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Abstract Due to their simplicity, blade element momentum models, such as the double-multiple streamtube
(DMS) model, are among the most common models to predict the performance of Darrieus vertical-axis wind
turbines (VAWTs). A two-dimensional energy-based iteration scheme of the DMS model (EB-DMSM) is
shown in the presentwork. Its purpose is to improve predictions of power performance and flow expansion. This
new approach is compared with a momentum-based iteration scheme (MB-DMSM) and the results of a two-
dimensional computational simulation of a 12-kW straight-bladed VAWT. The mathematical representation of
streamlines used for modeling the flow expansion is in good agreement with the simulations. Convergence of
both schemes is achieved for tip-speed ratios (TSRs) up to 4. Failure of the models to convergence at higher
TSRs is attributed to their inability to adequately represent the aerodynamic forces acting on the blades, due
to the simplicity of their formulation. Relative to computational simulations, the maximum differences in the
peak power coefficient predictions are 16 and 32% and in the flow expansion predictions are 53 and 5%
for the MB-DMSM and EB-DMSM, respectively. Corrections are required to improve predictions of power
performance and flow expansion of turbines with different geometric and operational parameters.

1 Introduction

Interest in Darrieus VAWTs has increased in recent years [1,2], due in part to the potential of this technology
to be used in urban environments in the small scale [3,4]. The vertical axis of these turbines allows them to be
omnidirectional and to be installed with the generator at the level of the ground or rooftop [4]. Therefore, they
are considered versatile designs that can have lower capital, operating and maintenance costs. Additionally,
for the same nominal power, the rotational speeds are lower for a Darrieus VAWT than for a horizontal-axis
wind turbine (HAWT) [5]. Thus, Darrieus VAWTs have fewer vibrations and make less noise than HAWTs.
In addition to being urban friendly, recent studies show that wind farms of Darrieus VAWTs can have a higher
power density than HAWTs [6–10]. This could be advantageous in the medium and large scale.
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Due to the variety of possible operating conditions, a low-cost computational tool, which provides a fast
and relatively accurate prediction of power performance, would be useful for optimizing the use of VAWTs.
Blade elementmomentum (BEM)models, especially double-multiple streamtube (DMS)models, provide good
estimations of the power performance of wind turbines [11]. Variations of the wind resource present in urban
environments and wind farms can be modeled as an inlet condition (wind profile) in two-dimensional BEM
models. Boundary layer effects and blade tip losses can be included to model a three-dimensional turbine.
Note that the two-dimensional DMS model, which corresponds to straight-bladed turbines, can be easily
modified for other geometries such as helical-bladed turbines. Other semi-analytical models such as the vortex
model shown in [12] have the advantage of being more accurate in the prediction of power performance and
description of the unsteady flow around the turbine, but they have the disadvantage of requiring considerably
more computational resources and time than BEM models.

The purpose of this work is to formulate and study the behavior of an energy-based iteration scheme of a
DMS model that takes into account flow expansion. Note that the energy-based iteration scheme is equivalent
to the momentum-based iteration scheme for a one-dimensional, frictionless, steady flow model. The main
difference is in the use of tangential force coefficients rather than streamwise force coefficients. The basic
DMS models used in [11,13] do not take into account flow expansion. A DMS model that takes into account
flow expansion was developed in [14]. However, the models are known to have convergence problems at high
turbine solidities and high turbine-load states [15]. The momentum-based iteration scheme, MB-DMSM, and
the energy-based iteration scheme of the DMS model, EB-DMSM, are quasi two-dimensional, because the
models are based on a one-dimensional theory, but the use of multiple streamtubes in the cross-flow direction
models the lateral expansion of the flow.

2 Computational simulations

An unsteady two-dimensional CFD simulation was performed using the finite volume method implemented
in ANSYS Fluent 13.0.0. The turbine geometry was based on a 12-kW SB-VAWT [16]. It has three 0.25-m
chord NACA 0021 airfoil blades, a diameter of 6m, a solidity of 0.25 and a tower diameter of 0.2m.

The computational domain shown in Fig. 1, including boundary conditions, is similar to previous works
[17–19]. It is 5 turbine diameters wide and 14.5 turbine diameters long. A sliding mesh technique is used
in order to have a rotational sub-domain inside the static domain. The rotational domain, which includes the
turbine blades and the central tower, has a diameter equal to 4/3 the turbine diameter.

