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1. INTRODUCTION

The analysis of sequential economies with incomplete markets has been a central topic of
research in theoretical economics since the pioneering articles of Radner (1972) and Hart (1975).
These works led to a vast literature which gave account of the different imperfections that
may appear when financial markets are incomplete (for a review of the principal results see
Geanakoplos (1990)). This framework also offered the possibility to study asset-pricing in a
general equilibrium context, providing macroeconomics with a useful widely-applicable tool based
on microeconomic analysis.

Despite the development achieved by this line of investigation, the question of existence of
equilibrium in infinite horizon economies supposes a complex issue. One of the principal problems
in this context is that, when agents are allowed to sell short, they can make use of Ponzi schemes.
That is, they can postpone the commitment of its financial obligations by acquiring new debt
at each successive period, undetermining the problem of a utility maximizing individual. The
classical solution to this problem—applied in the macroeconomic equilibrium literature with
complete markets—was the imposition of debt constraints or transversality conditions to the
individuals’ choice sets, eliminating exogenously the possibility of agents committing into these
non-solvent plans.

The application of such techniques to the incomplete markets framework was non-trivial, since
there is not necessarily a unique vector of present values of future resources to define the transver-
sality conditions. To solve this issue, Magill and Quinzii (1994) proposed to use personalized
deflators given by the Kuhn-Tucker multipliers induced by the budget constraints. Using this
approach, they show that when agents are uniformly impatient—a joint requirement in prefer-
ences and endowments—and assets are short-lived, an equilibrium with transversality condition
always exists. Also, there is a one-to-one correspondence between equilibria with transversality
conditions and equilibria with implicit debt constraints. This last property allows to determine
explicit debt constraints that are never binding in equilibrium. Similarly, Herndndez and Santos
(1996) show the existence of equilibrium for uniform impatient agents when assets are short-lived
and transversality conditions are determined by using the most punishing deflator among those
compatible with non-arbitrage. For long-lived assets, equilibrium does not necessarily exists,
because the dependence of deliveries in prices may induce discontinuities on individual demands

(cf., Magill and Quinzii (1996), Herndndez and Santos (1996), Levine and Zame (1996)).



Debt constraints and transversality conditions are financial frictions included on budget sets
that do not have an economic rationale. As an improvement to this respect, Araujo, Pascoa
and Torres-Martinez (2002) introduced credit risk to the infinite-horizon analysis of incomplete
markets, by allowing agents to default on collateral-backed debt. With the collateral structure
they were able to endogenously rule out Ponzi schemes and prove equilibrium existence without
the need of assuming that agents are uniformly impatient, or including either debt constraints or
transversality conditions on budget sets. Moreover, these results can be extended to economies
with long-lived assets (Araujo, Péscoa and Torres-Martinez (2005, 2011)) without requiring
further assumptions.

In the present project, we follow these previous works and address an infinite-horizon general
equilibrium model with default, where assets are backed by collateral. When agents decide to
default, the physical guarantees—that they were burdened to constitute when selling the debt
contract—are seized, without any additional credit recovery mechanism or utility punishment.

We add three principal features to this framework: (i) the possibility of prepayment of debt,
which was introduced to the general equilibrium literature in a recent paper by Iraola and Torres-
Martinez (2013); (ii) the existence of incomplete financial participation, developed by Angeloni
and Cornet (2006), Aouani and Cornet (2009), and Seghir and Torres-Martinez (2011), among
others; and (iii) the possibility of individuals to attain leasing transactions.

Our model extends that of Iraola and Torres-Martinez (2013) not only to a multi-period
setting (allowing infinite horizon analysis), but also adds rental markets and incomplete financial
participation on investment opportunities. We allow the durability of commodities to depend
on wether they are consumed by its owner or by a lessee. Thus, in our economy the aggregated
physical resources available in any state of nature is determined endogenously, as it can vary
with individual decisions about demand and consumption.

Under this framework, we are able to prove existence of equilibrium with analogous hypotheses
to those described on Iraola and Torres-Martinez (2013), for the finite horizon case. However,
when the relevant horizon is infinite, an additional condition—not required on the previous
literature with collateral-backed securities—is included to guarantee the existence of equilibrium.
This hypothesis is related to individual preferences, and can be described as a particular kind of
impatience, although it is not the uniform patience used on default-free models.

To build the asset structure of our economy we follow closely the model by Iraola and Torres-
Martinez (2013), where debt contracts are pooled in passthrough securities that serve as the

investment instruments. Thus, each credit contract is characterized by its emission node, coupon
3



payments, prepayment rule, and collateral requirements; while passthrough securities are com-
pletely defined by its price and payments delivered to investors through time. Since each credit
contract is uniquely associated to one passthrough security, payments delivered from debtors of
the former are proportionally distributed among creditors of the latter.

The possibility of prepayment in a general equilibrium context is particularly interesting since
it allows the occurrence of loans with negative equity as an equilibrium phenomena. That is,
agents can rationally decide to honor the coupons of a debt, even when the associated collateral
has a lower market value than the prepayment cost. In order to observe this kind of behavior, it
is fundamental to incorporate liquidity contractions or incomplete financial participation, since
payment decisions are determined by the availability of alternative credit opportunities. In other
words, if credit opportunities are not subject to any class of shrinkage, individuals optimally
decide to apply strategic default on their debt (cf., Araujo, Pascoa and Torres-Martinez (2005,
2011)).

In this framework it is also possible to observe heterogeneous decisions among agents when it
comes to the fulfillment of their financial commitments. That is, different individuals with the
same obligation can make different decisions —either to pay, prepay or default on their debt— at
the same state of nature, depending on their respective preferences and financial opportunities.
We illustrate these possibilities in a numerical example.

The rest of the paper is organized as follows. Section 2 describes the model, notation, and
equilibrium definition; Section 3 displays our principal results on equilibrium existence for the
finite and infinite horizon cases; Section 4 develops the numerical example where loans with
negative equity occurs in equilibrium. Finally, Section 5 contains some concluding remarks.

Proofs are left to appendices.



2. AN ECONOMY WITH SECURITIZATION AND LIQUIDITY CONTRACTIONS

Information structure. We consider a discrete time economy with time horizon 7' € N U {+o0}
and where periods are denoted by t € {0,1,...,T}. Uncertainty is characterized by a set S of
states of nature. At each period ¢ the available information is homogeneous across agents and is
given by a finite partition F; of S. There is no information at ¢ = 0, i.e., Fy = {S}. Information
is revealed through, as I is at least as fine as F;, for any s > t. When T < oo, we assume that
#S < oo and Fr = {{s} : s € S}.

A node is a pair £ = (t,0), where t € {0,1...,T} and o € F;. The only initial node is denoted
by &. Let D be the event-tree composed of all nodes in the economy. Given { € D, t¢ and o¢ are
respectively the date and the information set associated with . Let D, := {£ € D : t¢ = s} be
the set of nodes at period s, where the set of terminal nodes Dy is assumed to be empty when the
economy has infinite horizon. The set of intermediate nodes is denoted by D := D\ ({&} U Dr).

