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ABSTRACT ARTICLE HISTORY
Method of asymptotic partial decomposition of a domain (MAPDD) Received 12 April 2016
proposed and justified earlier for thin domains (rod structures, tube Accepted 18 September 2016
struc.tu.res) is generallzgd anq justified for the multlstructures, ie. domglns COMMUNICATED BY
consisting of a set of thin cylinders connecting some massive 3D domains. R Gilbert
In the present paper, the Dirichlet boundary value problem for the steady-
state Stokes equations is considered. This problem is reduced to the Stokes KEYWORDS
equations in the massive domains coupled with the Poiseuille-type flows Stokes equations;
within the thin cylinders at some distance from the bases (the MAPDD ~ multistructures; asymptotic
approximation problem). The high-order estimates for the difference of par,t'alde.compf’s't"on; i
the exact solution to the initial problem and the solution to the MAPDD ;523:5&5' hybrid dimension
approximation problem is proved.
AMS SUBJECT
CLASSIFICATIONS
35Q35; 76D07; 65N55

1. Introduction

The Stokes equations in thin tube structures is the simpliest linear model for the viscous flow in
pipelines or blood vessels. The method of asymptotic partial decomposition of a domain (MAPDD)
allows to reduce essentially the computer resources needed for the numerical solution of such
problems. This method combines the three-dimensional description in some neighborhoods of
bifurcations and the one-dimensional description out of these small subdomains and it prescribes
some special junction conditions at the interface between these 3D and 1D submodels (see [1-3]).
This method was generalized for the case of the non-steady Navier-Stokes equations [4]. It is justified
via a construction of an asymptotic expansion of the solution. Namely, first for the exact solution and
an asymptotic expansion an estimate is proved, then the same estimate is proved for the difference
of an asymptotic expansion and the solution of the “partially decomposed” problem, obtained by the
MAPDD, and finally, the triangle inequality establishes the estimate for the difference between the
exact solution of the original problem and the solution of the MAPDD problem.

However, this justification fails in the case when an asymptotic expansion is not constructed or
when such expansion is too bulky. In particular, it is the case of the flows in thin tube structures con-
nected with some massive domains (reservoirs) although this case may have numerous applications.
That is why in the present paper a new approach to the justification of the MAPDD is proposed.
It doesn’t need a complete asymptotic expansion and uses the theorems on the stabilization of a
solution of the Stokes equations in a semi-infinite cylinder (see [4-8]) and the a priori estimates
for the original problem. This approach is demonstrated below for the Stokes equations with the
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no-slip boundary conditions set in a domain, consisting of several massive domains connected by
a tree-like set of thin cylinders (thin tube structure). The ratio of the diameters of cylinders to
their heights is a small parameter €. The Stokes equations in such multistructure correspond to the
variational formulation for the unknown velocity sought in the subspace of the Sobolev space Hj of
divergence-free vector-valued functions. The MAPDD approximates this problem by its projection
on the subspace of vector-valued functions having the Poiseuille flow shape inside the cylinders at the
distance greater than § from the bases of the cylinders. The main theorem says that for any natural
number J and for § = constJe|In g| the solution u s of this projected problem is &/ - close to exact
solution u, of the original problem: ||uy s — ue||g1 = o).

The main idea of the proof uses the exponential stabilization of a solution of the Stokes equations
in a semi-infinite cylinder with no-slip conditions at the boundary to some Poiseuille’s flow. First,
the proof is given for a simplest multistructure, consisting of two massive domains connected by a
thin cylinder. Namely, we consider the traces of the exact solution at the bases of the cylinder and
replace at the distance greater than § the exact solution by a Poiseuille flow with the same flow rate
as at the bases. Then we prove that modified in this way exact solution still satisfies the original
problem as well as the projected MAPDD problem with small residuals in the right-hand sides. Due
to the stabilization theorems these residuals are of the order &/ if § is of the order const/¢|In ¢| and
it finalizes the proof. This approach is further generalized for the Stokes equations set in the general
multistructure consisting of several massive domains and a thin tube structure the same as in [4].
Mention that the notion of microstructure was introduced by Ciarlet [9] and an asymptotic analysis
for various partial differential equations set in these domains was developed as well in [10-13].

