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MONOCHROMATIC CYCLE PARTITIONS

The first part of this thesis concerns monochromatic cycle partitions. We make the following
three contributions.

Our first result is that for any colouring of the edges of the complete bipartite graph K, ,
with 3 colours there are 5 disjoint monochromatic cycles which together cover all but o(n)
vertices of the graph. In the same situation, 18 disjoint monochromatic cycles together cover
all vertices.

Next we show that given any 2-local edge-colouring of the edges of the balanced complete
bipartite graph K, ,, its vertices can be covered with at most 3 disjoint monochromatic
paths. And, we can cover all vertices of any complete or balanced complete bipartite -
locally edge-coloured graph with O(r?) disjoint monochromatic cycles. We also determine
the 2-local bipartite Ramsey number of a path: Every 2-local edge-colouring of the edges of
K, , contains a monochromatic path on n vertices.

Finally, we prove that any edge-colouring in red and blue of a graph on n vertices and
of minimum degree 2n/3 + o(n) admits a partition into three monochromatic cycles. This
confirms a conjecture of Pokrovskiy approximately.

The second part of this thesis contains two independent results about (proper) edge-colouring
and parameter estimation respectively.

Regarding edge-colouring, we conjecture that any graph G with treewidth £ and maximum
degree A(G) > k + vk satisfies x'(G) = A(G). In support of the conjecture we prove its
fractional version.

Concerning parameter estimation we study, for any fixed monotone graph property P =
Forb(F), the sample complexity of estimating a bounded graph parameter zx that, for an
input graph G, counts the number of spanning subgraphs of G that satisfy P. Using a new
notion of vertex partitions, we improve upon previous upper bounds on the sample complexity
of estimating zr.
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MONOCHROMATIC CYCLE PARTITIONS

La primera parte de esta tesis es acerca de particiones de ciclos monocromaticos. Hacemos
las siguientes tres contribuciones.

Nuestro primero resultado es que por todos coloramientos de las aristas de un grafo
completo bipartito K,, con 3 colores hay 5 ciclos monocrométicos disjuntos que juntos
cubren todos menos o(n) vertices del grafo. En la misma situacion, 18 ciclos monocromaticos
disjuntos juntos cubren todos de los vertices.

A continuacién mostramos que dado cualquier coloramiento 2-local de las aristas del
grafo completo bipartito balanceado K, ,, sus vertices pueden ser cubiertos por 3 caminos
monocromaticos disjuntos. Ademas, podemos cubrir todos los vertices de cualquier grafo
completo o bipartido completo r-localmente colorado con O(r?) ciclos monocrométicos dis-
juntos. También determinamos el numero de Ramsey 2-local bipartito: Todos coloramientos
2-locales de las aristas de K, , contienen un camino monocromético de n vertices.

Finalmente, probamos que todos los coloramientos en rojo y azul de un grafo con n ver-
tices y grado minimo 2n/3 + o(n) permite una particion en 3 ciclos monocromaticos. Esto
confirma una conjetura de Porkovskiy aproximadamente.

La segunda parte de esta tesis contiene dos resultados independientes sobre coloramientos de
aristas (genuino) y estimacion de parametros respectivamente.

Con respeto coloramientos de aristas, conjeturamos que cualquier grafo G' con tamano de
arboles k y grado maximo A(G) > k + vk satisfecha y/(G) = A(G). Probamos la version
fraccional de esta conjetura.

Relacionado a la estimacion de parametros estudiamos, por cualquier propriedad monoé-
tona P = Forb(F), la complexidad de la muestra de estimar un parametro limitado zz que,
por un grafo de input GG , cuenta el numero de subgrafos generadores de GG que satisfacen P.
Utilizando un nuevo concepto de particiones de vertices, mejoramos las cotas anteriores de
la complexidad de la muestra de estimar zx.
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Introduction

The field of monochromatic partitioning aims to combine Ramsey theory with covering prob-
lems. For instance, given a complete graph K, whose edges are coloured in red and blue, how
many monochromatic cycles are needed to partition its vertices? Note that here we count
edges, single vertices and the empty set as cycles as well to omit some trivial cases. Lehel
conjectured that a red and a blue cycle are enough [9]. If we replace the cycles with paths
this is quickly seen to be true [45]. Gyarfas showed that in a red and blue edge coloured
complete graph one can find a red and a blue cycle which cover all vertices and intersect only
in a single vertex [52]. However, it took roughly twenty years to improve on that. Using the
regularity lemma and an approach of Luczak [79], Luczak and Rodl and Szemerédi gave a
proof of Lehel’s conjecture for sufficiently large complete graphs [80]. Later Allan showed
the same for graphs of smaller size (but still fairly large) [I]. Finally the conjecture was
completely resolved by Bessy and Tomassé relying on elemental arguments only [13].

Monochromatic partitioning has since then (and in particular lately) received a fair
amount of attention. The base question was generalized in many directions. The host graph
K, has been replaced by bipartite graphs [64], tripartite graphs [97|, graphs of bounded
minimum degree [I0], graphs of fixed independence number [96], infinite graphs [88] and
hypergraphs [62]. The monochromatic cycles, have been changed for paths [84], trees [65],
k-regular graphs [43] and graphs of bounded degree [5I]. The problem of monochromatic
partitioning and, in parts, the solutions can be generalized from r-edge-colourings to r-local
edge-colourings [25]. It is also worth mentioning that there is a whole branch of research
dedicated to studying similar problems in terms of covers instead of partitions. For more
details we refer the reader to the recent survey of Gyarfas [54].

0.1 Many colours

A natural generalization of the base problem is to ask what happens if the edges of the
complete graph are coloured with r > 2 colours. For example is it possible to partition K,
into a number of monochromatic cycles independent of n? This was settled positively by
Erdés, Gyarfas and Pyber [31].

Theorem 0.1.1 (Erdds, Gyarfas and Pyber '91). Any r-edge-coloured K,, admits a partition
into 2572 logr monochromatic cycles.

The proof of Theorem has been fairly influential and foreshadowed what is now
called the absorption method (see [89]). It is instructive to have a closer look. To this end
let us introduce the following auxiliary results.

Definition 0.1.2 (Crown). For k > 3, a k-crown consists of a cycle (vy,...,v;) together
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with a set of tips, that is additional vertices A = {ay, ..., ax} such that (v, viy1,a;) forms a
triangle for each i € [k] (mod k).

Note that crowns are Hamiltonian and remain so after the deletion of any subset of tips.
Moreover, since the maximum degree is bounded by 4, the Ramsey number of crowns grows
linear in their size. This is made numerically precise in the following lemma, whose short but
technical proof we omit.

Lemma 0.1.3 ([31]). For k > 3, any r-edge-colouring of K,, admits a monochromatic k-
crown with k > n/(2r(r!)3.

We will also use a classic result of extremal graph theory.

Theorem 0.1.4 (Erdés and Gallai ’59). For k > 3, any graph on n vertices and with at least
(n—1)(k —1)/2 edges contains a cycle of order at least k.

In particular Theorem implies that any r-edge-coloured K, contains a monochro-
matic cycle of order at least n/k. Finally we need the following lemma about bipartite
graphs.

Lemma 0.1.5 ([31]). Let H be an r-edge-coloured complete bipartite graph with biparti-
tion classes A, B and such that |A| > r3|B|. Then B can be covered by r* vertex disjoint
monochromatic cycles.

Now we are ready to prove Theorem [0.1.1]

Proof. We use Lemma to pick a, say red, k-crown Cy with set of tips A and k >
n/(2r(r!)®). Fix a positive integer t. For 1 < i < ¢ we apply Theorem to pick a
monochromatic cycle C in the graph K, — Jy<;<;; V(Cj). Denote by B the vertices of
Kn — Up<j<¢ V(Cj) An elementary calculation shows that |A| > r°|B| provided that ¢ >
|24r%log r|. Hence we can apply Lemma to cover the vertices of B by r? monochromatic
cycles. By design the remainder of the k-crown is Hamiltonian. Hence we have obtained a
monochromatic cycle partition of size 1 + 2472 logr + 2. ]

Given Theorem we can ask for the minimum number of monochromatic cycles
needed to partition the vertex set of an r-edge-coloured complete graph. It is not hard to see
that we need at least r cycles. For instance take a partition Vi, ..., V, of Kyr_; with |Vj| = 21,
and for i < j give all Vi-V; edges colour i. A cycle partition of this colouring contains a cycle
of colour i for each i € [r]. (In fact the same holds for a monochromatic path cover.) Erdds,
Gyéarfas and Pyber believed that this bound is sharp and generalized Lehel’s conjecture as
follows.

Conjecture 0.1.6 (Erdds, Gyarfas and Pyber '91). Any r-edge-coloured complete graph
admits a partition into r monochromatic cycles.

Note that unlike Lehel’s conjecture the colours of the cycles are allowed to repeat. This
is necessary because there are colourings, where a partition into cycles of distinct colours is
not possible, e.g. Figure [I]

For r = 3 some progress towards Conjecture [0.1.6] has been made. Gyéarfas, Ruszinko,
Sarkozy, Szemerédi showed that all but o(n) vertices of a 3-edge-coloured K, can be parti-
tioned into 3 monochromatic cycles [61]. However, somewhat surprisingly Pokrovskiy recently
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Figure 1: The numbers indicate the size of the vertex set. Coloured like this, K43 has no
partition into two monochromatic paths or into three monochromatic paths of (pairwise)
distinct colours.

Figure 2: Pokrovskiy’s counterexample.



found a counterexample, proving that Conjecture is wrong [84]. He defined colourings
of (arbitrary large) complete graphs for all » > 3, which require » monochromatic cycles and
an additional vertex for a proper partition. Let us give the details:

Example 0.1.7. We focus on the case r = 3 and n = 42. The examples for larger r,n are
very similar. Consider a colouring of H = K3 with colours {1,2,3} as in Figure . So in
particular H has no partition into two monochromatic paths or into three monochromatic
paths of (pairwise) distinct colours. Now we add three additional vertices vy, vq,v3 and
colour the edges between v; and V(H) and v;;1v;19 with colour i mod 3 (see Figure . We
claim that the 3-edge-coloured complete graph obtained this way can not be partitioned into
3 monochromatic cycles. Indeed assume otherwise and let C4,Cy, C3 be such a partition.
If, C say, consists only of edges vyvy, then Cy and C3 contain a partition of H into two
monochromatic paths. This is not possible. So none of cycles C7,Cs, C5 contains an edge
of type v;v;. However, since the edges between v; and V(H) have colour i, this implies that
the cycles (', Cy, C3 have pairwise distinct colours. Hence they contain a partition of H into
three monochromatic paths. A contradiction.

Nevertheless Pokrovskiy (and others) believes that Conjecture is not too far off the
mark.

Conjecture 0.1.8 (Pokrovskiy [84]). For every r there is a number ¢, such that any r-edge-
coloured complete graph admits a partition into r monochromatic cycles and c, vertices.

In support of his conjecture Pokrovskiy recently proved the case of r = 3 with ¢, =
43000 [85]. Using completely different methods, Letzter independently obtained the same
result for large n but with a better constant of ¢, = 60 [75].

In general, i.e. for all 7, the best known upper bound for monochromatic cycle partitioning
complete graphs has been obtained by Gyéarfas, Ruszinko, Sarkozy, Szemerédi in 2006.

Theorem 0.1.9 ([58|). Provided n is large enough, every r-edge-colouring of K, admits a
partition into at most 100r log r monochromatic cycles.

The better bound, in comparison to Theorem|[0.1.1], is due to an improvement of Lemmal0.1.5]
where under the same conditions only 8rlogr monochromatic cycles are needed to cover B,
and switching from crowns to dense matchings, which have better Ramsey numbers. Both of
these improvements require the Regularity Lemma either in their proof or in their implemen-
tation. However, as in the proof of Theorem [0.1.1] the majority of the vertices of the graph is
still covered by greedily applying Theorem . As noted in [58], it seems unlikely that the
bound can be improved significantly beyond O(rlogr), without replacing this process with
a less greedy strategy.

0.2 Bipartite graphs

After proving Theorem Erdés, Gyarfas and Pyber asked if similar results could be
obtained for bipartite graphs. Haxell solved this problem by proving the following [64].

Theorem 0.2.1 (Haxell '97). Any r-edge-coloured K, admits a partition into O(r?log®r)
monochromatic cycles.



The main difficulty in adapting the proof of Theorem to bipartite graphs is that
crowns are not bipartite. The other steps, i.e. covering the majority of the graph with The-
orem and absorbing the leftover with Lemma work as before. Haxell showed that
uniform graphs are a suitable replacement for crowns, i.e. they are bipartite and Hamiltonian,
even after deleting some vertices. Roughly speaking a bipartite graph is uniform, if it has
linear minimum degree and no (balanced) subgraph of linear size is empty (see Chapter
Section for details). Large uniform graphs can be found in any sufficiently dense graph,
which in our case is the subgraph of the colour which has the most edges. Peng, Rodl and
Rucinski [83] lowered the bound of Theorem to O(r?logr), by finding larger uniform
graphs under the same density conditions. By replacing Theorem in the step of covering
the majority of the graph, Stein and I recently improved this bound further to O(r?) (Theo-
rem in Chapter . In the case of r = 3, Haxell showed that 1695 cycles are sufficient.
(Erdds had proposed 25$ to anyone who could show that 1995 cycles are sufficient.) Schaudst,
Stein and I improved this to 18 monochromatic cycles. We also obtained the stronger result
that, provided n is large enough, any 3-edge-colouring of K, , admits a partition of all but
o(n) vertices into 5 monochromatic cycles [72]. These results are presented in Chapter [1]

0.3 Local colourings

Local edge-colourings present a generalization of r-edge-colourings. An edge-colouring is -
local if no vertex is adjacent to more than r edges of distinct colours. Local edge-colourings
have been studied in the context of Ramsey theory (see [57, 99, 103]). With respect to
monochromatic cycle partitions, Conlon and Stein recently generalised Theorem to
r-local colourings [25].

Theorem 0.3.1 (Conlon and Stein 16). Any r-locally edge-coloured complete graph admits
a partition into O(r*logr) monochromatic cycles.

Additionally they showed that if = 2, then two cycles suffice. The proof of Theorem [0.1.]]
follows the approach taken in . Since local Ramsey numbers are bounded (linearly) by
ordinary Ramsey numbers, monochromatic crowns and large cycles can be found without
difficulty. However Lemma needs to be proved again in a local setting. Stein and I
improved the bound of Theorem to O(r?) for sufficiently large n by avoiding the use of
Theorem [73]. We also show that it is possible to partition 3-locally coloured complete
bipartite graphs into 3 monochromatic paths and determine the 3-local path Ramsey number.
The details are in Chapter [2|

0.4 Non-complete graphs

Motivated by ideas of Schelp, Balogh et al. asked if Lehel’s conjecture stays true for graphs
of bounded minimum degree [10]. They conjectured the following: given any graph G on n
vertices and of maximum degree 3n/4, for any colouring of the edges in red and blue, there
are a red and a blue cycle which together partition the vertices of G. Note that there are
graphs of minimum degree 3n/4 — 1 that do not admit such a partition. In support of their
conjecture, Balogh et al. proved an approximate result [I0]. They showed that, for every
¢ there is an ng such that for any graph G on n > ng vertices and with minimum degree

5



at least (3/4 + €)n, any colouring of the edges of G in red and blue admits disjoint red
and blue cycles which together cover all but en vertices. DeBiasio and Nelsen were able to
improve on this by obtaining a proper partition into a red and a blue cycle under the same
condition [27]. Finally Letzter proved the conjecture for sufficiently large n [74]. All three
results use the method introduced in [79], which itself relies on the Regularity Lemma. Based
on these advances Pokrovskiy conjectured that similar results are true for graphs of lower
minimum degree. In particular, he conjectured that red and blue edge coloured graphs of
minimum degree 2n/3 (n/2) can be partitioned into 3 (4) monochromatic cycles [85]. There
are examples which show that these numbers are essentially tight. In Chapter [3| we confirm
the first part of his conjecture approximately. We prove that for every e there is an ngy such
that for any graph G on n > ny vertices and with minimum degree at least (2/3 + €)n, any
colouring of the edges of G in red and blue admits a partition into 3 monochromatic cycles.

0.5 Other results

Besides monochromatic partitioning I have worked on the following topics.

0.6 Edge-colouring of sparse graphs

Let us introduce two concepts. The chromatic index of a graph G is the least integer,
such that G' admits an edge-colouring where no two adjacent edges receive the same colour.
Generally speaking, the tree-width of a graph indicates how similar a graph is to a tree (see
Chapter [4| for a proper definition). Here we are interested in the chromatic index of graphs
with fixed treewidth and high maximum degree. Nakano, Nishizeki and Zhou [82] showed
that a graph of treewidth & and maximum degree A > 2k has chromatic index A. Bruhn,
Gellert and I believe that this can be improved to A > k 4+ v/k. If true this would be best
possible as examples show. In support of our conjecture we proved its fractional version. The
proofs contain graph decomposition arguments to obtain structural properties and suitable
adjacency lemmas that can be applied to these. The details are presented in Chapter [4

0.7 Parameter estimation

Together with Hoppen, Kohayakawa, Lefmann and Stagni I worked on a project about pa-
rameter estimation. For any fixed monotone graph property P = Forb(F), we studied the
sample complexity of estimating a bounded graph parameter zx that, for an input graph G,
counts the number of spanning subgraphs of G that satisfy . To improve upon previous
upper bounds on the sample complexity, we showed that the vertex set of any graph that
satisfies a monotone property P may be partitioned equitably into a constant number of
classes in such a way that the cluster graph induced by the partition is not far from satisfy-
ing a natural weighted graph generalization of P. Properties for which this holds are said to
be recoverable, and the study of recoverable properties may be of independent interest. The
proofs use (weak) graph regularity and probabilistic arguments. The results are presented in
Chapter 5



Chapter 1

Almost partitioning a 3-edge-coloured
Ky n Into 5 monochromatic Cyclesm

Richard Lang, Oliver Schaudt and Maya Stein

Abstract

We show that for any colouring of the edges of the complete bipartite graph K, , with 3
colours there are 5 disjoint monochromatic cycles which together cover all but o(n) of the
vertices. In the same situation, 18 disjoint monochromatic cycles together cover all vertices.

1.1 Introduction

The monochromatic cycle partition problem is a Ramsey-type problem that originated in
work of Gerencsér and Gyarfas [45] and Gyarfas [52], and lately received a considerable
amount of attention from the community. Given a graph GG, and a (not necessarily proper)
colouring of its edges with r colours, we are interested in covering V' (G) with mutually disjoint
monochromatic cycles, using as few cycles as possible. (For technical reasons, single vertices,
single edges and the empty set count as cycles as well.) To state the problem more precisely,
the aim is to determine the smallest number m = m(r, G) such that for any r-edge colouring
of G, there are m disjoint monochromatic cycles that cover V(G).

The case G = K, received the most attention so far. An easy construction shows that at
least r cycles are necessary to cover all the vertices, and Erdés, Gyarfas and Pyber [31] showed
that the number of cycles needed is a function of r (independent of n). The currently best
known upper bound of 1007 logr (for large n) for this function is due to Gyarfas, Ruszinko,
Sarkozy and Szemerédi [58]. For r = 2, Bessy and Thomassé [I3] showed that a partition
into 2 cycles (even of different colours) always exists, thus proving a conjecture of Lehel [9]
and extending earlier work of [80, I]. (See also [85] for an alternative proof.) Motivated by
ideas of Schelp, Balogh et al. [10] suggested a strengthening of Lehel’s conjecture: Every 2-
coloured n-vertex graph of minimum degree at least 3n/4 can be partitioned into a red and a
blue cycle. As evidence for their conjecture, Balogh et al. [I0] proved an asymptotic version:
All but o(n) vertices of any 2-coloured n-vertex graph of minimum degree (3/4 4 o(1))n can

!The results of this chapter have been accepted for publication in SIAM J. Discrete Math [72].

7



be partitioned into a red and a blue cycle. DeBiasio and Nelsen [27] adapted the absorbing
method of [90], to show that under the same conditions, all vertices of the graph can be
partitioned into a red and a blue cycle. Extending this technique, Letzter [T4] proved the
conjecture of Balogh et al. for large n.

The conjecture [31]] that » monochromatic cycles suffice to partition any r-coloured com-
plete graph for all » > 3, was disproved by Pokrovskiy [84]. However, his examples allow
partitions of all but one vertex. In light of this, it has been proposed to tone down the
conjecture, allowing for a constant number of uncovered vertices [I0, [84]. On the positive
side, for = 3, three monochromatic cycles suffice to partition of all but o(n) vertices of K,
and, for large enough n, 17 monochromatic cycles partition all of V(K,); this was shown
by Gyarfas, Ruszinko, Sarkozy, and Szemerédi [61]. (Actually, by a slight modification of
their method, one can replace the number 17 with 10, see Section . Very recently,
Pokrovskiy [85] showed that it is indeed possible to partition all but a constant number of
vertices of a 3-coloured complete graph into at most 3 cycles [85]. This was independently
confirmed by Letzter with a better constant [75].

For GG being the balanced complete bipartite graph K, ,,, first upper bounds for monochro-
matic cycle partitions were given by Haxell [64] and by Peng, R6dl and Ruciniski [83]. The
current best known result is that 472 monochromatic cycles suffice to partition all vertices of
K, if nis large [73].

For a lower bound, an easy construction shows we need at least 2r — 1 cycles to cover all
the vertices. For instance, starting out with a properly r-edge-coloured K, ,, blow up each
vertex in one partition class to a set of size r, while in the other partition class only blow up
one vertex to a set of size r(r — 1) + 1. A similar construction is given in [84].

We believe that the lower bound of 2r — 1 might be the correct answer to the monochro-
matic cycle partition problem in balanced complete bipartite graphs. This suspicion has
recently been confirmed for r = 2 by Letzter [75], after preliminary work of Schaudt and
Stein [97]. (See also [76] for a short proof for a partition into 4 cycles. Our contribution here
is that the lower bound of 2r — 1 is asymptotically correct also for r = 3.

Theorem 1.1.1. For any 3-edge-colouring of K,
(a) there is a partition of all but o(n) vertices of K, ,, into five monochromatic cycles, and

(b) if n is large enough, then the vertices of K, , can be partitioned into 18 monochromatic
cycles.

The second part of our theorem improves the formerly best bound of 1695 disjoint
monochromatic cycles for covering any 3-edge coloured K, ,, [64]. We remark that in [97] it is
shown that 12 monochromatic cycles suffice to partition all the vertices of any two-coloured
Kpn.

A related result for r = 2 and for partitions into paths, is due to Pokrovskiy [84]. He
showed that a 2-edge-coloured K, ,, can be partitioned into two monochromatic paths, unless
the colouring is a split colouring, that is, an edge-colouring that has a colour-preserving homo-
morphism to a properly edge-coloured K5 5. In a split colouring, three disjoint monochromatic
cycles (or paths) are always enough to cover all vertices. Pokrovskiy [84] conjectures 2r — 1
disjoint monochromatic paths suffice for arbitrary r.

We now briefly sketch the proof of our main result, Theorem [I.1.1] thereby explaining
the structure of the paper. The proof of Theorem |1.1.1{(a)| involves the construction of
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large monochromatic connected matchings (see below) and an application of the Regularity
Lemma [102]. This method has been introduced by Luczak [79] and became a standard
approach.

A monochromatic connected matching is a matching in a connected component of the
graph spanned by the edges of a single colour, and such a component is called a monochro-
matic component. Slightly abusing notation, we treat matchings as both edge subsets and
1-regular subgraphs. The following is our key lemma. Its proof is given in Section [1.2}

Lemma 1.1.2. Let the edges of K, , be coloured with three colours. Then there is a partition
of the vertices of K, into five or less monochromatic connected matchings.

Now for the proof of Theorem , apply the Regularity Lemma to the given 3-edge-
coloured K, ,,. The reduced graph I' is almost complete bipartite and inherits a 3-colouring
(via majority density of the pairs). A robust version of Lemma [1.1.2] namely Lemma [1.3.]
(see Section , permits us to partition almost all of R into five monochromatic connected
matchings. In the subsequent step, presented in Section [I.4] we apply a specific case of the
Blow-up Lemma [60, [70l [79] to get from our matchings to five monochromatic cycles which
together partition almost all vertices of K, ,,.

The proof of Theorem is given in Section [.5.2] It combines ideas of Haxell [64]
and Gyarfas et al. [61] with Theorem [I.1.1(a)l First, we fix a large monochromatic subgraph
H |, which is Hamiltonian and remains so even if some of the vertices are deleted from it. Then,
using Theorem [I.1.1(a)} we cover almost all vertices of K, , — V(H) with five vertex-disjoint
monochromatic cycles. The amount of still uncovered vertices being much smaller than the
order of H, we can apply a Lemma from [58] in order to absorb these vertices using vertices
from H, and producing only a few more cycles. We finish by taking one more monochromatic
cycle, which covers the remainder of H.

1.2 Covering with connected matchings

In this section we give the proof of the exact version of Lemma [I.1.2] Its proof has been
written with the proof of the more technical robust counterpart (Lemma in Section|1.3])
in mind, in order to ease the transition between the two proofs. It may therefore appear to
be a bit overly lengthy in some of its parts.

1.2.1 Preliminaries

This subsection contains some preliminary results for the proof of our key lemma, Lemmal[I.1.2]
which is given in the subsequent subsection. We start with some definitions. The biparts of
a bipartite graph H are its partition classes, which we denote by H and H. If X C H and
Y CH,orif X CHandY C H, we write [X,Y] for the bipartite subgraph induced by the
edges between X and Y.

Definition 1.2.1 (empty graph, trivial graph). A bipartite graph is empty if it has no
vertices and trivial if one of its biparts has no vertices.

For a colouring of the edges of H with colours red, green and blue, a red component R
is a connected component in the subgraph obtained by deleting the non-red edges and a
red matching is a matching whose edges are red. The same terms are defined for colours



green and blue. We now introduce two types of colourings for 2-coloured bipartite graphs.
We call an edge colouring of a bipartite graph H in red and blue a V-colouring if there are
monochromatic components R and B of distinct colours such that

1. each of R and B is non-trivial;
2. RU B is spanning in H;
3. [V(RNB)| = [V(H)| or [V(ROB)| = |V(H)].
A colouring of E(H) in red and blue is split, if
1. all monochromatic components are non-trivial;
2. each colour has exactly two monochromatic components.
The following lemma classifies the component structure of a 2-coloured bipartite graph.

Lemma 1.2.2. [f the bipartite 2-edge-coloured graph H is complete, then one of the following
holds:

(a) There is a spanning monochromatic component,
(b) H has a V-colouring, or
(c) the edge-colouring is split.

Proof. Let R be a non-trivial component in colour red, say. Set X := H — R and note that

all edges in [R, X] and [R, X] are blue.

We first assume that [X| = 0. If also |X| = 0, we are done, since then R is spanning.
Otherwise, |X| > 0, and thus the colouring is a V-colouring.

So by symmetry we can assume that both |X| > 0 and |X| > 0. If there is a blue edge in
R or in X, then H is spanned by one blue component. Hence, all edges inside R and X are
red and the colouring is split. O]

Corollary 1.2.3. If a bipartite 2-edge-coloured graph H is complete, then
(a) there are one or two non-trivial monochromatic components that together span H, and
(b) if the colouring is not split, then there is a colour with exactly one non-trivial component.
Let us now turn to monochromatic matchings.

Lemma 1.2.4. Let H be a balanced bipartite complete graph whose edges are coloured red
and blue. Then either

(a) H is spanned by two vertex disjoint monochromatic connected matchings, one of each
colour, or

(b) the colouring is split and

e H is spanned by one red and two blue vertex disjoint connected monochromatic
matchings and
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e H is spanned by one blue and two red vertex disjoint connected monochromatic
matchings.

Proof. First assume that the colouring is split. We take one red maximum matching in each
of the two red components. This leaves at least one of the blue components with no vertices
on each side. We extract a third maximum matching from the leftover of the other blue
component, thus leaving one of its sides with no vertices. Thus the three matchings together
span H. Note that we could have switched the roles of red and blue in order to obtain two
blue and one red matching that span H.

So by Lemma|1.2.2] we may assume that either there is a colour, say red, with a spanning
component R, or H has a V-colouring, with components R in red and B in blue, say. In
either case, we take a maximum red matching M in R. Then there is an induced balanced
bipartite subgraph of H, whose edges are all blue, which contains all uncovered vertices of
each bipart of H. If this subgraph is trivial, we are done. Otherwise, we finish by extracting
from it a maximum blue matching M’ C B. As H is complete and there are no leftover edges
in said subgraph, we obtain that M U M’ spans H, and we are done. O

We continue with a lemma about the component structure of 3-edge-coloured bipartite
graphs.

Lemma 1.2.5. Let the edges of the complete bipartite graph H be coloured in red, green
and blue, such that each colour has at least four non-trivial components; then there are three
monochromatic components that together span H.

Proof. Let R be a red non-trivial component. Since there are three more red non-trivial
components, the three graphs X := H — R, [R, X] and [R, X] are each non-trivial. Moreover,
the edges of the latter two graphs are green and blue. By Corollary [1.2.3(a)| there are one
or two non-trivial monochromatic components that together span [R, X|. So, if [R, X] has a
spanning monochromatic component, then we can span H with at most three components,
which is as desired. Therefore and by symmetry we may assume from now on that none of
[R,X] and [R, X] has a spanning monochromatic component. Suppose [R, X] has a split-
colouring. By Lemma m, either [R, X| is split or one of R and X is contained in the
intersection of a blue and a green monochromatic component. In the latter case the union of
three monochromatic components of the same colour contains one of the biparts of H. But
this is impossible as each colour has at least four non-trivial components. On the other hand,
if both [R, X] and [R, X| have a split colouring, then each bipart of H is contained in the
union of four green components as well as in the union of four blue components, and thus
all edges in X are red. But then there are only two non-trivial red components, R and X, a
contradiction.

So by Lemma , and by symmetry, we know that [R, X] and [R, X] both have
green/blue V-edge-colourings. Thus each of [R, X] and [R, X] has a non-trivial blue com-
ponent and a non-trivial green component, say these are By, G; and By, G5 respectively.
Furthermore, X or R is contained in the intersection B; NGy, and X or R is spanned by the
intersection By N Go.

We first look at the case where X is contained in By N G. If R is contained in By N Go,
then both green and blue have at most two spanning components, which is a contradiction.
On the other hand, if X is contained in B, N G4, then H is spanned by the union of R and
the blue components in H that contain B; and B,, and we are done.

11



Consequently we can assume by symmetry and by Lemma that R is spanned by
Bi NGy and R is spanned by By, N Gy. Observe that [Gy, Gs) is coloured red and blue and

[B1, By] is coloured red and green, since otherwise, we obtain the desired cover. Suppose there
is a red component of [Gy, Go] that is spanning in [G1, Ga). Such a component, together with
By and B, spans H. So, we can assume |Gy, (5] has no red spanning red component.
Moreover, since there are at least four non-trivial blue components, |G, (5] contains two
blue components, which are non-trivial each.

Since these blue components are non-trivial in H, [G], (5] does not have a V-colouring
(in itself). Thus, by Lemma , [G1, Go] is split coloured in red and blue. Similarly we see
that [Bi, Bo] is split coloured in red and green.

Consider the edges in [G1, Bo] and [Bi, Ga). If any of these edges is green or blue, then
our graph is spanned by three green or by three blue components. On the other hand, if all
edges in [G1, Bs] and [By, Gy are red, then H has only three non-trivial red components, a

contradiction. ]

1.2.2 Proof of Lemma [1.1.2|

We are now ready to prove Lemma [I.1.2] Let H be a balanced bipartite complete graph of
order 2n. Our aim is to show that H can be spanned with five vertex disjoint monochromatic
connected matchings. We suppose that this is wrong in order to obtain a contradiction. We
prove a series of claims in order to reduce the problem to a specific colouring, which then
receives a distinct treatment.

Claim 1.2.6. Each colour has at least three non-trivial components.

Proof. Suppose the claim is wrong for colour red, say. By assumption, there are two (possibly
trivial) red components Ry and Ry in H, such that all other red components are trivial. Let
M be a maximum red matching in Ry U Ry. Then every edge in the balanced bipartite
subgraph X := H — M is green or blue. By Lemma [1.2.4] H can be spanned with three
vertex-disjoint monochromatic connected matchings. So in total we found at most five vertex-
disjoint monochromatic connected matchings that together span H. O]

Claim 1.2.7. There are no two monochromatic components that together span H.

Proof. Suppose the claim is wrong and there are monochromatic components R and B that
together span H. By Claim we can assume that they have distinct colours, say R is red
and B is blue. Take a red matching M™¢ of maximum size in R and a blue matching M of
maximum size in B—V (M™). Set R’ := R—V (M™UMP") and B" := B—V (M U MPMe).
By maximality, any edge between B’ and R’ is green. The same holds for the edges between
B’ and R'.

If [B’, R'] is empty, we finish by picking a maximum matching in [R’, B']. We proceed
analogously if [R’, B'] is empty. Assuming that both are non-empty we now pick now pick a
maximum matching in each of the green components of H — V (M*d U MP¥¢) that contain
[B', R, [B, R']. (If this is the same component, we only pick one matching. If R’ or B’ is
empty, we let the matchings be empty.) Call these green matchings M7 " resp. M5 . Let
B" := B — V(M U ME*") and R” := R’ — V(M}P*" U ME*™").

Observe that by the maximality of M and M§*", if one of R”, B” is non-empty, then
the other one is empty. The same holds for the sets B”, R”. Thus one of the two graphs R”,

B" is empty, say this is B”.
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The edges in R” are green and blue. If R” contains no green edges, we can pick another
blue matching of maximum size and are done. Then again, if R” contains a green edge, it
follows by maximality of ME™“™" and ME™“" that both of them are empty, which implies that
there are no green edges in R’ U B’. In this case we ignore M and M5 and finish as
follows: By Lemma [1.2.4] R’ can be spanned by at most 3 vertex disjoint monochromatic
connected matchings. This proves the claim. O

Claim 1.2.8. LetY and Z be monochromatic components of distinct colours such thatY NZ
15 non-trivial. Then'Y — Z is not empty.

Proof. Let Y be a red component, Z be a blue component, and let X := H — (Y U Z).
Suppose that Y — Z is empty. We first note that all edges in [Y N Z, X] and [Y N Z, X] are
green. Moreover, by Claim [.2.0] there is another non-trivial blue component in H, which
implies that X is non-trivial.

The subgraphs [Y N Z, X] and [Y N Z, X| cannot belong to the same green component,
since otherwise H is spanned by the union of said green component and Z, which is not
possible by Claim [I.2.7, Consequently, X has no green edges. By Claim there is a
green non-trivial component G CY UZ. As H=ZU(Y — Z)U X and Y — Z is empty, we
obtain that G N Z is non-trivial in H and G — Z C Y — Z is empty. Thus G has the same
properties as Y with respect to Z and we can repeat the same arguments as above to obtain
that all edges in X are blue. But this is a contradiction to Claim [I.2.7, as X and Z together

span H. O
Claim 1.2.9. There is a colour that has exactly three non-trivial components.

Proof. We show that there is a colour with at most three non-trivial components. This
together with Claim yields the desired result. So suppose otherwise. Then each colour
has at least four non-trivial components. By Lemma [I.2.5] there are components X, Y and
Z that together span H.

By assumption, not all of X, Y and Z have the same colour. If two of these components,
say X and Y, have the same colour, say red, then H — (X UY') contains a red component
that is non-trivial, by the assumption that our claim is false. The intersection of this red
component with Z is non-trivial. Hence we get a contradiction to Claim [1.2.8|

So assume X is red, Y is blue and Z is green. We claim that (after possibly swapping
top and bottom parts)

(YNZ)— X is empty. (1.2.1)

Indeed, otherwise (YN Z)— X is non-trivial. Then, as [X, (Y N Z) — X] is non-trivial and its
edges are green and blue, we get X C Y U Z since every vertex in X sees a vertex in Y N Z.
In the same way we obtain X C Y U Z. Thus Z UY is spanning, which is not possible by
Claim This proves (|1.2.1]).

By assumption, H — X contains three non-trivial red components R;, Ry and Rj, say.
Fori# j, [RiNn(Y —Z2),R;N(Z —Y)] has no red, blue or green edges and thus is trivial.