If both t, > t¢ and 0, C o¢, then p is a successor node of &, denoted as > £. As customary,
> & means that either = & or u > £. Let £~ be the only immediate predecessor of £ (i.e., the
only node that satisfies £ > ¢~ and t¢ = te- 4+ 1), and T :={p € D : p> & Aty =te + 1} the

set of immediate successor nodes of £ € D.

Physical markets. There is a finite an ordered set L of commodities which can be traded,
consumed and leased. At every £ € D, spot markets for each commodity are available, and
characterized by a vector of spot prices ps = (pei)icr € RJLF. The plan of prices along the
event-tree is denoted by p = (p¢)een-

Commodities are durable and suffers transformations between periods, which are character-
ized at each £ € D by two L x L matrices with non-negative entries, (Yg, Yg) Thus, if a bundle
T € Ri is consumed at node § by its owner, then it is transformed into Yz at each u € £T.
However, if the same bundle is consumed by a lessee, it is transformed into the bundle Y, x at
each 1 € 7. On the one hand, this structure captures perfectly durable, perishable or depre-
ciable commodities, and also allows for the transformation of some commodities into others. On
the other, we allow owners and lessees to have a different treatment on the commodities they

consuime.

Rental markets. Since commodities are durable, we allow individuals to attain lease transactions.

At each £ € D, there is a set R(£) of rental contracts available. Each rental contract a € R(§)



is characterized by a bundle M;, € Rf;. The bundle M, is bought by a lessor at node &,
who delivers it to a lessee for a price 7¢,. At each immediate successor p € {T the contract is
finished, and the lessor receives back the transformed bundle Y M¢,. Let 7 = (r¢)cep be the

plan of rental prices, where r¢ = (7¢ 4)acr(¢) € Rf(@ denotes the vector of rental prices at node &.

Financial contracts. Borrowing possibilities are characterized by finite and ordered sets of credit
contracts (J(£);& € D). Each credit contract j € J(§) has an associated passthrough security,
which distributes borrowers’ payments and is denoted with the subscript j. The issuing node of
a debt contract j is denoted by &; (i.e., j € J(&) if and only if £ = ¢;). Each debt contract is only
traded at its issuing node, while passthrough securities can be negotiated along the event-tree.

Let K(§):= U J(p) be the set of investment opportunities available at a non-terminal
node £ € D. Wi/;igé‘cz lfoss of generality, assume that at the issuing node ; the price of the credit
contract j is the same as the price of the associated passthrough security. Let ¢ = (g¢)eep be
the financial prices, where g = (¢ j)jer(e) € ]Rf(g).

The issuer of one unit of credit contract 7 € J(£) has the obligation to pledge a physical
collateral C¢ ; € RY \ {0} and promises to pay coupons (A, ;(7)),>¢ at the successor nodes of &,
where m = (p, ¢, r) denotes the prices in the economy. The collateral is consumed by the issuer
of the debt as long as the short position is maintained open.

At each intermediate node u € D such that > &, the issuer of a debt j may deliver the
coupon, prepay, or default. The prepayment of one unit of credit contract j at u has a cost
By j(m) > Ay j(m). If a borrower decides to default, collateral guarantees are seized. Let C,, ;
be the bundle obtained at u > &; as a consequence of the transformation generated over Cg; ;
by its consumption through time, recursively defined by C), ; = Y7 C,- ;. Therefore, the cost of
defaulting on one unit of j at u > &; equals p,C,, ;. Notice that, at terminal nodes, borrowers
may deliver the coupon or default, because the prepayment cost implicitly equals the coupon
value.

The buyer of one unit of passthrough security j € J(&) receives, at each node u > &, a
unitary payment N, ; such that borrowers’ deliveries are fully distributed among security in-

vestors. For convenience of notation, let N = (Ng)esg, be the vector of security payments, where

Ne == (Nej)jer(e), V€ > &o-



Households. A finite set H of agents demand commodities and trade financial instruments
through the whole event-tree. Each agent h € H is characterized by a utility function U" :
RP*L — R, U {+00} and an endowment process w" = (w?)gep € R*E.

Individuals may face restricted access to financial instruments. Thus, J*(¢) C J(¢) and
K"(&) C K(¢) denote, respectively, the set of credit contracts and the set of securities that agent
h can trade at £&. We denote by J h(€) the set of credit contracts issued before ¢ that were
available to agent h. We assume that agents do not loss the access to investment opportunities
along the event-tree. That is, for every h € H, K"(¢7) C K"(¢) at any non-terminal node & € D.

At the initial node &y every agent h € H chooses an allocation Z?o = (x50,9£0,<p§0,¢?0,1/1g0)
belonging to E" (&) := RY x th(g) X Rih(g) X Rf(ﬁ) X Rf(g), where

xg) (acg07l)l€ 1, is the autonomous consumption bundle;!
Gh (07 )jekch () 18 the investment portfolio;

£0.J

9050 (% g )jegn(g) is the debt position;
¢§0 ( )ae R(¢) 1s the position as a lessor;

77/’?0 = (%0, )acR(¢) is the position as a lessee.

At every intermediate node &£ € D agent h chooses zg = (ac5 Hg cpf 4,05 ,<p§ ,¢£ ¢g) in the

set
Eh(g) .— RJLr % th(f) % Rih(f) % Rih(f) % Rih(f) % Rf(&) % Rf(§)7
where <pg’]h are the coupons of debt j honored at &, and gpgy’]h are the units of j prepaid at &.

At every terminal node £ € Dr, agent h chooses an allocation z? = (w?) c EM¢) = Ri. It

follows from the description above that agent h choses strategies z" = (z?)ge p in the space

"= 11 E"9).

€eD
For convenience of notation, at every node u € D we write @,ijh = QDZ’]- whenever j € J(u).

Thus, at any pu € £, agent h defaults on @Z? = (go?’]h — gpz]h — gpﬁ?) units of credit contract
Jj € K(§).

Individuals choice constraints. The existence of collateralized contracts and rental markets im-
pose patrimonial obligations on borrowers and lessors. While borrowers are required to constitute
collateral guarantees, lessors only can rent a bundle when they have its property. Thus, associ-
ated to an allocation zg € E"(¢) at node &, the total demand for commodities of agent h € H

at this node is equal to the sum of her autonomous consumption, the bundles leased, and the

L Autonomous consumption is one that is not related to collateral guarantees nor to lease transactions.



collateral requirements associated to debt positions, i.e.,

azg—l- Z Mgaqbga-i- Z nggogj if &€ =¢&p;
acR(¢) jeJn ()
d?(zg):: 5'3 + X M§a¢ga+ Z C§J9053+ > Céj@gj if§eD;
acR() jean( FET(E)
¢ if ¢ € Dr.

