
Computers and Fluids 156 (2017) 220–238 

Contents lists available at ScienceDirect 

Computers and Fluids 

journal homepage: www.elsevier.com/locate/compfluid 

A cell-centered polynomial basis for efficient Galerkin predictors in 

the context of ADER finite volume schemes. The one-dimensional case 

Gino I. Montecinos a , ∗, Dinshaw S. Balsara 

b 

a Center for Mathematical Modeling, CMM, Universidad de Chile, Santiago, Chile 
b Department of Physics, University of Notre Dame, USA 

a r t i c l e i n f o 

Article history: 

Received 29 April 2017 

Revised 10 July 2017 

Accepted 12 July 2017 

Available online 13 July 2017 

Keywords: 

Finite volume schemes 

ADER schemes 

Generalized Riemann problems 

Discontinuous Galerkin approach 

Stiff source terms 

a b s t r a c t 

In this paper, a family of high-order space-time polynomials in the context of continuous and discontin- 

uous Galerkin methods is proposed. The resulting Galerkin schemes are used as a building block in ADER 

methods for solving one-dimensional hyperbolic balance laws, which can handle stiff source terms. The 

space-time polynomial basis is constructed as the tensor product of spatial and temporal polynomials. 

Temporal polynomials are constructed as conventional Lagrange polynomials on a set of temporal nodes, 

which is formed by Gaussian quadrature points of suitable order. To build the spatial polynomials we pro- 

pose a set of spatial nodes, the number of these nodes are about a half of those required by conventional 

Lagrange polynomials. 

Then, polynomials and their first derivatives are imposed to be nodal on the set of spatial nodes, 

it generates two family of degrees of freedom associated with polynomials and their derivatives. The 

procedure generates even numbers of polynomials. The degrees of freedom of the space-time polynomial 

solution, resulting from Galerkin approaches are obtained from a system of algebraic equations, which are 

coupled only in the flux and gradients of fluxes. It allows us to construct an efficient nested-type iteration 

procedure involving only the source terms and the gradients of source terms, where the set of degrees 

of freedom are decoupled. Only a few number of iterations are required to get the expected accuracy. 

Several test cases are solved to evidence the ability of the present scheme for solving hyperbolic balance 

laws. Expected theoretical orders of accuracy are obtained up to the fourth order in both space and time, 

using generous CFL numbers. 

© 2017 Elsevier Ltd. All rights reserved. 
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1. Introduction 

A rbitray accuracy DER ivative Riemann problem (ADER) meth-

ods were first time put forward by Toro and collaborators

[21,27–29] . These methods are based on two main steps. First, a

reconstruction procedure, here a high order reconstruction is re-

quired, the Essentially Non-Oscillatory ENO procedure introduced

by Harten et al. [16] and the Weighted Essentially Non-Oscillatory

WENO approach, presented by Osher and Shu [26] can be cho-

sen. Of particular interest for us, is the WENO strategy reported

in [8,10,12] . The reconstruction process provides a piecewise

polynomial representation of the solution at a given time level.

Second, reconstruction polynomials are used to construct local

initial value problems. The flux and source terms are computed

from the solution of these local initial value problems. So, for the

flux evaluation, the solution of a Generalized Riemann Problem
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GRP) is used. The GRP is a local initial value problem defined at

 cell interface, where the Partial Differential Equation (PDE) is

he governing equation and the initial condition is given by the

econstructed polynomials at each side of the cell interface, so it

s a piece-wise polynomial function. On the other hand, the solu-

ion of a local initial value problem within a cell, formed by the

overning equation and the reconstructed polynomial, is used for

he source evaluation. The same strategy implemented for solving

RP can be used to get the solution of this initial value problem. 

For solving GRP’s we may identify two strategies, well de-

cribed by Castro and Toro [5] ; the Toro-Titarev (TT) solver, which

as the original strategy proposed in [29] and the other one is

hat following the idea proposed by Harten et al. [17] , reformu-

ated for high order implementations in [5] and redefined by the

uthors as HEOC solver. In the original work of Toro and Titarev

21,27,29] , the GRP solutions are proposed in terms of explicit

aylor series expansions in time around the interface position,

here the high-order time derivatives are obtained by using the

auchy–Kowalewsky procedure [18] , also referred as the Lax–

endroff procedure [19] , in this procedure the governing equation

http://dx.doi.org/10.1016/j.compfluid.2017.07.011
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compfluid
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compfluid.2017.07.011&domain=pdf
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s systematically used to express time derivatives in terms of

urely space derivatives. Therefore for each time derivative, the

auchy–Kowalewsky procedure generates a functional which re-

uires spatial derivatives. The leading term of the Taylor expansion

s obtained as the solution at the interface position of a local

lassical Riemann problems and the high derivatives required for

he Cauchy–Kowalewsky procedure, are obtained from the solution

f linear classical Riemann problems, which are obtained from

he linearization of the governing equation around the computed

eading term. On the other hand, in the HEOC strategy, the GRP’s

re solved in two stages; (i) compute independently predictors at

oth sides of the interface (ii) predictors at prescribed local times

side the interface positions, interact via the solution of a classical

ieman problem. The HEOC solver as proposed in [5] , also provides

he GRP solution via Taylor series expansions in time, but they are

sed to obtain extrapolated values of the solution at both sides

f the interface position. So, the Cauchy–Kowalewsky procedure is

lso required but now the functionals are not filled with spatial

erivatives coming from linearized Riemann problems, in this

pproach derivatives are obtained from the derivatives of recon-

tructed polynomials. For general non linear hyperbolic systems,

chemes based on the Taylor expansion and Cauchy–Kowalewsky

rocedure can be cumbersome. Furthermore, if source terms are

resent, then the explicit Taylor expansions may fail to provide

ccurate solutions. A successful alternative was proposed by

umbser et al. [8] and Dumbser et al. [6] , where a local space-time

alerkin scheme was used to obtain a predictor inside a cell, see

22] for a comparison of GRP solver based on Cauchy–Kowalewsky

rocedures and the discontinuous Galerking approach. This kind of

nified finite volume methods and Galerkin methods have shown

o be a successful alternative for solving non-linear hyperbolic

roblems, see the schemes in [4,7,9,11,13–15,24] to mention but a

ew. 

In the Galerkin framework, the PDE is solved in a weak integral

orm, from which a space-time polynomial approximation of the

olution is obtained for each cell. The Galerkin framework gen-

rates algebraic non-linear systems for the degrees of freedoms,

hich normally are solved by using fixed point iteration proce-

ures. Discontinuous as well as continuous Galerkin formulations

an been proposed. It depends on the form the hyperbolic system,

he presence of the source terms may introduce jumps between

he solution at local time τ = 0 and the solution at τ = 0 + so

he discontinuous approach is able to represent this situation by

ntroducing the reconstructed polynomial as the initial condition

ut in a weak sense. On the other hand, if the jump between

olutions at τ = 0 and τ = 0 + is negligible, then the initial con-

ition can be included in a strong form, which is, the degrees of

reedom corresponding to the local time level τ = 0 are those of

he reconstructed polynomial. Discontinuous Galerkin schemes are

ble to solve stiff source terms but they are more expensive than

he continuous approach, because all the degrees of freedom need

o be obtained. 

Although these methods are locally implicit, the fixed point

teration procedures and matrix inversion carried out at each com-

utational cell, make these schemes to be expensive. In this sense

alsara et al. [3] have recently proposed a scheme, which may im-

rove these issues. In [3] , a second order strategy for solving the

axwell equation has been proposed, the method is designed to

ork in three dimensions by using the ADER-DG approach, in this

ork the authors have chosen a family of space-time polynomial,

hich is the tensor product of temporal and spatial polynomi-

ls. To build spatial polynomials the authors have proposed the

ollowing strategy; by imposing the condition that at the node

he polynomial is nodal, that means it takes the value one at the

ode, and its three gradients are zero, a polynomial of degree

ne, is obtained. Similarly, by imposing that polynomials are zero
t the node and their three gradients are nodal for each one of

omponents, then three additional polynomials of degree one, are

btained. This procedure generates a set of four space polynomials

n three dimensions. To build temporal polynomials, the Lagrange

nterpolation is carried out on temporal nodes τ1 = 1 / 2 and τ2 = 1 .

otice that τ1 = 1 / 2 corresponds to the Gaussian quadrature point

or the quadrature rule of second order. Although all the degrees

f freedom need to be computed, only those associated with

1 = 1 / 2 are involved for flux and source evaluations. Degrees of

reedom associated with this choice of space-time polynomials are

btained by solving a system of algebraic equations, the Jacobian

f the system depicts a blockwise structure which is used to

esign a very efficient inversion procedure. 

The present work is devoted to the development of a family of

igh order space-time polynomials, aimed to be implemented in

oth Continuous Galerkin (CG) and Discontinuous Galerkin (DG)

pproaches, used as the predictor step in the context of ADER

ethods. The aim is to build very efficient schemes able to solve

ne-dimensional hyperbolic balance laws with stiff source terms.

n this work, we extend the strategy in [3] to build high order

pace-time polynomials as tensor product of spatial and temporal

olynomials. 

Here, the spatial polynomials are obtained from the nodal

mposition on polynomials as well as on their first derivatives, it is

n some sense similar to the conventional Lagrange interpolation

n a set of nodes. In conventional Lagrange interpolation, we

eed the same nodes as the accuracy of the scheme, then the

egrees of freedom of Lagrange polynomials are set by imposing

olynomials to be nodal. In our approach, the number of nodes

re about a half of those required by the conventional Lagrange

olynomial, we choose these nodes to be symmetric with respect

o the barycentre of a local reference element. Then, we not only

mpose polynomials to be nodal but also the first derivative of

olynomials. So the number of equations is twice the number of

odes, so the procedure is restricted to generate polynomials of

ven orders. Although for odd accuracy, this procedure generates

olynomials having more degrees of freedom than those for con-

ention Lagrange interpolation, the number of nodes is less than

hose required for conventional Lagrange interpolation and so the

omputational cost is compensated. 

On the other hand, temporal polynomials are built in a La-

range sense, on a set of suitable nodes. So, for constructing a

umerical scheme of order N , we obtain a Lagrange polynomial

f order N − 1 , by using N − 1 Gaussian quadrature points in the

nterval [0, 1] plus the node 0 in the case of continuous Galerkin

ormulation or we use N − 1 Gaussian quadrature points plus the

ode 1 in the case of discontinuous Galerkin scheme. The use

f the proposed set of space-time polynomials in the context

f Galerkin schemes yields a relationship among the degrees of

reedom, flux and source terms, which is able to be separated into

wo sets of coefficients which are weakly coupled, they are only

oupled in the flux and derivatives of fluxes. This is suitable for

 nested-type fixed-point iteration procedures. Furthermore, the

tructure of the operators resulting from the Galerkin formula-

ions, allows us to build a very efficient inversion procedure to

btain the sought degrees of freedom, this is suggested for solving

yperbolic balance laws with very stiff source terms. This makes

 substantial difference between the proposed set of polynomials

nd the conventional Lagrange polynomials. For both stiff and

on-stiff source term, the iteration procedures only require a few

umber of iterations to get the accuracy. 

Several test cases are solved to evidence the ability of the

resent scheme for solving hyperbolic balance laws. Expected

heoretical orders of accuracy are obtained up to the fourth order

n both space and time, using generous CFL numbers. 
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This paper is organized as follows, in Section 2 the ADER type

method implemented in this work is shown. In Section 3 the

Galerkin schemes using the present set of polynomials are dis-

cussed, the construction of spatial and temporal polynomials

is detailed. In Section 4 numerical results are presented and

conclusions are contained in Section 5 . 

2. The ADER method 

In this section we describe the ADER scheme, for solving

conservative hyperbolic balance laws in the form 

∂ t Q (x, t) + ∂ x F (Q (x, t)) = S (Q (x, t)) , 

Q (x, 0) = H (x ) , (1)

where Q (x, t) ∈ R 

m is the vector of states, H ( x ) is the initial condi-

tion, F ( Q ( x, t )) is the flux function of the state and S ( Q ( x, t )) is the

source term. Here, we use the conventional one-step finite volume

formula 

Q 

n +1 
i 

= Q 

n 
i −

�t 

�x 

[ 
F i + 1 2 

− F i − 1 
2 

] 
+ �tS i , (2)

where we use 

Q 

0 
i = 

1 

�x 

∫ x 
i + 1 

2 

x 
i − 1 

2 

H (x ) dx, 

F i + 1 2 
= 

1 

�t 

∫ �t 

0 

F h (Q i (x i + 1 2 
, τ ) , Q i +1 (x i + 1 2 

, τ )) dτ, 

S i = 

1 

�t�x 

∫ �t 

0 

∫ x 
i + 1 

2 

x 
i − 1 

2 

S (Q i (x, τ )) d xd τ. (3)

Here F h ( Q L , Q R ) represents some conventional numerical flux

function (classical Riemann solver), which depends only on two

states Q L and Q R , that means, at a given τ we use the solution at

the local interface x = 0 of the problem 

∂ t Q (x, t) + ∂ x F (Q (x, t)) = S (Q (x, t)) , 

Q (x, 0) = 

{
Q L ≡ Q i (x i + 1 2 

, τ ) , x < 0 , 

Q R ≡ Q i +1 (x i + 1 2 
, τ ) , x > 0 , 

(4)

where Q i ( x, t ) is the local predictor inside the cell

[ x 
i − 1 

2 
, x 

i + 1 
2 

] × [ t n , t n +1 ] , with �x = x 
i + 1 

2 
− x 

i − 1 
2 

and �t = t n +1 − t n . 

This GRP solver follows the strategy in [5,22] , named the HEOC

solver, which is a high-order reformulation of the approach of

Harten. et al. [17] . However, in these papers, predictors Q i ( x, t )

are obtained from the use of Taylor series expansion and the

Cauchy–Kowalewsky procedure. The present approach avoids the

use of Taylor expansions and the Cauchy–Kowalewsky procedure

by using a space-time local weak formulation of the governing

equation. Therefore, this approach follows the HEOC approach but

the predictor step is closed to the strategy reported in [1–3,6,8,14] ,

to mention but a few. 

