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Abstract. We continue the investigation of a general minimal time problem with a convex
constant dynamics and a lower semicontinuous extended real-valued target function defined on a
Banach space. In this paper we obtain an explicit description of the minimal time projection set in
terms of the Legendre–Fenchel conjugate function and provide some sufficient conditions for this set
to be nonempty. The single valuedness and Lipschitz property of the minimal time projection are
also investigated.
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1. Introduction. We proceed with the study of the optimal control problem
with constant dynamics which was started in [8] and continued in [9]. Given a
nonempty closed convex set G of a Banach space (X, ‖·‖) with 0 ∈ G and an extended
real-valued function f defined on X (called the target function), the problem is

(1.1) Minimize t+ f
(
ζ(t;x)

)
over all t ≥ 0 and all solutions ζ(·) = ζ(·;x) of the differential inclusion

(1.2)
dζ

dt
(t) ∈ −G, t ≥ 0,

with the initial condition

(1.3) ζ(0) = x.

Since the right-hand side of the differential inclusion (1.2) is constant and convex
closed valued, problem (1.1)–(1.3) can be reformulated as

(1.4)
{

Minimize t+ f(x− tu),
over t ≥ 0 and u ∈ G.

As shown in [8] the value function Tf of the problem (1.1)–(1.3) can be expressed by
the following infimal convolution formula (see [11, 12] for infimal convolution opera-
tion):

(1.5) Tf (x) := inf
y∈X

(
f(y) + ρG(x− y)

)
,
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MINIMAL TIME PROJECTION 31

where ρG denotes the Minkowski functional of G. The function Tf is called the
(generalized) infimum time function of the problem. The set of minimizers Πf (x) of
(1.5), given by

(1.6) Πf (x) := Argmin (f + ρG(x− ·)) := {y ∈ X : f(y) + ρG(x − y) = Tf (x)},

is called the (generalized) minimal time projection set. As the problem (1.5) is a
reformulation of the optimal control problem (1.1)–(1.3), the nonemptiness of the set
Πf (x) is equivalent to the existence of a solution of the problem (1.1)–(1.3). Moreover,
the nonemptiness of Πf (x) is a crucial assumption for various results (e.g., Theorems
3.1, 3.2, 4.2) in [8].

The outline of this third paper of the series on the subject is the following. In
section 2 we introduce notation and discuss the relation of the problem (1.1)–(1.3)
with a minimal time control problem for a target set, studied previously in Colombo,
Goncharov, and Mordukhovich [5]. The nonemptiness of the minimal time projection
set Πf (x) is proved in section 3 under diverse conditions on the data, in particular, on
Fréchet subdifferentiability of the infimum time function Tf . In section 4 we obtain
an explicit description of the minimal time projection set in terms of the Legendre–
Fenchel conjugate function. The last section investigates the single valuedness and
Lipschitz property of the minimal time projection.

2. Preliminaries. As in [8] and [9] we consider and fix a closed bounded convex
subset G of X with 0 ∈ intG. We follow usual notation in using intS (resp., clS and
bdS) to denote the interior (resp., the closure and the boundary) of a set S in X .

An important special case of the optimal control problem (1.1)–(1.3) is the prob-
lem

Minimize t ≥ 0 such that ζ(t) ∈ C and
subject to ζ̇(τ) ∈ −G a.e. τ ∈ [0, t] and ζ(0) = x(2.1)

with a target set C ⊂ X , which is assumed to be nonempty and closed. Indeed, if we
take the target function f as the indicator function ψC of C ⊂ X (i.e., ψC(x) = 0
if x ∈ C and ψC(x) = +∞ otherwise), then the optimal control problem (1.1)–(1.3)
reduces to the problem (2.1). In this case the infimum time function and the minimal
time projection set, correspondingly, are

(2.2) TC(x) = inf
y∈C

ρG(x− y),

ΠC(x) = Argmin
y∈C

ρG(x− y) := {y ∈ C : ρG(x − y) = TC(x)}.