Similarly, to determine consumption allocations we need to consider that lessees consume
the bundles that they rent and borrowers hold collateral guarantees. Thus, associated to an

allocation zg € E"(¢) at node &, the individual consumption at this node is given by

zt X Mo, + X Ceivl; if & = &o;
a€R(§) jeJr(€)
7h 1 ~
)= q s+ ¥ M, + 3 Cejol i+ > Ceypey &€ D;
a€R(£) jer(€) jer(€)
z? if ¢ € Dr.

A key property of our model is that durability of commodities may depend on whether an agent
consumes or leases them and, therefore, the availability of physical resources is endogenously
determined in equilibrium. In particular, when agent h chooses an allocation z? € E"(¢) at node
&, the physical resources available at immediate successor node p € £ are given by

Wh(zf) = wl + Yidi(z) = Y (V=Y )Mea ¢},
a€R(¢)
Given prices ™ = (p,q,7) € P and security payments N = (N¢)es¢, € N, where
P::foLX H Rf(i) % H RE(E)’ N = H Rf(& )
£eD\Dr £eD\Dr £eD\{éo}
the objective of each agent h € H is to choose a plan 2" € E" to maximize the utility derived
from consumption, subject to the following constraints,
g?o (’Zgo; (m, N)) = pgy (délo (Z£0 wa) Z Geo.59 £O,J Z Q§o,39050,] 0(¢go _¢go) <0
JEKM (&o) jeJ" (&)
for every intermediate node & € D,

9¢ (¢ 2 (m, N)) = pe (d?(zs) W (2¢- ) > qs,ﬂf; ) Qs,ys%a
jeEKh(¢ jeJh(e

= > (agi T Ne O+ Y ‘1>?,j(25"’2?—;”>—7“5<¢?—¢?)SO

JEKM(ET) jer(€)

oo+ ol < el Vie JME);



where @g j(zg, z?, ;) is the j-debt payment delivered at node ¢, i.e.,

h h h
(et 25 7) = Ag (e + Bej (Mol +peCepd
For every terminal node £ € D,
gt (2, 2 (m, N)) = pe (d?(zg) - W?(Z?—)) - Y Nejb
JEKM(E)

. h
+ Z m1n{A§7j(7r),p§C§j}g0?_’j <0.
jeTn(€)
This last set of restrictions makes explicit the fact that, for finite horizon economies, utility

maximizing agents apply strategic default at the last period. That is, at terminal nodes they
will pay the minimum between the coupon and the current value of the collateral.
Given prices and security payments (7, N) € P x A, the choice set of agent h, denoted by

I'"(7, N), is the collection of plans 2" € EP satisfying restrictions above.

DEFINITION 1. An equilibrium for this economy is given by prices, unitary payments and
allocations
— =T /—h h
(W,N,(Z )heH) ePx N x HE ,
heH
where 7 = (p,q,7) and 2" = (Th,gh,@h,ﬁa’h,¢5’h,$h,@h), such that:
(1) For each h € H, " € argmax U"(c"(2)).

2€Th(7,N)
(2) Physical markets are cleared,

D) = D wes Y di(E) =D W) V> &
heH heH heH heH
(3) Rental markets are cleared,
—h —h
D de=) ¥, Ve € D\ Dr.
heH heH
(4) Security markets are cleared,
ah ah —_h . .
> Oei= D Ogy= 3 @y ¥EE€D\DrVjeK();
heHj(g) heH; (&) heH;
where H;'(g) :={hec H:jc K"&))} are the agents with access to security j at node &,
and H; :={h€H:j€ J"(&;)} are the potential borrowers of j.>

Notice that, as investors does not loss access to financial opportunities (i.e., K"(¢7) C K"(¢), for any non-

terminal node £), it follows that Hj+ (&) C H;r(f) at any non-terminal node.



(5) For any security j € K(§), payments (N, ;),ce+ are determined in such form that re-

sources delivered by borrowers are proportionally distributed among lenders, i.e.,

— 7h . . . .
N,j Z Oc ;= Z @Zyj(zﬁ,zlg;ﬂ), V€ €T, V5 e K(§);

heH (€) heH;

- —h . .\ _ .

N, j Z Oc ;= Z m1n{AM7j(7T),pMCHJ}@g’]h, Yu € &N Dy, Vi€ K(€).
heH; (¢) heH;
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3. EXISTENCE OF EQUILIBRIUM

This section establishes the existence of equilibrium. For the finite horizon case, the result is
an extension of that obtained by Iraola and Torres-Martinez (2013) to a multi-period setting,
including investment constraints and rental markets. The hypotheses required to guarantee the

existence of equilibrium are completely analogous to those described on that previous work.

THEOREM 1. Suppose that a finite horizon economy satisfies the following hypotheses:

H1) For each h € H, U" is continuous, strictly increasing, and strongly quasi-concave.?

H2) For each h € H, (th)gep > 0 where ng = wgo and Wgh = w? + nggz, VE > &.
H3
H4

For each £ € D and j € K({7), functions A¢ ; and By j are continuous.

For each p € RfiL, there exists £ € D and j € J(€) such that, for some pu € £ we have

(H1)
(H2)
(H3)
(H4)

min{AMj(p, ), HYMC/LJ”E} > 0.

Then, there is an equilibrium where both N # 0 and g # 0.

Assumption (H1) imposes classical requirements on utility functions, which are satisfied for
any individual with rational, continuous, strictly monotonic, and strictly convex preferences. Es-
sentially, Assumptions (H1)-(H3) ensure the existence of well behaved demand correspondences.
Assumption (H4) precludes the existence of trivial security markets. Indeed, it implies that there
is at least one debt contract with non-trivial coupons and collateral requirements and, therefore,

there is at least one security with positive price and payments in equilibrium.

The incompleteness of financial markets or the presence of long-lived assets may compromise
equilibrium existence in sequential economies with infinite horizon. In the absence of credit risk,
uniform impatience and exogenous transversality conditions are required to guarantee equilibrium
existence in economies with short-lived assets (cf., Herndndez and Santos (1996), Magill and
Quinzii (1994), Levine and Zame (1996)). In addition, when assets live for more than one
period, generic existence of equilibrium has been shown by Herndndez and Santos (1996) and
Magill and Quinzii (1996).

In a seminal work Araujo, Péscoa and Torres-Martinez (2002) prove that collateralized asset
markets endogenously avoid Ponzi schemes and, therefore, uniform impatience and exogenous

3A function f : R} — R is strongly quasi-concave if f(Az + (1 — X)y) > min{f(z), f(y)}, for any A € (0,1) and

(z,y) € R} x RY such that f(z) # f(y).
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transversality conditions are not required to guarantee equilibrium existence. Furthermore, in
collateralized security markets with long-lived loans it is possible to show that equilibrium always
exists, as the scarcity of physical collateral induces endogenous upper bounds on short-sales (see
Araujo, Péscoa and Torres-Martinez (2005, 2011)).

In our framework, with incomplete financial participation, endogenous liquidity contractions
and general prepayment mechanisms, we are also able to show equilibrium existence under mild

conditions on preferences and endowments.