So for at most one i € {1,2,3} the subgraph R, N[Y — Z,Z — Y] is non-trivial. The same
holds for [R;N (Y — Z),R; N (Z —Y)]. Consequently, and by the pigeonhole principle, we
can assume that,

RiNY—-ZZ-=Y]and RiN[Y —Z,Z — Y] are both trivial. (1.2.2)
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As R, is non-trivial, we can suppose that without loss of generality Ry N'Y is non-trivial.
Thus, by (1.2.1) Ry N (Y — Z) is non-empty. Hence, by (1.2.2)) we get:

IRiNZ-Y|=0.

—~

1.2.3)

Moreover, Claim m (applied to Ry and Y') implies that R; has at least one vertex in Z — Y
or Z —Y. By (1.2.3) we have the latter case and hence

RiN(Z—-Y)and RN (Y — Z) are each non-empty. (1.2.4)

The fact that [Y — (X UZ),RiN(Z—-Y)] and [Z — (X UY), Ry N (Y — Z)] only have red
edges, together with (1.2.2)) and (|1.2.4]), yields that

Y —(XUZ)and Z — (X UY) are each empty (1.2.5)

Now by (and by the existence of Ry, Ry, R3), we know that (Y N Z) — X is non-
empty. So each vertex of X has a neighbour in (Y NZ) — X and hence X C Y U Z. Since,
by Claim @, H is not spanned by Y U Z, we have that X — (Y U Z) is non-empty. This
and (1.2.4) imply that [X — (YU Z),Y — (XU Z)]and [X — (YU Z),Z — (X UY)] are non-
trivial each. As the edges of these subgraphs are green and blue respectively, there are green
and blue components G and B such that H — X — [(GNY) U (BN Z)] is empty.

Now let G’ be another non-trivial green component. Then G’ — X is empty, while G’ N X
is non-empty. By it follows that G’ — X is empty, while G’ N X is non-empty. This
is not possible by Claim and completes the proof. ]

Using Claim [1.2.9 we assume from now on that without loss of generality, colour red has
exactly three non-trivial components Ry, Ry and R3. Fori = 1,2, 3, let M; be a red matching
of maximum size in R;.

The remaining graph Y := H — M; — Ms — M3 has no red edges. If Y is trivial, then
as |[Y| = |Y]|, the graph Y is empty, and so we are done. If Y can be spanned by two
disjoint monochromatic connected matchings, we are also done, since in that case, we found
five matchings which together span H. So we can assume that the colouring of Y is split,
by Lemma and as the edges of Y are green and blue. We denote the blue and green
components of Y by B}, B}, respectively G, G, where B, = G, B} = G, B, = G}, and
Bl = G|. Note that the subgraph -

B} U By U M; U M, U Mj is spanning in H. (1.2.6)

By Lemma [1.2.4] Y can be spanned by two blue matchings My C Bj, M5 C Bj and an
additional green matching. If any of the matchings M; is trivial, we can ignore it and still
have a sufficiently large cover of H. Thus we get that

B}, By, Gy, G,, My, M, and Mj are non-trivial. (1.2.7)

Moreover, let B; and By be the blue components in H that contain B] and Bj, respec-
tively. We define GG; and G5 analogously. If By = By, we are done as M, U M; is a connected
matching. This and symmetry imply

Bl 7é B2 and Gl 7é Gg. (128)
The colouring so far is shown in Figure
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Bi=G, By=Gy M, M, M
| | | | | | | | | |

red
green

blue
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B-G B-Gy, M M I

Figure 1.1: The structure of the colouring before Claim [1.2.10

Claim 1.2.10. For eachi=1,2,3 we have that
(a) oif|M\G1UG2|>O,thenﬂ@&or%@&;
o if [M;\ B, UDB,| >0, then G C B or Gy C R;
(b) e if |M;\ G1UG,| >0, then B] C R; or
o if [M;\ BiUDB,| >0, then Gf C Ry or Gy C

| &
N
R

(C) Oif|M\G1UG2U31UBgl>O,th@nBiUBé:GiUGég&;
o if M\ G1 UGy U By UBy| >0, then BjUB, =G, UG, CR;.

Proof. For the first part of (a), assume |M; \ G; UG3| > 0. Note that there is no green
edge between M; \ G; UGy and G4. First assume that M; N B; \ G} UG, is non-empty.
Then, by |1.2.8, any edge between M; N By \ G; UGy and B, = G} is red. So, by
the result follows. So we can assume that this is not true. Similarly the result holds if
My N By \ G; UG,| > 0. Therefore we can assume that M; \ B; U B, UG; UGy is non-
empty. In this case, since all edges between M\ G1 UGy U By U By and B are red, the
result follows again by (1.2.7). Statement (b) and the second part of (a) follow similarly.

For the first part of , note that any edge between M;\G; U G5 U By U B, and B} U B),
G4 U G} has to be red and use ([1.2.7). The second part of (c) is analogous.

]
By Claim there are green and blue non-trivial components G3 # G, Gy and B3 #
Bl7 BQ in H.

Proof. Assume otherwise. That is, assume
|[V(Gs N B3N (M UMy U Ms))| = 0.

The components B and G3 do not meet with B} U By = G} U GY and by (1.2.6), there are
no vertices outside of B} U By U M; U My U Ms. We conclude that By N (M; U My U Mj) and
G3 N (M; U My U M3) are each non-trivial. Hence there are indices i,1’, 7, j* such that there
is a blue non-trivial subgraph B C B3 and a green non-trivial subgraph G% C G5 such that
Fg C M, and B; C My, and ?’3 C M and G4 C M. Actually, we can choose these indices
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such that i # i’ and j # j'. Since if i = ', say, Claim yields that (B3N H) \ M; is not
empty and therefore, by , there is some index k # i such that B3 N M}, is not empty,
which allows us to swap i’ for k.

For an index k # i, the edges between B C Ry N M; and G4 N M), are blue and green. As
by our initial assumption |V (GsN BN (M;UMyUM;))| = 0, this implies that |G N M| = 0.
In the same way we obtain that |G3 N M| = 0 for k # i’ or |B N M| = 0, but the latter
cannot happen by the choice of B}. Hence we have i = j’ and i’ = j; in other words,

|Mi N G3| > 0, |MJ N G3| > 0, |]\41 N B3| > 0 and |MJ N Bg‘ > 0.

So by Claim[1.2.10] (a) and (b), either we have B{ C R; and Bj C R;, or we have G| C R,
and G5 C R;. Indeed, the fact that |M; N G| > 0 together with Claim (b) implies
that one of B} = G4 C R;, By = G5 C R; holds. Without loss of generality, we assume the
latter. Next, as [M; N Bs| > 0, Claim |1.2.10| (a) implies that G} = By C R; or G4 = B} C R..
Without loss of generality, we assume the former. We repeat the same with index j, and
since we already know that B) C R;, the output of Claim has to be B] = G C R; for
|M; N G3| > 0 and B} = G, C R; for |M; N B3| > 0. For the remainder, let us assume that
B} C R; and B; C R;.

Then G/ NRy = 0 = G4N Ry, where k is the third index, which together with Claim [1.2.10]
(a) and (b), gives that |R, N (G3 U Bs)| = 0. The edges between B) = G} C G; N R; and
B} N R; have to be green, which implies By C G;. As any edge between B} and Ry, — Bs has
to be green this implies |R, N G| > 0 since Ry is non-trivial and |R; N B3| = 0. This also
implies that |Ry — G| = 0.

By repeating the same argument with B; = G C G and Bj, it follows that [R, N G| > 0
and |Ry — G1| = 0. So Ry N Gy is non-trivial and R, — G is empty, a contradiction to
Claim [[.2.8 O

Claim [[.2.TT and the symmetry between the M, in both biparts allow us to assume that
without loss of generality

|M3 NG3N B3| > 0. (129)
This implies [Ms \ G1 UGy U By U By| > 0 and thus by Claim [1.2.10)(c){ with i = 3 we obtain

BiUB; =G{UG, C Rs. (1.2.10)

This implies that (R; U Ry) N (G UGY) = (). Since the edges between Mz N G5 N By and
Ry U Ry are coloured green and blue, we have by that

My UM, C Ry URy C G3U Bs. (1.2.11)
So, by and Claim with i = 1, we can assume that without loss of generality
B, =G, CR, (1.2.12)

and hence by and Claim with i = 2 it follows that
By, = Gh, C R,. (1.2.13)

The structure of the colouring so far is sketched in Figure . The assertions (|1.2.12])
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Figure 1.2: The structure of the colouring after (|1.2.13)).

and (1.2.13)) imply that Rz N G5 UG, = (. Suppose that there is an # € RiUR, \
G1UGyU B UB,. By , the edges between z and G} UG, = Bj U B are not red,
and neither green or blue by choice of x. As G and G}, are both non-trivial in H by
and H is complete, we obtain a contradiction. Hence

My UM\ GiUGyU By U By =0). (1.2.14)

In the same fashion, suppose there is an x € (M3 \ G1 U G>) U (M3 \ B1 U B,). By (1.2.12)
and (T.2.13)), the edges between 2 and B} = G’ respectively B, = GY are neither green nor
blue by choice of x. Again, using ([1.2.7)) and the completeness of H, we obtain a contradiction

as

Finally, suppose there is an x € B3 U Gz N M; U M,. By ([1.2.7), x sees vertices in M3. This,

however, contradicts ({1.2.15)) and thus
B3 UG3N MU M, = 0. (1.2.16)

Next, we restore the symmetry between the colours.
Claim 1.2.12. Fach colour has exactly three components.

Proof. We already know that Ry, Ry and R3 are the only red components in H. Suppose
there is a (possibly trivial) green component G, distinct from G, G5 and G3. Assume first
that G4 # (). Note that any edge between G4 and G U G is red or blue By @ no vertex
of G4 can send blue edges to both G" and Gj. Moreover, by (1.2.12)) and (1.2.13), no verteX
of G4 can send red edges to both G and GY. Since H is complete and G = B’ and Gl =
are non-trivial, we derive G4 C R; U Ry N By U By. But this contradicts , because H
is complete.

Now let us assume that G4 = ), and so, G, # 0. In other words, G4 consists of a single
vertex with no incident green edges. Suppose that G4 N M3 = 0. So by and ,
the edges between G4 and G U G, are blue, which contradicts that Bf and B} lie in distinct
blue components, as asserted by @ Therefore G, C M;. As Gy = (), all edges between G4
and M; U M, are blue. By @ and m Bs C [My U MQ,Mg] Since H is complete
and Bs is non-trivial, we obtain that G, C Bs. We also have that G3 C [M; U My, Ms]
by and . Since G is non-trivial it follows that, Gz N M; U M, is non-empty.
Since the edges between G, and G are blue, we obtain that M; UM, NGsN Bs # (). But
this represents a contradiction to (1.2.12)) or ([1.2.13)), since there is no colour left for the
edges between G5 N Bs and Bf U Bj. Since a fourth blue component would behave the same
way as (G4, this finishes the proof of the claim. O
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By (1.2.10) it follows that Ry = M; for i = 1,2. In the same way (1.2.12) and ([1.2.13])

imply that -
R3 == Mg.

For1 <1i,j,k < 3wedenotei|j|k := R; N G; N By and i|j|k := R; N G; N By. From
and [[.L2.73] we obtain that

[L[L[A], [2[22], [3[3[3] > 0.

(1.2.17)

1.2.7[1.2.9

d

1.2.12

(1.2.18)

Note that by definition and completeness it follows that for all i,1’, 7, j/, k, k' with i #£ i, j # §/

and k # k' we have (modulo switching biparts)

if [i[j[&] > 0, then [{|j'|k'| = 0.

(1.2.19)

Let us show that i|j|k = 0, unless i, j,k are pairwise different. Indeed, otherwise, if

say 1|1|k # (0 for k = 1,2 or 3, we obtain a contradiction to (1.2.19) as |2[2|2],
by (T.2.19).

3[3[3] > 0

Hence H can be decomposed into sets i|j|k, where 1 < i, 7,k < 3 are pairwise different.

So we have:
113)2U1[2[3U2)3]1U2|1[3U3[2[1U3[1]2 = H.

Claim 1.2.13. We have H = 1[1]1 U 2|2]2U 3[3]3 U 3[1[2 U 3[2[1.

(1.2.20)

Proof. First, we show there is no i|j|k # () such that exactly two of i,j, k are equal. If

3|1|1 # 0, say, then |1|2]3],]1]3|2| = 0 by (1.2.19). Together with (1.2.20)), this implies that
Ry is trivial, a contradiction. Second, note that |1.2.10|implies that 3|1]|2 and 3|2|1 are non-

empty. Again, by (1.2.19), it follows that i|j|k = (), if i # 3 and 3 € {j, k}. This

claim.

Claim 1.2.14. We have H = 1|1]1 U 2|2[2 U 3|3|3.

proves the
O

Proof. By the previous claim it remains to show that 3|1|2 = 3|2|1 = (). To this end, sup-

pose that 3|1|2 # 0 and thus |1]2[3],]2]3|1] = 0 by (1.2.19). If 3|2|]1 # 0 as

well, then

by (1.2.19) also [1]3[2] = 0 which, by Claim |1.2.13 and [1.2.20| gives the contradiction that

Ry C[11]1,1]23 U 1]3|2] is trivial. So we have

H=1[1]1U2[2]2U3|3|]3U3|1]2,

with 3|1]2 # (). This partition is shown in Figure .

Ignoring from now on the matchings M; and M;, we aim at covering H with M3 and four
other matchings. To this end take a green matching M of maximum size in G; — M3 and

next a blue matching M of maximum size in By — M3 — M7 ". Denote

o i[jlk :=ilj[k \ M; U MF™" U MP® and

o i|j|K :=1ilj|k\ Mz U M U MPve,

We can assume that Mz U M U MM is not spanning. Thus, as H is complete, the

maximality of the matchings Mz, M and MM implies that 3|1\2/, 3|112" = 0.
Moreover it follows that
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Figure 1.3: The colouring from the proof of Claim |1.2.14

—

e |1|]1]1]| = 0 or |2]1|3'| = 0 by maximality of M¥*" C G,

o 21212 = 0 or |1/3|2'| = 0 by maximality of MPe C By,

!

3|3 = 0 as Ry = M; by (1.2.17).

If |m/|, |ml| = 0, then we have found three disjoint connected matchings that span H,
contradicting our assumption. If |2|1|3],|1|3]2'| = 0, we take a green matching in G5 and a
blue maximum matching in B;, among the yet unmatched vertices. After this step, there are
no vertices of 3|2|1" left uncovered and therefore all vertices of H are covered. Thus, as H
is balanced, we have found five disjoint monochromatic connected matchings which together
span H. So, either |m/|, 12/1|3'| = 0, or |1|1|1/|, 11|3]2'| = 0. In either case we can find
two disjoint monochromatic connected matchings that cover all vertices of the two other sets
from the previous sentence and all vertices of 3|2|1". So we have five disjoint monochromatic
connected matchings spanning H, a contradiction. O]

w

For ease of notation we set

X =111}, Y = 222, Z:=[3[3[3] and

A:=1|3]2], B:=11]2]3], C :=[2]3|1|, D :=|2|1]3|, E :=|3|2|1|, F :=|3]1]2].

By Claim [1.2.14{ and [1.2.20| we have |H| = X +Y + Z and |[H|= A+ B+C+ D+ E+ F.
Note that the edges between any upper and lower part are monochromatic (see Figure .

Also note that we reached complete symmetry between the colours and the indices of the
components, so we will from now on again treat them as interchangeable.

Observe that for (at least) one index i € {1,2,3} it holds that |R;| < |R;|. We shall call
such an index i a weak index for the colour red. If furthermore |R;| < |RiN B;| = |R; N G|
and |R;| < |R; N Bg| = |Ri N G}|, where j, k are the other two indices from {1,2, 3}, then we
call i very weak for colour red. Analogously define (very) weak indices for colours blue and

red.

Claim 1.2.15. If index i is weak for colour c, then

(a) the indices in {1,2,3} — {i} are not weak for colour ¢, and

19



e a 205 9 red
Rz - 9 > -
\ S v green
o - Tande blue
p X # ~ . »
e
+* . - P

| "7 | | | | 1
A =|1[32|B = [1|23|C = |2[3|1]D = |2|1]3|E = [3]2]1|F = [3[1]2|

Figure 1.4: The partition of K, .

(b) index i is very weak for colour c.

Proof. Let us show this for i = 2 and colour red (the other cases are analogous). By assump-
tion, Y < C+ D. Since X < A+ B and Z < E + F cannot both hold, we can assume
without loss of generality that Z > E 4+ F. Now if X < A+ B, then we pick maximal red
matchings in [1]1|1,1]3]|2 U 1/|2|3], [2]2]2,2|3|1 U 2|1|3] and [3|2]|1 U 3|1|2, 3|3|3], thus covering
all vertices of 1|11 U 2|22 U 3|2|1 U 3|1]|2. To finish we cover all of the remaining vertices

in 3[3]3 U (H \ Rs) with a blue and a green matching, a contradiction. Hence X > A + B.
Using this fact, Z > E + F follows by symmetry. This proves (a).

In order to show (b), let us first prove that ¥ < C'. We pick a maximal red matching in
each of Ry and Rj3, thus covering all vertices of Ry U R3. Now if Y > C then all vertices of

2|3|1 are contained in a maximal red matching that also contains all vertices of 2|2|2. We cover

all of the remaining vertices in R; U R3 with a blue and a green matching, a contradiction.
The fact that Y < D follows analogously. O

Suppose two of the three indices 1, 2, 3 are weak for different colours, say 1 is weak for red
and 2 is weak for green. Then Claim [1.2.15(b)| gives that X < A and Y < E. Thus we can
match all vertices of 1|1|1 into 1|3|2 and all vertices of 2|2|2 into 3|2|1 with two matchings,
one red and one green, and cover all of the remaining vertices with three disjoint matchings,
one from each of Rz, GG3, B3, a contradiction.

Hence, since each colour has a weak index, there is an index i that is weak for all three
colours, i = 2 say. We match all vertices of 2|2|2 into 3|1|2 with a blue matching M. Let us

from now work with the remaining set 3|1|2" = 3|1|2\ V(M) of cardinality F’ = F — Y. Set
n’ =n—Y. (So instead of five we will have to find four monochromatic connected matchings
covering all vertices of H — M.) Without loss of generality assume Z > X. Claim |1.2.15(a)
gives that

X>A+B,C+E,D+F and Z>A+C,B+D,E+F'. (1.2.21)

Hence X > n’/3. So, one of the three sums A+ C, B+ D, E + F’ has to be strictly smaller
than X, say A+ C < X. Consequently, Z =n'"— X < B+ D+ F+ F'.

If Z> D+ E+ F’, then we cover all vertices of R3 — M with a red matching, and cover

all vertices of the remains of 3|3|3 with a blue matching that also covers all vertices of 2|1|3.

Now all that is left on the top is 1|1|1, which we can match with a red and a blue matching

into the remains of 1/3|2U 1]2|3U2|3|1. Thus we found four connected matchings that cover
all vertices of H — V(M ), and are done.
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So we may assume Z < D+ FE+ F and thus X > A+B+C. f X <A+B+C+ E,
then we can proceed similarly as in the previous paragraph to find four matchings covering
all vertices of H. Hence X > A+ B + C' + FE, implying that Z < D + F’. But by
we have D + F' < X a contradiction to our assumption that X < Z. This finishes the proof
of Lemma [[.T.2]

1.3 Covering almost all vertices with connected match-
ings

1.3.1 Preliminaries

The goal of this section is to prove a version of Lemma for almost complete graphs.
This result is given in Lemma

Let G be a graph with biparts A and B and let H be a subgraph of G. We call H ~v-dense
in G if it has at least | A||B| edges. If H = G, we often simply say G is y-dense. Let H be
a subgraph of G. If H has biparts X C A and Y C B such that | X| > v|A| and |Y| > ~|B],
then we call H vy-non-trivial (in G), or we say G is y-spanned by H. Usually, we use the
term y-non-trivial when v ~ 0 and we use the term y-spanned when v ~ 1.

Lemma 1.3.1. There is an €y > 0 such that for each 0 < € < g¢ there are ny and p = p(e)
such that for all n > ng the following holds.

FEvery 3-edge-coloured balanced bipartite (1 — ¢)-dense graph of size 2n is (1 — p)-spanned
by at most five disjoint monochromatic connected matchings.

For the proof of Lemma [1.3.1] we need some more notation. Again, let G be a graph with
biparts A and B and let H be a subgraph of G. We say H has y-complete degree in G if
degy(y) > v|A| for y € BNV (H) and degy(x) > v|B| for v € ANV (H). Clearly, if H has
~v-complete degree in GG, then in particular, H is v-dense in G.

The following lemmas are well-known and follow from standard averaging arguments.

Lemma 1.3.2. Fore > 0 let H be a (1 — ¢)-dense bipartite graph. Then H has a (1 — +/¢)-
spanning subgraph H' with (1 — 2+/¢)-complete degree (in H).

Lemma 1.3.3. For 1/4 > ¢ > 0 let H be a bipartite graph with biparts A, B, having (1 — ¢)-
complete degree. Then any 2e-non-trivial subgraph of H is connected.

We omit the easy proofs of the next two lemmas.

Lemma 1.3.4. For 6, > 0 let H be a (1 — ¢)-dense bipartite graph with a 6- subgraph H'.
Then H' is (1 — €/6?)-dense in H'.

Lemma 1.3.5. For 6, > 0 let H be a bipartite graph of (1 — €)-complete degree and H' be
a d-non-trivial subgraph. Then H' has (1 — €/0)-complete degree in itself.

The proof of the next lemma is given as a warm-up. In the remainder of this section H
is a bipartite graph with biparts H and H.

Lemma 1.3.6. For1/5>¢ > 0 let H be a 2-edge-coloured bipartite graph of (1—¢)-complete
degree, with bipartition A, B. Then H has a ((1—¢)/2)-spanning monochromatic component.
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Proof. Having (1 — €)-complete degree, H has a monochromatic component R with |R| >
(1—¢)|H|[/2.If Ris ((1—¢)/2)-spanning we are done. Otherwise the monochromatic subgraph
[R,H — R] is ((1 — ¢)/2)-spanning, and it is connected by Lemma m O

In order to formulate a dense version of Lemma [[.2.2] we need to define dense variants
of V-colourings and split colourings. We say a colouring of E(H) in red and blue is an
e-V -colouring if there are monochromatic components R and B of distinct colours such that

1. each of R and B is e-non-trivial in H;

2. RUB is (1 — ¢)-spanning in H;

3. V(RN B)| = (1= e)[V(H)| or V(RAB)| > (1 —¢)[V(H)].
A colouring of E(H) in red and blue is e-split, if

1. all monochromatic components are e-non-trivial;

2. each colour has exactly two monochromatic components.
The following is a robust analogue of Lemma [1.2.2]

Lemma 1.3.7. Let ¢ < 1/6. If the bipartite 2-edge-coloured graph H has (1 — &)-complete
degree, then one of the following holds:

(a) There is a (1 — 3¢)-spanning monochromatic component,
(b) H has a 3¢-V -colouring, or
(c) the edge-colouring is 2e-split.

Proof. Let R be an ((1 — ¢)/2)-spanning component in colour red, say. Such a component
exists by Lemma . Set X := H — R and note that all edges in [R, X] and [R, X] are
blue.

We first assume that |X| < 3¢|V (H)|. If also |X| < 3¢|V(H)|, we are done, since then
R is (1 — 3¢)-spanning. Otherwise, |X| > 3¢|V(H)|, and thus the blue subgraph [X, R] is
connected by Lemma [1.3.3[ and the colouring is a 3e-V-colouring.

So by symmetry we can assume that both | X| > 3¢|V(H)| and | X| > 3¢|V (H)|. If there is
a blue edge in R or in X, then H is spanned by one blue component by Lemma [I.3.3] Hence,

all edges inside R and X are red and the colouring is 2¢-split, again using Lemma [1.3.3} [J

Corollary 1.3.8. Let ¢ < 1/6. If a bipartite 2-edge-coloured graph H has (1 — ¢)-complete
degree, then

(a) there are one or two 2e-non-trivial monochromatic components that together (1 — 3¢)-
span H, and

(b) if the colouring is not 2e-split, then there is a colour with exactly one 3e-non-trivial
component.

Now we prove an analogue of Lemma [1.2.4]

Lemma 1.3.9. Let ¢ < 1/6, and let H be a balanced bipartite graph of (1 — &)-complete
degree whose edges are coloured red and blue. Then either
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(a) H is (1 —5e)-spanned by two vertex disjoint monochromatic connected matchings, one
of each colour, or

(b) the colouring is 2¢-split and

o H is (1 —2¢) is spanned by one red and two blue vertex disjoint monochromatic
connected matchings and

o H is (1 —2¢) is spanned by one blue and two red vertex disjoint monochromatic
connected matchings.

Proof. First assume that the colouring is 2e-split. We take one red maximum matching in
each of the two red components. This leaves at least one of the blue components with less
than e|H| vertices on each side. We extract a third maximum matching from the leftover of
the other blue component, thus leaving one of its sides with less than | H| vertices. All three
matchings are clearly connected (or possibly empty, in case of the third matching) Thus the
three matchings together (1 —2¢)-span H. Note that we could have switched the roles of red
and blue in order to obtain two blue and one red matching that (1 — 2¢)-span H.

So by Lemma , we may assume that either there is a colour, say red, with an (1—3¢)-
spanning component R, or H has a 3¢-V-colouring, with components R in red and B in blue,
say. In either case, we take a maximum red matching M in R. Then there is an induced
balanced bipartite subgraph of H, whose edges are all blue, which contains all but at most
3e|V(H)| of the uncovered vertices of each bipart of H. If this subgraph is not 2e-non-trivial,
we are done. Otherwise, we finish by extracting from it a maximum blue matching M’ C B,
note that M’ is connected by Lemma As H has (1 — ¢)-complete degree and there
are no leftover edges in said subgraph, we obtain that M U M’ (1 — 4¢)-span H, and we are
done. O

We now prove a robust analogue of Lemma [1.2.5

Lemma 1.3.10. Let 1/6° > & > 0. Let the edges of the bipartite graph H of (1 —€)-complete
degree be coloured in red, green and blue, such that each colour has at least four e'/®-non-trivial
components; then there are three monochromatic components that together (1 —e'/%)-span H.

Proof. Set v := /6 and let R be a red y-non-trivial component. Throughout the proof we
shall make use of Lemma [1.3.3| without mentioning it explicitly. Since there are three more
red y-non-trivial components, the three graphs X := H — R, [R, X] and [R, X] are each -
non-trivial and by Lemma [1.3.5] each of them has (1 — 4?)-complete degree (in themselves).
Moreover, the edges of the latter two graphs are green and blue. By Corollary [1.3.8(a)| there
are one or two 2y2-non-trivial monochromatic components that together (1—3+2)-span [R, X].
So, if [R, X] has a (1 — 3?)-spanning monochromatic component, then we can (1 —3v2)-span
H with at most three components, which is as desired. Therefore and by symmetry we may
assume from now on that none of [R, X] and [R, X] has a (1 — 37?)-spanning monochromatic
component. Suppose [R, X] has a 2y%-split-colouring. By Lemma , either [R, X]| is 27%-
split or a fraction of (1 — 3v2) of one of R and X is contained in the intersection of a blue
and a green monochromatic component. In the latter case the union of three monochromatic
components of the same colour contains a fraction of (1 — 3v?) vertices of one of the biparts
of H. But this is impossible as each colour has at least four y-non-trivial components, and
v > 372 On the other hand, if both [R, X] and [R, X] have a 2v2-split colouring, then each
bipart of H is contained in the union of four green components as well as in the union of four
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blue components, and thus all edges in X are red. But then there are only two vy-non-trivial
red components, R and X, a contradiction.

So by Lemma m, and by symmetry, we know that [R, X] and [R, X] both have
green/blue 3v2-V-edge-colourings. Thus each of [R, X] and [R, X] has a 37?-non-trivial
blue component and a 37y?-non-trivial green component, say these are By, G; and B, G5
respectively. Furthermore, a fraction of (1 — 3v?) of X or R is contained in the intersection
B; NGy, and a fraction of X or R is contained in the intersection By N Go.

We first look at the case where a fraction of (1 — 3v?) of X is contained in B; N Gy. If
a fraction of (1 — 3v?) of R is contained in B, N Gs, then, as v > 6%, both green and blue
have at most two y-non-trivial components, which is a contradiction. On the other hand, if a
fraction of (1 — 37?) of X is contained in By N Gs, then H is (1 — 3y?)-spanned by the union
of R and the blue components in H that contain B; and By, and we are done.

Consequently we can assume by symmetry and by Lemmathat a fraction of (1—37?)
of R is contained in the intersection B; NG, and a fraction of (1 — 3v2) of R is contained
in the intersection By N G3. Observe that [Gy, Gy is coloured red and blue and [By, Bo] is
coloured red and green, since otherwise, we obtain the desired cover. As these two graphs are
each 3y3-non-trivial subgraphs of H, and as /(3v%) = v%/3, Lemma implies they have
(1 — 4%/3)-complete degree (in themselves). Suppose there is a red component of [G1, G

that is (1 — 7)-spanning in [Gy, Go|. Such a component, together with By and By, (1 — 2v)-

spans H as 7 < 1/3. So, we can assume [G;, Go] has no (1 — 7)-spanning red component.
Moreover, since there are at least four y-non-trivial blue components, [G1, G»] contains two
blue components, which are v/2-non-trivial each as /2 > 372

Since these blue components are y-non-trivial in H, [Gh, (5] does not have a v3-V-
colouring (in itself). Thus, by Lemmawith input € penrza = /3, [G1, Gy is 293 /3-split
coloured in red and blue. Similarly we see that [Bi, Bo] is 2v3/3-split coloured in red and
green.

Consider the edges in [G1, By and [By, Go|. If any of these edges is green or blue, then our
graph is (1—273/3)-spanned by three green or by three blue components. On the other hand,
if all edges in [G1, Bs] and [By, Go] are red, then [G1 U By, By U Gy) is connected in red by
Lemma [1.3.3] and thus, H has only three y-non-trivial red components, a contradiction. [J

1.3.2 Proof of Lemma [1.3.1]

We are now ready to prove Lemma [I.3.1 We will not give specific bounds for ey > 0 and
ng but assume that they are sufficiently small respectively large as we go through the proof.
For 0 < e < gg let n > ng and H be a balanced bipartite (1 — €)-dense graph which has
(1 — e)-complete degree and order 2n, where n > ny.

We choose numbers 9§, v, p such that

eIy p< L (1.3.1)

Although these numbers could in principle be specified, we refrain from doing so in order
to not spoil the neatness of the argumentation. Our aim is to show that H can be (1 — p)-
spanned with five vertex disjoint monochromatic connected matchings. We suppose that this
is wrong in order to obtain a contradiction. Lemma then follows by Lemma [1.3.2

The next claim is the robust analogue of Claim [1.2.6]

Claim 1.3.11. FEach colour has at least three y-non-trivial components.
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Proof. Suppose the claim is wrong for colour red, say. Let ) be the set of all red components
with top bipart smaller than yn and let Z be the set of all red components with bottom bipart
smaller than yn. The total number of edges in red components that are not y-non-trivial is

less than -
Z ynlY ] + Z yn|Z| < 2yn?.

Yey ZeZ

Thus, deleting the (red) edges of all Y € YU Z, we obtain a spanning subgraph H’ of H that
is (1 — 3y)-dense in itself and in which each red component is either y-non-trivial or trivial.

By assumption, there are two (possibly trivial) red components R; and Ry in H', such
that all other red components are trivial. Let M be a maximum red matching in Ry U Rs.
Then every edge in the balanced bipartite subgraph X := H' — M is green or blue.

If the (at most) two connected matchings in M together (1 — p)-span H, we are done.
Otherwise X is p-non-trivial in H’, and thus (1 — (p/20)?)-dense, by Lemma and since
we assume 3y < (p?/20)2.

We apply Lemma to obtain a subgraph H” C X that (1 — p/20)-spans X and has
(1—p/10)-complete degree. By Lemmal(1.3.9] H” can be (1—p/2)-spanned with three vertex-
disjoint monochromatic connected matchings. So in total we found at most five vertex-disjoint
monochromatic connected matchings that together (1 — p)-span H. O

A subgraph X C H is called e-empty, if both | X| < ¢|H| and | X| < £|H| hold. The next
claim is a robust version of Claim [[.2.7

Claim 1.3.12. There are no two monochromatic components that together (1 — ~/2)-span
H.

Proof. Suppose the claim is wrong and there are monochromatic components R and B that
together (1 — v/2)-span H. By Claim we can assume that they have distinct colours,
say R is red and B is blue. Take a red matching M™ of maximum size in R and a blue
matching M of maximum size in B — V(M™4). Set R’ := R — V(M™ U M) and
B’ := B — V(MU MP"). By maximality, any edge between B’ and R’ is green. The same
holds for the edges between B’ and R'.

If [B', R'] is v-empty, we finish by picking a maximum matching in [R’, B’]. We proceed
analogously if [R, B'] is v-empty. So at least one R’ or B’ is y-non-trivial. Thus, since H
has (1 — )-complete degree, all edges of [B’, '] lie in the same green component. The same
holds for [R', B').

Assuming that both are non-empty we now pick now pick a maximum matching in each
of the green components of H — V(M U MP"®) that contain [B’, R'], [B’, R/]. (If this is the
same component, we only pick one matching. If R’ or B’ is y-empty, we let the matchings be
empty.) Call these green matchings M7 ™" resp. M5 ", Let B" := B’ — V(M U M§*™")
and R” := R — V(M U ME*“").

Observe that by the maximality of M " and M5, if one of R”, B” has size at least
en, then the other one is empty. The same holds for the sets B”, R”. Thus one of the two
graphs R”, B" is e-empty, say this is B”. If R” is 2y-empty, we are done, so we can assume
that R” is y-non-trivial.

The edges in R” are green and blue. If R” contains no green edges, we can pick another
blue matching of maximum size and are done. Then again, if R” contains a green edge, it
follows by maximality of ME™“" and ME™™" that both of them have a size of less than 2en.
In this case we ignore M{™" and M5 and finish as follows: By Lemma [1.3.5] R” has
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(1 — &/7)-complete degree in itself. So, by Lemma [I.3.9) R” can be (1 — 5¢/)-spanned by
at most 3 vertex disjoint monochromatic connected matchings. This proves the claim. O]

Claim 1.3.13. Let Y and Z be monochromatic components of distinct colours such that
Y N Z is 2e-non-trivial. Then'Y — Z is not y/4-empty.

Proof. Let Y be a red component, Z be a blue component, and let X := H — (Y U Z).
Suppose that Y — Z is v/4-empty. We first note that all edges in [Y N Z, X] and [Y N Z, X]|
are green. Moreover, by Claim [[.3.11] there is another v-non-trivial blue component in H
and hence, X is 2e-non-trivial in H, since v — v/4 > 2¢ by .

Thus the subgraphs [Y N Z, X] and [Y_ N Z, X| are connected in green by Lemma m
But they cannot belong to the same green component, since otherwise H is (1 — 7/4)-
spanned by the union of said green component and Z, which is not possible by Claim [1.3.12]
Consequently, X has no green edges. By Claim[I.3.11]there is a green y-non-trivial component
GCYUZ AsH=ZU(Y -Z)UX and Y — Z is (7/4)-empty, we obtain that G N Z is
(3v/4)-non-trivial in H and G—Z C Y —Z is (7/4)-empty. Thus G has the same properties as
Y with respect to Z and we can repeat the same arguments as above to obtain that all edges
in X are blue. Hence X is connected in blue by Lemma [1.3.3] But this is a contradiction to

Claim [1.3.12 as X and Z together (1 — ~v/4)-span H. O
Claim 1.3.14. There is a colour that has exactly three d-non-trivial components.

Proof. We show that there is a colour with at most three d-non-trivial components. This
together with Claim yields the desired result. So suppose otherwise. Then each colour
has at least four d-non-trivial components. By Lemma there are components X, YV
and Z that together (1 — &/®)-span H.

By assumption, and as § > ¢'/¢ by (1.3.1), not all of X, Y and Z have the same colour.
If two of these components, say X and Y, have the same colour, say red, then H — (X UY)
contains a red component that is d-non-trivial in H, by the assumption that our claim is
false. As d > /6 +2¢ by (1.3.1]), we have that the intersection of this red component with Z
is 2e-non-trivial in H. Hence we get a contradiction to Claim as /4 > '/ by .