If G is, in addition, symmetric, then the Minkowski function ρG is a norm ‖ · ‖G on
X and TC(x) = dC(x) := infy∈C ‖x− y‖G is the distance from the point x to the set
C associated with the norm ‖ · ‖G. So, if G = BX (the closed unit ball with respect
to the initial norm ‖ · ‖), the function TC is reduced to the distance function dC(·)
with respect to the norm ‖ · ‖, and ΠC(x) coincides with the projection set ProjC(x),
that is,

ΠC(x) = ProjC(x) := {y ∈ C : ‖x− y‖ = dC(x)}.
We will also write sometimes dist(·, C) in place of dC .

In the case when G = BX , the Fréchet subdifferential of dC at any point in X has
been studied in Kruger [10]; see also [1, 2, 4, 13] for other subdifferentials of dC . The
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32 GRIGORII E. IVANOV AND LIONEL THIBAULT

Fréchet and proximal subdifferentials of the minimal time function TC in (2.2) have
been considered later, when X is finite dimensional, in Wolenski and Zhuang [14], and
then in the Hilbert setting in Colombo and Wolenski [6, 7]. Colombo, Goncharov,
and Mordukhovich [5] obtained some further strong results concerning TC and ΠC

in (2.2) provided that G is an arbitrary closed bounded convex subset of X . In [8]
we investigate properties of the Fréchet and proximal subdifferentials of the infimum
time function and in [9] we studied the properties of the limiting subdifferential of
this function in the general setting of the problem (1.1)–(1.3).

Let us recall that the Minkowski gauge function (Minkowski functional) of a
nonempty closed convex subset K ⊂ X is

(2.3) ρK(x) := inf{r ≥ 0 : x ∈ rK} ∀x ∈ X

with the usual convention inf ∅ = +∞.
Note that the Minkowski gauge function of any closed convex set is sublinear and

because of the assumption 0 ∈ intG, the function ρG is finite on X and Lipschitz con-
tinuous on X . We denote by σG the support function of G defined on the topological
dual X∗ and by Go the polar set of G, i.e.,

σG(x∗) := sup
x∈G

〈x∗, x〉 and Go := {x∗ ∈ X∗ : σG(x∗) ≤ 1}.

One can easily see that

(2.4) ρG(x) = σGo(x) := sup
x∗∈Go

〈x∗, x〉 ∀x ∈ X.

In view of the sublinearity of ρG, it is an exercise to verify that

(2.5) x∗ ∈ ∂ρG(x) ⇔
(
x∗ ∈ Go and 〈x∗, x〉 = ρG(x)

)
.

We recall that, for a convex function f : X → R ∪ {+∞} and x ∈ X with f(x) finite,
the Fenchel subdifferential ∂f(x) of f at x is defined by

∂f(x) := {x∗ ∈ X∗ : 〈x∗, x′ − x〉 ≤ f(x′) − f(x) ∀x′ ∈ X};

similarly, given a real η ≥ 0, the Fenchel η-subdifferential of f at x is given by

∂ηf(x) := {x∗ ∈ X∗ : 〈x∗, x′ − x〉 ≤ f(x′) − f(x) + η ∀x′ ∈ X}.
With x = 0 we then obtain

∂ρG(0) = ∂σGo(0) = Go.

We emphasize that the assumption of boundedness of G and the assumption
0 ∈ intG yield two reals α > 0 and β > 0 (which we fix in the whole paper) such that
1
β BX ⊂ G ⊂ 1

αBX , which gives

(2.6) α‖x‖ ≤ ρG(x) ≤ β‖x‖ ∀x ∈ X.

Throughout the paper, f : X → R∪{+∞} is a proper lower semicontinuous (lsc)
extended real-valued function and we will assume that for some real constant γ

(2.7) f(y) ≥ −ρG(−y) + γ ∀y ∈ X ;
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MINIMAL TIME PROJECTION 33

recall that such a function f : X → R ∪ {+∞} is proper when it is finite at some
point. Then for all y ∈ X according to the sublinearity of ρG

f(y) + ρG(x− y) ≥ ρG(x− y) − ρG(−y) + γ ≥ −ρG(−x) + γ,

and this entails that

(2.8) Tf(x) ≥ −ρG(−x) + γ, hence in particular, Tf(x) ∈ R ∀x ∈ X.

Recall that for x ∈ dom f := {u ∈ X : f(u) < +∞} the Fréchet subdifferential
∂F f(x) of f at x is the set of x∗ ∈ X∗ such that for any η > 0 there exists a
neighborhood U of x such that for all x′ ∈ U

〈x∗, x′ − x〉 ≤ f(x′) − f(x) + η‖x′ − x‖.