ANSYSMeshing is used to produce the mesh, which is unstructured and contains only triangular elements,
as shown in Fig. 2. The rotational domain is refined in order to get high resolution of shed vortices and other
wake effects. In order to reduce error in calculations of aerodynamic forces and moments, the area around the
airfoil is refined even further, as shown in Fig. 2. A summary of the most important mesh metrics is shown
in Table 1; both skewness and orthogonal quality metrics are within expected ranges (skewness ≤0.8 and
orthogonal quality ≥0.2).

Results from steady-state simulations of a stationary turbine are used as initial conditions of the transient
simulations. The pressure-velocity coupling method used for the steady-state simulation is the semi-implicit
method for pressure-linked equations (SIMPLE), and for the transient simulations, it is the pressure-implicit

Fig. 1 Computational domain of the two-dimensional CFD simulations
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Fig. 2 a Detail view of the mesh of the rotating domain b mesh element sizing near a blade

Table 1 Mesh metrics

Metric Value

Number of elements 550,881
Number of nodes 277,490
Skewness (maximum) 0.74
Skewness (average) 0.062
Orthogonal quality (minimum) 0.472
Orthogonal quality (average) 0.96
Courant number at interface 0.35
Average y+ at blade surface 30

method with splitting of operators (PISO) [20]. The k − ω SST (shear stress transport) turbulence model and
an enhanced wall treatment are used [21]. Average y+ values around the blades are approximately 30, which is
appropriate for the enhanced wall treatment formulation [22]. First-order spatial discretization was used during
the steady-state simulations for pressure, momentum, turbulent kinetic energy, turbulent dissipation rate and
energy variables. The same variables are discretized using second-order discretization during the transient
simulations, in order to obtain a higher resolution. This approach is used successfully in other studies [23,24].

A total of 6 cases are simulated. For each case, inlet velocity remains constant at 10m/s and the rotational
speed is between 3.3 and 20 rad/s for a constant tip-speed ratio (TSR) in the range of 1–6. The two-dimensional
CFD power coefficients, cp, are similar to the results of [16]. The definitions of TSR and cp are shown in Eqs. (1)
and (2), respectively, where ω is the angular speed of the turbine, R is the turbine radius,U∞ is the freestream
speed, PT is the turbine power, ρ is the density of air, and A is the swept area of the turbine. The turbine power
is calculated as the number of blades multiplied by the average tangential force of the blades, the turbine radius
and the angular speed:

TSR = ωR

U∞
, (1)

cp = PT
1
2ρAU

3∞
. (2)

3 Energy-based iteration scheme for the DMS model with flow expansion

3.1 Formulation

The one-dimensional, frictionless and steady flow EB-DMSM uses the flow expansion of [14]. A diagram of
a streamtube is shown in Fig. 3. The energy balance in the upstream half is shown in Eq. (3), where U∞ is
the freestream speed, ṁ is the mass flow rate, Ue is the wind speed at the equilibrium position (x = 0), and
�Ẇu is the power extracted from the wind in the upstream half. The energy balance in the downstream half is
shown in Eq. (4), where Uw is the wind speed at the wake and �Ẇd is the power extracted from the wind in
the downstream half. Note that this is an energy balance per unit time (power). The upstream and downstream
powers are calculated from Eqs. (5) and (6), where N is the number of blades, ω is the turbine angular speed,
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Fig. 3 Diagram of the streamtube expansion representation used in the present work, showing the mathematical representation
of streamlines, velocities and streamtube widths for the energy-based and momentum-based DMS models

θ1, θ2, θ3 and θ4 are the angular limits of the streamtubes, and Fθ is the tangential force acting on a blade. The
tangential force is calculated from Eq. (7), where c is the blade chord, s is the blade span, W is the relative
wind speed, cL is the lift coefficient, cD is the drag coefficient, and α is the angle of attack. The variables W
and α are defined in Eqs. (8) and (9), respectively. The blade Reynolds number, ReB, is defined in Eq. (10),
where ν is the kinematic viscosity of air. The tangential force coefficient is defined in Eq. (11). The upstream
and downstream interference factors are defined according to [14], as shown in Eqs. (12) and (13):

1

2
ṁU 2∞ − 1

2
ṁU 2

e = �Ẇu, (3)

1

2
ṁU 2

e − 1

2
ṁU 2

w = �Ẇd, (4)

�Ẇu = NωR

2π

∫ θ2

θ1

Fθ (θ) dθ, (5)

�Ẇd = NωR

2π

∫ θ4

θ3

Fθ (θ) dθ, (6)

Fθ = 1

2
ρcsW 2(cL sin α − cD cosα), (7)

W = [(ωR +U sin θ)2 + (U cos θ)2]1/2, (8)

α = sign(cos θ) arccos

(
ωR +U sin θ

W

)
, (9)