In the following section, the proposed strategy for the predictor

step, is presented. 

3. Galerking method for the predictor step, continuous as well 

as discontinuous approach 

In this section, we describe the way in which a polynomial

representation of the solution, within the computational cell

[ x 
i − 1 

2 
, x 

i + 1 
2 

] × [ t n , t n +1 ] , is obtained. The first step is to transform

the problem into the local reference system ξ , τ ∈ [0, 1] via the

change of variables 

x = x (ξ ) = x i − 1 
2 

+ ξ�x, t = t(τ ) = t n + τ�t, (5)
s  
hus, the PDE becomes 

 τ ˜ Q (ξ , τ ) + ∂ ξ F ∗( ̃  Q (ξ , τ )) = S ∗( ̃  Q (ξ , τ )) , 

˜ Q (ξ , 0) = H (x (ξ )) , (6)

here 

˜ Q (ξ , τ ) := Q (x (ξ ) , t(τ )) , 

 

∗( ̃  Q (ξ , τ )) := 

�t 

�x 
F (Q (x (ξ ) , t(τ ))) , 

S ∗( ̃  Q (ξ , τ )) := �tS (Q (x (ξ ) , t(τ ))) . (7)

e solve system (6) in a polynomial space V := { φk ( ξ , τ )}, that

eans we look for a solution 

˜ Q (ξ , η) := 

∑ 

k 
ˆ Q k φk (ξ , τ ) , satisfying

he variational problem 

 ∂ τ ˜ Q , φk > + < ∂ ξ F ∗( ̃  Q ) , φk > = < S ∗( ̃  Q ) , φk >, (8)

here we have introduced 

 f, g > := 

∫ 1 

0 

∫ 1 
2 

− 1 
2 

f (ξ , τ ) g(ξ , τ ) d ξd τ, 

[ f, g ] τ := 

∫ 1 
2 

− 1 
2 

f (ξ , τ ) g(ξ , τ ) dξ . (9)

ntegrating by parts, we obtain 

 ∂ τ ˜ Q , φk > = [ ̃  Q , φk ] 1 − [ ̃  Q , φk ] 0 − < 

˜ Q , ∂ t φk > . (10)

After this stage, we can choose between the Discontinuous

nd Continuous Galerkin approach. The choice is based on the

act that the source term generates a variation between solution

t local initial τ = 0 and the solution at τ = 0 + . If this variation

s large then a suitable approach is the Discontinuous Galerkin

ormulation, where the initial condition is incorporated in a weak

ense, we replace [ ̃  Q , φk ] 0 by 

 ̃

 Q , ∂ t φk ] 1 − < 

˜ Q , ∂ t φk > + < ∂ ξ F ∗( ̃  Q ) , φk > 

= < S ∗( ̃  Q ) , φk > + { ̃  W , φk } , (11)

ith 

 ̃

 W , φk } = 

∫ 1 
2 

− 1 
2 

˜ W (ξ ) , φk (ξ , 0) dξ , (12)

here ˜ W (ξ ) , is the reconstruction polynomial. Notice that in this

ase ˜ W (ξ ) � = 

˜ Q (ξ , 0) . In Sections 3.2 and 3.3 , solution strategies

or solving (11) are detailed. 

On the other hand, if the variation does not matter, then

 continuous Galerkin scheme is implemented, here the initial

ondition is incorporated in a strong fashion, that means at local

evel τ = 0 the solution polynomial is exactly the reconstructed

olynomial, ˜ W (ξ ) = 

˜ Q (ξ , 0) then, (8) becomes 

 ̃

 Q , ∂ t φk ] 1 − < 

˜ Q , ∂ t φk > + < ∂ ξ F ∗( ̃  Q ) , φk > 

= < S ∗( ̃  Q ) , φk > +[ ̃  Q , φk ] 0 . (13)

n Section 3.4 the solution strategy for solving (13) is detailed.

otice that in the continuous approach some degrees of freedom

ave already been set from the reconstructed polynomials, thus

he continuous approach is more efficient than the discontinuous

pproach. 

.1. A class of cell-centered polynomial basis 

This section contains one of the most relevant part of this

aper. An early second order version of this innovative choice

f polynomial basis functions has been described in [3] for the

umerical solution of Maxwell equations in material media.

owever, for the sake of completeness, here let us describe the

trategy for the one-dimensional case. Let us define n nodes
N 
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 ξ1 , ξ2 , . . . , ξn N } ⊂ [ − 1 
2 , 

1 
2 ] . We are going to construct a set of

 n N � n DOF polynomials divided into two groups { P i (ξ ) } n N 
i =1 

and

 P i (ξ ) } 2 n N 
i = n N +1 

, where each one of these polynomials has the form 

 i (ξ ) = 

n DOF ∑ 

j=1 

a j ξ
j . (14) 

hese polynomials, satisfy 

 i (ξ j ) = δi, j , P i + n N (ξ j ) = 0 , i, j = 1 , . . . , n N , (15) 

hat means, the polynomials of the first group { P i (ξ ) } n N 
i =1 

, are nodal

n { ξ1 , ξ2 , . . . , ξn N } and 

 

′ 
i (ξ j ) = 0 , P ′ i + n N (ξ j ) = δi, j , i, j = 1 , . . . , n N , (16) 

hat means, the first derivative of polynomials of the second group

 P i (ξ ) } 2 n N 
i = n N +1 

, are nodal on { ξ1 , ξ2 , . . . , ξn N } . Notice that from

15) to (16) we obtain the n DOF degrees of freedom a j for each one

f these polynomials. 

In order to define the space-time polynomial, V , spanned by

pace-time polynomials of the form 

k (ξ , τ ) = P i (ξ ) T j (τ ) , (17) 

e need the temporal polynomials, T j ( τ ), which are Lagrange

olynomials in time, so for a given order of accuracy N , they

re constructed using a set of n GP = N − 1 quadrature points

 χ1 , . . . , χn GP 
} plus an additional point which will depend on the

ype of Galerkin approach, continuous or discontinuous. 

.2. Discontinuous Galerking approach 

To build a local space-time discontinuous Galerkin scheme for

11) , we set the following nodes in time 

τ1 = χ1 , 

τ2 = χ2 , 

. . . 

τn GP 
= χn GP 

, 

n GP +1 = 1 . (18) 

hen, we build a set of Lagrange polynomials 

 k (τ ) = 
n GP +1 
l =1 ,l � = k 

(τ − τl ) 

(τk − τl ) 
. (19) 

e define the space-time basis spanned by polynomials 

r(i, j) (ξ , τ ) = P i (ξ ) T j (τ ) , (20) 

here r is a mono-index defined by r = r(i, j) = i + ( j − 1) n DOF 

ith i = 1 , . . . , n DOF and j = 1 , . . . , n GP + 1 , so r = 1 , . . . , n DOF (n GP +
) . 

As polynomials P i ( ξ ) satisfy the constraints (15) and (16) ,

oefficients ˆ Q r are divided into two sets of coefficients denoted

y { ̂  V 

0 
α(i, j) 

} and { ̂  V 

x 
α(i, j) 

} , associated with polynomials satisfying

15) and (16) , respectively. Here α(i, j) = i + ( j − 1) n N is a mono-

ndex function, with i = 1 , . . . , n N and j = 1 , . . . , n GP + 1 . So 

˜ 
 (ξ , τ ) = 

n GP +1 ∑ 

j=1 

{ 

n N ∑ 

i =1 

ˆ V 

0 
α(i, j) φr(i, j) (ξ , τ ) + 

n N ∑ 

i =1 

ˆ V 

x 
α(i, j) φr(i + n N , j) (ξ , τ ) 

} 

.

(21) 
otice that, we can project the flux and the source term into V

s 

˜ 
 

∗(ξ , τ ) = 

n GP +1 ∑ 

j=1 

{ 

n N ∑ 

i =1 

ˆ F 0 α(i, j) φr(i, j) (ξ , τ ) + 

n N ∑ 

i =1 

ˆ F x α(i, j) φr(i + n N , j) (ξ , τ ) 

} 

,

˜ S ∗(ξ , τ ) = 

n GP +1 ∑ 

j=1 

{ 

n N ∑ 

i =1 

ˆ S 0 α(i, j) φr(i, j) (ξ , τ ) + 

n N ∑ 

i =1 

ˆ S x α(i, j) φr(i + n N , j) (ξ , τ ) 

} 

,

(22

here coefficients ˆ F 0 
α(i, j) 

, ˆ F x 
α(i, j) 

, ˆ S 0 
α(i, j) 

and 

ˆ S x 
α(i, j) 

are determined

s follows. Equating 

 

∗( ̃  Q (ξ , τ )) = 

˜ F ∗(ξ , τ ) , 

S ∗( ̃  Q (ξ , τ )) = 

˜ S ∗(ξ , τ ) , (23) 

nd evaluating at nodes χα(i, j) = (ξi , τ j ) , from (15) we obtain 

ˆ 
 

0 
α(i, j) := F ∗( ̂  V 

0 
α(i, j) ) , 

ˆ S 0 α(i, j) := S ∗( ̂  V 

0 
α(i, j) ) , (24) 

imilarly, by differentiating (22) we obtain 

 

∗( ̃  Q (ξ , τ )) ∂ ξ ˜ Q (ξ , τ ) = ∂ ξ ˜ F ∗(ξ , τ ) , 

B 

∗( ̃  Q (ξ , τ )) ∂ ξ ˜ Q (ξ , τ ) = ∂ ξ ˜ S ∗(ξ , τ ) , (25) 

here A 

∗( ̃  Q ) and B 

∗( ̃  Q ) are the Jacobian matrices of F ∗( ̃  Q ) and

 

∗( ̃  Q ) , respectively. So by evaluating at nodes χα(i, j) = (ξi , τ j ) ,

rom (16) we have 

ˆ 
 

x 
α(i, j) := A 

∗( ̂  V 

0 
α(i, j) ) ̂

 V 

x 
α(i, j) , 

ˆ S x α(i, j) := B 

∗( ̂  V 

0 
α(i, j) ) ̂

 V 

x 
α(i, j) . (26) 

he projection of the flux into V , in terms of coefficients ˆ F 0 
α(i, j) 

ˆ 
 

x 
α(i, j) 

is not as simple as in the case of conventional nodal space-

ime polynomials, but it only involves the degrees of freedoms as-

ociated with the space-time node χα(i, j) = (ξi , τ j ) , that is ˆ V 

0 
α(i, j) 

nd 

ˆ V 

x 
α(i, j) 

. This observation also applies for the projection of the

ource term into V . 

From the reconstruction procedure we have a polynomial W ( x )

efined within the cell [ x 
i − 1 

2 
, x 

i + 1 
2 

] . However, we need to incor-

orate the information from reconstruction procedure in terms of

he polynomial { P i (ξ ) } n DOF 
i =1 

so look for a polynomial of the form 

˜ 
 (ξ ) = 

n N ∑ 

i =1 

ˆ W 

0 
i P i (ξ ) + 

n N ∑ 

i =1 

ˆ W 

x 
i P i + n N (ξ ) , (27) 

oefficients ˆ W 

0 
i 

and 

ˆ W 

x 
i 

are found by equating the reconstruction

olynomial W ( x ) and evaluate at ξ i , so from (15) we have 

ˆ 
 

0 
i = W (x (ξi )) . (28) 

nd if we differentiate W ( x ( ξ )) and equate to ˜ W (ξ ) from (16) we

btain 

ˆ 
 

x 
i = ∂ ξ ˜ W (ξi ) = 

dW (x (ξi )) 

dξ

1 

�x 
. (29) 

ow, we can set (11) in a matrix form 

1 Q + K 

ξF = M S + Mw 

0 W, (30) 

here 

1 k,l = [ φk , φl ] 1 − < φk , ∂ τ φl >, 

K 

ξ
k,l 

= < ∂ ξφk , φl >, 

M k,l = < φk , φl > (31) 

nd 

Q r(i, j) = 

ˆ V 

0 
α(i, j) , 
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Q r(i + n N , j) = 

ˆ V 

x 
α(i, j) , 

W i = 

ˆ W 

0 
i , 

W i + n N = 

ˆ W 

x 
i , (32)

flux and source coefficients become 

F r(i, j) = 

ˆ F 0 α(i, j) , 

F r(i + n N , j) = 

ˆ F x α(i, j) , 

S r(i, j) = 

ˆ S 0 α(i, j) , 

S r(i + n N , j) = 

ˆ S x α(i, j) , (33)

for i = 1 . . . , n N and j = 1 , . . . , n GP + 1 . Information from the

reconstruction is given by 

Mw 

0 
k,l = 

∫ 1 
2 

− 1 
2 

φk (ξ , 0) P l (ξ ) dξ . 

Notice that by mean of (68) we can get coefficients ˆ V 

0 
α(i, j) 

and

ˆ V 

x 
α(i, j) 

from Q . The solution can be solved with the fixed-point

procedure 

K1 Q 

p+1 + K 

ξF 

p = M S p + Mw 

0 W, (34)

where p stands by the iteration index. If so, then the procedure is

very simple, at each iteration step it only requires the right mul-

tiplication of the last equation by the inverse matrix ( K1 ) −1 . This

local predictor has a simple structure, which allows us to split the

problem into decoupled systems, suitable for iterative procedures. 

Proposition 1. For each order of accuracy N, there exist constant val-

ues a j, k such that 

ˆ V 

0 
i +( j−1) n N 

= 

ˆ W 

0 
i + 

N ∑ 

k =1 

a j,k ̂  S 0 i +(k −1) n N 
+ RF 0 i +( j−1) n N 

(F 0 , F x ) , 

ˆ V 

x 
i +( j−1) n N 

= 

ˆ W 

x 
i + 

N ∑ 

k =1 

a j,k ̂  S x i +(k −1) n N 
+ RF x i +( j−1) n N 

(F 0 , F x ) , (35)

where RF 0 and RF x are functionals which only depends on the flux,

with i = 1 , . . . , n N , j = 1 , . . . , N. 

