparse.
This means lower memory requirement to run the system. Also, the update routine is simple and
does not require complex matrix algebra that may take too much time (in EKF-SLAM, propagating
the covariance becomes impractical for large systems). On the other hand, since every constraint is
explicitly written in the information matrix, all the problem information is preserved through time,
unlike filtering approaches which marginalize the past, making it inaccessible and which are prone
to numerical drift since covariance propagation require many multiplications.

The fundamental question that remains to be solved is how to extract the usual covariance and
mean from the information matrix. It turns out that both representations are related by the equations
µ = Ω−1ξ andΣ = Ω−1. If the SLAMgraph is a tree, it is easy to extract themean for every variable,
but under cyclic graphs (i.e. revisited landmarks), the general matrix inversion is too slow. To speed
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things up, the authors propose to compact the information matrix by removing each landmark one
by one from the problem. This means removing their corresponding column and row and adding
new constraints between any nodes that were connected through the removed landmark (note the
difference with the covariance, whose marginalization only requires removing the columns and
rows). This procedure is nothing else than a variable elimination from linear algebra. Note that
landmarks are eliminated, the matrix becomes more and more dense, since every time each variable
has more neighbours. At the end, although the matrix may be quite dense, the number of variables
is much smaller than at the start, since only the poses remain. Therefore, the matrix information
becomes reasonable and a Maximum A Posteriori (MAP) estimate for the trajectory can be derived.
A similar elimination is performed for each landmark with its neighbours, using the previous MAP
estimate, deriving an estimate for each landmark.

Finally, the authors propose a novel data association scheme, where each measurement is asso-
ciated to a new landmark and a statistical test is performed on close landmarks to merge them. To
do this, the joint probability distribution between close-by landmarks is calculated and then used
to find the distribution of the distance between the landmarks. From this distance distribution, the
likelihood of zero distance P (|m1 −m2| = 0) is computed and compared to a predetermined thresh-
old ϵ to decide whether to merge or not, i.e. merge if P (|m1 − m2| = 0) > ϵ. These decisions are
not final, they may be changed if new information reveals they were suboptimal.

Square-Root Smoothing and Mapping

Dellaert and Kaess showed in 2006 [40] that SLAM can benefit greatly from efficient methods
in the fields of sparse linear algebra and graph theory, from where they formulate their method,
Square-Root Smoothing and Mapping (

√
SAM).

They factorize the full probability density as

P (X0:k,M, Z1:k) = P (x0)
T∏

k=1
P (Xk|Xk−1, Uk)

M∏
k=1

P (Zk|Xik
,mjk), (2.32)

where association is assumed known, so Xik
is the pose associated to the measurement Zk and Ljk

is the corresponding landmark. Note that due to Bayes’ rule, maximizing the joint probability is
equivalent to maximizing the original conditional probability,

arg max
X0:k,M

P (X0:k,M |Z1:k) = arg max
X0:k,M

P (X0:k,M,Z1:k)/P (Z1:k) = arg max
X0:k,M

P (X0:k,M, Z1:k).

(2.33)

The factorization shown in equation (2.32) can be matched to a factor graph, where every term
corresponds to an edge (as shown in figure (2.4)). There are three kinds of terms: one unary factor
which encodes the prior information on the pose; binary factors in the first product, which relate
consecutive poses (the motion model); and binary factors in the second product, which relate poses
and landmarks (the measurement model).

Assuming Gaussian distributions for every term, the problem can be transformed into a least
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...................

Figure 2.4: Factor graph representation of the SLAM problem. Every red square represents a factor.

squares optimization problem,

arg max
X0:k,M

P = arg min
X0:k,M

− logP (2.34)

= arg min
X0:k,M

{ T∑
k=1

||fk(Xk−1, Uk) − xk||2Λk
+

K∑
k=1

||hk(Xik
,mjk) − Zk||2Σk

}
, (2.35)

where fk(·) is the motion model, hk(·) is the measurement model andΛk andΣk are their respective
noise covariance matrices. Then it may be linearised,

arg max
X0:k,M

P ≈ arg min
X0:k,M

{ T∑
k=1

||Fk
k−1δXk−1 + Gk

kδXk − ak||2Λk

+
K∑

k=1
||Hk

ikδXik
+ Jk

jkδmjk − ck||2Σk

} (2.36)

= arg min
δ

||Aδ − b||22, (2.37)

where Fk
k−1 is the jacobian of the motion model, Gk

k is the negative of the identity matrix, Hk
ik

is the jacobian of the measurement model with respect to the pose, Jk
jk is the jacobian of the

measurement model with respect to the landmark and ak and ck are bias terms that come from the
motion and measurement models respectively. Since the whole expression is a sum of squared
norms of linear combinations, it can be succinctly written as the norm of one linear combination of
all the poses and landmarks, as written in equation (2.37). Here δ corresponds to the concatenation
of all the pose deltas and landmark deltas in the linearised equation and A and b have the form

A =



G1
1

F1
2 G2

2
F2

3 G3
3

H1
1 J1

1
H1

2 J2
2

H2
3 J1

3
H3

4 J2
4


b =



a1
a2
a3
c1
c2
c3
c4


, (2.38)

where the Mahalanobis norms have been removed by using the identity ||e||2Σ = ||Σ−T/2e||22.

This is a very large but sparse optimization problem. The solution can be found by solving a
linear system,

AT Aδ∗ = AT b. (2.39)
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As in any least squares problem, it can be solved robustly using Cholesky or QR decomposition
[41] on the information matrix I = AT A = RT R, with straightforward back-substitution.

Note that Cholesky decomposition uses the information matrix I = RT R while QR decom-
position uses A = QR itself. Both algorithms have an approximate time complexity O(mn2) as a
function of the size of A,m× n, but QR decomposition is twice as slow [40].

To improve the performance of the algorithm, it is useful to show the implicit relationship be-
tween this algebraic treatment and the underlying graph structure of the problem. The Jacobian
matrix A is the adjacency matrix for the factor graph associated with the model, and the QR de-
composition is equivalent to removing edges and generating a new graph (the junction tree) along
the way, corresponding to the R matrix. By removing edges, variables are eliminated; new links
are introduced to “compensate”, as shown in figure (2.5)†.
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Figure 2.5: Variable elimination procedure. As the procedure removes nodes, a new directed graph
associated to R is generated (as shown in [43]).

The order in which the variables are eliminated changes the sparseness of the final junction
tree, and correspondingly, of the square root matrix R. So, if a good order can be selected, the
result will be more amenable to the ensuing computation and the solution to the problem will be

†These operations are well known in the field of probabilistic graphical models [42].
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efficient. Unfortunately, finding the optimal variable ordering is NP-complete; nevertheless, there
are very good heuristic approaches which attain good results in practice (Square Root SAM uses
the COLAMD algorithm).

The performance of the algorithm is much better than EKF, which requires quadratic memory
growth in the number of stored features. If the ordering is good,

√
SAM can grow linearly with the

number of poses and landmarks. This by itself allows it to cope with much longer runs, but still
grows without bound if the vehicle continues to move. Also, the optimization can be iterated mul-
tiple times using the previous solution as an initialization. This way the algorithm may relinearize
variables and the linearization points become less constraining as they can be changed later.

Kaess, Dallaert et al. continued developing this technique in two subsequent algorithms, namely
iSAM [44] and iSAM2 [43]. These algorithms focus the solution in the online real-time case. This
is not to say they transformed it into filtering, but made further optimizations to allow the solutions
to be incrementally improved frame by frame. After performing the full

√
SAM algorithm, the

information from the new frame can be incorporated much more efficiently than redoing all the
optimization from scratch. In iSAM, aQR-updatingmethod is proposed, where the new information
is appended to theR factor (violating its triangular structure) and then correcting it by using Givens
rotations, which solve QR entry-by-entry. Since the new data is small and sparse, this process is
efficient.

This makes the algorithm run in O(1) for most time steps, making it suitable for real-time
operation. In loop closures, however, this can become much bigger as a lot of poses are affected
(theoretically, the upper bound is O(n1.5) − O(n3), but empirically the run-times are lower [43]).
Note however that using this incremental approach the system slowly but steadily increases the
amount of fill-in in the R matrix, its sparsity is lost; Givens rotations are blind to this effect since
they are a general purpose tool. To correct this, the algorithm periodically reorders the variables to
make the matrix sparse again; the more fill-in in R, the more this will take, so a trade-off on the
spacing between such re-orderings must be balanced.

In iSAM2, the authors propose a new data structure called the Bayes tree, which is derived
from the Cholesky and QR factorization algorithms and allows for better manipulation the graph as
new information arrives. The main insight of this work is that all the operations that were usually
implemented using matrices can be expressed as edits on the Bayes tree.

Storing the R matrix in this tree representation leads to more opportunities for efficiency. In
fact, the new information can only affect the path of the tree that joins the nodes of the involved
variables; Similarly, when adding new nodes only this critical path may require variable reordering,
so it can be performed right after the inference step and only in the affected nodes.

The relinearization process no longer needs to be carried out on the whole structure. Instead
every variable keeps track of its linearization quality status and if a relinearization is deemed nec-
essary, the node is removed, relinearized from the original non-linear factor and reinstated in the
tree along with all the factors that were changed in a non-negligible way, i.e. a continuous and fluid
relinearization.

Note that the original factorization (from which the entire family of algorithms follows) can
only be carried out with knowledge of the data associations between measurements and landmarks;
otherwise the measurement factors would not be single terms, but sums over all possible associa-
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tions, which would defeat the tractable nature of the subsequent optimization. Measurement factors
would become P (Zk|Xik

,M) = ∑
θ P (Zk|Xik

,mjθ)P (θ) (where θ is the data association), which
then become log-sum-exp terms when taking the logarithm, log∑θ exp(||hk(Xik

,mjθ) −Zk||2Σk,θ
).

The whole expression is no longer a least squares optimization and the number of terms grows with
the number of possible data associations.

2.5 RFS-SLAM

Every approach introduced so far represents the map as a vector of landmarks, which implies both
a cardinality and an order for the map. If data association is known, the cardinality can be justifi-
able, but the order of the landmarks is always arbitrary. When data association is not known, the
cardinality is uncertain and the algorithms require ad-hoc heuristics to force data associations on
the measurements.

A more principled approach would be to treat the map and the measurements as what they
really are: sets of points. The Random Finite Sets approach follows this concept [45], making few
compromises in theory as the inherent set-like nature of the variables is maintained.

Using this idea, RFS-SLAM can propose a generalized [11, 46, 47] context in which to per-
form Bayesian updates or batch processing. The methodology is similar to other algorithms, but
replaces vectors for sets where appropriate. The problem becomes how to define and implement
the analogous operations on sets, e.g. extracting covariances or taking derivatives. This is by no
means straightforward, but compact useful expressions can be derived.

Note that by using sets this approach solves data association through the SLAM solver itself
and thus does not require external means. A similar benefit occurs for map management.

Now, solving the complete data association problem is combinatorial in nature, so no miracles
can be expected in the worst case scenario: a more powerful method will require more resources
on these extreme cases. In practice, though, data association is not completely uncertain; in fact
uncertainty usually distributes at most over a few candidate landmarks, not the entire map, so the
methodology is efficient. Moreover, the problem of representing association uncertainty becomes
just a matter of numerical approximation and optimization; it can be dealt with using appropriate
“resolution” thresholds on the implementation. Using its knowledge of the association situation,
the concept has the potential for flexibility, using strict association policies when the data is clean,
thus faster, and relaxing these policies when the data becomes corrupted and noisy, thus slower but
more accurate.

As this methodology is the base for the present work, details and a more in-depth review will
be studied later in this chapter.

3 SfM and SLAM

As will be shown here, both SfM and SLAM essentially solve the same problem with different
methods. While the visual setting doesn’t impose any defined order to the set of images, SLAM is
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presented as a sequential problem. SfM’s core step involves a huge dense quadratic optimization
which becomes very hard to compute as the number of images increases. In SLAM there are many
ways to simplify and guide the solution, making use of the structured nature of the problem, its
sparsity and potentiallymarginalizing states out from calculations. Visual odometry is in themiddle,
using relationships between consecutive frames but disregarding global consistency requirements,
which take too much time to fulfil.

This exposes the major difference between visual odometry and visual SLAM: the first one
concentrates on the local scale, improving the coherence frame-by-frame; the second one includes
the global scale, providing long-term effects such as loop closure, where the system can change the
estimate for the pose trajectory using disparate landmark relationships. This also has implications
on the processing time of each approach, which is important if an application needs to run in real-
time.

Another big difference is that SLAM typically propagates the state covariance, which is usually
absent in SfM methods. Knowing the uncertainty of an estimate is very relevant to evaluate the
results: a decision may change depending on whether the navigator knows its position with high
confidence or it is just pure guesswork.

Their differences do not mean both approaches can’t complement each other. In fact, visual
odometry can be used as a building block of a larger visual SLAM algorithm. In this respect, the
advantages of full SLAM can be perceived, resulting in a better global estimate.

4 Visual SLAM

There have been some successful efforts to create visual SLAM solutions based on the previously
exposed algorithms. Some of the most interesting are reviewed below.

In 2007, Davison et al. publishedMonoSLAM [48], where they used EKF-SLAMwith monoc-
ular cameras (i.e. a typical single RGB camera). To avoid expensive tracking, they used active
search, where landmarks are only matched near their expected pixel position in the image stream.
To deal with the missing depth information, they represented a landmark as two objects: a point
and a direction (this direction defines a line). At first the landmark may be anywhere along the
line, but as different frames show the landmark from different viewpoints, they can be fused to
bound the depth uncertainty; in particular, they use a particle filter over the line, i.e. put a number
of hypothesis along it and remove them if they become inconsistent in consecutive frames. As this
method uses EKF, it requires careful map management to maintain reasonable processing times and
memory requirements.

In 2006, Eade and Drummond proposed Scalable Monocular SLAM [49], a work similar to
Davison’s but using FastSLAM instead. To diminish the effects of the missing depth information,
they recover the depth before adding the landmark to the map, by using a separate Kalman filter over
the landmark location in pixel coordinates (from the first frame it was seen) and an inverse depth
distance (inverse because it follows a Gaussian more closely than the distance itself). After seeing
the landmark enough times from different points of view, the depth uncertainty decreases and its 3D
mean can be added as landmark. Through the time these landmarks are not-yet-added candidates,
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they still give useful information about the camera pose, which the authors use to constrain it.
Indeed, as a side effect of computing the inverse distance, the algorithm computes the epipolar
reprojection error, which can then be incorporated as an artificial observation.

Alternatively, in their algorithm Parallel Tracking and Mapping (PTAM) [50], Georg Klein and
DavidMurray approach the problem using bundle adjustment (BA, from SfM), exploiting the multi-
threaded environment of modern processor architectures to separate mapping and camera tracking.
By using separate threads, tracking does not need to wait for the lengthy mapping stage and there-
fore may use more time-consuming processing. Also, mapping is very redundant as consecutive
frames show similar features from similar viewpoints and it can be performed sporadically, only in
keyframes sufficiently distinct from one another, so it needs not be strictly real-time; it only has to
be completed before the next keyframe. With this extra time, the incremental mapping strategies
can be replaced for a heavier bundle adjustment. The tracking thread reprojects map points to the
image to estimate the camera movement and uses active search to minimize calculations, but does
nothing with unassociated measurements. The mapping thread associates keyframe measurements
(using an epipolar search) and performs global BA, which takes cubic time with respect to features,
O(|M |3). This becomes unacceptable in bigger maps, so the system falls back into a local BA,
which only considers a subset of the keyframes (spatially close keyframes) if new features have
been found ( exploring a new area). This local version takes O(T |M |) time, i.e. bilinear in pose
number and map size. Note that if well-explored areas, the full version can run slowly, but it doesn’t
matter since tracking does not wait for it, and features are not expected to change much (static map).
Also, should the mapping thread find itself idle, it may use the extra time to revisit old frames more
carefully. To initialize the map, user cooperation is required by actively indicating good and easy
pairs of images to perform a stereo reconstruction (five-point algorithm and BA).

PTAM works very well under constrained scenarios, but does not scale to larger environments.
Mur-Artal, Montiel and Tardós extend some of its ideas and propose ORB-SLAM [51]. They aug-
ment the tracking/mapping solver with relocalization and loop closure stages. To perform such loop
detection, they use place recognition through the Bag-of-Words concept [52]. Similarly to PTAM,
tracking and mapping are in separate threads, and additionally a third thread performs loop closure;
unlike PTAM, mapping is always solved with local BA. Global consistency is taken care by the loop
closure thread: when it recognizes a familiar place, it aligns the endpoints and optimizes similarity
constraints over the spanning tree of the strong covisibility graph (where every feature is connected
if they are simultaneously visible in a keyframe) which they name essential graph, resulting in
much faster times. They use ORB features instead of patch-correlation FAST from PTAM, which
are extracted using the same procedure but filtered and matched differently; ORB features have the
advantage of being useful in all the stages of the algorithm. Also, they are more liberal when adding
features to the map, but they are filtered out if they do not pass well-behavior tests in the first few
frames; similarly, redundant keyframes are also removed. This culling means the algorithm can be
used in lifelong processing, since navigation in a familiar environment will not increase the map
size nor the keyframe count. Unlike the PTAM approach, ORB-SLAM checks for degenerate cases
when initializing the map and uses an alternative method in such case.

The success of works like PTAM prompted Strasdat to review the merits of filtering and batch
approaches [53], concluding that batch methods make better use of the available time and memory
resources.
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4.1 Alternative features

Some authors have explored features different than points. Many [54] have used edges, others have
used planes [55]. Both of these features can be more robust than keypoints since they represent
higher-level structures, spanning over larger areas, but this also means they can be partially oc-
cluded, complicating detection. Salas et al. [56] goes a step further and uses complete objects from
a previously prepared library as features, with complex bag-of-words matching to recognize partial
objects. Note that using prepared models may not be plausible in unexplored environments. Also
note that these features sometimes can be parametrized as keypoints in a higher dimensional space.

Following the recent trend in computer vision, some authors [57, 58, 59, 60, 61] have explored
algorithms that work directly on the pixel representation, without any preprocessing to extract rel-
evant features. These methods can reconstruct denser representations of the scene, since they are
not constrained to work on pointwise information. Being able to run this kind of methods in real-
time has been possible thanks to the major advances in the highly parallel computer architectures
of GPUs.

In 2011, Newcombe et al. presented Dense Tracking and Mapping (DTAM), a direct dense
reconstruction method. To do it, the scene is discretized into a 3D cost cubic voxel grid Cr as
shown in figure (2.6) and as new keyframes are observed the cube values are updated to reflect the
likelihood that an element in the cube is occupied by computing its consistency with the images,
e.g. a voxel which projections into both images have different colors is probably not occupied. To
find the values in the cube, the authors optimize the photometric errors of the volume projection
into the images. Later in the tracking stage, the scene is aligned with the camera image at each
frame to calculate its movement. As the authors explain, the system assumes constant lighting and
its reconstruction space is fixed by the first keyframe, which limits its use to lab conditions.

Figure 2.6: Cost cube discretization in the DTAM algorithm. Image taken from Newcombe’s 2011
publication [58].

Three years later, Engel et al. continued the idea of direct reconstruction with their Large-Scale
Direct Monocular SLAM (LSD-SLAM) [61]. In this work they propose a semi-dense scheme,
which uses pixel information but only updates the most meaningful areas of the 3D model such
as edges. The map reconstruction is similar otherwise to the Newcombe’s idea (although they
represent the inverse depth map as mean-covariance for each pixel instead of a discretized inverse
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depth likelihood). To generalize the mapping to huge environments, the reference keyframe (which
is fixed in Newcombe’s method) can be updated by projecting the depth map into a new keyframe,
so the system may still work if the original viewpoint is no longer visible. Special care is taken
with scale drift, which is major source of error in monocular SLAM, by forcing the inverse depth
mapmean to be one and therefore moving any scale ambiguity into the camera tracking stage, which
can use a regularized error to minimize scale-drift. Appearance-based matching is used with closest
keyframes to perform loop closure. The system runs in real-time on a CPU.

In principle, these dense schemes should be able to always perform better since they are pre-
sented with more information, but removing all the redundancies is difficult and time-consuming
and current state-of-the-art schemes are both slower and less accurate for camera tracking than
keypoint-based alternatives [62]. Conversely, the reconstructed surfaces are denser, therefore eas-
ier to interact with since extrapolating the complete surface from points in space is not trivial.

It is important to note the general limitations of current methodologies for visual SLAM. Visual
sensors are very sensitive devices and can present bad visibility in dark scenes, ISO noise, codec
artifacts, defocusing, vibrations, tearing, sync inconsistencies, ... Moreover, all these problems can
rapidly change as the environment changes, so any system needs to be able seamlessly adapt and
reconfigurate to new conditions. For example, in slow motion and daylight, data association should
only consider few matchings, while at night in a high speed vehicle it should consider more remote
matches.

5 Estimation with Random Finite Sets

Given its qualities as an self-reliant concept, RFS-SLAM could be a good candidate to reduce the
limitations that current visual systems have. This work will indeed present at length the implemen-
tation of such an extension, so a review of the theory behind the RFS concept is given here, which
has been extensively developed by Mahler [63].

Within this method, map and measurements are sets of points. They will be noted in cur-
sive to distinguish them to their vector counterparts, so M and Zk are the map and measure-
ment set respectively. This is illustrated in figure (2.7), where the map is represented as M =
{(0, 1)T , (1, 1)T , (1,−1)T } and the measurements as Z = {(1.1, π/4)T , (1.2,−π/4)T }.
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Figure 2.7: Set-based landmarks (white circles) and measurements (red crosses) in RFS.
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These sets contain a finite number of points and their stochastic nature is imbued in a probability
distribution over the set of finite sets FK = {X ∈ 2K : |X | < ∞}, where K is the vector space in
which the points exist and | · | is the counting metric. This space is huge.

Both filtering and smoothing can be re-expressed using these sets. For the filtering case [45],
the governing equations become

Pk|k−1(X0:k,Mk) = fX(Xk|Xk−1, Uk)

×
∫
fM(Mk|Xk,Mk−1)Pk−1(Xk−1,Mk−1)δMk−1

(2.40)

Pk(X0:k,Mk) =
hk(Zk|Xk,Mk)Pk|k−1(X1:k,Mk)

hk(Zk|X0,Z1:k−1)
. (2.41)

and for smoothing,

arg max
X0:T , M

P (X0,M)
T∏

i=1
P (Zi|Xi,M)P (Xi|Xi−1, Ui). (2.42)

The main difference here is the presence of operators such as integration and optimization over
the space of sets and the unavailability of the simplifying data association assumption.