THEOREM 2. Under Assumptions (H2)-(H4), suppose that an infinite horizon economy & satis-
fies:

(H5) For any h € H, the utility function satisfies U"((c¢)eep) = gz u? (c¢), where kernels
€D

u’g : Ri — R, are continuous, strictly concave, and strictly increasing.
(H6) For any h € H, Uh((/V[?g)geD) is finite, where Wg = (Y¢ +Yg)W£_ + hZH w? and /Wfo =
€
S owh.
rewr
(H7) For each ¢ € D and j € K(£7), A¢; and B j depend only on prices until period #¢.*
(H8) For any £ € D and j € J(&) there exists h € Hf(fj) such that,
uZ (cu) = +00, Y >¢&.

lim
>0, |lep|| =400

Then, there is an equilibrium where both N # 0 and g # 0.

Assumption (H5) and (H6) are common in the infinite horizon general equilibrium literature.
The separability of the utility function allows to approximate the economy with finite horizon
truncations. The second assumption is crucial to obtain an equilibrium allocation as a limit
of equilibria in finite horizon economies. Assumption (H7) complements (H3), avoiding the
dependence of coupons and prepayment costs on infinite streams of prices.

Assumption (H8) is not considered in previous equilibrium existence results with collateralized

asset markets (see Araujo, Pascoa, and Torres-Martinez (2002, 2005, 2011)). Its objective is to

guarantee the existence of upper bounds on security prices.’

4That is, their domain is given by the set Pe := ] (Rﬁ X Rf“‘) X Rf(m) . The continuity property is
HED:E>p
relative to the Euclidean topology on Pe.
5Essentially, investors could liquidate long positions at nodes where security prices were high enough, obtaining
resources to buy huge commodity bundles. However, this strategy should not induce utility levels over those

compatible with the availability of commodities. For these reasons, when (i) the utility level can increase without
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To deepen our understanding of (H8), let us consider a particular case. Given a continuous,
strictly concave and strictly increasing function u : RY — R, define U : ]Rf *L' 5 Ry U {400}
by

((ce)een) Z Brep(§)

£eD
where (8;)¢>0 are strictly positive discount factors and p(£) > 0 is the probability to reach node

¢ € D, which satisfies p(§) = Zueﬁ p(p) and p(&) = 1. Hence, we can specify a wide variety
of functional forms for u satisfying (H5) and (HS), for instance quasi-linear, Coob-Douglas, and
CES functions.

Furthermore, if we fix a consumption plan ¢ := (¢¢)¢ep € ]Rf *L such that U(¢) is finite, then
for any 6 € (0,1) and £ € D, Assumption (H8) implies that there exists a bundle ((¢,0) € R%
such that,

S Bupm)ul@) + Biep(€)ulEe + C(E,6) + > B p(n)ul6d,) > U(@),

neD\D(§) n>§
where D(&) denotes the sub-tree with root . In other words, (H8) ensures that at any node a
reduction of future consumption can be compensated with an increase of the current consump-
tion, which is a type of impatience. However, the bundle required to compensate a reduction of
future consumption is not necessarily uniform across nodes, or bounded by a fixed multiple of
the aggregated endowment. Hence, (H8) differs from the uniform impatience conditions, which
are joint requirements on preferences and endowments imposed in general equilibrium models
with sequential trade to avoid Ponzi schemes (cf. Hernandez and Santos (1996, Assumption C.3),
Magill and Quinzii (1996, Assumptions B2 and B4), or Pascoa, Petrassi and Torres-Martinez
(2010, Assumption 2)).

We illustrate the difference between uniform impatience and (H8) with an example. Assume
that individual endowments are uniformly bounded from above and away from zero, i.e., there
exists (e, €) € R%ﬁL such that, for any (h,§) € H x D we have, e < w?l < Wghl <eVie L. In

addition, following the notation above, suppose that for any ¢t > 0, 5; = Then, Péscoa,

1+t5)
Petrassi, and Torres-Martinez (2010, Proposition 1) and the example given by Moreno-Garcia

and Torres-Martinez (2012, page 133) guarantee that uniform impatience is not satisfied by U,
although it satisfies (H5), (H6) and (HS).

an upper bound (Assumption (H8)); (ii) preferences are continuous (Assumption (H5)); and (iii) agents are
restricted to demand consumption in compact sets—as in our truncated economies—it follows that security prices

are bounded (see Lemma 5 for further details).
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4. AN EXAMPLE OF THE PREVALENCE OF NEGATIVE EQUITY LOANS

The objective of this section is to show an example of the occurrence of negative equity loans
in equilibrium. It is a simple setting, where there is no uncertainty. However, it shows how the
generality of our model can be applied in simple cases to study particular issues.

Consider a three period economy without uncertainty. There is only one commodity that
depreciates 50% between two successive periods, i.e., Y = Y5 = 0.5. There is a unique credit

contract at the first period, which is characterized by

511 11
(Cv A17A27B1) - <272)478> .

The credit contract is securitized into an asset that delivers to lenders the payments made by
borrowers. There are two agents, a and b. Agent b is the only that has access to credit, while
agent a is the only that can invest in the security.

Individuals are characterized by,

31 1
U (xo,x1,22) = 8y/To + 3v/71 + 6/72; (wg, wi,wy) = ( 0 ) ;

22774
U°(xg, 1, 72) = /2816 19 + /198 11 + /252 x9; (wg, wy, wy) = ﬂ7§’o .

Taking the commodity price as numeraire, the following set of prices, security payments and

consumption-financial allocations constitutes an equilibrium:

— 9 11
7 o N _ 9 LIy
(q07q17 1) (22> 4’ 2) s
(5875?7§g7§37§61b) = (171717171)§
11 11 7
—b =b b —b
(To,T1, T2, Pg) = <4>811671> .

In this equilibrium agent b pays the coupon of his debt at the second period, although the
loan has negative equity, because the prepayment cost B; = 1.375 is greater than the depreciated
collateral value Y;C = 1.250.5

Suppose that commodities can be rented at the second period by a unitary price r. Also,
tenants depreciates the commodity more than owners, i.e., a lessor of one unit of commodity at
t = 1 receives Yy < 0.5 units at the last period. Hence, if the rent r and the depreciation rate
(1 — YY) are relatively high, then agents are not interested in change their financial positions—
reducing investments or closing underwater loans—to enter into the rental market. In fact, under
prices and payments defined above, there is no trade in the rental market when 0.5 < r < (1-Y7).

6Kuhh-Tucker multipliers are given by (A§, XY, \5) = (5.5,3,3) and (A3, A3, \5) = (22,12,12).
14



5. CONCLUDING REMARKS

We have developed a dynamic general equilibrium model with asset-backed securities, where
agents can make multiple decisions with respect to their financial obligations: paying, prepaying
or defaulting.