Proof. Due to the form of the polynomial basis, we can write every

matrix in (34) as 

M = M 

τ
� M 

ξ , 

Mw 

0 = R 

τ, 0 
� M 

ξ , 

K1 = (R 

τ, 1 − K 

τ, 1 ) � M 

ξ , 

K 

ξ = M 

τ
� M 

ξ , 1 , (36)

where product � for two arbitrary matrices A and B of size

m × n and p × q , respectively, is defined as (A � B ) k +(i −1) p,l+( j−1) q =
A i, j B k,l . Local matrices M τ , Mw τ , (R 1 − K 

τ, 1 ) , M 

τ , M 

ξ and M 

ξ , 1 are

defined as 

M 

τ
i, j = 

∫ 1 

0 

T i (τ ) T j (τ ) dτ, 

R 

τ, 1 
i, j 

= T i (1) T j (1) , 

R 

τ, 0 
i 

= T i (0) , 

K 

τ, 1 
i, j 

= 

∫ 1 

0 

T ′ i (τ ) T j (τ ) dτ, 

M 

ξ
i, j 

= 

∫ 1 
2 

− 1 
2 

P i (ξ ) P j (ξ ) dξ , 

M 

ξ , 1 

i, j 
= 

∫ 1 
2 

− 1 
P i (ξ ) P ′ j (ξ ) dξ . (37)
2 Q  
dditionally, let us define E = R 

τ, 1 − K 

τ, 1 . So, from 

 = (E 

−1 R 

τ, 0 ) � ((M 

ξ ) −1 M 

ξ ) W + (E 

−1 M τ ) � (M 

ξ ) −1 M 

ξS 
−(E 

−1 M τ ) � (M 

ξ ) −1 M 

ξ , 1 F, (38)

r 

 = (E 

−1 R 

τ, 0 ) � I W + (E 

−1 M τ ) � I S − (E 

−1 M τ ) � (M 

ξ ) −1 M 

ξ , 1 F,

(39)

here I is the 2 n N × 2 n N identity matrix. Remember that, firsts

 GP nodes in (18) correspond to Gaussian quadrature points, with

eights { ω k } n GP 

k =1 
, so we can include an extra point with the cor-

esponding weight ω n GP +1 = 0 . Therefore, we can integrate exactly

olynomials up to degree 2 N − 3 . So the first term in (39) 

 i, j = T i (1) T j (1) −
∫ 1 

0 

T ′ i (τ ) T j (τ ) dτ, (40)

s exactly 

 i, j = T i (1) T j (1) −
N= n GP +1 ∑ 

k =1 

T ′ i (τk ) T j (τk ) ω k , (41)

n the other hand 

N 
 

j 

E i, j = 

N ∑ 

j 

(T i (1) T j (1) −
N= n GP +1 ∑ 

k =1 

T ′ i (τk ) T j (τk ) ω k ) 

= T i (1) −
N ∑ 

j=1 

T ′ i (τ j ) ω j ) = T i (1) −
∫ 1 

0 

T ′ i (τ ) dτ

= T i (1) − (T i (1) − T i (0)) = T i (0) . (42)

otice that, if we define the vector 1 = [1 , . . . , 1] T , that means the

ector full of 1 ′ s . Then the last summation can be written in a ma-

rix form as 

 · 1 = K 

τ, 0 , (43)

ence 1 = E 

−1 K 

τ, 0 , so matrix associated with the first term in (39) ,

orresponds to 1 � I . 

Associated with index i = 1 , . . . , 2 n N , j = 1 , . . . , N and k = 0 , 1

e can define the function ν(i, j, k ) = i + kn N + ( j − 1)2 n N . It helps

o evaluate global matrices as follows 

1 � I k +(i −1)2 n N ,l = δk,l , 

((E 

−1 M 

τ ) � I ) k +(i −1)2 n N ,l+( j−1)2 n N = (E 

−1 M 

τ ) i, j δk,l , (44)

here k, l = 1 , . . . , 2 n N . That means, the only non zero entries

re 

(1 � I ) k +(i −1)2 n N ,k = 1 , 

((E 

−1 M 

τ ) � I ) k +(i −1)2 n N ,k +( j−1)2 n N = (E 

−1 M 

τ ) i, j . (45)

o we already know that K1 −1 Mw 

0 W = (E 

−1 M 

τ ) � I W in a

omponent wise 

2 n N 
 

l 

(1 � I ) k +(i −1)2 n N ,l W l = W k , (46)

nd similarly K1 −1 M S = (E 

−1 M 

τ
� I ) S in a component wise is 

2 n N 
 

l=1 

N ∑ 

j=1 

((E 

−1 M 

τ ) � I ) k +(i −1)2 n N ,l+( j−1)2 n N S l+( j−1)2 n N 

= 

N ∑ 

j=1 

a i, j S k +( j−1)2 n N , (47)

here a i, j = (E 

−1 M 

τ ) i, j . Now, we may relate coefficients Q , with

oefficients V 

0 and V 

x as follows 

 r+ sn N +( j−1)2 n N = 

ˆ V 

0 
r+( j−1) n (1 − s ) + 

ˆ V 

x 
r+( j−1) n s, (48)
N N 



G.I. Montecinos, D.S. Balsara / Computers and Fluids 156 (2017) 220–238 225 

w  

w

F

F

d

F

w

R

S∑

s

H

V

V

 

s  

s

 

a  

s  

i  

s  

f  

s  

i

3

 

o

V

V

w

S

R  

t

a  

t  

r  

a  

c  

s  

w  

p

h

 

 

 

 

 

 

 

 

 

 

 

 

 

 

here r = 1 , . . . , n N , i = 1 , . . . , 2 n N , s = 0 , 1 , j = 1 , . . . , N. Similarly

e have 

S r+ sn N +( j−1)2 n N = 

ˆ S 0 r+( j−1) n N 
(1 − s ) + ̂

 S x r+( j−1) n N 
s, 

 r+ sn N +( j−1)2 n N = 

ˆ F 0 r+( j−1) n N 
(1 − s ) + ̂

 F x r+( j−1) n N 
s, 

W r+ sn N = 

ˆ W 

0 
r (1 − s ) + 

ˆ W 

x 
r s. (49) 

rom Eqs. (46) and (47) , we have 

ˆ V 

0 
r+( j−1) n N 

(1 − s ) + 

ˆ V 

x 
r+( j−1) n N 

s = 

ˆ W 

0 
r (1 − s ) 

+ ̂

 W 

x 
r s + 

∑ 

i =1 

a j,i ( ̂ S 0 r+(i −1) n N 
(1 − s ) + ̂

 S x r+(i −1) n N 
s ) 

+ 

∑ 

K1 

−1 K 

ξ
r+ sn N +( j−1)2 n N ,n + v n N +(i −1)2 n N 

( ̂ F 0 n +(i −1) n N 
(1 − v ) + ̂

 F x n +(i −1) n N 
v ) , (50) 

efining 

FH 

0 
r + sn N +(j −1 ) 2n N 

:= 

∑ 

K1 

−1 K 

ξ
r+ sn N +( j−1)2 n N ,n +(i −1)2 n N 

ˆ F 0 n +(i −1) n N 
, 

H 

x 
r+ sn N +( j−1)2 n N 

:= 

∑ 

K1 

−1 K 

ξ
r+ sn N +( j−1)2 n N ,n + n N +(i −1)2 n N 

ˆ F x n +(i −1) n N 
, 

(51) 

e have 

RF 0 r +(j −1 ) n N 
:= FH 

0 
r+( j−1)2 n N 

+ FH 

x 
r+( j−1)2 n N 

, 

F x r+( j−1) n N 
:= FH 

0 
r+ n N +( j−1)2 n N 

+ FH 

x 
r+ n N +( j−1)2 n N 

. (52) 

o, can divide 
 

K1 

−1 K 

ξ
r+ sn N +( j−1)2 n N ,n + v n N +(i −1)2 n N 

F n + v n N +(i −1)2 n N 

= RF 0 r+( j−1) n N 
(1 − s ) + RF x r+( j−1) n N 

s, (53) 

o, finally 

ˆ V 

0 
r+( j−1) n N 

(1 − s ) + 

ˆ V 

x 
r+( j−1) n N 

s 

= (1 − s ) 

( 

ˆ W 

0 
r + 

∑ 

i =1 

a j,i ̂  S 0 r+(i −1) n N 
+ RF 0 r+( j−1) n N 

) 

+ s 

( 

ˆ W 

x 
r + 

∑ 

i =1 

a j,i ̂  S x r+(i −1) n N 

) 

+ RF x r+( j−1) n N 
) . (54) 

ence separating for s = 1 and s = 0 , we have 

ˆ 
 

0 
r+( j−1) n N 

= 

ˆ W 

0 
r + 

∑ 

i =1 

a j,i ̂  S 0 r+(i −1) n N 
+ RF 0 r+( j−1) n N 

, 

ˆ 
 

x 
r+( j−1) n N 

= 

ˆ W 

x 
r + 

∑ 

i =1 

a j,i ̂  S x r+(i −1) n N 
) + RF x r+( j−1) n N 

. (55) 

�

In Appendix A , the equations for the degrees of freedom for

econd, third and fourth order of accuracy are shown, where the

tructure evidenced in the previous proposition can be seen. 

If the source term is not stiff, the previous step is very fast

nd yields the accuracy in a reduced number of iterations. For a

cheme of order N we have used N iterations. If the source term

s stiff the iteration procedure may require a more sophisticated

trategy to get convergence, in this approach it is done in a nested

orm. The following section shows the proposed strategy for very

tiff cases, the structure of matrices allows us to derive an efficient

nversion strategy. 

.3. Stiff source term 

The DG version of the present formulation relates the degrees

f freedom, source terms and fluxes as follows 

ˆ 
 

0 
i +( j−1) n N 

= 

ˆ W 

0 
i + 

N ∑ 

k =1 

a j,k S 
∗( ̂  V 

0 
i +(k −1) n N 

) + RF 0 i +( j−1) n N 
(F 0 , F x ) , 
ˆ 
 

x 
i +( j−1) n N 

= 

ˆ W 

x 
i + 

N ∑ 

k =1 

a j,k ̂  S x i +(k −1) n N 
+ RF x i +( j−1) n N 

(F 0 , F x ) , 

(56) 

here 

ˆ 
 

x 
i +(k −1) n N 

= B 

∗( ̂  V 

0 
i +( j−1) n N 

) ̂  V 

x 
i +(k −1) n N 

, 

F 0 and RF x are functionals which only depend on the fluxes and

heir gradients, with i = 1 , . . . , n N , j = 1 , . . . , N. 

Notice that in (56) both of the equations are coupled in RF 0 

nd RF x . However the first equation only contains evaluations of

he source on nodes ˆ V 

0 and in the second equation, terms ˆ S x are

elated with 

ˆ V 

0 through the Jacobian of the source term. However,

 suitable nested-type fixed-point iteration procedure can be

onstructed such that the iterations are carried out on decoupled

ystems for ˆ V 

0 and 

ˆ V 

x , in this sense we say that the system is

eakly coupled. We propose the following Picard-type iteration

rocedure: 

ˆ V 

0 ,r+1 
i +( j−1) n N 

= 

ˆ W 

0 
i 

+ 

∑ N 
k =1 a j,k S 

∗( ̂  V 

0 ,r+1 
i +(k −1) n N 

) + RF 0 ,r 
i +( j−1) n N 

, 

ˆ V 

x,r+1 
i +( j−1) n N 

= 

ˆ W 

x 
i 
+ 

∑ N 
k =1 a j,k B 

∗( ̂  V 

0 ,r 
i +(k −1) n N 

) ̂  V 

x,r+1 
i +(k −1) n N 

+ RF x,r 
i +( j−1) n N 

, 

⎫ ⎪ ⎬ 

⎪ ⎭ 

(57) 

ere r stands by an iteration index. 

(1) Given 

ˆ V 

0 ,r 
i +(k −1) n N 

and 

ˆ V 

x,r 
i +(k −1) n N 

, find 

ˆ V 

0 ,r+1 
i +(k −1) n N 

and 

ˆ V 

x,r+1 
i +(k −1) n N 

as the roots of non-lineal algebraic system

H 

0 and H 

x , defined in a component wise by 

H 

0 
i +( j−1) n N 

( ̂  V 

0 ,r+1 , ̂  V 

x,r ) := 

∑ N 
k =1 a j,k S 

∗( ̂  V 

0 ,r+1 
i +(k −1) n N 

) 

− ˆ V 

0 ,r+1 
i +( j−1) n N 

+ 

ˆ W 

0 
i 

+ RF 0 ,r 
i +( j−1) n N 

, 

H 

x 
i +( j−1) n N 

( ̂  V 

0 ,r , ̂  V 

x,r+1 ) = 

∑ N 
k =1 a j,k B 

∗( ̂  V 

0 ,r 
i +(k −1) n N 

) ̂  V 

x,r+1 
i +(k −1) n N 

− ˆ V 

x,r+1 
i +( j−1) n N 

+ 

ˆ W 

x 
i 
+ RF x,r 

i +( j−1) n N 
. 

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(58) 

(2) Compute the Jacobian matrix associated with both systems,

H 

0 and H 

x 

∂ H 

0 
i +( j−1) n N 

( ̂  V 

0 ,r+1 , ̂  V 

x,r ) /∂ ̂  V 

0 ,r+1 = −( ̃ I − ˜ B (V 

0 )) , 

∂ H 

x 
i +( j−1) n N 

( ̂  V 

0 ,r , ̂  V 

x,r+1 ) /∂ ̂  V 

x,r+1 = −( ̃ I − ˜ B (V 

0 )) . (59) 

Notice that, both Jacobian matrices have the form, −( ̃ I −
˜ B (V 

0 )) , where 

˜ I = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

I 0 . . . 0 0 

0 I . . . 0 0 

. . . 
. . . 