2. The Dirichlet’s problem for the Stokes equations set in a multistructure

Let us define a multistructure as a union of several "massive” domains and a thin tube structure
defined in [4,14,15].

Let O, O,...,0n be N different points in R”,n = 2,3,and ey, e3, . . ., esr be M closed segments
each connecting two of these points (i.e. each ¢j = 0;; Ok where ij,k;j € {1,...,N},ij # kj). All
points O; are supposed to be the ends of some segments ;. The segments e; are called edges of the
graph. The points O; are called nodes. Any two edges ¢ and e;, i # j, can intersect only at the
common node. A node is called vertex if it is an end point of only one edge.

Denote B = U,Ai1 ej the union of edges and assume that B is a connected set. The graph G is
defined as the collection of nodes and edges.

Let e be some edge, e = O;0;. Consider two Cartesian coordinate systems in R”. The first one has
the origin in O; and the axis Oixge) has the direction of the ray [O;0;); the second one has the origin
in O; and the opposite direction, i.e. Ojfcge) is directed over the ray [O;0;).

With every edge ¢; we associate a bounded domain o; C R"! having a Lipschitz boundary
d07,j =1,..., M. For every edge ¢; = e and associated 0; = o) we denote by BY the cylinder

© X
BY = 1x@ e R": x{” € (0, le]), e,
&

where x(¢ = (xge), e ,x,(f)), le| is the length of the edge e and ¢ > 0 is a small parameter. Notice

that the edges e; and Cartesian coordinates of nodes and vertices O;, as well as the domains o, do not
depend on ¢.

Let w!,...,®" be bounded independent of & domains in R” with Lipschitz boundaries da/;
i x —0; .
introduce the nodal domains ) = [x eRr: = ¢ w’}.
e

By a tube structure we call the following domain
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M (o N .
Bf = szlBSJ U _szlw’s )

Assume that the bounded domains Gy, . . ., G with Lipschitz boundaries are such that G;NG;, j#
i, each (_?j has an intersection with the set B at some subset of the nodes: O;, i € M);, where
M; are subsets of {1,...,N}. Denote G = Uj_, G;. Assume that the union G U B; is a bounded
domain (connected open set) with a C2-smooth boundary. Assume that the vector-valued function
f inependent of ¢ is defined on G (as an element of L?(G)) and extended to the whole domain G U B,
by zero values, so that f € L?(G U B,). It vanishes out of G.

Consider the Dirichlet’s boundary value problem for the stationary Stokes equation:

—VAu, + Vp, =f(x), x € GUB,,
divuy, =0, x € GUB, , (1)
u =0, x € 9(GUB,),
Introduce the space HbivO(G U Be) the space of vector valued functions
H};,0(GUB,) = {v € Hy(G U B)|divv = 0} .

The variational formulation is: to find a vector-valued function u, € Hgﬁvo(G U B) such that for

any test functionv € H;livo(G U Bg)

v/ Vue(x) : Vv(x)dx = / f(x) - v(x)dx. 2)
GUB; GUB,

It is well known that there exists a unique solution to this problem (see [16]) and that the solution
satisfies an a priori estimate (the Poincaré-Friedrichs inequality with a constant independent of ¢ is
proved in a standard way by plunging G U B, into a parallelepiped independent of ¢ and extension
of functions by zero):

lue g gus,) < ClifllL2us,) (3)

where C does not depend on f. Denote Cr = C”f”LZ(GUBE)'
So, the norm ||ug [l g1 (Gup, ) is bounded by a constant independent of ¢. Therefore, for any edge e

the norm ||u, ||H1/2(B§e)m{xfe)=a})’ a € (0, le|/2) is bounded by a constant Cy independent of ¢.