Although our model is very general—in the sense of allowing different payment and prepayment
rules, incomplete financial participation, and rental markets—we were able to prove existence of
equilibrium under mild conditions when trade occurs during a finite number of periods. How-
ever, we have found that in an infinite horizon economy, conditions previously described by the
literature are not sufficient to guarantee existence of equilibrium. Thus, even though collateral
still avoid Ponzi schemes and we do not use debt constrains or transversality conditions to prove
equilibrium, we require a particular kind of impatience in our more general setting to guarantee
existence. It is worth noting that this additional requirement is not related to the incomplete
financial participation present in our model. Indeed, as long as there exist liquidity contractions
in the economy, we would still need Assumption (H8) to guarantee existence of equilibria in the
infinite horizon case.

It has been shown in a numerical example that loans with negative equity is a phenomena
compatible with equilibrium. This example complements the one developed by Iraola and Torres-
Martinez (2013), since we allowed individuals to attain leasing transactions. Thus, even in the
presence of rental markets, borrowers may find optimal to keep short positions.

As a matter of future research, it is relevant to analyze the prevalence of price bubbles in asset
markets. Since bubbles existence results are often conditional on assets being on zero or positive
net supply, this question is interesting in our model because securities emitted in previous periods

appear as assets with endogenously determined positive net supply.
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APPENDIX A: EQUILIBRIUM EXISTENCE IN FINITE HORIZON ECONOMIES

Let £ be an exchange economy with 7" € N periods. We prove the existence of an equilibrium for &
following a generalized game approach.
For any £ € D\ Dy, let (7¢,v¢) = <(T - tf) max ||C’5J||g, max || M a||g) . We restrict prices to
EK (&

a€R(E)
belong to A =[] p A¢, where for every { € D'\ DT

K R
Ag = {(p57q5,r§) € Ri X R+(£) X R+(£) Hpells =1, ge < 27¢(1,...,1), re < 21/5(1,...71)},

and for every & € Dy, A¢ := {pe € RY : ||pells = 1}.
The equilibrium definition guarantees that there exists an upper bound Q := (Q¢)eep for market

feasible plans such that, for any { € D the vector Q¢ := (¢, Qe 0, Qe 0, e, 00, e 8, Qe g, Qe ) satisfies

_ Wells |Wells 7
Qe o, Qe 0, Q >2 W, R 5
Qo) Qe 0, Qe ) IWell= min [|Cejlls’ min || Me |5
JEJ(€) aeR(§)
(R0, Vi) = 24H (e, U 0) 5 (e g Do) = 2max Qe (1.1)

For any agent h € H, let EP(Q) be the set of plans (z,0, ¢, o, %, ¢,1) € E" such that, for every ¢ € D

(‘T{,la05,167@f,]ﬁ(10?7k7(10§7k7¢§,a7¢§,a) < Qfa V(l,k,j, CL) €Lx Kh(g) X Jh(é') X R(g)
Let N:= {N € N': Ne; < [[Ce e, V€ > &0, Vi € K(§7)}-

The generalized game G(2) is defined by:
(P1) Given prices and payments (7, N) € A x N, each agent h € H chooses 2" € I'"(7, N) NE"(Q) in
order to maximize the utility function U".

(P2) Given (z")nem € [] E™(Q), a player chooses (pg,, ge,»Te,) € Ag, to maximize
heH

Do Z (dgo (ZEO wEo Z 4¢o.j Z 92071 - Z 9020,]' + g Z(d)go - 1/)20)

heH J€J(éo) heH (&) heH; heH

(P3) For every intermediate node { € D, given (z")pem € T E"(€2) a player chooses a vector of prices
hEH
(e, qe, m¢) € A¢ to maximize

Pe (d?(zs — W (2 ) Do | D 0 D el

heH JEJ(E) heH ] (€) heH;

oY aeg | Y Oei— D 6| trey (dF -

JEK(ET) heH; (€) heH,f (£7) hel

"Recall that, /W\go == 3wy, and, for each & > &, /W\g = (Y + Y{)WF + 3 wi.
hEH KEH
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(P4) For every terminal & € Dr, given (2")nem € [] E"(Q) a player chooses pe € A¢ to maximize
heH

pe Y () - WEGE)).
heH
(P5) For each € € D and j € K(£7), given (7, (z")her) € A x hHHIEh(Q), a player chooses N¢ ; €
€
[min{A¢ (), peCe ; } max{te, — te + 2,0}, peCe ;] to maximize
2
— | Nea D 9k = D Besld ) |
heH; heH;
where &; is the issuing node of contract j.®
(P6) For each ¢ € D and j € K(¢7), given (m, (2")nen) € A x [] E"(Q), a player chooses N¢ ; €

heH
[min{Ag (), peCe ; } max{te, — te + 2,0}, peCe ;] to maximize

— (Ne; — min{Ag ;(m), peCe ;})° .

A Cournot-Nash equilibrium of G(€) is an allocation (7, N, (2")nen) € A x N x [ E"(Q), which is
heH
individually optimal given the actions of other players.

LEMMA 1. Under Assumptions (H1)-(H3), the generalized game G() has a Cournot-Nash equilibrium.

ProOF. From (H1), the objective function U" is continuous and quasi-concave for all h € H. The upper
hemi-continuity of the correspondences of admissible strategies (, N) — I'*(7, N) N E*(Q2) follows from
the continuity of functions (g?;f € D), while the lower hemi-continuity is a consequence of the strict
positiveness of the plan (Wg‘,f € D) (see Assumption (H2)).® Therefore, for any player h € H, the
correspondence of admissible strategies is continuous, with compact, convex and non-empty values.

The objective functions of the players defined in items (P2)-(P6) are continuous and quasi-concave on
their respective strategies. Furthermore, the correspondences of admissible strategies for these players are
continuous and have non-empty, compact and convex values.

It follows from Berge’s Maximum Theorem that players’ best response correspondences are closed with
non-empty, compact and convex values. Since A x N’ x [ E*(Q) is compact, convex and non-empty, we
can apply Kakutani’s Fixed Point Theorem to the cartef;iﬁl product of best response correspondences to

find a Cournot-Nash equilibrium for G(). O

8Notice that, the lower bound of N¢ ; could be positive only at the immediate successor nodes of &;.
9Given Assumption (H2), for any (7, N) € A x N the plan (W,;-h/2t5+1, 0,0,0,0,0, 0)§€D € E"(Q) is an interior

point of ' (7, N). Thus, the correspondence that associates to any (m, N) € A x N the interior of I'*(x, N) N
E" (Q) relative to E" (©2) has non-empty values. Since this correspondence also has an open graph, it is lower-
hemicontinuous. Therefore, (7, N) — I'(7, N) N E"(Q) is lower hemi-continuous because it is the closure of a

lower hemi-continuous correspondence.
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LEMMA 2. Under Assumption (H1), let (%, N, (Z")nerr) be a Cournot-Nash equilibrium of G(Q2).
Then, for each & € D\ Dy, we have that

SdpEH <> WEEE) = Gy <7 Vi€ J(©);

heH heH
_ _ —h —h _ . _
DAE S D WEER) Y Bey< Y 0y = G <7 ViEK(E);
heH heH hGH;r(E’) hGH;r(g)
_ _ —h —h _
S odpEn <Y WhE), S bea <D Vea —  Tea<v, VacR(E).
heH heH heH heH

PROOF. Fix { € D\ Dt such that ), d?(??) <D hen Wg’(zg_) and assume that, for some j € J(§),
PeCe,j < ¢ ;- Assumption (H1) implies that, for any player h € H; we have @?,j = Q¢ . Otherwise,
player h could increase her utility without any additional cost, by increasing her debt j at node ¢,
consuming the associated collateral, and defaulting on this additional short-position in the successor
nodes.!® Therefore, Q¢ [Ceslly < Ceslls Shen Py < |[Snen @G| < Thew IWEE)s.
Since Wéh(zg,) < Wg, we contradict the definition of Q¢ ,. Hence, > d?(??) < > Wgh(ig,)
hEeH heH heH
guarantees that g, ; < peCe j < T¢.