. . . 
. . . 

. . . 
0 0 . . . I 0 

0 0 . . . 0 I 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

(60) 

and 

˜ B (V 

0 ) = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

a 1 , 1 ̄B 1 a 1 , 2 ̄B 2 . . . a 1 ,N−1 ̄B N−1 a 1 ,N ̄B N 

a 2 , 1 ̄B 1 a 2 , 2 ̄B 2 . . . a 2 ,N−1 ̄B N−1 a 2 ,N ̄B N 

. . . 
. . . 

. . . 
. . . 

. . . 

a N−1 , 1 ̄B 1 a N−1 , 2 ̄B 2 . . . a N −1 ,N −1 ̄B N−1 a N−1 ,N ̄B N 

a N, 1 ̄B 1 a N, 2 ̄B 2 . . . a N,N−1 ̄B N−1 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

,

(61) 

with B̄ k := B 

∗( ̂  V 

0 
i +(k −1) n N 

) . We design an inversion strategy

for ( ̃ I − ˜ B (V 

0 )) , which allows us to obtain δ0 and δx as the

solution of the linear systems 

( ̃ I − ˜ B (V 

0 )) δ0 = H 

0 (V 

0 ) , 



226 G.I. Montecinos, D.S. Balsara / Computers and Fluids 156 (2017) 220–238 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

V  

f  

t  

s
 

 

f  

i  

l  

i

e  

F  

4

 

l  

u

a  

o

�  

w  

λ  

A  

u  

b  

n

4

 

e

P

 

w  

e

 

t  

2  

w  

t  

c  

o  

a  

c

4

 

w

a

q  
( ̃ I − ˜ B (V 

0 )) δx = H 

k (V 

x ) . (62)

The strategy only requires the inversions of N − 1 matrices

of size m × m . See Appendix B for further details. 

(3) Update the solution V 

0 ,r+1 = V 

0 ,r + δ0 ,r and V 

x,r+1 = V 

x,r +
δx,r Compute RF 0 and RF x using updated V 

0 ,r+1 and V 

x,r+1 ,

go to step 1). 

For each order of accuracy, N , the procedure is done in N + 1

iterations. 

3.4. Continuous Galerking scheme 

To build a continuous Galerkin scheme for (13) , we set the

following temporal nodes 

τ1 = 0 , 

τ2 = χ1 , 

τ3 = χ2 , 

. . . 

τn GP +1 = χn GP 
, (63)

Then, we build a set of Lagrange polynomials by following (19) .

We define the space-time polynomials (20) . 

In the continuous Galerkin approach, we must have 

W (x (ξ )) = 

˜ Q (ξ , 0) , (64)

where x (ξ ) = x 
i − 1 

2 
+ (ξ + 

1 
2 )�x . So, evaluating at ( ξ i , 0) we set

the n N coefficients 

ˆ V 

0 
α(i, 1) = W (x (ξi )) . (65)

Now, if we differentiate W ( x ( ξ )) and equate to ˜ Q (ξk , 0) we

obtain 

ˆ V 

x 
α(i, 1) = ∂ ξ ˜ Q (ξi , 0) = 

dW (x (ξi )) 

dξ

1 

�x 
(66)

Now we can set the problem in a matrix form 

K1 Q + K 

ξF = M S + M0 , (67)

where 

Q r(i, j) = 

ˆ V 

0 
α(i, j) , 

Q r(i + n N , j) = 

ˆ V 

x 
α(i, j) (68)

and 

F r(i, j) = 

ˆ F 0 α(i, j) , 

F r(i + n N , j) = 

ˆ F x α(i, j) , 

S r(i, j) = 

ˆ S 0 α(i, j) , 

S r(i + n N , j) = 

ˆ S x α(i, j) , (69)

for i = 1 . . . , n N and j = 1 , . . . , n GP + 1 . M0 k =∫ 1 
2 

− 1 
2 

˜ Q (ξ , 0) φk (ξ , 0) dξ . and 

K1 k,l = [ φk , φl ] 1 − < φk , ∂ τ φl >, 

K 

ξ
k,l 

= < ∂ ξφk , φl >, 

M k,l = < φk , φl > . (70)

Notice that by mean of (68) we can get coefficients ˆ V 

0 
α(i, j) 

and

ˆ V 

x 
α(i, j) 

from Q . Similarly to the discontinuous Galerkin scheme, the

solution of the degrees of freedom yield 

ˆ V 

0 
i +( j−1) n N 

= 

ˆ V 

0 
i + 

N ∑ 

k =1 

a j,k S 
∗( ̂  V 

0 
i +(k −1) n N 

) + RF 0 i +( j−1) n N 
(F 0 , F x ) , 
ˆ 
 

x 
i +( j−1) n N 

= 

ˆ V 

x 
i + 

N ∑ 

k =1 

a j,k ̂  S x i +(k −1) n N 
+ RF x i +( j−1) n N 

(F 0 , F x ) , (71)

or j = 2 , . . . , N and i = 1 , . . . , n N . Please note the similitude be-

ween the Eq. (35) with the Eq. (71) . In this case, we suggest the

imple iteration procedure 

ˆ V 

0 ,r+1 
i +( j−1) n N 

= 

ˆ V 

0 
i 

+ 

∑ N 
k =1 a j,k S 

∗( ̂  V 

0 ,r 
i +(k −1) n N 

) + RF 0 ,r 
i +( j−1) n N 

, 

ˆ V 

x,r+1 
i +( j−1) n N 

= 

ˆ V 

x 
i 
+ 

∑ N 
k =1 a j,k B 

∗( ̂  V 

0 ,r 
i +(k −1) n N 

) ̂  V 

x,r 
i +(k −1) n N 

+ RF x,r 
i +( j−1) n N 

, 

}

(72)

or i = 1 , . . . , n N and j = 2 , . . . , N. Here r stands by an iteration

ndex. Notice that, coefficients associated with the first time

evel, j = 1 , have been already computed in (65) and (66) , so the

teration is to find (N − 1) n DOF coefficients by solving (N − 1) n DOF 

quations. This procedure is carried out a finite number of times.

or each order of accuracy, N , the procedure is done in N iterations.

. Numerical results 

In this section we solve several conventional hyperbolic balance

aws to illustrate the applicability of the present scheme. We will

se N cell uniform meshes of size �x , so given the time level t n 

nd the cell averages { Q 

n 
i 
} N cell 

i =1 
, the stable time step, �t , will be

btained as 

t = C CF L 
�x 

λmax 
, (73)

here λmax = max i =1 , ... ,N cel l s 
{ ̄λ( Q 

n 
i 
) } , with λ̄( W ) = max j=1 , ... ,m 

|
j (W ) | , where λj ( W ) is the jth eigenvalue of the Jacobian matrix

 ( W ) of the flux function F ( W ) with respect to W . As we are

sing (73) the order of accuracy of the numerical solution should

e M = min (n GP + 1 , n DOF ) , we remark that in general we have

 GP + 1 ≤ n DOF . 

.1. The linear advection equation 

In this section we solve the well known linear advection

quation 

DE : ∂ t q (x, t) + λ∂ x q = βq x ∈ [0 , 1] , t ∈ [0 , t out ] , 

IC : q (x, 0) = sin (2 πx ) , (74)

ith λ and β ≤ 0 constant values. This model equation has the

xact solution q (x, t) = sin (2 π(x − λt)) e βt . 

We solve Eq. (74) using λ = 1 , β = −1 , C CF L = 0 . 9 . Notice that,

he source term is not stiff with the choice of β . Tables 1 and

 , show the empirical convergence rate assessment for this test,

here the predictors are computed via CG and DG, respectively. In

he figure are tabulated the norms L inf , L 1 , L 2 and their respective

onvergence rates, the last column shows the CPU time for each

rder of accuracy. Expected theoretical convergence rates are

chieved up to fourth order and both numerical schemes have

omparable computational costs even at high order. 

.2. Burgers equation with quadratic source term 

Let us consider the partial differential equation 

∂ t q (x, t) + ∂ x 

(
q (x,t) 2 

2 

)
= βq (x, t) 2 , 

q (x, t) = h 0 (x ) . 

} 

(75)

hich has the exact solution in terms of the initial condition h 0 
s 

 (x, t) = 

h 0 (y ) 

1 − βth 0 (y ) 
, (76)
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Table 1 

Linear advection-reaction equation. CG-predictor output time t out = 1 with C c f l = 0 . 9 , λ = 1 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 48 e − 01 0.00 4 . 85 e − 02 0.00 7 . 59 e − 02 0.0080 

16 2.15 3 . 33 e − 02 2.67 7 . 62 e − 03 2.59 1 . 26 e − 02 0.0280 

32 2.06 7 . 97 e − 03 2.10 1 . 77 e − 03 2.27 2 . 62 e − 03 0.0640 

64 1.93 2 . 09 e − 03 2.03 4 . 36 e − 04 2.02 6 . 44 e − 04 0.1840 

128 1.31 8 . 42 e − 04 2.04 1 . 06 e − 04 1.96 1 . 65 e − 04 0.2080 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 8 . 11 e − 03 0.00 4 . 91 e − 03 0.00 5 . 73 e − 03 0.0120 

16 2.93 1 . 06 e − 03 2.85 6 . 82 e − 04 2.92 7 . 56 e − 04 0.0360 

32 3.01 1 . 32 e − 04 3.02 8 . 40 e − 05 3.02 9 . 33 e − 05 0.1440 

64 3.09 1 . 55 e − 05 3.09 9 . 87 e − 06 3.09 1 . 10 e − 05 0.1640 

128 3.00 1 . 94 e − 06 3.00 1 . 24 e − 06 3.00 1 . 37 e − 06 0.4520 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 50 e − 02 0.00 1 . 03 e − 02 0.00 1 . 12 e − 02 0.0040 

16 3.99 9 . 40 e − 04 4.10 6 . 02 e − 04 4.06 6 . 68 e − 04 0.0120 

32 4.10 5 . 47 e − 05 4.10 3 . 50 e − 05 4.11 3 . 88 e − 05 0.0400 

64 4.05 3 . 31 e − 06 4.06 2 . 10 e − 06 4.05 2 . 34 e − 06 0.1680 

128 4.03 2 . 03 e − 07 4.02 1 . 29 e − 07 4.03 1 . 44 e − 07 0.5520 

Table 2 

Linear advection-reaction equation. DG-predictor, output time t out = 1 with C c f l = 0 . 9 , λ = 1 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 3 . 86 e − 02 0.00 2 . 62 e − 02 0.00 2 . 72 e − 02 0.0040 

16 1.65 1 . 23 e − 02 2.30 5 . 32 e − 03 2.09 6 . 40 e − 03 0.0080 

32 1.48 4 . 42 e − 03 1.85 1 . 48 e − 03 1.78 1 . 87 e − 03 0.0360 

64 1.53 1 . 53 e − 03 1.97 3 . 76 e − 04 1.93 4 . 90 e − 04 0.2080 

128 1.48 5 . 48 e − 04 1.93 9 . 86 e − 05 1.81 1 . 40 e − 04 0.2360 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 22 e − 02 0.00 8 . 10 e − 03 0.00 8 . 87 e − 03 0.0040 

16 2.91 1 . 62 e − 03 2.94 1 . 06 e − 03 2.93 1 . 17 e − 03 0.0320 

32 2.99 2 . 05 e − 04 3.02 1 . 30 e − 04 3.01 1 . 45 e − 04 0.1160 

64 3.04 2 . 48 e − 05 3.04 1 . 58 e − 05 3.04 1 . 75 e − 05 0.1720 

128 3.00 3 . 10 e − 06 3.00 1 . 97 e − 06 3.00 2 . 19 e − 06 0.3440 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 46 e − 02 0.00 1 . 01 e − 02 0.00 1 . 10 e − 02 0.0040 

16 4.00 9 . 15 e − 04 4.11 5 . 88 e − 04 4.08 6 . 51 e − 04 0.0080 

32 4.11 5 . 31 e − 05 4.11 3 . 39 e − 05 4.11 3 . 76 e − 05 0.0360 

64 4.05 3 . 20 e − 06 4.06 2 . 04 e − 06 4.06 2 . 26 e − 06 0.1560 

128 4.03 1 . 96 e − 07 4.03 1 . 25 e − 07 4.03 1 . 39 e − 07 0.5520 

w

x

d

 

r  

β  

t  

(  

t  

s  

c  

n  

n

4

 

s

Q

w

w

u

ith y satisfying 

 = y − ln (1 − βth 0 (y )) 

β
. (77) 

etails about the derivation of this solution can be found in [23] . 