Remark: Here, the definition of the norm ||v|| pac (0, le|/2) is given as

H!2(BY N{xV=a)

inf [la]l

ueH! (GUB,),ul —v Hl(B§e>m{x§e)E(a’a+emin/2}))
) Bée)ﬂ(

9 —q)
where emin = minj<j<p lejl. L
Let & be a small positive number much greater than . For any edge e = O;0; of the graph
introduce two hyperplanes orthogonal to this edge and crossing it at the distance § from its ends.
Denote the cross sections of the cylinder BY by these two hyperplanes, respectively, by S;; (the
cross section at the distance § from O;), and S;; (the cross-section at the distance § from O;), and
denote the part of the cylinder between these two cross sections by Bgec’g.

Define the subspace H;ﬁo(G U Bg) of the space Hzﬁvo(G U Bg) such that on every truncated
cylinder BZEC’S
local variables. Namely, if the local variables x(® for the edge e coinside with the global ones x then
the Poiseuille flow is defined as

its elements (vector-valued functions) coincide with the Poiseuille flows described in
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Vp(x) = const (vp(x'/€),0,...,0)T,

where vp(y) is a solution to the Dirichlet’s problem for the Poisson equation on o,
—VvAvp() =1, y€ @, vp(y) =0, y€ 3o® . (4)

If e has the cosines directors ke1, . . . , ken and the local variables x(®) are related to the global ones
by equation x© = x(©(x) then the Poiseuille flow is

Vp(x) = const (kevp((x©(x))' /), .. . kenvp((x@(x)) /eN)T,

x' = (x2,...,%,). In the case const = 1 denote the Poiseuille flow Vg.

The method of asymptotic partial domain decomposition (MAPDD) replaces the problem (1)
by its projection on H(li’l.‘io(G UBg):

Findugs € Hﬁll’iio (GU B,), such that for any test functionv € H;’iio (G U B,) the following integral
identity holds:

v/ Vug 5(x) : Vv(x)dx = / f(x) - v(x)dx. (5)
GUB, GUB,

Applying the Lax-Milgram argument one can prove that there exists a unique solution u, s of the
partially decomposed problem.

3. Estimate for the difference between the exact solution and the MAPDD solution

Theorem 1:  Given natural number ] there exists a constant C (independent of € and J) such that if
8 = CJe|ln¢| then
e = uesli Gus,) = O (©)

Proof: Consider first a simplified tube structure that is the set G, consisting of two massive domains
G and G, connected by a thin cylinder B§e> = Bfo = (0,1) x o, with two smoothing domains

Wk, j=1,2.Here o, = {x' € R""!|x'/e € 0}, o is a bounded domain with Lipschitz boundary in
R"~1, G; and G, are bounded domains with Lipschitz boundary in R”, n = 2,3, G NG, =@. The
thin tube structure here has two vertices: O; = (0,...,0) and O, = (1,0,...,0), B =e = {x1 €
0,1)|x; = -+ = x, = 0}; domains &}, j = 1,2 are defined as in the previous section. As before,
G=G1 UGy, B, = ! UB” Uwt, 0(GUB,) € C2. Denote B, , = (a,b) x 0.

Asymptotic approximations of the solution to this problem may be constructed as in [17].
However, an asymptotic expansion contains some polynomially decaying boundary layers and this
circumstance makes the asymptotic expansion too bulky. Moreover, it is not applicable in the general
case. So, let us justify the MAPDD approach.

Denote cp = [ vp(y')dy'.

For simplicity assume that (G U B;) N {0 < x; < 1} = Bfo,l) (this assumption can be easily
removed).

Consider the traces

V() =1 (0,x), vI(x) =u.(1,x) .

Denote
/. o WHdx [ . vi(x)dx'

8"_1Cp - 8n—1CP
the normalized flow rate of the velocity in the tube.

Evidently, the difference u, — chg has the vanishing flux:

(7)

Ce =

/ (ue — V) -edx’ =0,
Og
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where e = (1,0,...,0).

The boundedness of the traces [[ue [lg1/2(5,n(x,=i))> | = 0,1 and the Cauchy-Schwarz inequality
yield: ¢ = O(s_nT_l).