To ensure the second property, notice that for every & € D\ {{o}, unitary security payments satisfies
Nej < PeCe;, Vi € K(¢7). Fix anode £ € Droy and j € K(€7) such that Xe; = Ypepr g b, -
ZheH;(g,)gg_ j > 0. Then, we have that g, ; < D C ;. Otherwise, investors on security j at § could
increase their utility by reducing this position in € > 0 units, in order to implement the consumption of
the bundle eCk ;, where € > 0 is chosen small enough to ensure that the new consumption is admissible.
Indeed, with this strategy they increase the consumption allocation and receive at any p € £+ the amount
PuCuj 2 Nu,j-

Analogously, fix { € Dr_p and j € K({7) such that X ; > 0. Then g, ; < 2pC¢ ;, since otherwise
the consumption of the bundle 2C¢ ; would be utility-improving with respect to investing on one unit of
security j at &€,'! a contradiction with the optimality of (Z2"),cr. Repeating this argument recursively, we
get that for each £ € Dandje K (™) we have that g ; < (T' — t¢)pC¢ j whenever X¢ ; > 0. Therefore,
Qe <7, V6 € D\ Dy, Vj e K(§7).

Finally, fix ¢ € D\ Dr and a € R(§) such that ZheH@ZQ —@ZG) < 0, and suppose that pe Me o < T¢ o
Then, every agent h with @?a > 0 might be better off by reducing the lessee position in € > 0 units and
using those resources to buy the bundle €M ,, where ¢ is small enough to make the new consumption

—h
allocation admissible. This contradicts the optimality of ¢ ,. O

0Fvery player can increase the consumption at &, because when 3 heH d? (EZ) <D ohen Wgh (Ez‘_) upper bounds
on consumption allocations are non-binding, i.e., f? < Qe oz

HRemember that, N, ; < P,Cuj, V1o € et
18



LEMMA 3. Under Assumptions (H1) and (Hj), any Cournot-Nash equilibrium of G(Q) induces an equi-
librium for the economy & where both N # 0 and q # 0.

PROOF. Let (7, N, (z")nen) € A x N x [, E"(€2) be a Cournot-Nash equilibrium of tG(2). Since for
each h € H we have g5 (zﬁ (7, N)) <0, it follows that

(1) Tj{o Z (dgo (Eﬁo w€0 Z qfo J Z g?od' - Z ¢?07]’ + T Z(glgo _ago) <0

heH J€J(€o) heH (€0) heH; heH

Thus, the optimal value of player (P2) objective function is non-positive. Given that T¢, = (Pg,, G¢,» T¢,) €
Ag,, we have that Z ( (z&)) - wg ) < 0, otherwise the player who chooses prices at & could make
positive her obJectlve function assigning a non-zero price only to those commodities with a positive
excess of demand, and making asset and rental prices equal to zero. Therefore, given j € J(§;) we have
ZheH;f(fo) 5?0’]- - ZheHj‘ @ZM < 0. Otherwise, player (P2) would choose G¢, ; = 27¢,, which contradicts
Lemma 2. Similarly, given a € R(§y) we have ZheH@;,a - @ZW) < 0, because in other case it would be
optimal for (P2) to choose T¢, , = 2vg,, which contradicts Lemma 2. Hence, there is no excess of demand
on commodity, financial, and rental markets at the initial node.

This implies that, for any h € H, (E?O l,@zo a) < (.25 Qe0.0), Y(l,a) € L x R(&). Thus, the strict
monotonicity of preferences guarantees that (p,,,7¢,) > 0 and gE (2507 7) = 0, Vh € H. Therefore, we

conclude that

(2) > (zE,) —wi) =0;

heH
—h o _ —h _ .
3) Yo Oy D PGS0 Tey | D Bey— D BE, | =0,V € ()
hEH (£o) heH; heH (&) heH;
—h —h
@) D (e —Ve,) =
heH

Conditions (2)-(4) imply that upper bounds on individual plans determined by Q are non-binding.
. —h .
Since Zher (€0) P ZhGH; @’go’j <0 = g, ; = 0, the monotonity of preferences guarantees that
(Nuaj7qu,j>#>50 = 0 when there is excess of demand for credit contract j € J(&) at the initial node.

For any h € H and j € J(&) define

2t (N j)useo =0 A (@) uzeo = 0;

—h .
950 g otherwise.

h
950 J o

Since Q¢ 9 > ¢, ., the modified portfolios (@O,EQO);EE g are still feasible, optimal, and satisfy

(5) S e, - > Bk =0,V € J(&).

heH (&) heH;
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Furthermore, for any & € &, payments (N¢ ;) jeJ(&) chosen by players in (P5) satisfy,

(6) Nej Z A Z o (28, 28:7), Vi€ (&)

hEH; heH;

where for each h € H, z5 is obtained from ZE by replacing 05 with 960 Since for every node £ € &4 we
have g’ (zg,zé (7, N)) = 9¢ (Zgazg()? (7, N)) <0, it follows from (5)-(6) that,

Pe Y (b —WEGE) + Y e, | D B > @,

heH JEJ(E) heH (€) heH
“~h _ —h
+ Z Qe 5 Z 05 J Z O, 5 | +Te Z (¢ —
JEK(ET) heH; (&) heHT (£7) heH

Hence, the objective function of (P3) is non-positive in equilibrium. This implies, by analogous arguments

to those made above, that for every node £ € §6r we have (ﬁg,Fg) > 0 and

— —h _ah — —h —h .
(7) (:E]g,la0§7k7gogjv@57}h7w5’7f7¢§,a7w§,a) < 957 Vh e Ha v(lv.%k?a’) €L x ‘]h(g) X Kh(é') X R(é.),

(®) Y (de(z) - WEGE)) = 0;

heH
—h _ _ _ .
) Do Oei— > S0, G| Y 95J S B, | =0,V € J();
heH] (€) heH; heH (¢) heH;
—h —h
(10) D (¢ — W) =0
heH

We also conclude that for each j € K(o), > opep+ (e ng = Dhert (&) @gﬂ ; < 0. Otherwise, (P3) would
J J >

choose q¢ ; = 27¢, a contradiction with Lemma 2. Hence,

(11) > Oc, — Yoo <0 T, > B 5~ ook | =0, vieK().

