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ABSTRACT

A sufficiently large temperature anisotropy can sometimes drive various types of electromagnetic plasma micro-
instabilities, which can play an important role in the dynamics of relativistic pair plasmas in space, astrophysics,
and laboratory environments. Here, we provide a detailed description of the cyclotron instability of parallel
propagating electromagnetic waves in relativistic pair plasmas on the basis of a relativistic anisotropic distribution
function. Using plasma kinetic theory and particle-in-cell simulations, we study the influence of the relativistic
temperature and the temperature anisotropy on the collective and noncollective modes of these plasmas. Growth
rates and dispersion curves from the linear theory show a good agreement with simulations results.
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1. INTRODUCTION

A sufficiently large temperature anisotropy can sometimes
drive various types of electromagnetic plasma micro-instabilities
due to the available free energy(Gary 1993). Instabilities such as
Weibel, whistler, mirror, firehose, or cyclotron are examples of
anisotropy-driven instabilities and play an important role in the
dynamics of the system in a wide range of environments that are
related to space(Summers et al. 1998; Kasper et al. 2002;
Bale et al. 2009), astrophysical(Schekochihin et al. 2005;
Schlickeiser 2005; Riquelme et al. 2015), and laboratory
(Lehnert 1967; Stenzel et al. 2007) plasmas. In a magnetized
plasma, when the perpendicular temperature, T⊥, (relative to the
background magnetic field) exceeds the parallel temperature, TP,
electromagnetic cyclotron waves propagating along the magnetic
field can be excited, as long as the threshold condition for
the cyclotron instability is fulfilled. This type of instability
has been widely studied in space plasmas for ion (Otani 1988;
Gary et al. 1996; Moya et al. 2011, 2012, 2014; Navarro et al.
2014b, 2015) and electron-driven waves(Gary & Wang 1996;
Xiao et al. 1998; Viñas et al. 2015).

Relativistic analyses have been carried out to describe
Weibel(Yoon 1989, 2007; Yang et al. 1993; Schaefer-Rolffs
et al. 2006), firehose(Yoon 1990), and proton–cyclotron
(Lazar & Schlickeiser 2006a) instabilities. The relativistic
generalization becomes necessary in many laboratory and
astrophysical situations, particularly situations in which
electron–positron plasmas occur, such as ultra-intense lasers
(Blaschke et al. 2006), active galactic nuclei(Reynolds
et al. 1996; Hardy & Thoma 2000), bulk acceleration of
relativistic jets (Iwamoto & Takahara 2002), quasar relativistic
jets (Wardle et al. 1998), neutron star magnetospheres
(Curtis 1991; Luo et al. 2002; Asseo 2003; Istomin &
Sobyanin 2007), accretion disks(Bjöernsson et al. 1996),
models of the early universe (Gibbons et al. 1990; Tajima &
Taniuti 1990), among others. Recently, Sarri et al. (2015)
report experimental evidence of the generation of high-density
and neutral electron–positron plasma, opening the possibility
of the study of pair plasmas in controlled laboratory
experiments. Furthermore, a relativistic analysis is needed

even in non-relativistic plasmas, such as in the case of
collisionless damping for superluminal waves(Lazar &
Schlickeiser 2003, 2004).
The aim of this work is to give a detailed description of the

cyclotron instability in the relativistic regime, using both
Vlasov linear theory and fully nonlinear particle simulations.
We will solve the dispersion relation for parallel wave
propagation in relativistic magnetized electron–positron plas-
mas, while also considering a relativistic anisotropic ( ¹^ T T )
distribution function. Several alternatives including anisotropic
effects in relativistic distributions have been proposed in the
literature. For example, Yoon (1989) proposed an anisotropic
distribution function that reduces to the Maxwell–Jüttner
(Jüttner 1911) distribution in the isotropic limit and to the
well-known Maxwell distribution in the non-relativistic limit.
Another distribution was proposed by Schlickeiser (2004),
which also satisfies the same limits. Other alternatives exist
that include anisotropic effects in relativistic distributions (see
for example Naito 2013; Stark et al. 2015; Treumann &
Baumjohann 2015). However, the advantage of the one
proposed by Schlickeiser (2004) is that the analytical
continuation of the dispersion tensor can be calculated
analytically(Lazar & Schlickeiser 2006a). Therefore, in
this paper, we use the distribution function proposed by
Schlickeiser (2004) to give an alternative derivation of the
dispersion relation for anisotropic plasmas in the magnetized
relativistic case, which is similar to the analysis provided by
Lazar & Schlickeiser (2006a) and Schlickeiser et al. (2015), but
we give numerical solutions of the completely relativistic
dispersion relation in electron–positron plasmas with temper-
ature anisotropy (T⊥>TP). This paper presents an extension of
the isotropic case studied in López et al. (2014a). Here, we
study the growth rate of the cyclotron instability for different
values of the plasma parameters. Particular relevance is given
to the quasi-stable threshold conditions in the so-called
relativistic temperature–anisotropy diagram. We also use a
particle-in-cell (PIC) simulation to analyze the growth of this
instability and its saturation, which are then compared to the
results obtained from the linear theory.
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This paper is organized as follows. In Section 2 we derive
the linear dispersion relation for anisotropic plasmas. The
dispersion relation is solved in Section 3 for a wide range of
parameters, and in Section 4 we compare our results with PIC
simulations. Finally, in Section 5, our results are summarized
and conclusions are outlined.