Tables 3 and 4 show the results for CG and DG predictors,

espectively. Using the output time t out = 0 . 1 with C c f l = 0 . 9 ,

= −1 . We note that in this case the DG predictor produces bet-

er results than CG predictors, specially for high order of accuracy

third and fourth order). There is no a large difference in the CPU

ime computations. However, we observe that DG predictor is

lightly more expensive than CG predictor when the number of

ells increases, which is expected because in the DG approach the

umber of degrees of freedom to be computed is larger than the

umber of degrees of freedom required for the CG approach. 
.3. A system of non-linear hyperbolic balance laws 

Here we assess the present methods, applied to the non-linear

ystem 

∂ t Q + ∂ x F (Q ) = S (Q ) , 

 = [ sin (2 πx ) , cos (2 πx ) ] 
T 
, (78) 

here F ( Q ) and S ( Q ) are given by 

F (Q ) = 

⎡ 

⎢ ⎢ ⎣ 

1 
9 

(
5 
2 

u 

2 + v 2 − u v 
)

1 
9 

(
4 u v − u 

2 + 

1 
2 
v 2 

)
⎤ 

⎥ ⎥ ⎦ 

, S (Q ) = 

⎡ 

⎢ ⎢ ⎣ 

β

(
2 u −v 

3 

)2 

−β

(
2 u −v 

3 

)2 

⎤ 

⎥ ⎥ ⎦ 

, 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

(79) 

here β ≤ 0 is a constant value. The exact solution is given by 

 (x, t) = w 1 (x, t) + w 2 (x, t) , 

v (x, t) = 2 w 1 (x, t) − w 2 (x, t) , (80) 
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Table 3 

Burgers equation with quadratic reaction term. CG-predictor output time t out = 0 . 1 with C c f l = 0 . 9 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 23 e − 02 0.00 3 . 16 e − 03 0.00 4 . 60 e − 03 0.0160 

64 0.70 7 . 58 e − 03 1.77 9 . 29 e − 04 1.56 1 . 56 e − 03 0.0480 

128 1.66 2 . 41 e − 03 1.86 2 . 55 e − 04 1.78 4 . 55 e − 04 0.1320 

256 1.97 6 . 16 e − 04 1.98 6 . 49 e − 05 1.94 1 . 19 e − 04 0.4 4 40 

512 1.98 1 . 56 e − 04 1.98 1 . 65 e − 05 1.96 3 . 05 e − 05 1.8120 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 28 e − 03 0.00 2 . 30 e − 04 0.00 3 . 81 e − 04 0.0160 

64 1.04 6 . 21 e − 04 2.35 4 . 51 e − 05 1.83 1 . 08 e − 04 0.0520 

128 2.31 1 . 25 e − 04 2.82 6 . 38 e − 06 2.65 1 . 71 e − 05 0.1920 

256 2.77 1 . 83 e − 05 2.85 8 . 82 e − 07 2.80 2 . 46 e − 06 0.7360 

512 2.94 2 . 39 e − 06 2.94 1 . 15 e − 07 2.91 3 . 28 e − 07 2.7240 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 75 e − 03 0.00 1 . 89 e − 04 0.00 4 . 22 e − 04 0.0160 

64 2.76 2 . 59 e − 04 3.21 2 . 04 e − 05 2.85 5 . 86 e − 05 0.0600 

128 3.57 2 . 18 e − 05 4.09 1 . 20 e − 06 4.00 3 . 66 e − 06 0.2320 

256 4.19 1 . 20 e − 06 4.27 6 . 21 e − 08 4.15 2 . 06 e − 07 0.9200 

512 3.97 7 . 63 e − 08 4.15 3 . 49 e − 09 4.14 1 . 17 e − 08 3.6880 

Table 4 

Burgers equation with quadratic reaction term. DG-predictor output time t out = 0 . 1 with C c f l = 0 . 9 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 70 e − 02 0.00 2 . 91 e − 03 0.00 4 . 57 e − 03 0.0920 

64 1.45 6 . 21 e − 03 1.78 8 . 47 e − 04 1.64 1 . 46 e − 03 0.0760 

128 1.51 2 . 18 e − 03 1.89 2 . 28 e − 04 1.79 4 . 23 e − 04 0.1120 

256 1.91 5 . 80 e − 04 1.99 5 . 72 e − 05 1.95 1 . 10 e − 04 0.4280 

512 1.99 1 . 46 e − 04 1.98 1 . 45 e − 05 1.96 2 . 82 e − 05 1.7080 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 93 e − 03 0.00 2 . 25 e − 04 0.00 5 . 05 e − 04 0.0160 

64 1.47 7 . 00 e − 04 2.34 4 . 43 e − 05 2.04 1 . 23 e − 04 0.0560 

128 2.40 1 . 33 e − 04 2.83 6 . 23 e − 06 2.66 1 . 94 e − 05 0.1960 

256 2.82 1 . 88 e − 05 2.81 8 . 91 e − 07 2.80 2 . 78 e − 06 0.7320 

512 2.92 2 . 49 e − 06 2.92 1 . 18 e − 07 2.91 3 . 70 e − 07 2.7520 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 1 . 68 e − 03 0.00 1 . 79 e − 04 0.00 4 . 06 e − 04 0.0200 

64 2.71 2 . 57 e − 04 3.19 1 . 96 e − 05 2.82 5 . 75 e − 05 0.0720 

128 3.60 2 . 12 e − 05 4.10 1 . 15 e − 06 4.01 3 . 58 e − 06 0.2520 

256 4.16 1 . 19 e − 06 4.28 5 . 91 e − 08 4.16 2 . 00 e − 07 0.9800 

512 3.97 7 . 61 e − 08 4.16 3 . 29 e − 09 4.14 1 . 13 e − 08 3.70 0 0 
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where w 1 and w 2 are the solutions to 

∂ t w 1 + w 1 ∂ x (w 1 ) = 0 , 

∂ t w 2 + w 2 ∂ x (w 2 ) = βw 

2 
2 , (81)

where the initial condition for each equation is 

w 1 (x, 0) = 

sin (2 πx ) + cos (2 πx ) 

3 

, 

w 2 (x, t) = 

2 sin (2 πx ) − cos (2 πx ) 

3 

. 

From Section 4.2 , we are able to find the solution to the decoupled

system (81) thus to (80) . 

Tables 5 and 6 show the results for CG and DG predictors, re-

spectively. We observe that the computational costs for meshes in

this test are comparable for both CG and DG approaches. However,

CPU times for the DG predictor are slightly more expensive than

those for the CG predictor when the number of cells increases,

as expected. We observe that the expected theoretical orders of

accuracy are achieved up to the fourth order. 
.4. The Euler equations 

Now let us consider the Euler equations 

 = 

[ 

ρ
ρu 

E 

] 

, F (Q ) = 

[ 

ρu 

ρu 

2 + p 
u (E + p) 

] 

. (82)

ere, the pressure p is related with the conserved variables

hrough the equation for an ideal gas with γ = 1 . 4 , which yields 

p = (γ − 1) 

(
E − ρu 

2 

2 

)
. (83)

he initial condition for this system in terms of non-conservative

ariables [ ρ , u, p ], is given by 

(x, 0) = 1 + 0 . 2 sin (2 πx ) , 

u (x, 0) = 1 , 

p(x, 0) = 2 , (84)
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Table 5 

Non-Linear system. CG-predictor output time t out = 0 . 1 with C c f l = 0 . 9 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 3 . 18 e − 02 0.00 8 . 51 e − 03 0.00 1 . 26 e − 02 0.1680 

64 1.45 1 . 16 e − 02 1.80 2 . 44 e − 03 1.63 4 . 07 e − 03 0.1640 

128 1.79 3 . 37 e − 03 1.95 6 . 33 e − 04 1.90 1 . 09 e − 03 0.2880 

256 1.97 8 . 63 e − 04 2.00 1 . 58 e − 04 1.98 2 . 76 e − 04 1.10 0 0 

512 1.98 2 . 18 e − 04 2.01 3 . 93 e − 05 1.99 6 . 95 e − 05 4.2920 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 6 . 75 e − 03 0.00 1 . 54 e − 03 0.00 2 . 47 e − 03 0.0760 

64 1.88 1 . 83 e − 03 2.54 2 . 66 e − 04 2.28 5 . 10 e − 04 0.0880 

128 2.52 3 . 18 e − 04 2.71 4 . 05 e − 05 2.57 8 . 58 e − 05 0.30 0 0 

256 2.75 4 . 73 e − 05 2.89 5 . 49 e − 06 2.82 1 . 21 e − 05 1.1440 

512 2.90 6 . 33 e − 06 2.95 7 . 12 e − 07 2.92 1 . 60 e − 06 4.5240 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 8 . 28 e − 03 0.00 1 . 52 e − 03 0.00 2 . 71 e − 03 0.0240 

64 2.74 1 . 24 e − 03 3.27 1 . 57 e − 04 2.98 3 . 44 e − 04 0.10 0 0 

128 3.43 1 . 15 e − 04 3.72 1 . 19 e − 05 3.64 2 . 76 e − 05 0.3600 

256 4.09 6 . 71 e − 06 4.26 6 . 25 e − 07 4.22 1 . 48 e − 06 1.2440 

512 4.26 3 . 50 e − 07 4.26 3 . 26 e − 08 4.31 7 . 45 e − 08 4.80 0 0 

Table 6 

Non-Linear system. DG-predictor output time t out = 0 . 1 with C c f l = 0 . 9 , β = −1 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 3 . 52 e − 02 0.00 8 . 66 e − 03 0.00 1 . 30 e − 02 0.0480 

64 1.44 1 . 30 e − 02 1.75 2 . 57 e − 03 1.58 4 . 36 e − 03 0.1880 

128 1.68 4 . 07 e − 03 1.94 6 . 70 e − 04 1.86 1 . 20 e − 03 0.2880 

256 1.93 1 . 07 e − 03 1.98 1 . 70 e − 04 1.95 3 . 10 e − 04 1.0920 

512 1.96 2 . 75 e − 04 2.00 4 . 25 e − 05 1.97 7 . 92 e − 05 4.2640 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 7 . 23 e − 03 0.00 1 . 43 e − 03 0.00 2 . 72 e − 03 0.1640 

64 2.12 1 . 67 e − 03 2.63 2 . 30 e − 04 2.39 5 . 18 e − 04 0.0840 

128 2.53 2 . 89 e − 04 2.67 3 . 62 e − 05 2.60 8 . 53 e − 05 0.3080 

256 2.74 4 . 31 e − 05 2.86 4 . 97 e − 06 2.83 1 . 20 e − 05 1.1720 

512 2.90 5 . 77 e − 06 2.94 6 . 46 e − 07 2.93 1 . 58 e − 06 4.6240 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

32 0.00 8 . 34 e − 03 0.00 1 . 55 e − 03 0.00 2 . 74 e − 03 0.0280 

64 2.75 1 . 24 e − 03 3.27 1 . 60 e − 04 2.98 3 . 47 e − 04 0.10 0 0 

128 3.43 1 . 15 e − 04 3.73 1 . 20 e − 05 3.65 2 . 77 e − 05 0.3760 

256 4.10 6 . 73 e − 06 4.27 6 . 23 e − 07 4.23 1 . 48 e − 06 1.3440 

512 4.26 3 . 51 e − 07 4.27 3 . 23 e − 08 4.32 7 . 42 e − 08 5.0120 
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dditionally the system is endowed periodic boundary conditions.

he exact solution is given by 

(x, t) = 1 + 0 . 2 sin (2 π(x − t)) , 

u (x, t) = 1 , 

p(x, t) = 2 . (85) 

Tables 7 and 8 show the convergence rate for the variable ρ of

he Euler equations. We observe that both approaches, DG and CG

or the predictor, provides very similar results in terms of accuracy

nd CPU times. 

.5. The LeVeque-Yee test 

We apply the scheme described in Section 3.3 to solve the chal-

enging LeVeque-Yee test [20] . The flux is f (q ) = λq and the source

erm has the expression s (q ) = βq (q − 1)(q − 1 ) , with β ≤ 0, con-
2 
tant. Here we take λ = 1 . The computational domain is [0, 1] and

oundary conditions are transmissive. The initial condition is 

 (x, 0) = 

{ 

1 if x < 0 . 3 , 

0 if x > 0 . 3 . 

(86) 

ig. 1 shows a comparison between exact (line) and numerical

symbols) solutions of second, third and fourth order of accuracy

nd the zoom of the solution around x = 0 . 6 and q = 1 is de-

icted in the left superior part of the figure. In this test, we take

 out = 0 . 3 , for β = −10 0 0 , 10 0 cells and C c f l = 0 . 99 . In this system,

he initial condition moves to the right with velocity v = 1 . We

bserve a very good agreement between the numerical and the

xact solution with a very large CFL. This illustrates that this

ethod councils accuracy and stability. 
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Table 7 

Euler equations. CG-predictor output time t out = 1 with C c f l = 0 . 9 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 20 e − 01 0.00 8 . 08 e − 02 0.00 8 . 80 e − 02 0.0200 

16 2.08 2 . 84 e − 02 2.14 1 . 83 e − 02 2.12 2 . 02 e − 02 0.0520 

32 2.32 5 . 70 e − 03 2.25 3 . 84 e − 03 2.29 4 . 13 e − 03 0.2400 

64 1.99 1 . 44 e − 03 2.12 8 . 82 e − 04 2.09 9 . 70 e − 04 0.2400 

128 2.06 3 . 45 e − 04 2.02 2 . 17 e − 04 2.01 2 . 41 e − 04 0.8480 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 7 . 65 e − 02 0.00 5 . 18 e − 02 0.00 5 . 63 e − 02 0.0160 

16 2.46 1 . 39 e − 02 2.59 8 . 63 e − 03 2.56 9 . 55 e − 03 0.10 0 0 

32 2.87 1 . 90 e − 03 2.93 1 . 13 e − 03 2.92 1 . 26 e − 03 0.1920 

64 2.97 2 . 41 e − 04 2.99 1 . 43 e − 04 2.99 1 . 59 e − 04 0.3360 

128 2.99 3 . 03 e − 05 3.00 1 . 79 e − 05 3.00 2 . 00 e − 05 1.3520 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 6 . 91 e − 02 0.00 4 . 73 e − 02 0.00 5 . 13 e − 02 0.0120 

16 4.10 4 . 03 e − 03 4.24 2 . 50 e − 03 4.21 2 . 76 e − 03 0.0600 

32 4.41 1 . 90 e − 04 4.48 1 . 12 e − 04 4.48 1 . 24 e − 04 0.1880 

64 4.26 9 . 90 e − 06 4.24 5 . 90 e − 06 4.24 6 . 57 e − 06 0.5200 

128 4.11 5 . 73 e − 07 4.08 3 . 49 e − 07 4.08 3 . 89 e − 07 2.1200 

Table 8 

Euler equations. DG-predictor output time t out = 1 with C c f l = 0 . 9 . 