Applying the triangle inequality and the mentioned boundedness of the traces we get: for i = 1,2

lue = ce VRllgzs,np =i < 18 lmz@,nm=ip + el IVBlare,) = 0™ (8)
n—1

because | V] llg/2(q,) = O™ Yandc, = O(e~"7).
Consider the boundary layer problem in Qy = (0,00) x o

—vAugro(y) + Vparo(y) =0, y € Qo,
divupro(y) =0, y € Qo,

9
upro(y) =0, y € aQo\{y1 =0}, ©)
upro(y) = vO(ey) — c: VoY), y1 =0.

Applying Theorem A.2 [4] we get:
”uBLO“WOl(vZ(QO) = C”VO - CSV?)”H% ©) > (10)

where @ > 0 depends on o only, and constant ¢ depends on o and v; W1?(S) is the space of
functions of H! () having the finite norm

IVl = Ve ey -

O

Remark: Here the norm ||v ||H% : is defined asinf ,c jj1(Qq) uj oo =v |4l 1 () - Evidently, this norm

is equivalent (with constants independent of ¢) to the norm

uEHl((O,b)lxnaf),ul{o)XU:v “””Hl(((),b)xa)
forany b > 1.

Indeed, there exists a constant C independent of & and b such that any function u € H!((0,b) x o)
can be extended as # € H'((0,b + 1) x o) such that Uy =p+1 = 0 and |[ullgop+1yxo) =
Cllull g1 (0, xo)- This extension can be continued "further” on H 1(Qo) as equal to zero out of the
cylinder (0,b 4 1) x o. The proof of this assertion is a direct corollary of an even extension with
respect to the plane y; = b (see [18], Chapter I) and multiplication of the extended part for all y; > b
by a cut off function £ (y; — b), where

LO<l|s|<¢, 2
= e C°(R) . 11
¢(s) {0,l§|s|, ¢ (R) (11)
So,
inf [l g < inf [l2ell g1
MGHI((O,b)XG),u\(o]XUZV B (©@b)x) MEHI(QO))VHO)XU:V H(s0)
<C inf el e 0,y x o) -

ueH((0,b)x0),ul(0)xo =V

Consider next a similar boundary layer problem in

QL =(—00,0) x o
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for upyy:
—vAupL1(y) + Vpei(y) =0, y € Q,
divupr1(y) =0, y € @,

12
upL1(y) =0, y € 0Q1\{y1 =0}, (12)
up1(y) = v — VY, y1 =0.
As before we get
lupeillyi2g,) < vt = eVl 1, (13)

H2 (o)

(as above W12(Q)) is the space of functions of H!(;) having the finite norm
IVl = 1ve™ @) -

n—1
Taking into account the factor e~ 2 appearing after the change y = x/e in the norm L? of a

—1 .
function and the factor e!~ "7 in the norm L2 of its gradient we get the inequality || v’ —CSV?) ||H bo) <
o
n—1 . — n—1 = . s
ez v — CngH 1 < ce"'77 where C is a constant independent of & (here we used

H2({0}xoe) —
inequality (8)).

Define an auxiliary function, approximation to the solution in Bf, ,:

/ —1 % —1
ul = Vp <x;> + Lo (g) ¢ (%) + up1 (xl - ,xg> ¢ (xl 5 > (14)

where § = Cre|In (¢)], and Cj is independent of ¢ and will be chosen in such a way that

Fio < ceel™? (15)
where
Fir = llaBri) g1, )
and
Qir =i N{ly1l >R}
Note that

8
T Ll O P L Lol PSS
>6e

while due to estimates (10) and (13) the last norm is evaluated by cee” T

_ _I_L*I
e apr ()l o) < cce™' 7.

Then for § = Cre|In (¢)| we get

- _q1—nzl
eozc,|ln(s)\/sj_-ii < e
> 6e

b
i.e.

n—1
< CEeaC] In (¢)/6—1-"5~ )

F,

)
Lge

Let us take C; > 6(J + 3 + ”T_l)/ot, then

Fis < ceel 2
> 6e

and so, making the change x = ¢y, we get
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x x1) x1—1 % x—1 o Jtatrslg J+1
z - , — _ . <ce " =0(e .
5o (8) ¢ ( 8 e ( 3 3 ) ¢ ( 8 IlHl(B(’a/s,lfa/a)) ° ( )