2. LINEAR DISPERSION RELATION

Following López et al. (2014a), we start from the relativistic
Vlasov equation to construct the linear dispersion relation for
waves propagating parallel to the background magnetic field

=

B B z0 0 ˆ in an anisotropic plasma(Montgomery & Tid-
man 1964; Lerche 1967; Lazar & Schlickeiser 2003, 2006b).
The transverse component of the dispersion tensor is given by
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where w p= q n m4pj j j j
2 is the plasma frequency, qj is the

charge, nj is the number density, mj is the mass,
W = q B m cj j j0 ( ) is the cyclotron frequency, and fj(pz, p⊥) is
the one-particle distribution function for the species j,
respectively. Also, c is the light speed, p⊥ and pz are the
perpendicular and parallel components of the relativistic
momentum, and g = + +p̂ m c p m c1 j z j

2 2( ) ( ) is the

relativistic Lorentz factor. Subscripts R and L in L+
R L, are the

labels for right and left polarized waves, respectively. Notice
that the right/left polarized waves correspond to the plus/
minus sign in the resonant denominator, gw -  Wkp mz j, of
Equation (1). Also, the wavefrequency is a complex number,
w w= + Gir , where ωr is its real part and Γ is its imaginary
part. The superindex + in L+

R L, indicates that the dispersion
relation Equation (1) is only valid for Γ>0 (unstable waves).

We can rewrite Equation (1) using the transformation
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López et al. (2014a) gives a complete description of the
dispersion relation for a plasma described by an isotropic

Maxwell–Jüttner distribution function(Jüttner 1911). For the
present work, we use the anisotropic relativistic velocity
distribution function proposed by Schlickeiser (2004), namely

g
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Here m̂ j is a dimensionless parameter given by

m =^ ^m c k Tj j B j
2 ( ), where T̂ j is the temperature in the

direction perpendicular to the background magnetic field and
kB is the Boltzmann constant. We also define
m = m c k Tj j B j

2 ( ), with T j as the parallel temperature. Thus,
defining the temperature anisotropy as = ^ A T Tj j j, we can
write m m= ^ Aj j j.
To ensure the normalization of the distribution function

(Equation (6)) we have defined the G function as
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where Erf(x) is the error function. In Equation (6), αj is related
to the temperature anisotropy of the distribution of species j.
As mentioned by Schlickeiser (2004), the choice of this
distribution is convenient because in the limit a  0j , we
obtain
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and we recover the well-known Maxwell–Jüttner distribution.
Also, in the non-relativistic limit, the distribution defined by
Equation (6) can be well approximated by a bi-Maxwellian
distribution as long as the anisotropic parameter can be
interpreted as(Schlickeiser 2004)
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Now, by replacing the distribution function (Equation (6)), in
the dispersion tensor (Equation (5)), we obtain
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with z=ω/(ck) and tj=Ωj/(ck ).
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Following the procedure described in the Appendix, we can
reduce the integrals in Equations (11) and (12) to
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In the isotropic limit, αj=0, we recover the results obtained
by López et al. (2014a). Indeed, in this limit and because of
Equation (8), we obtain g =+M 0R L j, ; ( ) , whereas g+NR L j, ; ( ) and

g+Jj ( ) reduce to Equations(11) and(12) defined in López et al.
(2014a), respectively.

In the anisotropic case, the integral given by Equation (15)
can be rewritten as
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Thus, the dispersion tensor in Equation (10) can be computed
as a single integral in γ (see López et al. 2014a), plus a new
term that vanishes when the distribution is isotropic (αj=0).