Theoretical order : 2 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 1 . 20 e − 01 0.00 8 . 08 e − 02 0.00 8 . 80 e − 02 0.0240 

16 2.08 2 . 84 e − 02 2.14 1 . 83 e − 02 2.12 2 . 02 e − 02 0.0720 

32 2.32 5 . 70 e − 03 2.25 3 . 84 e − 03 2.29 4 . 13 e − 03 0.2400 

64 1.99 1 . 44 e − 03 2.12 8 . 82 e − 04 2.09 9 . 70 e − 04 0.2080 

128 2.06 3 . 45 e − 04 2.02 2 . 17 e − 04 2.01 2 . 41 e − 04 0.7920 

Theoretical order : 3 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 7 . 65 e − 02 0.00 5 . 18 e − 02 0.00 5 . 63 e − 02 0.0240 

16 2.46 1 . 39 e − 02 2.59 8 . 63 e − 03 2.56 9 . 55 e − 03 0.1280 

32 2.87 1 . 90 e − 03 2.93 1 . 13 e − 03 2.92 1 . 26 e − 03 0.1720 

64 2.97 2 . 41 e − 04 2.99 1 . 43 e − 04 2.99 1 . 59 e − 04 0.3720 

128 2.99 3 . 03 e − 05 3.00 1 . 79 e − 05 3.00 2 . 00 e − 05 1.5760 

Theoretical order : 4 

Mesh L ∞ - err L ∞ - ord L 1 - err L 1 - ord L 2 - err L 2 - ord CPU 

8 0.00 6 . 91 e − 02 0.00 4 . 73 e − 02 0.00 5 . 13 e − 02 0.0080 

16 4.10 4 . 03 e − 03 4.24 2 . 50 e − 03 4.21 2 . 76 e − 03 0.0400 

32 4.41 1 . 90 e − 04 4.48 1 . 12 e − 04 4.48 1 . 24 e − 04 0.1520 

64 4.26 9 . 90 e − 06 4.24 5 . 90 e − 06 4.24 6 . 57 e − 06 0.6640 

128 4.11 5 . 73 e − 07 4.08 3 . 49 e − 07 4.08 3 . 89 e − 07 2.3920 
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5. Conclusions 

Here, we have presented an ADER finite volume scheme, where

GRP’s have been solved by following an HEOC type approach

where the predictor was obtained by using DG as well as CG

schemes. The presented family of space-time polynomials im-

plemented in the Galerkin framework resulted into an algebraic

equation for the degrees of freedom which are weakly coupled,

they are only coupled on the fluxes and gradient of fluxes. It made

possible the implementation of nested-type fixed-point proce-

dures, where an efficient matrix inversion procedure was designed

from the structure of the Jacobian matrix of the algebraic equation.

The projection of flux and source term on the polynomial space

is not so simple as in the case of conventional space-time nodal

basis, but the projection of these terms on a particular node only
g

nvolves the manipulation of the degrees of freedoms associated

ith such node. 

ADER schemes have been implemented to solve several test

roblems, for non-stiff cases, DG schemes, as well as CG schemes,

ave provided accurate numerical solutions, empirical convergence

ate assessments have shown that the present schemes achieve up

o fourth order of accuracy in space and time. The computational

ost associated with both schemes are comparable and only some

ifferences appear when the number of cells increases. We have

bserved that CPU times of the DG predictor are slightly more

xpensive than those for the CG predictor, which is expected

ecause in the DG approach the number of degrees of freedom to

e determined is larger than the number of degrees of freedom

equired for the CG approach. The Leveque-Yee test has been

olved, in a very stiff regime with a very large CFL number and a

ood agreement was observed. 
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Fig. 1. Leveque and Yee. Parameters β = −10 0 0 , c c f l = 0 . 99 t out = 0 . 3 , 100 cells. 
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varia

-----
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Accu
F0 (

) ::

-----
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ppendix A. Update of degrees of freedom. Formulae coming 

rom the DG discretization 

Here we present a Fortran 90 code to update coefficients
ˆ 
 

0 
i +( j−1) n N 

and 

ˆ V x 
i +( j−1) n N 

once flux and source evaluations have

! "W0" the modes associated with
! has dimension (Number of nodes
!
! "F0, Fx, S0", have dimension (
!
! These are evaluated from V0 a
!
! F0 ( k, :) = F ( V0 ( k, :) )
!
! where F ( Q) is the flux func
!
! Fx ( k, :) = A ( V0 ( k, :) )
!
! with A(Q)the Jacobian matrix
!
! Output: "V0" updated coefficie
! dimension ( Modes, Number of
!
!--------------------------------

Subroutine GetUpdatedDOF_V0 ( Acc
!--------------------------------
!
Integer , Intent ( in) ::
Double Precision, Intent ( in) ::
& W0(:, :), S0 ( :, :)
!
Double Precision, Intent ( output
!
!--------------------------------
! Input: "Accuracy" is the orde
!

een carried out. This approach is designated to be used in a

icard-type iteration loop. 

In these subroutines we use indexes like k = 1 , . . . , N ∗ n N ,

hich are related with i = 1 , . . . , n N and j = 1 , . . . , N as k =
 + ( j − 1) n N . So using this index convention, coefficients ˆ V 0 

i +( j−1) n N 

nd 

ˆ V x 
i +( j−1) n N 

are stored in V 0( k , :) and Vx ( k , :), respectively. For-

ulae for second, third and fourth order of accuracy are presented.

The update of ˆ V 0 
i +( j−1) n N 

is obtained from the following subrou-

ine: 

econstruction polynomials. It

, Number of variables).

as follows:

( k, :) = S ( V0 ( k, :) ),

and S ( Q) is the source function.

( k, :),

Q) with respect to Q.

has
bles).

-----------------------------

, W0, F0, Fx, S0, V0)
-----------------------------

racy
:, :), Fx ( :, :), &

V0 ( :, :)

-----------------------------
accuracy to be implemented.

http://dx.doi.org/10.13039/501100002850
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+2*W

+2*W

----

----
der
----
)*sq
-126
.0/2
: )
: )

)*sq
-126
.0/2
: )
: )

qrt(
+504
)-55
)+18

qrt(
+504
)-55
)+18

rt(5
)-

3**(
*Fx(
+36*

----
der
----
Fx
2.0

1,
----

----
der
----
)+(1
,:)+
5,:

)+(1
,:)+
6,:

1,:
8)*F
(3)*

2,:
8)*F
(3)*
V0(5,:) =((-Fx(1,: ))+S0(1,: )
&)/2.0

V0(6,:) =((-Fx(2,: ))+S0(2,: )
&)/2.0

!-----------------------------

Case ( 4)
!-----------------------------
! Degrees of freedom at 4th or
!-----------------------------
V0(1,:) = -((205-2*3**(3.0/2.0

&)*sqrt(5)-205)*S0(1,: )
&(5))*Fx(3,: )+(28*3**(3
&(5.0/2.0)*sqrt(5))*Fx(5,
& )-36*Fx(7,: )+36*S0(7,

V0(2,:) = -((205-2*3**(3.0/2.0
&)*sqrt(5)-205)*S0(2,: )
&(5))*Fx(4,: )+(28*3**(3
&(5.0/2.0)*sqrt(5))*Fx(6,
& )-36*Fx(8,: )+36*S0(8,

V0(3,:) = (((-8*3**(3.0/2.0)*s
&0)*sqrt(5)+55)*S0(1,: )
&)+(8*3**(3.0/2.0)*sqrt(5
&))*S0(5,: )-18*Fx(7,:

V0(4,:) = (((-8*3**(3.0/2.0)*s
&0)*sqrt(5)+55)*S0(2,: )
&)+(8*3**(3.0/2.0)*sqrt(5
&))*S0(6,: )-18*Fx(8,:

V0(5,:) = -((4*3**(5.0/2.0)*sq
&.0)*sqrt(5))-205)*S0(1,:
&5)+256)*Fx(3,: )+((-28*
&**(3.0/2.0)*sqrt(5)+205)
&)*S0(5,: )-36*Fx(7,: )

Select Case ( Accuracy)
Case (2)
!-----------------------------
! Degrees of freedom at 2nd or
!-----------------------------
V0 ( 1, :) = -S0 ( 2, :)/6.0 +
& + 2.0 * S0 ( 1 , : ) / 3.0 -
!
V0 ( 2, :) = W0 ( 1, :) + S0 (
!-----------------------------

Case ( 3)
!-----------------------------
! Degrees of freedom at 4th or
!-----------------------------
V0(1,:) =((sqrt(3)-18)*Fx(1,:

&: )+(11*sqrt(3)-12)*Fx(3
&)*Fx(5,: )+2*sqrt(3)*S0(

V0(2,:) =((sqrt(3)-18)*Fx(2,:
&: )+(11*sqrt(3)-12)*Fx(4
&)*Fx(6,: )+2*sqrt(3)*S0(

V0(3,:) =-((11*sqrt(3)+12)*Fx(
&)-60*W0(1,: )+(sqrt(3)+1
&*sqrt(3)*Fx(5,: )+2*sqrt

V0(4,:) =-((11*sqrt(3)+12)*Fx(
&)-60*W0(2,: )+(sqrt(3)+1
&*sqrt(3)*Fx(6,: )+2*sqrt
0(1,: )-Fx(3,: )+S0(3,: )&

0(2,: )-Fx(4,: )+S0(4,: )&

------------------------------

------------------------------
in space and 4th order in time.
------------------------------
rt(5))*Fx(1,: )+(2*3**(3.0/2.0&
0*W0(1,: )+(256-28*3**(3.0/2.0)*sqrt&
.0)*sqrt(5)-256)*S0(3,: )+(205-4*3**&
+(4*3**(5.0/2.0)*sqrt(5)-205)*S0(5,: &
)/1260.0

rt(5))*Fx(2,: )+(2*3**(3.0/2.0&
0*W0(2,: )+(256-28*3**(3.0/2.0)*sqrt&
.0)*sqrt(5)-256)*S0(4,: )+(205-4*3**&
+(4*3**(5.0/2.0)*sqrt(5)-205)*S0(6,: &
)/1260.0

5))-55)*Fx(1,: )+(8*3**(3.0/2.&
*W0(1,: )-124*Fx(3,: )+124*S0(3,: &
)*Fx(5,: )+(55-8*3**(3.0/2.0)*sqrt(5&
*S0(7,: ))/504.0

5))-55)*Fx(2,: )+(8*3**(3.0/2.&
*W0(2,: )-124*Fx(4,: )+124*S0(4,: &
)*Fx(6,: )+(55-8*3**(3.0/2.0)*sqrt(5&
*S0(8,: ))/504.0

)+205)*Fx(1,: )+((-4*3**(5.0/2&
1260*W0(1,: )+(28*3**(3.0/2.0)*sqrt(&
3.0/2.0)*sqrt(5))-256)*S0(3,: )+(2*3&
5,: )+((-2*3**(3.0/2.0)*sqrt(5))-205&
S0(7,: ))/1260.0

------------------------------
in space and time.
------------------------------
( 2, :) / 6.0 + W0 ( 1, :) &
* Fx ( 1, :) / 3.0

:) - Fx ( 1, :)
------------------------------

------------------------------
in space and 3rd order in time.
------------------------------
8-sqrt(3))*S0(1,: )+60*W0(1,&
(12-11*sqrt(3))*S0(3,: )-2*sqrt(3&
))/60.0

8-sqrt(3))*S0(2,: )+60*W0(2,&
(12-11*sqrt(3))*S0(4,: )-2*sqrt(3&
))/60.0

)+((-11*sqrt(3))-12)*S0(1,: &
x(3,:)+((-sqrt(3))-18)*S0(3,: )-2&
S0(5,: ))/60.0

)+((-11*sqrt(3))-12)*S0(2,: &
x(4,:)+((-sqrt(3))-18)*S0(4,: )-2&
S0(6,: ))/60.0
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----
Wx
:)
----

-----

cy =

-----

-----

the

y, Wx
-----

uracy
( :,

Vx (

-----
accu

recon

Modes

x as

and

x ( k
x ( k

F(Q)
espec

has
ables
-----

-----
free

05)*F
0*W0(
/2.0)

)+(
8,:

+18*W
))/1

+18*W
))/1
!-----------------------------
Vx(1,:) = - Sx ( 2, :) / 6.0 +
Vx(2,:) = Wx ( 1, :) + Sx (1,
!-----------------------------

Case ( 3)

!----------------------------------
Case Default
!
Print*,"Not yet implemented. Accura
Stop
!
!----------------------------------

End Select
!------------------------------------
End Subroutine GetUpdatedDOF_V0

The update of V̂ x
i+(j−1)nN

is obtained from

Subroutine GetUpdatedDOF_Vx ( Accurac
!------------------------------------
!
Integer , Intent ( in) :: Acc
Double Precision, Intent ( in) :: F0
& Wx ( :, :), Sx ( :, :)
!
Double Precision, Intent ( output) ::
!
!------------------------------------
! Input: "Accuracy" is the order of
!
! "Wx" the modes associated with the
! has dimension (Number of nodes).
!
! "F0, Fx, S0, Sx", have dimension (
!
! These are evaluated from V0 and V
!
! F0 ( k, :) = F ( V0 ( k, :) )
!
! where F ( Q) is the flux function
!
! Fx ( k, :) = A ( V0 ( k, :) ) * V
! Sx ( k, :) = B ( V0 ( k, :) ) * V
!
! with A(Q) the Jacobian matrix of
! of the source function S(Q) with r
!
! Output: "V0" updated coefficients,
! dimension ( Modes, Number of vari
!------------------------------------
Select Case (Accuracy)
Case ( 2)
!----------------------------------
! Algebraic equation for degrees of
! space and time.