So assume X is red, Y is blue and Z is green. We claim that (after possibly swapping
top and bottom parts)

(Y N Z) — X has less than en vertices. (1.3.2)

Indeed, otherwise (Y N Z) — X is e-non-trivial. Then, as [X, (Y N Z) — X] is e-non-trivial
and its edges are green and blue, we get X C Y U Z since every vertex in X sees a vertex in
Y N'Z. In the same way we obtain X C Y UZ. Thus ZUY is (1 — £¥/%)-non-trivial, which

is not possible by Claim [1.3.12, This proves ([1.3.2]).

By assumption, H — X contains three d-non-trivial red components R;, Ry and R3, say.
For i # j, [RiN(Y —Z),R; N (Z —Y)] has no red, blue or green edges and thus cannot

be e-non-trivial. So for at most one i € {1,2,3} the subgraph RiN[Y —Z,Z —Y] is &-
non-trivial. The same holds for [RiN (Y — Z),R; N (Z —Y)]. Consequently, and by the
pigeonhole principle we can assume that

none of RNY —Z,Z—Y]and RiN[Y — Z,Z — Y] is e-non-trivial. (1.3.3)
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By (1.3.3) and as R; is -non-trivial, at least one of Ry N Z, Ry NY is 3e-non-trivial. We
will assume the former. Thus, by (1.3.2) R; N (Y — Z) has a size of at least 2en. Hence,

by (L3:3) we get:

RiNZ—Y|<en. (1.3.4)

Moreover, Claim|1.3.13| (applied to R; and Y implies that R, has at least yn/4 —e'/5n > 2en
vertices in Z — Y or Z — Y. By (1.3.4) we have the latter case and hence

RiN(Z—=Y) and Ry N (Y — Z) each have a size of at least 2en. (1.3.5)

The fact that [Y — (X UZ),RiN(Z—=Y)] and [Z — (X UY), Ry N (Y — Z)] only have red
edges, together with (1.3.3)) and ((1.3.5)), yields that

Y —(XUZ)and Z — (X UY) each have less than en vertices. (1.3.6)

Now by (and by the existence of Ry, Ry, R3), we know that (Y N Z) — X has at least
en vertices. So each vertex of X has a neighbour in (Y NZ) — X and hence X C Y U Z.
Since, by Claim , H is not (1 —¢!/% —2¢)-spanned by Y U Z, we have that X — (Y U Z)
has a size of at least 2en. This and imply that [X — (Y U Z),Y — (X UZ)] and
(X —(YUZ),Z — (X UY)] are 2e-non-trivial each. As the edges of these subgraphs are green
and blue respectively and as Lemma [1.3.3| applies, there are green and blue components G

and B such that H — X — [(GNY)U (BN Z)] has a size of less than en + £/%n by (1.3.2).
Now let G’ be another d-non-trivial green component. Then G’ — X has at most ¢!/%n
vertices, while G’ N X has at least 2en vertices. By (1.3.6]) it follows that G’ — X has at

most en + £/3n vertices, while G’ X has at least 2en vertices. This is not possible by
Claim [I.3.13] and completes the proof. ]

Using Claim we assume from now on that without loss of generality the colour red
has exactly three d-non-trivial components R;, Ry and Rs. For i = 1,2,3 let M, be a red
matching of maximum size in R;.

None of the red edges in Y := H — M; — My — M3 is in a red d-non-trivial component.
As seen in the proof of Claim [1.3.11] the number of red edges which are not in é-non-trivial
red components sums up to at most 26n%. Therefore the number of red edges in Y is at most
20n2. Let Y’ be the subgraph of Y where these edges have been deleted. Note that the edges
of Y are coloured in blue and green. Moreover, H is still (1 — 3d)-dense after the removal of
the red edges of Y.

If Y’ is not (30)Y-non-trivial, then we are done as Y’ is balanced. Otherwise Y’ is
(1 — (36)'/3)-dense by Lemma and thus contains a (1 — (36)"/%)-spanning subgraph Y
of Y with (1 — 2(30)"/°)-complete degree, by Lemma . By removing at most (36)"/%n
vertices from Y” we can assure that Y is balanced. If Y can be (1 —10(34)/®)-spanned by
two disjoint monochromatic connected matchings, we are done, since in that case, we found
five matchings which together (1 —11(38)'/%)-span H. Otherwise, as the edges of Y are green
and blue the colouring of Y is 4(36)"/%-split in Y”, by Lemma We denote its blue and
green components by B, B, respectively G|, G, with B| = G, B, = G}, B, = G, and
By = G. -

Since Y is (1 — (39)'/%)-spanning in Y” it is also (1 — (36)"/%)-spanning in Y. Therefore
the subgraph

B U By U M, UM,U Ms is (1 — (36)"/%)-non-trivial in H. (1.3.7)
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By Lemmal[1.3.9} Y” can be (1—4(30)"/6)-spanned by two blue matchings M, C B}, M5 C B}
and an additional green matching. If any of the matchings M; has less than yn edges, we
can ignore it and still have a sufficiently large cover of H. Thus we get that

By, B, G, G, My, My, and M3 are y-non-trivial in H. (1.3.8)

Moreover, let By and B be the blue components in H that contain B] and B, respectively.
We define GG; and Go analogously. If By = B, we are done as M, U Mj5 is a connected
matching. This and symmetry implies

By # By and G, # Gs. (1.3.9)
Claim 1.3.15. For eachi=1,2,3 we have that
(a) e if [M;\ G1 UGy| > 6en, then By C Ry or By C Rj;
o if |M;\ By U By| > 6en, then Gy C By or Gy C R;

(b) e if |M;\ G1UGs| > 6en, then Bj C R; or B}

o if |[M;\ By U By| > 6en, thenG_’lgE or G C

N
ey

i

=

(c) e if |M;\ G1UG2 U By U By| > 2en, then By U B, = G} UGS, C R;;
o if |M;\ G1 UGy U By U By| > 2en, then B U By =G, UG, C R..

Proof. For the first part of (a), assume |M; \G; U Go| > 6en. Note that there is no green edge
between M\ G1 U Gy and GY,. First assume that M; N B; \ G; U G, has a size of at least 2en.
Then, by ﬁl, any edge between M; N B\ G; U Gy and By = G isred. So, by Lemma
and (1.3.8]) the result follows. So we can assume that this is not true. Similarly, the result
holds if |M; N By \ G1 U G| > 2en. Therefore, we can assume that M; \ B; U B, UG, U G,
has a size of at least 2en. In this case, since all edges between M\ BiU By UG UGy and
Bj are red, the result follows again by Lemma M and (1.3.8). Item (b) and the second
part of (a) follow similarly.
For the first part of|(c), note that any edge between M;\G; UGy U B; U By and B} U By =
G} U GY has to be red and use Lemmalﬁwi‘ch (1.3.8). The second part of (c) is analogous.
O

By Claim [1.3.11] there are green and blue y-non-trivial components G3 # G,Gs and
Bg 7é Bl,BQ in H.

Claim 1.3.16. It holds that |V (G3 N B3 N (M; U My U Mj))| > 36¢en.

Proof. Assume otherwise. That is, assume
’V(Gg N B3 N (M1 U M2 U Mg))’ S 36en.

The components Bs and G5 do not meet with B{UB), = G UG} and by (1.3.7), there are not
more than 2(38)"/%n vertices outside of B{UByUM;UM>UM;. As~y > 2(36)/6+§ by (1.3.1)),
we conclude that B3N (M;UMyUM;) and Gy (M; U My U Ms) are each d-non-trivial. Hence
there are indices 1,1, 7, j' such that there is a blue 37e-non-trivial subgraph B} C B; and a
green 37e-non-trivial subgraph G% C G3 such that Fg C M; and B; € My, and G_g - M]
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and G5 C M. Actually, we can choose these indices such that i # 1" and j # j'. Since if
i =1, say, Claim yields that (B3 N H) \ M is not v/4-emptyand therefore, by
and , there is some index k # i such that B3 N M}, is not 37¢-empty, which allows us
to swap 1’ for k.

For an index k # i, the edges between B N M; and G% N M}, are blue and green. As by our
initial assumption |V (G3N B3N (M;UMyUM;3))| < 36en, this implies that |Gz N M| < 36en.
In the same way we obtain that |G3 N M| < 36en for k # 1" or |B; N M;| < 36en, but the
latter cannot happen by the choice of Bj. Hence we have i = j' and i’ = j; in other words,

|Mi N G3| Z 375’/7,, |M] N G3| Z 37571, |]\41 N Bg| 2 37en and |M] N Bg| Z 37en.

So by Claim (a) and (b), either we have B; C R; and Bj) C R;, or we have
G4 C Ry and G C R;. Indeed, the fact that [M; N G3| > 37en together with Claim
(b) implies that B} = G C R; or By = G C R;. Without loss of generality, we assume the
latter. Next, since |M; N B3| > 37en, and by Claim (a), we get that G| = B C R; or
G, = B} C R;. Without loss of generality, we assume the former. We repeat the same with
index j, but as we already have B!, C R;, the output of Claim has to be B;j = G_’2 CR;
for |[M; N G3| > 37en and F{ = G_’l C E for |M; N Bs| > 37en. For the remainder of the
proof, let us assume that B} C R; and By C R;. Then G| N R, = 0 = G4, N Ry, where k
is the third index, which together with Claim (a) and (b) gives that Ry N (G3 U Bs)
is 6e-empty. The edges between B) = G} € G1 N R; and B, N R; have to be green, which
implies that E’g C G,. As any edge between Fg and Ry — Bs has to be green we deduce
that |Rx N G1| > 2en since Ry is y-non-trivial and | Ry N B3| < 6en. This also implies that
|Rk — G1| S 6en.

By repeating the same argument with B} = G}, C G, and B}, it follows that |R, N G| >
2en and | Ry — G1| < 6en. So RyNG is 2e-non-trivial and Ry, — G} is 6e-empty, a contradiction
to Claim [[.3.13 0

Claim [I.3.16] allows us assume that without loss of generality

|M30G3QB3| > 6en. (1310)

This implies | M3\ G; U Gy U By U By| > 2¢ and thus by Claim with 1 = 3 we obtain

BiUB; =G UG, C Rs. (1.3.11)

This implies that (R; U Ry) N (G} UGY) = 0. Since the edges between M3 N G5 N Bz and
Ry U Ry are coloured green and blue, we have by [I.3.10] and Lemma [I.3.3] that

My, UM, C Ry U R, C Gy U Bs. (1.3.12)
So, by and Claim with i = 1, we can assume that without loss of generality
Bl =G} C Ry, (1.3.13)

and hence, by and Claim with i = 2 it follows that
By =G, C R,. (1.3.14)



The last two assertions imply that Rz NG} U G5 = (). Suppose that there is an x € R; U Ry \
G1 UGy U By U B,. By , the edges between x and G} U G, = B} U B}, are not red, and
neither green or blue by choice of z. As G} and G}, are both y-non-trivial in H by
and H has (1 — ¢)-complete degree, we obtain a contradiction. Hence

M1UM2\G1UG2UB1UB2 :Q. (1315)

In the same fashion, suppose there is an « € (M3 \ G1 U Gy) U (M3 \ B1 U B,). By (1.3.13)
and (1.3.14)), and by the choice of z, the edges between 2 and B} = G’ respectively By = G
are neither green nor blue. Again, using ([1.3.8]) and the (1 —¢)-completeness of H, we obtain

Finally, suppose there is an z € B3 U GsN M; U Ms. By (1.3.8)) and the (1 — e)-completeness
of H, x sees vertices in M3. This, however, contradicts (1.3.16)) and thus

B3 UG3N M; U M, = 0. (1.3.17)

Now let us turn to back the graph H, for reasons that will become clear below. Assume
that H has a red edge vw outside of M; U My U M3. By maximality of the matchings M;,
vw is not part of Ry, Ry or R3. By (1.3.8), (1.3.13) and (1.3.14)) we have vw € G; N By or
vw € Go N By. However, both cases contradict (|1.3.10)). This yields

V(H) =V(B}) UV(B3) UV (M) UV (M) UV (Ms). (1.3.18)
Next, we restore the symmetry between the colours.

Claim 1.3.17. FEach colour has exactly three components.

Proof. By (1.3.18) there are no red edges in Y = H —V (M; UM, U Mj3) and hence Y =Y’ =
Y”. By (1.3.11)), (1.3.13) and (1.3.14) R;, Rs and Rj3 are the only red components in H.

Suppose there is a (possibly trivial) green component G, distinct from Gy, G2 and Gs.
Assume first that G4 # 0. Note that any edge between G4 and G} UG is red or blue.
By @, no vertex of G4 can send blue edges to both G4 and GY. Moreover, by
and (1.3.14), no vertex of G4 can send red edges to both G and GY. Since H has (1 — ¢)-
complete degree and G_’1 = F{ and G_’2 = E are vy-non-trivial, we derive G4 C R U Ry N
By U B,. But this contradicts (1.3.10), because H is (1 — €)-complete. o

Now let us assume that G4 = (), and so, G4 # 0. In other words, G4 consists of a single
vertex with no incident green edges. Suppose that G4 N Mz = (). So by and ,
the edges between G4 and G} U G, are blue, which contradicts that Bf and B} lie in distinct
blue components, as asserted by Im Therefore G, C Ms. So as G4 =0, all edges between
G, and M; U M, are blue. By (L1.3.16), (1.3.17) and (1.3.18), Bs C [M; U M, Ms]. Since
H is (1 — g)-complete and By is y-non-trivial, we obtain that G, C Bs. We also have that
Gs C [My U Ms, M) by (1.3.16)), (1.3.17) and (L.3.18). Since Gj is y-non-trivial it follows
that, G5 N M; U M, has a size of at least yn. Since the edges between G4 and G35 are blue,
we obtain that M; UM, N GsN By # (. But this represents a contradiction to
or ([L.3.14), since there is no colour left for the edges between G3 N B and Bj U Bj. Since
a fourth blue component would behave the same way as G4, this finishes the proof of the
claim. O]
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By ([1.3.11)) and (1.3.18)) it follows that R; = M, fori = 1,2. In the same way (|1.3.13)), (1.3.14)

and (|1.3.18)) imply that -
R3 = M. (1.3.19)

For1 <i,j, k <3wedenoteil|jlk := Ry N G; N By and i|jlk := Ry N G; N By. From|1.3.8}[1.3.10

U

1.3.13

and [[.3.14] we obtain that

11|1]1], 12]2/2], |3]3]3] > 6en. (1.3.20)

Note that by definition and (1 — ¢)-completeness it follows that for all 1,1, j, j/, k, k¥’ with
i#1,j# 7 and k # k' we have (modulo switching biparts)

if [i|j|k| > en, then |I'|j'|K'| = 0. (1.3.21)

Let us show that i|j|k = (0, unless i, j, k are pairwise different. Indeed, otherwise, if say
11|k # 0 for k = 1,2 or 3, we obtain a contradiction to (1.3.21)) as |2|2|2],|3|3|3| > 6en

by (1.3.20). Then the edges of the graph [1|1|k,2|2]2 U 3|3|3] are all blue as H has (1 — ¢)-
complete degree, implying that 2 = k = 3, a contradiction. Hence H can be decomposed
into sets i|j|k, where 1 <1, j, k < 3 are pairwise different. So we have:

1[3]2U 1213 U213[1U2[1|3U3[2[1 U312 = H. (1.3.22)

Claim 1.3.18. We have H = 1|1[1U2[2]2 U 3|3|3 U 3|1|]2 U 3|21.

Proof. First, we show there is no i|j|k # () such that exactly two of i,j, k are equal. If
3|1]1 # 0, say, then |1]23],]1]3|2] < en by (1.3.21]). Together with (1.3.22)), this implies that
Ry is not y-non-trivial, a contradiction. Second, note that|1.3.11]implies that 3|1|2 and 3|2|1
have each a size of at least yn. Again, by (1.3.21)), it follows that i|j|k = @, if i # 3 and
3 € {j,k}. This proves the claim. ]

Claim 1.3.19. We have H = 1|1]1 U 2|2[2 U 3|3|3.

Proof. By the previous claim it remains to show that 3|1|2 = 3|2|1 = ). To this end, sup-
pose that 3|1|2 # () and thus |1]23],]2|3|1] < en by (1.3.21)). If 3|2|1 # 0 as well, then
by (1.3.21)) also |1|3|2| < en which, by Claim |1.3.18| and [1.3.22| gives the contradiction that

Ry C[111]1,1]2|3 U 1]3]2] is not y-non-trivial. So we have

H=1]1]1U2[2]2U 3|33 U 3|1]2,

with 3[1|2 # §. This partition is shown in Figure .

Ignoring from now on the matchings M; and Ms, we aim at covering H with M3 and four
other matchings. To this end take a green matching M of maximum size in G; — M3 and
next a blue matching MP"® of maximum size in By — M3 — M. Denote

o i[j[k =1[j[k\ M;U MF" U MPRe and
o i|j|K =1ilj|k\ Mz U M U Mpve,

We can assume that Mz U M7 U M2 is not (1 — )-spanning. Thus, as H has (1 —
g)-complete degree, the maximality of the matchings Mz, M and MM implies that

3112, 3[1]2 = 0.
Moreover it follows that
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o |1|1]1]| < en or |2|1|3'| < en by maximality of M&" C G,
o |2|2|2/| < en or |1]3|2'| < en by maximality of MP"e C By,

o 3[3[3 = 0 as Ry = M, by (1.3.19).

If |ml|, |ml| < en, then we have found three disjoint connected matchings that (1 — 2¢)-
span H, contradicting our assumption. If |2[1|3'|,[1]3|2'| < en, we take a green matching
in G5 and a blue maximum matching in B;, among the yet unmatched vertices. After this
step, there are at most en vertices of 3|2|1" left uncovered and therefore all but at most 3en
vertices of H are covered. Thus, as H is balanced, we have found five disjoint monochromatic

connected matchings which together (1 — 3¢)-span H. So, either |2[2|2/|7 12]1]3'| < en, or

|m/|, 11|3]2'] < en. In either case we can find two disjoint monochromatic connected
matchings that cover all but at most 2en vertices of the two other sets from the previous
sentence and all but at most 2en vertices of 3|2|1". So we have five disjoint monochromatic
connected matchings (1 — 4¢)-spanning H, a contradiction.

O
For ease of notation we set

X =111}, Y :=|2]2]2|, Z :=|3|3|3| and

A= (132, B :=|123|, C:= |2I3]1], D :=|2|13|, E = [3|2[1], F := [3[1]2].

By Claim [1.3.19|and [1.3.22) we have |H| = X +Y + Z and |[H|= A+ B+C+ D+ E + F.
Note that the edges between any upper and lower part are monochromatic (see Figure .
Also note that we reached complete symmetry between the colours and the indices of the
components, so we will from now on again treat them as interchangeable.

Observe that for (at least) one index i € {1,2,3} it holds that |R;| < |R;|. We shall call

such an index i a weak index for the colour red. If furthermore |R;| < |R; N B;| = |Ri N Gy
and |R;| < |R; N By| = |Ri N G|, where j, k are the other two indices from {1,2, 3}, then we

call i very weak for colour red. Analogously define (very) weak indices for colours blue and

red.

Claim 1.3.20. If index i is weak for colour c, then
(a) the indices in {1,2,3} — {i} are not weak for colour ¢, and
(b) index i is very weak for colour c.

Proof. Let us show this for i = 2 and colour red (the other cases are analogous). By assump-
tion, Y < C+ D. Since X < A+ B and Z < E + F cannot both hold, we can assume
without loss of generality that Z7 > E + F. Now if X < A+ B, then we pick maximal red
matchings in [1|1]1, 13|2 U 1]2|3], [2(2]2,2]3]1 U 2|1|3] and [3|2|1 U 3|1|2, 3|3|3], thus covering
all but at most 3en vertices of 1|1|1 U 2|2|2 U 3|2|1 U 3|1|2. To finish we cover all but 4en of

the remaining vertices in WU (H \ R3) with a blue and a green matching, a contradiction.
Hence X > A+ B. Using this fact, Z > E + F follows by symmetry. This proves (a).

In order to show (b), let us first prove that ¥ < C'. We pick a maximal red matching in
each of Ry and Rj3, thus covering all but at most 2en vertices of Ry U R3. Now if Y > C|
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then all but at most en vertices of 2|3|1 are contained in a maximal red matching that also

contains all but at most en vertices of 2|2|2. We cover all but 4en of the remaining vertices
in Ry U R3 with a blue and a green matching, a contradiction. The fact that Y < D follows
analogously. O

Suppose two of the three indices 1, 2, 3 are weak for different colours, say 1 is weak for red
and 2 is weak for green. Then Claim [1.3.20f(b)| gives that X < A and Y < E. Thus we can
match all but at most en vertices of 1|1|1 into 1|3|2 and all but at most en vertices of 2|2|2
into 3|2|1 with two matchings, one red and one green, and cover all but 6n of the remaining
vertices with three disjoint matchings, one from each of Rs, G5, Bs, a contradiction.

Hence, since each colour has a weak index, there is an index i that is weak for all three
colours, i = 2 say. We match all but at most en vertices of 2|2[2 into 3|1|2 with a blue

matching M. Further choose a subset ' C 3|1|2\ V(M) of size |2|2]2] — |V(M)/2] < en,
and let us from now work with the remaining set 3|1|2" = 3|12\ (V(M) U F) of cardinality

F'=F—-Y. Set n =n—Y. (So instead of five we will have to find four monochromatic
connected matchings covering all but few vertices of H — M.) Without loss of generality

assume Z > X. Claim [1.3.20(a)| gives that
X>A+BC+E,D+F and Z>A+C,B+D,E+ F'. (1.3.23)

Hence X > n'/3. So, one of the three sums A+ C, B+ D, E + F’ has to be strictly smaller
than X, say A+ C < X. Consequently, Z =n'"— X < B+ D+ FE+ F".

If Z> D+ FE + F’, then we cover all but at most en vertices of R3 — M with a red
matching, and cover all but at most en vertices of the remains of 3|3|3 with a blue matching
that also covers all but at most en vertices of 2|1|3. Now all that is left on the top is 1|1[1,
which we can match with a red and a blue matching into the remains of 1|3]2U 1|23 U 2|3|1
(except for en vertices). Thus we found four connected matchings that cover all but at most
~n vertices of H — V(M), and are done.

So we may assume Z < D+ E+ F' and thus X > A+ B+C. f X <A+ B+ C+E,
then we can proceed similarly as in the previous paragraph to find four matchings covering
all vertices of H. Hence X > A+ B+ C + E, implying that Z < D + F’. But by we
have D + F’" < X a contradiction to our assumption that X < Z. This proves Lemma |1.3.1}

1.4 From connected matchings to cycles

In this section we prove Theorem [1.1.1[(a)l We basically follow the approach of Luczak [79],
which has become a standard method in this field. Therefore we present only an outline of
the proof, omitting most of the tedious details that have been discussed in earlier works in
more general contexts. We refer the interested reader to [10, 27, 58|, 61], 63, [80].

For a graph G the bipartite subgraph H = [A, B] C G is (e, G)-reqular if

X CA Y CB, |X|>c¢lA]l, |Y]>e¢|B| imply |[dg(X,Y) —dg(A, B)| < e.
A vertex-partition {Vy, Vi,...,V;} of [ + 1 clusters of a graph G is called (g, G)-regular, if
(a) Vil = [Va| = ... = Vi|;
(b) Vol <en;
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(c) apart from at most 5(&) exceptional pairs, the graphs [Vi, V}] are (e, G)-regular.

Lemma 1.4.1 (Regularity Lemma with prepartition and colours). For every ¢ > 0 and
positive integers m,r,s € N there are m < M € N and ng € N such that for n > ng the
following holds. For any set of mutually edge-disjoint graphs G1,Gs, ..., G, with V(G) =
V(Gy) =...=V(G,) =V, with |V| = n, and any partition Wy U...UW; =V, there is a
partition Vo UVi U... UV, of V into I + 1 clusters such that

(a) m <1< M;
(b) for each 1 <i<1 there is 1 < j <s such that V; C Wj;
(c) VouUWViU...UV] is (g,G;)-regular for each 1 <i<r.

Let us now prove Theorem . Let n > 0 and 0 < ¢ < 1. Let the edges of K, ,
with biparts W5 and W5 be coloured in red, green and blue. We denote by G, Gy and Gj3
the graphs induced by the edges of each of the colours.

For m > 0 and ¢ < d < 0, Lemma provides a vertex-partion Vg, Vi, ...,V of K, ,,
satisfying Lemma|l.4.1(a)H(c)| for some M > m. As usual, we define the (g, d)-reduced graph
I' by identifying a new vertex v; with each cluster Vi for 1 <i < [. For 1 <1i,57 <[ and
1 < ¢ < 3 we place an edge of colour ¢ between two vertices v;, v; if the subgraph [Vi, V}]
of the respective clusters has edge-density at least d in G, and is (e, G,)-regular. To get a
simple graph, we keep an arbitrary edge from each multi-edge.

Since the clusters have the same size, we can, if necessary, remove some of them to
obtain a balanced bipartite (1 — 2¢)-complete subgraph of I, which we will continue to call
I'. Therefore Lemma can be used to cover all but at most p|V(I')| vertices of I' by
five vertex-disjoint monochromatic connected matchings Mj, ..., M5. We finish the proof by
turning these five matchings into monochromatic cycles of K, ,, using the following lemma
from [79).

Lemma 1.4.2. Let0 < ¢ < p < d < 1 andletT be the (e,d)-reduced graph of G1,Ga, ..., G,,
obtained from Lemmal[1.].1 Assume that there is a set of disjoint monochromatic connected
matchings M in I'. Let U C V(QG) be the set of vertices, which are in clusters associated to

the vertices of V(M). Then there are | M| monochromatic cycles in G partitioning all but
(1 —p)|U| vertices of U.

1.5 Covering all vertices

1.5.1 Preliminaries

We call a balanced bipartite subgraph H of a 2n-vertex graph (1 — ¢)-Hamiltonian, if any
balanced bipartite subgraph of H with at least 2(1 — )n vertices is Hamiltonian. The next
lemma is a combination of results from [64] [83].

Lemma 1.5.1. For any 1 > v > 0, there is an ng € N such that any balanced bipartite graph

on 2n > 2ng vertices and of edge density at least vy has a (1 — ~v/4)-Hamiltonian subgraph of
size at least v3°%4/7n /3.
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We make no attempt to optimise the bounds in Lemma [1.5.1] For the proof, we need
some definitions and tools. For a graph G, and disjoint A, B C V(G) let e(A, B) denote the
number of edges in [A4, B]. For 0 < ,0 < 1, [A, B] is called (g, 0)-dense if e(X,Y) > o|Al||B]
for every X C A, Y C B with | X| > ¢|A| and and |Y| > ¢|B].

Theorem 1.5.2 (Peng et. al [83]). Given a bipartite balanced graph of size 2n and edge
density 0 <y < 1. Then for all 0 < € < 1 there is an (g,7/2)-dense balanced subgraph on at
least v'*/°n /2 vertices.

For 0 < g, < 1, we say that the balanced subgraph H = [A, B] is (g, §)-uniform in G,
if it has minimum degree at least J|A|, and any e-non-trivial subgraph of H has at least
one edge. The next result, due to Haxell, shows that sufficiently strong uniformity implies
hamiltonicity.

Theorem 1.5.3 (Haxell [64]). Let e > 0 be given, and suppose that H = [A, B] is a bipartite
graph with |A| = |B| > % such that H is (e,9)-uniform for § > 7e. Then H is Hamiltonian.

Proof of Lemma[I.5.1 Set ¢ := /253 and ng := 2y~ '#?c71. Let H be a balanced bipartite
graph of density v and size 2n > 2ny. Apply Theorem to obtain a balanced (g,v/2)-
dense subgraph [A, B] C H of size at least 4'%/*n/2. Deleting at most €| A| vertices on either
side, we arrive at a (2¢,v/3)-uniform subgraph [X,Y] C [A, B] of size at least v'%/°n/3.

In order to see that [X, Y] is (1-y/4)-Hamiltonian, delete an arbitrary fraction of at most
v/4 < 1/4 vertices from each of X, Y. Clearly, the obtained subgraph [X',Y"] is (3¢, %)-
uniform, and has size at least 7'**ny/4 > 1/(3¢). Thus Theorem applies and we are
done. O

Finally, we make use of the following lemma due to Gyarfas et al. It allows us to absorb
small vertex sets with few monochromatic cycles.

Lemma 1.5.4 (Gyarfas et al. [59]). There is a constant ng € N such that for n > ng and
m < (81")8%’ and for any r-colouring of K, n, there are 2r disjoint monochromatic cycles

covering all m vertices on the smaller side.

1.5.2 Proof of Theorem [1.1.1{(b)|

Let A and B be the two partition classes of the 3-edge-coloured K, ,. We assume that
n > ng, where we specify ng later. Pick subsets A; C A and B; C B of size [n/2] each.
Say red is the majority colour of [A;, B;]. Lemma applied with v = 1/3 yields a red
(1 — 1/12)-Hamiltonian subgraph [As, Bs] of [A;, By| with

[Ao| = |Ba| = 34| = 37""n,

Set H := G — (A3 U By), and note that each bipart of H has order at least |n/2]. Let
§:=24-32.3710"  Agsuming ny is large enough, Theorem yields five monochromatic
vertex-disjoint cycles covering all but at most 2dn vertices of H. Let X4 C A (resp. Xp C
B) be the set of uncovered vertices in A (resp. B). Since we may assume none of the
monochromatic cycles is an isolated vertex, we have | X 4| = |Xp| < on.

By the choice of 9, and since we assume ng to be sufficiently large, we can apply Lemma
to the bipartite graphs [As, Xp| and [By, X4]. We obtain a union C of twelve vertex-disjoint
monochromatic cycles that together cover X, U Xp. As [ X4| = | X5| < on < 3719°/12, we
know that [As2, Bo] — V(|JC) contains a red Hamiltonian cycle. Thus, in total, we covered G
with at most 5+ 12 + 1 = 18 vertex-disjoint monochromatic cycles.
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1.5.3 A remark on 3-coloured complete graphs

The number of 17 cycles needed to partition a 3-coloured complete graph, obtained by Gyarfas
et al. [6I], is not expected to be optimal. By a slight modification of their method, one can
replace the number 17 with (the still not optimal number) 10.

Erdss et al. [3I] have shown that any large enough 3-coloured K, has a monochro-

matic triangle cycle of linear size. That is, a union of two cycles (uy,us, ..., ux, u) and
(uy,v1,u, Vg, ..., u, v, up). Clearly, after the deletion of an arbitrary subset of the outer
vertices, {vy, ..., v}, the triangle cycle still has a Hamiltonian cycle.

Given a sufficiently large 3-coloured K,,, we proceed as follows. First we reserve the vertex
set of a linear sized monochromatic triangle cycle 7' for later use. We cover the remaining
graph, except for some small set X, with three vertex-disjoint monochromatic cycles, using
the result of Gyarfas et al. [6I]. We then use Lemma to cover all of X with six vertex-
disjoint monochromatic cycles, which use some of the outer vertices of 7" (and X'). This can
be done since T is of linear size while | X| is a vanishing fraction of n. We finish by covering
the remains of 7" with a monochromatic Hamiltonian cycle.
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Chapter 2

Local colourings and monochromatic
partitions in complete bipartite graphsm

Richard Lang and Maya Stein

Abstract

We show that for any 2-local colouring of the edges of the balanced complete bipartite graph
K, ., its vertices can be covered with at most 3 disjoint monochromatic paths. And, we can
cover the vertices of any complete or balanced complete bipartite r-locally coloured graph
with O(r?) disjoint monochromatic cycles.

We also determine the 2-local bipartite Ramsey number of a path: Every 2-local colouring
of the edges of K, , contains a monochromatic path on n vertices.

2.1 Introduction

The problem of partitioning a graph into few monochromatic paths or cycles, first formulated
explicitly in the beginning of the 80’s [52], has lately received a fair amount of attention.
Its origin lies in Ramsey theory and its subject are complete graphs (later substituted with
other types of graphs), whose edges are coloured with r colours. Call such a colouring an
r-colouring; note that this need not be a proper edge-colouring. The challenge is now to find
a small number of disjoint monochromatic paths, which together cover the vertex set of the
underlying graph. Or, instead of disjoint monochromatic paths, we might ask for disjoint
monochromatic cycles. Here, single vertices and edges count as cycles. Such a cover is called
a monochromatic path partition, or a monochromatic cycle partition, respectively. It is not
difficult to construct r-colourings that do not allow for partitions into less than r paths, or
cyclesE]

At first, the problem was studied mostly for = 2, and the complete graph K, as the host
graph. In this situation, a partition into two disjoint paths always exists [45], regardless of
the size of n. Moreover, we can require these paths to have different colours. An extension of
this fact, namely that every 2-colouring of K, has a partition into two monochromatic cycles

!The results of this chapter have been published in the European Journal of Combinatorics [73].
2For instance, take vertex sets Vi,...,V, with |Vi| = 2 and for i < j give all Vi-V; edges colour i.
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of different colours was conjectured by Lehel, and verified by Bessy and Thomassé [13], after
preliminary work for large n [1, [80].

A generalisation of these two results for other values of r, i.e. that any r-coloured K,, can
be partitioned into » monochromatic paths, or into » monochromatic cycles, was conjectured
by Gyarfas [53] and by Erdés, Gyarfas and Pyber [31], respectively. The conjecture for
cycles was recently disproved by Pokrovskiy [84]. He gave counterexamples for all r > 3,
but he also showed that the conjecture for paths is true for r = 3. Gyéarfas, Ruszinko,
Sarkozy and Szemerédi [58| showed that any r-coloured K, can be partitioned into O(r log r)
monochromatic cycles, improving an earlier bound from [31].

Monochromatic path/cycle partitions have also been studied for bipartite graphs, mainly
for r = 2. A 2-colouring of K, , is called a split colouring if there is a colour-preserving
homomorphism from the edge-coloured K, ,, to a properly edge-coloured K3 2. Note that any
split colouring allows for a partition into three paths, but not always into two. However, split
colourings are the only ‘problematic’ colourings, as the following result shows.

Theorem 2.1.1 (Pokrovskiy [84]). Let the edges of K, be coloured with 2 colours; then
K, can be partitioned into two paths of distinct colours or the colouring is split.

Split colourings can be generalised to more colours [84]. This gives a lower bound of
2r — 1 on the path/cycle partition number for K, ,. For r = 3, this bound is asymptot-
ically correct [72]. For an upper bound, Peng, R6dl and Rucinski [83] showed that any
r-coloured K, ,, can be partitioned into O(r? log ) monochromatic cycles, improving a result
of Haxell [64]. We improve this bound to O(r?).

Theorem 2.1.2. For every r > 1 there is an ng such that for n > ng, for any r-locally
coloured K, ,, we need at most 4r? disjoint monochromatic cycles to cover all its vertices.

Theorem follows immediately from Theorem [2.1.3 (b) below. Let us mention that
the monochromatic cycle partition problem has also been studied for multipartite graphs [97],
and for arbitrary graphs [10, [96], or replacing paths or cycles with other graphs [43], 94, [95].

Our main focus in this paper is on monochromatic cycle partitions for local colourings
(Theorem being only a side-product of our local colouring results). Local colourings
are a natural way to generalise r-colourings. A colouring is r-local if no vertex is adjacent to
more than r edges of distinct colours. Local colourings have appeared mostly in the context
of Ramsey theory [14], 22, [56), (57, 92, [99], 103, 104].

With respect to monochromatic path or cycle partitions, Conlon and Stein [25] recently
generalised some of the above mentioned results to r-local colourings. They show that for
any r-local colouring of K, there is a partition into O(r?log ) monochromatic cycles, and,
if r = 2, then two cycles suffice. In this paper we improve their general bound for complete
graphs, and give the first bound for monochromatic cycle partitions in bipartite graphs. In
both cases, O(r?) cycles suffice.

Theorem 2.1.3. For every r > 1 there is an ng such that for n > ng the following holds.

(a) If K, is r-locally coloured, then its vertices can be covered with at most 2r?® disjoint
monochromatic cycles.

(b) If K, is r-locally coloured, then its vertices can be covered with at most 4r* disjoint
monochromatic cycles.
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We do not believe our results are best possible, but suspect that in both cases (K, and
K, ), the number of cycles needed should be linear in 7.

Conjecture 2.1.4. There is a ¢ such that for every r, every r-local colouring of K, admits
a covering with cr disjoint cycles. The same should hold replacing K, with K, ,,.

Our second result is a generalisation of Theorem to local colourings:

Theorem 2.1.5. Let the edges of K, , be coloured 2-locally. Then K, , can be partitioned
into 3 or less monochromatic paths.