Note that this approach is very related to the concept of point processes [64] in probability
theory. Although the SLAM problem can be expressed in such a manner, the RFS conceptualization
is more aligned to the rest of the SLAM algorithms (e.g. EKF-SLAM, FastSLAM, GraphSLAM)
so it allows for a common language.

5.1 Filtering in the RFS framework

The first thing to do is define what will be the motion and measurement models using sets, i.e. how
does the latent model evolve in time and how do measurements relate to it.

Note that there is a prime distinction between the map state (set-based) and the trajectory
(vector-based); since the pose is always known to exist, no special treatment should be required
to manage it. The more complex part is mapping since features may or may not exist. Therefore,
the prediction of the trajectory follows a distribution similar to the non-set approaches,

fX(Xk|Xk−1, Uk). (2.43)

On the other hand, to model the map a set update equation is needed. In general, four things can
occur in the map: a landmark can move, it can spawn additional landmarks, it can spontaneously
appear in the map or it can die. This is captured by the RFS map update equation [65],

Mk =

 ∪
ζ∈Mk−1

Sk|k−1(ζ)

 ∪

 ∪
ζ∈Mk−1

Bk|k−1(ζ)

 ∪ Γk, (2.44)

where Sk|k−1(ζ) corresponds to the movement of the landmark ζ in the map (and incorporates the
death probability), Bk|k−1(ζ) to new landmarks that spawn from ζ and Γk to spontaneous births of
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new landmarks. For the purposes of SLAM, though, only movement and births are relevant (no
spawning). When the map is static (very usual), there’s no movement either.

Tomodel the measurements, there are two effects at play: the sensor will pick up real landmarks
with some spatial and cardinality uncertainties (it may or may not see a landmark); and it may also
record spurious readings which do not correspond to anything in the world, e.g. pixel noise. This
is written as the measurement equation,

Zk = Kk ∪

 ∪
ζ∈M

Θk(ζ)

 , (2.45)

whereKk is a spurious set and Θk(ζ) the set of measurement from landmark ζ .

These models specify all the relevant information to compute the filtering equations in (2.40),
but unfortunately are intractable to solve. Nevertheless, the equations can be simplified [63] given
certain assumptions. First, for each RFS X , an intensity v can be defined in the underlying K space
such that ∫

S
v(x) dx = E(|M ∩ S|) =

∫
|M ∩ S|P (M)δM. (2.46)

It is a density which when integrated over a region, gives the expected number of landmarks con-
tained in that region. It is also the first moment statistic of the set distribution, i.e. analogous to the
mean in vector processes.

Second, an RFS is a Poisson RFS if it fulfils two properties: its cardinality distribution is Pois-
son with a given mean N and, conditioned on a given cardinality, the elements of the set are i.i.d.
with the same distribution v(·)/N , where v(·) is the intensity. Though a strong assumption, this
model works well in practice. Less stringent alternatives have also been explored [66].

It turns out that for Poisson RFS, all statistics are captured by their intensity function (also
referred as Probability Hypothesis Density), so the only thing that needs to be propagated in the
filtering step is this PHD. This is the root of the PHD filter, which is able to track the complete set
model efficiently.

The PHD equations are [63]

vk|k−1(m|X0:k) = vk−1|k−1(m|X0:k−1) + b(m|Xk) (2.47)

vk(m|X0:k) = vk|k−1(m|X0:k)
[
1 − PD(m|Xk)

+
∑

z∈Zk

PD(m|Xk)hk(z|Xk,m)
c(z|Xk) +

∫
PD(ζ|Xk)hk(z|Xk, ζ)vk|k−1(ζ|X0:k)dζ

]
,

(2.48)

where b(m|Xk) is the intensity of the spontaneous birth process, c(z|Xk) is the intensity of the
spurious readings and PD(m|X0:k) is the probability of detection in space. All these intensities are
functions in the landmark field K, contrary to the map set which exists in FK.

Note that although the PHD filter assumes the different RFS to be Poisson, it can still be applied
to any real model. Just as in the EKF, the solution continues to work, but the optimality condition
is no longer valid.
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One more step to complete an efficient implementation of this algorithm is required. So far, the
PHD filter reduced the complexity from absolutely intractable to tractable. The next step is to make
it fast. Similarly to other methods, Gaussians simplify the work. If the measurement readings hk

are Gaussian (as in the EKF) and the intensity functions are constrained to the family of Gaussian
mixturemodels of the form∑N

i=1 wiN (µi,Σi), this propertywill be invariant, thus allowing efficient
explicit algebraic expressions [67].

Finally, there is one more loose end to solve. The vehicle trajectory needs to be incorporated.
As proposed by Mullane in 2011 [45], a Rao-Blackwellization method can be employed, just like in
FastSLAM. Several particles will be proposed from the vehicle transition model, each one carrying
out its own mapping assuming known localization and then an importance resampling step will
force them into the correct distribution. The localization then follows the equation

P (X1:k|Z1:k, U1:k, X0) = h(Zk|X1:k,Z1:k−1)
fX(Xk|Xk−1, Uk−1)P (X1:k−1|Z1:k−1, U1:k−1, X0)

h(Zk|Z1:k−1)
,

(2.49)

which is approximated using particles with weights that update according to:

wi
k ∝ h(Zk|X i

1:k,Z1:k−1)wi
k−1. (2.50)

The term h(Zk|X1:k,Z1:k−1) is intractable to solve, but a trick can be employed to avoid having
to calculate it directly. The term can be equated as

h(Zk|X1:k,Z1:k−1) = h(Zk|Xk,Mk)P (Mk|X1:k,Z1:k−1)
P (Mk|X0:k,Z1:k)

. (2.51)

As the reader may notice, the left hand side does not contain the map, while the right hand side
contains it both in the numerator and the denominator. This implies that the equality must hold
for all maps, so any of them can be used to compute the fraction. Using a zero-landmarks map it
reduces to

h(Zk|X1:k,Z1:k−1) ≈ κZk
k × exp

(
m̂k − m̂k|k−1 −

∫
ck(z|Xk)dz

)
(2.52)

κZk
k =

∏
z∈Zk

ck(z|Xk) (2.53)

m̂k|k−1 and m̂k are the expected cardinalities of the predicted and updated map respectively.

Alternatively using a one-landmark map M = {m̄}, it becomes

h(Zk|X1:k,Z1:k−1) ≈ 1
Γ

[
(1 − PD(m̄|Xk))κZk

k

+ PD(m̄|Xk)
∑

z∈Zk

κ
Zk−{z}
k hk(z|Xk, m̄)

]
vk|k−1(m̄|X0:k)

(2.54)

Γ = exp
(
m̂k − m̂k|k−1 +

∫
ck(z|Xk)dz

)
vk(m̄|X0:k), (2.55)

Another approach is to fully compute it. To do so, the hard term is the first one, that may be
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expressed [68] as

h(Zk|Xk,Mk) =
∑

θ

P (Zθ
k |X0:k,Mθ

k)
∏

m∈Mθ
k

PD(Xk,m)
∏

m∈Mθ
k

(1 − PD(Xk,m))Pκ(Zθ
k)

 ,
(2.56)

Most of these terms are negligible, since the data association uncertainty is usually pretty low com-
pared to the number of landmarks. In [68], the authors provide a way to decompose it capitalizing
on its sparse nature and approximate it using the largest n terms of the sum in O(n(|M| + |Z|)4)
time.

It is clear that the zero-landmark alternative is the cheapest so why would anyone choose an-
other? The reasons are numerical imprecisions and model mismatch. As usual, if the Poisson
conditions are not met on every RFS, the assertions of the theory become less valid. In practice,
the full approximation performs better than using one landmark, which performs better than using
zero.

To improve the accuracy of the filter, other forms of random finite sets can be used. In [69],
the Vo brothers and Cantoni propose an efficient implementation of the Cardinalized Probability
Hypothesis Density (CPHD) filter, which generalizes the PHD filter by relaxing the requirement
on the cardinality distribution, allowing for an arbitrary profile instead of Poisson. In this setting,
both the PHD and the cardinality distribution are propagated in time. These equations are more
convoluted than their PHD counterpart; to make the solution tractable, Gaussianity is assumed on
the underlying processes. Nonlinear processes can be linearized similarly to the EKF setting. Note
that when there are many landmarks, a Poisson distribution (PHD) variance grows with its mean
while using other distributions (CPHD) can model both statistics independently.

Alternatively, the distribution can be assumed to be Multi-Bernoulli, as Mahler explains in
[46], known as the MeMBer filter. Instead of propagating only the first moment, the full poste-
rior is updated. This alternative approximates the density instead of the moments and is easier to
interpret (statistics are easier to extract), but is confined to situation with good signal-to-ratio. As
the authors noted in [70], this filter is biased towards large cardinalities, but can be counteracted to
obtain an unbiased estimate known as the Cardinality Balanced Multi-Target Multi-Bernoulli filter
or CBMeMBer.

These alternative formulations have been proposed in the tracking field, but have not been used
in the SLAM literature. Their properties make them good candidates for future research.

So far, all the presented algorithms assume a static map. Dealing with dynamic landmarks is
hard, because if a landmark is seen again in a different location, there is an ambiguity between the
motion of the landmark and the vehicle. Defining an appropriate local relation to enforce is hard,
the vehicle usually needs to be aware of the global situation (and sometimes for many time steps)
to decide this ambiguity. A common solution is to separate dynamic and static landmarks and deal
with them separately, with little communication [71, 72].

Nevertheless, the RFS framework is well equipped to deal with this Bayes-optimally, since in
fact the PHD filter defines a transition distribution over landmarks, even if previous algorithms do
not use it (and set it to be static). Lee, Clark and Salvi [73] use the single-cluster PHD filter to
model both stationary and moving landmarks. Unlike other alternatives, the richness of the RFS
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framework allows the different parts to communicate information more freely. Here single-cluster
PHD is a hierarchical extension of the PHD filter, where the realization of the map andmeasurement
RFS is conditioned on a parent RFS with cardinality one, in this case, the trajectory.

In [74], the authors use the RFS framework to estimate a vehicle’s odometry from visual fea-
tures. They do so by extracting SIFT features, matching them between consecutive frames and
projecting them into the 2D space where the vehicle lies, i.e. the ground plane. To be able to
project the features reliably, the height above the road and the tilt angle of the camera is assumed
fixed and known. Then, the set of projected features (targets) are tracked jointly using a PHD filter.
The motion of all targets is assumed to be the same and trivially related to the motion of the vehicle,
so the latter one is calculated from the average motion of the targets, i.e. the vehicle motion is not
modelled directly, but indirectly through the observed motion of the targets. Although it shares a
similar goal as the methods introduced in this thesis, this method is limited in that it requires very
strong constraints in the movement of the camera: it must move in a 2D plane, its height and angle
must be constant and calibrated, so it is not suitable for freehand motion. In particular, any true 3D
motion cannot be recovered completely, such as holding the camera with one’s hands or the terrain
of a mountain road. Also, as the features are projected to the ground plane, some 3D information of
the landmarks is lost, which could have been used to improve the result. Further, only the vehicle’s
trajectory is estimated; the map is not part of the state, instead it is only used as intermediate infor-
mation to help with the trajectory estimation. Additionally, as only consecutive frames are used to
obtain an odometry value, no loop closure can be introduced, so the system would be expected to
diverge with time.

5.2 Smoothing in the RFS framework

Filtering theory has been well developed under the RFS framework; smoothing, not so much, but
recent efforts have focused on it. Note that no complete smoothing RFS SLAM solver has been
proposed, but there is some work on the mapping and tracking areas, which are very related.

Before explaining the smoothing algorithms, a small remark about accidental smoothing while
filtering. In theory, filtering doesn’t provide information about the past, but since the state is not
the pose of the vehicle but its trajectory, it can indeed change the distribution of past poses along
the way. This means, as shown in many proofs of convergence, that with infinite particles the
filtering approach can indeed use information to improve a previous estimate. Naturally in prac-
tice, resources are limited so this kind of smoothing happens but in a very minor degree than with
algorithms designed to solve the full problem at once.

In 2011, Mahler and the Vo brothers proposed the Forward-Backward PHD smoother [75],
which extends the Rauch-Tung-Striebel Bayesian smoother [76] to the RFS context. When filtering,
the update equations only take into consideration information from the past, i.e P (X0:k,M|Z1:k)
(the odometry parameters U1:k have been obviated since they can be considered parameters of the
distributions and are never used in another way). Many times, ambiguities in the measurements can-
not be resolved using past information alone, so the practical filter is forced to accept a bad proposal
move with high probability. After filtering the whole trajectory, i.e. computing P (X0:T ,M|Z1:T ),
a second pass can be done in reverse to condition each pose estimate on all the measurements, not
only the past ones, i.e P (X0:k,M|Z1:T ). This distribution can be backward-propagated from time
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k to time k′ < k using the equation,

Pk′|k(Mk′) = Pk′(Mk′)
∫
fk′+1|k′(Mk′+1|Mk′)

Pk′+1|k(Mk′+1)
Pk′+1|k′(Mk′+1)

δMk′+1, (2.57)

where the update is from time k to time k′ < k. This recursion, unlike the filtering one, does not
require the posterior cardinality distribution to be Poisson.

As always, the expression is intractable so approximations are required. If the posterior cardi-
nality distributions are Poisson, they can be reduced to

vk′|k(x) = vk′|k′(x)
(

1 − PS(x) + PS(x)
∫
fk′+1|k′(y|x)

vk′+1|k(y)
vk′+1|k′(y)

dy

)
. (2.58)

where PS(x) is the probability of survival. The authors then proceed to implement this approach
using particle filters.

In the backward smoothing update, no new particles are generated. Instead, the existing ones
are reweighted, improving their represented distribution. This means that no new hypothesis would
be introduced. This is bad if good hypotheses were removed for whatever reason, e.g. a bad odome-
try reading. The authors approach this by using an adaptive resampling scheme which reintroduces
forgotten landmarks forcibly, so they have a chance to survive and become relevant if future mea-
surements are consistent with them.

The authors note that the approach improves the state error, but not necessarily the cardinality
error and point to possible extensions using the other techniques that have been discussed (CPHD
and Bernoulli filters, etc.).

This could possibly be extended by using the smoothing stage to improve the filtering stage at
each time step, i.e. using future information for proposing a better set of particles in the predict step
of the filter. Naturally, the reweighting step would have to consider the fact that predicted particles
no longer come from the odometry distribution (explored further in chapter 5).

Vu et al. [77] take a different approach, forgoing the entire filter development. The problem
is proposed entirely as sampling strategy on the complete distribution, P (M|Z1:T ). To do so, a
hybrid betweenMarginalMetropolis-Hastings and SequentialMontecarlo algorithms called Particle
Marginal Metropolis-Hastings Montecarlo (PMMHMC) is used, in which one of the factors of the
Metropolis-Hastings ratio is approximated using Sequential Montecarlo because it’s intractable.
This alternative has been found to work better in very high dimensional spaces. In this approach,
there’s no need for each sample to maintain more than one data association hypothesis. Each sample
will represent a track hypothesis consisting of a set of tracks of the form (r, t, x0, . . . , xm), where
r is a label (data association), t the time when a landmark was first observed and x0, . . . , xm the
consecutive position of the landmark. To use the PMMHMC approach, the authors write down a
proposal distribution of twelve possible moves, shown in figure (2.8).

The algorithm executes as follows: From a prior estimate for the map Mk−1, e.g. extracted
using the filtering approaches, perform a move from the proposal distribution to obtain Mk. At the
same time, from a prior measurement-to-landmark association θk−1 propose a new association θk.
Calculate the ratio

η = Pθk
(Z)P (θk)Qθk

(θk−1|Z)
Pθk−1(Z)P (θk−1)Qθk−1(θk|Z)

, (2.59)
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Figure 2.8: Vu’s PM-MHMC proposal moves (extracted from their paper [77]).

where P (θ) is the prior probability of the measurement assignments (usually uniform), Qθ(θ|Z) is
their proposal distribution and Pθ(Z) =

∫
Pθ(M, Z)dM is the marginal density of the proposal of

landmarks that is too hard to compute, so is approximated with a particle filter. Accept this new
sample with probability min{1, η} and iterate the procedure from this new map estimate Mk to
obtain Mk+1, etc.. The samples will theoretically converge to the desired distribution.

Using this methodology, the authors are able to significantly improve the results of the PHD
filter, albeit at much higher time costs (e.g. from one minute to two hours and from 30 minutes to
5 hours).

The comparative table (2.1) is presented as a summary of the main solvers described in this
chapter.

6 Data Association

A crucial step in most approaches is data association, i.e. matching different observations of the
same landmark. To make any theoretical assertions over the performance of the algorithms, data
association has been assumed correct; if it’s not, the estimates will be suboptimal and may even
diverge with time.

A first approximation to the problem is using a Nearest Neighbours (NN) approach [78], where
each measurement is associated to the closest landmark, like in figure (2.9). This idea makes sense
if landmarks are far away from each other, so measurements are unambiguous.

When a measurement does not correspond to any landmark, i.e. it is farther than ϵ to all of them
(like the middle measurement in the figure), a new landmark must be generated. It is important to
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Method Feats LC Cov Data Structures Observations
EKF-SLAM Keypoints Yes Array of Gaussians Straightforward

Bayesian filter.
Fast-SLAM Keypoints Yes Particles Factorizes by condi-

tioning map on pose.
Graph-SLAM Keypoints Yes Yes Graph Graph induces sparse

linear algebra.
PHD-SLAM Keypoints Yes RFS Robust to spatial and

cardinality noise.
Visual-specific
BA Keypoints Yes Poses + 3D points Highly non-convex

quadratic optimiza-
tion.

MonoSLAM Keypoints Yes Array of Gaussians Uses EKF-SLAM.
Monocular SLAM Keypoints Yes Particles Uses FastSLAM.
PTAM Keypoints Poses + 3D points BA considering only

key frames.
ORB-SLAM Keypoints Yes Poses + 3D points Uses covisibility

graph, ORB features
and loop closure
using Bag-of-Words.

DTAM Dense Voxel grid Minimizes pho-
togrammetric error
of reprojection.

LSD-SLAM Semi-dense Semi-sparse voxel grid Only updates in-
teresting regions
(edges).

Table 2.1: Comparative summary of the main methods presented in this review. It shows the nature
of the features for themap (Feats), the ability to close loops directly (LC) , whether or not it estimates
the covariance for the state components (Cov), the main data structures used in each method and
additional observations.

avoid generating spurious landmarks (e.g. from sensor noise) as they couldmake future associations
incorrect. To do so, extensive preprocessing should be performed on the measurements to remove
any false positives. Alternatively, the landmarks should be periodically scanned and pruned.

Using the nearest neighbour method directly can lead to multiple measurements being paired
with the same landmark. This can be suboptimal, for example in figure (2.10), where it can be
expected that the two topmost measurements correspond to two different landmarks. To avoid this,
a linear assignment [79] can be performed instead, using the Euclidean distance as the cost matrix.
This way, even if there are many landmarks close together, they can be correctly matched if the
measurements have the right geometric structure.

The NN approach may not work in real data, since many times there are a lot of uncertainty and
landmarks can be near each other. As time passes by, the uncertainties may increase making the
association less reliable, which in turn increases the uncertainties by making incorrect assumptions,
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and so on in a vicious cycle.

Fortunately, there is usually additional information in the estimates that can be exploited: each
landmark and measurement has an associated uncertainty covariance. Assuming Gaussianity on
each component, these covariances can express the likelihood of the measurements given the land-
marks. Then the maximum likelihood association [32] can be found by linear assignment using an
appropriate Mahalanobis distance as a cost matrix. These distances are associated with the marginal
pose-landmark covariances

d(zi,m
j) = (zi −mj)T Ξij(zi −mj), Ξij = HΣHT + R, Σij =

(
Σxx Σxmj

Σxmj Σmjmj

)
, (2.60)

where R is the measurement noise and H is the Jacobian of the measurement function h(·).

Calculating these may or may not be simple depending on the framework and the data represen-
tation (e.g. if covariances are implicit in a tree or a big dense information matrix, these marginals
may be hard to extract).

If the complete marginal covariance is difficult to extract, sometimes a conservative approxi-
mation can be computed more easily by disregarding the pose-marginal joint component and esti-
mating the landmark uncertainty from the noise level, i.e. assuming pose and map as independent.
Note that this approach will always overestimate the covariance, as correlation implies a narrower
cross-section in any Gaussian.

If uncertainty is too large or landmarks are too close, these methodologies, along with any pre-
processing steps, are bound to face difficult choices andmakemistakes. To face this issue alternative
ideas have been proposed.

One idea is Joint Compatibility Branch-and-Bound (JCBB), proposed by Neira et al. in 2001
[80]. In this approach, the compatibilityDik of a landmark hypothesis Li and the measurements Zk

is defined as

Dik = (Zk − h(Xk,m
i))T Ci

−1(Zk − h(Xk,m
i)) (2.61)

Ci = HikPiHik
T + Rk (2.62)

where Pi is the landmarks covariance, Hik is the measurement Jacobian and Ri is the measure-
ment noise. Note that these matrices are over the entire hypothesis and measurements, not on each

.............

Figure 2.9: Nearest neighbours data association scheme.
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closest

..................

Figure 2.10: Linear assignment data association scheme. Even though the indicated pair is closer
than the alternatives, choosing it would orphan other elements (expensive).

component. A hypothesis is said to be compatible if

Dik < χ2
|Zk|,α. (2.63)

where α is a suitable threshold. This is then used to find the largest compatible hypothesis by using
an efficient recursive method which avoids calculating the compatibility for most configurations
(hence the branch-and-bound). Note that unlike the naive NN case, this expression contains the full
covariance between all the relevant variables, i.e. instead of assuming independence, the joint prob-
lem is optimized. By maintaining the extra joint data, the association is better, but more expensive
to compute.

Another idea is Joint Probabilistic Data Association Filter (JPDAF), proposed by Fortmann and
Bar-Shalom in 1980 [81, 78, 82]. Here, the notion is to take the whole distribution over associations
into consideration, from which a maximum likelihood estimator can then be extracted (or alterna-
tively, any other aggregate estimator). Unlike in JCBB, this distribution may be modelled beyond
simple covariances with richer methodologies including non-linearities.