The dispersion tensor (Equation (10)) is valid for the upper
complex frequency plane only (Im(ω)=Γ>0). The proper
analytical continuation to L-

R L, for Γ<0 defines a dispersion
tensor in the whole complex frequency plane. In this case, we
require that
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Equation (16) depends on the complex logarithmic function.
For the principal branch of the logarithm, this equation will be
valid for the entire complex frequency plain, but excludes the
negative values of the real part of the frequency, ωr<0. To
evaluate the logarithm function in these cases, we can use the
analytic continuation given by López et al. (2014a; also see
Schlickeiser et al. 2015), so that Equation (10) becomes valid

in the entire complex frequency plane. Therefore, we can
remove the + superscript in L+

R L, and obtain the dispersion
tensor LR L, :
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which is well defined for any complex frequency.

3. NUMERICAL ANALYSIS

A closed form for Equation (19) in terms of known functions
has not yet been found. Instead, we obtained solutions of the
dispersion relation by solving numerically in Equations (16)
and (19) using adaptive integration methods. We focus our
attention on the left polarized component of the dispersion
tensor, ΛL, to study the propagation of Alfvén waves through a
relativistic pair plasma composed of electrons and positrons,
m=me=mp (Equation (19) is general and valid for a plasma
composed of any kind of particles). In Figure 1 we plotted the
solutions of the dispersion relation, ΛL=0, for ωpe/Ωc=1,
and for several temperatures and temperature anisotropies.
Figure 1(a) shows the real part of the dispersion relation (ωr/Ωc

versus ck/Ωc) for m m= =^ ^ 50p e , Ae = 1.0, and several
positron anisotropies (Ap=1.0, 2.0, 5.0, 7.0, 10.0). We have
chosen isotropic electrons and anisotropic positrons. In this
case, the free energy is stored in the positrons’ distribution,
therefore an Alfvén positron–cyclotron instability is expected
to occur. We focus our attention in the first quadrant of the
dispersion diagram (w >k, 0r ) for the left dispersion relation
because that quadrant shows the waves resonating with the
positrons. As the electrons are isotropic, electron-driven
instability is not expected to occur, and we will only see the
normal modes in the third and fourth quadrants (ωr<0). The
right component (whistler waves) can also be obtained by
changing w w -r r (López et al. 2014a; Schlickeiser
et al. 2015), and in that case, the waves resonating with the
electrons will be in the first and second quadrants. Furthermore,
to study the whistler–cyclotron instability, we would have to
introduce a temperature anisotropy in the electron distribution.
Given the symmetry of the dispersion tensor, the results would
be equivalent. Figure 1(b) displays the corresponding imagin-
ary part Γ/Ωc versus ck/Ωc. For Ap = 1.0 (black line), we
recover the isotropic case shown in López et al. (2014a), in
which the Alfvén branch is stable until W ~ck 1c and
becomes damped with increasing damping for increasing
values of the wavenumber. The figure also shows that for the
same temperature and a positron anisotropy of Ap = 2.0, the
waves become damped for larger values of the wavenumbers
(blue curve). In addition, from the figure we can also see that an
instability Γ(k )>0 occurs for values of the positron
anisotropy Ap>2, so that the unstable range of wavenumbers,
as well as the maximum growth rate, become wider for larger
positron anisotropies. Figures 1(c) and (d) are equivalent to
Figures 1(a) and (b), but for m m= =^ ^ 10e p . Similarly,
Figures 1(e) and (f) are equivalent to Figures 1(a) and (b),
but for m m= =^ ^ 2e p . From these figures, we can appreciate
that as the perpendicular temperature increases, the instability
occurs for smaller wavenumbers, while the growth rates and
associated range of unstable wavenumbers become larger.
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To study the relation between growth rate, temperature,
and anisotropy, we find the maximum growth rate of the
Alfvén mode for several combinations of m̂ p and Ap.
Figure 2(a) clearly shows the dependence of the maximum
growth rate, Γmax/Ωc, on the perpendicular thermal factor,
m =^ ^mc k Tp B p

2 ( ). The maximum growth rate is larger for
larger anisotropies, and grows rapidly with the positron
perpendicular temperature for large temperatures (small m̂ p).
The same dependence is found for the parallel thermal factor
mp, as it is shown in Figure 2(b). In both panels, we have
drawn up to a threshold limit for the Alfvén cyclotron
instability given by G W = -10cmax

3. This limit is equivalent

to the commonly used threshold for ion–cyclotron waves in
non-relativistic plasmas(Bale et al. 2009; Navarro et al.
2014b, 2015), showing that the free energy necessary to
excite cyclotron waves is inversely proportional to the plasma
temperature. Thus, the process involved in this micro-
instability for the non-relativistic case remains in the
relativistic regime. In Figure 2(b), we have cut from the zone
above the dashed line because that zone corresponds to
ultra-relativistic temperatures, m <^ 1p . In that limit, there are
several other effects that could become important for
the dynamics of the plasmas, such as pair creation or
annihilation, photon–particle (anti-particle) collisions, and