So, in terms of monochromatic path partitions, it does not matter whether our graph is
2-locally coloured, or if the total number of colours is 2. For more colours this might be
different, but we have not been able to construct r-local colourings of K, ,, which need more
than 2r — 1 monochromatic paths for covering the vertices.

We prove Theorem in Section [2.2] and Theorem in Section These proofs

are totally independent of each other.

Theorem relies on a structural lemma for 2-local colourings, Lemma [2.3.1] This
lemma has a second application in local Ramsey theory. As mentioned above, some effort
has gone into extending Ramsey theory to local colourings. In particular, in [57], Gyarfas
et al. determine the 2-local Ramsey number of the path P,. This number is defined as the
smallest number m such that in any 2-local colouring of K, a monochromatic path of length
n is present. In [57], it is shown that the 2-local Ramsey number of the path P, is [%n —1].
Thus the usual 2-colour Ramsey number of the path, which is L%n — 1] and the 2-local
Ramsey number of the path P, only differ by at most 1 (depending on the parity of n).

The bipartite 2-colour Ramsey number of the path P, is defined as a pair (my, my), with
my > mg such that for any pair m}, m/, we have that m{ > m, for both i = 1,2 if and only if
every 2-colouring of K, ., contains a monochromatic path P,. Gyérfas and Lehel [65] and,
independently, Faudree and Schelp [35] determined the bipartite 2-colour Ramsey number
of Py, to be (2m — 1,2m — 1). The authors of [35] also show that for the odd path Py,,44
this number is (2m + 1,2m — 1). Observe that suitable split colourings can be used to see
the sharpness of these Ramsey numbers.

We use our auxiliary structural result, Lemma and the result of [55] to determine
the 2-local bipartite Ramsey number for the even path Ps,,. As for complete host graphs, it
turns out this number coincides with its non-local pendant.

Theorem 2.1.6. Let Koy,—12m—1 be coloured 2-locally. Then there is a monochromatic path
on 2m vertices.

It is likely that similar arguments can be applied to obtain an analogous result for odd
paths (but such an analogue is not straightforward). Clearly, the result from [35] together
with Theorem [2.1.6] (for m + 1) imply that the 2-local bipartite Ramsey number for the odd
path Py, 41 is one of (2m + 1,2m — 1), (2m + 1,2m), 2m + 1,2m + 1).

In view of the results from [25] and our Theorems [2.1.3} [2.1.5{ and [2.1.6] it might seem
that in terms of path- or cycle-partitions, r-local colourings are not very different from 7-
colourings. Let us give an example where they do behave differently, even for r = 2.

It is shown in [97] that any 2-coloured complete tripartite graph can be partitioned into
at most 2 monochromatic paths, provided that no part of the tripartition contains more than
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half of the vertices. This is not true for 2-local colourings: Let G be a complete tripartite
graph with triparts U, V and W such that |U| = 2|V| = 2|W| > 6. Pick vertices u € U,
veVand we W and write U' = U \ {u}, V' =V \ {v} and W' = W \ {w}. Now colour
the edges of [W’ U {v},U’] red, [V’ U {w},U’] green and the remaining edges blue. This is
a 2-local colouring. However, since no monochromatic path can cover all vertices of U’, we
need at least 3 monochromatic paths to cover all of G.

Note that in our example, the graph G contains a 2-locally coloured balanced complete
bipartite graph. This shows that in the situation of Theorem [2.1.5] we might need 3 paths
even if the 2-local colouring is not a split colouring (and thus a 2-colouring). Blowing this
example up, and adding some smaller sets of vertices seeing new colours, one obtains examples
of r-local colourings of balanced complete bipartite graphs requiring 2r — 1 monochromatic
paths.

2.2 Proof of Theorem 2.1.3

In this section we will prove our bounds for monochromatic cycle partitions, given by Theo-
rem 2.1.3] The heart of this section is Lemma 2.2.7] This lemma enables us to use induction
on r, in order to prove new bounds for the number of monochromatic matchings needed to
cover an r-locally coloured graph. In particular, we find these bounds for the complete and
the complete bipartite graph. All of this is the topic of Subsection [2.2.1]

To get from monochromatic cycles to the promised cycle cover, we use a nowadays stan-
dard approach, which was first introduced in [79]. We find a large robust Hamiltonian graph,
regularise the rest, find monochromatic matchings covering almost all, blow them up to cy-
cles, and the absorb the remainder with the robust Hamiltonian graph. The interested reader
may find a sketch of this well-known method in Subsection [2.2.2]

2.2.1 Monochromatic matchings

Given a graph GG with an edge colouring, a monochromatic connected matching is a matching
in a connected component of the subgraph that is induced by the edges of a single colour.

Lemma 2.2.1. For k > 2, let the edges of a graph G be coloured k-locally. Suppose there
are m monochromatic components that together cover V(G), of colours cy, ..., Cp.

Then there are m vertex-disjoint monochromatic connected matchings My, . .., M,,, of colours
Cly- ., Cm, Such that the inherited colouring of G\ V (U2, M;) is a (k — 1)-local colouring.

Proof. Let G be covered by m monochromatic components C', ..., C,, of colours ¢y, ..., ¢p.
Let M; C (4 be a maximum matching in colour ¢;. For 2 < i < m we iteratively pick

maximum matchings M; C Ci \ V(U,; M;) in colour ¢;. Set M :=J,,, M.

Now let v be any vertex in H := G\ V(M). Say v € V(C;\ V(M)). In particular, vertex
v sees colour ¢ in G. However, by maximality of M;, vertex v does not see the colour ¢; in
H. Thus in H, vertex v sees at most £ — 1 colours. Hence, the inherited colouring of H is a

(k — 1)-local colouring, which is as desired. O

Corollary 2.2.2. If K,, is r-locally edge coloured, and H is obtained from K, by deleting
o(n?) edges, then

(a) V(K,) can be covered with at most r(r+1)/2 monochromatic connected matchings, and
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(b) all but o(n) vertices of H can be covered with at most r(r 4+ 1)/2 monochromatic con-
nected matchings.

Note that the matchings from (b) are connected in H.

Proof. The proof is based on the following easy observation. In any colouring of K, the closed
monochromatic neighbourhoods of any vertex v together cover K,,. Since the colouring is a
k-local colouring, we can cover all of V(K,,) with k£ components. Now apply Lemma
successively to obtain the bound from (a).

For (b), it suffices to observe that we can choose at each step a vertex v that has o(n)
non-neighbours in the current graph. For, if at some step, there is no such vertex, then a
simple calculation shows we have already covered all but o(n) of V(K,,), and can hence abort
the procedure. O

Corollary 2.2.3. If K,,,, is r-locally edge coloured, and H is obtained from K, , by deleting
o(n?) edges, then

(a) V(K,,) can be covered with at most (2r — 1)r monochromatic connected matchings,
and

(b) all but o(n) vertices of H can be covered with at most (2r—1)r monochromatic connected
matchings.

Note that the matchings from (b) are connected in H.

Proof. The proof very similar to the proof Corollary[2.2.2] 'We only note that in any colouring
of K, , the two closed monochromatic neighbourhoods of any edge form a vertex cover of
size at most 2r — 1. [

2.2.2 From matchings to cycles
2.2.2.1 Regularity

Regularity is the key for expanding our partition of an r-locally coloured K, or K, , into
monochromatic connected matchings to a partition of almost all vertices into monochromatic
cycles. We follow an approach introduced by Luczak [79], which has become a standard
method for cycle embeddings in large graphs. We will focus on the parts where our proof
differs from other applications of this method (see [58], 61}, [72]).

The main result of this section is:

Lemma 2.2.4. If K,, and K,,,, are r-locally edge coloured, then
(a) all but o(n) vertices of K,, can be covered with at most r(r+1)/2 monochromatic cycles.
(b) all but o(n) vertices of K,,,, can be covered with at most (2r —1)r monochromatic cycles.

Before we start, we need a couple of regularity preliminaries. For a graph GG and disjoint
subsets of vertices A, B C V(G) we denote by [A, B] the bipartite subgraph with biparts A
and B and edge set {ab € E(G) : a € A,b € B}. We write deg.(A, B) for the number of
edges in [A, B]. If A = {a} we write shorthand deg(a, B).
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The subgraph [A, B] is (e, G)-reqular if
|degG(X7 Y) - degG(Au B)| <ée

forall X C A, Y C Bwith |X| > ¢|A|, |Y]| > ¢|B|. Moreover, [A, Bl is (g, §, G)-super-reqular
if it is (e, G)-regular and

degi(a, B) > §|B| for each a € A and deg(b, A) > 6|A| for each b € B.

A vertex-partition {Vy, V1,..., V;} of the vertex set of a graph G into [ + 1 clusters is called
(e, G)-regular, if

(i) Wi =[Val = ... = Vi];
(i) [Vol <en;
(iii) apart from at most 5(@) exceptional pairs, the graphs [Vi, V;] are (¢, G)-regular.

The following version of Szemerédi’s regularity lemma is well-known. The given preparti-
tion will only be used for the bipartition of the graph K, , in Lemma (b). The colours
on the edges are represented by the graphs Gj.

Lemma 2.2.5 (Regularity lemma with prepartition and colours). For every ¢ > 0 and
m,t € N there are M,ng € N such that for all n > ng the following holds.

For all graphs Gy, G1,Gs, ..., Gy with V(Gy) = V(Gy) = ... = V(Gy) =V and a partition
AyU...UA; =V, where r > 2 and |V| = n, there is a partition VoU Vi U ... UV, of V into
[+ 1 clusters such that

(a) m <1< M;
(b) for each 1 <i<1 thereis a1l < j <s such that Vi C A;;
(c) VouWViU...UV, is (e, Gj)-regular for each 0 <i < t.

Observe that the regularity lemma provides regularity only for a number of colours
bounded by the input parameter t. However, the total number of colours of an r-local
colouring is not bounded by any function of r (for an example, see Section . Luckily,
it turns out that it suffices to focus on the ¢ colours of largest density, where ¢ depends only
on r and e. This is guaranteed by the following result from [56].

Lemma 2.2.6. Let a graph G with average degree a be r-locally coloured. Then one colour
has at least a*/2r* edges.

Corollary 2.2.7. For all € > 0 and r € N there is a t = t(e,7) such that for any r-local
colouring of K,, or K, ., there are t colours such that all but at most en® edges use these
colours.

Proof. We only prove the corollary for K, ,, as the proof for K, is very similar. Let ¢t :=
[—% loge]. We iteratively take out the edges of the colours with the largest number of
edges. We stop either after ¢ steps, or before, if we the remaining graph has density less than
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e. At each step Lemma ensures that at least a fraction of 55 of the remaining edges
has the same colourﬁ Hence we can bound the number of edges of the remaining graph by

£ t
(1 _ ﬁ) n? < oet/2r? 2 < en?.
,

2.2.2.2 Proof of Lemma [2.2.4]

We only prove part (b) of Lemma , since the proof of part (a) is very similar and actually
simpler. For the sake of readability, we assume that ny > 0 is sufficiently large and 0 < ¢ < 1
is sufficiently small without calculating exact values.

Let the edges of K, , with biparts A; and Ay be coloured 7-locally and encode the
colouring by edge-disjoint graphs Gy, ..., Gy on the vertex set of K, ,. By Corollary 2.2.7]
there is a t = t(e,r) such that the union of G, ..., Gy covers all but at most en?/8r? edges of

Ky . We merge the remaining edges into G := (J;_,,; Gi- Note that the colouring remains
r-local and by the choice of ¢, we have

|E(Go)| < en?/8r°. (2.2.1)

For e, t and m := 1/¢, the regularity lemma (Lemma provides ng and M such for
all n > ny there is a vertex-partition Vg, V4, ...,V of K,,,, satisfying Lemma [2.2.5(a)| for
Go, Gy, ..., Gy.

As usual, we define the reduced graph R which has a vertex v; for each cluster V; for
1 <i < [l. We place an edge between vertices v; and v; if the subgraph [V, V;] of the
respective clusters is non-empty and forms an (e, G,)-regular subgraph for all 0 < ¢ < ¢.
Thus, R is a balanced bipartite graph with at least (1 — ¢) (é) edges.

Finally, the colouring of the edges of K, ,, induces a majority colouring of the edges of R.
More precisely, we colour each edge v;v; of R with the colour from {0,1,...,¢} that appears
most on the edges of the subgraph [Vi,V;] C G (in case of a tie, pick any of the densest
colours). Note that if v;v; is coloured i then by Lemma ,

[Vi, V;] has at least 55 (%)? edges of colour i. (2.2.2)

Our next step is to verify that the majority colouring is an r-local colouring of R. To this
end we need the following easy and well-known fact about regular graphs.

Fact 2.2.8. Let [A, B] be an e-reqular graph of density d > . Then at most €| A| vertices
from A have no neighbours in B.

Claim 2.2.9. The colouring of the reduced graph R is r-local.

Proof. Assume otherwise. Then there is a vertex v; € V(R) that sees r + 1 different colours
in R. By Fact 2.2.8] all but at most (r 4 1)e|Vi| < |Vi| of the vertices in V; see r + 1 different
colours in K, ,, contradicting the r-locality of our colouring. O]

3Here we use that in a balanced bipartite graph H with 2n vertices, m edges, average degree a and density

2
2= dm’ _ qm.

d we have a I =
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By (2.2.1), and by (2.2.2), we know that R has at most |E(G0)|4l2—§r2 < el? edges of
colour 0. Delete these edges and use Corollary to cover all but o(l) vertices of R with

(2r — 1)r vertex-disjoint monochromatic matchings M*, ..., M® =1 of spectrum 1, ..., ¢.
We finish by applying Luczak’s technique for blowing up matching to cycles [79]. This is
done by using the following (by now well-known) lemma.

Lemma 2.2.10. Lett > 1 and v > 0 be fized. Suppose R is the edge-coloured reduced
graph of an edge-coloured graph H, for some ~y-regqular partition, such that each edge vw of
R corresponds to a y-reqular pair of density at least \/7 in the colour of vw.

If all but at most |V (R)| vertices of R can be covered witht disjoint connected monochromatic

matchings, then there is a set of at most t monochromatic disjoint cycles in H, which together
cover all but at most 10,/5|V (H)| vertices of H.

For completeness, let us give an outline of the proof of Lemma [2.2.10

Sketch of a proof of Lemma[2.2.10, We start by connecting in H the pairs corresponding to
matching edges with monochromatic paths of the respective colour, following their connec-
tions in R. We do this in a cyclic manner, that is, if v, v;,,...,v,v;, forms the matching,
then we take paths Pp,..., P, in a way that P, connects Vj, and V;,,, (modulo £). The
end-vertex of each P, can be taken as a typical vertex of the graph [V;,,V} ] or [Vi,,,,V},.,]
(this is important as we later have to ‘fill up’ the matching edges accordingly). We find the
connecting paths simultaneously for all matchings.

Note that, as t is fixed, the paths chosen above together consume only a constant number
of vertices of H. So we can we connect the monochromatic paths using the matching edges,
blowing up the edges to long paths, where regularity and density ensure that we can fill up
all but a small fraction of the corresponding pairs. This gives the desired cycles.

A more detailed explanation of this argument can be found in the proof of the main result

of [59). 0

2.2.3 The absorbing method

In this subsection we prove Theorem [2.1.3] We apply a well known absorbing argument
introduced in [31]. To this end we need a few tools.

Call a balanced bipartite subgraph H of a 2n-vertex graph e- Hamiltonian, if any balanced
bipartite subgraph of H with at least 2(1 — €)n vertices is Hamiltonian. The next lemma is a
combination of results from [64), 83] and can be found in [72] in the following explicit form.

Lemma 2.2.11. For any 1 > v > 0, there is an ng € N such that any balanced bipartite
graph on 2n > 2ng vertices and of edge density at least v has a y/4-Hamiltonian subgraph of
size at least v*0%4/7n /3.

The following lemma is taken from [25].

Lemma 2.2.12. Suppose that A and B are vertex sets with |B| < |A|/r"" and the edges of
the complete bipartite graph between A and B are r-locally coloured. Then all vertices of B
can be covered with at most r? disjoint monochromatic cycles.

Sketch of a proof of Theorem[2.1.5 Here we only prove part (b) of Theorem [2.1.3] since the

proof of (a) is almost identical. The differences are discussed at the end of the section.
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Let A and B be the two partition classes of the r-locally edge coloured K, ,. We assume
that n > ng, where we specify ng later. Pick subsets A; C A and By C B of size [n/2] each.
Say red is the majority colour of [A;, B;]. Then by Lemma , there are at least n?/8r?
red edges in [A;, By].

Lemma applied with v = 1/10r? yields a red «/4-Hamiltonian subgraph [Ay, Bo]
of [Ay, By| with

|[As| = |Bo| > 77 A4|/3 > 4% /7.

Set H := G — (A3 U By), and note that each bipart of H has order at least |n/2]. Let
§ 1= 4%/ Assuming ny is large enough, Lemma [2.2.4(b) provides (2r — 1)r monochromatic
vertex-disjoint cycles covering all but at most 2dn vertices of H. Let X4 C A (resp. Xp C
B) be the set of uncovered vertices in A (resp. B). Since we may assume none of the
monochromatic cycles is an isolated vertex, we have | X 4| = |Xp| < on.

By the choice of §, and since we assume ny to be sufficiently large, we can apply Lemma[2.2.12
to the bipartite graphs [As, Xg] and [Bs, X 4]. This gives 2r? vertex-disjoint monochromatic
cycles that together cover X4 U Xp. Again, we assume none of these cycles is trivial. As
| X4l = | XB| < dn, we know that the remainder of [Ay, By] contains a red Hamilton cycle.
Thus, in total, we found a cover of G with at most (2r — 1)r + 2r? + 1 < 4r? vertex-disjoint
monochromatic cycles.

As claimed above, the proof of Theorem [2.1.3(a) is very similar. The main difference is
that instead of an e-Hamiltonian subgraph we use a large red triangle cycle. A triangle cycle
Ty consists of a cycle on k vertices {vy,..., v} and k additional vertices A = {aq,...ax},
where a; is joined to v; and wvi;; (modulo k). Note that T} remains Hamiltonian after
the deletion of any subset of vertices of A. We use some classic Ramsey theory to find
a large monochromatic triangle cycle T} in an r-locally coloured K, as shown in [25]. Next,
Lemma [2.2.4)(a) guarantees we can cover most vertices of K, \ T}, with r(r 4+ 1)/2 monochro-
matic cycles. We finish by absorbing the remaining vertices B into A with only one applica-
tion of Lemma [2.2.12 thus producing r? additional cycles. As noted above, the remaining
part of T}, is Hamiltonian and so we have partitioned K, into r7(r +1)/2 + 7% + 1 < 2r?
monochromatic cycles. O

2.3 Bipartite graphs with 2-local colourings

In this section we prove Theorem [2.1.5] and Theorem We start by specifying the
structure of 2-local colourings of K, ,. Let G be any graph, and let the edges of G be
coloured arbitrarily with colours in N. We denote by C; the subgraph of G induced by
vertices that are adjacent to any edge of colour i. Note that C; can contain edges of colours
other than i. If for colours i, j the intersection V(C;) N V(C}) is empty, we can merge i and
j as we are only interested in monochromatic paths. We call an edge colouring simple, if
V(Cy) NV (C;) # 0 for all colours i, j that appear on an edge.

In [57] it was shown that the number of colours in a simple 2-local colouring of K, is
bounded by 3. In the next lemma we will see that for K, , the number of colours in a simple
2-local colouring is bounded by 4. For r > 3, however, simple r-local colourings can have an
arbitrary large number of colours: take a ¢ x ¢ grid G and colour the edges of the column
i and row i with colour i for 1 < i < ¢. Then add edges of a new colour ¢t + 1 until G is
complete (or complete bipartite) and observe that G is 3-locally edge coloured and simple,
but the total number of colours is ¢ + 1.
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Figure 2.1: The four colour case of Lemma m

In what follows, we denote partition classes of a bipartite graph H (which we imagine as
either top or bottom) by H and H.

Lemma 2.3.1. Let K,,,, have a simple 2-local colouring. Then the total number of colours
is at most four. In particular, if there are (edges of ) colours 1,2,3 and 4, then

® Kmn:ClﬂCQUOgﬁOz; and

® Knm:Olm03U01mC4U02m03UCQQC4

as shown in Figure (modulo swapping colours and swapping K, , with K, ).

Proof of Lemma[2.3.1. We can assume there are at least four colours in total, as otherwise
there is nothing to show. We start by observing that for any four distinct colours i, j, k, ¢, if
v e V(CiNC;) and w € V(C,NCYy), then, by 2-locality, v and w cannot lie in opposite classes
of K. Thus either V(C;NC;) UV (CpyNCy) C K, or V(C;NC;) UV(C,NCy) C Ko
Fixing four colours 1, 2, 3,4, and considering their sm)y simplicity non-empty) intersections,
the pigeon-hole principle gives that (after possibly swapping colours and/or top and bottom
class of K, ,),

V(C,NCy) UV(C,NC) UV(CINC) UV(CyNCy) C K. (2.3.1)

As every colour must see both top and bottom of K, ,,, we have that V/(C1NC2)UV (C5NCy) C
K, . By 2-locality there are no other colours. O]

2.3.1 Partitioning into paths

In this subsection we prove Theorem m For the sake of contradiction, assume that K, ,
is 2-locally edge-coloured such that there is no partition into three monochromatic paths.
Since we are not interested in the actual colours of the path we can assume the colouring to
be simple. Furthermore Theorem [2.1.1] implies that there are at least three colours.

A path is even if it has an even number of vertices.

Claim 2.3.2. There is no even monochromatic path P such that K,, \ P is contained in
Ci N Cj for distinct colours i, j.
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Proof. Suppose the contrary and let P be as described in the claim and of maximum length.
Since the colouring is 2-local and K, \ P C C;NC}, the graph on K,,,, \ P is 2-coloured.
Using Theorem , we are done unless the colouring on K, ,, \ P is split.

In that case, let p be the endpoint of P in K, ,. Since K, , \ P C C;NCj, the edges

between p and K, ,, \ P have colours i or j. So P has colour k ¢ {i, j}, as otherwise we could
use the splitness of K,,,, \ P to extend P with two extra vertices. But then, p can only see

one more colour apart from k, so we may assume that all the edges between p and K, \ P
have colour i. Now cover K,,, \ P by two paths P, and P, of the colour i and one path of
the colour j. The paths P; and P, can be joined using the vertex p to give the three required
paths. O

Now the case of four colours of Lemma [2.3.1] is easily solved: without loss of generality
suppose that | N Csy| < n/2. By symmetry between colours 1 and 2 we can assume that
|Cy| < | Cy|. So there exists an even colour 2 path P covering Cy = C; N Cy and we are done
by Claim [2.3.2] This proves the following claim.

Claim 2.3.3. The total number of colours is three.

Our next aim is to show that the colouring looks like in Figure 2.2} that is, that every
vertex sees two colours. For this, we need the next claim and the following definition. We
say that a subgraph of H C K, , is connected in colour i, if every two vertices of H are
connected by a path of colour i in H.

Claim 2.3.4. There is no even monochromatic path P such that K, , \ P is connected in
some colour 1.

Proof. Assume the opposite and let P be as described in the claim. Simplify the colouring
of Ky, \ V(P) to a 2-colouring by merging all colours distinct from i. (Note that since all
vertices see i, by 2-locality no vertex can see more than one of the merged colours.) The new
colouring is not a split colouring by the assumption on i. Hence Theorem applies, and
we are done. O

Claim 2.3.5. FEach vertex sees two colours.

Proof. Suppose that there is a vertex in m that sees only colour, 1 say. Then by 2-
locality Cy N C3 = (). Since the colouring is simple we know that Cy N C3 # (). Therefore
K., C(CiNCy)U(CiNCs). If |Cyn C3| > |Cy N T, we can choose an even path of colour
3 that contains all vertices of C; N C5 and apply Claim . Otherwise, let P be an even

path of colour 3 between |Cy N C3| and |Cy N C3| that covers all vertices of Cy N C5. Since all
remaining vertices lie in C4, the subgraph K, ,, \ P is connected in colour 1 and we are done

by Claim [2.3.4] O

Claims and ensure that for the rest of the proof we can assume that the
colouring is exactly as shown in Figure (with some of the sets possibly being empty).
Now, let us see how Claim [2.3.2] implies that we easily find the three paths if one of the C;
is complete bipartite in colour i.

Claim 2.3.6. Fori€ {1,2,3}, the graph C; is not complete bipartite in colour i.
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Figure 2.2: There are three colours and each vertex sees exactly two colours.

Proof. Suppose the contrary and let C; contain only edges of colour i. Take out a longest even
path of colour i in Cj. This leaves us either with only C; N C}, in the bottom partition class,

or with only C; N Cy in the top partition class (where j and k are the other two colours). We
may thus finish by applying Claim [2.3.2] after possibly switching top and bottom parts. [

Claim 2.3.7. Fori€ {1,2,3}, the graph C; is connected in colour i.

Proof. For contradiction, suppose that C3 is not connected in colour 3 (the other colours are
symmetric). Then there are two edges e, f of colour 3 belonging to C5 that are not joined
by a path of colour 3. First assume we can choose e in E(Cy N C3). Since all edges between
C1 N C3 and Cy N C5 have colour 3, we get f € E(Cy N C3), and C; N C5 has no vertices.
But this contradicts our assumption that the colouring is simple. Therefore, Cs N C3 and, by
symmetry, C; N C3 contain no edges of colour 3.

By symmetry (between the top and bottom partition) we can assume that |C; N Cs| >
|C1 N C]. Further, we have |C) N Cs] < |C1 N Cy| 4 |Cy N ), since otherwise we could find
an even path of colour 1 that covers all of C; N Cy U C N C5 and use Claim . So we can
choose an even path P of colour 1, alternating between C; N C3 and C; N Cy U Cy N Cj, that
contains both €} N C5 and Cy N C5. Thus K, ,, \ P is connected in colour 2 and Claim m
applies. ]

Let us now show that for pairwise distinct i, j, k € {1,2,3} we have

at least one of C; N C;, C; N Cy, is not empty. (2.3.2)

To see this, note that the edges between C; N C; and Ci N C}, are of colour i. Thus if
does not hold, we can find a colour i (possibly trivial) path P that covers one of these two
sets. Hence either in the top or in the bottom part of K, ,,, the path P covers all but C;NC}.
We can thus finish with Claim 2.3.2]

Together with the fact that every colour must see both top and bottom class,
immediately implies that for pairwise distinct i, 7, k € {1,2,3} we have

at least one of C; N Cj, C; N Cy meets both K, ,, and K, . (2.3.3)

So, of the three bipartite graphs C; N C;, two have non-empty tops and bottoms. Hence,
after possibly swapping colours, we know that the four sets C; N C;, Ci;NC,, i = 2,3, are
non-empty. Observe that after possibly swapping colours 2 and 3, and /or switching partition
classes of K, ,, we have one of the following situations:

48



(l) |Ol N 02| 2 |Cl ﬁC’3| and |Ol ﬂ02| 2 |Cl ﬂC’3|, or
(11) ‘Ol N 02’ 2 ’Cl ﬂC’g\ and ‘Ol ﬂCg] S ’Cl ﬂC’s\

In either of these situations, note that as all involved sets are non-empty, by Claim [2.3.
there is an edge e; of colour 1 in E(Cy NCy) U E(Cy N Cs). So if we are in situation (ii), we
can find an even path of colour 1 covering all of C; N C3UCy N Cy. Now Claim applies,
and we are done. So assume from now on we are in situation (i).

Similarly as above, by (2.3.3), there is an edge e, of colour 2 in E(C5N Cy) U E(C1 N Cy).
By Claim [2.3.6] C3 is not complete bipartite in colour 3. So we can assume that at least one
of e; or ey is chosen in C5 and hence the two edges are not incident.

Extend e; to an even colour 1 path P covering all of C; N C3, using (apart from e;) only
edges from [C; N Cy,Ch N Cy and from [C; N Cy, C7 N Cs], while avoiding the endvertices of
eq, if possible. If we had to use one of the endvertices of e in P, then P either covers all of
CiNCs or all of C7 N Cy. In either case we may apply Claim and are done. On the
other hand, if we could avoid both endvertices of ey for P, then Claim applies and we

are done. This finishes the proof of Theorem [2.1.5]

2.3.2 Finding long paths

In this subsection we prove Theorem [2.1.6, We will use the following theorem, which resolves
the problem for the case of of 2-colourings.

Theorem 2.3.8 (|35, 55]). Every 2-edge-coloured K, y;—1p+q—1 contains a colour 1 path of
length 2p or a colour 2 path of length 2q.

As in the last section, C; denotes the subgraph induced by the vertices that have an edge
of colour i. Recall that the length of a path is the number of its vertices.

Lemma 2.3.9. Let Kop,—12m—1 be 2-locally coloured with colours 1,2,3. Then for distinct
colours i, 7 there is a monochromatic path of length at least

min{2m, 2max(|C; N C}|, |CiNCj|)}.
Proof. By symmetry, we can assume that |C; N C;| > |C; N C;|. Moreover, we can assume
that C; N C; # 0, as otherwise there is nothing to prove. Then by 2-locality,
Ci \ (CiUCy) =10, (2.3.4)

where k denotes the third colour.
We apply Theorem to a balanced subgraph of C; N C; with p = m — |C; \ C}| and
g =m —|C; \ Ci|. For this, note that we have

p+q—1:2m—1—|Oi\Cj|—|Cj\C'i||CiﬂCj|§|C'iﬁCj|.

By symmetry between i and j we can assume that the outcome of Theorem is a colour
i path P of length 2(m — |C; \ C|). Let R C [CiNC;\ P,C;\ C;] be a path of colour i and
length - -

r=min(2|C; N C; \ P|,2|Ci \ C}]).
If » = 2|C;\ ], then we can join P and R to a path of length of 2m. Otherwise r =
2|C; N C; \ P| and we can join P and R to a path of length of 2|C; N Cj|. O
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Now let us prove Theorem by contradiction. To this end, assume that Ks,;,—1 2,1 is
coloured 2-locally and has no monochromatic path on 2m vertices. Since we are not interested
in the actual colours of the path we can assume the colouring to be simple, as in the previous
subsection. Furthermore Theorem [2.3.8 implies that there are at least three colours.

We now apply Lemma [2.3.1. The four colour case of Lemma [2.3.1| is quickly resolved:
Without loss of generality suppose that |C; N Cy| > m. By symmetry between colours 1 and
2, we can assume that |C; N C3UC) N Cy| > m. Thus we easily find a colour 1 path of length
2m alternating between these sets. This proves:

Claim 2.3.10. The total number of colours is three.
We can now exclude vertices that see only one colour.
Claim 2.3.11. Fach vertex sees two colours.

Proof. Suppose that there is a vertex in Ko, 9,,—1 that sees only colour 1, say. Then by
2-locality, Cy, N C3 = (. Since the colouring is simple we know that Cy N C3 # (). Therefore
Kom—12m—1 C (C1 NCy) U (CyNCs). Since one of C; NCy and C; N C5 must have size at
least m, we are done by Lemma [2.3.9] ]

Put together, Claims [2.3.10| and [2.3.11| allow us to assume that the colouring is as shown
in Figure The next claim follows instantly from Lemma [2.3.9]

Claim 2.3.12. For distinct colours i, j we have max(|C; N Cy, |C; N C|) < m.

As the three top parts sum up to 2m—1, and so do the three bottom parts, we immediately
get:

Claim 2.3.13. ;N C;,CiNC; # 0 for all distinet 1,75 € {1,2,3}.

The next claim requires some more work. Recall that a subgraph of H C K, ,, is connected
in colour i, if every two vertices of H are connected by a path of colouriin H.

Claim 2.3.14. If the subgraph Cy is connected in colour i, then there are distinct j, k €
{1,2,3}\{i} such that |C; N C;| > |CiNCyl, |Ci N Cy| > |Ci N Cy| (modulo swapping top and
bottom partition classes) and |V (C; N Ck)| < m.

Proof. Suppose that C; is connected in colour i and let j,k € {1,2,3} \ {i} be such that
|Ci N Cy| > |CiN Cy (after possible swapping top and bottom partition). By Claim
and as Cj is connected in colour i, we find an edge e; € E(C; N C;) U E(C; N Cy) of colour
i. Choose an even path P C [C; N C;, Ci N Cy] which covers C; N Cy and ends in one of the
vertices of e;.

For the first part of the claim, assume to the contrary that |C; N C;| < |CiNCy|. Take
an even path P’ C [C;NC}, C; N Cy| which covers C; N C; and ends in a vertex of e;. Since
P and P’ are joined by e; we infer that |C; N Cy| + |Ci N Cj| < m. But then |C; N Cy| > m
in contradiction to Claim [2.3.12| This shows that |C; N C;| > |C; N Cy|, as desired.

This allows us to pick an even path P” C [C; N C;, Ci N Cyl of colour i, which covers

C; N C} and ends in one of the vertices of e;. Join P and P” via e; to obtain a colour i path
of length at least 2|C; N Cx| + 2|C; N Ck| = 2|V (C; N C)|. So by our assumption that there
is no monochromatic path of length 2m, we obtain |V (C; N Cy)| < m, as desired. O
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Claim 2.3.15. For at most one pair of distinct indices i,j € {1,2,3} it holds that |V (C;N
C])‘ <m.

Proof. Suppose, on the contrary, that C7 N Cy and C; N C5 each have less than m vertices.
Then Cs N C5 has at least 2m vertices. Therefore one of its partition classes has size at least
m, a contradiction to Claim [2.3.12] O

We are now ready for the last step of the proof of Theorem [2.1.6] We start by observing
that if for some i € {1,2,3}, the subgraph C; is not connected in colour i, then (letting j, k
be the other two indices) the edges of the graphs C; N C; and C; N Cy are all of colour j,
or colour k, respectively, and thus both C; and C}, are connected in colour j, or colour k,
respectively. So we can assume that there are at least two distinct indices j, k € {1,2,3},
such that the subgraphs C;, C}, are connected in colour j, or in colour k, respectively. Say
these indices are 1 and 3.

We use Claim twice: For C it yields that one of C; N C5 and C N C5 has less than
m vertices. For Cj it yields that one of C; N C3 and Cy N C5 has less than m vertices. So by
Claim [2.3.15 we get that necessarily,

|V(Cl N C3)| <m, |V(Cl N CQ)| > m, |V(CQ N Cg>| > m. (235)

Again using Claim[2.3.14] this implies that C5 is not connected in colour 2. So by Claim [2.3.13]
and the fact that the edges between C; N Cy and Cs N C3 are complete bipartite in colour 2,
we have that

Cy N Cy is complete bipartite in colour 1. (2.3.6)

Also, in light of (2.3.5), Claim with input i = 1 gives j = 2 and k¥ = 3 and
thus |Cy N Cy| > [CLNCs, |CLNCyl > |Cy N Cs) (after possibly swapping top and bottom
partition). Choose two balanced paths of colour 1: The first path P C [C} N Cy, C) N Cs]
such that it covers C; N C3. The second path P’ C [C; N Cy, C; N C3) such that it covers
CiNCs. As by we know that C7 N C5 is complete bipartite in colour 1, we can join P
and P’ with a path of colour 1 in C; N Cy, such that the resulting path P’ covers one of Cj,
(. Since by assumption, P” has less than 2m vertices, we obtain that Cy N C3 or Cy N Cy
has size at least m, a contradiction to Claim [2.3.12 This finishes the proof of Theorem [2.1.6]
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Chapter 3

Partitioning a red and blue edge coloured
graph of minimum degree 2n/3 + o(n)
into three monochromatic cycles

Peter Allen, Julia Bottcher, Richard Lang,
Jozef Skokan and Maya Stein

Abstract

It is proved that any edge colouring in red and blue of a graph on n vertices and of minimum
degree 2n/3 + o(n) admits a partition into three monochromatic cycles.