A third idea is Multi-Hypothesis Tracking (MHT), proposed by Blackman in 2004 [83]. In this
approach, different tracks are spawned as measurements come in, each one with a possible data
association. At every step, each one of these tracks is updated using some of the SLAM method-
ologies, associating a probability to each hypothesis using Bayes inference. As time goes by, some
of these hypotheses are rendered unlikely given new information, so they may be discarded.

Selecting appropriate associations to spawn may be difficult, since the number of possible as-
sociations is combinatorial in the number of landmarks and measurements. To follow the best
candidate paths, MHT uses Murty’s algorithm [84] to select the top n associations, which runs in
O(n(|M | + |Z|)4). To speed it up even more, landmarks and measurement can be clustered into
smaller regions far away from each other, each one being processed independently.

7 Modelling tools

7.1 Sensors

To implement any of the SLAM methodologies a sensor model is required. Many different models
exist, which are appropriate for different kinds of sensor. Usual sensors are lasers, radars, sonars
and cameras.
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Cameras are intrinsically 3D sensors, but in their raw form they only produce 2D projections
directly, so some processing is required to fuse the information into 3D measurements. Here it
is important to distinguish between RGB, Stereographic and RGB-D cameras: the first one only
contains color information, while the second one consist of an arrangement of two cameras in static
relative configuration between each other, and the latter one includes an additional depth map. Both
stereo and RGB-D configurations allow for a complete determination of a landmark in 3D space by
triangulating them from the difference of perspective in the stereo cameras or the depth stream in
the RGB-D cameras. In the RGB case, measurements do not give enough information to pinpoint
landmarks in space, but rather give an infinite ray of possible locations.

Not knowing the depth in RGB cameras means that in this configuration there will always be
a scale degree of freedom that cannot be fixed only with the sensor. Besides that, using several
video frames the configuration can be adapted to work similarly to the other approaches by locally
triangulating keypoints, i.e. using multiple video frames as stereo pairs.

Stereo images require careful calibration [22] to produce accurate models; triangulation heavily
depends on the geometric position of both cameras.

Auto-calibration methods exist for both stereo and RGB cameras using multiple frames, which
can simplify the workflow and approach dynamic conditions such as camera movement due to
vibrations.

RGB-D are the simplest to work with from the mathematical point of view, but they are more
limited, since besides calibration, they require particular conditions to work properly, such as small
environments and no sunlit scenes. Note that the results in the RGB-D setting usually can be ex-
tended to the other settings by using dense tracking algorithms in the literature like [58].

7.2 Rotations

Vehicle poses consist of a translational and a rotational part. The translation aspect is simple, as it
is a vector space where addition and scaling are easily defined, so additive white Gaussian noise
can be implemented with a simple euclidean sum, X ′ = X + wx. The rotational aspect is not
so trivial, though, since rotations do not form a vector space, but a non-linear space known as
special orthogonal group SO(3), which corresponds to the unit hypersphere of dimension 4 [85].
A parametrization must be selected, of which there are many, each one with different benefits and
drawbacks.

In two dimensions the rotational space has one degree of freedom (SO(2) corresponds to the
unit circle), which makes it simple enough to be captured as an angle θ ∈ [0, 2π]. In three dimen-
sions, the parametrization is more nuanced. The space SO(3) has three degrees of freedom, so a
minimum of three parameters are required. A typical parametrization uses three Euler angles, which
act upon the rotated object consecutively over different axes.

Rotations are linear operators so they can be written as matrices, R, and act on vectors by
matrix multiplication, RotR(X) = RX . In the case of 3D, these matrices are in R3x3. However,
not every matrix is a rotation; they have to be unitary, orthogonal and its determinant must be +1 to
correspond to a rotation. They are another parametrization for rotations, with nine parameters (one
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per entry).

In the matrix context, Euler angles can be viewed as a factorization into three different rotation
matrices (one per axis), as in

R =

1 0 0
0 cosα − sinα
0 sinα cosα


 cos β 0 sin β

0 1 0
− sin β 0 cos β


cos γ − sin γ 0

sin γ cos γ 0
0 0 1

 . (2.64)

There exists 24 different possible factorizations, depending on the chosen axes.

Although more compact, this simpler Euler parametrization has a big drawback: there are con-
figurations which lose one degree of freedom, a problem known as gimbal lock. For example, in
the previous factorization, if β = π/2, the multiplication can be reduced to

R =

1 0 0
0 cosα − sinα
0 sinα cosα


 0 0 1

0 1 0
−1 0 0


cos γ − sin γ 0

sin γ cos γ 0
0 0 1

 (2.65)

=

 0 0 1
sin(α + γ) cos(α + γ) 0

− cos(α + γ) sin(α + γ) 0

 . (2.66)

In this configuration, both α and γ do the same thing, i.e. the system can’t directly rotate in one of
the three axes (it can do it by changing β at the same time than the other angles but this is unstable).
In practice this means that numerical calculations may diverge or perform arbitrarily poorly around
this point.

It turns out that any parametrization with three arguments presents this problem, so to avoid it al-
ternative representation must be embedded in higher dimensional spaces. Two of such parametriza-
tions are common: matrices (already explained) and quaternions.

Quaternions come from algebra, where they generalize the notion of complex numbers. They
can be viewed as a scalar-vector pair (w,x,y, z) with a special multiplication rule

(aw, ax, ay, az) × (bw, bx, by, bz) = (awbw − axbx − ayby − azbz,

awbx + axbw + aybz − azby,

awby − axbz + aybw + azbx,

awbz + axby − aybx + azbw).

(2.67)

If the quaternion is unitary, then multiplying it to a pure vector corresponds to a rotation and can be
decomposed as (cos(θ/2), sin(θ/2) û), where θ is the rotation angle and û is the rotation axis.

Quaternions are a more compact representation than matrices, but matrices directly expose the
linear nature of rotations (so they are helpful in derivatives). The number of scalar multiplication-
s/additions to operate on a vector is higher for quaternions, but concatenation of several rotations
requires more operations in matrices.

Since these parametrizations exist in higher dimensional spaces, not all elements from the
space are valid rotations. As operations accumulate, slight truncation errors can deviate the re-
sult from the valid subset, e.g. matrix multiplications could slowly make the result non-unitary or
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non-orthogonal. To correct these deviations, quaternions should be renormalized by dividing by
the magnitude. Matrices should first be decomposed into its SVD (Singular Value Deocmposition)
form, which corresponds to the product UDV T , where U and V are orthogonal matrices and D is
diagonal (it can be computed with a variant of the QR method), where each element in the diagonal
D is called a singular value of the original matrix. A rotation matrix should have all singular values
equal to one (otherwise it performs an additional scaling operation in some axis), so to correct any
deviations, the matrix is corrected to UIV T , where I is an appropriately sized identity matrix.

...

Lie group SO(n)

.

Lie algebra so(n)

.
Exponential map

Figure 2.11: Relationship between Lie groups their associated Lie algebras. For SO(3), the hyper-
sphere lies in R4 and the algebra vector space is a 3D hyperplane.

Adding noise to these representations is not straightforward. The noisy result should distibute
over the valid subspace of rotations. One way to accomplish this is by adding noise in the 4D
embedding space and then renormalizing, i.e. reprojecting into the valid subspace.

Another parametrization alternative uses the notion of a Lie algebra [86, 87, 85]. To construct
it, a point is chosen in the unit hypersphere SO(3) (usually the identity rotation, which does noth-
ing). The lie algebra is then defined as the vector space of all the vectors ω that are tangent to the
hypersphere at the chosen point, as in figure (2.11). Then, there exists a parametrization of the
entire hypersphere from this tangential space, which is known as the exponential map, eω. In this
case, this map follows the rule

eω = I3 + sin θ
θ

[ω]× + 1 − cos θ
θ2 [ω]2×, (2.68)

known as Rodriguez’ formula. Here the angle θ = |ω| and the skew symmetric matrix

[ω]× =

 0 −wz wy

wz 0 −wx

−wy wx 0

 .
Also, its inverse mapping, the logarithm, can be defined:

log C = ω ⇐⇒ eω = C.
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Both the exponential and the logarithm can also be used with quaternion representations,

eω = (cos |ω|, sin |ω|ω̂) (2.69)
log q = ω ⇐⇒ eω = q. (2.70)

Using these defintions, a natural interpolation function can be defined, known as the spherical
interpolation function,

Slerp(p,q, η) = p(p−1q)η (2.71)
= peη log(p−1q), (2.72)

which corresponds to an interpolation along the unitary hypersphere of the quaternions.

This Lie algebra can be useful to define noises and deltas in the “correct” number of dimensions,
allowing to update the rotation part of the pose elegantly. However, since it uses three parameters,
it can be affected by gimbal lock. A more robust approach is to use quaternions or matrices to
store the rotations, while performing the updates (which are usually small around the identity, so no
gimbal lock) using the Lie space.

7.3 Map distances

To evaluate the performance of the SLAM algorithms, some metrics should be defined to compare
the trajectories and maps. The trajectories are simpler: since they always have the same structure,
they can be compared frame-by-frame using an Euclidean distance. The map however is more
complex. Since the map is a set of points, there are primarily two kinds of errors that can occur:
cardinality errors and localization errors, i.e. missing, extra and misplaced landmarks.

Maps may be evaluated using the Hausdorff metric, which is defined as

dH(X, Y ) = max
(

max
x∈X

min
y∈Y

d(x, y),max
y∈Y

min
x∈X

d(x, y)
)
, (2.73)

and intuitively finds the required distance to travel from one set to the other in the worst case.
Although generally useful, it doesn’t deal so well with cardinality errors and outliers. The outlier
problem has been addressed in [88], where the algorithm is extended by replacing the internal max-
min operations for a Lp average of the form (∑(·)p)1/p.

To try and solve the drawbacks of the Hausdorff metric, Hoffman and Mahler proposed the
Optimal Mass Transfer (OMAT) metric [89], which is defined as

dp(X,Y ) = min
C

( m∑
i=1

n∑
j=1

Cij d(xi, yj)p
)1/p

d∞(X,Y ) = min
C

max
1≤i≤m
1≤j≤n

δDirac(i− j) d(xi, yj),
(2.74)

where the minimization is over all transportation matrices C. Each transportation matrix corre-
sponds to a data association between mapsX and Y . This minimization domain helps the algorithm
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to better represent the cardinality error, which will be observed as the sum of the bad matchings in
the given association, i.e. after all other points could be matched together, the remaining “unas-
sociable” ones will have to be matched together, heavily increasing the distance, instead of just
finding an extreme case as the Hausdorff does.

This definition also introduces the Lp norm (∑(·)p)(1/p) which alleviates the outlier problem
by capping their ability to artificially deviate the result. Indeed, the outliers will affect the the
output, but their effect will be only a small number of components in the Lp average. In the case of
Hausdorff, one outlier could deviate the min-max value and no matter how many other associations
were or how good theywere, the extreme nature of the operatormeans the valuewould be effectively
locked into the wrong place.

Schuhmacher and the Vo brothers [90] observed a number of limitations of the OMAT approach,
such as inconsistency between similar scenarios, difficult interpretation, geometry dependence and
undefined corner cases. Then they provided a new metric that addresses these issues known as
the Optimal Subpattern Assignment (OSPA) metric. To define it, they first introduce a truncated
distance between points,

d(c)(x, y) = min(c, d(x, y)) (2.75)

and then define the metric as

d(c)
p (X,Y ) =

( 1
n

(
min
π∈Πn

m∑
i=1

d(c)(xi, yπ(i))p + cp(n−m)
))1/p

(2.76)

d(c)
∞ (XY ) =

min
π∈Πn

max
1≤i≤m

d(c)(xi, yπ(i)) ifm = n

c ifm ̸= n,
(2.77)

which they study closely. The metric has an intuitive interpretation and its effects can be clearly
separated between cardinality and spatial errors. Its computation can be performed by linear as-
signment, as detailed in the original paper.
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Chapter 3

Visual SLAM

To start this work, a complete visual SLAM system has been implemented. It is capable of extracting
a video stream from either a Kinect sensor, a pre-recorded session or a simulation, using one of
several SLAM algorithms and present the user with the solution along with some performance
metrics.

1 System Design

The system is separated into two main components: a visual perception module and a SLAM mod-
ule. As their names indicate, the first takes the sensor input and converts it into useful measurements
and the second uses these measurements to solve for the vehicle pose and generates the map. An
overview of the system structure is shown in figure (3.1). Details on the design of each subsystem
are presented in the rest of this section.

The system has been primarily programmed in C# for its clean syntax, expressiveness, relative
high speed and cross-platform portability, which allows a robust development. Several useful li-
braries exist for the platform: AForge.Net, Accord.Net and accord-net-extensions have been used
for linear algebra and image processing, MonoGame for real-time simulation and visualization, and
NDesk for command line parsing. Tests were implemented using the NUnit framework.

Different laguages were employed were they made sense. Python was used for its plotting
and numerical capabilities in the post-processing stage and C++ was used for bridging libraries
that were already written in this language (e.g. to make comparison against other SLAM imple-
mentations) and to use OpenCV when computation intensive processing was required (e.g. video
pre-processing).

1.1 Visual Perception

The visual perception module’s first responsibility is the communication with the RGB-D driver to
obtain usable data. Then, it must transform this data into a set of landmark measurement to feed
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Figure 3.1: Visual SLAM system overview.

into the SLAM solver. For that, it performs image processing to the color image and depth map
from the sensor.

Sensor Data Acquisition

The input sensor is a Microsoft Kinect, which uses two cameras: a color one, which gives a typical
image, and an active infrared one, which illuminates the scene with patterns to calculate a depth
map. Its nominal depth resolution is 1 [mm] and has a usable range from 0.4 to 3.4 [m].

To acquire data from this device, the OpenNI v2.2 driver has been selected as it is the most
compatible and has a sensible interface. It can deal with real sensors and recorded files transparently,
so most of the work can be done once. The ‘oni’ recording format is defined in the same library. It
manages synchronized color and depth streams and can perform depth-color registration.

Unfortunately, not all datasets are in this format so a conversion utility is implemented in C++
(to take advantage of its raw speed since transcoding is a expensive task) to convert from a set
of input options to ONI streams. Although the architecture for this utility is universal, for this
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work, PNG sequences are enough, since the Technische Universität München (TUM) dataset is in
this format. Note that reading directly from PNG images bloats the code by introducing multiple
parsers and performing synchronization, while at the same time being slower because of repeated
access to the hard drive. Separating this aspect into a utility converter is more efficient.

Transcoding attention has been paid to both the timestamps for each frame and the scale factors
for the depthmaps, which are subtle but important details. If they are not carefullymaintained across
formats, the system may silently fail by associating depth maps to the incorrect RGB images, or by
giving depths inconsistent with the odometry readings. To ensure correctness, a 3D depth projection
can be observed later in the system GUI to check that the depth map is consistent through time from
different viewpoints.

The depth map contains a dense number of measurements throughout the visible area. Much of
this information is redundant and not point-like, so they are not easily matchable between frames, so
a keypoint extraction routine must be implemented. To do so, both the depth and the color maps can
be used. For this work, the color channel gives better results thanks to the scene textures. However,
in other situations the depth map could help find untextured landmarks.

To decouple the acquisition stage from the keypoint extraction, the system implements a cache,
which can extract several frames before starting extracting features and performing SLAM. This
can give a better sense of the timing requirements for each stage.

Image Processing

Feature extraction is a well-studied problem and there are plenty of algorithms to find good repre-
sentative points. For this work FAST (Features from Accelerated Segment Test) [18] and FREAK
(Fast Retina Keypoint) [19] features have been found to be fast enough for real-time operation and to
provide points of reasonable quality to satisfactorily track the images. In the final implementation,
ORB (Oriented FAST and Rotated BRIEF) was selected, since it’s based in FAST (i.e. relatively
fast) but can filter out edges since it uses Harris corner detection as the score and is more robust to
size changes given its pyramidal scheme [20].

To improve the selection of keypoints, frame-to-frame descriptor matching is performed be-
tween subsequent images and outliers are removed. For this matching, a descriptor is extracted for
each point, using the respective algorithm, and lowest descriptor distances to define the matches.
RANSAC is used to detect the outliers.

Once the keypoints have been extracted and filtered from the color image, the corresponding
range measurement is taken from the depth map and all three coordinates are fed into the SLAM
solver as a point in the measurement set.

The sensor gives a relatively high resolution image (640x480 [px2]). This is slow to process
and gives too much detailed points so a subsample operation is executed on the image previous to
capturing the keypoints.

The extracted candidates are pruned to eliminate invalid pixels, such as those that have zero
depth (a depth shadow) or that are too close to the borders of an image (be it the boundaries of the
image or a shadow). Zero depth pixels are points where the distance was out of the limits of the
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sensor or where the sensor didn’t get any information at all such as in low reflection surfaces. After
this, only the best measurements are kept.

The Kinect depth sensor is by nomeans perfect. Its range is relatively small so parts of the scene
are obscure to it and some surfaces, like monitors or windows, can cause it to misbehave, generating
noise or blank spaces. These problems can be explained by the active light configuration it uses,
which relies on infrared light reflecting back to the device. In certain materials this reflection does
not occur and in sunlit areas the infrared is drowned by the sun emissions. The second version of the
Kinect (not used for this project) can sidestep these problems since it uses a different configuration
based on time-of-flight.

Odometry

Along with the visual input, the system requires a 3D six-dimensional odometry reading. This
usually will come from an Inertial Measurement Unit (IMU), but can also be estimated directly from
the video stream by matching consecutive frames. This idea has been presented earlier as visual
odometry and there are several options to implement it. However, it is not an essential aspect of the
system, so for this work only an odometry file is used (it may be a device file coming from a sensor).
Note also that the system may work even without any odometry (using a random walk motion
model), but that would take much more computation time and memory so it may be infeasible in
real systems.

The testing dataset contain two sources of odometry information: an accelerometer reading
and a groundtruth trajectory. Unfortunately, the accelerometer reading does not have any angular
information so it is incomplete. So, the odometry is randomly derived from the groundtruth by
adding Gaussian noise to the readings.

1.2 3D RFS SLAM

Simulation

As part of the random finite set SLAM solver, it is required to model the motion and measurement
processes and in Rao-Blackwellized RFS SLAM (RB-RFS SLAM), to spawn vehicle particles from
the motion process, so a vehicle emulator has been implemented. Note that this component can also
simulate a real vehicle for testing under controlled settings. The two models are detailed below.

Motion model

Since the vehicle can move in 3D space, its state is represented by a three-component translation
vector and a quaternion for the rotation, totalling seven coordinates with six degrees of freedom.
Quaternions are used because they’re less redundant, morememory efficient thanmatrices andmore
stable than angles, as this representation does not suffer from gimbal lock.

The vehicle motion model assumes an observable noisy velocity odometry reading, corrupted
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with Gaussian noise. The odometry format is ∆x,∆y,∆z,∆ψ,∆ϕ,∆θ, where the first three coor-
dinates reflect local translations, i.e. from the point of view of the camera, and the last three reflect
local rotations in the three possible rotation axes.

Note that if no odometry is present, all of these parameters can be set to zero so the Gaussian
noise takes over and the system model follows a random walk. However, as previously stated, the
solver would take too much time to be practical. If necessary, it is better to extract this odometry
from the images.

An important aspect to consider is that local odometry has six dimensions, while the internal
state for the pose has seven. This mismatch can be tricky for two reasons: first, operations on differ-
ent sized vectors is not straightforward, appropriate transformations must be done where necessary;
and second, the pose intrinsic dimension is lower than its representation, which means the repre-
sentation is rank-incomplete. This entails that covariances can have null singular values, which
is logical, since there will always be one direction where the quaternion can’t move (the direction
normal to the four-dimensional unit hypersphere).

In this work two paths have been tried. In one hand, noise has been introduced in the seven
dimensions, with an small artificial boost on the quaternion components, so as to generate small but
not zero singular values. This means the quaternion can become non-unitary, but the covariances
work fine. To resolve the unitary requirements, the quaternion is renormalized after the operations.
This approximation works well in practice.

On the other hand, a more subtle approach is to work with two different kinds of representation
using Lie algebra. For general representations quaternions are employed, but for differentials Lie
elements are used (equivalent to the odometry readings). Then appropriate sums, subtractions and
other transformations are defined on these elements. This way whenever a covariance is required,
it is extracted on the Lie space, i.e. with six dimensions. Since the dimension corresponds with
the state rank, there’s no need for complicated noise heuristics; at the same time, using appropriate
nearby linearisation points, gimbal lock cannot occur, since all operands are far from the locking
points. This approach works equally well for modelling, but is easier to reason about when doing
inference with covariances (for the later parts of the project).

Both approaches use the same deterministic prediction equations. Given the vehicle pose
(Xk, Qk)T = (xx, xy, xz, qw, qx, qy, qz)T , it is updated as

δq = YawPitchRoll → Q(dψ, dϕ, dθ) (3.1)
Q′ = Qkδq (3.2)
Q 1

2
= Slerp(Qk, Q

′, 0.5) (3.3)(
X ′

0

)
=
(
Xk

0

)
+Q 1

2

(
dX
0

)
Q−1

1
2
, (3.4)

where dψ, dϕ, dθ are, respectively, the differential yaw, pitch and roll odometry observed in one
frame and δq is the corresponding differential odometry quaternion. Q′ is the predicted orientation
of the vehicle and Q 1

2
is the halfway spherical interpolation between the predicted and previous

orientations. dX is the translation odometry reading. Products must be done in the correct space
(quaternions should use quaternion multiplication). For the noise, the 7D quaternion-space repre-
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sentation uses a simple addition in the final space,(
X
Q

)′′

=
(

X
Q

)′

+ vk (3.5)

Xk+1|k = X′′ (3.6)
Qk+1|k = Normalize(Q′′), (3.7)

where vk ∼ N (0,R) is motion noise in seven dimensions and the R motion noise covariance is
rank-deficient due to the over-representation of the quaternion space. Alternatively, the Lie repre-
sentation introduces noise in the Lie space, which is equivalent to running the deterministic equation
again with a zero-mean noisy odometry.

Measurement model

The measurement model uses the pinhole camera equation to define the relationship between a
landmark position and the pixel position and range that it maintains with respect to a camera,

xy
w

 =

f 0 0 0
0 f 0 0
0 0 1 0

(R3x3 t3x1
01x3 1

)
X
Y
Z
W

 , (3.8)

where (x, y, w)T are the feature coordinates in homogeneous 2D coordinates, (X, Y, Z,W )T are the
landmark coordinates in homogeneous 3D coordinates, f is the focal length of the camera, R3x3 is
the camera rotation and t3x1 is the camera position in space.