Figure 1. Dispersion relation ΛL=0 for ωpe/Ωc=1 and Ae = 1. (a) Normalized real part of the frequency w Wr c vs. normalized wavenumber ck/Ωc, for
m m= =^ ^ 50e p , and several anisotropies for the positrons Ap. (b) Normalized imaginary part of the frequency Γ/Ωc vs. normalized wavenumber ck/Ωc, for
m m= =^ ^ 50e p , and several values of Ap. (c) Same as (a) but for m m= =^ ^ 10e p . (d) Same as (b) but for m m= =^ ^ 10e p . (e) Same as (a) but for m m= =^ ^ 2e p . (f)
Same as (b) but for m m= =^ ^ 2e p .
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photon related effects, which are beyond the scope of this
paper.

Finally, the growth rate dependence on the parameter ωpe/Ωc

is shown in Figure 3. Here we present three cuts of Figure 2(a)
at anisotropies Ap = 5 in Figure 3(a), Ap = 7 in Figure 3(b), and
Ap = 10 in Figure 3(c); all figures for three different values of
w Wpe c. It is clear that for a given positron anisotropy, the
growth rate increases as the parameter ωpe/Ωc increases, for the
whole range of m̂ p shown. Namely, as the positron beta βp

can be written as b m w= W2p p pe c
2( )( ) , plasmas with a larger

ωpe/Ωc ratio correspond to denser plasmas with larger βp, and
the plasma is more unstable for the same anisotropy value.

4. PARTICLE IN CELL SIMULATIONS

We now study the evolution of the cyclotron instability using
electron–positron one-dimensional relativistic PIC simulations.
The detailed description of the simulation scheme is given in
López et al. (2014b, 2015a), so here we only present the
simulation parameters. In this case, the system size is L=512
(in units of the electron inertial length ωpe/c), the number of

Figure 2. Maximum growth rate, Γmax/Ωc, as a function of: (a) normalized perpendicular temperature m^
-

p
1 and the positron anisotropy Ap, (b) normalized parallel

temperature m-
p

1 and the positron anisotropy. Both figures were computed for ωpe/Ωc=1, Ae = 1 and m m=^ ^e p. The dashed line defines the limit m =^ 1p .

Figure 3.Maximum growth rate G Wcmax as a function of normalized perpendicular parameter m̂ p, for several values of ωpe/Ωc and Ae = 1. (a) Ap = 5. (b) Ap = 7. (c)
Ap = 10.

5
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spatial grid points is ng = 2048, the number of particles per grid
is np = 1000, the time step is ωpeΔt=0.01, and the simulation
runs until w =t 655.36pe max . We start our simulations from a
quiet state, in which the particle velocities are only given by
their thermal motion obtained from the anisotropic version of
the Maxwell–Jüttner distribution function, which is discussed
in Section 3.

Figure 4 shows the temporal evolution of the transverse
magnetic field energy, UB, using Ae = 1 and ωpe/Ωc=1 for
three different initial positron temperatures and three values of
the anisotropy. For all temperatures, the isotropic case Ap = 1 is
represented by black lines in the figure. Even in the absence of
free energy in the form of temperature anisotropy, we observe
that the field energy has a slow temporal growth due to the self-
generation of spontaneous thermally induced fluctuations. The
level of these fluctuations increases with the temperature as
predicted by Navarro et al. (2014a) and López et al. (2015b). In
Figure 4 we also show anisotropic cases with available free
energy at the beginning of the simulation. For ¹A 1p , we
observe an instability growth that depends on the temperature
of the plasma. Figure 4(a) shows the case for low temperature,
m =^ 50p , in which the initial anisotropy Ap = 5 is not large
enough to excite the instability during the interval covered by
the simulation; i.e., the system is in a quasi-stable state with a
very small growth rate, which is consistent with Figure 2.
Indeed, according to Figure 2(a), the normalized maximum
growth rate is below 10−2, and then the system approaches a
state in which there is a balance between thermally induced
electromagnetic fluctuations and dissipation. However, for the

same temperature but for Ap = 10, we can observe the
triggering of the linear cyclotron instability. In the initial stage
of the simulation, we observe an exponential growth, giving
rise to a saturation of the magnetic energy for larger times.
Figures 4(b) and (c) show cases with m =^ 10p and m =^ 2p ,
respectively. As the temperature and anisotropy increase, the
plasma is more unstable and the system reaches the saturation
level more quickly.
Finally, in Figure 5, we show the power spectrum of the

transverse magnetic fluctuations. For a better comparison, we
have superimposed the numerical dispersion relation L = 0L∣ ∣
(Equation (19)) as a solid black line. Dashed and dotted black
lines represent the numerical solution with G W > -10c