3.1 Introduction

In the late 90’s Luczak, Rodl and Szemerédi confirmed a conjecture of Lehel and proved
that every edge colouring of K, in red and blue admits a partition into a red and a blue
cycle, provided that n is large enough [80]. This was later generalized to smaller and finally
all n by Allen [I] and Bessy and Thomassé [I3]. (Note that here we count edges, single
vertices and the empty set as cycles as well, to omit some trivial cases.) Motivated by
ideas of Schelp, Balogh et al. asked if Lehel’s conjecture stays true for graphs of bounded
minimum degree [10]. They conjectured the following: given any graph G on n vertices and
of maximum degree 3n/4, for any colouring of the edges in red and blue, there are a red and a
blue cycle which together partition the vertices of G. Note that there are graphs of minimum
degree 3n/4 — 1 that do not admit such a partition. In support of their conjecture, Balogh
et al. proved an approximate version [10]. They showed that, for every J there is an ny such
that for any graph G on n > ng vertices and with minimum degree at least (3/4 + 8)n, any
colouring of the edges of G in red and blue admits disjoint red and blue cycles which together
cover all but Sn vertices. DeBiasio and Nelsen were able to improve on this by obtaining a
proper partition into a red and a blue cycle under the same degree conditions [27]. Finally,
Letzter proved the full conjecture for all sufficiently large n [74] EI Based on these advances
Pokrovskiy conjectured that similar results are true for graphs of even lower minimum degree.

n fact the conjecture is wrong for small graphs. There is a counterexample on 19 vertices [27].
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Figure 3.1: Graphs without partitions into three (four) monochromatic cycles.

In particular, he conjectured that red and blue edge coloured graphs of minimum degree 2n/3
(n/2) can be partitioned into 3 (4) monochromatic cycles [85]. There are examples which
show that these numbers are essentially tight (see Figure [3.1)). Here we verify the first part
of Pokrovskiy’s conjecture approximately.

Theorem 3.1.1 (Main result). For each > 0, there is an ng such that the following
holds. Let G be a graph on m > ngy vertices and minimum degree at least (2/3 + [)n.
Then any colouring of the edges of G in red and blue admits a partition of V(G) into three
monochromatic cycles.

Let us briefly summarize the approaches that have been taken in this field so far. To prove
Lehel’s conjecture the authors of [80] used an approach involving the Regularity Lemma. In
the following we will assume that the reader is familiar with the regularity method. Defini-
tions and details about regularity are provided in the next section. Suppose that the edges
of G = K, are coloured in red and blue. Given a regular partition of GG, we can colour the
edges of the reduced graph G by majority, i.e. by colouring an edge red if most of the edges
in the respective regular pair of G are red and blue otherwise. Fix a red (blue) connected
component R (B) in the subgraph of G induced by the red (blue) edges. By an argument of
Luczak a matching in R + B of size ¢|V(G)| corresponds to (disjoint) red and blue cycles in
G, which together cover approximately 2cn vertices [79]. This is, roughly speaking, achieved
by connecting the clusters of the matching edges by short monochromatic paths and then
selecting almost spanning paths between the clusters of the matching edges. In [80] it was
shown by elemental arguments that the subgraphs of both red and blue edges of G are con-
nected (or otherwise we are done). Given that R and B are the only components, it is fairly
easy to find a perfect matching in R + B, which leads to a red and a blue cycle covering
all but o(n) vertices. To obtain a proper cycle partition, the Luczak et al. then include the
remaining uncovered vertices into these two cycles by a case analysis.

The same approach is taken in [I0] for graphs of minimum degree (3/4 + 8)n. Due to
FLuczak’s argument, the problem of finding two monochromatic cycles, which cover all but n
vertices reduces to finding two monochromatic connected components, which together admit
a perfect matching.

To obtain a proper partition under the same degree conditions, DeBiasio and Nelsen did
the following. Instead of absorbing the vertices manually as in [80], they identified certain
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subgraphs before applying the Regularity Lemma, which later allow to absorb the leftover
vertices automatically. Note that this was necessary, because the analysis of graphs with
minimum degree (3/4 + )n is considerably more complex compared to complete graphs.
Let us give some more details. A red subgraph R C G is robust if any two vertices are
connected by a linear number of constant size paths. It is shown in [27] that R admits a
(red) path P4 with the following property. For any set W C V(R) of sublinear size, there
is a path P} with vertex set V(PY) = V(P4P) UW and which has the same ends as P4®s.
Given these definitions the approach of [27] goes as follows. Let G be a graph on n vertices
and of minimum degree at least 3n/4 + o(n) and suppose its edges are coloured in red and
blue. Using elemental arguments we cover GG with red and a blue robust subgraphs R and B.
We pick absorbing paths P4 and P4™ and set their vertex sets aside. Next we apply the
Regularity Lemma to G — P4 — PAP® to obtain a regular partition and an (edge coloured)
reduced graph G. By a lemma of [27] the robust subgraph R (B) corresponds to a connected
component R (B) in G. More precisely, the vertices of R (B) are contained in the clusters
of the vertices of R (B). We then have to show that R + B contains a perfect matching
M. (Note that we can not change the red and blue components at this point.) Once this
is settled, we can, as before, use Luczak’s argument to construct a red and a blue cycle in
G, which are disjoint and together cover all but o(n) vertices of G. By the correspondence
between R and R (B and B) we can furthermore assume that P2 (P4) is included as
segment on the red (blue) cycle. We then finish by absorbing the remaining vertices into
PAP and P4, which is possible because R + B covers G.

To obtain the same partition for graphs of minimum degree (exactly) 3n/4 Letzter followed
the above approach and developed it further [74]. For instance she proved that connected
components in a reduced graph correspond to robust components in the original graph. Thus
the argument of covering G with robust monochromatic subgraphs reduces to covering (the
reduced graph) with monochromatic connected components, which is less technical. Note
that we now use two applications of the Regularity Lemma. One for the robust components
and one (with smaller input) for Luczak’s argument. The proof of [74] is fairly involved, due
to the analysis of the many extremal cases that have to be considered when dealing with
graphs of minimum degree 3n/4.

Although the method of absorbing paths has been applied successfully, it is not without
shortcomings. For instance, it is inconvenient that the choice of the monochromatic com-
ponents (i.e. the robust subgraphs) and the selection of the matchings is separated by an
application of the regularity lemma. This adds further technicalities to the arguments, in
particular when it comes to the analysis of extremal cases. Another difficulty arises when
one of the robust subgraphs, R say, is close to being bipartite, i.e. when there are disjoint
sets V(R) = X UY such that X and Y contain only few red edges. In this case the path
P2 can only absorb sets W with [W N X| = |W NY|. This situation can be handled, if
a V(R) has a large intersection with V' (B) and B is far from being bipartite, but leads to
further technical and repetitive discussions.

Here we implement a new approach, which was developed to solve cycle partitioning
problems in hypergraphs by Garbe, Lang, Lo, Mycroft and Sanhueza [44]. Suppose that G is
a graph on n vertices, of minimum degree at least 2n/3+o0(n) and its edges are coloured in red
and blue. We start by applying the Regularity Lemma to obtain a regular partition and the
correspond reduced graph. Roughly speaking, our strategy is to find three monochromatic
components in the reduced graph, which admit a robust perfect matching. This is possible
unless the colouring takes an extremal configuration, in which case we have to fall back
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to ad hoc arguments. Following the argument of Luczak, we then connect the clusters of
the matching edges by short monochromatic paths. Although this is not trivial, we can
assume that the exceptional vertices, i.e. vertices which do not behave regularly enough, are
contained on these short paths. This will create some imbalances between the clusters of the
matching edges. We restore the balance between the matching edges up to a constant by
adding some more vertices on the above mentioned short paths. To determine which path
receives how many vertices, we solve a weighted matching problem in an auxiliary graph,
which is feasible by the robustness of the perfect matching. We then perform another more
subtle balancing step, which leaves the clusters of all matching edges equally sized. To finish
we apply the Blow Up Lemma to find monochromatic spanning paths in each of the matching
edges. Together with the short paths this yields the desired cycle partition.

This approach comes with the advantages that we can isolate the main lemmas (finding the
components, distributing exceptional vertices and solving extremal configurations) cleanly in
the big picture and there is little repetition in our arguments. Moreover, although it is an
involved argument, the implementation is not too technical and requires only the Regularity
and Blow Up Lemma.

The rest of the paper is organized as follows. In the next section we introduce some
notation and concepts related to the regularity method. In Section we present the proof of
Theorem [3.1.1] Sections and [3.6 are dedicated to the Lemmas concerning finding the
components, distributing the exceptional vertices and solving the cases of extremal colourings,
respectively.

3.2 Preliminaries

In this section we introduce some notation and tools, which we will need for the proof of

Theorem B.1.1]

3.2.1 Notation

Let G = (V, E) be graph. The order of G is |V (G)| and the size of G is |E(G)|. We denote
the neighbourhood of a vertex v by Ng(v) and Ng(v, W) = Ng(v) N W for a set of vertices
W C V(G). We denote the degree of v by degy(v) = |Ng(v)| and degg (v, W) = | Ng(v)NW].
For a set of vertices S C G we write Ng(S5) = (U,eg N(s). If it is clear from the context, we
often drop the index G.

For another graph H we denote by G + H the graph on vertex set V(G)UV (H) and edge
set F(G)U E(H).

Suppose that G is red and blue edge coloured graph. We denote by Greq (Gpe) the
subgraph on V(G) that contains the red (blue) edges. A red (blue) component of G is a
connected component of Greq (Ghe). In particular a vertex v with deg,4(v) = 0 is in a
red component of order 1. We will sometimes refer to red (blue) as colour 1 (2) and write
Gl = G(red (G2 = Gblue)-

A v-w-path (walk) is a path (walk) that starts in v and ends in w. If we treat an edge,
single vertex and the empty set as cycle, we will explicitly mention this.
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3.2.2 Regularity

Given a graph G and disjoint vertex sets V,W C V(G) we denote the number of edges
between V' and W by e(V, W) and the density of (V,W) by d(V,W) = e(V,W)/(|V||W]).
The pair (V,W) is called e-regular, if |V| = |[W| and for all subsets X C V, Y C W with
| X| > ¢|V| and |Y| > ¢|W] it follows that [d(V, W) — d(X,Y)| < e. We say that a vertex
v € V has typical degree in (V, W), if deg(v, W) > (d(V, W) —¢)|W|. It follows directly from
the definition of e-regularity that

all but at most €|V/| vertices in V' have typical degree in (V, W). (3.2.1)

The next lemma allows us to find (spanning) paths in regular pairs. It is a corollary of the
mighty Blow Up Lemma [70], but can also be proved independently with not too much effort.

Lemma 3.2.1. (Large paths in reqular pairs) Let n be an integer and let e,d be numbers with
0<1/n<e<d<1. Suppose that (V1,V3) is an e-reqular pair of density d = d(V1,V3) and
with |Vi| = [Va| =n. Fori=1,2 let W; CV; be a vertez set of size at most |Vi|/2 and which
contains all vertices of Vi that do not have typical degree in (Vi, V).

Then for any two vertices v; € Vi \ Wi, where i € [2], and any even integer 4 < k <
min(|Vy \ Wi, [Va \ Wa|) there is a vi-ve-path of order k alternating between Vi and Vs.

Szemerédi’s Regularity Lemma allows to partition the vertex set of a graph into clusters
of vertices, in a way that most pairs of clusters are regular [102]. We will use the regularity
lemma in its degree form and with 2 colours (see [71]).

Lemma 3.2.2 (Regularity Lemma). For every ¢ > 0 and integer mq there exists M =
M (e, mg) such that the following holds. Let G be a graph on n vertices whose edges are
coloured in red and blue and let d > 0. Then there exists a partition {Vy,...,Vy,} of V(G)
and a subgraph G’ of G with vertex set V(G) \ Vo such that the following holds:

(a) mo <m < M;

(b) Vol < en and |Vi| = ... = [Viu| < [en];

(¢) dege(v) > degq(v) — (2d + €)n for each v € V(G) \ Vo,
(d) G'[V)] has no edges for i € [m];

(e) all pairs (Vi,V;) are e-reqular and with density either 0 or at least d in each colour in

G

Let G be a red and blue edge coloured graph with a partition Vg, ..., V,, obtained from
Lemma with parameters €, my and d. We define the (e,d)-reduced graph G to be a
graph with vertex set V(G) = {z1,..., 2} and where two vertices z; and z; are connected
by a red (blue) edge, if (V4,V;) is an e-regular pair of density at least d in red (blue). It is
often convenient to refer to a cluster V; via its corresponding vertex in the reduced graph,
ie. Vi = V(z;). Note that G inherits the minimum degree of G. More precisely, if G has
minimum degree cn, it follows that

G has minimum degree at least (¢ — 2d — )m. (3.2.2)

The next lemma of Luczak allows us to connect clusters by short paths, if their counterparts
in the reduced graph lie in the same connected component.
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Lemma 3.2.3 (Connecting Paths [79]). Let n be an integer and let e,d be numbers with
0<1l/n<e<xd<1 LetG bea graph on n vertices and with an (e,d)-regular graph
G obtained from Lemma[3.2.9 Suppose that W C V(G) is a vertex set which contains at
most |V (x)|/2 vertices of each cluster V(z). Let x1y1, x2ys € E(G) be edges in a connected
component C C G of colour c.

Then for any two vertices v; € V(x;) of typical degree in (V(x;), V(y;)), there is a colour
¢ v1-vg-path P C G of order at most 2m and which avoids any vertices of W. In addition, if
C contains an odd cycle, we can choose the parity of |V (P)|.

3.3 Proof of Theorem 3.1.1]

In this section we present the proof of Theorem [3.1.1].

(A)

Hierarchy: Given § > 0 as input of Theorem [3.1.1] we define an integer no and
numbers ¢,y obeying the following hierarchy

I<l/ny<Kegygd< f<1/3. (<)

More precisely, we set
B =2"""d and y = d/2'.

Suppose ggz satisfies Lemma [3.2.1f with input d and ggzg satisfies Lemma [3.2.3| with
input d. We choose

0 < & < min (qgzm azza, 1 /2')
We then apply Lemma with input € to obtain an integer M. Suppose ngzy satisfies
Lemma with input €, d and ngog satisfies Lemma with input €,d. We choose
the integer ngy such that

no = maX(M - N3, B3 M100/2100€>‘

In the following d will indicate the density of the regular clusters. The constant ~ has
three functions with respect to the monochromatic components, that we will choose
in the reduced graph. It serves as lower bound for the robustness of the matching,
as lower bound of the component intersections and it keeps track of the distance of
the colouring to an extremal configuration. The constant ¢ indicates the regularity of
the pairs. We will bound the number of exceptional vertices and the differences in the
cluster sizes in terms of ¢.

Functions: n: graph order, e: regularity, exceptional vertices, differences in cluster

sizes 7: matching robustness, overlap, distance to extremal colouring, d: density of
regular pairs §: input minimum degree.

Input graph: Let G be a red and blue edge coloured graph on n > ny vertices and
with 0(G) > (2/3+ B)n. We have to show that G contains three monochromatic vertex
disjoint cycles, which together cover all vertices.

Regularity: Let V5, Vi,...,V,, be a (regular) partition of V(G) as guaranteed by
Lemma with m < M. We define the (e,d)-reduced graph G as explained in
Section [3.2.2] Thus G has a minimum degree of at least

B22)

5(G) = (2/3+B—2d—e)m > (2/3+ B/2)m (3.3.1)
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Figure 3.2: The extremal colourings.

for any = € V(G) we have
(1 —e)n/m < |V(x)] <n/m (3.3.2)
and if an edge zy € F(G) has not colour i then

ei(V(x),V(y) < dn?/m. (3.3.3)

Choose components: In this step we will choose three monochromatic components
in the reduced graph, which support our strategy. This is possible unless the colourings
has one of the following two configurations (see also Figure [3.2)).

Definition 3.3.1 (Extremal colourings). Let G be red and blue edge coloured graph.
We say that the colouring of G is y-extremal, if one of the following (modulo swapping
colours) holds

(a) G has a spanning bipartite red component with bipartition classes X, Xs and
such that ||X;| — |X2|| < yn. There are (exactly) two bipartite blue components
Bl7 B2 with V(Bl) g X1 and V(Bg) Q XQ.

(b) G has red and blue monochromatic components Ry, Ry, By, By such that V(G) =
Ui je V (B:) NV (B;) and [V (&) NV(B;)| < (1/4+7) for 1 <1i,j < 2. Moreover
the edges of G[V(R;) NV (Bj)] are blue if i = j and red otherwise.

We now state our key lemma, which will allow us to choose monochromatic components
with the desired properties. We defer its proof to Section [3.4]

Lemma 3.3.2 (Find components). Let G be a graph on n vertices and with 6(G) >
(2/3 + 8y)n, whose edges are coloured in red and blue. Then there are monochromatic
connected components Cy,Cy,C3 C G such that C = |JCy spans G and the following
holds.

(i) Robust perfect matching: The colouring of G is (4v)-extremal, or every stable
subset S of V(C') has |[Nc(S)| > |S| + yn.
(i) Overlap: One of the following holds

(a) [Uiz V(C)NV(C)| > (1/3+7)n or
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(b) Cy is spanning, Cy or Cy contains an odd cycle, and C3 = ().
(i11) Odd monochromatic cycle: If Cy,Cy, C3 are each bipartite, then C3 = ().
(iv) Odd cycle: C' contains an odd cycle.

(v) Connectivity: C is connected.

We obtain monochromatic connected components Cy,Cy,C3 C G by applying Lemma
with input G and . This is possible by and since 3/2 > 8v by . If the colour-
ing is extremal, we set C = R;U B; U B, for configuration @ and C = RiUR;UB{UB,y
for configuration @ These cases will receive additional attention in step .

Further notation: For an edge zy € E(G) let V(zy) = V(2) UV (y). We denote the
colour of C; by ¢;. (If C; = (), then ¢; = 1.) For an edge zy € E(C) let Bad(zy) C V(zy)
contain all vertices of non-typical degree in colour ¢ = 1,2 in (V(z),V(y)), i.e. all
r € V(z) and y € V(y) with deg.(z,V(y)) < (d — ¢)|V(x)| and deg.(y,V(x)) <
(d —¢)|V(y)|- Note that

Bad(ey)] 2" 42|V () (3.3.4)

by (3.2.1) and Lemma (3.2.2(e)|

Fix vertex cover: In this step we choose a vertex cover of C that has bounded
maximum degree. We will work with 2-matchings, which are a relaxation of matchings
and closely related to fractional matchings.

Definition 3.3.3 (Perfect 2-matching). A perfect 2-matching of a graph G is a function
w: E(G) — {0,1,2}, such that ) .y, w(vw) = 2 for every vertex v € V(G).

The next theorem is a convenient analogue of Tutte’s classical characterization of
matchings for 2-matchings.

Theorem 3.3.4 (Corollary 30.1a in [100]). A graph G has a perfect 2-matching if and
only if every stable set S C V(G) satisfies [N(S)| > |S|.

Lemma allows us to select a perfect 2-matching wP°% U of G for which we
set MBlWUP = B(G) \ ker(wP" UP). The important properties of MBLY UP (viewed
as a graph) are that it is spanning in G and its maximum degree is bounded by 2.
Recall that our goal is to find spanning monochromatic paths between the clusters of
edges of MBoW UP and then obtain a monochromatic cycle partition of G' by connecting
these up. However, some of the vertices in the clusters of MB¥ UP are just not fit
for this argument. (More precisely they do not satisfy the conditions of Lemma m
and ) We call the set of these vertices Bad™ ™ "P = |, (siow up Bad(e). For any
edge e € E(C) we call the vertices of V(e) \ (Bad(e) U Bad®™ YP) MBlew Up_typical.

Note that since the maximum degree of MPB°" UP is bounded by 2 and by (3.3.4)), most
vertices are MP1OV UP_typical, i.e. [Bad(e) U Bad®*™ "P| < 24¢|V (z)|.

Extremal colourings: In this step we will take care of the extremal colourings, that
are possible outcomes of Lemma [3.3.2] We will take advantage of the fact that if some
of the components are connected by short monochromatic paths, we can treat them as
a single connected component and continue as usual.
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Figure 3.3: Inner paths and connecting paths of the edges xz,yz € E(G)

Vi(z)

Suppose that the colouring takes the form of Definition|3.3.1j(a). Let R be the spanning,
red say, bipartite component and Bi, B, the bipartite blue components of G. Given
edges e; € E(B;) for i € [2], we call a path that connects any MB°Y UP_typical vertices
of e; and ey a blue bridge, if it has order at most three. We say that the colouring of G
admits blue bridges, if there are (at least) two vertex disjoint blue bridges. Should such
bridges not exist, then we have to find a cycle partition via ad hoc arguments. These
are contained in the proof of the next claim, which we present in Section |3.6

Claim 3.3.5. If the colouring takes the form of Definition |3.3.4(a), then G admits

either blue bridges or has a monochromatic cycle partition as desired.

If the colouring admits blue bridges, we set C; := Ry, Cy := By U By, C3 := (). Note that
C = C; UCy Uy trivially satisfies the conditions of Lemma [3.3.2] in particular |(ii)(a)|
Hence we can continue with step .

Now suppose that the colouring takes the form of Definition with red and blue
connected components Rq, Ry, By, By. We define blue (red) bridges between By, By
(R1, R2) as above. Similar to before we have to find the desired cycle partition manu-
ally, if there are no red or blue bridges. The details are in Section [3.6]

Claim 3.3.6. If the colouring takes the form of Definition|3.5.4(b), then G admits red
bridges, blue bridges or has a monochromatic cycle partition as desired.

If the colouring admits blue bridges, we set C; := Ry, Co := By U By, C3 := Ry. If
the colouring admits red bridges, we set C; := By, C; := Ry U Rs, C3 := By. Note
that C = C; UCy UCs in both cases trivially satisfies the conditions of Lemma [3.3.2] in

particular [(ii)j(a)l Hence we can continue with step |[(G)|

Set up cycles: Here we choose disjoint short cycles of colour ¢; that visit the clusters
of all edges of C; for i = 1,2,3. These cycles will serve as skeleton of the desired cycle
partition. We intend to carefully extend some of their segments, until finally all vertices
are covered.

Let us first assume the colouring of G is not (4y)-extremal and let E(C;) = {e1, ..., ep@)(}-
For each edge e; = zy, we choose a colour ¢ inner path P™(e;) of order m? and with
MPBlew Up_typical ends s; € V(z), t; € V(y). This is possible by Lemma and our
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choices in (<]). Next we connect ¢; and s;41 with a colour ¢; connecting path PE"(e;)
of order at most 2m (where j,j + 1 are taken modulo |E(C;)|). This is possible by
Lemma and our choices in (<J]). We can furthermore assume that all of these
paths are internally vertex disjoint. (See Figure for an illustration.)

Now let that the colouring be (47)-extremal in G and suppose we have, blue say,
bridges. We repeat the same steps as above, except that we fix an ordering of E(Cy) =
E(By)UE(By) where the first |E(B;)| edges belong to B;. We then ensure that the blue
bridges are subpaths of the two blue paths Py (e(zs,)) and Ps°"(e|p(5,)|+|E(8,)|) Which
connect the clusters of edges of By and B;. From now on extremal and non-extremal
colourings are handled the same way.

Set

P=> > PM(e)+ P (e)

i€[3] e€E(C;)

and observe that P, as desired, consists of three disjoint monochromatic cycles. More-
over for each vertex x € V(C), the intersection V' (x) NV (P) has a size of at most

&)
2m® +m?® < g|V(2)). (3.3.5)

(There are at most m? paths of type P, each of which contains at most 2m vertices.
For each z € V(G) are at most m paths of type P, each of which contains m? vertices

of V(x).)

Distribute exceptional vertices: In this step we deal with the vertices that do
not behave regularly enough to be within the reach of Lemma [3.2.1, Denote these
exceptional vertices by V' = _ \spiow vp Bad(e) U Vj and observe that

| Bad(e)|+ Vol < 4e[V(x)[m+en < 5en (3.3.6)

eEMBlOW Up

V| = |

Using the overlap of Lemma [3.3.2(ii)] we distribute the exceptional vertices evenly
on the cycles of P. This is made precise in the next claim, whose proof we defer to

Section [3.5]

Claim 3.3.7 (Distribute exceptional vertices). Fori= 1,2,3 there are colour ¢; paths
PE™ such that for PF* = |, PP

(i) |V (x) NV (PP*)| < \/e|V(z)] for each x € V(G),
(1) PE* has the same ends as PC"(eF™) for some edge eP** € E(C;) and

(iii) Ve C V (PP,

In addition, if Lemma (i }(b) holds, then P is a monochromatic cycle on its

own.

We replace PP (ef*¢) by PFx¢ in P, keeping the names for convenience.
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(I) Resizing inner paths: In what follows we have to overcome two obstacles. Firstly, we
need to add exceptional vertices, like those contained in Vj, to these cycles. Secondly,
we have to balance the clusters of MB°" UP in order to cover all vertices by extending
the respective inner paths. We will achieve the latter by resizing some of the inner
paths that do not correspond to edges of MB" UP_ Let us make this operation precise.

Definition 3.3.8 (Extending and reducing inner paths). Let k& be non-negative integer
and i € [3]. We extend (reduce) the inner path of e € E(C}) by 2k vertices by performing
the following modifications of P. Firstly, select a path Pgew of colour ¢; with the
following properties

o [V(PXW)| = V(P (e))| + 20k where 0 =1 (0 = —1),
o PV alternates between MPV UP_typical vertices of xy,

° Pgew terminates in the ends of Pcli“n(e) and

o V(PYV) C (V(G)\V(P)) UV (Ph(e)).
Secondly, replace Pcli““(e) with Pcljew in P, while keeping the names for convenience.

Let us observe the following properties of path extensions and reductions, which follow
from Lemma and our choices in (<.

Remark 3.3.9 (Path extensions and reductions).

(1) Since the original inner paths have at least m* vertices, we are allowed to reduce
each inner path by up to m? vertices.

(2) Given any edge xy € E(C) with |V (x)\ V(P)],|V(y) \ V(P)| > |V(x)|/2, we can
extend the vertex set of the inner path of xy by up to

2min (|V(z) \ V(P)|,[V(y) \ V(P)|) — |Bad(zy)|.

(3) If additionally xy € MP¥ U then we can extend the vertex set of the inner path
of xy even up to

2min (|V(z) \ V(P)[,|V(y) \ V(P)]).

(J) Parity: From the next step on we will add (remove) vertices to (from) P exclusively
by extending (reducing) inner paths. Since these extensions (reductions) are done in
pairs of vertices, we need to ensure that the number of uncovered vertices is even. If
V(G)\ V(P) has even size we continue with step [(K)| otherwise we make the following
adjustment.

If C1,Cs,C3 are each bipartite, we add a single vertex from V(G) \ V(P) to P. This

vertex will be a monochromatic cycle on its ownf]

If, on the other hand, C; has an odd cycle, we select an edge e € F(C;) such that e # e
and PY"(e) contains no colour ¢; bridges. This is possible since C; contains at least 3
edges. We then replace PC"(e) by a path P (e) of order less than 2m and with

1

|PCoM(e)| — | PP (e)] = 1 mod 2. This is possible by Lemma and our choices
in (<.
2Note that Cy,Cs,Cs being each bipartite and Lemma [3.3.2(ii){b)| are mutually exclusive situations. This

is important, since in both cases (i.e. in step [(H)| and |(J)) a monochromatic cycle not corresponding to a
component C; has been added and in what follows we will obtain another cycle for each C; # 0.

62



Figure 3.4: An illustration of G and G after step The numbers indicate the sizes of the
clusters V(z) \ V(P).

(K) Balance matching edges up to a constant: Recall that our intention is to extend
the inner paths of the edges of MB2 until all vertices are covered. If the clusters have
all the same size, this can be done easily as explained in Remark [3.3.9(2), However,
the last few steps have possibly created some imbalances in the cluster sizes. So before
going on, we need to ensure that the remaining clusters have the same size. To restore
balance, we will carefully extend the inner paths. The size of these extensions will be
indicated by a 2-matching in an auxiliary graph. Consider the following lemma.

Lemma 3.3.10. Suppose that G is a graph on n vertices, such that every stable set
S C V(G) satisfies [IN(S)| > |S| + yn. Let H be the blow up graph of G, where each
vertex of G is replaced by a cluster B(z) of k vertices and each edge of G is replaced
by a complete bipartite graph Ky .

Then for any set U C V(H), where U contains at most vk vertices of each cluster
B(z), H—U has a perfect 2-matching.

Proof of Lemma[3.3.10., Suppose that H' = H — U has no perfect matching for some
U C V(H), where U contains at most ak vertices of each cluster B(z). We will show
that & > . By Theorem there is a stable set S with |Ng/(S)| < |S|. Let
So be of maximal size among all sets S with this property. For each z € V(G) let
B'(z) = B(xz) \ U be the cluster of H' corresponding to x € V(G). A quick case
distinction shows that for any two vertices v,w € B’(z) the maximality of Sy and
the fact that Ny (v) = Ny (w) imply that {v,w} is a subset of either Sy, Ny (Sy) or
V(G)\ (So U Ny (Sp)). So for S; = {z € V(G) : B'(z) C Sy} we have

[S1lk = |S0] > [Nur(S0)| = (1 = @)k[Na(S1)]-
In particular |S;|+an > |Ng(S1)|. Since S is a stable set in G, this implies a > . [
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We plan to apply Lemma[3.3.10 with & = ||V (z)|/2]. Let H be the blow up graph of G
as in the statement. Select aset U(v) C B(v) of |V (x)NV (P)] vertices for each z € V(G)
and set U := [J,cy g U(z). By the choices in steps (J)} in particular and
Claim [3.3.7(1)| we have

U@ = V@) nvE) < 2vave) S A2 - o

By Lemma [3.3.2(i)| and as C is spanning in G, we can apply Lemma [3.3.10| with input
G, U,k and 7. Thus H has a (perfect) 2-matching

W B(H) — {0,1,2}

Bal(

where } - c vy Wt (vw) = 2 for every vertex v € V(H). Observe that this implies for

cach z € V(G)

S WPew) =2B@) \U) =20k - V@) nV(P)) &

vEB(z) weENg (v)

V()N V(P)|=k— 2veB() Zwe;vm) wBal(Uw)'
and therefore
V(@) \V(P)| = |V(z)| = [V(z) NV (P)]
V)| b+ o) Zove 0T 0)
— [W veB ZwezB(y) wBa (vw)

yENg ()

wBal VW
’V(2£E)H+Kx_|_ Z LZUEB(Q:) ZwGQB(y) ( )J,

yENg ()

=

where 0 < K, < m—1. With this in mind, we extend the inner paths of each zy € E(C)
by
EvGB(x),ueB(y) W (vu)
5 ]
vertices. As said in Definition [3.3.8 we keep the name of P for convenience. Then each

z € V(G) satisfies
\V( )

2|

V() \V(P)| =] |] + K, (3.3.7)

and hence the cluster sizes are balanced up to a dlfference of m — 1. The procedure of

step is illustrated in Figure .

Balance matching edges completely: In this step, we aim to balance the cluster
sizes completely. To this end let us define the following.

Definition 3.3.11 (Shift). For vertices z,y € V(G) an z-y-shift consists of the following
modifications of P.

64



4 4+ 2024
i 1001

1000

Figure 3.5: Given the example of Figure , we solve a matching problem in an auxiliary
graph to balance the clusters. The numbers indicate the sizes of the clusters of H and G
respectively. (The connecting paths are hidden for sakes of clarity.)

(i) Fix an even z-y-walk PSM = (2 = wy, wy, ..., wop_1, wo, = y) with h < m.

(ii) If i € [2h — 1] is even, extend the inner path of wyw;yy by 2 vertices, otherwise
decrease it by 2 vertices.

Let us make the following remarks about shifts.

o After an x-y-shift, the sizes of V(x) \ V(P) and V(y) \ V(P) are each reduced
by 1 (by 2 if x = y) and the size of V(2) \ V(P) remains the same for all other

z e V(G)\{z,y}.
e By Remark we can perform up to m? shifts.

e By Lemma C is connected and contains an odd cycle. Hence any
two vertices z,y € V(C) admit an z-y-shift.

With the above in mind, we can greedily balance the leftover of the clusters. Set
[:= ||V (x)|/4]. Firstly, as long as there is a vertex € V(C) with 2/+2 < |V (2)\V(P)|,
we perform an z-z-shift. Secondly, as long as there are distinct vertices z,y € V(G)
with 20 < |V(z) \ V(P)] and 2] < |V(y) \ V(P)| we perform an z-y-shift. As said
in Definition we keep the name of P for convenience. Note that by and
the definition of [ this procedure stops after at most m? shifts. Since the parity of
|[V(G)\V (P)]| remains even under extensions and reductions of inner paths (and we have
restricted ourselves to these operations since step[(J))), we finish with [V (z)\V(P)| = 2!
for each x € V/(C).

Blow up matching edges: It remains to extend the inner paths of each edge e €
MBIW UP by 4] vertices, if e is an isolated edge in MPV UP and 2[ vertices otherwise.

This is possible as explained in Remark [3.3.9(3)]
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V(z)\V(P)

Figure 3.6: Continuing with the example of Figure we illustrate an x-y-shift.

3.4 Proof of Lemma [3.3.2

This section is dedicated to the proof of Lemmal[3.3.2] Let G be a red and blue edge coloured
graph on n vertices and of minimum degree at least (2/3 + 8y)n.
We start by showing that G is spanned by two monochromatic components.

Claim 3.4.1. There are monochromatic components Cy,Cy that together span G.

Proof. Denote the monochromatic components of G by C' = {C},Cy,...,C;}. Let vy,..., 0,
be a maximal number of vertices that are pairwise in distinct monochromatic components,
i.e. v; and v; are in distinct red and in distinct blue components for i # j. Now construct a
bipartite (multi)-graph H with vertex set C' as follows. For each vertex v € V(G) we place
an edge between the red and blue components that contain v. Observe that any matching
in H has a size of at most q. By Koénig’s theorem the edges of H are covered by vertices
C4,...,C, say. By the definition of H this implies that C; + ... + C, spans G. Hence the
claim follows from

2
gnq < Zdeg<vi) = Zdred(vi) + Zdblue<vi) < Z(n - 1) g
g<2.
[

Let ¢ and C5 be the components of Claim [3.4.1, We will treat the cases where one of
C and (Y is spanning, C7 and Cy have the same colour and C; and C5 have distinct colours
differently.

Definition 3.4.2. For a spanning subgraph H C G, we call a stable set S C V(G) bad in
H, if [Ng(S)| < |S|+ yn.
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Remark 3.4.3. Observe that if H C G is bipartite (and spanning), then its largest bipartition

class is a bad set. In other words, Lemma |3.3.4(i) implies Lemma |3.3.4(iv) (unless the

colouring is extremal).

3.4.1 (Case: One of C; and (5 is spanning)

We assume that R := C} is spanning and red. Assume H = R + > B; for some blue
components B; and suppose that S is bad in H. Then

2[Nu(S)| —yn < [S]+ [Nu(S)] <n &
INg(S)] < (1/2+7/2)n. (3.4.1)

Moreover, if B is a blue component with v € SN V(B), then
|S| 4+ yn > |Ng(S)| > degy(v) > (2/3 +8y)n — |V (B)]|. (3.4.2)

Note that in particular, this implies that B # B;, since otherwise deg,(v) = degy(v) in
contradiction to (3.4.1)). Hence for any B; of > B; we have

SNV (B;) =0. (3.4.3)
Let us continue with some further observations.

Claim 3.4.4. Let H = R+ ), C; for blue components C;. Suppose S is a bad set in H and let
By, ..., B; be the blue components that intersect with S, ordered in decreasing vertex order.
Thent <2 and |V (3 iy Bl = (1/3+37)n.
In addition the following holds.
() IF18] > (1/3 ~ 8)n, then V(G) \ Nu(8) € V(S Bi)-
(b) Ift =2, then |S| > (1/3 + 15v)n.

(c) If |S| < (1/3 — 8¥)n, then |V (By)| > (1/3 4+ 7y)n. If in addition, By is bipartite, then
|[V(B1)| > (2/3 + Ty)n.

(d) Finally, if By is bipartite, then t = 1.

Before we prove Claim let us note that by (3.4.3) the sets V(B,;) are disjoint from
the sets V().

Proof. First note that for W := V(G) \ (Ng(S)US)
H has no edges in S and no edges between S and W. (3.4.4)

Fix v; € V(B;) N S and observe that

(13.4.4)

(SUW)NV(By)| > degp (vi, SUW) (2/3 4+ 8y)n — |Ngx(S)]. (3.4.5)
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To prove t < 2, let us assume that ¢ > 2 and obtain a contradiction. By (3.4.4])) we obtain
[SUW| > " degg(v, SUW) =

i€ [3]

BINu(S)|+ 1S UW| =" (6/3+247)n
2|Nu(5)] = (3/3+ 247)n
INg(S)| > (1/2+ 127)n
in contradiction to . This proves ¢t < 2. It remains to show properties |(a)H(d) and that
V(e Bl = (1/3 + 3’7”)
Part follows from the observation that if |S| > (1/3 — 8y)n, then any vertex in
V(G)\ (Nu(S)US) has edges to S (and these edges are not in H by (3.4.4))).