Noise can come from two sources: the depth map uncertainty and the keypoint extraction jitter.
This last one occurs because keypoints are not always found at the exact same location, due to
viewpoint or illumination changes. Keypoints may also disappear (misdetection) or not correspond
to any real landmark (clutter). The measurement noise covariance is set at 2 [px2] for each “film
coordinate” and 1 [mm2] for the range coordinate.

A detail in the measurement model has to do with the edge of the visible space. While in theory
the system is assumed to have a hard edge, in practice the keypoint detection does not work so
reliably at the border. So, a visibility ramp has been introduced near the edge, where the probability
of detection falls from PD (e.g. 0.9) to zero in the last tens of pixels. Also, it is important to note
that occluded objects are not visible, so if a landmark is behind the depth map, its probability of
detection is set to zero.

SLAM Solver

Using these models, the PHD solver is based on the previous works of Vo [67], Mahler [63] and
Leung [91]. The practical system implements the equations (2.47), (2.48) and (2.50) using parti-
cles; a mapping routine solves the problem with known localization and the reweighting scheme
explained in section (5.1) of the second chapter is used to update the localization particles.
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When implemented with Gaussian mixtures, the correction step requires the Jacobian of the
measurement model to calculate uncertainty covariances, which follows the rule in equation (3.9),

J = JprojectionJrotation (3.9)

Jprojection =

 f/Z 0 −fx/z2

0 f/Z −fy/z2

x/|X| y/|X| z/|X|

 (3.10)

Jrotation = Quaternion → Matrix(Q). (3.11)

An implementation consideration must be made for the prediction step, as theoretically the
“birth volume” should be the whole visible space, but in practice this is too wasteful as it requires
too many Gaussians to fill the space and most of these components are removed immediately in
the next step. To counteract it, only the “unexplored new measurements areas” are used as birth
volume. This can’t be done trivially: just using the measurement points would lead to comparing
them with themselves in the correction step, which produces an artificial overconfidence in the
observations. A better approach is to use the unexplored measurements from the previous update
cycle, as it doesn’t contaminate as much the correction step.

1.3 Pipeline

Using these definitions, the program follows the pipeline described in figure (3.2). The main com-
ponents are the Vehicle, the Navigator and the Manipulator. The first one is in charge of defining
the motion and measurement models; the second one must define the SLAM solver algorithm and
apply it to the vehicle; and the third one defines the global flow of the program.

Each component has been designed to be easily replaced for another implementation making
use of object oriented techniques. This feature has been extensively used in three areas, which
correspond to the threemain components: in the input area the system can be a simulation or a device
acquisition module; in the navigator class, the algorithm can be PHD, iSAM2 or other alternatives;
and in the visualization tool, the program can either solve the system or show a pre-recorded run
for further analysis. The same flexibility allows the system to use different kinds of motion models,
measurement models and internal vehicle state representations. For this thesis, two such models
have been implemented: the aforementioned 3D visual model and a simpler 2D linear model that
will be used in chapter 5. The user may decide between these different implementations using
command line arguments to the program.

Input

To directly interact with the program, the simulation reacts to user input through the keyboard and
the mouse. Using the keyboard, they may move the simulated vehicle in its z-axis (front/back) and
may rotate it around its three main axis: yaw, pitch and roll. All these motion are performed at
constant rate for simplicity. Only four of the six degrees of freedom are manipulable; otherwise the
control would become too cumbersome.
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Figure 3.2: System pipeline.

Since manual input is not useful when running many tests, the system can use an automatic
input script, which reads commands from a file and execute them. In this mode, the script has more
freedom to move the vehicle, since all six degrees of freedom can be adjusted and at any dynamic
rates.

Additionally, while simulating, the user can move the camera to observe different perspectives
in the 3D space. The camera can be zoomed, rotated and centred around key objects in the scene
for fine analysis. The mouse is used to centre the camera onto a target object.

Other toggle keys configure the environment and will be explained later in this section.

Output

The user receives feedback about the SLAM solution in two ways: first, an immediate visualization
shows the results in an interactive manner and second, the final solution is compared against the
groundtruth data (in the case of the simulation) and plotted.

The rendering contains all the information needed to understand the solver state. It shows the
real pose of the vehicle in time, its trajectory so far, the SLAM estimate for this pose, the real
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map, the estimate for the map and the measurements locations along the way. A sample from this
visualization can be seen in figure (3.3), alongwith an explanation of the geometrical representation.
Note there is also a frustum indicating an approximate field of view for the vehicle.

Figure 3.3: System real-time rendering. The vehicle is represented as a four squares (the big blue
one is the center, the smaller red one is the front and the small yellow and blue ones indicate the
rotation); the groundtruth trajectory is in red; the estimated trajectory is in blue; the landmarks are
light-gray squares; the current measurements are red crosses; the best map estimates are blue/black
ellipsoids; and the visible area is in a translucent frustum (shown in green).

In some cases, some of this information is not available, so it is not shown. In particular, when
using real sensor data, there’s usually no map groundtruth to compare. Conversely, when using
the RGB-D sensor, the full depth map can be optionally projected onto the visualization area. This
does not make sense on the point-map simulations, although the framework allows them to be easily
implemented. This visualization can help the user to visually detect errors or drift.

The chosen implementation of PHD-SLAM uses particles, so several pose/map estimates are
present at every time. For simplicity, there are two modes of presentation: either the Maximum A
Posteriori (MAP) estimate trajectory or all of them can be shown. For the map, the one associated
with the MAP trajectory particle is shown.

This map estimate is formed by amixture of Gaussians, so sigma-ellipsoids are used to represent
each component. The ellipsoids are projected onto the camera plane and their associated weights
influence the way they are drawn. As the weight becomes close to zero, they become transparent,
and their border becomes thin. When they pass one, their border color changes from blue to black
and when they pass two, it becomes red. This gives the user a visual feedback around the confidence
on the map.

The post-processing plots are generated after the main system runs. Python and matplotlib are
used since they have much better plotting capabilities. With them, two plots are generated: one
giving the pose estimation error and one giving the map estimation error.
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For the pose error, the Euclidean distance between the real location and the estimated location
is calculated in time. There are three ways to show this distance: in filtering mode, at every time
step, the SLAM algorithm produces a best estimate, which is compared against the groundtruth; in
smoothing mode the whole trajectory is processed with the PHD algorithm and the final estimate
for every time step is compared against the groundtruth; and in average mode at every timestep
all the errors in the partial estimation are averaged. These three modes expose different properties
in the system. The filtering approach shows the quality of the information that the system has
when working in real-time; the smoothing approach shows all the information present in the final
solution, which can help identify difficult places which couldn’t be well observed; the averaged
approach gives more information about how the global information changed over time, indicating
for example precisely when the system was able to close a loop or when it slowly drifted apart.

For the map error, the OSPA metric is used as explained in the previous chapter. Note that to
generate a point-map from the RFS distribution, the means of all the components with weight higher
than 0.8 were used.

The user can introduce time bookmarks to pinpoint specific events, which show as vertical bars
in both plots. Also, since the system outputs all its information as raw files, additional processing
can be performed as well.

Optimizations

The primary optimization in any project is always choosing the right algorithms and data structures,
so care has been put into really thinking and refactoring all the structures on the code to fulfil their
role as efficiently as possible, but there are a few of notable cases worth mentioning.

The one thing to mention about “general optimizations” is that they were performed with the
help of the SlimTune profiler, which allows the programmer to check and pinpoint the code bottle-
necks. This way there’s no need for micro-optimizations that only complicate the code without real
benefits. An example of its use was the observation that many Gaussian evaluations were dupli-
cated or could be swapped with faster Mahalanobis distances comparisons. This optimization was
relatively simple and small but was so profusely repeated through the code that the slight change
made a real difference.

Themost important optimizationwas to use parallelization to distribute the bulk of the work into
multiple CPU cores. To do so, a high-level parallel-for constructionwas used in the SLAM recursion
call. This works very well, since these calls are relatively long, so the overhead is negligible and
the work performed on different particles is trivially independent, which means that the speed-up
is basically eight-fold on an eight core machine.

The code also uses kd-trees instead of lists to keep the map models. Trees can query for close
neighbours much faster than lists: instead of searching the whole O(n2) space, trees can do the
same task closer to O(n log n).

Another simple optimization has been to tabulate the exponential function inside the Gaussian
evaluation routines. The approximation doesn’t reduce map quality and gives some improvement
in efficiency.
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One important thing to consider is the language in which the system is programmed. In this
case, C# gives several options to represent matrices. The most common are multidimensional arrays
and jagged arrays (array[a,b] and array[a][b] respectively). Due to the JIT compiler, these two alter-
natives differ vastly in terms of performance, since the jagged version allows smart check bounding
elision that gives the system speed without compromising safety. This option is used throughout
the project.

Two interesting optimizations in the code are the elimination of far away comparison in the
corrections step, where the relationship between measurement and landmarks too far away from
each other (Mahalanobis distance) is obviated; and sparse matrix implementation for the combina-
toric routines of the weight update method. This allows, for example, to drastically reduce the time
of the linear assignment problem, since the full problem must deal with O(n2) elements, while the
sparse version only deals with a typically linear subset of the whole matrix O(n), an improvement
both in memory and in execution time.

For computational reasons, the birth density has been approximated around the actual mea-
surements, since all the rest would just disappear anyway (note there’s a one-frame delay to avoid
overconfidence).

Re-runs and Configurability

To compare different algorithms, the system takes advantage of the full raw data that is output
after every run to allow for re-runs of the exact same problem multiple times. These re-runs are
the same, from having the same groundtruth movement to reading the same noisy odometry and
measurements. This makes the comparison fair, since different alternatives face exactly the same
problem.

Since there are many parameters in the algorithms and the simulation settings, it can be tedious
to specify them every time the program is run. This is why, all non-essential shared configuration
details are described in a file, which can be reused in different runs. This keeps the comparisons
fair, since it’s less prone to typing errors than specifying the files each time.

A special class called Config is used to hold all configurable data. Using reflection, the program
understands the structure of this class and can automatically generate adequate file parsers, which
are transparent to the coder. This way, adding new configurable constants is as easy as adding a
new field to the class, without breaking any backwards compatibility.

The more obvious configurations are all the algorithm parameters, like the birth rate, birth
covariance, probability of detection and clutter rate. There are others that are more nuanced and
have to deal with efficiency, like merge thresholds and video undersampling. Some of them control
parts of the process like filtering the image keypoints with RANSAC or not, disregarding odometry
input and assuming incorrect noise estimation values. Finally, there are visualization choices, like
showing all particles or only the best one, and coloring the map by visibility or confidence.

The system can also choose between rendering all pose particles or only the MAP one; the map
always corresponds to the MAP particle.

Apart from these upfront configurations, the user can change the behaviour of the program as
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it progresses. When these events occur, appropriate bookmarks are added to the timeline, which
show in the plots. This way, the user can know exactly how the system reacted when they pressed
a key.

In particular the user may reset the estimates and the whole simulation at any point, to easily
correct mistakes or try from a different initial state. Additionally, they can switch between solving
the entire SLAM problem, or only its mapping component, i.e. assuming localization is perfectly
known. This helps understand the effect of each stage separately.

The user may also pause the simulation, explore the world by focusing the camera on any
particular important element in the scene.

Fair start

Since in the first few frames there is very little information as the map is just forming, the vehi-
cle can drift without notice, making the ensuing trajectory and map estimation highly volatile in
a uninteresting way, since it corresponds to the Euclidean free parameter. To avoid any random
advantages in the comparisons, the first few frames are assumed perfectly localized so a minimal
and coherent initial map can form that may guide further estimations.

Testing and Reliability

Correctness of code is essential for research. To be able to guarantee it, it is important to take
adequate measures such as testing and careful structural design.

In this case, extensive testing has been performed on the output of every component in the
modules. Some of it is in the form of automated tests, which consider unit tests, which ensure the
correct functioning of complex routines like Murty’s algorithm, and mock simulations, which have
easy properties which can be asserted.

Besides these automated tests, some manual tests have been performed on many trial runs, in-
cluding edge cases, all of which give the expected results. During the development of the inner code
of the PHD filter, which is conformed of several stages, all intermediate output could be bypassed,
so as to analyse the behaviour of every stage separately. Also, since the system has both a visual
output and a text output, any behaviour can be inspected both visually and numerically. Further, the
system can record previous runs for later deeper inspection and comparison against other algorithm
sources. Consistency checks between different runs of the same pre-recorded session are correct,
giving the exact same output for the same input and algorithm (for deterministic algorithms).

Along with testing, the program has been designed to be scientifically robust against code bugs.
Every component has been well isolated so errors can’t easily propagate and information flow is
limited quickly after the contact point between objects. For example, when creating a Navigator
that tracks a certain Vehicle the developer could inadvertently make illegal use of the real vehicle
trajectory on some of the SLAM solver routines, making it seem as the solver works better than it
really does; this is avoided by creating an unlinked copy of the Vehicle in the Navigator constructor.
This way, any error involving the wrong Vehicle can’t use privileged information, since there’s no
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simple access to it past the constructor. This property is easy to test and therefore any incorrect
improvement of performance must be due to accidental improvement of the method instead of in-
appropriate information access. Similarly, base structures such as Gaussians, which may be subtly
shared between different components, have been defined as immutable so they can be used without
worrying about improper information flow.

(a) Odometry dead reckoning estimate. The red tra-
jectory is the groundtruth and the blue one is the esti-
mate.

(b) PHD estimate. White rectangles are landmarks
and blue/black ellipses are the map estimate.
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(c) Location error (average Euclidean distance be-
tween groundtruth and estimate).
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(d) Rotation error (average absolute angle between
groundtruth and estimate).
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(e) Mapping error (OSPA, c = 1 [m] and p = 1).
‘Spatial’ corresponds to the spatial component of
OSPA and disregards the difference in cardinality.
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(f) Map size estimate (integral of the PHD over the
entire 3D space).

Figure 3.4: PHD filter performance on a simulated environment.
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2 Results

The PHD filter is tested using the implementation detailed above. To do so, its output is compared
with the raw odometry reconstruction in a simulated baseline case. To evaluate its performance, the
Euclidean distance between the groundtruth location and the estimated location is calculated. Sim-
ilarly, the mean angle between rotations is also plotted. Additionally, the OSPA distance between
the groundtruth map and the estimate is obtained. To extract a point map from the RFS estimate,
the expected map size Nm =

∫
v(x) dx is calculated and the [Nm] most likely landmark locations

are used. In the following experiments, unless noted, 800 particles are used, with a measurement
covariance per unit of time of 2 [px2] in the pixel components, 0.001 [m2] in the range component,
a motion covariance per unit of time of 0.05 [m2] in the location components and 0.002 [rad2] in
the rotation components. The sensor statistics contemplate a probability of detection of 0.9 and a
clutter rate of 3 · 10−7, which integrates to an average of 0.912 clutter measurements per frame.

The first experiment (shown in figure (3.4)) consists of an easy scenario, where the model
statistics are near ideal. The filter performs much better than the odometry; in many segments, the
pose error does not even go up, which means the system can remain correct despite odometry noise.
The mapping error goes down as landmarks are observed, as it is expected.

A second experiment assumes known localization, so as to understand how well the SLAM
mapping stage performs alone (shown in figure (3.5)). Although the map error steadily goes down
in time, it doesn’t reach zero. One might assume that the error should converge to zero, but this
is not the case. For example, if a landmark was only seen once, the corresponding map density
component will be centred around its unique measurement. Since the measurement has noise, the
landmark estimate will be invariably incorrect and there can be no estimator which gives a better
estimate, since there is no other information than the noisy measurement. However, measurements
are unbiased so in average they give enough information to improve on the odometry, especially
when the landmark is seenmultiple times. This is why themap error can go very low, but it cannot be
expected to reach zero (also, there are numerical optimization induced errors). The results are good
nevertheless and it can be seen that this map error is similar to the one on the previous experiment,

(a) Map estimate.
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(b) Mapping error (OSPA, c = 1 [m] and p = 1). The
error decreases as new landmarks become visible and
are correctly estimated.

Figure 3.5: PHD filter performance with known localization
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which considered an unknown localization. This demonstrates the capacity of the PHD algorithm
to give a good map estimate despite of localization uncertainty.

As designed, the system can output different pose plots (‘modes’), each one of which remarks
a different aspect of the solution. In figure (3.6) the three modes are compared. Observe that the
filter mode is noisy as the estimate bounces between particles in time. Both the filter and the smooth
modes vary heavily in time, while the time-average one is steady. This may be attributed to the time-
local aspect of these plots; if the rotation of the estimate is incorrect but the location odometry is
correct, the estimated trajectory can move closer and farther from the groundtruth. Averaging over
time canmarginalize these effects since it averages over parts of the trajectory that are close together
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(a) Filtering mode location error.
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(b) Filtering mode rotation error.
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(c) Smoothing mode location error.
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(d) Smoothing mode rotation error.
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(e) Averaged mode location error.
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(f) Averaged mode rotation error.

Figure 3.6: Localization plotting modes.
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(a) PHD estimate with 20 particles. (b) PHD estimate with 100 particles.

(c) PHD estimate with 800 particles. (d) PHD estimate with 2000 particles.
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(e) Location error for different Np.
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(f) Rotation error for different Np.

0 5 10 15 20 25 30

Time [s]

0.0

0.5

1.0

1.5

2.0

O
S
P

A
m

a
p

er
ro

r
[m

]

M
a
p
p
in

g
m

o
d
e

o
n

S
L

A
M

m
o
d
e

o
n

PHD, p = 20

PHD, p = 20 (spatial)

PHD, p = 100

PHD, p = 100 (spatial)

PHD, p = 800

PHD, p = 800 (spatial)

PHD, p = 2000

PHD, p = 2000 (spatial)

(g) Mapping error (OSPA, c = 1 [m] and p = 1) for
different Np.
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(h) Map size estimate for different Np.

Figure 3.7: PHD filter performance with different number of particles (localization step).
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and those which are far away. The end result is that average plot is smoother and gives a general
view of the error behaviour.

Also, it can be observed that the smoothing mode curve is quite similar to the filtering one,
since they are reflecting the same places in the spatial trajectory. However, the smoothing mode is
smoother due to using information of the future to estimate the trajectory (the system can “back-
track” and correct previous estimate). The level of smoothness is related to the number of particles
used for the filter, since more particles means more memory to backtrack. So, the comparison
between these two plots is a useful metric of particle depletion. It shows the typical time frame
where smoothing occurs; if there are too few particles, they become rapidly depleted and both plots
would be pretty much the same; if there are many particles, the estimate can change freely and the
smoothing width would be large.

The plot in figure (3.7) shows the performance of the filter with different number of particles.
As particles are added, the system localization performs better but the gain in the mapping stage
is modest. This is consistent with the previous results of known localization mapping, which gave
similar results to having an uncertain localization. Using many particles would be ideal but in-
creasing this value requires more computational resources, both time and memory, which limits the
use of the system in real-time or embedded conditions. Note that for low number of particles (e.g.
20), the solution can get randomly lucky sometimes and unlucky at other times due to the under-
representation of the pose distribution. They can also present “indecision” effects (not shown on
this experiment), where two good solutions are present and they fight for the top spot, which shows
as wild oscillation between two error levels in the plots.

All of these runs have assumed a perfect knowledge about the system statistics. This is unreal-
istic in most real situations, which would have to estimate them from data, so a couple of imprecise
runs have been plotted in (3.8). In the experiments two alternate configurations are used, where
the measurement and motion covariances are over and under estimated by 20%. Incorrect statistics
result in somewhat worse performance, but the resulting estimates are still good and well below the
odometry error in the case of location. The rotation angle error seems to be a less reliable signal in
all experiments and is the only one of five in this one to show deterioration (but looking at the tra-
jectories it is clear that all configuration reached a satisfactory result). This shows that the algorithm
is robust against uncertainty in the model statistics, which is very relevant in real applications.

Similar experiments on over and under estimation of the probability of detection and the clutter
rate show that underestimating PD makes the system overconfident about the landmark weights,
which can reach values higher than two (incorrectly) if PD is low enough. In the inverse case,
an overestimated PD can make the system remove landmarks too heavily when they are not seen,
usually removing them completely. The clutter rate has a similar but inverse effect.

In any case, the complete estimate suffers but, similarly to the covariance variations, they are
still much better than the odometry.

Finally, the output of the system working on a real sensor is shown in figure (3.9). In this case,
apart from the estimated trajectory, an image processing sample output is shown, with the extracted
keypoints. Since there’s no map groundtruth, the map error can’t be calculated and its quality has
to be visually estimated from the screen and the scene. By inspection, the map looks reasonable as
the computed landmarks resemble the spatial configuration of the room in the video.
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(a) Odometry estimate. (b) PHD estimate with correct statistics.

(c) PHD estimate with overestimated noises. (d) PHD estimate with underestimated noises.
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(e) Location error with incorrect statistics.
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(f) Rotation error with incorrect statistics.
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(g) Mapping error (OSPA, c = 1 [m] and p = 1) with
incorrect statistics.
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(h) Map size estimate with incorrect statistics.

Figure 3.8: PHD filter performance with incorrect statistics. Config 1) Correct statistics,
Config 2) 20% overestimation of noise covariances, Config 3) 20% underestimation of noise co-
variances.
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Figure 3.9: PHD estimate on a real video. On the right, the extracted keypoints can be seen on both
the color and depth images, as well as a matching between frames (for filtering).

The SLAM solution is accurate at first in this scenario (figure (3.10)), but four issues have
been detected which deteriorate its performance in time. First, the number of particles seems to
be too low (as observed by the smoothing behaviour). Second, there is a short time period around
4 [s] containing too many measurements due to a highly textured scene. Third, as the experiment
progresses, the number of components in the map PHD mixtures grows to accommodate for the
newly observed landmarks. By the end of the experiment, these Gaussian mixtures have reached
the maximum number of 600 components (since every one of the 2000 particles has a map estimate,
adding more components becomes too computationally expensive), so the algorithm has problems
including new landmarks to its estimate. Fourth, in cameras, landmarks are not so well defined
because looking at the same object from different perspective shows a different projection of it
which may have inconsistent landmarks, e.g. a extreme case is a sheet of paper that has different
printed logo on each side (and occupy approximately the same place in space).