ReB = cW

ν
, (10)

fθ = Fθ

1
2ρAU

2∞
, (11)

uu = Uu

U∞
, (12)

ud = Ud

Ue
. (13)

3.2 Mathematical representation of streamlines

The angular limits of the streamtubes are needed for the calculations addressed above. A mathematical repre-
sentation of the streamlines (streamtube limits) based on [14] is presented in this subsection. The streamline
representation is divided into upstream and downstream mathematical expressions according to Eqs. (14) and
(15), where A1, B1, C1, A2, B2 and C2 are constants that are determined for each streamline. A comparison
of the time-averaged streamlines of the CFD simulations for TSR = 4 is shown in Fig. 4. Based on the flow
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Fig. 4 Comparison of time-averaged streamlines of the two-dimensional CFD simulations and their mathematical representation
based on flow expansion obtained from CFD simulations for TSR = 4

expansion of the CFD simulations, constant upstream and downstream distances, L∞ and Lw, of two and four
turbine diameters, respectively, are used for the mathematical representation. There is very good agreement
between the time-averaged streamlines and the mathematical representation. The main difference is near the
equilibrium position (x = 0), which causes slightly different curvature of the streamlines and variations in the
angular limits of the streamtubes. This behavior is similar for the other tip-speed ratios studied.

Three boundary conditions are required on each half for each streamline. The upstreamboundary conditions
are obtained from the cross-stream coordinate of the streamline at the freestream and equilibrium positions, y∞
and ye, respectively, and by imposing a zero derivative at the freestream position. The downstream boundary
conditions are obtained from the cross-stream coordinate at the equilibrium and wake positions, ye and yw,
respectively, and by forcing the derivatives of f1 and f2 equal at x = 0. Note that the cross-stream coordinate
at the wake is reached asymptotically, which guarantees a zero derivative of the streamline at the wake. The
expressions for the constants are shown in Eqs. (16) and (17). This approach avoids the possible non-physical
behavior observed with higher-order polynomials. In this case, a fourth-order polynomial would be required
to cover the upstream and downstream halves because of the five boundary conditions required in that case
(three cross-stream coordinates at the freestream, equilibrium and wake locations and two zero derivatives at
the freestream and wake locations). Note that the streamlines are constructed sequentially from an undistorted
streamline that coincides with the x axis. Thus, the left and right sides (considered from the streamwise
direction) are calculated independently.

f1(x) = A1x
2 + B1x + C1, (14)

f2(x) = A2 − B2 exp(−C2x), (15)⎛
⎝ A1

B1
C1

⎞
⎠ =

⎛
⎜⎝

ye−y∞
L2∞

2(ye−y∞)
L∞

ye

⎞
⎟⎠ , (16)

⎛
⎝ A2

B2
C2

⎞
⎠ =

⎛
⎝

yw
yw − ye
2(ye−y∞)
L∞(yw−ye)

⎞
⎠ . (17)

4 Results and discussion

The EB-DMSM described in the previous section is programmed in MATLAB. The subsonic lift and drag
coefficients used to obtain the tangential force are from [25]. The blade Reynolds number and the angle of
attack are used to interpolate the data. The dynamic stall phenomenon observed at low tip-speed ratios [26] is
included in the model through the Massachusetts Institute of Technology (MIT) dynamic stall model [27]. A
sensitivity analysis is performed to study the influence of the number of streamtubes on themodel performance.
The best results are obtained for values between 6 and 30 streamtubes. The number of streamtubes (NST) close
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Fig. 5 Power coefficient versus tip-speed ratio comparison, two-dimensional CFD simulations, momentum-based DMS model
and energy-based DMS model

Fig. 6 Tangential force coefficient versus azimuthal angle comparison for TSR = 4, two-dimensional CFD simulations,
momentum-based DMS model and energy-based DMS model

to 10 is a common value for DMS models [11,14,28]. An NST equal to 12 is used for this study because it
is fast and accurate. No flow reversal is observed in the CFD simulations for the cases studied. Therefore, the
equations addressed in the previous section are solved for interference factors ranging from 1.0 to 0.5. The
interference factors resulting in equal left and right sides of the upstream and downstream equations, Eqs. (3)
and (4), are chosen as the solution. A discretization of 0.005 was used in the interference factor. The tower
effects are included using the speed deficit of [27].