heH[ (€) heH (€o) heH (€) heH} (¢0)

%]

Given ¢ € &, if there exists j € J(£) such that (/- > @?’j < 0, then (7) and (9) imply
heH (€) heH;

that g ; = 0 and, therefore, the monotonicity of preferences ensures that (N ;,q,, ;)u>¢ = 0. Also, if for

some k € K(&) we have Y 957]- - X é\?o J
heH;r(f) hEH;r(fo)

in turn implies that (N%j,q#yj)}og =0.
For any h € H and j € K(§) define

< 0, it follows from (7) and (11) that g, ; = 0, which

ih . T — .
52 ) Pejg i (Npj)use =0 A (qu,j)M2€ =0;
J =Y =h
! 957]- otherwise.
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Since Q¢ g > Q¢ ,, the financial position (@,@Z)heH is feasible, optimal, and satisfy
nh —h : nh nh :
D 0 - D wE =0V O Y O Y 0, =0 Vi€ K (%)
heH] (¢) heH; heH] () heH (&)
Following the same argument through the event-tree, we can ensure that (p,7) > 0 and we can
construct modified plans (2"),cp that are optimal choices for households in G(f2) and satisfy market

feasibility conditions along the event-tree D.12

Given that commodity prices are strictly positive, both the characteristics of players in (P5)-(P6) and

(H4) imply that for some £ € D, j € J(§) and p € £ we have N, ; > min{A, ;(7),p,Cu;} > 0.

Moreover, since upper bounds on individuals’ admissible plans are non-binding, it follows that g, ; > 0.

To ensure that (7, N, (2")nex) is an equilibrium of £ it remains prove that, for every h € H the
allocation 2" € E*(Q) is an optimal choice for agent h in T'? (ﬁ, W) This property is a direct consequence
of the strong quasi-concavity of functions U”". Indeed, if there exists 2" € T (ﬁ, N) strictly preferred
to 2", then any convex combination of these plans is also strictly preferred to 2. Since 2" belongs to
I'" (7, N) Ninterior(E"(£2)), some of these convex combinations are in I'" (7, N) NE"(12), a contradiction

with the optimality of 2 in the generalized game. Thus, (7, N, (2")nep) is an equilibrium of £. O

2Notice that, as financial market feasibility holds, we have that

N&j Z é\gj,j: Z q)?,j (22722*7ﬁ)7v§€b7VJ€K(57)
heHT (&) heH;
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APPENDIX B: EQUILIBRIUM EXISTENCE IN INFINITE HORIZON ECONOMIES

We construct an equilibrium of the infinite horizon economy £ as a limit of equilibria in finite horizon

economies. These truncated economies will have equilibria as a consequence of Theorem 1.

Truncated Economies.

Fix T € N and consider a truncated economy £7 where households can consume and trade at nodes
in DT := {¢ € D : t¢ < T}. Individual plan spaces (E"T),cp, the space of prices PT, and the space
of security payments N7 are defined as in any finite horizon economy by considering D? as the full
event-tree. In particular, for each h € H, E™7T is such that assets and rental portfolios are equal to zero
at each terminal node £ € Dr (even though in the original economy & it is not necessarily true).

Given prices (m, N) € PT x N7, the optimization problem of h € H is defined as:

max Z u’g (62(25)) ,

ze€lhT(m,N) ¢eDT
where T (, N) is the set of plans 2 = (2", 0" ", > pPh P ") € E»T such that

9e, (6,3 (7, N)) < 0;
g¢ (2¢, #¢- (m, N)) <0, ¥§ € DT\ {&};
Pl + ] < ge Ve e DT\ {&}, V) € KMED).
An equilibrium of £7 is a tuple (7, N, (") nen) € P x NT x [[ EM7, satisfying individual optimality

heH
and market clearing conditions of Definition 1.

LEMMA 4. Under Assumptions (H2)-(H5) and (H7), ET has an equilibrium for any T € N.

Proor. Under Assumption (H5), utility functions for the truncated economy are well defined and satisfy
(H1). From (H7), functions A¢ j and B ; are continuous on P7 for each £ € DT (). Thus, when (H2)-
(H5) and (H7) hold, the economy 7 satisfies the hypotheses of Theorem 1. O

Asymptotic Equilibria.

In order to find an equilibrium as a limit of truncated economies’ equilibria we need to count with
uniform bounds for plans and prices. Notice that, for any & > £j, the bounds found on Lemma 2 for the
prices of securities in K ({) are dependent on the time horizon 7'. For this reason, Assumption (HS8) is

key to find appropriate bounds for these prices in the infinite horizon case, as the next lemma shows.
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LEMMA 5. Suppose that Assumptions (H2), (H5), (H6) and (HS) hold. Then, there exists (Y,)ep >0

—T

such that, for any T € N and for every equilibrium (77, N, (") nen) of ET we have that
Pe,Cei 20, = u; <Y YueDT:ip>¢,

where £; € DT~1 is the emission node of credit contract j.

PROOF. Given ¢ € DT~1 and j € J(£), assume that ﬁgC’g,j > qgj.

Let f[f - HJ+ (&) be the non-empty set of agents whose preferences satisfy Assumption (HS8). Then,
hypotheses (H5)-(H6) imply that

max u;b (ci;(zZT)) < Ei= max uZ(Wn) < +00.
heH} T vyt

On the other hand, Assumption (H8) guarantees that, for any successor node p > &; there exists

. 1 —_
0, € Ri such that, hIél]%nJr uﬁ (WWLL + @H,j) =.
j

Fix i € DT such that p > &;. Any agent h € f[;r can implement the following plan:

(i) At any n € DT, consume #th ;

i We 13
(i1) At node &;, invest on tsfl— units of security 7;
2

J max C¢.
I AT AL

(i4i) At node p, sell the position on security j.

Since this strategy is admissible, the resources that it collects at p must be lower than the cost of the
bundle ©,, ;, implying

max C,

§isdhl
_T — te.+1 lEL ’
G, <Myj:= max |2 ————1Ou,;ll=
K hed- min W'
J ZEL Jo
Defining ¥, = max m, , we obtain the result. O

keK(pn—)

Consider a sequence (ﬁT7NT, (Z"T) e )T>0 of equilibria for truncated economies obtained by the
application of Theorem 1. This sequence is uniformly bounded node by node. Indeed, given £ € D, market
feasibility conditions (2)-(4) in the equilibrium definition guarantee that individual plans ( (ZQ’T) heH )T >t
are uniformly bounded from above by the upper bound )¢ that was defined in the proof of Theorem 1.
Commodity prices are bounded by construction and, hence, security payments are bounded too. Financial

and rental prices are bounded as a consequence of Lemmas 2 and 5.