0 2 4 6 8 10 12 14 16

Time [s]

0.00

0.05

0.10

0.15

0.20

P
o
se

lo
ca

ti
o
n

er
ro

r
[m

]

M
a
p
p
in

g
m

o
d
e

o
n

S
L

A
M

m
o
d
e

o
n

Odometry

PHD

(a) Location error in a real video.
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(b) Rotation error in a real video.

Figure 3.10: Pose error in a real video. Note there’s no map groundtruth available, so OSPA can’t
be plotted.
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3 Discussion

As seen from the results, the system works as intended, managing to correctly track the vehicle’s
location and the map despite the noise, clutter and missed detections.

However, loop closure was not perfect since there’s only a limited number of particles; during
time gaps where no landmarks are visible, the representation power of the particles decays rapidly
since the probability density becomes flatter and requires more particles. As observed in the first
experiment, this effect can occur even if new different landmarks are observed (see figure (3.11));
if the observed sets are disjoint, the new observations will only improve the new area estimate
and the vehicle pose in regard to this new area, so the particle selection will poorly consider the
different hypothesis for the transition period, i.e. the no-landmark period will get stuck with a
random motion*. Later on, if one of the first landmarks is revisited, i.e. loop closure, the system
will not be able to fix the estimates perfectly since the no-landmark transition segment will contain
too few, if any, options.

.........................

Figure 3.11: Disjoint measured-landmarks sets between time steps decouples the estimates for both
sections. If this property holds for too long, the system cannot recover a good estimate for the
transition relationship and the estimate will diverge. This is one reason why RFS cannot solve loop
closure satisfactorily under current techniques.

Since only one particle’s map is rendered (MAP trajectory), its density is conditioned on the
pose, i.e. it does not correspond to the global probability for each landmark. Alternatively, the
Expected A Posteriori (EAP) estimator could have also been used, averaging every particle and
merging their maps proportionally to their weights, but this alternative is more expensive and MAP
gives the “best” hypothesis, even though it may not be the most representative of the distribution.

When the vehicle is lost (due to lack of measurements), theMAP pose estimation quickly jumps
as the best particle changes radically due to new measurements (loop closure) or due to competing
hypothesis. The user can then visually see the precise re-localization moment with ease.

The MAP estimation, though, lacks information; it does not contain any sense of uncertainty.
The alternative ensemble render mode, which shows every particle pose, gives the user some feeling
for the uncertainty on the pose as the particles spread out as they track the probability density. This
way it is easy to see when the vehicle is becoming increasingly lost and when the particles deplete.
However, in this visualization mode there is a causality issue. As all the particles are drawn and

*As seen in the graph, the only way to move information between the old and new areas is through the poses, i.e.
the particles. If these particles become flat, they give no useful information, hence the pose estimate becomes reliant
only on the new area.
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bad ones die off along the way, the final estimated trajectory correspond to that of the MAP particle
at the end of the process, i.e. the poses are better than what the vehicle thought they were at the
time, there are no jumps like in the point estimator. This mode does not represent an online process
so caution must be taken with the results: the point estimator evaluates an online system and the
ensemble estimator evaluates a slightly smoothing (offline) system.

Note that this work does not concern itself with efficiently extracting the odometry. Either an
IMU reading can be integrated to obtain velocities or one of the many visual odometry routines
can be used from the camera. This work is orthogonal to such subsystem and assumes a given
odometry (e.g. from the dataset or by adding artificial noise to the groundtruth); an extension would
be straightforward. Even further, since the system is based on Bayes filtering, both inputs may be
used together.

Also, the keypoint extraction is relatively simple and could be upgraded later on. The extraction
works fine, but when the camera motion is high, motion blur makes keypoints disappear since
textures are lost. This is a difficult unmodelled phenomenon that occurs in cameras due to the
shutter time, which does not occur in other sensors. Since the filter does not expect all landmarks
to vanish for several frames, estimates can lower their quality: map components can be removed
and weights flattened; the bad case is that good particles get dropped because of deceitfully low
weights and the system would not be able to recover. To solve this problem, a motion blur detector
could be used to disregard the map update in a difficult frame (PD = 0).

Note that unlike the vector alternatives, the RFS framework uses both positive and negative
information from the scene, i.e. both the presence of a landmark and its absence influence the map
estimate. Since the vector system requires data association, a missing landmark is not associated,
does not enter the process and therefore does not affect the estimates. In the PHD filter, such a
missing landmark will reduce the density around it, eventually flattening it to zero. This implies
a strict requirement for a good visibility model; in particular, if an object can’t be observed but
the system believes it should be observable (e.g. an occluded object in the scene), the density will
incorrectly decrease. Such a visibility modelling has been introduced in the system based on the
RGB-D sensor.

In RGB-D sensors this visibility model is given by the depth map: if a landmark is behind the
depth map it is unobservable. A caveat is that in PHD the map is represented not by points but by a
continuous density (landmarks are extracted after the fact), even though Gaussian components are
used to represent such density (one should not confuse mixture components for landmarks). The
visible space intersection with the Gaussian components is arbitrary, hence half of a component
could be visible and the other half occluded. Practically, this is complicated since the Gaussian
Mixture PHD update equations do not hold exactly around the visible edge; the density no longer
can be approximated by a Gaussian mixture, since one half of the Gaussian is affected by the update
and the other not.

To solve this problem there are a couple of options: first, a simple approximation could just
associate an unobservable status to a whole mixture component based on its mean, which could
work if most component are well within the visible range; second, associate each close-to-the-edge
component with a probability of detection PD proportional to its intersection area with the visible
space, which should be statistically correct; third associate each “unobservable” component with a
PD proportional to its distance to the edge, i.e. making the edges fuzzy, softly decreasing PD along
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them.

The third option is similar to the second one in that in both cases PD decreases as the landmarks
moves into the unobservable region, but in the third option, the process is common to all landmarks
regardless of their covariance and easier to compute. This system uses this third option.

A fourth method is to break the mixture components into smaller elements (maintaining the
density integral, i.e. the map estimate size) and apply one of the three other options to each element.
This way, the update can indeed affect only half of the original Gaussian. However, in this way,
the number of components can become much bigger with time. Importantly, note that in the visual
SLAM setting, the observable landmarks are always on the surface of objects, i.e. on the edge of
the visible space, so this situation occurs all the time.

Additionally, the camera sensor border also introduces a secondary issue: the image keypoint
extraction routine may become unreliable because the textures are not completely visible. Even
though the center of a keypoint patch is within the image, the patch may be undetectable because
half of the patch is outside the boundaries of the sensor. This can be dealt similarly, by using an
appropriate decreasing PD around the edges, or alternatively by artificially decreasing the sensor
size while modelling, i.e. assume anything closer than ϵ to the border (or to a depth shadow) is
unobservable. The alternativewill never incorrectly decrease the density but it may lose the sporadic
positive information. The previously mentioned third option is a reasonable trade-off.

A useful addition for future work could be to augment the measurement space to also consider
the normal direction from the landmark, as a way to differentiate between close landmarks, but on
different surfaces, e.g. two landmarks on opposite faces of the same piece of paper. In this case,
the visibility model will have a hard time with no normals context.

This work has chosen RGB-D sensors because they are simpler; the system can be extended
to stereo and mono vision later, as well as more exotic sensors like 3D lasers. This way, the work
focuses on the most interesting aspect: SLAM. Note however that stereo and mono vision will have
a harder time defining a visibility model since they do not have direct access to a depth map. An
artificial depth map would be required, using depth estimation, optical flow, deep learning or recent
dense and semi-dense techniques [92, 93, 94, 95, 58, 96] to gather it.

Note that compared to laser ranging, cameras are more difficult because of motion blur, small
field-of-view and high computational requirements. Nevertheless, they can be solved and can pro-
vide richer information.

Finally, in the real case scenario the algorithm shows potential, but there are still some improve-
ments required to use it in production. The use of more particles would be useful but expensive;
in some cases such as big cars, it may be reasonable to use high-end computers, but for embedded
devices other solutions are required.

The highly textured observations mean that the pose triangulation is very “good” from the mea-
surements, i.e. the posterior probability is narrowly peaked. Although this should be good news,
it means that almost all particles (which were sampled only from the motion model) lie on a low-
probability space, which produces the particle depletion observed in the estimate. It may be ap-
proached by a method similar to FastSLAM 2, using a better predict sampling which considers the
measurement, so as to avoid particle depletion (this would also help diminish the required num-
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ber of particles for good convergence). Alternatively some heuristics can be applied on top of the
methodology: measurement covariances can be artificially inflated or some of the measurements
could be omitted randomly (changing PD appropriately) so as to make the peaks more reasonable.
This solutions are simpler but throw away information.

Also, camera inconsistent landmarks (e.g. the two-faced sheet of paper problem indicated at
the end of the results section) can be improved by adding normal information to the measurement
space, so the two sides of a paper are effectively separable. However, it should be noted that even
with these inconsistencies, the algorithm can still work locally in time.

Improving any of these issues is useful, but in the remainder of this manuscript a more fun-
damental development will be pursued: the use of graphical methodologies along with RFS for
estimating the state globally. As has been discussed in previous chapters, this approach has the
benefit of observing the full picture at the same time and making global decisions, being able to
solve loop closure more efficiently than filtering methods.
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Chapter 4

PHD and GraphSLAM

To put the proposed visual SLAM system results into perspective, it is necessary to compare them
against other well-established methodologies. In the recent literature, the GraphSLAM family of
SLAM solver has become prevalent due to its global consistency properties and its new found
efficiency. For this work, iSAM2 [43] has been chosen as the reference for comparison, since it
is a fairly recent development with one of the best performances of the GraphSLAM family and it
manages to be highly efficient.

The algorithms will be compared both in various simulated environments, where many param-
eters can be adjusted to understand their performance, and a real visual dataset provided by the
Computer Vision Group at the Technical University of Münich (TUM) [97], which can help under-
stand their applicability to real problems.

1 Setup

The setting for the simulation has 140 landmarks dispersed in a 10×6×3 [m3] volume. The vehicle
receives projections into a centered camera sensor with a size of 640 × 480 [px2], a focal distance
of 575.8 [px] and a visible range between 0.1 [m] and 10 [m].

As the baseline configuration, the motion noise covariance was set to 0.05 [m2] for each trans-
lation component and 0.002 [rad2] for each angle axis. The measurement spatial covariance was set
to 3 [px2] for each pixel component and 0.0002 [m2] for the range component. The probability of
detection PD was 0.9 and the clutter density κwas 3 ·10−7 which integrates toNc = 0.912 spurious
measurements over the entire visible frustum every frame, which is fairly low, so both algorithms
should have no trouble solving SLAM.

Eight sets of experiments are conducted on this setting, which includes varying the clutter rate,
the probability of detection, the spatial motion and measurement noise and comparing with alterna-
tive versions of iSAM2 (using no preprocessing and with known data association).

For PHD filtering, 800 particles have been used, unless specifically noted. For iSAM2, the
maximum likelihood estimator (using Mahalanobis distance) has been employed for data associ-
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ation, with some preprocessing explained later. Both models are given the same model statistics
concerning noises.

Data association

The iSAM2 algorithm expects correct data association. To associate known landmarks, a maximum
likelihood estimator works well but cannot resolve features that are seen for the first time, since
they may be real or just noise. Adding noise to the map can generate some inconsistencies later on
when solving the estimates, so it must be avoided. Also, the inner structure of iSAM2 requires a
very graph-specific Bayes tree, which would need to be rebuilt if a landmark were to be removed,
wasting precious time.

Instead, a preprocessing step is developed, in which any new unassociated measurement gen-
erates a candidate landmark which does not yet participate in the SLAM optimization, but which
can still be associated to new measurements and updated (using a simple average, since every one
of these new measurements is assumed to have the same initial uncertainty). Once a predetermined
number of consecutive sightings (3 in these experiments) of the landmark has been collected, it is
deemed probable enough to be incorporated into the iSAM2 graph.

Note that to perform the maximum likelihoodMahalanobis association, it is necessary to obtain
appropriate marginal covariance approximations on the map landmarks, which take more time than
the updates themselves.

Fair start

Since in the first few frames there is very little information, as the map is just forming, the vehicle
can drift without notice, making the ensuing estimations highly volatile in an uninteresting way,
since it is only an Euclidean free parameter. To avoid any random advantages in the comparisons,
the first few frames are assumed perfectly localized, so a minimal and coherent initial map can form
and guide further estimates.

2 Results

In the first (easy) simulation, the algorithms have no trouble finding an appropriate solution to the
problem, as can be seen in figure (4.1). However the PHD solver provides a better estimate. It starts
much better than iSAM2, until 15 [s] (which corresponds to the first loop closure) where iSAM2 is
able to rapidly correct its pose and gives a similar error, although at the cost of an increasing map
error. Later at 25 [s] (which corresponds to the second loop closure) its accumulated error is too
large (some sections of the trajectory in this second loop have few measurements so the odometry
error accumulates) and cannot close the loop correctly. The map error continues to increase, but the
spatial component drops for the first time below that of the PHD filter, which can be explained by the
fact that some of the additional landmarks that make up the cardinality error are in fact previously
correct estimates that have drifted due to the incorrect loop closure.
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(a) PHD estimate. The red trajectory is the
groundtruth and the blue one is the estimate.

(b) iSAM2 estimate. White rectangles are landmarks
and blue/black ellipses are the map estimate.
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(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1). ‘Spatial’
corresponds to the spatial component of OSPA and
disregards the difference in cardinality.
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(f) Map size estimate.

Figure 4.1: Comparison between the PHD filter and the iSAM2 solver in a case with easy statistics,
(σ2

x = 0.05 [m2], σ2
θ = 0.002 [rad2], σ2

lx = 3 [px2], σ2
lz = 0.0002 [m2], Nc = 0.912, PD = 0.9).

As the spatial noise of the simulation is increased, the task becomes harder and data association
becomes more fragile. Therefore, iSAM2 becomes unreliable. As shown on figure (4.2), it becomes
worse than odometry and the map error is very high. The PHD filter degrades less and continues to
be reasonable, as seen in the same figure.

Alternatively, if the clutter rate goes up, as shown in figure (4.3), the clutter measurement can
easily distort the distribution of the landmarks, since they can be influenced by false information.
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(a) PHD estimate. (b) iSAM2 estimate.
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(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1).
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(f) Map size estimate.

Figure 4.2: Comparison between the PHD filter and the iSAM2 solver with higher measurement
and motion model noise, (σ2

x = 0.2 [m2], σ2
θ = 0.008 [rad2], σ2

lx = 8 [px2], σ2
lz = 0.003 [m2]).

Both map errors are larger, but the PHD one remains to be better. The preprocessing step for iSAM2
is good at ignoring most of these clutter measurements, if they are sparse enough. Again, the PHD
filter is less affected, since it doesn’t need to make a decision on the association right away, and
therefore can wait until more information is present to solve the problem robustly.

Another parameter that may vary is the probability of detection. This should be less of an issue
for both algorithms, since it removes useful data instead of adding false information. This means
the algorithm can’t be as confident about their measurement corrections, but it does not generate a
conflict to be resolved. In figure (4.4) the behaviour of the PHD continues to be reasonable, while
iSAM2 seems to be incapable of using the sparse information provided by the landmarks to improve
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(a) PHD estimate. (b) iSAM2 estimate.

0 5 10 15 20 25 30

Time [s]

0.00

0.05

0.10

0.15

0.20

0.25

0.30

P
o
se

lo
ca

ti
o
n

er
ro

r
[m

]

M
a
p
p
in

g
m

o
d
e

o
n

S
L

A
M

m
o
d
e

o
n

iSAM2

Odometry

PHD

(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1).
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(f) Map size estimate.

Figure 4.3: Comparison between the PHD filter and the iSAM2 solver in a cluttered environment,
(Nc = 9.12).

the pose estimate. In both cases, the estimated map sizes are smaller than the real one since missing
a landmark induces death in the PHD filter and removes it in the iSAM2 preprocessing step.

The preprocessing step in iSAM2 does not help in this scenario, because it can be too strin-
gent and prematurely removes good candidates. So, it must be calibrated before each run. This is
not satisfactorily in practice because clutter and low detection can occur at the same time, which
require opposite calibration values, so this preprocessing stage can’t accommodate both. A more
complex one is required. Of course, both systems would require additional machinery to change
the calibration if the parameters change in time.
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(a) PHD estimate. (b) iSAM2 estimate.
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(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1).
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(f) Map size estimate.

Figure 4.4: Comparison between the PHD filter and the iSAM2 solver when the probability of
detection is low, (PD = 0.5).

The different effects of the parameters can be compounded if more than one are relevant, such
as in figure (4.5). Here both the clutter rate and the spatial noise are large making the iSAM2
algorithm diverge at the time of the second loop closure, while PHD SLAM remains reasonable.

The preprocessing step is very important for iSAM2. The algorithm can deal with unprocessed
inputs for a short time, but the map becomes increasingly cluttered, which finally makes the system
diverge (when it tries to close a loop with spurious measurements from the past). Since the map
size increases very fast, even during the time where the vehicles’ pose has converged to its correct
value, the processing time becomes too long even for controlled offline environments, which is
demonstrated in figure (4.6), the experiment for which had to be prematurely terminated because
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(a) PHD estimate. (b) iSAM2 estimate.
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(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1).
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(f) Map size estimate.

Figure 4.5: Comparison between the PHD filter and the iSAM2 solver when several kinds of er-
rors are compounded, (σ2

x = 0.1 [m2], σ2
θ = 0.009 [rad2], σ2

lx = 5 [px2], σ2
lz = 0.02 [m2], Nc =

2.13, PD = 0.7).

every frame took more than thirty minutes to process. Divergence has been observed in other runs
with smaller maps (which would happen in the first loop closure at 15 [s] in this scenario).

As was stated, the most important requirement for iSAM2 is good data association. If it were
known, the algorithm should perform very well, since it is optimal in the Gaussian approximation.
In figure (4.7), a comparison of the PHD filter against both a known association iSAM2 (KA-
iSAM2) and a unknown data association iSAM2 is presented. Here it is confirmed that knowing
the correct association gives the alternative algorithm enough information to show the best results.
PHD SLAM manages to be very close to it and in the map error they are so similar that the green
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(a) PHD estimate. (b) iSAM2 estimate.
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(c) Location error.
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(d) Rotation error.
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Figure 4.6: Effect of preprocessing in the iSAM2 algorithm, (baseline configuration).

line (known iSAM2) is almost entirely occluded by the blue one (PHD SLAM).

Finally, both algorithms have been run in the context of real sensor data, as shown in figure
(4.8). Here it can be seen that they struggle to converge, for the same reasons that were explained in
the previous chapter. Nevertheless, both manage to generate visually reasonable maps. However,
iSAM2 cannot use it to help the pose estimation because there’s too much clutter. Note there’s no
map groundtruth available so the OSPA error cannot be plotted.

At 4 [s] the PHD filter has difficulty in finding the true SLAM solution because of the high
number of measurements as explained in the previous chapter. To visualize how well the algorithm
performs within short time frames, figure (4.9) shows “differential” locations errors, which have
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(a) PHD estimate. (b) iSAM2 estimate with known association.
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(c) Location error.
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(d) Rotation error.
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(e) Map error (OSPA, c = 1 [m] and p = 1).
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Figure 4.7: Effect of perfectly known association in the GraphSLAM alternative, (baseline config-
uration).

been computed by sliding the reference and comparison times as explained in the figure, i.e. these
errors e∆(t) correspond to the error introduced in the short period of time between t−0.33[s] and t.
Here it can be seen that for some time PHD SLAM can make improvements over odometry while
iSAM2 cannot.
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(a) Odometry dead reckon estimate.

(b) PHD estimate. (c) iSAM2 estimate.
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(d) Location error.
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(e) Rotation error.

Figure 4.8: Comparison between the PHD filter and iSAM2 for real data, (σ2
x = 0.05 [m2], σ2

θ =
0.002 [rad2], σ2

lx = 2 [px2], σ2
lz = 0.001 [m2], Nc = 4.864, PD = 0.7).

3 Discussion

These results show the potential that the random finite set approach canmake to the SLAMproblem,
since it can obtain better results than GraphSLAM under realistic circumstances. It also shows
some of its limitations. One big difference comes from the very nature of both algorithms: the PHD
approach is a filteringmethod and iSAM2 is a batchmethod. They are solving different variations of
the problem and therefore present different properties. The PHD filter processing is very localized
and has trouble closing very large loops, since it does not have the required information at the
required time to do so. iSAM2, being a batch processing technique can optimize for this case more
easily. It can also resolve model misfits better since it can relinearise as needed, whilst the filter
approach can’t and is stuck with the approximation it did the one time it gets to fit the data. This
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Figure 4.9: Local location error for PHD and iSAM2, where ∆x is compared between the estimate
and groundtruth, i.e. fixing the poses at t, how far have the poses at t + ∆t diverged (∆t =
10 frames).

means information is lost as time goes by and can’t be recovered. A similar effect happens due to
the discrete nature of particles. On the other hand, it requires data association, which is not needed
in the PHD case and it is very sensitive to it. Additionally, PHD filtering finds the entire distribution
for the problem, while iSAM2 only finds the mode and the marginal covariances.

This data association can be very hard to get right in difficult settings such as high clutter, high
noise or low probability of detection. In contrast to the PHD filter, iSAM2 can easily diverge in
these situations. This is an important advantage as this setting is realistic. Further, these settings
may occur dynamically during a vehicle ride (e.g. when going through a tunnel) and the PHD filter
may be easily adapted to such dynamic changes [73]. This makes the approach more robust in real
conditions.

Due to the optimization nature of iSAM2, when false data association occurs, the algorithm
may diverge to infinity, since the underlying problem can become ill-posed. This means that fail-
ure in this framework may halt the processor, which is unable to continue operating as there’s no
straightforward way to recover from a numerically invalid state*. This is unacceptable in any real
scenario outside of a lab. Additional structure would be required to let the system continue to work
under these circumstances. The PHD approach does not suffer this problem, since it can’t be fooled
by erroneous associations and would remain locally consistent even if the past becomes inconsistent
with new measurements. This means that although global estimates may drift due to a failure, the
system can continue to operate as well as possible afterwards. As shown in the perfect association
comparisons, GraphSLAM could theoretically work better if it knew the exact associations but that
is often not realistic.