Now let us show part [(b)] Suppose that ¢ = 2. Then for i € [2] and v; € SN V(B;) we
have

=
=

(W= [WNV(B)|+ [WNV(B)
> degg (v, W) + degg (v, W)
>2(2/34+8y)n —2|Ng(S)| — |SNV(By)| = |SNV(B,y)]
= (4/3 4+ 167)n = 2|Nu(S)| - [5],
where we used that S is stable in the last line. This together with V(G) = W U S U Ng(S),
gives
S+ n > |Nu(S)] = (1/3 + 167)n
as desired. This proves part [(b)]
To show [(c)] let us suppose that |S| < (1/3 — 8)n. It follows from [(b)] that ¢ = 1. Since
S is bad in H we obtain
V(B = [(SUW)NV(By)

BZ5) 92
(5 +87)n = [Ny (S)|

2
>+ Ton 18]
> (1/34 159)n

as desired. Now let us assume that Bj is in addition bipartite. If G[S] contains an edge vw,
then bipartiteness and (3.4.4]) ensures Ng(v) N Ng(w) = (). Hence

V(B =
G4
>

]Sl + degg (v, W) + degg(w, W)

S|+ (4/3 + 167)n — |S| = 2[Nu (5)]
> (4/3 + 14y)n — 2|9
> (2/3 + 307)n.

Similarly, if G[S] contains no edge, it follows for any v € S that

V(B 7181+ IN6(0)\ (S U Nu($))

> S|+ (2/3+8y)n — [Ny (9S)]
> (2/34 Ty)n.
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This proves .

To show part @, let us assume that B; and By are both bipartite and non-empty. So
|S| > (1/3 + 15y)n by [(b)] This implies that there is an edge in G[S]. So we can assume
that there are vertices vy, vy € S that belong to distinct bipartition classes of B;. By
the neighbourhoods of v; and vy in S U W are disjoint in G. Now and imply
for any vs € V(Bs) that

[SUW| > Zdegg(vi,SU W) o
ie[3]

3INu(S)| +[SUW| > (g + 249)n BZ3)
3

2|Nu(S)| > (5 + 247)n o

INu(8)] 2 (5 +129)n

in contradiction to (3.4.1)). This proves part [(d)]
Finally we have to show that [V (3 i Bi)| = (1/3 +3y)n. If [S| > (1/3 + 3v)n this

follows from S C V(> .. Bi). So let us assume that [S| < (1/3 + 3v)n and hence t = 1

i€t]
by@ Then
E12)
(1/3+4y)n > |S|+vn > (2/3+8y)n — |V (By)| =
|[V(B1)| > (1/3 + 4vn)
as desired. O

Now let us show that we can select two blue components which together with R satisfy
the conditions of Lemma [3.3.2]

Remark 3.4.5. Note that as we always select R, Lemma |3.3.4(v)| holds trivially.

Claim 3.4.6. There are no two blue components By, By with |V (B1)|, |V (Bg)| > (1/3+3v)n
or we are done.

Proof. Suppose otherwise and let By, By be blue components with
[V(By), [V(B2)| > (1/3 4 3y)n. (3.4.6)

If Hy :== R+ By + B, has a bad set, then by Claim there are two more blue components
which together contain at least (1/3 + 3y)n vertices. But this contradicts (3.4.6). Hence
H,j satisfies Lemma [3.3.(i)[ and |(ii)[(a). If one of R, By, By contains an odd cycle, then Hy
satisfies Lemma [3.3.(iii)| and we are done. Hence we can assume that

R, By, By are each bipartite. (3.4.7)

Let us fix i € [2] for a moment and set H; = R + Bs_;. If H; has no bad sets, then it
satisfies the conditions of Lemma , in particular |(ii)a)l Thus we can assume that H;
has bad sets S; and let Y; = V/(G) \ Ny, (S)).

Claim allows us to denote the blue components that intersect with S; by B}, Bl
(possibly with B} = () and implies additionally that |V (BL + B})| > (1/3 + 3y)n.
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By (3.4.6) and as S;NV(Bs_;) = 0 by (3.4.3)), we can assume that B; = B} and so B} = ()

by Claim [3.4.4(d)l Note that if |.S;| < (1/3 — 8y)n, then Claim |3.4.4f(c)| together with (3.4.7))
implies that |V(B;)| > (2/3 + 7y)n. This contradicts (3.4.6) and hence we can assume that

|Si| > (1/3 = 8y)n (3.4.8)
Therefore Claim [3.4.4(a)| gives that
Y; C V(B + B)) = V(By). (3.4.9)

By (3.4.1]) this implies

and hence for any v; € Y}
degpiue(vi) = (2/3 4+ 8y)n — |V(Bs_;)| > (1/6 + 7v)n. (3.4.10)

Recall that B is bipartite and denote its bipartition by X1, X1. Let j € [2]. By (3.4.8) GI[S,
contains a (blue) edge wiw}, with w} € X}. We have Ng(w}, V(B;)) N Ng(wy, V(B;)) = 0 and
o (3.4.10) implies

(1/2 =) < Vi < [V(By)]

| Xi| > (1/6 4 Ty)n. (3.4.11)
Hence for any v} € X}

degred( ) > degG(U;') - degblue(vé') > (2/3 + 87)” - |Xé—]|
> (2/3+ 8y)n — (n— | X5 — X355 = [X77))
@41
> (1/3+297)n. (3.4.12)
Now if G[V (B;)] contains a red edge, then it follows by (3.4.12)) that G contains a red
triangle. But this contradicts that R is bipartite. Similarly, if there is a vertex outside
of V(By + B3), then it must send at least (1/6 4+ 7y)n red edges into both V(B;) and
V(Bs) by (3.4.9) and (3.4.1). Thus we can find cycle of order 5 in R in contradiction to its
bipartiteness. Hence the colouring is y-extremal as in Definition |3.3.1{(a)l O

Suppose that
By is a blue component of maximum order (3.4.13)

and set Hy := R + By.
Claim 3.4.7. Hy has a bad set.

Proof. Suppose that Hy has no bad sets. If one of R and By has an odd cycle, H, satisfies
Lemma [3.3.2(ii){(b)| and ((iii)| and we are done. Similarly, if |V (By)| > (1/3 + v)n, then H,
satisfies Lemma [3.3.2(ii)j(a)| and |(iii)|, which together with Remark implies that we are
done as well. Thus we assume that R and By are both bipartite and

[V(Bo)| < (1/347)n (3.4.14)

If there is a non-bipartite blue component By with |V (By + By)| > (1/3 + v)n, we are done
again. So we assume that no such component exists. Let V(R) = PUQ be a bipartition of R,
where |P| > |@Q]. Note that any vertex p € P has deg,,.(v, P) > (1/6+8vyn). By and
|P| > n/2 we can choose p such that it belongs to a bipartite blue component By # By. Let
p' € P such that pp/ is blue Since Np, (p) N Np,(p') = 0, we obtain |V (By)| > (1/3 + 167)n

in contradiction to ) and m O
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Let Sy be a bad set of minimum size in Hy. Claim [3.4.4] allows us to denote the blue
components that intersect with Sy by By, By (possibly with By = )) and implies additionally
that |V(By + B2)| > (1/3+ 3y)n. Let us fix i € [2] for a moment. Note that B; # (), since
otherwise |V (By)| > |V(Bs-i)| > (1/3 + 3y)n by in contradiction to Claim [3.4.6]

Hence B; contains an odd cycle by Claim [3.4.4[(d)] It follows by Claim [3.4.4(a)| and [(b)] that
for Yo = V(G) \ Ng,(S;) we have

Yy C V(B + By). (3.4.15)

Let and set H; = R+ By + B;_;. Note that H; satisfies Lemma [3.3.2(iii)| and |(ii){(a). The
latter follows since |V (By)| is maximal and |V (B + Bs)| > (1/3 + 3y)n.

If H; has no bad sets, we are done by Remarks [3.4.3| and [3.4.5] and as Bz_; as an odd
cycle. So suppose that S; is a bad set in H; and set Y; = V(G) \ Ng,(5;). Claim allows
us to denote the blue components that intersect with S; by Bi, By (possibly with B} = 0)
and implies additionally that |V (BL + B})| > (1/3 + 37)n. As above, note that

B; # () for j = 3,4, (3.4.16)

since otherwise |V (By)| > |V(BL_.)| > (1/3+37)n by (3.4.13) in contradiction to Claim .
It follows by Claim [3.4.4f(a)| and that

Y; C V(B + BY)). (3.4.17)
By (3.4.3) we have
V(BO + Bg_i) ns; = 0. (3418)

Before we continue, let us also note that trivially Bs_; equals at most one of B} and B} and
assume without loss of generality that

Bs_; # Bi. (3.4.19)

By vertices in S; have the same neighbours in Hy and H;. Thus S; is bad in Hy as well

and hence
|Si| > |So| (3.4.20)

by minimality of Sy. Let us continue by proving that
SoNS; # 0. (3.4.21)

Suppose this is not true and Sy N S; = (). Together with (3.4.15)) and (3.4.18]) this implies for
WO = Yb \ SO that
S; € (Nuy(S0) \ V(Bo)) U (V(B) N Wo). (3.4.22)

Thus
|So| +yn — |V (Bo)| + |V (B;y) N Wy|
> [Nigo (So)| — |V (Bo)| + |V (B;) 0 Wy
BLD | Ny (S0) \ V(Bo)| + [V (B:) N Wy

B229) (B-4.20)
1Si] =" [Sol, (3.4.23)
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which gives
(3-4.13),(3.4.15)
2|V (By)| > Yol = [Sol 4 [V(B:) N Wy
(3.4.23)
> |So| + |V (Bo)| —yn (3.4.24)
and therefore by Claim [3.4.4{(b)|

EEWE) G429
\V(Bi)|+vn =" [V(Bo)| = [So| —yn > (1/3 + 147)n,

in contradiction to Claim m This proves ([3.4.21)).
By (3.4.21) we can fix v; € Sy N S;. By definition, v; has no red edges to any vertex of
Yo UY,. Hence

degblue (Ui) > degG (Ui) - degred(vi>
> degg(vi) — [V(G) \ (Yo UY)|
> (2/3 4 89)n +[¥o U] —n
> Yol + Y\ Yl — (1/3 — 89)n

B41),[3-2.19),(3-4.17) ) )
> |(YinV(By + BY)) \ (YonV(By + By))| + (1/6 + Ty)n
B13), 61 .
> YiNV(B3)| + (1/6 + 7y)n, (3.4.25)

more precisely, the last line follows because B' # B;’_i by for j = 3,4 and B3~ # Bg’_i
by . Observe that any two blue components, which are both distinct from By, have
together at most (2/3 + 6y)n vertices. Otherwise, as By is maximal by (3.4.13), the larger
of these two blue components, together with By, presents a contradiction to Claim (3.4.6)).
Hence it follows that

(13.4.25)

(2/3 4+ 6y > 3 deg(v) = (1/3+ 14+ 3 Vi V(B (3.4.26)

. (B410) _
which for v§ —€  S; N V(Bj) implies
.
(1/3=8yn = Y [¥inV(Bj)
> " degg(vh, Vi)

> Z (degg(vs) — [Nu (S5)])
£ 2(2/3+8v)n —2(1/2 +y)n
> (1/3 + 149)n,

a contradiction.
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3.4.2 (Case: () and C; have distinct colours)

If Cy or C is spanning, we continue as in Subsection [3.4.1] Thus let us assume that there
are vertices v; € V(C;) \ V(C;) for i,j = 1,2 and j #i. Since

|Ng(v)) N Neg(v;)| = (1/3 + 169)n, (3.4.27)
it follows that |V (Cy) NV (Cs)| > (1/3 + 167y)n. Moreover
[VICHA V(G < [VI(G) \ No(u)| < (1/3 = 87)n (3.4.28)

and hence |V(C;)| > (2/3 + 8y)n. By symmetry we can assume that C) is red and C, is
blue. By any two vertices outside of V(C}), which are each incident to at least
(n/6 — 4v)n red edges, must be in the same red component, which we denote by Cj. (If
no such vertex exists, we set C3 := ().) We claim that C' := C} + Cy + C3 satisfies the
conditions of Lemma . As by Claim C1 U Cy spans G, part is trivial and since
V(Ch)NV(Cy)| > (1/3+87)n part [(ib(a) holds as well. By (3.4.27), N (v1) N N(vs) contains
an edge. So v is on a red triangle or vy is on a blue triangle. Hence parts follows.

It remains to show that C' satisfies part . Let S be any stable set in C'. We have to
show that |N¢(S)| > |S| + yn. Let us make the following observations. Any vertex v in
V(Cy) NV (Cy) or V(Cs5) has degree

deg(v) > (2/3 + 8y)n.
Recall that by definition of C5, any vertex v € V/(Cy)\V (C1+C3) has deg,oq(v) < (1/6—47)n

and so

degn(v) > (2/3+8y)n — |V(Cy) \ V(Cy + C3)| > (1/2 + 12v)n. (3.4.29)
Note that since S is bad
2|Nc(S)] —yn < [S|+[Nc(9)] <n &
INc(S)| < (n/24~/2)n. (3.4.30)

Since |N¢(S)| > degq(v) for any v € S, (3.4.29) and (3.4.30)) imply that S C V(Cy) \ V(Cy).
By (3.4.28)) this gives |S| < (1/3 — 8v)n. However vertices v € V(C1) \ V(Cs) have degree

dege(v) > (2/3 4 8y)n — [V(CH) \ V(Co)] "2 (1/3 + 167)n

and thus |No(S)| > |S| + 24yn which is clearly enough.

3.4.3 (Case: (4 and C; the same colour)
Suppose that R, := C; and R; := (5 are both red with
[V(Ry)| > |V(R2)|. (3.4.31)

Let Bi,..., B; be the blue components intersect that with Ry. If ¢ = 1, we continue as in
Subsection [3.4.2] Hence we can assume that ¢ > 2. So for i € [{] and v; € V/(B;) NV (R,) we
have

\V(Ry)| > Z deg(vi, V(Ry))

i€ft]

> 1(2/3 + 8y)n — t|V(Ry)],
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which, since R; + R, is spanning, gives

(B-431) @431 +(2 —
L vmy P RS (3.4:32)

This implies ¢ = 2 and so |V(Ry)| > (1/3 4 167)n by (3.4.32). Thus every vertex in V(R;)
has a neighbour in V(R,) and so V(G) = V(B + Bs) as well. Set [;; = RN B; for i, j € [2]
and note that the sets [; ; are each non-empty and partition V(G). Since vertices in [; ; have
no neighbours in I3_;3_; and as 6(G) > (2/3 + 8y)m we obtain

|I;;| < (1/3 —8y)n for i,j € [2]. (3.4.33)
In particular, this implies that each
Ry, Ry, By, By contain each at least (1/3 4+ 16y)n vertices, (3.4.34)
which in turn gives

0(G[Iiz]) = 6(G) = I35 U L3

> (2/3+8y)n—2(1/6 — 8y)n > 249n. (3.4.35)

We will show that the union of three components of { Ry, Ry, By, B2} satisfies the conditions
of Lemma or the colouring is (4)-extremal as in Definition [3.3.1f(b)l Note that for any

such union, Lemma holds since Ry U Ry, By U By span G and part [(ii)(a)| follows
by (3.4.34). The next claim yields parts and .

Claim 3.4.8. If one colour has a bipartite component, then the other colour has no bipartite
component.

Proof. Suppose that, Ry say, is bipartite and let X and Y be its colour classes. We claim
that (after possibly switching X and Y)

X = 1171 and Y = 11’2. (3436)

Suppose otherwise and let « € I;; N X and y € I;; NY. Note that  and y have each
(2/3 4 8v)n — |V(By)| neighbours in I1 » N X and I 5 NY respectively. Thus by (3.4.33))

2((2/3+8y)n — [V(B)[) < |12 < (1/3 =87)n <
n/2 < |V(By)|.

However, since by (3.4.33) each vertex in /; ; has neighbours in I; 5, we obtain that I; » has
vertices of both X and Y as well. By a symmetric argument it follows that n/2 < |V(By)|,

a contradiction. This proves (3.4.36]).

If, B, say, is bipartite as well, then the same reasoning shows that one of its colours classes
equals I; ;. Consequently /;; contains no edges in contradiction to ((3.4.35). This proves the
claim. 0

It remains to show that the union of any three components of Ry, Ry, By, By satisfies

Lemma [3.3.2(i)| or the colouring is (47)-extremal as in Definition [3.3.1{b)} To this end,
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let us assume that the union of any three components of Ry, Ry, Bi, By does not satisfy

Lemma [3.3.2(1)|

For each i € [2] let Sk, be a bad set of minimum size in G — E(R;). Similarly, let Sg. be

a bad set of minimum size in G — E(B;). (Note that these sets exists, by our assumptions
above.) Then

2|Ng—p(ry) ()| =y < |S| + [No-pr) (S)] < n &
|NG—E(Ri)(S)| < (n/2+7/2)n

Recall that the sets Iy ; partition V(G). So any vertex v € V(Rs_;) satisfies degg(v) =
degi_p(r,)(v) and hence v ¢ Sg,. It follows by symmetry that

SRi Q V(Rl) and SBi g V(Bl) (3437)
In fact, we can show a bit more:

Claim 3.4.9. For each i € [2] there are j,k € [2] such Sg, C I; ). Similarly, for eachi € 2]
there are j,k € [2] such that Sp, C L.

Proof. Suppose that the claim does not hold for, say Sg,. So Sg, NV (B;) # 0 for i = 1,2.
Then

|Sr, NV (B1)| + |Sk, NV (B2)| + 0
= |SR2| +yn > |NG—E(RS)(SR2)|
> [Ne-5(rs) (Sr, NV (B1)) | + [Na-p(rs) (Sr, N V(B2)) |,

where the last line follows because the edges between Sk, N By and Sg, N By are red (and
hence in Ry). Thus by Definition [3.4.2) Sk, NV (B;) or Sg, N V(B2) is a bad set as well in
contradiction to the minimality of Skg,. ]

Claim 3.4.10. Leti,j € [2|. If Sg, NV (B;) # 0, then Is_;; € No_p(r)(Sr,). Similarly, if
SBi N V(RJ> 7£ (Z), then [j}gfi g NG—E(Bi)(SBi)'

Proof. Suppose the claim is wrong for Sg, and B;. Let v € S, NV(By) and w € I1; \

NéG_g(r,)(Sr,)- Note and Claim imply
Sk, C In1. (3.4.38)
By choice of Sg,, we have
[Sko| + 91 > [No-p(ry) (Sky)| 2 degapiry (v, 1) = (2/3 +8y)n — [V(Ry)]|
and
1121\ Sk, | 2> dega_p(r,) (w0, I21) > (2/3 + 8y)n — [V(Ry))|

Summing the two inequalities gives

(21| + [Sra| =[Sk, N A2 > (4/3 4 157)n — [V (R)| = [V (Ry)] &
@138
(Lol > (1/3 4 157)n
in contradiction to (3.4.33)). [
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Claim 3.4.11. If S, C L fori,j € [2], then Sp, C I3 ;. Similarly, if Sp, C I;; for
1,5 € [2], then SRj - ijgfi

Proof. Suppose the claim is wrong for Sg, and I, i.e. Sg, C o and Sp, N 1o # (. By
Claim this implies
SRQ’ SBQ g 12,2- (3439)

For any v € I, we have

(2/348y)n — |112| — |I2,1]

(/34 4v)n — |L12]) + ((1/3 4+ 4y)n — |I2.1])
(3-4.33)
> (|[2,2| - |I1,2|) + (|Ig,2| — |]271|) + 24~yn.

degG(va 1272) >
>

Hence v has either

deg,eq(v, la2) > |Ioo| — [I21] + 1291

or

degpue(v, f2,2) > [L22] — [112] + 127yn.

Observe that since |I11] + |I22] < (2/3 — 167)n by (3.4.33)), it follows that |I1o| + |I21] >
(1/3 4 167y)n. Hence

(Lol = i2l) + (22| = [T21]) < |Lop| — (1/34169)n+ (1/3 — 8y)n
= |IQ72| — 24'yn

So without loss of generality there are more than |Iys| — |I1 2| + 16yn vertices in I55 which
each have deg, (v, I2) > |I22| — [I21| + 12yn. However, by (3.4.39)) and Claim [3.4.10

[I2.1] < |Ng—p(8,)(SB,)| < |SB,| + .

But this contradicts that Sp, is stable set in G — F(By) and therefore contains no red
edges. O]

By Claim we can assume that without loss of generality Sg, C Io;. It follows

by (3.4.37)) and recursively applying Claim |3.4.11|that S, C I 2, Sg, C I 2 and Sp, C I55.
Thus Claim [3.4.10] yields the following inequalities

(11| < [NG-5(r,) (Sk,
|I21| < [Na—E(B,)(SB,
[L22] < [Ne—p(r,) (SR,
|112] < |Na—p5,)(SB,

| <SR, +vn < |Ioa| + 7,
| < [SB,| + 1 < [Iaa| +9m,
| < |Sg,| +79n < |I12| +7n and
| < [SB,|+n < [Li] +n.

~— — ' —

Hence the colouring is (47)-extremal as in Definition 3.3.1(b)!
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3.5 Distribute exceptional vertices

In this Section we prove Claim The proof differs slightly depending on the two outcomes
of Lemma Before we start let us explain shortly a hidden difficulty in the proof.

Suppose that we Want to prove Claim [3.3.7) given Lemma [3.3.q(ii]J(a)] We set
z= |J vie)nve)cvE, z=JVEcvE

1<i£j<3 z€Z

Note that as §(G) > (2/3 + B)n, we have degs(w,Z) > fn for any w € V(G). Suppose,
for sakes of exposition, that Z is contained in the, red say, connected component C; and
all edges between VE* and Z are red. With a little caution we can greedily choose red
paths P, ..., P., which alternate between Z and V¥*¢| and such that all vertices of VF*¢ are
covered and no cluster V(z) is hit too many times. However in order to obtain P¥*¢ we need
to connect the P’s with each other. Suppose that P, ends in V' (z;) and let a;y; € E(Gyeq) be
the red edge connecting x; to the other vertices of C;. To connect P, with the other paths
we have to use at least 2 vertices of V(y;). However it may be the case that y = y; for all
i€ [r]and {y,z1,...,2,} induces a red star in G. Then we have to use 2r vertices of V(y).
So in order to connect the paths P;, we need to bound r (see ), which requires some
additional arguments.

Proof of Claim[3.53.7 given Lemmal[3.3.4(it](a)} Let us define
z= |J vea)nvc)cviE), z=JVE) VG

1<i£j<3 YA

By Lemma [3.3.4(ii)[(a)] we have |Z] > (1/3 +v)m and therefore |Z| > (1 — &)n|Z|/m > n/3
by (3.3.2) and g[) So as 6(G) > (2/3 + B)n, it follows that deg,(w,Z) > pn for any
w € V(G). Let us set

r = [2/8]. (3.5.1)

We can partition VE* by setting V¢ := {v € V¥ : deg (v, Z) > n/r} and V> =
VExe\ VEx¢ Tet i € [2] and recall that G; C G is the subgraph on V(G) with edges of colour

i. Define an auxiliary graph H; on vertex set V;®*¢, by connecting two vertices v, w € V= if
|Ng, (v, Z) N Ng,(w, Z)| > n/r®. Tt follows that

the independence number of H; is bounded by r. (3.5.2)

Indeed, suppose otherwise and let wq, ..., w, 1 be pairwise disjoint non-adjacent vertices in
H,. We obtain a contradiction as follows.

21> | |J Ne(wy,2)

pE[r+1]

A
2(7°+1)|T—|— Y Ne(wy, 2) 0 Ny (wy, Z)]

1<g<p<r+1

r+1
> |2)(" 2 - (;3)>>\Z|.
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This proves (3.5.2). Now a classic result of Pésa (see [77]) guarantees that H; can be parti-
tioned into 7; < r disjoint cycles F',...  F" (edges and vertices).

For each z € Z we fix a red and a blue edge €,eq(2), epe(z) € E(C) containing z. We
set ZB to be |, Bad(ereda(2)) U Bad(epme(2)). In other words, each vertex in Z \ ZB* is
MBlow Up_typical with respect to some red and some blue edge of C. By definition of H; any
two consecutive vertices v,w € V(F?) share a colour i neighbourhood of size |Ng, (v, Z) N
Ng,(w, Z)| > n/r3. Hence

(Vo (0, 2) 1 Ny, )\ 22 557 mf? —selV (@)1 2]
>n/r® —8en 7 pfn/4
Let Z(v,w) consist of all z € Z for which
|(Ne, (v, Z) N N, (w, Z) N V(2)) \ V(Z%)] > BIV ()| /4. (3.5.3)
We can bound the size of Z(v,w) by

‘VExc’ [3-3-6) Hen 5”/4
Eval S & S
TV ()] sVl IVE)

| < |Z(v,w)|. (3.5.4)

This allows us to (semi-)greedily choose a colour i path Pij for each cycle Fij satisfying
the following properties:

(i) each P/ contains V (F?) and alternates between V(F’) and Z,
(i) [V(z) Uy, VIR < VEIV(2)1/2

(iii) the paths P’ and P are vertex disjoint if j # j or i # 1/,

1

(iv) each P’ ends in MP¥ UP_typical vertices in an edge zy € E(C) of colour i (and with
T € Z).

More precisely, let P’ be a collection of paths satisfying the above conditions for i < ‘/i’ ,
j < j'. When embedding vertices v,w € Z which are neighbours in the cycle V(F}]),
inequality (3.5.4) guarantees that there is a vertex z € Z(v, w) such that [V (z)NJV(P')| <

V|V (2)|/2. This allows us to extend the path PIJ,I greedily as

|(Ne, (v, Z) W Ne, (w, Z) NV (2)) \ V(Z5)] = [V(P)]

B5.3),B3.9 =)
> ﬂ|V(:L‘)|/4—55n’O.

By Lemma we can join these r; + ro paths Pij with monochromatic paths, each of
size 2m, to three monochromatic paths PF*¢ that end in the same vertices of P°%(e*¢) for
some ¢ € E(C;). As desired, we have for every z € V(G)

E51).&
< Ve

|V (z) N V(P < eV (2)|/2 + 4rm V(z)|. (3.5.5)

]
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Proof of Claim[3.5.7 given Lemma[3.3.4(it](b)} The proof goes almost identically. Without
loss of generality we can assume that Cy has colour 1. Set Z = V(C1), Z = U,z V(2)

and define H; as above. The main difference is that since deg,(v, Z) > (2/3 + /4)n for any
v € Z, H, has now a spanning cycle (edge or vertex) Fy or is empty, i.e. 75 < 1. So we can
proceed as above, with the only difference being that (if 7o = 1) we let P} end in the same
MBlw Up_tynical vertices. Thus Pj is a blue cycle on its own. O

3.6 Extremal colourings

In this section we prove Claim [3.3.5 and Claim [3.3.6] We will use the following result about
Hamiltonian cycles.

Theorem 3.6.1 (Chvatal). Let G be a graph with vertex degree sequence dy < ... < d,. If
for every 1 <i<mn/2 we have d; > i+ 1 or d,,_; > n —1i, then G is Hamiltonian.

Corollary 3.6.2. Let H be a balanced bipartite graph with bipartition classes X and Y . Let
X have vertex degree sequence x1 < ... < x,, and Y have vertex degree sequence y; < ... < Yy.
If for every i € [n] we have x; > 1+ 1 ory,_; >n—1i+ 1, then H is Hamiltonian.

Proof. Let H' be obtained from H by adding edges between vertices of Y until G[Y] is
complete. So every vertex in y gains n — 1 new neighbours. Let dy,...,ds, be the degree
sequence of H'. Since by assumption 3; > 1, we can assume that d; = z; and da,_i11 = Yn_i11
for i € [n]. It follows that d; > i+ 1 or dg,—y > 2n —1ifor i € [n — 1]. By Theorem [3.6.]]
H', has a Hamiltonian cycle C. Since |X| = |Y]|, C has no edges within Y. Thus C is a
Hamiltonian cycle of H as well. O]

Proof of Claim[3.53.5. Let R be the spanning, red say, bipartite component of G with bipar-
tition classes Xr and Vg. As the colouring is (4)-extremal we have

| XR| — |Vl < 4ym. (3.6.1)

Set Xg :=U,cx, V(z) and Yg := ¢y, V(y). Let B; be the bipartite blue components of G
with bipartition classes Xp,, Vp,. Suppose that V(B;) C Xr and V(By) C Vg.

By (3.6.1), it follows that degy,.(z, Xr), degye(y, Xr) > (1/6 + 4y)m for any z,y € Xp.
If zy is additionally a (blue) edge, then Nyje(, Xr) N Npwe(y, Xr) = @ and hence

| Xe, [, VB, | < [Xr| = (1/6+4y)m < m/3. (3.6.2)

Fix a vertex x € Xp,. Since G,eq|Xp,]| is stable, it follows that

et [ V@), U V) | = a1 (ofm)?.

yEXB,
So by (8.6.2), all but at most v/dn/m vertices v of V(x) satisfy
degq (v, Xgr) < degq(v U V(y)) + degq(v U V(y
yEX32 yGXsl
< n/3+Vd|Xg, [n/m

2 (1/3+ B/4)n. (3.6.3)

Al
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This motivates the following definition:

X}P={veXp: degoq(v,Yr) < (1/3+4 3/2)n
V" ={v eV degug(v, Xr) < (1/3+8/2)n

By (3.6.3) and by symmetry we have

12
}-

®
X3 Y < Van 2 g (3.6.4)

Next, let

Xp={v e V(G)\ Vg : degye(v, Yr) < On},
YI/% = {U < V<G) \XR : degblue(U7XR) < Bn}

Note that, by (3.3.4), for each z € V() the cluster V() contains at most 4¢|V ()| vertices
which are not MPBY UP_typical in 2y € E(B;) for all y € Ng(z). Since there are no blue
bridges, this implies that V(G) \ (X% U Y},) contains at most one vertex z* (if this set is
empty, we set z* = ()). Without loss of generality suppose that |X}y| > |Y4|. By definition,
any v € Xj has

degred(U7YR> > (2/3 _'_6)” - ’XR| - |‘/0’
> (2/34+B)n— (1/2+4v)n —en
>

(1/6 + 8/2)n. (3.6.5)

Similarly deg,.q4(y, Xr) > (1/6 4+ 3/2)n for each y € Yy,

Before we find a large red cycle in R we need to balance the sizes of sets X} and Yj,. To this
end, let us construct a blue cycle Pyjye with V(Powe) € Xpg, of size 2[ (| X ;| —|Y4])/2]. This is
possible because X is stable in R and so the definition of the reduced graph implies that Xp
contains at most dn? red edges and §(G) > (2/3 + B)n. If | Xz \ V(Powe)| = [Y4 \ V(Pore)|s
we set C* := 2% If | X5\ V(Powe)| = |Yh \ V(Powe)| + 1, we choose a path C* of order at
most 2 which contains z* and some y € X},

To finish we claim that H = R[V(G)\V (Pye+C")] has a Hamiltonian cycle. This follows
from Corollary together with and . Note that the degree conditions are
fulfilled, because 6(H) > (1/6 + 3/2)n by (3.6.5]). Moreover, by all but fn/2 vertices
of H have a degree of at least (1/3 + 3/2)n. O

We will use the following fact in the proof of Claim [3.3.6]

Fact 3.6.3. Let G be a graph with a cycle C and a vertezv € V(G)\V(C). Ifdegq(v,V(C)) >
|C/2, then there is a cycle C" with V(C) U {v}.

Proof. By the pigeonhole principle there is an edge uw € E(C) such that v is adjacent to
both u and w. Thus we can take C' = C' — uw + vu + vw. O]

Proof of Claim[3.3.6 Denote the red and blue components by R; and B; and suppose that
there are no red or blue bridges. Set Z; ; = V(R;) N V(B;) for i,j € [2]. We assume that
G[Zi;] is blue if i = j and red otherwise. Let By = U,cy(r,) V(@) Bi = U,cv s, V(2) and
L, = Uxezi,j V(z) for i,j € [2]. Recall that by (3.3.4) for any xz € V(G) there are at most
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4en vertices v € V(z) such that v is not MBIV UP_typical in zy € F(G) for all y € Ng(z).
This and the assumption that there are no red bridges yields that there is at most one vertex
Zrea With both deg,.q(2rea, R1) > n/8 and deg,.q(zred, R2) > Bn/8. Similarly, as there are
no blue bridges, there is at most one vertex zpe with both degy, . (zpwe, B1) > n/8 and

degblue(zblue7 BQ) > 6”/8

Let us handle these extra vertices first. If at most one of z,q and 2z, exists, we let this
vertex be a cycle on its own. If both z,.q and 2y, exist we proceed as follows. If 2y, has
at least fn/8 red edges, we can construct a red cycle C* of order at most 42 containing zeq
and 2. Otherwise, we set C* = () and note that by symmetry

Zred (2ble) has red (blue) degree at least (2/3 + 3/2)n. (3.6.6)

In this case we can integrate z..q Or 2pue into one of the large cycles that we find in the next
step.

Let i,j € [2]. By all but at most 2v/dn vertices in I;; have more than 2v/dn
neighbours in I5_;3_;. Thus for

I == {v e V(G)\ V(C") : degg(v,Iz-i5-;) < 2Vdn}

it holds that
L, NI > | L] — 2Vdn. (3.6.7)

Note that since 6(G) > (2/3 + 8)n we have

B32)
(1/4=59)n < (1=e)Tijln/m < [hyl < [Tyln/m < (1/4+49)n  (368)

for i,j € [2]. Hence the sets I} ; are pairwise disjoint. Moreover, since there are no red or
blue bridges, all vertices but z,.q and zpe (should they exist) are in some I} ;. Finally, (3.6.7)

and (3.6.8) imply that

,
n < |Ii,j| <

(1/4 — 3V4) (1/4 + 3Vd)n. (3.6.9)

Claim 3.6.4. For any i € [2] the subgraph G[I}; U I3;] contains a blue spanning cycle and
the subgraph G[I{ | U I{ ] contains a red spanning cycle.

Proof. We will show that G/[I] ; U I, ] contains a blue spanning cycle. The other cases follow
identically. Without loss of generality suppose that [I7,| > [I5,|. Let us first make two
observations. By , there are at most dn? red edges between I 11 and Ip;. Similarly,
there are at most dn? edges between I, and Iy5. Hence all but V/dn vertices of w € I,
satisfy

degye(w, By) > (2/3 + B)n — |15 — 2Vdn > (5/12+ 3/2)n.

So by (3.6.9) and the order of C* at most 2v/dn vertices of I, do not satisfy
degblue(w7 Ii,l U 11,2) > 5”/12 (361())
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If v €I, then
57,59
degblue(v7 [é,l) > degblue(’l}? 12,1) - 6”/4 - ‘V(C*)’ (3611)
> (2/3+ B)n — [Vo| — [Re| — An/4 — fn/4 — 42
> (2/3+B)n—en—(1/248y)n — pn/2 — 42

> (1/6+ B/4)n. (3.6.12)
Similarly, if v € I ;, then
degblue(vv [1,1) Z (1/6 + 6/4)n (3613)

Now let us show that H = Gpe[l]; U I5;] is Hamiltonian. To this end we select a set
X C I, of size |I} ;| and such that X contains all vertices of I{ ; that do not satisfy (3.6.10).
Note that this is possible, since there are at most 2v/dn such vertices and |15, > (1/ 4—3v/d)n
by . Let H' be the bipartite subgraph of Gy, with bipartition classes 1) ; and X, which
contains all edges xy € E(Gypiue) of type x € X and y € I;,. Note that by the partition
classes of H' have a size of at most (1/4 + 3v/d)n and 6(H') > n/6 by (3.6.11)), (3.6.13).
Hence H' contains a Hamiltonian cycle H by Corollary [3.6.2] By choice of X, the remaining
vertices V(H) \ V(C') have degree at least 5n/12 in H. We also have |V(H) \ V(C)| < 26n
and |V (H)| < (1/2 4 6v/d)n by (3.6.7) and (3.6.9). Hence Fact allows us to extend C
to a Hamiltonian cycle of H. O]

Now it is not hard to finish the proof. We apply Claim to obtain a blue cycle C4
that covers I7 ; U5 ;. Next we apply Claim [3.6.4]to obtain another blue cycle Cy that covers
1, UL, If 2eq is not yet on some cycle, then zp,e has blue degree at least (2/3 + 3/2)n
by and we can add zp,e to Cy or Cy by by Fact . Finally z..q is monochromatic
cycle on its own. ]
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Chapter 4

Chromatic index, treewidth and
maximum degree

Henning Bruhn, Laura Gellert and Richard Lang

Abstract

We conjecture that any graph G with treewidth & and maximum degree A(G) > k + vk
satisfies x'(G) = A(G). In support of the conjecture we prove its fractional version.