Here ¢; is independent of ¢ and J.
Note that for any y; > 0, the integral over a cross section of the first component of ugy is equal
to zero: fa upro,1()dy’ = 0 because this integral is independent of y; and uprg € WOI[’Z(QO). So,

[ avomne(E)a=t [ () (2)ac=o

8
Applying the estimates of [19] for thin structures (Lemma 3.1, the change of variables y’ = x'/e,y; =
x1/8 and the change of function W' = e~'w/, W1 = 6w as in the proof of Lemma 3.6) we prove
that there exists w € H(l) (B‘(g(S /6,6 /3)) such that

i =~ o ()5 (2)

divw = _éuBLO,l (;—C) ¢’ (%)

)ZO(&‘]).

Indeed, for a domain independent of ¢ and §, cylinder B%l J6,1/3) We get: there exists a vector-valued

function W € H(l)(B%1 J6.1/3)) such that

e &
(8/6,8/3) (8/6,8/3)

ie.

and

[wll
H! (st/s,a/3>

divW (y) = h(y),

where . s
7A1()/) = — S UBLO} (gyby’) ')

and

W) g1 gt < Cllhllz g

1 .
ase1/3) = /61/3))

Then taking into account the change of variables, we get:
divw(x) = h(x1/8,% /€)
and fore,8 < 1,

VW2 pe < \/8”—18||VW||L2(B

) = ! )
(8/6,8/3) (1/6,1/3)

< CV e 18] s

< Cllh(x1/5,x//8)||L2(B§5/6,5/3))'

1
/6.1/3)

Applying finally the Poincaré-Friedrichs inequality, we get

< Eé‘]+2 = 0(8]) .
(8/6,5/3))

i (i
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The same function w is constructed in the domain Bil—s /3,1-5/6) and satisfies the following

conditions:
x1—1 x' x1 —1
diVW = —diV (uBLl < ! > _> C < . ))
& & 1)
and
Wi =0().
H <B(1—8/3,1—6/6))
Consider ug ) — u? + w. Evidently the difference ug ) _ u, satisfies the Stokes equations in the

cylinder B, ,, with no-slip condition on the boundary with a residual of order O(¢’) in the following
sense:
for any test function v € HrliivO (Bfo,l))

vf \Y (ug) (x) — us> :Vv(x)dx = —v/ Vrg(x) : Vv(x)dx (16)
By By,
where
B x X1 x1—1 ' x; —1
e 26 ) ) o (52) (25 )
and

IVrell =0().

2
L (Bfm))

So, applying the a priori estimate, we get: the following inequality holds:

lus — u§])||H1(B§0)1>) =0(¢) . (17)

Then ug ) = u? + w extended as u, out of the cylinder Bfo D satisfies the estimate

lu, — ug)l|H1(GUBS) =0 (‘9]) (18)

and the Stokes equations with a residual of order O(¢’) in Equation (2) in the following sense:
for any test function v € H;livo(G U Bg)

B

v/ Vug)(x) :Vv(x)dx = / f(x)-v(x)dx — v/ Vre(x) : Vv(x)dx (19)
GUB, GUB, G
where

IVrelizgus,) = O ().

Consider now the projection of problem (1) on the subspace H}i’i‘io(G U B.). By the

Lax-Milgram theorem there exists a unique solution u.s to this projection and uf’ belongs to

the space H;}io (G U By) and satisfies as before (see (19)) its variational formulation with a residual of
order O(¢/). Then applying an a priori estimate we get:

lu’ — sl Gus,) = o). (20)

Estimates (18), (20), imply (6).
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In the general case the proof is similar: the traces of u, on x; = 0 and x; = 1 for every edge e are

replaced by the traces xie) = ae and xie) = |e| —ag, where a is such that all cross-sections of a cylinder

(e) (e) (e) _
€ 1 1 -

between x; = ae and x le| — ae do not contain points of other cylinders nor points of

smoothing domains }. The construction of an approximate solution uf;] ) and the derivation of the

estimates (18), (20) are provided for every cylinder Bée) and then for the whole domain G U Bée) we
get (6).[20]
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