In fact, iSAM2 exposes a fundamental property of the problem: if data association is perfectly
known, there is a efficient and optimal solution, which relies on the inner sparse structure of themap.
From this sparsity, linear algebra methods become faster, which allows them to become suitable for
real-time operation. This inner sparsity would be interesting to exploit in other frameworks too.
The data association route has a big problem though, which can’t easily be addressed by vector
SLAM methodologies: separating it from the main SLAM routine loses opportunities for clever

*As a analogy, a system that sums numbers can’t continue operating after receiving an undefined value, i.e. given
F (X) =

∑
i xi, what should F ((1, 2, 5, 4,Undefined, 5, 6)) be?
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optimizations and throws away information that may be useful to guide the SLAM solver itself.
This is an inefficient use of the resources which the PHD filter avoids by combining both stages
into one global proposition. Nevertheless, note that although fast in principle, iSAM2 slows down
considerably when extracting covariances, which are necessary to perform data association. As
shown in the original iSAM2 article [43], conservative estimates for the covariance can be calculated
more quickly, but this become less suitable when difficult conditions are present. The PHD filter,
on the other hand, is relatively fast, but does not scale well on the number of particles necessary
for localization. Indeed, as more particles are added, they contribute much less to the quality of the
estimate since they do more and more redundant work as they become more densely distributed.
More particles are required to search a finer grid for the optimal solution.

Note that the PHD filter can make good use of the system visibility model statistics, but that
also means it needs to know them. As was pointed out before, there are methods to deal with
unknown statistics, but they are still an additional burden to manage. In particular, the probability
of detection implies a visibility model for the vehicle which can be difficult to use if landmarks
are close to the visibility edges. This is an example of the difference in used information of the
methods: while iSAM2 uses positive information about the detection of landmarks, the PHD filter
uses both the same positive information and negative information about where the landmarks are
not, i.e. a missed detection can change the estimate, unlike in the iSAM2 case. This can be both
good and bad, since it can eliminate clutter but at the same time can’t easily distinguish between
empty space measurements and uninformative measurements, e.g. around the edges of the screen.

From these results and discussion it has been shown that PHD shows better overall results on the
studied experiments, although both algorithms have their advantages. Nevertheless, even though
PHD can be an improvement over the GraphSLAM alternative, it still has many rough edges that
could benefit from iSAM2 notions. Therefore, extending it to use some of iSAM2 ideas is an
enticing proposition.

In particular, the batch setting can be much more efficient given the sparse inner structure of the
problem. Naturally, in the case of random finite sets, this sparsity is not as strong, since data asso-
ciations haven’t been resolved and therefore measurements can affect several landmark estimates.
Also, being able to use information from the future can also help close long loops more efficiently,
without requiring as many particles.
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Chapter 5

Going Beyond Filtering

Filtering approaches have an intrinsic disadvantage over batch methods, since they can’t make use
of all available information as efficiently, since they only have the opportunity of one pass over the
data. This difference has been well established by the results of batch methodologies like iSAM2.

Inspired by the results of both methodologies, RFS-SLAM and iSAM2, it is worthwile to ex-
plore the idea of extending the RFS framework to a batch method. To do so, the first step is to
analyse previous efforts.

1 Extending Previous Work

As expressed in the literature review, in the RFS framework there are two alternatives that have
developed around the idea of using all the information to make better SLAM estimates.

The first alternative, the forward-backward PHD smoother, proposed by Mahler et al. [75] and
used by Clarke [98] in the SLAM context, is able to back-propagate future information to change
the estimate of previous poses. As already indicated, practical implementations only change the
weights and can’t propose new hypothesis for the trajectory, which means they cannot “fix a closure
problem” if the solution wasn’t already in the pool.

A way to obtain better hypotheses could be to run the forward-backward propagation algorithm
multiple times as shown on figure (5.1). For each iteration, the weights for the state distribution
are corrected to include both past information (already included by filtering) and future information
(from the forward-backward smoother, as shown at the top of the figure). Considering a vehicle
trajectory of T steps, each round k would require O(2 × (T − k)) calculations, for a total of O(2 ×
(T −k)×T ) = O(T 2) time complexity. The Forward-Backward filter would change weights from
wi

kP̃ (Xk|M,Z1:k) to wi
kP̃ (Xk|M,Z1:T ).

Note that the algorithm would linearise each update based on whatever state the particles hap-
pen to be at. Hence, the pose distribution estimates would be correct only around these lineari-
sation points. So, if the backward pass changes the state estimates too much (e.g. by closing a
loop), the final estimates may not be valid as they are too far away from the linearisation point and
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Figure 5.1: The forward-backward propagator could propose pose movements based on the future.

P (Xk|M,Z1:T ) ̸≈ Plinearised(δXk|M,Z1:T ). Also, it is observed that as time progresses, particles
forget their history due to pruning. As particles are discarded, the representation of old pose distri-
bution becomes worse. Since the earlier pose states have been around the longest, they have expe-
rienced more pruning than newer nodes, eventually having only one effective particle and therefore
being unable to fix any loop closure due to particle depletion. Despite these details, it’s an interest-
ing path to pursue.

The second alternative comes from the mapping community, where Vu [77] uses Metropolis-
Hastings Montecarlo (MHMC) [99] to sample from the complex probability distribution induced
by the measurements. Since the estimated state distribution is complex, Vu uses an internal par-
ticle filter to evaluate the Metropolis-Hastings ratio, a technique usually called Particle Marginal
Metropolis-Hastings Montecarlo (PMMHMC) [100].

Note however that the structure of this algorithm is framed to deal with highly dynamic inde-
pendent targets, which differs from the typical SLAM structure. Indeed, in SLAM, landmarks are
generally static in a global reference coordinate system. Then, if such a reference coordinate system
(e.g. ground) is known, there is no real justification for the complex proposal moves in Vu’s work.
Nevertheless, it could prove useful when extending the SLAM problem to dynamic maps.

Also, in SLAM there’s an additional constraint which does not occur in mapping: loop closure.
Landmarks may be out of the field of view of the robot’s sensors for quite a while and then be
recaptured. In mapping, such a situation is easier to deal with. The landmark can be associated to
different indices the first and second time it is seen, but in SLAM, recognizing they’re the same
feature is crucial to solving the localization part of the problem.

The Metropolis-Hastings algorithm can still be used to solve SLAM, factoring the probability
distribution similarly to Vu’s idea, but separating pose and map instead of the map and feature-to-
measurement associations. Then, a proposal distribution needs to be defined over the trajectories,
and the map can be solved using any of the mapping methods in the literature, e.g. the PHD filter
or Vu’s PMMHMC tracker. Using the trajectory proposer, the MHMC generic solver would create
a new trajectory and accept it or reject it by evaluating its likelihood using the PHD filter. The
structure of the MHMC sampler guarantees (under typical MHMC assumptions) that the collection
of samples eventually converges to the real state distribution. Note that obtaining the likelihood in
this model takes a lot of time, requiring the computation of the map RFS updates for the entire path,
so a good trajectory proposal distribution is required.

A useful metric to measure the quality of a pose-to-pose link is the entropy of the particles
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at that timestep H = ∑
wi logwi, where wi are the particle weights, since when the data is not

helpful, e.g. due to lack of measurements for a while, this entropy will tend to increase and when
the system can localize itself, the entropy quickly drops. This metric can’t really capture long-term
discrepancies, since an incorrect localization will decrease the entropy too. Nevertheless, entropy
should have increased before any erroneous localization takes place.

Errors can be local to a particular pose (and corrected afterwards) or be a drift that affects
all future poses. So, a plausible proposal distribution could be selecting a random pose node (local
error) or pose edge (drift) proportional to its entropy and change it following a Gaussian distribution.

This may work but, similarly to Vu’s work, is computationally expensive so it is probably not
suitable for real-time operation. There ought to be a more efficient alternative, as demonstrated by
GraphSLAM approaches for the vector case.

2 Extending the RFS framework

There’s nothing preventing the random finite set approach from being extended in the same manner
than vector alternatives, although such extensions may be more complex than their vector coun-
terparts. In particular, it is harder to draw a parallel between set-based states with linear algebra,
since entries in a matrix correspond to pairwise relationships between elements, but in set-based
SLAM, many elements may relate at a time (e.g. one pose and three close landmarks through two
measurements). Working with the graph itself, like in iSAM2, can be extended more easily.

2.1 Probabilistic Graphical Models

Before delving into details of the RFS extension, it is necessary to go over probabilistic graphical
models (PGM) more in depth [101]. In particular, the different types of networks, their nuances and
the relevant algorithms for inference will be explained.

Structures

In a PGM problem, every variable to be studied will be represented by a node in a graph (e.g. ‘Dif-
ficulty’ and ‘Ranking’ in figure (5.2)). Among these variables, there are relationships of influence
or cause, i.e. a change in one variable will directly induce a change in another (in this model, it is
expected that ‘Intelligence’ directly influences ‘Grade’). This information may be represented as
directed edges between nodes (e.g. ‘Intelligence’ and ‘Difficulty’ are parents of ‘Grade’ in figure
(5.2)). Note that in general most nodes can influence each other, albeit indirectly, i.e. only through
an edge path. For this application, it does not make sense for a variable to influence itself (these
models are static systems, not dynamical ones), so cycles are disallowed; otherwise, following the
edge cycle would make a variable depend on itself (this would be like saying “the student approved
the course” because “the student approved the course”).

This kind of PGM is called Bayesian network and can be seen as a representation of conditional
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Figure 5.2: Example of a probabilistic graphical model representing the relationships between vari-
ables in the performance of an academic student in a given course.

independences in the problem. If certain node values were known, other ones become independent,
e.g. in figure (5.2) if the grade is known, the difficulty of the course can’t give any more informa-
tion on the completion status of the student; all information flows through the grade. The rules of
independence can be tricky, since there are several ways nodes can be connected. The elemental
configurations are shown in figure (5.3); in the first three cases, careful consideration shows that
x and z are dependent (through y), but they are independent in the last case. Conditioning on y,
however, make the other two nodes become independent in the first three cases, but dependent in
the last case [101]. In the first case, x affects z, which then affects y, so by fixing z, no matter
what x is, y’s distribution will not change. The second case is analogous. In the third case, y only
depends directly on z so again, if z is fixed, y’s distribution is also fixed. The fourth case is reversed
because y does not depend on z, but the other way around. Marginalizing over z makes x and y
independent because the do not depend on anything. But if z is fixed, both x and y’s distributions
are constrained by their inverse models and may become correlated, e.g. if z = x+ y, given z = 2,
then x+ y = 2 ⇒ y = 2 − x, x and y are completely determined by one another.

.. x. x. y. y.
z

.
z

. x. x. y. y.
z

.
z

. x. x. y. y.
z

.
z

. x. x. y. y.
z

.
z

Figure 5.3: Elemental relationships between triplets found on any graphical model.

In probability theory, independence can be associated with a factorization of the joint distribu-
tion of variables. If two sets of variables are independent, their distribution will factor into separate
terms for each set. So, the Bayesian network induces a joint probability distribution over the vari-
ables which can be factored out appropiately. In particular, using the chain rule for probabilities, a
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factorization can be found with the formula

P (X) =
∏

xi∈X

P (xi|parents(xi)). (5.1)

For nontrivial problems, this factorization and associated graph is not unique. For example,
the chain rule could be applied in a different order to get a different result. Each time, some of
the terms may be simplified using inner knowledge of the problem and therefore simplify the final
factorization. This means that maybe a particular factorization doesn’t expose all the independences
in the problem. It is tempting to find the best factorization, which captures all the independences
of the problem. As it turns out, in general this is not possible: there are some graphs which can’t
be reduced to a perfect factorization, i.e. there will be variables or sets of variables which are
independent, but its not implied by the graph. On the other hand, if the graph does say they are
independent, that is definitely so. Nevertheless, for many problems (among them, SLAM) there is
a perfect graph and can be found efficiently.

Another kind of PGM is called a factor graph, which is directly derived from a distribution
factorization. In this model there are two kinds of nodes: variables and factors (see figure (5.4)).
Each factor node corresponds to a factor in the factorization, and each variable node is connected to
every factor in which it appears. Converting Bayesian networks into factor graphs is straightforward
by looking at the induced factorization. The SAM family works with this representation.

.. Difficulty. Difficulty. Intelligence. Intelligence.

Grade

.

Grade

.

Completion

.

Completion

.

Ranking

.

Ranking

Figure 5.4: Example of a factor graph. Each circle corresponds to a variable node and each filled
square is a factor node.

A third kind of model is called Markov Random Field (MRF), which extends Markov models.
The Markov model assumes that a chain of events holds the property that “the future is independent
of the past given the present”. Similarly, MRF nodes are independent of each other given the nodes
in between them, e.g. in figure (5.5), the ai sub-graph is independent of the ci sub-graph given b0.
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This is very similar to Bayesian networks, but in this case no direction is given for the influence.
For some MRF, there is a compact factorization over cliques (fully connected subsets):

P (X) =
∏

c∈cliques(X)
ψ(c). (5.2)

A special case are Pairwise Markov Random Fields, whose factorization can be decomposed into
unary and binary potentials,

P (X) =
∏
xi

ϕ(xi)
∏

xi,xk

ψ(xi, xk) (5.3)
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Figure 5.5: Example of a pairwiseMarkov random field. The edges are not directed so the influence
between variables is symmetrical. Every node corresponds to a unary potential and every edge
corresponds to a binary one.

The network for SLAM has been presented before, but is repeated for clarity in figure (5.6).
The variables correspond to pose states, landmarks and measurements. The typical factorization is

P (X0:k,M, Z1:k) = P (x0)
T∏

k=1
P (Xk|Xk−1, Uk)

M∏
k=1

P (Zk|Xik
, Ljk

). (5.4)

Measurementsmay be considered parameters in the pose-landmark relationship instead of variables.
Since they are not really interesting (they are never changed), their role as variable is not very
relevant.

...................

Figure 5.6: Factor graph representation of the SLAM problem. Every red square represents a factor.

Inference

The two most interesting questions to ask about these models are those of marginalization and
maximization, i.e. what is the distribution of a single variable if all others are marginalized, and
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what is the single most likely value configuration for all variables. These problems are referred to
as inference. Both their solutions are similar (except the swap of integrals by maximizations), so
only the marginalization will be detailed.

In principle, marginalization is just a very large integral, but it is usually intractable in practice.
So to numerically solve it, it is required to exploit the structure of the particular problem at hand.
A direct approach to accomplish this is to marginalize each node one-by-one until only the desired
node is left. This procedure is called variable elimination. At each step, one node is removed from
the graph, but the distribution of each of its neighbours needs adjusting to account for the marginal
integral. Additional edges must be added between the neighbours. Although correct, this approach
is not really suitable for SLAM, since the resulting integrals are still intractable.

Belief Propagation

There are many alternatives to variable elimination for performing inference. For this work, a
suitable one is Belief Propagation (BP) [102, 103].

In this scheme, neighbour nodes will send messages to each other. The messages will consist
of what each node thinks the distribution of the other node should be, given its own information.
Then, each node can combine the messages it received using Bayes rule to estimate its ownmarginal
distribution. Using this new improved distribution, the nodes can send messages again, which
will be better informed, leading to better distributions and so forth. This way, information can
flow throughout the graph, moving from node to node through messages. Eventually, each node’s
distribution should converge to the real marginal distribution.

Mathematically, this is expressed as follows. Let mi→k be the messages from node xi to node
xk. Then the marginal distribution for each node will be

Pi(xi) ∝ ϕ(xi)
∏

xk∈N(xi)
mi→k, (5.5)

where ϕ(xi) is a prior on the variable (usually just a constant) and N(xi) is the set of neighbouring
nodes.

Each message will be of the form

mi→k(xk) =
∫
ψ(xi, xk)ϕ(xi)

∏
xh∈N(xi)\{xk}

mh→i dxi (5.6)

mi→k(xk) =
∫
ψ(xi, xk)Pi|k(xi) dxi. (5.7)

where ψ(xi, xk) is the binary factor that relates both nodes, and an auxiliary distribution has been
defined as

Pi|k(xi) = ϕ(xi)
∏

xh∈N(xi)\{xk}
mh→i. (5.8)

The message resembles a local marginalization over the sender node. Pi|k is almost the (current
estimate for the) sender distribution, except one term is missing: the message from the receiver xk.
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This is important since otherwise the information from node xk would flow to xi and then back to
xk, artificially inflating its relevance because the node would think everyone is telling it to use it,
as if it was external new information.

Finally, there are two more things to define: initial distributions and messages for each node
and edge (usually just 1) and a message schedule protocol, i.e. in what order should the messages be
sent. A simple protocol could be to send all messages at the same time and update the distributions
accordingly.

Note that these equations correspond a MRF model, which is the simplest and therefore easiest
to understand. Bayesian networks and factor graphs’s BP equations are analogous.

As previously stated, these messages are expected to converge for the procedure to work. How-
ever the general conditions under which they converge are not fully understood. General conver-
gence has only been proven for restricted cases, e.g. Gaussian distributions.

On one hand, belief propagation is exact for the simple case of a tree (no cycles in the graph).
In such cases there exists a simple message schedule which converges in linear time: send the
message from the leaves of the tree inwards and after reaching the root send them in reverse order,
from the root to the leaves. There is no need to do any more propagation, the result will be exact
after the inward-outward pass. This case corresponds to a vehicle that never sees a landmark twice,
which is not realistic. On the other hand, if the graph contains loops, the algorithm is referred to as
Loopy Belief Propagation (LBP) and its result is an approximation of the real inference. It may not
converge and many factors influence its quality, e.g. schedule protocol, initialization, complexity of
distribution and number of cycles. In practice, it works well and has been applied in many different
areas (even SLAM [104]).

For the case of maximization, the messages become

mi→k(xk) = max
xi

ψ(xi, xk)Pi|k(xi), (5.9)

and the final estimate

x∗
i = arg max

xi

ϕ(xi)
∏

xk∈N(xi)
mi→k. (5.10)

2.2 RFS Graph SLAM

The main idea proposed in this chapter follows from the flow of information through the graph. As
shown in figure (5.8a), filtering information mainly flows through the trajectory in time and then
from the trajectory to the map.

Let’s say there’s a time tm such that the vehicle does not see any of the landmarks from times
t < tm for a while, until time tc > tm, i.e. the observed landmark subsets M1 = Mt=0:tm−1 and
M2 = Mt=tm:tc−1 are disjoint as shown in figure (5.7). Then, the estimated trajectory X0:T can
be split in two: one which is intertwined with measurements of the first set of landmarks, X1 and
another which is intertwined with measurements of the second set of landmarks, X2.

The second trajectory segment is only related to the first one and the first landmarks by the
odometry link f(Xtm−1, Xtm). This link has an associated uncertainty (odometry noise) and nothing
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Figure 5.7: Effect of disjoint observable sub-graphs in inference quality.

that occurs later on the second segment can affect this uncertainty so no matter how accurate the
estimation continues to be, this link will be uncertain. This is bad for any system that relies on
particles, because the system will need to allocate some of its resources to represent the weak link
uncertainty. As each particle represents an entire trajectory, i.e. the estimate is not local on each
pose, but global on the entire trajectory, if there are N such weak links, the number of required
particles to maintain a reasonable estimate isO(kN ·P ) where P is the number of particles required
to make the particle filter work under normal conditions and k is the number of particles required
to model the link distribution alone.

In practice what will happen is that many samples will be obtained from the weak link odometry
model and they will be propagated through to the second segment. Some of them will correspond
well with the newmeasurements, but some will not. As the effective number of particles decays due
to the measurement model weight updates, the worst particles will be pruned, the best ones will be
duplicated and so, the history of the particles will become more uniform. Since the weight update
of the particles is not affected by odometry, the historic estimate of the weak link will be just one of
the original proposals chosen at random, i.e. the system will incorrectly converge to a random value
for every weak link (random from the odometry distribution). Later, when the vehicle sees the old
landmarks again, the previous weak link will have only one particle so the system can’t repair it.

Even if there is only one weak link in the entire trajectory, given a long enough second segment,
the history will be lost from pruning. Memory has always been limited in filtering methods, but
it’s usually fine because the estimate is usually good for old poses. However, if there’s a weak link
as explained above, its distribution estimate does not get better for a long time and eventually it is
forgotten, which is critically damaging. The number of particles to solve this problem becomes of
the form O(kN · rtc−tm), where r is the number of particles required to represent one time step of
the trajectory.

In more extreme conditions, such as if the second segment has very few measurements, the
trajectory estimate can also suffer from other kinds of losses due to approximations, linearisation
errors, particle, odometry drift, etc., which compound the problem. Therefore, trying to fix these
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kinds of difficult cases with particles is not scalable because the inference path through the trajectory
is too long (exponential requirements). Instead, it is interesting to notice that information could
flow through the landmarks and reach the future pose much faster (e.g. information could flow
from the first pose in figure (5.8b) to the first landmark and then to the third pose directly, without
going through the second pose), therefore being less prone to losses. Such pose-landmark-pose
paths can be extrapolated to very long intermediate trajectories (replacing the second pose), which
corresponds to the typical loop closure setting, and the path length difference becomes arbitrarily
large.

Trying to take advantage of inference through these multiple paths is not straightforward, since
every path will provide different beliefs about the nodes. For example, the path going through sec-
ond pose in the previous example will consider the odometry reading between the second and third
poses, while the pose-landmark-pose path will not. Naturally, the pose-landmark-pose path can be
extended to include the second pose and then, in theory, every path should say the same thing, since
they consider the same information; but in practice, due to numerical inaccuracies, model misfits,
linearisations and other approximations, they will not. Each path will consider different approxi-
mations and thus will capture different relationships more strongly in their beliefs. The traditional
filtering path will be more appropriate for correctly weighting odometry and measurements locally
whereas the pose-landmark-pose paths described above will be able to model long loop closures.
A principled way to mix the beliefs of both update strategies is necessary. This is where graphical
models come into play, since there’s already a well established algorithm to propagate information
in such a way in a graph known as loopy belief propagation. As already noted, its convergence is
not guaranteed, but in practice it works well.

...................

(a) Filtering.

...................

(b) Loopy Belief Propagation.

Figure 5.8: Information flow in the variations of the SLAM problem.

Since there is no data association, the graph can’t be created over individual landmark nodes.
A simple way to solve this is to use the entire map as one node, as is shown figure (5.9). As per
the definition of loopy belief propagation, nodes will message each other trying to influence their
neighbours’ beliefs.

To make the computation tractable, each pose node will be approximated by a normal distribu-
tion and the map will be assumed a Poisson RFS*.