To compare the accuracy of the power performance prediction of the EB-DMSM, the MB-DMSM is
also implemented. The same mathematical representation for the streamlines is used. Therefore, the linear
momentum equations of the MB-DMSM are very similar to the expressions used in [14]. The main difference
is that in this approach the lateral expansion of the flow is considered through the angle δ. The power coefficients
of the EB-DMSM, MB-DMSM and the CFD simulations are shown in Fig. 5 as a function of the TSR. The
maximum differences in the peak power coefficient predictions are 16 and 32% for the MB-DMSM and the
EB-DMSM, respectively. A comparison of the tangential force coefficient of one blade is shown in Fig. 6 for
TSR = 4. In general, the MB-DMSM tangential force coefficient results more closely match the CFD results.

Both models achieved convergence for tip-speed ratios up to 4. The reason convergence is not achieved
for higher TSRs is that the left (one-dimensional momentum or energy balance) and right (streamwise or
tangential coefficients) sides of the dimensionless EB-DMSM andMB-DMSM equations are not equal for any
interference factor in the range 0.5–1, as shown in Fig. 7. This is because the aerodynamic coefficients and the
dynamic stall model do not accurately represent the aerodynamics of the blades [26,29,30]; in fact, according
to Fig. 6, they are overpredicted.
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Fig. 7 Convergence issues at the first left-side streamtube in the streamwise direction for TSR = 5 and NST = 12: a momentum-
based DMS model and b energy-based DMS model

Fig. 8 Expansion ratio of the two-dimensional CFD simulations, momentum-based DMS model and energy-based DMS model:
a upstream half and b downstream half

The prediction of the flow expansion is quantified through the upstream and downstream expansion ratios,
ERu and ERd, which are defined in Eqs. (18) and (19) according to [14], whereW∞,We andWw are the widths
of the streamtubes that pass through the turbine at the freestream, equilibrium and wake locations, respectively.
The expansion ratios of the time-averaged flow of the CFD simulations is presented for all tip-speed ratios in
Fig. 8. The expansion ratios of the EB-DMSM andMB-DMSM are also shown. The flow expansion prediction
accuracy decreases with increasing TSR, especially for the MB-DMSM. The maximum differences in the flow
expansion prediction are 52.7 and 4.9% for the MB-DMSM and EB-DMSM, respectively.

ERu = W∞
We

(18)

ERd = We

Ww
(19)

The inability of the models to predict the power performance and flow expansion is attributed to the
simplicity of the models. The one-dimensional, steady flow and frictionless theory behind the MB-DMSM
and EB-DMSM is not capable of representing the complex fluid dynamics of the VAWTs.

To quantify the inaccuracy of the models, the imbalance of momentum and energy are calculated using
the aerodynamic coefficients and flow expansion from the CFD results. The dimensionless quantity needed
to satisfy the equations is calculated in each case as a function of the azimuthal position of one blade and the
TSR, as shown in Fig. 9. The dimensionless momentum correction, MC, is the term that must be added to the
left side of the equation to balance it. Hence, it can be interpreted as an additional force acting on the control
volume, for instance a force caused by the unsteady flow. The dimensionless energy correction, EC, is the term
that must be added to the right side of the equation. Therefore, it can be interpreted as an energy loss. The
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Fig. 9 Corrections as a function of the azimuthal angle and TSR imposing aerodynamic coefficients and flow expansion from
CFD results: a momentum-based DMS model and b energy-based DMS model

corrections follow a pattern in both cases. The amplitude of the corrections increases with increasing TSR.
Corrections are higher at the turbine center position (θ = 180◦ and θ = 0◦), which coincides with the higher
blockage of the blades on the flow.

5 Conclusions

A two-dimensional energy-based iteration scheme of the DMS model (EB-DMSM) is shown in the present
work. Expansion of the flow is included in the model through a mathematical representation of streamlines,
which is divided into upstream and downstream halves. This new approach is compared with a momentum-
based iteration scheme (MB-DMSM)and the results of a two-dimensional computational simulation of a 12-kW
straight-bladed VAWT. The mathematical representation of streamlines used for modeling the flow expansion
is in good agreement with simulations. Convergence of both schemes is achieved for tip-speed ratios (TSRs)
up to 4. Failure of the models to convergence at higher TSRs is attributed to their inability to adequately
represent the aerodynamic forces acting on the blades. The inaccuracy of both schemes is quantified using
aerodynamic coefficients and flow expansion from the computational simulations. The maximum differences
in the peak power coefficient predictions are 16 and 32% and in the flow expansion predictions are 53 and 5%
for the MB-DMSM and EB-DMSM, respectively. In conclusion, EB-DMSM provides a better prediction of
flow expansion, though the power prediction is not as accurate relative to MB-DMSM. The EB-DMSMwould
be useful for the prediction of interference among VAWTs in a wind farm. Corrections are required to improve
the predictions of power performance and flow expansion of turbines with different geometric and operational
parameters.
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