For any h € H and T > 0 define
GMT = {(L&@,w“,wﬁ,qﬁ,w BT L ol <ot L Ve DT\ {&}, V) € K(M*)} :

13Given that ﬁgTngj > ag ;» this investment can be financed by the available resources after consumption, which

_ 1 = h 1 — c h
are equal to (1 e, 7T ) P, we; + 55,1 De; ng ng_.

23



Kuhn-Tucker conditions guarantee that, for every h there a

. - o —T
(12) V}gnggo(Z?T,(TrTvN )) =0,
. . —T
(13)  7p gk 2 @ N)) =0, ¥ € DT\ {&},

re multipliers (WQ’T)EGD > 0 such that,

and, for any z = (2¢)¢epr € GMT, where z¢ = (we, O¢, ¢, ©g, (pf, ¢¢,e), we have that

(1) Y (ub(che) - gk e 25 (7L NT))) < 3

£eDT
Therefore, for any z = (2¢)¢cpr € GM7

Z Ug CE ZE

£eDT

(15) Z 75 gf I 7 a

¢eDT £e

Fix n € DT and consider the plan Z = (Z¢, 0,0, 0, 0,0,0)¢ep

ug (cs (zél T))

¢eDT

< 2w ().

D

r € GMT such that

W, whente < ty;

Te =
0, otherwise.
Evaluating inequality (15) in Z, it follows that
~h,T _ - h AT h
0< Tn Ilrélll’} Wn,l < Z Ve WE <U (W)

feDT:tgzt

Hence, we can define the following uniform upper bounds for the Kuhn-Tucker multipliers,

max U* (W)
OSWZ’TﬁkeH.iwk, VT €N, Vh € H, ¥y e DT.
(k,ll)réllgle .l

Therefore, for each £ € D the sequence (7r§ ,N €5 ( Ze ,WQ’T)he H)T>te is uniformly bounded. It follows

from Tychonoff’s Theorem that there exists a subsequence (T)r>0 C N such that, for any node £ € D,

—h,T;
7’75 iy

where z€ = (x§,9£ <p£ <p§

_T
(75 ",

h
NE NEAE

o,h —B,h
7@? 7¢§ 1/)5)

LEMMA 6. For any h € H and z = (x,0, 0, 0%, o5, ¢,) € T (7

>

¢eD\DM

> (ug(ct(ze) —ug(ct(z))) <

¢eDpM

PrOOF. Fix M € N and z € T"(7, N). Then, there exists k(M
Therefore, for any ¢ € DM and k > k(M

,N') we have that,

uf (We), vMeN.

) € N such that Tj, > M for any k > k(M
), if we evaluate the inequality (14) in the plan

zZpTe, if pe DT\ {¢);
Ze, otherwise;

JheH )T, >t, converges to some vector (ﬁg,ﬁg, (E?,W?)heH) as k goes to infinity,

).
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we have that

h, < =h _h —Te 7 _
ug (cf(ze) —ug (g (Zg ™)) <7 T g (ze, 200" (7 TN + Y A Tegr(E T 2 (7T N,
HEET

Adding across nodes on D™ we obtain that,

(16) > (ubleb(ze) - ublct(z2™)))

£eDM
o —T —T

< D (e Ge T E N )+ Y Mg s (RN ) |
gebpM pneEt

< Y AT e (7 N)
pED:t, =M+1
h,T 7. 1k

< Mylhe= > AhgET o @EE N )+ Y A,

peD:t, =M+1 pneD:t, =M+1
where the last two inequalities follow from equations (12)-(13), the budget feasibility of the allocation
2= (2,0,0,0% ¢ ¢,9), and the fact that (ﬁf’f,ﬁka qlw,qT’f 7Lk) > 0 for any p € DTx, j € J(u).

Mmoot

On the other hand, given s < Ty, if we evaluate inequality (14) in the plan
EZ’T’“, if p e DT’“,tu £ s;
0, otherwise;

the non-negativity of the utility function implies that,

_h, —7, 71 !
- Y A0z FER N ) - > FThgh Tk 05 (775, N )
pE€DTk (&0):t,=s neDTk (o)t =s+1

< > ul(ch(ZhTh)), Vs < Ty
neDTE (Eo0):t =5

- Z ’YZ Tkg#(o z Tk ( TkaNTk)) < Z UZ(CZ(EZ7Tk)>7 Vs = Tk.
nEDTk (Eo):tu=s nEDTE (Eo)it, =s

Therefore, as equations (12) and (13) guarantee that

_h, __ -1 _ _ _
R Tiegh(0, 20 (7T N*)) = 7leTe gh (20T 0; (77, N')) + o Dplew,

we have
ARTe < Z UZ(CZ(EZTk)) < Z uﬁ (Wu> , Vs <Ty.
/’LEDTk (50)2%25 IJ’GD:t}LZS

This last result and inequality (16) imply that,
h(=h,T) P
> (vbchee) —ubE™)) < X (W),
£ebM peED:t, >M+1
Taking the limit in the inequality above when T} goes to infinity, we conclude that

S (ubcbe) — k@) < > (W), -

ceDpDM HED:t, >M+1
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Since for each T' € N, (ﬁ?ﬁ?, (E?’T)he H)geDT satisfies market clearing and payment compatibility
conditions (2)-(5) in the equilibrium definition, the limit (7¢, N¢, (Z¢)nen) cep Also satisfies market clear-
ing conditions. Furthermore, since the functions defining individual choice sets (g?; (h,€) € H x D) are
continuous, it follows that, for any h € H the plan z" := (E’g; ¢ € D) belongs to T"(7, N).

To prove the optimality of individual limit plans suppose, by contradiction, that for some h € H there
is a plan z € T"(7, N) which is strictly preferred to z". Then, there exists § > 0 such that,

D uf(ck(ze) = > ug(ck(zt)) = 6.
§eD ¢eD
Thus, there exists N* € N such that for any N > N*,
D ub(ch(ze) = Y up(ck(zt) >
£eDN £eDN

It follows from Lemma 6 that,

N

< 3 b (/M?g) YN > N*.
£eD\DN
Since the utility evaluated in the aggregated consumption is finite (Assumption (H6)), taking the limit as

N goes to infinity, we obtain a contradiction. Thus, for any h € H, the plan " is an optimal choice in
the set I'"(7, N). The strict monotonicity of preferences ensures that (p,7) > 0.
Fix £ € D, p €T, and j € J(€). The proof of Theorem 1 implies that NLTLJ- > min{Aﬂyj(ﬁT),f)Z;Cu,j}

for any T' € N. Since (ﬁg,ﬁg, (E}g) he H) is obtained as a node by node limit of equilibria in truncated

£eD
economies, the continuity of coupons ensures that N, ; > min{A, ;(7),p,Cy.;}.

Finally, it follows from arguments above, the fact that p > 0, and Assumption (H4) that there exists
at least one node & € D such that, for some credit contract j € J(§) and some immediate successor node
w € £ we have that N, ; > 0. This ensures that Ge.; > 0 as a consequence of Assumption (H5).

Therefore, (fg, N, (5g)heH) is an equilibrium for £ where both § # 0 and N # 0.

£eD
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