*Alternatively, poses could be approximated using particle filters and the map could be modelled using a CPHD or
Bernoulli RFS.
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map

......

Figure 5.9: RFS Loopy Belief Propagation formulation.

On one hand, beliefs over poses become

P (Xk) ∝ P (Xk, Z) ∝ ϕk(Xk)mk−1→k(Xk)mk+1→k(Xk)mmap→k(Xk) (5.11)
∼ N (µk,Σk) = N −1(ηk,Λk), (5.12)

where µk corresponds to the mean of the pose distribution, Σk to its covariance, ηk to its information
vector and Λk to its information matrix†. This corresponds to the prior and three messages: one
from the previous pose, one from the future pose and one from the map, all of which are assumed
Gaussian.

There are two special cases: the first and last poses, which do not have a previous or future pose
respectively. For the last pose, the futuremessage will be omitted (completely non-informative, 1R3)
and for the first pose, the previous message will be a narrow Dirac delta around the origin, to fix the
trajectory to a reference. Priors can be used to fuse external information (e.g. pose constraints), but
in the plain SLAMproblemwill be set to non-informative 1R3 distributions. Finally, it is useful to see
that in the Gaussian case, these multiplications correspond to sums in the canonical representation,ϕ(X)

∏
i∈N(X)

mi→X(X)

 ∼ N −1(X; ηϕ +
∑

i

ηi→X , Λϕ +
∑

i

Λi→X). (5.13)

One the other hand, the belief over the map becomes

P (M,Z) ∝ ϕmap(M)
T∏

k=1
mk→map(M), (5.14)

where there is a prior factor and a message from each pose in the trajectory. Note that since the ob-
jective is to calculate the maximum likelihood estimator, it does not matter if the map is conditioned
on the measurements (i.e. P (M |Z)) or they are aggregated into a joint probability (i.e. P (M,Z)).

These expressions calculate the statistic of each variable given the messages between them.
There are three kinds of messages: between poses, from poses to the map and from the map to the
different poses. The first ones are the easiest, since both nodes are Gaussian-distributed and are
related by a Gaussian constraint, namely the odometry.

†As previously explained for the GraphSLAM methods, ηk and Λk are an equivalent representation for Gaus-
sian distributions better suited for fusion. Both representations are related by exp(− 1

2 (µk − x)T Σ−
k 1(µk − x)) ∝

exp( 1
2 xT Λkx + xT ηk)
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Let P (Xk+1|Xk) = exp(1
2 ||FkδXk + GkδXk+1 + ak||2Qk

) be the linearised odometry model;
then the message becomes [104]

mk→k+1(Xk+1) = max
Xk

ψ(Xk, Xk+1)Pk|k+1(Xk) (5.15)

∼ N −1(Xk+1;
ηk+1

f − Λk+1,k
f (Λk,k

f + Λk|k+1)
−1(ηk

f + ηk|k+1),

Λk+1,k+1
f − Λk+1,k

f (Λk,k
f + Λk|k+1)

−1Λk,k+1
f ),

(5.16)

where ηf and Λf are defined as

ηf =
(
ηk

f

ηk+1
f

)
=
(
Fk

Gk

)
Q−1

k ak (5.17)

Λf =
(

Λk,k
f Λk,k+1

f

Λk+1,k
f Λk+1,k+1

f

)
=
(
Fk

Gk

)
Q−1

k

(
Fk

Gk

)T

. (5.18)

The reverse message, mk+1→k is analogous, reversing the indices. Note the use of Pk|k+1(Xk)
and its Gaussian parameters Λk|k+1 and ηk|k+1, defined in equation (5.8).

The other two messages are more nuanced, since they must deal with the RFS map. It’s impor-
tant to remember that the factors between poses and the map are highly nonlinear, but that they can
be managed in the same way the PHD filter was proposed.

The message from the poses to the map follows the form

mk→map(M) = max
Xk

ψ(Xk,M)Pk|map(Xk) (5.19)

= max
Xk

P (Zk|Xk,M)Pk|map(Xk). (5.20)

Note that the term Pk|map(Xk) has been introduced, which is defined analogously to the previous
Pk|k+1(Xk) one, i.e. it is the distribution on Xk disregarding the message from the map.

This maximization is difficult to evaluate in practice. If the pose covariance is small, the ex-
pression is dominated by the second term‡ and the maximum will be attained close to the maximum
for the second term,

arg max
Xk

P (Zk|Xk,M)Pk|map(Xk) ≈ arg max
Xk

Pk|map(Xk), (5.21)

so that the original optimization can be reduced to

mk→map(M) = max
Xk

P (Zk|Xk,M)Pk|map(Xk) (5.22)

≈ P (Zk|µk|map,M)Pk|map(µk|map) (5.23)
∝ P (Zk|µk|map,M). (5.24)

‡The extreme case is to approximate the second term as a Dirac distribution so the whole distribution is zero outside
this maximum. Note that if the current values are close enough to the optimum, the second term corresponds to the
fusion of odometry readings from the correct past and future poses, which should be the correct pose in expectation.
Also, although this is an approximation, it shows positive practical results later in the chapter.
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If this is not the case, the system can still be represented as particles, and the result obtained by
comparing the value at different points Nk,

mk→map(M) = max
xi∈Nk

{P (Zk|xi,M)P (xi)} (5.25)

where Nk are sampled from the pose distribution or are around its mode.

From these messages, the belief over the map becomes

P (M,Z) ∝ ϕmap(M)
T∏

k=1
P (Zk|µk|map,M). (5.26)

This is precisely the mapping recursion with known localization§, which can be calculated with the
PHD filter update equations. Note that the poses are not exactly in the expected location (they are
not µk), but in the expected location disregarding the direct map input, µk|map. Note that even if
the map-to-pose message is removed, the map can still affect µk|map through the messages of the
neighbourhood poses, since their own distributions do consider the message from the map.

Finally the message from the map to the poses follows the form

mmap→k(Xk) = max
M

ψ(Xk,M)Pmap|k(M) (5.27)

= max
M

P (Zk|Xk,M)Pmap|k(M). (5.28)

Here, the Pmap|k(M) distribution corresponds to the message to the pose node k without considering
the previous pose-to-map message from the same pose k, i.e. to obtain these messages, the map
must be computed skipping the pose k.

Similarly to the previous pose cases, the distribution is not tractable and can be approximated
by a fixed maximum in the second component, obtaining the message

mmap→k(Xk) ∝ P (Zk|Xk,Mmap|k), (5.29)

whereMmap|k is the maximum likelihood estimate for the map distribution. However, as observed in
Vo’s work [47], RFS distributions do not have a well-defined maximum likelihood estimate, since
it considers elements with different cardinalities. Indeed, by having different units of measurement,
the likelihood of elements of different cardinalities can be skewed to make the maximum likelihood
estimate change arbitrarily. For example, let Z be RFS distribution following

P (Z = ϕ) = 0.2 (5.30)

P (Z = {x}) = 0.8
2

= 0.4 ∀x ∈ [0, 2][m]. (5.31)

It gives a 0.2 chance of being empty, otherwise it has one feature uniformly selected in the [0, 2]
range (measured in metres). Here the obvious maximum likelihood is attained at any point in the
[0, 2] range. But if the units are changed to centimetres,

P (Z = ϕ) = 0.2 (5.32)

P (Z = {x}) = 0.8
200

= 0.004 ∀x ∈ [0, 200][cm], (5.33)

§Note that there are no prediction terms because there is only one static map. This will be explored further later.
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the maximum changes to the empty set.

However, there are still ways to find equivalent concepts in RFS. In particular, the Joint Multi-
Object estimator M̂JoM or theMarginalMulti-Object estimatorM̂MaM may be used instead, which
are defined as follows,

M̂JoM = arg sup
M

(
P (M) s

|M|

|M|!
)
, (5.34)

m̂ = arg sup
m
P|M|(m) (5.35)

M̂MaM = arg sup
M:|M|=m̂

P (M). (5.36)

In the first expression, s is an arbitrary constant with units of volume in the feature space.

The map-to-pose message is a non-linear function for any given pose, but it can be locally
approximated with a Gaussian distribution using numerical methods, e.g. by gradient descent or
sampling methods. Although the RFS map requires complex analysis, after M̂ has been found, the
optimization over Xk is defined in a vector space, so gradient descent is easily defined.

Note that to calculate the reduced Pk|i distributions, pose nodes (Gaussian) can make use of the
canonical representation, N −1(ηk − ηi,Λk − Λi) and for the map node, it can be calculated by just
skipping the appropiate PHD update step.

This defines the update equations for the LBP method. The only thing left to do is to choose a
good initialization. For this, another approach can be used first, e.g. PHD filtering. This induces
an estimate for each node, which is used to send the first messages.

Dynamic maps

So far, a static map has been assumed, i.e. which does not depend on time. This lines up nicely with
the typical GraphSLAM setting, but is different from the PHD SLAM filter. This filter assumes a
static map (i.e. landmarks do not move around), but introduces statistics (birth and death rates)
for numerical simplification. Instead of using the complete map all the time, it includes partial
maps Mk which only contain the region that the vehicle has seen so far. This framework is more
stable and robust to clutter and misdetection, e.g. if the filter has made a mistake and believes that
a particular landmark exists when in fact it does not, instead of failing later on because it uses an
incorrect assumption, it can kill that region of the PHD density following the death rate instead.
Additionally, the SLAM system could also be used in actually dynamic maps, i.e. where landmarks
can also move.

The Loopy RFS system can be extended to consider these map dynamics, be it because the land-
marks actually move around or for obtaining the same robustness as in the PHD SLAM framework.
The resulting graph is shown in figure (5.10). The map has been decomposed into T maps in time,
each one connected to the previous one and the next one, as well as to the corresponding pose. Note
that if every map-pose pair is merged into a super-node, a linear graph is formed, corresponding to
the filtering case, as shown on figure (5.11).

In this dynamic setting, the messages would remain the same for inter-pose communication
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Figure 5.10: Dynamic settings for the Loopy RFS.

.....
supernode

.
supernode

.
supernode

.................................

Figure 5.11: Supernodes reduce the problem to the filtering case.

and pose-map communication, since nothing has really changed in those connections. There are
however two differences: an additional map-to-map message must be defined, and the pose-to-map
messages are with a specific map in time. A general forward map-to-map message can be deduced
from the filtering equations,

mmapk→mapk+1(Mk+1) = max
Mk

ψ(Mk,Mk+1)Pmapk|mapk+1(Mk) (5.37)

≈ P (Mk+1|M∗
k ), (5.38)

where Pmapk|mapk+1(Mk) is the reduced distribution of Mk without information from Mk+1. Ap-
proximating the map as a Dirac distribution, the second line’sM∗

k is the JoM or MaM estimator of
Mk, where this distribution has been extracted from the past and the pose (but not the future). The
general backward map-to-map is similar, except that the future time is fixed instead,

mmapk+1→mapk
(Mk) = max

Mk+1
ψ(Mk,Mk)Pmapk+1|mapk

(Mk+1) (5.39)

≈ P (Mk|M∗
k+1). (5.40)

This equation may be harder, since it requires an inverse model for the update distribution. Also,
theM∗

k+1 estimator must use only future information. This may be accomplished using a technique
like Forward-Backward propagation.

Map-to-pose messages would only consider the map at the given time, instead of the whole
map,

mmap→k(Xk) ∝ P (Zk|Xk,Mmapk|k), (5.41)

where P (Zk|Xk,Mmapk|k) disregards the measurements Zk at time k. Pose-to-map messages would
only influence the map at the given time as in filtering,

mk→map(M) ∝ P (Zk|µk|mapk
,Mk). (5.42)
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For practical purposes, the most complex message is the backward map-to-map, which usually
must be computed using particles.

Note that the structure is very similar to parallel Forward-Backward filtering. However, the
messages are local and “independent”, so for example information can flow at different rates through
the pose lane and the map lane as shown in figure (5.12), and they are passed around as many
times as required for convergence, with the freedom of approximating distributions and changing
linearisation points along the way.

....
pose lane

.

map lane

............................................

Figure 5.12: Parallel lanes allow for information to flow faster.

In the case of static maps an alternative is to, when needed, approximate all the maps in time
with the last one, Mk = MT ≡ M. This is reasonable since by definition the map is static, thus
the final information is the best information about the complete map and its decomposition into
time-varying visited maps was for numerical simplicity, as explained earlier. As modelled, the only
real difference between time steps is the visibility frustum, which can accommodate the differences
in sensory inputs. Therefore, in this setting, the map may be collapsed into a single entity again,
just like in the real-static case (figure (5.9)).

It may seem futile to expand the system to dynamic environments just to go back to the same
static graph, but (besides being able to represent real dynamic maps) following this path justifies
the use of the full filtering equations, i.e. predict and correct stages, to send pose-to-map messages.
This aligns well with previous filtering approaches such as the PHD SLAM algorithm. Otherwise,
the predict equation wouldn’t apply, i.e. it would have to be the identity, leaving no option to model
birth and death effects.

Reduction to Smoothing and Mapping

It is interesting to observe that the Loopy RFS framework is a generalization of the vector Graph-
SLAM representation. By framing the vector assumptions correctly, the RFS equations reduce to
Loopy SAM, whose solution itself is equivalent to those of

√
SAM and iSAM2.

As has been stated before, the vector framework assumes a known data association

θ∗
k(zi

k, l
j
k) =

1 zi
k corresponds to l

j
k

0 otherwise,
(5.43)

where zi
k are the individual measurements in the measurement set Zk and ljk are the individual

landmarks in the map M. This entails that probability of detection PD = 1 for every associated
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measured landmark and PD = 0 for every unassociated one, i.e.

PD(Xk,m) =

1 ∃ zi
k ∈ Zk : θ∗

k(zi
k,m) = 1

0 otherwise.
(5.44)

Similarly, Pclutter = Pκ = 0 for every associated measurement and Pκ = 1 for every unassociated
one, i.e.

Pκ(z) =

0 ∃ ljk ∈ Field(M) : θ∗
k(z, ljk) = 1

1 otherwise,
(5.45)

where Field(M) is the space where the single elements in the set map lie. From these, it can be
deduced that the cardinality of the map |M| = m∗ is also known and the measurement likelihood
sum (see equation 2.56) contains only one non-zero term. These assumptions will be labelled the
“vector assumptions”.

Using the general definitions of RFS, for any given map M with cardinalitym the joint distri-
bution of trajectory and map will be [105]

P (X0:k,M|Z1:k−1) = m!P|M|(m)P (X0:k, (m1,m2, ...,mm)|Z1:k−1). (5.46)
Since the cardinality |M| = m∗ is known, P|M| is a Dirac delta distribution about this value.
Therefore, the distribution becomes

P (X0:k,M |Z1:k−1) =

P (X0:k(m1,m2, ...,mm)|Z1:k−1, θk) |M | = m∗

0 |M | ̸= m∗.
(5.47)

This is, in fact, the conditional expression for the vector case. Note that the m! constant term
disappears in this last expression because the distribution must integrate to one (which the vector
term already does).

From RFS theory, the recurring integrating term∫
P (Zk,M|X0:k, Z1:k−1)dM

= P (Zk, ϕ|X0:k, Z1:k−1)

+
∫
P (Zk, {m1}|X0:k, Z1:k−1)dm1

+ 1
2!

∫ ∫
P (Zk, {m1,m2}|X0:k, Z1:k−1)dm1dm2 + ...

+ 1
n!

∫
· · ·

∫
P (Zk, {m1,m2, ...,mn}|X0:k, Z1:k−1)dm1dm2...dmn + ... (5.48)

may be simplified. Since the cardinality of the map is known, only one of the terms is nonzero,
when |Mk| = m∗. Using a similar reasoning as before, it can then be reduced to the vector case
formulation,∫

P (Zk,M|X0:k, Z1:k−1)dM

= 1
m∗!

∫
· · ·

∫
P (Zk, {m1,m2, ...,mm∗}|X0:k, Z1:k−1)dm1dm2...dmm∗

= 1
m∗!

∫
· · ·

∫
m∗!P|Mk|(m∗)P (Zk, (m1,m2, ...,mm∗)|X0:k, Z1:k−1)dm1dm2...dmm∗

=
∫

· · ·
∫
P (Zk, (m1,m2, ...,mm∗)|X0:k, Z1:k−1)dm1dm2...dmm∗

, (5.49)
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which is the vector integrating term.

Similarly, for the measurement likelihood term,

P (Zk|X0:k,M) =
∑

θ

P (Zθ
k |X0:k,Mθ)

∏
m∈Mθ

PD(Xk,m)
∏

m∈Mθ

(1 − PD(Xk,m))Pκ(Zθ
k)


= P (Zθ∗

k
k |X0:k,Mθ∗

k)
∏

m∈Mθ∗
k

PD(Xk,m)
∏

m̸∈Mθ∗
k

(1 − PD(Xk,m))Pκ(Zθ∗
k

k )

= P (Zθ∗
k

k |X0:k,Mθ∗
k)

∏
m∈Mθ∗

k

1
∏

m̸∈Mθ∗
k

(1 − 0) · 1

= P (Zθ∗
k

k |X0:k,Mθ∗
k) (5.50)

=
∏

i

P (zi
k|X0:k, l

j(i)
k ), (5.51)

where j(i) is the inverse association model, i.e. θ∗
k(zi

k, l
j(i)
k ) = 1. The whole measurement likeli-

hood term is equivalent to the vector based SLAM measurement likelihood.

So far, these are general statements about RFS and vector formulations. In the particular case of
Loopy RFS and Loopy SAM, there are some additional derivations to be made. Since these systems
work with messages, it will be shown that Loopy RFS messages generalize Loopy SAMmessages.

Pose-to-pose messages (both forward and backward) are trivially equivalent, since they were
defined exactly the same way.

Map-to-pose messages have the form
m = max

M
P (Zk|Xk,M)P (M)

≈ P (Zk|Xk,Mmap|k) (5.52)
vector−−−−−−−→

assumptions

∏
i

P (zj(i)
k |Xk,m

i
map|k) (5.53)

∝
∏

i

mℓj→Xk
, (5.54)

where the last expression is the product of all vector-based landmark-to-pose messages. Hence,
map-to-pose messages are equivalent, as long as Mmap|k corresponds to the MAP estimate of the
vector landmarks.

From the definition of the MaM estimator, this can be easily checked,
m̂ = arg sup

m
P|M|(m) = m∗ (5.55)

ˆMMaM = arg sup
{mi}

P ({m1,m2, ...,mm∗}) (5.56)

= arg sup
(mi)

m!P|M|(m)P ((m1,m2, ...,mm∗)) (5.57)

= arg sup
(mi)

P ((m1,m2, ...,mm∗)) (5.58)

=
m∗∏
i=1

arg sup
mi

P (mi). (5.59)
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In the last line, the independence of the landmarks has been used.

Similarly, pose-to-map messages have the form

m = max
Xk

P (Zk|Xk,M)P (Xk)

≈ P (Zk|µk|map,M) (5.60)
vector−−−−−−−→

assumptions

∏
i

P (zj(i)
k |µk|map,m

i). (5.61)

Thus, taking all the pose-to-map messages together, this becomes

m =
∏
k

∏
i

P (zj(i)
k |µk|map,m

i) (5.62)

=
∏
mi

∏
k,j

P (zk(mi)j(mi)|µk|map,m
i) (5.63)

=
∏
ℓj

∏
k

mXk→ℓj
, (5.64)

where the factors have been ordered by landmark instead of by pose. This, again, corresponds to
the product of all the vector based pose-to-landmark messages for each landmark and pooling them
together to form the map probability.

It has been shown that the messages are equivalent, but one possible difference is the dissemi-
nation scheme, i.e. how those messages are propagated through the graph. Loopy RFS, as defined
here, is equivalent to using a mildly rigid scheme: at every frame, every map-to-pose message
must be sent at the same time, i.e. there may not be any delay between messages from different
landmarks. The constraint is similar for pose-to-map messages.

This does not preclude scheduling these frame-packets as desired, but they cannot be separated
by landmarks. This shouldn’t be a real problem, since the scheme is usually something like this
anyway. In the rare case where more flexibility is required, the map could be decomposed into
separable submaps and each submap updated independently. This independence means there’s no
graph connection between submaps, so every one communicates independently with the trajectory.
The extreme case would be to have each landmark as a submap, which is very similar to the vector
case. Naturally, in this scenario, using the measurements becomes harder since there needs to be
a way to decide which submaps uses which measurement. A trivial solution would be to use data
association on the submaps, which may seem paradoxical, since RFS removes the need for it, but
such association would be at a larger (usually easier) scale. Nevertheless, other solutions may be
derived, but since the coarse scheme should be fine, they will not be pursued here.

2.3 Proof-of-Concept Implementation

A simple implementation of the algorithm outlined above was written, as a proof-of-concept. Spe-
cial attention was put into correctness and visualization of internal computations so as to better
understand the performance of the system. The implementation still requires much optimization to
achieve real-time performance, but it showcases the core principles behind this approach.
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For simplicity, this implementation focuses on a linear 2D case, where the odometry and mea-
surements are trivial sums (i.e. the state update is Xt+1 = (xt, yt)T = Xt + ∆Xt and the vector-
based measurement model is Zt = lt − Xt, where lt is a landmark). It can also perform inference
on other cases, but this simple case is more straightforward to interpret, e.g. covariances can be
fully visualized using a 2D ellipse, unlike the 3D case where there are 6 (or 7) location and rotation
components which can’t be easily visualized in 3D space without projecting into a smaller space;
also, in linear 2D space the information given by the measurements to the pose is straightforward
(a trivial 2D-translated Gaussian), unlike the 3D case where the effective covariance is transformed
by the non-unitary rank-defficient measurement Jacobian.

There are twomajor components in this approach: a general message passing architecture which
contemplates asking for each message at the appropriate times and disseminating them to the ap-
propriate nodes efficiently, i.e. computing values only once, caching them as necessary; and the
actual message computation routines.

The dissemination scheme is contained in a single function so it may be easily changed. For
the experiments, the following scheme is used: propagate messages forwards in time through the
trajectory path, then send messages from the trajectory poses to the map, then from the map to
the poses, propagate backwards in time through the trajectory path, then from poses to map, then
from map to poses and iterate. The messages are initialized from running a PHD filter on the entire
trajectory.