4.1 Introduction

The least number x/(G) of colours necessary to properly colour the edges of a (simple) graph
G is either the maximum degree A(G) or A(G)+ 1. But to decide whether A(G) or A(G)+1
colours suffice is a difficult algorithmic problem [66].

Often, graphs with a relatively simple structure can be edge-coloured with only A(G)
colours. This is the case for bipartite graphs (Konig’s theorem) and for cubic Hamiltonian
graphs. Arguably, one measure of simplicity is treewidth, how closely a graph resembles a
tree. (See next section for a definition.)

Vizing [105] (see also Zhou et al. [107]) observed a consequence of his adjacency lemma:
any graph with treewidth & and maximum degree at least 2k has chromatic index x'(G) =
A(G). Is this tight? No, it turns out. Using two recent adjacency lemmas the requirement on
the maximum degree can be dropped to A(G) > 2k —1 whenever k > 4; see Section[4.4] This
immediately suggests the question: how much further can the maximum degree be lowered?
We conjecture:

Conjecture 4.1.1. Any graph of treewidth k and mazimum degree A > k++'k has chromatic
index A.

The bound is close to best possible: in Section we construct, for infinitely many &,
graphs with treewidth &k, maximum degree A = k + L\/EJ < k + vk, and chromatic index
A + 1. For other values k the conjecture (if true) might be off by 1 from the best bound
on A. This is, for instance, the case for k = 2, where the conjecture is known to hold.
Indeed, Juvan et al. [69] show that series-parallel graphs with maximum degree A > 3 are
even A-edge-choosable.
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In support of the conjecture we prove its fractional version:

Theorem 4.1.2. Any simple graph of treewidth k and mazimum degree A > k + 'k has
fractional chromatic index A.

The theorem follows from a new upper bound on the number of edges:
2[E(G)| < AIV(G)| = (A= k)(A =k +1)

The bound is proved in Proposition [£.3.1] It implies quite directly that no graph with
treewidth & and maximum degree A > k + v/k can be overfull. (A graph G is overfull if it
has an odd number n of vertices and strictly more than A(G)”T_l edges; a subgraph H of G
is an overfull subgraph if it is overfull and satisfies A(H) = A(G).)

Thus, for certain parameters our conjecture coincides with the overfull conjecture of
Chetwynd and Hilton [23]:

Overfull conjecture. Every graph G on less than 3A(G) vertices can be edge-coloured with
A(G) colours unless it contains an overfull subgraph.

Because we can exclude that graphs with treewidth & and maximum degree A > k + Vk
are overfull, the overfull conjecture (as well as our conjecture) implies that such graphs on
less than 3A vertices can always be edge-coloured with A colours.

Graphs of treewidth k are in particular k-degenerate (see Section for the definition
and Section for a discussion). Indeed, Vizing [105] originally showed that k-degenerate
graphs, rather than treewidth k& graphs, of maximum degree A > 2k have an edge-colouring
with A colours. We briefly list some related work on edge-colourings and their variants
in k-degenerate graphs. Isobe et al. [67] show that any k-degenerate graph of maximum
degree A > 4k + 3 has a total colouring with only A+1 colours. For graphs that are not only
k-degenerate but also of treewidth &, a maximum degree of A > 3k — 3 already suffices [2]].
Noting that they are 5-degenerate, we include some results on planar graphs as well. Borodin,
Kostochka and Woodall [19] 20] showed that planar graphs have list-chromatic index A(G)
and total chromatic number x"(G) = A(G) + 1 if A(G) > 11 or if the maximum degree
and the girth are at least 5. Vizing [105] proved that a planar graph G has a A(G)-edge-
colouring if A(G) > 8. Sanders and Zhao [93] and independently Zhang [106] extended this
to A(G) > 7.

4.2 Definitions

All graphs in this article are finite and simple. We use standard graph theory notation as
found in the book of Diestel [28].

For a graph G a tree-decomposition (T',B) consists of a tree T and a collection B =
{B; : t € V(T)} of bags B; C V(@) such that

(i) V(@)= U B,

eV (T)
(ii) for each edge vw € E(G) there exists a vertex t € V(T') such that v, w € By, and

(iii) if v € By N By, then v € B, for each vertex r on the path connecting s and ¢ in 7.
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A tree-decomposition (7', B) has width k if each bag has a size of at most k+1. The treewidth
of G is the smallest integer k£ for which there is a width k tree-decomposition of G.
A tree-decomposition (T, B) of width k is smooth if

(iv) |By =k +1forallt € V(T) and
(v) |BsN By| =k for all st € E(T).

All tree decompositions considered in this paper will be smooth. This is possible as a graph
of treewidth at most £ always has a smooth tree-decomposition of width k; see Lemma 8
in [15].

The fractional chromatic index of a graph G is defined as

X} (G) :min{ > At A €eRL D Ayly(e)=1 Vee E(G)},

MeM MeM

where M denotes the collection of all matchings in G and 1,; the characteristic vector of
M. For more details on the fractional chromatic index, see for instance Scheinerman and

Ullman [98].

4.3 A bound on the number of edges

Theorem follows quickly from a bound on the number of edges:
Proposition 4.3.1. A graph G of treewidth k and mazximum degree A(G) > k satisfies

21E(Q)] < AG|V(G)| — (A(G) — k)(A(G) — k +1). (4.3.1)
Before proving Proposition we present one of its consequences:

Lemma 4.3.2. Let G be a graph of treewidth at most k and mazimum degree A > k + k.
Then G is not overfull.

Proof. Proposition implies

2|E(G)] < AlV(G)|—(A—k)(A—-k+1) _ AV(G)| - (A -k)?-A+k

V(G)| -1~ V(&) -1 V(G)| -1
and as A > k + vk we obtain
2|E(G)] AlV(G)| —k—A+k
< = A.
V(&) -1 V(&) -1

This finishes the proof. O

It follows from Edmonds’ matching polytope theorem that x;(G) = A(G), if the graph G
does not contain any overfull subgraph of maximum degree A; see [I0I, Ch. 28.5]. As
the treewidth of a subgraph is never larger than the treewidth of the original graph, Theo-

rem is a consequence of Lemma

The proof of Proposition 4.3.1] rests on two lemmas. We defer their proofs to the end of
the section. For a tree T we write |T| to denote the number of its vertices. If st € E(T) is
an edge of T then we let T, be the component of 7' — st containing s. For any number k
we set [k]T = max(k,0).
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Lemma 4.3.3. For a tree T and a positive integer d < |T| it holds that

Y. A= Tepllt = dd-1).

(s,t):steE(T)

If T* is a subtree of T then let 67 (7™) be the set of (s,t) so that st is an edge of T' with
s e V(T*) but t ¢ V(T*). (That is, 07 (7™) may be seen as the set of oriented edges leaving
T*.)
Lemma 4.3.4. Let T be a tree and let d < |T'| be a positive integer. Then for any subtree
T* C T it holds that
SO = Tl < [d - 7)), (43.2)

(s,t)e6T(T™)
We introduce one more piece of notation. If (T, B) is a tree decomposition of the graph

G, then for any vertex v of G we denote by T'(v) the subtree of T' that consists of those
vertices corresponding to bags that contain v.

Proof of Proposition[{.3.1. Let (T, B) be a smooth tree decomposition of G of width k. First
note that for any vertex v of GG, the number of vertices in the union of all bags containing v
is at most |T'(v)| + k since the tree decomposition is smooth. Thus deg(v) < |T'(v)| +k — 1.

Set d .= A —k+1 > 1, and observe that d < |V(G)| —k = |T'| as the tree decomposition
is smooth. We calculate

A —deg(v) = [A—k+1—|T(v)[]"
=d—[T)[T> Y =Tl
(s:)€5+ (T(w)

where the last inequality follows from Lemma [4.3.4]

Consider an edge st € E(T). Since the tree decomposition is smooth there is exactly
one vertex v € V(G) with v € By and v ¢ B;. Setting ¢((s,t)) = v then defines a function
from the set of all (s,t) with st € E(T) into V(G). Note that ¢((s,t)) = v if and only if
(s,t) € 07 (T(v)). Summing the previous inequality over all vertices, we get

Yo (A—deg(v)= D> D [d—|Tipll*
veV(Q) veV(QG) (s,t)ep~1(v)
= Y [d=|Teplt 2 dd-1),

(s,t):ste E(T)

where the last inequality is due to Lemma [4.3.3] This directly implies (4.3.1)). O

It remains to prove Lemma |4.3.3| and 4.3.4]

Proof of Lemma[{.3.3. We proceed by induction on || —d. The induction starts when
d=|T|. Then [d — |T(sy|]* =d — |T(s4| and thus

Y. [A=1Tenl™ = > (T Tl + 7] = |Tes))

(s,t):ste E(T) steE(T)

= N [Tyl + 1 Tienl = (1T - 1)IT.

steE(T)
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Now, let d < |T'| — 1, which implies in particular |T'| > 2. Then 7" has a leaf {. We set
T" =T — { and note that d < |T| — 1 = |T"].
Observe that for any edge st € E(T") we get

‘T t)| _ |T(/s,t)| +1 ifle V(T(&t)),
T )] if £¢ V(Tisy))-

We denote by F' the set of all (s,t) for which st is an edge in 7" with ¢ € V(1)) and with
|T(/S,t)| S d - 1. Then

b JA=T 1T =1 if(s,t) € F,
[d— [Tl = {[ T Est I i (s.0) ¢ F (4.3.3)

Among the (s,t) € F' choose (z,y) such that y maximises the distance to ¢. This means,
that st € E(T(, ) for any (s,?) € '\ {(z,y)}. Consequently,

(Tl = BT ) + 12 [F| =14 1],
Let r be the unique neighbour of the leaf ¢. Then |T{,,)| = 1, and we obtain
[d = Tienl]" =d =12 T, = |F]. (4.34)
We conclude

> A= Tepllt = [d = Tenll™ +[d = Trpll*

(s,t):steE(T)
+ Y [d=|Teyl*

(s,t):steE(T")

IFI +0+ > [d= Tyt

(s,t):ste E(T")

DD G 4

(s,t):ste E(T")

2 d(d - 1)7

= =
||E |vl
&

where the last inequality follows by induction. O

Proof of Lemma[{.3.4] We proceed by induction on |T'| —d. For the induction start, consider
the case when d = |T'|. Then

[d = [T ll™ =T = 1 Tsoll™ = [Tes),
which yields
Yoo d=ITenllt = Y |Tusl =TI =T =[d—|T"[".
(s,t)€6+(T*) (s,t)€6+(T*)

Now assume |T'| —d > 1. If every vertex in T'— V(T™) is a leaf of T then ¢ is a leaf for
every (s,t) € 67(T*). This implies |T(s4| = || =1 > d and the left hand side of (4.3.2)

vanishes.
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Therefore we may assume that there is a leaf ¢ ¢ T* of T such that neither [ nor its
unique neighbour belongs to V(7*). Set 7" = T — ¢, and observe that, by choice of ¢, the set
67 (T™) of edges leaving 7™ is the same in 7" and in 7". Moreover, |T(s,| > |T{, ;| holds for
every (s,t) € §7(T™). The desired inequality

Yo ATl < Y ATyl <[d- 77"

(s,£)€6+(T*) (s,t)€d+(T*)

now follows by induction. O]

4.4 A lower bound on the maximum degree

Vizing [105] (see also Zhou et al. [I07]) proved that every graph of treewidth k& and maximum
degree A > 2k has an edge-colouring with A colours. We show that this is not tight.

Proposition 4.4.1. For any graph G of treewidth k > 4 and maximum degree A(G) > 2k—1
it holds that X'(G) = A(G).

A graph G of maximum degree A is A-critical, if all proper subgraphs can be edge-coloured
using not more than A colours and x(G) = A + 1. For the proof of Proposition we
use Vizing’s adjacency lemma, as well as two adjacency lemmas that involve the second
neighbourhood.

Vizing’s adjacency lemma. Let uv be an edge in a A-critical graph. Then v has at least
A — deg(u) + 1 neighbours of degree A.

Theorem 4.4.2 (Zhang [106]). Let G' be a A-critical graph, and let uwv be a path in G. If
deg(u) + deg(w) = A + 2 then all neighbours of v but w and w have degree A.

Theorem 4.4.3 (Sanders and Zhao [93]). Let G be a A-critical graph, and let v be a common
neighbour of u and w such that deg(u) + deg(v) + deg(w) < 2A+ 1. Then there are at most
deg(u) + deg(v) — A — 3 common neighbours x # u of v and w.

The rest of this subsection is dedicated to the proof of Proposition [4.4.1] To this end, let
us assume Proposition to be wrong. Then there is a A-critical graph G of treewidth
at most k for A = 2k — 1. (Note that the case A > 2k is covered by the above mentioned
result of Vizing.) Let (T, B) be a smooth tree-decomposition of G of width < k. By picking
an arbitrary root, we may consider T as a rooted tree. For any s € V(T'), we denote by [s]
the subtree of T rooted at s, that is, the subtree of T consisting of the vertices t € V(T') for
which s is contained in the path between ¢ and the root of 7.

Recall the definition of T'(v) after Lemmal[d.3.4] Set L := {v € V(G) : deg(v) > k+2}, and
choose a vertex v* € L that maximises the distance of T'(v*) to the root (among the vertices
in L). Let ¢ be the vertex of T'(v*) that achieves this distance. For S := N(q) N T(v*) and
any s € S, define X, := Utev([s]) By, and let X := B,UJ,.¢ Xs. Note that by the definition
of v* and ¢

seS
N(w*)C X and XN L C B, (4.4.1)

Claim 4.4.4. All vertices of X \ B, have degree at most k.
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Proof of Claim[{.4.4] Suppose the statement to be false. Then there is an s € S for which
X, \ B, contains a vertex of degree at least k + 1. Fix a vertex w* € {w € X\ B, :
deg(w) > k + 1} =: L’ that maximises the distance of T'(w*) to s. Let p be the vertex of
T'(w*) that achieves this distance. Set Y = J,cy(f,)) Br- As in we have N(w*) CY
and YN L' C B,. Since, moreover, w* has degree at least k+ 1, it has a neighbour «* outside
B,, which then has degree at most k (by choice of w*).

Vizing’s adjacency lemma implies that w* has at least A —deg(u*)+1 > 2k—1—k+1 =%k
neighbours of degree A. By , all vertices of degree A of Y have to be in B,N B;. Since
by smoothness of the tree decomposition B, N By is a cutset of size at most k, the vertex w* is
adjacent to all vertices in B, N Bs. As w* is therefore adjacent to at most k vertices of degree
A it holds deg(u*) = k. By definition of S, the set By contains v*, which implies that v* is
adjacent to w* and of degree A. As k > 4, it follows that v* has degree A =2k —1> k+ 3,
which means by that v* has at least three neighbours of degree < k + 1. Thus, v*
has a neighbour of degree < k 4 1, which is neither u* nor w*. This, however, contradicts
Theorem [4.4.2] (applied to v*, w*, u*). ]

By (4.4.1) and since v* has degree at least k + 2, the vertex v* has a neighbour u ¢ B,.
(In fact, v* has at least two such neighbours.) By Vizing’s adjacency lemma, applied to uv*,
it follows that v* has at least A — deg(u) + 1 > k neighbours of degree A. In particular, by

an analogue of (4.4.1]) for s and w*.
v* is adjacent to every vertex in By, each of which has degree A. (4.4.2)

Claim 4.4.5. Every u € N(v*) \ B, has exactly k neighbours, all of which are contained in
B

4
Proof of Claim[4.4.5. By Vizing’s adjaceny lemma (applied to uv*), u is of degree at least
k. Otherwise v* has too many high degree neighbours. By , every vertex in B, has
degree A and thus u ¢ B,. The set B, is a cutset. This implies that « has all its neighbours
in X. However, u cannot be adjacent to any vertex w of degree < k; otherwise we could
extend any A-edge-colouring of G — uw to G. It follows from Claim that all of the k
neighbours of u are in B,. O

Since the vertex v* has degree at least k + 2, it has two neighbours u,w of degree at
most k + 1 (again by (4.4.1)). By Claim the degree of v and w is k. Thus, deg(u) +
deg(v*) + deg(w) < k+ A+ k = 2A + 1. Moreover, by Claim and (4.4.2)), the vertices
v* and w have k — 1 common neighbours in B,. As k —1 > deg(u) + deg(v*) — A — 3, we

obtain a contradiction to Theorem This finishes the proof of Proposition [4.4.1]

4.5 Discussion

Proposition bounds the number of edges in a graph G of fixed treewidth and maximum
degree. A simpler bound — only considering the treewidth — is easily shown by induction (see
Rose [91]):

2|E(G)| < 2k|V(G)| — k(k+1) (4.5.1)

For A < 2k and |V(G)| > A + 1 a straightforward computation shows that the bound of
Proposition is strictly better than (4.5.1). The bounds are the same if A = 2k or if
[V(G)| = A+ 1. For A = 2k this is illustrated by the kth power P* of a long path P.
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The bound in Proposition is tight. There are simple examples that show this: Take
the complete graph K} on k vertices and add r > 1 further vertices each adjacent to each
vertex of K. These graphs also demonstrate that Conjecture (if true) would be tight or
almost tight. Indeed, if k4 |v/k] is even, and k not a square, then we obtain for r = [Vk| 41
an overfull graph with maximum degree A = k + [Vk]. If k + |vk] is odd, then, by setting
r = |Vk], we obtain an overfull graph with A =k + |Vk]| — 1.

These tight graphs, however, have a very special structure. In particular, they all satisfy
[V(G)| = A(G)+1. Both, Conjecture[4.1.1]and Proposition stay tight for an arbitrarily
large number of vertices compared to A:

Proposition 4.5.1. For every ko > 4 there is a k € {ko, ko + 1,...,ko + 8} such that for
every n > 4k there exists a graph G on n vertices with treewidth at most k and mazimum

degree A =k + |Vk] < k+Vk such that
2/E(G)| =An— (A —k)(A—k+1).
In particular, the graph G is overfull whenever n is odd.
We need the following lemma.

Lemma 4.5.2. Let ¢,7 € N. Then there is a graph with degree sequence

d=(c...,c,c—1,c—2,...,1) € Z°"
N——

r+1
if and only if 4 divides c(2r + c+ 1) and if r* > c.

We defer the proof of Lemma until the end of the section and only show sufficiency.
A closer look at the arguments in the proof yields necessity.

Proof of Proposition[4.5.1. We start by showing with a case distinction that there is a k €
{ko, ko +1,..., ko + 8} such that

k= L\/EJ (mod 8) and L\/EJ < Vk. (4.5.2)

To this end, let i such that |v/ko| = ko +1i (mod 8) and 0 <i< 7.

Firstly, let us assume that i = 0. If kg is not a square, then k = kg satisfies .
Otherwise k = ko + 8 satisfies as ko > 4 > 1, and consequently |k + 8] = v/ko.

Secondly, we consider the case that i # 0. If |[\/ko + 1] = [Vko], then k = ko + i satisfies
|[Vko| =k (mod 8) and vk > kg > |Vko| = | V]|, which shows ([£5.2). If, on the other
hand, [vVko+1] > |[Vko|, then [Vko+1i] = [Vko| +1 = |[Vko+i+1] as kg > 4. Set
k = ko +1i+ 1. By choice of i, we have |/ko + 1] = k (mod 8). Thus, we obtain [Vk| = &
(mod 8) as desired. Moreover, Vk > vk +1> [Vko +1) = [VEo] + 1= |VE].

In all cases an element of {ko, ko + 1,..., ko + 8} satisfies (4.5.2).

Next we show that for any n > 4k, there is a graph G of treewidth k£ whose degree
sequence (degq(vy),degq(va), ..., degs(v,)) equals

(k,E+1,.. ., A—=1,A ..., A/A—1,...)k+1,k) (4.5.3)

with A = k+|vk|. A computation similar to Lemma shows that G is overfull if |V (G)|
is odd.
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We construct GG in three steps. First we take a power of a path, where all but the outer
vertices have the right degree. We increase the degree of the outer vertices by connecting
them to vertices towards the middle of the path. This will create some degree excess for the
used vertices. We balance this by deleting a subgraph H provided by Lemma [£.5.2l The
construction is illustrated in Figure [£.1] Note that for ease of exposition the parameters k
and A are not as in this proof.

"
R A SRR AR IR

R s i

Figure 4.1: Extreme example for £ = 8 and A = 10. The graph H is dotted.

Let P be a A/2-th power of a path on vertices vy,...,v,. This means, v; and v; are
adjacent if and only if 0 < |i — j| < A/2. As P is symmetric, and as G will be symmetric
as well, we concentrate on the part of P on the vertices vy, ..., v,/21. We tacitly agree that

any additions and deletions of edges are also applied to the other half of P.

Comparing the degrees of P to we see that all vertices have the target degree
except for the initial vertices vy,...,va/2, whose degree is too small. Fori=1,..., A~k the
vertex v; has degree A/2 — 1 +1 but should have degree k — 1 +1i. We fix this by connecting
Vi 10 Viga/241, - - Vighs1. Fori=A—k+1,..., A/2, the vertex v; should have degree A but
has degree A/2 — 1 +41i. We make v; adjacent to each of viya/ot1,...,va41-

Denote the obtained graph by P’ and observe that its vertices in the range of 1,. .., [n/2]
have the following degrees

kok+1,.,A, ALLA A+ k+ 2 k+ S, kS A LA
%,—/ A,—/ g ~  \u ~ _/ A/—/
1, A—k+1 A—k+2,.. . A/2+1 N k+2,...,A+1 A+2,...,[n/2]

9 T4

Hence all but the vertices v; with index i between A/2 4 2 and A + 1 have the correct
degree. The difference between their degree in P" and the desired degree is

d=(1,2,...,k—5-Lk—%,... k—%). (4.5.4)

Set c=k—-%5 =1 (k — L\/EJ) and 7 = A — k. Note that k is chosen in such a way (see

[@5.2)) that ¢ is divisible by 4. As furthermore r? = (A —k)? = |Vk|? > % <k5 — L\/EJ) =,
Lemma yields that there is a graph H with degree sequence d. Since the vertices
UA/242, - - - Ua41 induce a complete graph in P’ there is a copy of H in P’, such that deleting
its edges results in a graph G of the desired degree sequence. Note that for any two adjacent
vertices v;, v; in P’ it holds that |i — j| < k. This implies that P’ is a subgraph of a k-th
power of a path. Thus the subgraph G of P’ has treewidth at most k. This finishes the
proof. O

To prove Lemma we use the Erdés-Gallai-criterion:
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Theorem 4.5.3 (Erdés and Gallai [30]). There is a graph with degree sequence dy > -+- > d,
if and only if Y | d; is even and if for all{ =1,....n

i=f+1

Proof of Lemma[{.5.7 We check the conditions of Theorem for the degree sequence d.
The parity condition holds as 4 divides ¢(2r + ¢+ 1) and

c+r

1
d di=cr+ detl) _ §(2r+c+ 1).
i=1

2

Let of us now verify (4.5.5)). If £ > ¢, then

l c+r
ddi<el <LU—1)< 1)+ > min(d;,0).
i=1 =041
Thus we can assume that ¢ < ¢. Two remarks: Firstly, min(d;,¢) = ¢ fori = 1,...,<
c+r — {0+ 1. Consequently, if 2/ < ¢+ r then
o= . 0o —1)
(0=1)+ > min(d, 0) =€ — 1)+ (c+7—20+ 1)l + 5
i=0+1
=Li2r—1-0)+ct. (4.5.6)
Secondly, if ¢ > r, then
¢
1) —
S di=cl - (C=r=D=r)_ Lr+1—0)— 102 +r). (4.5.7)

, 2
i=1
Now suppose that 20 < ¢+ 7. For £ < r, we have Yr_, d; = ¢/ and hence (&.5.5) is casily
seen to be satisfied in light of (4.5.6). On the other hand, for £ > r the assumption of 72 > ¢

together with a comparison of (4.5.6) and (4.5.7)) gives (4.5.5)).
So let 2¢ > ¢+ r. This implies that ¢ > r. Consequently, the right hand side of (4.5.5)) is

c+r c+r
((0=1)+ Y min(d, ) =0 —1)+ Y d;
i=04+1 i=0+1

=l(l—1)+3(c+r—0O(c+r—L(+1).
It follows from equation (4.5.7)) that (4.5.5)) is satisfied if the following expression is non-

negative.

26000 =)+ (c+r—0(c+r—L+1) =2l +0(2r +1—4) — (r* + 7))
=407 —4l(c+7r)+(c+r)2 4+ (c+2r +12) — 40
= (20— (c+r)+(c+r)+(r+r?) -4
c+7“)+(r+r2)>
2

= (20— (c+1))* — 2(% ! (4.5.8)
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Figure 4.2: The graph G5 with the vertices v; drawn in black; thick gray edges indicate that
two vertex sets are complete to each other; elimination order of the v; is shown in dashed
lines

First, let r? = ¢. Then (4.5.8)) equals
(20— (c+7))* =220 — (c+71)) (4.5.9)

The term is negative only if 20 — (c+7r) = 1. As c+r = r>+r is even (for any integer
), and thus is non-negative.

Now let 72 > ¢. Then is strictly greater than and hence non-negative. This
shows that @ is satisfied.

As @D holds for all ¢, there is a graph with degree sequence d.

O
4.6 Degenerate graphs
Recall that a graph G is k-degenerate if there is an enumeration v, ..., v; of the vertices such
that v;y; has degree at most k in G — {v,, ..., v} for every i. By simple induction following

the elimination order (or recalling the formula formula 1+24...+n =n(n+1)/2), we can
obtain a bound with half the degree loss of (4.3.1)):

2|E(G)| < A[V(G)] - L(A = k) (A — k +1). (4.6.1)

The bound in turns out to be tight for some A, k as the construction below shows.
Moreover, by Theorem [4.1.2] can easily be transferred: Any simple k-degenerate graph
of maximum degree A > k + 1/2 + /2k + 1/4 is not overfull and therefore has fractional
chromatic index x;(G) = A.

Consider a positive integer p and let G, be the complement of the disjoint union of p
stars K11, Kip2,..., K ,; see Figure Denote the centre of the ith star by v;, and let
W be the union of all leaves. The graph G, has n = p(p + 1)/2 + p vertices and satisfies
deg(vy) = n—1—ifori=1,...,p and deg(w) = n — 2 for w € W. In particular, the
maximum degree of G, is A = n — 2. Setting K = n — 1 — p, we note that G, is k-degenerate
as Vp, Up—_1, - . - , 1 followed by an arbitrary enumeration of W is an elimination order. Finally,

we observe that G, satisfies (4.6.1]) with equality.
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Chapter 5

Estimating parameters associated with
monotone properties

Carlos Hoppen, Yoshiharu Kohayakawa, Richard Lang,
Hanno Lefmann and Henrique Stagni

Abstract

There has been substantial interest in estimating the value of a graph parameter, i.e., of
a real-valued function defined on the set of finite graphs, by querying a randomly sampled
substructure whose size is independent of the size of the input. Graph parameters that may
be successfully estimated in this way are said to be testable or estimable, and the sample
complezity q, = q.(¢) of an estimable parameter z is the size of a random sample of a graph
G required to ensure that the value of z(G) may be estimated within an error of € with
probability at least 2/3. In this paper, for any fixed monotone graph property P = Forb(F),
we study the sample complexity of estimating a bounded graph parameter zx that, for an
input graph G, counts the number of spanning subgraphs of G that satisfy P. To improve
upon previous upper bounds on the sample complexity, we show that the vertex set of any
graph that satisfies a monotone property P may be partitioned equitably into a constant
number of classes in such a way that the cluster graph induced by the partition is not far
from satisfying a natural weighted graph generalization of P. Properties for which this holds
are said to be recoverable, and the study of recoverable properties may be of independent
interest.

5.1 Introduction and main results

In the last two decades, a lot of effort has been put into finding constant-time randomized
algorithms (conditional on sampling) to gauge whether a combinatorial structure satisfies
some property, or to estimate the value of some numerical function associated with this
structure. In this paper, we focus on the graph case and, as usual, we consider algorithms that
have the ability to query whether any desired pair of vertices in the input graph is adjacent
or not. Let G be the set of finite simple graphs and let G(V') be the set of such graphs with
vertex set V. We shall consider subsets P of G that are closed under isomorphism, which
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we call graph properties. To avoid technicalities, we restrict ourselves to graph properties P
such that PN G(V) # () whenever V' # (). For instance, this includes all nontrivial monotone
and hereditary graph properties, which are graph properties that are inherited by subgraphs
and by induced subgraphs, respectively. Here, we will focus on monotone properties. The
prototypical example of a monotone property is Forb(F'), the class of all graphs that do not
contain a copy of a fixed graph F. More generally, if P is a monotone property and F
contains all minimal graphs that are not in P, then the graphs that lie in P are precisely
those that do not contain a copy of an element of F. This class of graphs will be denoted by
P = Forb(F). The elements of Forb(F) are said to be F-free.

A graph property P is said to be testable if, for every € > 0, there exist a positive integer
gp = qp(e), called the query complexity, and a randomized algorithm 7p, called a tester,
which may perform at most gp queries in the input graph, satisfying the following property.
For an n-vertex input graph I', the algorithm 7p distinguishes with probability at least 2/3
between the cases in which I" satisfies P and in which I' is e-far from satisfying P, that is, in
which no graph obtained from T" by the addition or removal of at most en?/2 edges satisfies
P. This may be stated in terms of graph distances: given two graphs I' and I on the same
vertex set V(I') = V(I'), we may define the normalized edit distance between I' and I by
d, (T, T") = =25 |E(T)AE(T)|, where E(T')AE(I") denotes the symmetric difference of their
edge sets I% is a graph property, we let the distance between a graph I' and P be

di (T, P) = min{d, (I, T"): V(I'") = V(T') and I € P}.

For instance, if I' = K,, and P = Forb(K3), Turdn’s Theorem ensures that (3) — [n?/4] edges
need to be removed to produce a graph that is Kjs-free. In particular, d;(K,, Forb(K3)) —
1/2. Thus a graph property P is testable if there is a tester with bounded query complexity
that distinguishes with probability at least 2/3 between the cases d;(I', P) = 0 and d,(I', P) >
€.

The systematic study of property testing was initiated by Goldreich, Goldwasser and
Ron [46], and there is a very rich literature on this topic. For instance, regarding testers,
Goldreich and Trevisan [49] showed that it is sufficient to consider simpler canonical testers,
namely those that randomly choose a subset X of vertices in I' and then verify whether
the induced subgraph I'[X] satisfies some related property P’. For example, if the property
being tested is having edge density 1/2, then the algorithm will choose a random subset X
of appropriate size and check whether the edge density of I'[X] is within, say, /2 of 1/2.
Regarding testable properties, Alon and Shapira [7] proved that every monotone graph prop-
erty is testable, and, more generally, that the same holds for hereditary graph properties [6].
For more information about property testing, we refer the reader to [48] and the references
therein.

In a similar vein, a function z: G — R from the set G of finite graphs into the real
numbers is called a graph parameter if it is invariant under relabeling of vertices. A graph
parameter z: G — R is estimable if for every € > 0 and every large enough graph I'" with
probability at least 2/3, the value of z(I") can be approximated up to an additive error of ¢
by an algorithm that only has access to a subgraph of I' induced by a set of vertices of size
q- = q.(g), chosen uniformly at random. The query complexity of such an algorithm is (q;)
and the size g, is called its sample complexity. Estimable parameters have been considered
in [38] and were defined in the above level of generality in [I8]. They are often called testable
parameters. Borgs et al. [I8, Theorem 6.1 gave a complete characterization of the estimable
graph parameters which, in particular, also implies that the distance from monotone graph
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properties is estimable. Their work uses the concept of graph limits and does not give explicit
bounds on the query complexity required for this estimation.

We obtain results for the bounded graph parameter, which, for a graph family F, counts
the number of F-free spanning subgraphs of the input graph I'. Recall that G’ = (V' E’) is
a spanning subgraph of a graph G = (V, E) if V' =V and E' C E.

Formally, given a graph I' € G and a family F of graphs, we denote the set of all F-free
spanning subgraphs of I' by Forb(I', F) = {G is a spanning subgraph of I': G € Forb(F)},
and we consider the parameter

1
zr(I') = VIR log, | Forb(I", F)|. (5.1.1)

For example, if 7 = {K3} and I' = K,,, computing zz requires estimating the number of
K3-free subgraphs of K,, up to a multiplicative error of 20(n?).

1 1 1(n
2r(Ky) = — log, | Forb(T", F)| = — log, 93 (5)+o(n?) _,

A~ =

This was done by Erdés, Kleitman and Rothschild for F = {K}} [33], see also Erdds, Frankl
and Rodl [32] for F-free subgraphs. Counting problems of this type were studied by several
people. Consider for instance, the work of Promel and Steger [86], 87], the logarithmic density
in Bollobas [16], and some more recent results about the number of n-vertex graphs avoiding
copies of some fixed forbidden graphs [I1), 12]. Algorithmic aspects have been investigated
by Duke, Lefmann and Rédl [29] and, quite recently, by Fox, Lovasz and Zhao [40].

As it turns out, estimating graph parameters zx(I") is related to estimating distances of
graphs from the corresponding graph property P = Forb(F). Alon, Shapira and Sudakov [8],
Theorem 1.2] proved that the distance to every monotone graph property P is estimable
using a natural algorithm, which simply computes the distance from the induced sampled
graph to P. However, one disadvantage of this approach is that the accuracy of the estimate
relies heavily on stronger versions of Szemerédi’s Regularity Lemma [102, [4]. Therefore, the
query complexity is at least of the order TOWER(poly(1/¢)), by which we mean a tower of
twos of height that is polynomial in 1/e. Moreover, it follows from a result of Gowers [50]
that any approach based on Szemerédi’s Regularity Lemma cannot lead to a bound that is
better than TOWER(poly(1/¢)).

In this paper, we introduce the concept of recoverable graph properties. Roughly speaking,
given a function f: (0,1] — R, we say that a graph property P is f-recoverable if every large
graph G € P is e-close to admitting a partition V of its vertex set into at most f(e) classes
that witnesses membership in P, i.e., such that any graph that can be partitioned in the
same way must be in P.

Theorem 5.1.1. Let Forb(F) be an f-recoverable graph property, for some function f: (0,1] —
R. Then, for all € > 0 there is ng such that, for any graph T with |V (I')| > ng, the graph
parameter zx defined in (5.1.1) can be estimated within an additive error of € with sample

complexity poly(f(e/6)/e).

Although one could apply strong versions of regularity to show that every monotone
property Forb(F) is f-recoverable, this approach would provide an upper bound of at least
TOWER(poly(¢~!)) for the function f. We find a connection between this notion of recov-
erability and the graph Removal Lemma, which can lead to better bounds for the function
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f(e). The Removal Lemma was first stated explicitly in the literature by Alon et al. [3] and
by Fiiredi [42]. The following version, which holds for arbitrary families of graphs was first
proven in [7].

Lemma 5.1.2 (Removal Lemma). For every € > 0 and every (possibly infinite) family F of
graphs, there exist M = M (e, F), 6 = (e, F) > 0 and no = no(e, F) such that the following
holds. If a graph G on n > ng vertices satisfies d\(G, Forb(F)) > ¢, then there is F € F
with |V (F)| < M such that G has at least 6nlY ) copies of F. O

Conlon and Fox [26] showed that Lemma holds with =1, ny < TOWER(poly(c™!)).
Although this remains the best known bound for the general case, there are many families
F for which Lemma holds with a significantly better dependency on . For families
F = {F} where F is an arbitrary graph, Fox [39] (see also [8I]) showed that Lemma [5.1.2]
holds with both ! and ny bounded by TOWER(O(log(¢7!))) — as a consequence, this same
bound holds for every finite family F. Moreover if F is bipartite, than 6~ and ny are
polynomial in €' and, though it is not possible to get polynomial bounds when F is not
bipartite (see [2]), the best known lower bound for 6~' is only quasi-polynomial in e!.
Lemma also holds with 671, M, ny < poly(e™') for certain infinite families F. For
instance, results from [46] provide such polynomial bounds when Forb(F) is the property of
“being k-colorable” (for every positive integer k) or the property of “having a bisection of size
at most pn?” (for every p > 0) or many other properties that can be expressed as “partition
problems”.