V0(6,:) = -((4*3**(5.0/2.0)*sqrt(5)+2
&.0)*sqrt(5))-205)*S0(2,: )-126
&5)+256)*Fx(4,: )+((-28*3**(3.0
&**(3.0/2.0)*sqrt(5)+205)*Fx(6,:
&)*S0(6,: )-36*Fx(8,: )+36*S0(

V0(7,:) = ((-5*Fx(1,: ))+5*S0(1,: )
&S0(3,: )-5*Fx(5,: )+5*S0(5,:

V0(8,:) = ((-5*Fx(2,: ))+5*S0(2,: )
&S0(4,: )-5*Fx(6,: )+5*S0(6,:
------------------------------
( 1, :) + 2.0 * Sx ( 1, :) / 3.0

------------------------------

------------------------

", Accuracy

------------------------

-------------------------

following subroutine:

, F0, Fx, Sx, Vx)
-------------------------

:), Fx ( :, :), &

:, :)

-------------------------
racy to be implemented.

struction polynomials. It

, Number of variables).

follows:

, :),
, :),

and B(Q) the Jacobian matrix
t to Q.

).
-------------------------

------------------------
dom at second order in

x(2,: )+((-4*3**(5.0/2&
2,: )+(28*3**(3.0/2.0)*sqrt(&
*sqrt(5))-256)*S0(4,: )+(2*3&
(-2*3**(3.0/2.0)*sqrt(5))-205&
))/1260.0

0(1,: )-8*Fx(3,: )+8*&
8.0

0(2,: )-8*Fx(4,: )+8*&
8.0
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----
reed

----

----
ees

----
: )
-264
0(3,
**(5
(5.0
,:

)-
264)
+(26
*(5.
Sx(2
,:

)-
/2.0
)*F0
,:
)+(2
(3))

: )
0/2.
.0))
Fx(3
+((-
*(3.

)-
3,:

,:
,:

----

2.0)
/2.0
3**(
)+

20*3
)+(

**(3
+(32
Case ( 4)
!----------------------------------------
! Algebraic equation for for degrees of f
! space and 4th order in time.
!----------------------------------------

!--------------------------------
! Algebraic equation for for degr
! space and 3rd order in time.
!--------------------------------
Vx(1,:) = -((48*F0(6,: )-8*Fx(6,

&*Fx(5,: )+(32*3**(3.0/2.0)
& )+(264-32*3**(3.0/2.0))*F
&32*sqrt(3))*Fx(3,: )+(16*3
&/2.0))*Fx(2,: )+(24-16*3**
& )+(1-2*3**(3.0/2.0))*Sx(1
&qrt(3))/20.0

Vx(2,:) = ((48*F0(6,: )+2*Sx(6,:
&Fx(5,: )+(32*3**(3.0/2.0)-
&)+(88-32*sqrt(3))*Fx(4,: )
&6*sqrt(3))*Fx(3,: )+(16*3*
&(2,: )+(2*3**(3.0/2.0)-1)*
&)+(24-16*3**(5.0/2.0))*F0(1
&rt(3))/20.0

Vx(3,:) = ((48*F0(6,: )-8*Fx(6,:
&Fx(5,: )+((-24)-16*3**(5.0
&(4,: )+(24+16*3**(5.0/2.0)
& )+(8+16*3**(3.0/2.0))*Fx(3
& )+(44+16*sqrt(3))*Fx(2,:
&qrt(3)*Wx(1,: )+(11+4*sqrt
& ))/sqrt(3))/20.0

Vx(4,:) = -((48*F0(6,: )+2*Sx(6,
&*Fx(5,: )+((-24)-16*3**(5.
&)*Sx(4,: )+(8+16*3**(3.0/2
&(3,: )+(4+8*3**(3.0/2.0))*
&2,: )-20*sqrt(3)*Wx(2,: )
&rt(3))*Fx(2,: )+(264+32*3*
&Fx(1,: ))/sqrt(3))/20.0

Vx(5,:) = -((-8*Fx(1,: ))-Sx(1,:
&x(2,: )+24*F0(2,: )-8*Fx(
& )+24*F0(4,: ))/2.0

Vx(6,:) = ((-4*Fx(1,: ))-24*F0(1
&(2,: )+24*F0(2,: )-4*Fx(3
& )+24*F0(4,: ))/2.0

!--------------------------------

Vx(1,:) = (5**((-3.0)/2.0)*((328*5**(3.0/
&(1,: )+(41*5**(3.0/2.0)-10*3**(3.0
&.0)*Wx(1,: )+(984*5**(3.0/2.0)-80*
&**(3.0/2.0)-40*3**(3.0/2.0))*Fx(2,:
&.0/2.0))*F0(2,: )+(2048*sqrt(5)-11
&6*sqrt(5)-140*3**(3.0/2.0))*Sx(3,:
&2.0))*F0(3,: )+(1024*sqrt(5)-560*3
&**(5.0/2.0)-6144*sqrt(5))*F0(4,: )
-------------------
om at 4th order in

-------------------

---------------------------
of freedom at 4th order in

---------------------------
-48*F0(5,: )-2*Sx(5,: )-16&
)*F0(4,: )+(44-16*sqrt(3))*Fx(4,:&
: )+(11-4*sqrt(3))*Sx(3,: )+(88-&
.0/2.0)-24)*F0(2,: )+(4-8*3**(3.0&
/2.0))*F0(1,: )-20*sqrt(3)*Wx(1,:&
)+(8-16*3**(3.0/2.0))*Fx(1,: ))/s&

16*Fx(6,: )-48*F0(5,: )-8*&
*F0(4,: )+(4*sqrt(3)-11)*Sx(4,: &
4-32*3**(3.0/2.0))*F0(3,: )+(44-1&
0/2.0)-24)*F0(2,: )+20*sqrt(3)*Wx&
,: )+(8-16*3**(3.0/2.0))*Fx(2,: &
)+(4-8*3**(3.0/2.0))*Fx(1,: ))/sq&

48*F0(5,: )-2*Sx(5,: )-16*&
))*F0(4,: )+(4+8*3**(3.0/2.0))*Fx&
(3,: )+(1+2*3**(3.0/2.0))*Sx(3,: &
)+((-264)-32*3**(3.0/2.0))*F0(2,: &
64+32*3**(3.0/2.0))*F0(1,: )+20*s&
*Sx(1,: )+(88+32*sqrt(3))*Fx(1,: &

-16*Fx(6,: )-48*F0(5,: )-8&
0))*F0(4,: )+((-1)-2*3**(3.0/2.0)&
*Fx(4,: )+(24+16*3**(5.0/2.0))*F0&
,: )+((-264)-32*3**(3.0/2.0))*F0(&
11)-4*sqrt(3))*Sx(2,: )+(88+32*sq&
0/2.0))*F0(1,: )+(44+16*sqrt(3))*&

2*Wx(1,: )-24*F0(1,: )-4*F&
)-Sx(3,: )-24*F0(3,: )-4*Fx(4,:&

)-8*Fx(2,: )+Sx(2,: )+2*Wx&
)-24*F0(3,: )-8*Fx(4,: )+Sx(4,: &

---------------------------

-80*3**(3.0/2.0))*Fx&
))*Sx(1,: )+252*5**(3.0/2&
5.0/2.0))*F0(1,: )+(164*5&
(80*3**(5.0/2.0)-984*5**(3&
**(3.0/2.0))*Fx(3,: )+(25&
6144*sqrt(5)-1120*3**(5.0/&
.0/2.0))*Fx(4,: )+(1120*3&
8*5**(3.0/2.0)-160*3**(5.0&
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)+
**(5
*Fx(
/2.0
+18*

*5**
20*3
0/2.
.0))
2048
0/2.
4*sq
.0/2
41*5
**(5
)+(
(7,:
(8,:

4*5*
+160
Fx(2
3.0/
)+(
**(5
+((-
0*3*
,:

.0/2
2.0)
*3**
6*sq
64*s

4*5*
-80*
(2,:
.0)*
sqrt
0))*
(3.0
*F0(
3.0/
0/2.
0*3*
864*
864*

qrt(
: )
-32*
+132
x(4,
8*3*
0)*F
(5.0
)-

rt(5
1,:
*sqr
0)*F
&)-992*Fx(4,: )+124*Sx(4,:
&rt(5)-220)*Fx(5,: )+(64*3
&*3**(3.0/2.0)*sqrt(5)-440)
&Sx(6,: )+(1320-64*3**(5.0
&32*F0(7,: )-144*Fx(8,: )

Vx(5,:) = (5**((-3.0)/2.0)*((328
&x(1,: )+(41*5**(3.0/2.0)+
&2.0)*Wx(1,: )+(984*5**(3.
&*5**(3.0/2.0)+80*3**(5.0/2
&*3**(7.0/2.0))*F0(2,: )+(
& )+(256*sqrt(5)+140*3**(3.
&*(5.0/2.0))*F0(3,: )+(102
&(-6144*sqrt(5))-1120*3**(5
&*3**(3.0/2.0))*Fx(5,: )+(
& )+(984*5**(3.0/2.0)+80*3
&)+40*3**(3.0/2.0))*Fx(6,:
&)*F0(6,: )-288*sqrt(5)*Fx
&)*F0(7,: )-144*sqrt(5)*Fx

Vx(6,:) = -(5**((-3.0)/2.0)*((16
&x(1,: )+(984*5**(3.0/2.0)
&.0/2.0)+160*3**(5.0/2.0))*
&0/2.0))*Sx(2,: )-252*5**(
&-160*3**(7.0/2.0))*F0(2,:
&,: )+(6144*sqrt(5)+1120*3
&20*3**(3.0/2.0))*Fx(4,: )
&,: )+((-6144*sqrt(5))-112
&2.0)+40*3**(3.0/2.0))*Fx(5

&/2.0))*Fx(5,: )+(41*5**(3
&*5**(3.0/2.0)-160*3**(7.0/
&*(5.0/2.0))*Fx(6,: )+(160
& )-288*sqrt(5)*Fx(7,: )-3
& )-144*sqrt(5)*Fx(8,: )+8

Vx(2,:) = -(5**((-3.0)/2.0)*((16
&x(1,: )+(984*5**(3.0/2.0)
&0/2.0)-80*3**(3.0/2.0))*Fx
&))*Sx(2,: )-252*5**(3.0/2
&3.0/2.0))*F0(2,: )+(1024*
&44*sqrt(5)-1120*3**(5.0/2.
&0/2.0))*Fx(4,: )+(140*3**
&3**(5.0/2.0)-6144*sqrt(5))
&/2.0))*Fx(5,: )+(984*5**(
&28*5**(3.0/2.0)-160*3**(5.
&**(3.0/2.0))*Sx(6,: )+(16
& )-144*sqrt(5)*Fx(7,: )-
&: )+36*sqrt(5)*Sx(8,: )+

Vx(3,:) = -(((-64*3**(3.0/2.0)*s
&.0/2.0)*sqrt(5))-55)*Sx(1,
&qrt(5))-1320)*F0(1,: )+((
&)+(64*3**(5.0/2.0)*sqrt(5)
&,: )-2976*F0(3,: )-496*F
&)*sqrt(5)-440)*Fx(5,: )+(
&4*3**(5.0/2.0)*sqrt(5)-132
&20)*Fx(6,: )+(1320-64*3**
& )-18*Sx(7,: )-432*F0(7,:

Vx(4,:) = (((-32*3**(3.0/2.0)*sq
&.0/2.0)*sqrt(5))-1320)*F0(
&*Fx(2,: )+(8*3**(3.0/2.0)
&4*3**(5.0/2.0)*sqrt(5)+132
2976*F0(4,: )+(32*3**(3.0/2.0)*sq&
.0/2.0)*sqrt(5)-1320)*F0(5,: )+(64&
6,: )+(55-8*3**(3.0/2.0)*sqrt(5))*&
)*sqrt(5))*F0(6,: )-72*Fx(7,: )-4&
Sx(8,: )+432*F0(8,: ))/504.0

(3.0/2.0)+160*3**(5.0/2.0))*F&
**(5.0/2.0))*Sx(1,: )+252*5**(3.0/&
0)+160*3**(7.0/2.0))*F0(1,: )+(164&
*Fx(2,: )+((-984*5**(3.0/2.0))-160&
*sqrt(5)+1120*3**(3.0/2.0))*Fx(3,: &
0))*Sx(3,: )+(6144*sqrt(5)+1120*3*&
rt(5)+560*3**(3.0/2.0))*Fx(4,: )+(&
.0))*F0(4,: )+(328*5**(3.0/2.0)+80&
**(3.0/2.0)+10*3**(3.0/2.0))*Sx(5,:&
.0/2.0))*F0(5,: )+(164*5**(3.0/2.0&
(-984*5**(3.0/2.0))-80*3**(5.0/2.0)&
)-36*sqrt(5)*Sx(7,: )-864*sqrt(5&
)+864*sqrt(5)*F0(8,: )))/252.0

*(3.0/2.0)+80*3**(5.0/2.0))*F&
*3**(7.0/2.0))*F0(1,: )+(328*5**(3&
,: )+((-41*5**(3.0/2.0))-20*3**(5.&
2.0)*Wx(2,: )+((-984*5**(3.0/2.0))&
1024*sqrt(5)+560*3**(3.0/2.0))*Fx(3&
.0/2.0))*F0(3,: )+(2048*sqrt(5)+11&
256*sqrt(5))-140*3**(3.0/2.0))*Sx(4&
*(5.0/2.0))*F0(4,: )+(164*5**(3.0/&
)+(984*5**(3.0/2.0)+80*3**(5.0/2.0)&

.0)-20*3**(5.0/2.0))*Sx(5,: )+(984&
)*F0(5,: )+(164*5**(3.0/2.0)-80*3*&
(7.0/2.0)-984*5**(3.0/2.0))*F0(6,: &
rt(5)*Sx(7,: )-864*sqrt(5)*F0(7,: &
qrt(5)*F0(8,: )))/252.0

*(3.0/2.0)-40*3**(3.0/2.0))*F&
3**(5.0/2.0))*F0(1,: )+(328*5**(3.&
)+(10*3**(3.0/2.0)-41*5**(3.0/2.0&

Wx(2,: )+(80*3**(5.0/2.0)-984*5**(&
(5)-560*3**(3.0/2.0))*Fx(3,: )+(61&
F0(3,: )+(2048*sqrt(5)-1120*3**(3.&
/2.0)-256*sqrt(5))*Sx(4,: )+(1120*&
4,: )+(164*5**(3.0/2.0)-80*3**(5.0&
2.0)-160*3**(7.0/2.0))*F0(5,: )+(3&
0))*Fx(6,: )+(20*3**(5.0/2.0)-41*5&
*(7.0/2.0)-984*5**(3.0/2.0))*F0(6,:&
sqrt(5)*F0(7,: )-288*sqrt(5)*Fx(8,&
sqrt(5)*F0(8,: )))/252.0

5))-440)*Fx(1,: )+((-8*3**(3&
-504*Wx(1,: )+((-64*3**(5.0/2.0)*s&
3**(3.0/2.0)*sqrt(5))-220)*Fx(2,: &
0)*F0(2,: )-992*Fx(3,: )-124*Sx(3&
: )+2976*F0(4,: )+(64*3**(3.0/2.0&
*(3.0/2.0)*sqrt(5)-55)*Sx(5,: )+(6&
0(5,: )+(32*3**(3.0/2.0)*sqrt(5)-2&
/2.0)*sqrt(5))*F0(6,: )-144*Fx(7,:&
72*Fx(8,: )+432*F0(8,: ))/504.0

))-220)*Fx(1,: )+((-64*3**(5&
)+((-64*3**(3.0/2.0)*sqrt(5))-440)&

t(5)+55)*Sx(2,: )+504*Wx(2,: )+(6&
0(2,: )-496*Fx(3,: )-2976*F0(3,: &
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cura

----

2.0)
0))*
*sqr
*sqr

x(1,
)-
)-
))

F0(1
)-3
)-2
))/
----

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

!
Print*,"Not yet implemented. Ac
Stop
!