The forward and backward messages are straightforward as noted in the theory section and
follow equation (5.15). Pose-to-map messages are computed by running independent PHD filters
skipping the appropriate time steps, as indicated in the theory section; it is noted that this is in-
efficient and scales as O(T 2), where T is the number of pose nodes, i.e. the total length of the
trajectory. This becomes a bottleneck on long paths. This time complexity may be reduced in the
future by using keypoints (similar to what visual SLAM systems do [54]) or by deriving a general
inverse PHD step, so the full PHD filter can be run once and then only the inverse step be used once
per time step (this solution would scale as O(T )).

The most complex message computation is map-to-pose, which corresponds to the measure-
ment factor P (Zk|Xk,M). This factor is complex and it is hard to approximate it with a Gaussian
(so as to fuse it with the past and future messages). At first, a local maximum was sought using
optimization, which was difficult because this function can be ill-behaved: Near the measurements’
“ideal pose” (the pose that would exactly produce such measurements given the real landmark), the
function has an approximately Gaussian behaviour (i.e. the gradient of its logarithm is a linear form,
so it is easy to reach the maximum) but far from it, the function is flat, i.e. its gradient is arbitrarily
close to zero because the clutter-misdetection component dominate over any possible data associ-
ation, (in equation (2.56), the clutter-misdetection component corresponds to the term in the sum
where every measurement is associated to clutter and every landmark is misdetected) so following
the gradient doesn’t help in getting closer to the solution. As more and more measurements are
added, the fused “ideal pose” covariance becomes smaller and smaller, so the final landscape of the
function is mostly flat with one or more sharp peaks, which is difficult to optimize.

To solve this problem, the first thing to do was to work in the log-space so the exponential
decays from the Gaussians became parabolas, which span a more manageable range for numer-
ical computation. Then, a good initialization point is required to start gradient ascent; for each
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time step and each measurement-landmark association, an “ideal pose” was proposed, which was
used as initialization for the gradient ascent. Each of these propositions should be in a non-flat
region since at least one of the association component of equation (2.56) should be bigger than the
clutter-misdetection component (in particular, the term corresponding the measurement-landmark
association used to propose the pose should perfectly align by construction), i.e. there is a useful
gradient to work with. Assuming reasonable levels of spatial noise, most of the P (Zk|Xk,M) fac-
tor should be in the components found from the proposed pairs. However, for efficiency reasons
it is not feasible to use all associations, so some of them are removed early if found not worth of
exploring further.

After the local maxima are found, a semi-numerical approximation of the Hessian matrix is
computed. To achieve this, a numerical gradient of the symbolical gradient of the factor is extracted
using finite differences and a hand-crafted gradient (an automatic differentiation may also work in
this case). Eachmaximum is then associatedwith a covariance corresponding to the negative inverse
of the Hessian.

If the factor is approximated as the Gaussian corresponding to the highest maximum, it is effec-
tively using its corresponding data association and using it to compute the message, just as Loopy
SAM does. Note however that unlike Loopy SAM, this association would be local to one message
so if the entire inference goes another way, a different maximum could be chosen, i.e. changing
data association on the fly as information flows.

This was tried in a first attempt, but only worked for very simple cases where association was
trivial and the initial estimates were very close to ground-truth. The problem was that in more
difficult cases, the message would get stuck in a very far away maximum, which nevertheless was
the best association (this messages does not consider the pose constraints with respect to the past and
the future) with high certainty. Then, at fusion time, both past and future messages were relatively
“uncertain” but the map message was very certain (the association could be very good, e.g. if only
one measurement was made), so the final estimate was dominated by the (in reality, doubtful) map
message. This artificial certainty would propagate through the graph and make the whole system
unstable causing the pose estimates to oscillate, e.g. at t = 1, X3 would be estimated to be around
(2, 3), then at t = 2 it would be estimated to be around (3, 4), at t = 3 it would be around (2.1, 3.2),
at t = 4 it would be around (2.9, 4.1), and so forth.

The reason for such extreme behaviour is clear: considering only one component throws away
too much information and therefore the state estimate becomes unreasonable confident around an
incorrect configuration, which would then be confidently contradicted in the next iteration, leading
to big jumps in the state estimates. Instead, a second iteration of the system merged all components
into one large component by computing the effective mean and covariance of the weighted mixture.
This way if there were multiple hypotheses far apart in space, the uncertainty would be reflected in
the message and the fusion would be more reasonable.

The change helped, but the system still suffered of some unstability. Another important effect
was still missing: the constant clutter-misdetection component of the map-to-pose messages in
equation (2.56). As noted before, the P (Zk|X0:k,M) factor has a constant component. Since the
message will eventually be multiplied with the past and future messages to form the estimate for
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the poses, this constant component will introduce an extra term, i.e.

P (Xk) ∝ mk−1→k(Xk)mk+1→k(Xk)mmap→k(Xk) (5.65)
= Nk−1→k × Nk+1→k ×mmap→k (5.66)
= Nk±1 × (Nmap+C) (5.67)
= BNk±1,map + CNk±1, (5.68)

where Ni are Gaussian messages, Nk±1 is the fusion of past and future messages and the map
message is a Gaussian plus a constant. Nk±1,map is the fusion of all three Gaussians and B and C
are constants computed from the multiplications.

By not considering the constant term, i.e. C = 0, the relative weightsB and C are disregarded.
If the fused Nk±1,map is small compared to the half-fused Nk±1, this is not acceptable (the smallness
threshold is given by the constant clutter-misdetection component C). From the equation, it can
be seen that this occurs when the map message is very far from the past-future fusion Nk±1. By
considering the constant term, the system can effectively disregard unlikelymapmessages, reducing
their capability of artificial disruption in the estimates, leading to better stability.

Additionally, since messages are independent (i.e. they may change independently from one
another), the map message merging is postponed until fusion (so the latest past and future messages
can be considered), i.e. the map message finally consists of a list of Gaussian functions and the
clutter-misdetection constant. At fusion time every component is fused with the past and future
messages and the final mixture is merged to form a single Gaussian based estimate for each pose.

Also, to improve convergence, the map-to-pose messages are associated with a temperatureK,
which artificially increases the uncertainty of their distribution, i.e. the final map-to-pose message
is of the formmmap→k(Xk)∗N (0, K2), where ∗ represents a convolution. This temperature reduces
the effect of the map message in the final estimate. It starts at T = 2Σmeasurement and decreases at
each iteration followingK(t) = 2Σmeasurement

t
. This way, the landmarks slowlymove the pose estimates

towards the correct distributions, allowing for incremental changes instead of jumps. After a couple
of iterations, the temperature is practically zero so the rest of the algorithms is as if no temperature
were introduced, so it can be seen as a good way to initialize the estimate.

A final note for the map-to-pose messages is that when no measurements are present the mes-
sage is constant, so the fused estimate for such a node is completely determined by the past and
future messages.

2.4 Results

Three experiments were carried out to evaluate the loopy system performance. First, a 1D vehicle
which moves around a hallway with features at both ends. The motion variance σx is 18 [m2],
the measurement variance σz is 0.005[m2], landmarks are missed 20% of the time, there are 2.736
clutter measurements per time step. Second, an easy 2D setting where the vehicle moves around a
loop with landmarks all around it, with perfect detection statistics, no clutter and no measurement
noise. Third, a more realistic setting, where the path is more complex, landmarks are missed 20%
of the time, there are Nc = 0.912 clutter measurements per time step and the measurement noise
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covariance σz is 0.005 [m2]. In both 2D cases, the motion noise covariance σx is 2 [m2]. For the
map error in the three scenarios, the OSPA parameters are c = 1[m] and p = 1.

The results of the first case (one dimensional vehicle) are shown in figure (5.13). Loopy PHD
manages to obtain a better estimate for the trajectory than the PHD filter with 2000 particles. In
the estimate plot it can be observed that the PHD filter corrects the loop closure at the end (around
0.4 [s]) by abruptly changing its position to align it to the real trajectory, while the Loopy PHD
algorithm is able to modify the entire path to more closely follow the real trajectory.

0.0 0.1 0.2 0.3 0.4

Time [s]

0

1

2

3

4

5

6

P
o
si

ti
o
n

[m
]

Trajectory

Odometry

PHD

Loopy PHD

(a) Estimates.

0.16 0.18 0.20 0.22 0.24

Time [s]

2.5

3.0

3.5

4.0

4.5

5.0

5.5

P
o
si

ti
o
n

[m
]

Trajectory

Odometry

PHD

Loopy PHD

(b) Zoomed section of the estimates.
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Figure 5.13: Loopy PHD performance in a 1D scenario, (σ2
x = 18 [m2], σ2

z = 0.005 [m2], Nc =
0.912, PD = 0.8).

The results of the second case are shown in figure (5.14). This case tests the ability of the
algorithm to find the optimum when the measurements give perfect information. The system does
find the optimum in around 127 steps. This mode of behaviour is directly comparable with iSAM2
and Loopy SAM, since the perfect measurements give rise to easy data association.

The results of the third case are shown in figure (5.15). This case reflects a realistic scenario.
The system can also find the optimum, even outperforming the PHD filter with 800 particles in
few iterations. This scenario is harder for the vector equivalent algorithms due to both spatial and
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(a) Odometry dead reckon estimate.

(b) PHD filter estimate. The red trajectory is the
groundtruth and the blue one is the estimate.

(c) Loopy PHD estimate. White rectangles are land-
marks and blue/black ellipses are the map estimate.
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Figure 5.14: Loopy PHD performance in an easy scenario, (σ2
x = 2 [m2], σ2

z = 0 [m2], Nc =
0, PD = 1.0).

cardinality uncertainties in the measurements.

2.5 Discussion

As shown in the result section, this approach has potential for solving some of the limitations of
RFS filtering methods in the SLAM problem; in particular, it can close loops, moving informa-
tion quickly through the graph, avoiding the expensive number of particles required for long-term
inference. Compared with vector graph-based models, it does not depend on a predefined data as-
sociation. Instead, it is equivalent to considering all possible data associations, and numerically
focusing on those which show the biggest promise, depending on the circumstances (it can even be
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(a) Odometry dead reckon estimate.

(b) PHD filter estimate. (c) Loopy PHD estimate.
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Figure 5.15: Loopy PHD performance on a realistic scenario, (σ2
x = 2 [m2], σ2

z = 0.05 [m2], Nc =
0.96, PD = 0.8).

equivalent to considering multiple good associations in parallel).

It was observed that using multi-component mixtures is fundamental to modelling the map-
to-pose messages satisfactorily (especially the constant clutter-misdetection threshold). Otherwise
the system may not converge to any particular estimate due to overconfidence of the messages
unsupported by the data, with behaviour similar to using bad data associations in a vector approach.

The current implementation has the drawback of requiring long computational times for the
optimization but this is not inherent in the methodology and can be alleviated with the use of key-
points or by deriving a backwards solution to the RFS filtering problem (which has been done in the
literature [106], although using particles instead of the more convenient Gaussian mixtures). The
methodology as presented in this thesis has O(T 2) time complexity. This is due to the requirement

99



of removing the effect of the pose for the map-to-pose messages, which means the filtering equation
must be run once per time step. It may be tempting to simplify this by using the full filtered map
estimate for the map-to-pose messages, i.e. without removing the redundant message, since the
difference induced by such removal should be small (one frame can only affect a small portion of
the map). This would only require one filtering pass, greatly diminishing the runtime to linear time.
However, this breaks the Loopy Belief Propagation theory and its properties no longer hold. In
practice, trying this resulted in unstable behaviour, so other ways of reducing the time complexity
must be explored.

Although the system often converges to an optimum, there are cases where it does not. In these
cases, it is typical to observe the position error go up for a short period and then go down abruptly
to a level close to the odometry and PHD errors, cycling between these two behaviours. These
could be associated to numerical difficulties typical in optimization methods and could be reduced
by using more advanced algorithms that avoid local minima such as momentum methods or more
complex temperature schemes. Nevertheless, it is noted that even in these non-convergent cases,
it may be possible to obtain good estimates, since the final objective of the method is to find a
minimum configuration (not for such configuration to be the stable state of the iteration). So, for
each visited configuration in the algorithm, the (negative of the) likelihood can be computed directly
from its formula. The configuration which attains the minimum value may be a good solution (and
it must be at least as good as the initialization configuration).

Finally, in previous chapters, one of the modifications to the PHD filter was to use a measure-
ment induced birth process so as to speed up computation. However this would introduce artificial
certainty in the posterior estimate of the map due to the predicted PHD being exactly in the spot
where the measurement would be. To solve this issue, the introduction of the birth process was de-
layed by one frame, so the measurement wasn’t strongly correlated with the birth process. Although
this works for reducing spurious landmark estimates, it changes the dynamics of the estimator. In
particular, it strongly changes the effect of skipping one frame (which is used in Loopy RFS), be-
cause the next frame will not have the appropriate birth process density. So, for the loopy approach
this delay was removed and the birth covariance increased so the overconfidence gained by it was
minimal. Naturally, increasing such a covariance value meant that performance-related thresholds
had to adjusted and the filtering takes more time. This can be improved in the future by explicitly
including a constant component in the PHD Gaussian mixtures, similarly to what was done in the
Loopy PHD algorithm.

In future work, the final merging step in the fusion step could be removed, letting the fused es-
timate be multi-modal. This could encode richer information about multiple hypotheses and move
alternate theories through the trajectory path. Of course, every computation would have to per-
formed multiples times (one per component), so a good pruning step would be required to limit the
consumption of resources.
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Chapter 6

Conclusion

Autonomous systems promise to changemany fields of science andmany everyday life interactions,
frommanipulating objects in factories to driving people around safely. At the core of this technology
there’s the SLAM algorithm, which is able to understand the world around the navigator, allowing it
to localize itself. This algorithm requires sensory inputs. Cameras are a cheap, scalable, rich input
which has garnered attention throughout the years due to its highly structured visual content.

The visual SLAM problem is not new and there have been several previous approaches to
solving it, which have been thoroughly reviewed. In particular, different methods’ strengths and
weaknesses have been reviewed and provide context around the requirements for real operations in
autonomous vehicles. Nevertheless, so far none of these methods is capable of coping with the dif-
ficult visual situations that the visual features experience in extreme conditions such as nighttime,
tunnels, rain, low-quality images or dynamic environments, which makes previous algorithms un-
suitable for safe and robust navigation. In such scenarios, detection is not trivially established, so
it becomes necessary to include clutter and misdetection statistics.

This work has presented the key points in the elaboration of a visual SLAM solver system,
capable of transforming raw input from an RGB-D camera, a pre-recorded stream or a simulation
into a precise estimate of a vehicle’s location and an estimate of the surrounding map. For this, the
RFS-based Rao-Blackwellized GM-PHD filter has been implemented in 3D space with appropriate
RGB-D measurements, extracted using FAST features. By using the random finite set theory, it is
robust to imperfect model statistics, i.e. misdetected features and clutter measurements.

The system has been designed and implemented with flexibility and modularization in mind, so
extensions can be easily added, subsystem can be swapped and intermediate results can be observed
for debugging and analysis purposes.

On one hand, simulations have been executed to understand the performance of the filtering
system with respect to different parameters, such as the probability of detection, the clutter rate, the
motion and measurement noise and the number of particles. On the other hand, real camera video
streams have been used to validate this performance.

One of the key complications for the RFS SLAM formulation is the necessity of known statis-
tics for the problem, which may not be trivial to estimate. However, the comparison with other
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algorithms that do not require such statistics is not quite fair because these alternatives just assume
a particular set of values for them. Nevertheless, the system has been shown to work well under
moderate deviations from the correct values and there are works such as [75] that work on esti-
mating them jointly, within the RFS filtering framework. The case of the probability of detection
is the most difficult one in the case of visual sensors because of the inherently sparse information
that cameras provide, which makes it hard to generalize from dense RGB-D maps to monocular or
stereo vision. Using dense or semi-dense approaches could solve this problem.

In this work, the RFS filtering system has also been compared with the iSAM2 method from
the GraphSLAM family, one of the most commonly used alternatives. It has been shown that given
enough particles, the RFS approach can outperform the GraphSLAM method, since it can easily
deal with uncertain associations, while iSAM2 must decide on one of them.

To cope with clutter measurements, the iSAM2 approach has been endowed with an outlier re-
jection mechanism, which requires a landmark to be observed a number of times before it is deemed
an acceptable measurement, disregarding most clutter readings. Additionally, when using real data,
both approaches use RANSAC to remove keypoints that do not coincide with the movement of the
camera.

The simulations show that both algorithms perform well under reasonable assumptions, but that
in difficult cases, such as high clutter, the PHD filter converges while iSAM2 frequently diverges
and cannot recover. Also, given enough particles, the RB-PHD filter loop closures are better (if
enough particles are used). If an approximately correctly located particle is present, it will dominate
over all the others, but in the case of iSAM2 if there is too much drift there’s no way to get the
correct association for the revisited landmarks from the SLAMmethod itself so the solution becomes
suboptimal. If the association is (unfairly) known it works well, but that is not realistic. In the
literature, e.g. ORB-SLAM, the solution has been to match the images directly to find out when
and how to close a loop, but this is very resource-intensive. The RFS alternative is also resource-
intensive but to a smaller degree, it is grounded on correct mathematical foundations, and it doesn’t
require complex matching.

Here it is noted that the typical separation between association and SLAM is not optimal, since
the implicit associations can guide the SLAM algorithm, as happens in the RFS case. Nevertheless,
it is also observed that the particle-based filter is not very efficient with the particles because most
of their trajectory values are very similar so the same work is performed multiple times, especially
when the particle count is high. There are several ways to mitigate this in future work, such as
applying the FastSLAM 2.0 [39] concept to the RFS framework, or using the alternative Single-
Cluster representation from the literature [73].

Alternatively, this work has proposed to use some of the ideas from the iSAM2 approach,
namely the use of graphs to represent the structure of the problem, albeit in a higher-level fash-
ion since the problem of the data associations does not allow for fine-grained edges between poses
and landmarks. Loopy Belief Propagation has been used to move the information around, making
approximations where required. Just like the graph-based approach, the loopy PHD algorithm is
capable of re-linearising the problem, i.e. approximating non-linear dynamics better, and efficiently
moving information from the future to the estimates.

It has been shown that the final algorithm is equivalent to a smart sampling scheme which takes
all of the measurement history, both past and future, into consideration. Some properties of this
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algorithm have been outlined and the relationship between this RFS approach and the vector based
case has been pointed out for the case of trivial data association.

In future work, this proposition can be improved in several ways. The reduced Pmap|k proba-
bilities (which correspond to the distribution of the map disregarding the information given by the
pose node xk) could be calculated in a faster manner by undoing the kth step instead of multiplying
all the others. These would reduce the redundancy of the algorithm from O(T 2) to O(T ), where T
is the number of pose nodes in the trajectory, which is a major improvement in real usage. Also,
similarly to iSAM2, not every node requires updating at every time step. In fact, as the vehicle
moves forward, old nodes usually do not change much so can be skipped, except in the case of loop
closures which would require to refresh the messages for all the loop, again just like iSAM2 and
loopy SAM. This would reduce the complexity even further to only a constant number of updates
O(1) per time step almost always. Also, a GPU could be used to make the system go faster. Since
the messages are almost independent from one another at each time step, their calculations can be
easily parallelized.

Other filters can be used instead, such as the cardinalized PHD or the Multi-Bernoulli filters,
which can be more expressive and better capture the real dynamics of the sensor.

Note that in this work, relatively clear RGB-D streams have been used. Further testing against
a dataset designed to check for robustness, i.e. difficult conditions such as low-light environments,
could further show the advantages of this methodology.

Following the legitimate trend of using semantic knowledge of the scene to guide mapping,
the system could be endowed with additional semantic metadata. As in the case of non-semantic
keypoint descriptors, these semantics are usually used in the data association step. It may seem
as though RFS estimation is not a good fit for using this information, but it can be used either as
a preprocessing step (i.e. removing semantically uninteresting objects or unmatched descriptors)
or as part of the measurement space, where semantic space embedding could be used to define
closeness between object labels. Random finite sets can help with the same troublesome conditions
of unknown cardinality and association, e.g. no prior knowledge of the number of cars in front of a
vehicle or associating between them when they change their relative positions.

This research has the potential to improve the reliability of visual SLAM systems and thus
can help autonomous vehicles be more safe for the public. Therefore, it is imperative to continue
developing these ideas.

An important but sometimes forgotten aspect of this new development in science is the immedi-
ate social impact that these technologies bring. Although in the long term we may expect the world
to improve due to the new found efficiency, safety and comfort, in the short term, autonomous ma-
chines replace people in their jobs. This negatively impacts the quality of life of these employees,
who need time and resources to accommodate to the new situation. Strong policies are therefore
needed to deal with the transition period as gracefully as possible.
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Acronyms

BA Bundle Adjustment.

BP Belief Propagation.

BRIEF Binary Robust Independent Elementary Features.

COLAMD Column Approximate Minimum Degree Permutation.

CPHD Cardinalized Probability Hypothesis Density.

CPU Central Processing Unit.

DARPA Defense Advance Research Projects Agency.

DTAM Dense Tracking and Mapping.

EAP Expected A Posteriori.

EKF Extended Kalman Filter.

FAST Features from Accelerated Segment Test.

FREAK Fast Retina Keypoint.

GM Gaussian Mixture.

GPU Graphical Processing Unit.

GUI Graphical User Interface.

HMM Hidden Markov Model.

IMU Inertial Measurement Unit.

JCBB Joint Compatibility Branch and Bound.

JIT Just In Time.

JPDAF Joint Probability Data Association Filter.
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KA Known-Association.

KAZE Japanese word for wind (type of image features).

LBP Loopy Belief Propagation.

LSD Large-Scale Direct (SLAM).

MAP Maximum A Posteriori.

MHMC Metropolis-Hastings Montecarlo.

MHT Multi-Hypothesis Tracking.

MRF Markov Random Field.

NN Nearest Neighbours.

OMAT Optimal Mass Transfer.

ORB Oriented FAST and Rotated BRIEF.

OSPA Optimal Sub-Pattern Assignment (metric).

PGM Probabilistic Graphical Model.

PHD Probability Hypothesis Density.

PMMHMC Particle Marginal Metropolis-Hastings Montecarlo.

PTAM Parallel Tracking and Mapping.

RANSAC Random Sample Consensus.

RB Rao-Blackwellized.

RFS Random Finite Set.

RGB Red-Green-Blue.

SAM Smoothing And Mapping.

SIFT Scale-Invariant Feature Transform.

SLAM Simultaneous Localization and Mapping.

SURF Speeded Up Robust Feature.

SVD Singular Value Decomposition.

UAV Unmanned Aerial Vehicle.
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