We show that every monotone graph property Forb(F) is f-recoverable for some function
f that is only exponential in the bounds given by the Removal Lemma for the family F. In
fact, we use a weighted version of this lemma (see Lemma [5.3.6)).

Theorem 5.1.3. For every family F of graphs, the property Forb(F) is f-recoverable for f(e) =
no2P°WY(M/0) “where 6, M and ng are as in Lemma with input F and €.

The case of F finite is an instance where the bounds given by Lemma relate poly-
nomially with the bounds of Lemma [5.1.2] In particular, Theorem [5.1.3] together with the
abovementioned bounds for Lemma obtained by Fox [39] for finite families F, implies
that Forb(F) is f-recoverable with f(¢) = TOWER(poly(log(1/¢))).

The remainder of the paper is structured as follows. In Section [5.2] we introduce nota-
tion and describe some tools that we use in our arguments. In Section [5.3, we introduce
the concept of recoverable graph properties and prove Theorem [5.1.3] Theorem [5.1.1] is a
consequence of Theorem [5.4.1] which is the main result in Section [5.4 In Section [5.5 we
prove Theorem [5.3.2] which is the technical tool for establishing Theorem We finish
the paper with some concluding remarks in Section [5.6}

5.2 Notation and tools

A weighted graph R over a (finite) set of vertices V' is a symmetric function from V x V
o [0,1]. A weighted graph R may be viewed as a complete graph (with loops) in which a
weight R(i,j) is given to each edge (i,j) € V(R) x V(R), where V(R) denotes the vertex
set of R. The set of all weighted graphs with vertex set V' is denoted by G*(V) and we
define G* as the union of all G*(V) for V finite. In particular, a graph G is a weighted
graph such that G(i,i) = 0, for every i € V(G), and either G(i,j) = 1 or G(i,j) = 0
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for every (i,7) € V(G) x V(G), i #
A,B C V, we denote eg(A, B) = Zl
G = (V, E) and vertex sets U, W C V(
eG(Uv W) = |EG(U7 W)l

An equipartition V = {V;}F_, of a weighted graph R is a partition of its vertex set V(R)
such that |Vi| < |V;| +1 for all (i,7) € [k] x [k]. We sometimes abuse terminology and say
that V is a partition of R.

Let V = {Vi,..., Vi} be an equipartition into k classes of a graph G = (V, E)). The cluster
graph of G by V is a weighted graph G/ € G*([k]) such that G/ (i,7) = ec(V;, V;)/(IVil|V;])
for all (i,7) € [k] x [k]. For a fixed integer K > 0, the set of all equipartitions of a vertex
set V into at most K classes will be denoted by I (V). We also define the set G/11,, =
{G/y :V ek (V(G))} of all cluster graphs of G whose vertex set has size at most K.

The distance between two weighted graphs R, R' € G*(V') on the same vertex set V' is
given by

j. For a weighted graph R € G*(V) and for sets
i.pyeaxp 11, 7) and e(R) = e(V,V)/2. Given a graph
G), let Eq(U, W) ={(u,w) € E:u € Uw e W} and

1
N o . /e -
dl(R7R>*W Z ’R<17J)_R(17]>’
(i,J)eV XV
For a property H C G* of weighted graphs, i.e., for a subset of the set of weighted graphs
which is closed under isomorphisms, we define

d1 (R, H) = min. dl(R, R,)

Unless said otherwise, we will assume that H contains weighted graphs with vertex sets of
all possible sizes.

Next, to set up the version of regularity (or Regularity Lemma) that we use in this work,
we use a second well-known distance between weighted graphs. Let Ry, Ry € G*(V) be
weighted graphs on the same vertex set. The cut-distance between R, and R, is defined as

d (RbRQ) |‘/1|2 kgrnag‘(/]eRl(S,T) _eR2<SvT)"

Let I' € G(V) and V = {Vi}F, be a partition of V. We define the weighted graph
I'y € G*(V) as the weighted graph such that I'y(u,v) = I/y (i,7) if u € Vi and v € Vj.
Graph regularity lemmas ensure that, for any large graph I', there exists an equipartition V
into a constant number of classes such that I'y is a faithful approximation of I'. Here, we
use the regularity introduced by Frieze and Kannan [41]. Henceforth we write b = a + x for
a—x<b<a+uzx.

Definition 5.2.1. A partition V = {V;}, of a graph T is y-FK-reqular if d5(T',Ty) < 7,
or, equivalently if for all S,7" C V(I") it holds that
(S, T)= > ISNVITnV| T/y (i) £4V (D).
(L)€Elk]x [K]
The concept of F'K-regularity is also known as weak regularity.

Lemma 5.2.2 (Frieze-Kannan Regularity Lemma). For every v > 0 and every ko > 0, there
is K = ko - 220/ such that every graph T on n > K vertices admits a v-FK-reqular
equipartition into k classes, where ky < k < K. [
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We remark that Conlon and Fox [24] found graphs where the number of classes in
any y-FK-regular equipartition is at least 2%/ (2%07?) (for an earlier result, see Lovasz and
Szegedy [78]).

5.3 Recoverable parameters

The main objective of this section is to introduce the concept of e-recoverability and to state
our main results in terms of it.

5.3.1 Estimation over cluster graphs

For a weighted graph R € G*(V') and a subset @ C V of vertices, let R[@)] denote the induced
weighted subgraph of R with vertex set (). Let us now define estimable parameters in the
context of weighted graphs.

Definition 5.3.1. We say that a function z: G* — R (also called a weighted graph parameter)
is estimable with sample complexity q: (0,1) — N if, for every ¢ > 0 and every weighted
graph I'* € G*(V) with |V| > q(e), we have z(I'") = 2(I"*[Q]) &+ ¢ with probability at
least 2/3, where @ is chosen uniformly from all subsets of V' of size q.

The following result states that graph parameters, that can be expressed as the optimal
value of some optimization problem over the set G/T,. of all cluster graphs of G of vertex
size at most K, can be estimated with a query complexity that is only exponential in a
polynomial in K and in the error parameter.

Theorem 5.3.2. Let z: G — R be a graph parameter and suppose that there is a weighted
graph parameter z*: G* — R and constants K > 0 and ¢ > 0 such that

1. 2(I') = MaX pe Iy 2*(R) for every I' € G, and

2. [2%(R) — 2*(R)| < c¢-di(R, R') for all weighted graphs R, R' € G* on the same vertex

set.
Then z is estimable with sample complezity € — poly(K, c/e).

The proof of Theorem is rather technical and is therefore deferred to Section [5.5]
Moreover, in Section we show how to express the parameter zx introduced in , in
terms of the solution of a suitable optimization problem over the set I'/T7,. of cluster graphs
of I' of vertex size at most K.

5.3.2 Recovering partitions

We are interested in the property of graphs that are free of copies of members of a (possibly
infinite) family F of graphs. To relate this property to a property of cluster graphs, we
introduce some definitions. Let ¢: V(F) — V(R) be a mapping from the set of vertices of a
graph F' € G to the set of vertices of a weighted graph R € G*. The homomorphism weight
hom,(F, R) of ¢ is defined as

hom,(F,R) =[] R(¢(i), ().

(i.7)eE(F)
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The homomorphism density t(F, R) of F' € G in R € G* is defined as the average homomor-
phism weight of a mapping in ® := {¢: V(F) — V(R)}, that is,

t(F,R) = 3] Zhomw F,R).

ped

Note that, if F' and R are graphs, then ¢(F, R) is approximately the density of copies of F’
in R (and converges to this quantity when the vertex size of R tends to infinity). Since
weighted graphs will represent cluster graphs associated with a partition of the vertex set of
the input graph, it will be convenient to work with the following property of weighted graphs:

Forby,..(F)={R € G" : t(F,R) =0 for every F € F}.

Let R, S € G*(V) be weighted graphs on the same vertex set V. We say that S is a
spanning subgraph of R, which will be denoted by S < R, if S(i,j) < R(i, j) for every (i,7) €
V' x V. When there is no ambiguity, we will just say that S is a subgraph of R. We also
define Forby,, (R, F) = {S € Forb},.(F) : S < R}.

The following result shows that having a cluster graph in Forbj,, (F) witnesses member-
ship in Forb(F).

Proposition 5.3.3. Let F be a family of graphs and let V be an equipartition of a graph G.
If G/y € Forbj,,,(F), then G € Forb(F).

Proof. Let V = {Vi}¥, be an equipartition of G and let R = G/yp. Fix an arbitrary
element F' € F and an arbitrary injective mapping ¢: V(F) — V(G). Define the func-
tion ¢: V(F) — V(R) by ¢¥(v) = 1iif p(v) € Vi. Now, if ¢(F,R) = 0, there must be
some edge (u,w) € E(F) such that R(i(u),y(w)) = 0, thus G(e(u), ¢(v ) = 0 and hence
hom,(F,G) = 0. Since ¢ and F' were taken arbitrarily, we must have G € Forb(F). O

It is easy to see that the converse of Proposition does not hold in general. Indeed,
there exist graph families F and graphs G € Forb(F) such that G/y is actually very far from
being in Forbj, . (F) for some equipartition V of G. As an example, let G be the n-vertex
bipartite Turan graph T5(n) for the triangle K3 with partition V(G) = AU B and consider
V={Vi}_; with V, = A;UB;,i=1,...,t, where {A;}}_, and {B;}\_, are equipartitions of
A and B respectively. Then G/)) has weight 1/2 on every edge, so that the distance of G/
to the family Forbj,, ({K3}) tends to 1/4 for ¢ large by Turan’s Theorem. More generally, if
V is a random equipartition of a triangle-free graph G € Forb({ K3}) with large edge density,
then with high probability the cluster graph G/y) is still approximately 1/4-far from being
in Forb;y .. ({K3}).

On the other hand, we will prove that there exist partitions for graphs in Forb(F) with
respect to which an approximate version of the converse of Proposition does hold, that
is, we will prove that every graph in Forb(F) is not too far from having a partition into
a constant number of classes that witnesses membership in Forb(F). We say that such a
partition is recovering with respect to Forb(F). Let us make this more precise.

Definition 5.3.4. Let P = Forb(F) be a monotone graph property. An equipartition V of
a graph G € P is e-recovering for P if d(G/y , Forb;,.(F)) < e.

100



Definition 5.3.5. Let P be a graph property. For a fixed function f: (0,1] — R, we say
that the class P is f-recoverable if, for every € > 0, there exists ng = no(e) such that the
following holds. For every graph G € P on n > ng vertices, there is an equipartition V of G
into at most f(e) classes which is e-recovering for P.

As a simple example, one can verify that the graph property P = Forb(F) of being -
colourable is f-recoverable for f(g) = r/e; here and in what follows, for simplicity, we ignore
divisibility conditions and drop floor and ceiling signs. Let G be a graph in P, with colour
classes C1, ..., C,. Let k = r/e. Start by fixing parts Vi, ...,V of size n/k each, with each V;
contained in some C; (j = j(i)), and leaving out fewer than n/k vertices from each Cj,
1 <j7<r. ThesetsV;, 1 <i<t, cover a subset C’j'- of C; and X; = C; \ CJ’» is left over. We
then complete the partition by taking arbitrary parts Uy, ..., U of size n/k each, forming
a partition of U1§ i<r X;. The cluster graph G/y can be made r-partite by giving weight
zero to every edge incident to vertices corresponding to Ui, ..., Uy_s. Therefore G/y) is at
distance at most r/k < € from being r-partite. Thus, d;(G/y , Forb;,,.(F)) < ¢ as required.

We finish this section by noting that the definition of f-recoverable properties has some
similarity with the notion of reqular-reducible properties P defined by Alon, Fischer, Newman
and Shapira [5]. When dealing with monotone properties P = Forb(F), the main difference
is that the notion of being regular-reducible requires that every graph G' € P should have a
reqular partition such that G/y is close to some property H* of weighted graphs, while the
definition of f-recoverable properties requires only that every G has a partition V (regular or
not) such that G/y) is close to Forb;, (F). Another difference is that H* must be such that
having a (regular) cluster graph in H* witnesses only closeness to P, while having a (regular
or not) cluster graph in Forbj, . (F) witnesses membership in P.

5.3.3 Monotone graph properties are recoverable

Szemerédi’s Regularity Lemma [102] can be used to show that every monotone (and actually
every hereditary) graph property is f-recoverable, for f(¢) = TOWER(poly(1l/e)). In the
remainder of this section, we prove that monotone properties P = Forb(F) are recoverable
using a weaker version of regularity along with the Removal Lemma, which leads to an
improvement on the growth of f for families F where the Removal Lemma is known to hold
with better bounds than the Regularity Lemma.

We first derive a version of the Removal Lemma stated in the introduction (Lemma5.1.2)
that applies to weighted graphs and homomorphic copies.

Lemma 5.3.6. For every ¢ > 0 and every (possibly infinite) family F of graphs, there
exist 6 = 0(e,F), M = M(e,F) and ng = ng(e, F) such that the following holds. If a
weighted graph R such that |V(R)| > ng satisfies di(R, Forb;,..(F)) > ¢, then there is a
graph F € F with |V(F)| < M such that t(F, R) > 0.

To prove Lemma [5.3.6] we use the following auxiliary result, which follows from work of
Erdss and Simonovits [34]. For completeness we include its proof.

Proposition 5.3.7. Let F and F be graphs in G such that there is a surjective homomorphism
C: V(F) — V(F). Then, for every graph H such that t(F,H) > §, we must have t(F, H) >
8¢, where { = (|V(F)| + 1)V
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Proof. We will consider the particular case in which /" is obtained from blowing up a single
vertex v of F' into r distinct vertices vy, . .., v, with the same adjacency as v, hence we assume
that ((vj) = v for every j =1,...,7 and ((u) = u for every u ¢ {vy,...,v,}.

Let n = |V(H)|, @ = |V(F)|,a = |V(F)] =ad+r—1and F. = F — v be the graph
on a — 1 vertices obtained from F' by deleting v. Let N = t(F_,H)na*1 be the number

of homomorphisms from F_ to H and ©1,...,on € V(H)VF-) be an enumeration of such
homomorphisms. Note that N < n@~' and N > ¢(F, H)/n > én°~L.

For every i € [N] and u € V(H ), we consider the function ¢! that extends ¢; by mapping
v to u. Define Zi = {u € V(H): homy(F,H) = 1} and 2 = |Z|. We claim there
are 2z ways of extending ¢; to a homomorphism from F' to H. Indeed, every possible
extension ¢f: V(F) — V(H) of ¢, such that ¢{(v;) € Z;, for every j = 1,...,r, satisfies
homy(F, H) = 1. Therefore we have t(F, H)n* > ZfL 2. Since g(z) = 2" is a convex
function for x > 0 and r > 1, we get

Now we use the fact that Zfil z = t(ﬁ , H)n® > én® and our previous bounds on N to obtain
that

-1

o\ . ~
t(F, H)na > nafl < An ) — 5r+1na+r71 — (Vﬂn“.

Therefore, t(F, H) > 5+l > 51 The general case may be easily obtained by induction on
the number of vertices of F. n

Proof of Lemma . Denote by F the set of all homomorphic images of members of F,
that is, the set of all graphs F € G such that there is a surjective homomorphism £ — F for
some [’ € F. Let M S and A no be as in Lemma m with input F and ¢ /2. We take

M = max min |V(F)],
FeF: Fer:
V(R) <M F—F

ng = nNo, 0 = (6/2)M2§€, where ¢ = (M + 1)]‘7[

Let R be a weighted graph such that |V (R)| > ng and d, (R, Forb;,,.(F)) > . We first
define a graph H € G(V(R)) such that H(i,j) = 1 if and only if R(i,j) > /2. It follows
from d, (R, Forb;,,,(F)) > ¢ that dy(H, Forb(F)) > /2. Indeed, suppose to the contrary that

there exists H' € Forb(F) such that d,(H, H') < €/2. Define R’ such that R'(i,j) = R(i, j)
if H'(i,j) = 1 and R/(i,j) = 0 otherwise. By construction, R’ € Forb},,,(F), and we get a
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contradiction from

1

(R, R) = o > IRG.j) - R, j)]
ieV(R),
JEV(R)
= |V(R)|2 Z |R(1aj)_R/(1>.]>|+ Z |R(17]>_R/(17])|
(1,7): (i,9):
H(i,j)=1, H (i,5)=0,
H'(1,5)=0 H'(i,5)=0
1 . S 1 €
i€V (H) i€V(R)
JEV(H) jeEV(R)
— dy(H, H') +g <.

By Lemmam there must be F' € F, with |V (F)| < M, such that t(F, H) > 5. By
definition of M, there must be F' € F such that |[V(F)| < M and there is a surjective
homomorphism F' — F'. It follows from Proposition that t(F, H) > ¢*. Since

homy,(F, R) > (¢/2)"*¥) hom,(F, H) > (¢/2)™" hom,(F, H)

for each ¢: V(F) — V(R), we must have

>, homy(F, R) e\M> >, hom,(F, H) e\M?
R R) = V(R)VET = (5) | v(HE) Ve = <§> =0
O

We will use the next result, which states that a graph has homomorphism densities close
to the ones of the cluster graphs with respect to FK-regular partitions.

Lemma 5.3.8 (|18, Theorem 2.7(a)|). Let V be a v-FK-regular equipartition of a graph G €
G. Then, for any graph F' € G it holds that t(F,G) = t(F,Gy) £ 4e(F)y = t(F, G/y) £ 4e(F)y.
0

We are now ready to prove Theorem [5.1.3] which establishes that every monotone graph
property is f-recoverable.

Proof of Theorem[5.1.3. Let §, M and ng be as in Lemma with input F and e and
let v = §/(3M)%. By Lemma , it suffices to show that any y-FK-regular equipartition
V = {Vi}¥, of a graph G € Forb(F) into k > ny classes is e-recovering.

Let R = G/y and suppose for contradiction that di(R, Forbj,,(F)) > . Then, by

hom
Lemma we have t(F,R) > ¢ for some graph F' € F such that |F| < M. By
Lemma [5.3.8) we have ¢(F,G) > 6 — 2yM? > 0, a contradiction to G € Forb(F). O
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5.4 Estimation of | Forb(T", F)|

The objective of this section is to prove Theorem [5.1.1] To do this, we shall approximate the
parameter zx by the solution of an optimization problem as in Theorem [5.3.2] Recall that
Forb; (R, F) ={S < R:t(F,S) =0 for every F' € F}, and set

1
[V (R)2 Serorbi o

hom

ex" (R, F) = e(S),

(R,F)

which measures the largest edge density of a subgraph of R not containing a copy of any
F € F up to a multiplicative constant.
We shall derive Theorem from the following auxiliary result.

Theorem 5.4.1. Let F be a family of graphs such that Forb(F) is f-recoverable for some
function f: (0,1] — R. Then, for any e > 0, there exists K = f(poly(e)) and N = poly(K)
such that for any graph T' of vertex size n > N it holds that

log, | Forb(I', 7| = max ex'(R,F)=xe.

n? ReT/p,.

We define the following subsets of edges of a weighted graph R:

Eo(R) ={(i,j) € V(R) x V(R) : R(i,j) = 0}
Ey(R) = {(i,j) € V(R) x V(R) : R(i,j) > 0},

We will also make use of the binary entropy function, defined by H(x) = —xlogy(z) —
(1—x)logy(1—z) for 0 < = < 1. Note that H(z) < —2zlog, « for x < 1/8. This function has
the property (cf. [68, Corollary 22.2|) that the following inequality holds for ¢ = k/n < 1/2:

Zk: (Tf) < 9H@m, (5.4.1)

i=0

Proof of Theorem[5.4.1 Let F be a family of graphs such that Forb(F) is f-recoverable,
and fix ¢ > 0, without loss of generality ¢ < 1. Let ¢’ = ¢/18. Using that log,z < x — 1
for v < 1 and H(y) < —2ylogy,y for 0 < y < 1/8, we infer H(¢') + &’ < —2¢'log, e’ + &' <
26/(1 —€') +& < 3¢ < ¢/6. We set K = f(¢”?) and N > 2K?/e big enough so that
log, N/N < ¢/3.

Let I' be an n-vertex graph, n > N. We first show that

log, | Forb(T", F)]

2

> max ex"(R,F)—e.
Rel/mny

n
Let R = I'/y be an arbitrary cluster graph in I'/[1, with V = {Vi}£, for ¥ < K. Choose
S € Forb;,,. (R, F) such that e(S) = k? ex*(R, F). Further let G < T be the subgraph of
I' such that G(r,s) = 0 if there is a pair (i,j) € Ey(S) such that » € V; and s € V; and
G(r,s) = I'(r, s) otherwise. Thus, we obtain G by deleting all edges from I' between V; and
V;if (i, 5) € Eol(S).
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Since e(S) maximizes ex*(R, F) it follows that G/y = S, which implies, by Proposi-
tion [5.3.3, that G € Forb(I', F). Since every subgraph of G also lies in Forb(I', F), we
obtain

(n—k)?

()

1 .
logy | Forb(l, F)| > [e(G)| = 5 >, SG.A)VIIVi] >
(L.7)€lk]x (k]

> ex*(R, F)n* — kn > (ex*(R, F) — e)n’.

Note that we used the facts that e(S) < k?/2 and n > k/e, as well as |Vi| > n/k — 1 for all i.
Now let us prove the other direction

1 Forb(I'
%; | or2( Pl < max ex"(R,F)+e.
n RGF/HK

We first define U = (J¢ Forb(I".F) G/11, to be the set of all possible cluster graphs of vertex
size at most K of graphs in Forb(I', F). Since Forb(F) is f-recoverable we can define a
function

n: Forb(I', F) = IIx xU
G— V,T)

where V is an (£?)-recovering partition of G into k < K classes and T' = G/y. Clearly

| Forb(" F)| < [ILie x U| - max |~ (. 7). (5.4.2)

Since each mapping from V(I') — [K] gives a partition of V(I') into at most K classes, we

have |IIx| < K™ < n"™. Moreover, given an arbitrary graph G € G(V') and any partition V of

V, an edge G/y (i,j) may assume n? different values. Hence, we have || < n?5X* < n".
Finally we make the following claim, whose proof is deferred for a moment:

-1 < * €1 2
1og2(%>)<m (V,T)|) < < max ex* (R, F) + >n (5.4.3)

REF/HK 3

Combining this we can take the logarithm of (5.4.2)) to get as desired:

logy | Forb([, )] < logy(n") + logy(n") + ( max ex' (R, F) + f) ”
REF/HK 3

< < max ex"(R,F) +5> n? (as logyn/n < e/3).
RGF/HK

It remains to prove (5.4.3). To this end, fix (V,T) in the image of n and let R = I'/y).
Choose S’' € Forb*(R, F) such that d;(T,S") < 2. This is possible because V is an (¢/?)-
recovering partition. Set E; = F;(S’) and partition Ey(S’) into Ef = {(i,7) € Ex(5’) :
T(i,j) > €'} and E; = Eo(S’) \ Ey. Since there are b(i, j) := (;g“%ﬁgj;) ways to choose
|VA||V;|T'(3, j) edges out of the |Vi||V;|R(i, j) edges between V; and V; in I', we obtain

v, < I e < T veas) [ oaa) [T o690 (5.4.4)

1<i<j<k (i,j)€E1 (,5)eES Li)eEy
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Let us estimate the factors of ((5.4.4)):
We can bound each of the factors b(i, j) of E; by 2F@)IVillVil - Since d,(T,5") < & we
have |E; | < €'k?, as otherwise it would be the case that

(T, ) > Y TG, j) = S'(1,4)| > |Ef|e" > &2,
(L) €Ey
which is a contradiction. Clearly, we have |Ey | < k%, This allows us to upper bound each of

the factors of Ey trivially by 2/VilVil and each of the factors of E; by 2()IVillVil ysing (5.4.1]).
Now let S € Forb*(R, F) be such that

S(i, j) = 0 if (i,7) € Eo(5)
)= R(i,j) otherwise.

Taking the logarithm of (5.4.4) and using |Vi||V;| < (n + k)?/k* we get

_ R(i,
ol v, 1) < Y B v S mEmivie Y miv

(1,j)€EL (,5)€By (,5)eBS
R(, j) H{(e') 1 2
(Z 2k:2 + Z 2 + Z ﬁ>(n+k)
(,5)€En (,4)EEy (,5)eES

(5 X 56,5+ HE) +<)(n+ k)

(17J)EE1

IN

IN

Now by using the fact that S € Forb"(R,F) and that H(¢') + ¢’ < e/6 we infer

-1 < * E 2< * E 2
log, =" (V,T)| < <eX (R, F)+ 6>(n—|—k) < (ex (R, F) + 3>n ,

which implies ([5.4.3]). O]

Proof of Theorem[5.1.1. Let F be a family of graphs such that Forb(F) is f-recoverable. Set

K = f(poly(e)) and N = poly(K) given by Theorem applied to £/3. Theorem [5.4.1]
ensures that, whenever I' is a graph on n > N vertices, we have

log, | Forb(I', F)| max ex'(R, F)

2 S
n REF/HK

(5.4.5)

Wl M

Let z: G — R be the graph parameter defined by zZ(I') = MAXpe Iy 2*(R), where
2*(R) = ex*(R,F). We claim that, given R and R’ in G*(V'), we have |z*(R) — z*(R')| <
di(R, R'). Indeed, assume without loss of generality that z*(R) > 2*(R’) and fix a subgraph
S < R such that S € Forbj,, (R, F) and z*(R) = e(S)/|V|>. I S € Forb;,,.(R', F), we are
done, so assume that this is not the case. Let S’ be a subgraph of S and R’ maximizing

e(S’), that is, S'(i,j) = min{S(i, j), R'(i,j)}. Clearly,

_IvP

d /
9 I(RaR)7

o) 2 e(8) 5 S IRGj) ~ RG.)|=(S)

(i,/))EV XV
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so that 0 < z*(R) — 2*(R') < (e(S) —e(5")) /|V|* < L di(R, R)).

This allows us to apply Theorem to conclude that Z is estimable with sample com-
plexity ¢(¢) = poly(K,1/e). Let @ be chosen uniformly from all subsets of V of size
¢ = max{q(¢/3), N} and set I' = T[Q]. It follows that, with probability at least 2/3,
we have |Z(T') — 2(I')| < ¢/3. By we have [n~%log, | Forb(T', F)| — 2(T')| < ¢/3. On
the other hand, we can also apply to T to obtain |Z(T') — ¢ *log, | Forb(T, Fl| <e/3.
By adding the last three inequalities, we get that

1 1 _
" log, | Forb(I', F)| — P log, | Forb(I", F)|| < ¢,

as required. N

5.5 Proof of Theorem 5.3.2

Here we will prove Theorem Its proof is based on the following lemma, which asserts
that the set of cluster graphs of a graph I' is very ‘similar’ to the set of cluster graphs of
‘large enough’ samples of T'.

Lemma 5.5.1. Given K > 0, ¢ > 0 there is ¢ = poly(K,1/e) such that the following
holds. Consider a graph I' whose vertex set V' has cardinality n > q and a random subgraph
I =T[V], where V is chosen uniformly from all subsets of V' of size q. Then, with probability
at least 2/3, we have

1. for each V € T (V), there is a V € (V) with dy(T/y ,T/y) < e, and
2. for each V € g (V), there is a V € g (V) with di(T/y), F/V) <e.

For a set of vertices V' and an integer k, define TI_, (V') as the set of all equipartitions of
V of size ezactly k. For every R € G*([k]) and € > 0, we define the property

Gy ={G € G: 3V e I, (V(G)) such that d\(G/y ,R) < ¢}

of all graphs admitting a reduced graph which is e-close to R. Note that Q](;f) contains no
graphs of size less than k. In particular, if |V(G)| < k, then d(G, QS)) = 00. Since we will
compare g,@j) only with large graphs, this is not a problem.

The following theorem is a consequence of a more general result of [37, Theorem 2.7|. For

our application it suffices to state this result in the case of simple graphs (r = 2, s = 1) with
density tensor W ={S € G*([k]) : &1(R,S) < e}.

Theorem 5.5.2 (|37, Theorem 2.7]). For every positive integer k, and every ¢ > 0 and
§ > 0, there is ¢ = ¢'(k,g,6) = log®(67") - poly(k,e™1) such that the following holds. For
every R € G*([k]) there is a randomized algorithm T which takes as input an oracle access
to a graph G of size at least k and satisfies the following properties:

1. If G e QS), then T ACCEPTS G with probability at least 1 — .
2. If &, (G, g](;f)) > g, then T REJECTS G with probability at least 1 — 6.

The query complexity of T is bounded by ¢ . [
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Corollary 5.5.3. For every positive integer k, and any € > 0 and 0 > 0, there is an
integer ¢ = qez3(k, £,0) = poly(k,1/e,log(1/68)) such that for every R € G*([k]) and every
graph G € G(V'), with |V| > q, we have

1. IfG € G, then P(dy(G[Q),G%)) > ¢) < 6.
2. If di(G,G) > ¢, then P(G[Q] € GY)) < 6

Proof. Fix R € G*([k]) and let T be a tester for the property g}? as in the statement of

Theorem [5.5.2, with query complexity ¢'(k, ¢, 0).
It follows from a result of Goldreich and Trevisan [49, Theorem 2| (see also [47]), that

there is canonical tester T' for QI(%E) with sample complexity ¢(k,¢e,d) = poly(¢'(k,¢,d)), i.e
a tester that simply chooses a set () € (‘;) uniformly at random and then accepts the input
if and only if G[Q)] satisfies a certain property ACC of graphs of size q.

To prove (1), if G € g}? then we get P(G[Q] ¢ Acc) < §. Moreover, if @) is a set of
size ¢ such that d;(G[Q)], Q}(?) > ¢, then G[Q] ¢ AcC — because G[Q)] must be rejected (with
probability 1) when given as input to T. So P(d;(G[Q)], Q}(;f)) >¢g) <.

Analogously, if dl(G,gg)) > ¢, then P(G[Q] € Acc) < 0. Moreover, if @ is a set of
size ¢ such that G[Q] € g}?, then G[Q] € AcCc — because G[Q] must be accepted (with

probability 1) when given as input to T. So P(G[Q] € g}.f’) <. O
Lemma 5.5.4. For n > 2k, let G1,Gy € G(V) with |[V| = n and let V € II_4(V).
Then dl(Gl/V,GQ/V) Sdl(Gl,G2)+2k/(n—2k) O
Proof.
1 . .
di(G/y, Gofy) =5 > |Gy (i) = Go/y (i.5)]
(L) e[k]?
1 ‘eGl (VU VJ) eG2(Vlv VJ)’
< k2 Z (n—Fk)?
(ij)G[’ﬂ]2 k?

Z Z |G1(u,v) — Go(u,v)|

i,7)€[k]?2 uel;
( []vevj

§(1+ 2 ) X It - Galuo)

n — 2k
(u,v)€V2
2k
= (1 + — 2k> di(G1,Ga)

]

Proof of Lemma|5.5.1, Fix ¢ > 0 and K as in the statement of the lemma. Let § = GLK .
(e/4)K* and take

8K 1
q= max{— +2K,m(K, 15,5)} = poly(K,e).
£

Let 1 < k < K. Fix a family R C G*([k]) such that, for every S € G*([k]), thereis R € R
such that d;(R, S) < e/4. There is one such family with cardinality at most (4/e)*”
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Let I" be a graph with vertex set V', where |V| > ¢q. Let @ € ( ) be chosen uniformly at
random and consider the following events

1. E' = [3V € I (V) satistying di(I/yp, T[Ql/yr) > & for every V' € I (Q)],
2. B = [3V €Il(Q) satisfying di(I'/y, [Q]/yr) > € for every V € TI_,(V)].

We claim that these two events occur each with probability less than 1/(6K). It then follows
by taking the union bound over k& = 1,... K, that () satisfies both (1) and (2) of the statement
of Lemma with probability at least 1 —1/6 —1/6 = 2/3.

We only prove that P(E) < 1/(6K). An analogous argument shows that P(E’) < 1/(6K).
Suppose that event E happens and let V' € I1_,(Q) be as in (2). Define S = I'[Q]/)7 and let
R € R be such that d;(R,S) < /4. Since I'[Q] € géo) and I" ¢ gg), the triangle inequality
implies that T[Q] € G/* and T’ ¢ G/ Therefore

P(E) <P (EIR eR:T[Q] € G and T ¢ gg”é‘/‘“) .

We claim that if I ¢ QR‘%M) then dy (T, Q /) ) > ¢/4. To show this, consider the contra-

positive statement and let IV € Q /%) such that di(I',T") < ¢/4. By definition there is an
equipartition V' € II_(V) such that d;(I"/y7, R) < /4. In addition Lemma implies
that

di(T/y  T'fyr) < di(T,T) + 2k/([V] - 2k) < /4 + 2K/(q - 2K) < /2.

It follows from the triangle inequality that di(1'/y7 , R) < 3¢/4. Therefore

P(E) <P (33 e R:T[Q] € G5V and dy(I, G > 5/4>
<SP (F[Q] € ¢ and (T, G > 5/4)

ReR

< O[R[ < 1/(6K)

where the last line comes from Corollary |5.5.3(2) with d; (T, G (e/4) ) > e/4.

We now deduce Theorem [5.3.2 from Lemma [5.5.11

Proof of Theorem[5.3.3. Fix e > 0 and an input graph I" € G(V'). Let ¢ be as in Lemmam
with input K and €/c. Choose @ uniformly from all subsets of V' of size ¢ and set I' = I'[Q)].
We will show that z(I') = z(I") £ ¢ with probability at least 2/3.

Let V € (V) be an equipartition of I such that z(T') = z*(I'/y). By Lemmal5.5.1)(1),
with probability at least 2/3, there is a partition V of T such that dy(T'/y , T/y) < ¢/c. By
the second condition on z* in the statement of Theorem , we have |2*(T/p)—z*(T/p)| <
e, and therefore z(T) < z*(T/p) < 2*(T/p) + e = 2(T) +e.

A symmetric argument relying on Lemma (2) shows that z(I') < 2(T') + . O
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5.6 Concluding remarks

In this paper, we introduced the concept of f-recoverability of a graph property P. Using this
concept, and the fact that any monotone property P = Forb(F) is recoverable for a function
f whose size is given by the Graph Removal Lemma, we found a probabilistic algorithm to
estimate the number of F-free subgraphs of a large graph GG whose sample complexity does
not depend on regularity.

Being a new concept, little is known about f-recoverability itself, and we believe that it
would be interesting to investigate this notion in more detail. For instance, in our proof that
any monotone property Forb(F) is f-recoverable, we found e-recovering partitions V' that
were y-FK-regular (in fact, we showed that any such partition is e-recovering), where () is
chosen in such a way that the Removal Lemma applies. On the other hand, our discussion
after Definition 3.5 implies that the property of being r-colourable is e-recoverable with
sample complexity r/e, and thus we may find an e-recovering partition whose size is less
than the size required to ensure the existence of an FK-regular partition. It is natural to ask
for properties that can be recovered by small partitions; more precisely, one could ask for a
characterization of properties that are f(e)-recoverable for f(¢) polynomial in 1/e.

Here, we restricted ourselves to monotone graph properties. We should mention that the
parameter

1
V(D)

might not even be estimable for arbitrary (non-monotone) properties P. For instance, if P is
the hereditary property of graphs having no independent sets of size three, then the complete
graph K, and the graph K, — E(K3), which is obtained from K, by removing the edges of
a triangle, have quite a different number of spanning subgraphs satisfying P, namely 27°/4
and 0, respectively, although their edit distance is negligible. It follows from [I8, Theorem
6.1] that zp is not estimable.

Nevertheless, the definition of f-recoverable can be extended to cope with general hered-
itary properties, which, along with Theorem [5.3.2] provides a way of estimating other inter-
esting hereditary properties. In particular, this framework is used in a follow-up paper to
estimate the edit distance to any fixed hereditary property with a sample complexity similar
to the one obtained here. We should mention here that, given a monotone property Forb(F),
the parameter zrx is actually closely related to the parameter dg: I' — dy (I, Forb(F)). In
fact, e-recovering partitions along with techniques analogous to the ones used in [17] can be
used to show that, for any graph I' = (V, E), we have

zp(I) log, {G <T': G € P}

—2z7(I") £ 0(1),

which implies that estimating z# provides an indirect way for estimating dr.
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