End Select
!--------------------------------

End Subroutine GetUpdatedDOF_Vx

&)*F0(5,: )+(328*5**(3.0/
&*(3.0/2.0))-10*3**(3.0/2.
&*(5.0/2.0))*F0(6,: )-144
&-288*sqrt(5)*Fx(8,: )+36
&))/252.0

Vx(7,:) = -((-40*Fx(1,: ))-5*S
&)-20*Fx(2,: )+120*F0(2,:
&)-32*Fx(4,: )+192*F0(4,:
&)-20*Fx(6,: )+120*F0(6,:

Vx(8,:) = ((-20*Fx(1,: ))-120*
&+18*Wx(2,: )+120*F0(2,:
&)+8*Sx(4,: )+192*F0(4,:
&)+5*Sx(6,: )+120*F0(6,:

!------------------------------
Case Default

Appendix B. Fast linear solver 

The structure of matrix (59) allows us to build an upper trian-

gular block wise matrix which for each order of accuracy M only

require M − 1 matrix inversion of matrices of size m × m , where

m is the number of variables. We remark that this approach is

designed for stiff source terms. 

Notice that, Newton procedures update the solution as 

V 

0 = V 

0 + δ0 , 

V 

x = V 

x + δx , (B.1)

where δk = [ δk 
1 
, . . . , δk 

N 
] , with k = 0 , x, solves 

( ̃ I − ˜ B̄ (V 

0 )) δ0 = H 

0 (V 

0 ) , (B.2)

( ̃ I − ˜ B̄ (V 

0 )) δx = H 

k (V 

x ) . (B.2)

As both systems have the same structure, therefore, we only show

the strategy for obtaining δ0 from ( ̃ I − ˜ B (V 

0 )) δ0 = H 

0 (V 

0 ) , for

second, third and fourth orders of accuracy. 

• System associated with the second order scheme has the fol-

lowing block structure [
I − a 1 , 1 ̄B 1 −a 1 , 2 ̄B 2 

−a 2 , 1 ̄B 1 I 

][
δ1 

δ2 

]
= 

[
H 

0 
1 

H 

0 
2 

]
, (B.3)

with a 1 , 1 = 

2 
3 , a 1 , 2 = − 1 

6 and a 2 , 1 = 1 . The solution is found

as 

δ0 
2 = C2 

−1 · (H 

0 
2 + B̄ 1 · H 

0 
1 ) , 

δ0 
1 = H 

0 
1 −

2 

3 

H 

0 
2 − C1 · δ0 

2 , (B.4)

where 

C1 = 

1 

6 

B̄ 2 − 2 

3 

I , 

C2 = I + 

1 

6 

( ̄B 1 · B̄ 2 ) − 2 

3 

B̄ 1 . (B.5)

Notice that, we only need to invert one matrix, C2 . 
cy = ", Accuracy

------------------------------

+80*3**(3.0/2.0))*Fx(6,: )+((-41*5*&
Sx(6,: )+((-984*5**(3.0/2.0))-80*3*&
t(5)*Fx(7,: )-864*sqrt(5)*F0(7,: )&
t(5)*Sx(8,: )+864*sqrt(5)*F0(8,: )&

: )-18*Wx(1,: )-120*F0(1,: &
64*Fx(3,: )-8*Sx(3,: )-192*F0(3,:&
40*Fx(5,: )-5*Sx(5,: )-120*F0(5,:&
/18.0

,: )-40*Fx(2,: )+5*Sx(2,: )&
2*Fx(3,: )-192*F0(3,: )-64*Fx(4,:&
0*Fx(5,: )-120*F0(5,: )-40*Fx(6,:&
18.0
-----------------------------

• System associated with the third order scheme has the follow-

ing block structure [ 

I − a 1 , 1 ̄B 1 −a 1 , 2 ̄B 2 −a 1 , 3 ̄B 3 

−a 2 , 1 ̄B 1 I − a 2 , 2 ̄B 2 −a 2 , 3 ̄B 3 

−a 3 , 1 ̄B 1 −a 3 , 2 ̄B 2 I 

] [ 

δ1 

δ2 

δ3 

] 

= 

[ 

H 

0 
1 

H 

0 
2 

H 

0 
3 

] 

, (B.6)

with 

a 1 , 1 = 

(
3 

10 

− 1 

20 

√ 

3 

)
, a 1 , 2 = 

(
1 
5 

− 11 

20 
√ 

3 

)
, a 1 , 3 = 

1 

10 

√ 

3 

, 

a 2 , 1 = 

(
1 

5 

+ 

11 

20 

√ 

3 

)
, a 2 , 2 = 

(
3 

10 
+ 

1 

20 
√ 

3 

)
, a 2 , 3 = − 1 

10 

√ 

3 . 0 

, 

a 3 , 1 = 

1 

2 

, a 3 , 2 = 

1 
2 
, (B.7)

the solution is found as 

δ3 = E33 

−1 · (R 

3 
3 − D32 · R 

2 
3 )) , 

δ2 = −E23 · δ3 + R 

2 
4 , 

δ1 = −C12 · δ2 − C13 · δ3 + R 

1 
4 , (B.8)

where 

C12 = 

a 2 , 2 a 1 , 1 − a 2 , 1 a 1 , 2 
a 2 , 1 

B̄ 2 , 

C13 = 

a 2 , 3 a 1 , 1 − a 2 , 1 a 1 , 3 
a 2 , 1 

B̄ 3 , 

C21 = −a 2 , 1 ̄B 1 , 

C22 = I − a 2 , 2 ̄B 2 , 

C23 = −a 2 , 3 ̄B 3 , 

C31 = −a 3 , 1 ̄B 1 , 

C32 = −a 3 , 2 ̄B 2 , 

D22 = C22 − C21 · C12 , 

D23 = C23 − C21 · C13 , 

D32 = C32 − C31 · C12 , 

D33 = I − C31 · C13 , 
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E23 = D22 

−1 · D23 , 

E33 = D33 − D32 · E23 , (B.9) 

and 

R 

1 
4 = H 

0 
1 −

a 1 , 1 
a 2 , 1 

H 

0 
2 , 

R 

2 
2 = H 

0 
2 − C21 · R 

1 
4 , 

R 

2 
3 = D22 

−1 · R 

2 
2 , 

R 

2 
4 = D22 

−1 · R 

2 
2 , 

R 

3 
3 = H 

0 
3 − C31 · R 

1 
4 . (B.10) 

Notice that this strategy involve the inversion of matrices D22

and E33 . 
• System associated with the fourth order scheme has the follow-

ing block structure ⎡ 

⎢ ⎣ 

I − a 1 , 1 ̄B 1 −a 1 , 2 ̄B 2 −a 1 , 3 ̄B 3 −a 1 , 4 ̄B 4 

−a 2 , 1 ̄B 1 I − a 2 , 2 ̄B 2 −a 2 , 3 ̄B 3 −a 2 , 4 ̄B 4 

−a 3 , 1 ̄B 1 −a 3 , 2 ̄B 2 I − a 3 , 3 ̄B 3 −a 3 , 4 ̄B 4 

−a 4 , 1 ̄B 1 −a 4 , 2 ̄B 2 −a 4 , 3 ̄B 3 I 

⎤ 

⎥ ⎦ 

⎡ 

⎢ ⎣ 

δ1 

δ2 

δ3 

δ4 

⎤ 

⎥ ⎦ 

= 

⎡ 

⎢ ⎣ 

H 

0 
1 

H 

0 
2 

H 

0 
3 

H 

0 
4 

⎤ 

⎥ ⎦ 

, (B.11) 

with 

a 1 , 1 = 

41 

252 

− 1 

14 

√ 

15 

, 

a 1 , 2 = 

64 

315 

−1 √ 

15 

, 

a 1 , 3 = 

41 

252 

−
√ 

3 7 

√ 

5 , 

a 1 , 4 = − 1 

35 

, 

a 2 , 1 = 

√ 

5 

7 

√ 

3 

+ 

55 

504 

, 

a 2 , 2 = 

31 

126 

, 

a 2 , 3 = 

55 

504 

−
√ 

5 7 

√ 

3 , 

a 2 , 4 = 

1 

28 

, 

a 3 , 1 = 

√ 

3 

7 

√ 

5 

+ 

41 

252 

, 

a 3 , 2 = 

1 √ 

15 

+ 

64 

315 

, 

a 3 , 3 = 

1 

14 

√ 

15 

+ 

41 

252 

, 

a 3 , 4 = − 1 

35 

, 

a 4 , 1 = 

5 

18 

, 

a 4 , 2 = 

4 

9 

, 

a 4 , 3 = 

5 

18 

, (B.12) 

in this case the solution to this linear system is given by 

δ4 = H44 

−1 · R 

3 
4 , 

δ3 = R 

3 
3 − H34 · δ4 , 

δ2 = R 

2 
2 − G23 · δ3 − G24 · δ4 , 
δ1 = R 

1 
1 − D12 · δ2 − D13 · δ3 − D14 · δ4 , (B.13) 

where matrices are found by the following sequence of compu-

tations 

D12 = (a 1 , 1 a 2 , 2 − a 2 , 1 a 1 , 2 ) /a 2 , 1 ̄B 2 − a 1 , 1 /a 2 , 1 I , 

D13 = (a 1 , 1 a 2 , 3 − a 2 , 1 a 1 , 3 ) /a 2 , 1 ̄B 3 , 

D14 = (a 1 , 1 a 2 , 4 − a 2 , 1 a 1 , 4 ) /a 2 , 1 ̄B 4 , 

R 

1 
1 = H 

0 
1 − a 1 , 1 /a 2 , 1 H 

0 
2 , 

R 

1 
2 = H 

0 
2 + a 2 , 1 ̄B 1 · R 

1 
1 , 

R 

1 
3 = H 

0 
3 + a 3 , 1 ̄B 1 · R 

1 
1 , 

R 

1 
4 = H 

0 
4 + a 4 , 1 ̄B 1 · R 

1 
1 , 

E22 = I − a 2 , 2 ̄B 2 + a 2 , 1 ̄B 1 · D12 , 

E33 = I − a 3 , 3 ̄B 3 + a 3 , 1 ̄B 1 · D13 , 

E44 = I + a 4 , 1 ̄B 1 · D14 , 

E32 = −a 3 , 2 ̄B 2 + a 3 , 1 ̄B 1 · D12 , 

E42 = −a 4 , 2 ̄B 2 + a 4 , 1 ̄B 1 · D12 , 

E23 = −a 2 , 3 ̄B 3 + a 2 , 1 ̄B 1 · D13 , 

E43 = −a 4 , 3 ̄B 3 + a 4 , 1 ̄B 1 · D13 , 

E24 = −a 2 , 4 ̄B 4 + a 2 , 1 ̄B 1 · D14 , 

E34 = −a 3 , 4 ̄B 4 + a 3 , 1 ̄B 1 · D14 , 

G23 = E22 

−1 · E23 , 

G24 = E22 

−1 · E24 , 

G33 = E33 − E32 · G23 , 

G43 = E43 − E42 · G23 , 

G34 = E34 − E32 · G24 , 

G44 = E44 − E42 · G24 , 

R 

2 
2 = E22 

−1 · R 

1 
2 , 

R 

2 
3 = R 

1 
3 − E32 · R 

2 
2 , 

R 

2 
4 = R 

1 
4 − E42 · R 

2 
2 , 

H34 = G33 

−1 · G34 , 

H44 = G44 − G43 · H34 , 

R 

3 
3 = G33 

−1 · R 

2 
3 , 

R 

3 
4 = R 

2 
4 − G43 · R 

3 
3 . (B.14) 

If optimized libraries for solving linear system are implemented

as those reported in Fortran recipes chapter 2, in [25] ). The

atrix inversions C2 −1 · (H 

0 
2 

+ B̄ 1 · H 

0 
1 
) , E33 −1 · (R 

3 
3 

− D32 · R 

2 
3 
))

nd H44 −1 · R 

3 
4 

for the second, third and fourth order respectively,

re not required. Instead, the optimized solution of a liner system

s implemented, which is cheaper than the matrix inversion and

he subsequent matrix-vector multiplication. 
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