4

(unstable range) and Γ/Ωc<−10−4 (damped range), respec-
tively. Figure 5(a) shows the case for m =^ 50p and Ap = 5. We
observe a good agreement between the normal modes obtained
from a direct solution of the dispersion relation and modes that
appear in the fully nonlinear simulations. For this temperature
and anisotropy, the instability range is narrow
( < W <ck1.2 2.0p ) and the maximum growth rate is very
small, so that the thermally induced electromagnetic fluctua-
tions can be observed in the spectrum. This spectrum is similar
to the ones obtained in the isotropic case(López
et al. 2014a, 2015b). In Figure 5(b), we show the case with
Ap = 10. Now the power in the spectrum is concentrated in the
unstable branch with a level that is much larger than that of the
fluctuations, which is also in good agreement with the theory.
For larger temperatures (Figures 5(c) and (d)), the power in the

Figure 4. Temporal evolution of the normalized transverse magnetic energy, UB, for ωpe/Ωc=1, Ae = 1, and m m=^ ^e p, (a) m =^ 50p , (b) m =^ 10p , and
(c) m =^ 2p .
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instability branch becomes greater and the instability range
becomes larger.

5. CONCLUSIONS

We have studied the relativistic electron–positron–cyclotron
instability by means of a covariant kinetic linear theory and PIC

simulations using a relativistic anisotropic distribution function
first proposed by Schlickeiser (2004), which reduces to the
Maxwell–Jüttner distribution in the isotropic limit and to the bi-
Maxwellian distribution in the non-relativistic limit. For this
distribution function, we found analytic expressions for the
complex dispersion tensor using an analytic continuation
technique, and we were able to study unstable and damped

Figure 5. Power spectrum of the normalized magnetic field fluctuations obtained from the PIC simulations, for ωpe/Ωc=1, Ae = 1. m m=^ ^e p. (a) m =^ 50p and Ap

= 5. (b) m =^ 50p and Ap = 10. (c) m =^ 10p and Ap = 5. (d) m =^ 10p and Ap = 10. (e) m =^ 2p and Ap = 5. (f) m =^ 2p and Ap = 10. The real part of the numerical
dispersion relation ΛL=0 has been superimposed as a black line in all figures. The solid line represents the numerical solution with G W < -10 ;c

4∣ ∣ the dashed line is
the numerical solution with Γ/Ωc>10−4; the dotted line is the numerical solution with G W < - -10c

4.
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solutions of the dispersion relation. We studied numerically the
relativistic dispersion relation and the growth rate of the
cyclotron instability for a wide range of temperatures and
anisotropies of the plasma. In the absence of temperature
anisotropy, all our expressions reduce to the isotropic case
studied in López et al. (2014a).

Using linear theory, we estimated the instability threshold for
the maximum growth rate of the positron–cyclotron mode as a
function of the parallel and perpendicular temperatures, and
found that the behavior of the instability as a function of
temperature anisotropy and the μ parameter is similar to the
well-known anisotropy-beta diagram for cyclotron waves in
non-relativistic plasmas(Bale et al. 2009; Navarro
et al. 2014b). Finally, using PIC simulations, we analyze the
evolution of this instability and its imprint on the spectrum of
the magnetic field, and obtain good agreement between linear
theory and nonlinear simulations. Furthermore, our simulations
show the possibility of coexistence of normal modes and
spontaneous thermally induced electromagnetic fluctuations for
several ranges of the plasma parameters.

Both the existence of a quasi-stable state with a finite level of
thermally induced electromagnetic fluctuations and the analysis
of the nonlinear saturation of the instability will be analyzed in
detail in future manuscripts.

Our results may be relevant for the understanding of
astrophysical relativistic magnetized plasma environments, in
which some degree of temperature anisotropy is expected, and
therefore wave–particle interactions and kinetic instability
thresholds may be relevant for the dynamics of the system.
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APPENDIX
CALCULATION OF +MR L j, ; AND +NR L j, ;

Using the substitution h g= s tj( ) in Equations (11) and
(12), we obtain
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Then, in order to reduce these expressions, we use the
following integral relations:
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Thus, by replacing Equations (22)–(27) in Equations (20) and
(21), we obtain the expressions in Equations (13) and (14).
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