If f is, in addition, convex, then all the above subdifferentials coincide with the Fenchel
subdifferential ∂f(x) of f in convex analysis, and further (see, e.g., [11])

(2.9) x∗ ∈ ∂f(x) ⇐⇒ x ∈ ∂f∗(x∗),

where f∗ : X∗ → R ∪ {+∞} denotes the Legendre–Fenchel conjugate of f , that is, for
all x∗ ∈ X∗

f∗(x∗) = sup
y∈X

[f(y) − 〈x∗, y〉].

3. On the nonemptiness of the minimal time projection set Πf(x̄). Let
us begin with the case when the proper lsc function f is convex. Under the convexity
of f (as already noticed in [8]) we see through (1.5) that the function Tf is convex
too. Assuming the convexity of f and invoking a finiteness condition about f∗, the
following theorem provides a complete description of the subdifferential of Tf in terms
of the functions f and ρG.

Theorem 3.1. Assume that the Banach space X is reflexive and the proper lsc
function f is convex. Asssume also that the Legendre–Fenchel conjugate f∗ of f is
finite at some point x∗ ∈ X∗ with ‖x∗‖∗ < α, where α is given by (2.6). Then
for every x̄ ∈ X the (generalized) minimal time projection set Πf (x̄) is nonempty.
Further, for any ȳ ∈ Πf (x̄) one has

∂Tf(x̄) = ∂f(ȳ) ∩ ∂ρG(x̄− ȳ).

Proof. The space X being reflexive and the functions f and ρG being proper, lsc,
and convex, we know that f∗∗ := (f∗)∗ = f and ρ∗∗

G = ρG. On the other hand, we
have that ρG = σGo by (2.4) and hence the Legendre–Fenchel conjugate ρ∗

G of ρG is
equal to the indicator function ψGo of Go. Further, the inclusion G ⊂ 1

αBX (see (2.6))
ensures that αBX∗ ⊂ Go. Therefore, ρ∗

G is continuous at x∗ ∈ dom f∗, that is, the
Moreau–Rockafellar qualification condition is satisfied for f∗ and ρ∗

G. This assures us
(see, e.g., [11, Proposition 9.2]) that the infimum convolution between f∗∗ and ρ∗∗

G is
achieved (or exact) and that the equality of the theorem holds true because of the
equalities f∗∗ = f and ρ∗∗

G = ρG.

The case when the convex function f is bounded from below is of special interest.
It will allow us, in particular, in Corollary 3.3 below to consider for f the indicator
function of a closed convex set.
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34 GRIGORII E. IVANOV AND LIONEL THIBAULT

Corollary 3.2. Assume that X is a reflexive Banach space and that the proper
lsc function f is convex and bounded from below. Then the (generalized) minimal time
projection set Πf (x̄) is nonempty for all x̄ ∈ X. Further, for any ȳ ∈ Πf (x̄) one has

∂Tf(x̄) = ∂f(ȳ) ∩ ∂ρG(x̄− ȳ).

Proof. By the boundedness from below of f we have that f∗(0) = infX f is finite.
The corollary then follows from the theorem above.

The following improvement of Theorem 4.2 and Corollary 4.4 in [7] (established
therein for Hilbert spaces) are obtained from Corollary 3.2 with the indicator function
f = ψC of a closed convex set C. Recall that ∂ψC(x) is the normal cone of C at x.

Corollary 3.3. Assume that X is a reflexive Banach space and that C is a
nonempty closed convex set of X. Then for any x̄ ∈ X the minimal time projection
set ΠC(x̄) is nonempty and for every ȳ ∈ ΠC(x̄) one has

∂TC(x̄) = NC(ȳ) ∩ ∂ρG(x̄− ȳ).

In the general case where the function f is not required to be convex, following
(2.8) for each ε > 0 we will denote by Πf (x, ε) the ε-minimal time projection or
ε-Argmin of the function f + ρG(x− ·), i.e.,

(3.1) Πf (x, ε) := {y ∈ X : f(y) + ρG(x− y) ≤ Tf (x) + ε}.

With the set-valued mapping Πf (x, ·) we associate its w(X,X∗)-sequential upper limit

w−seq Limsup
ε↓0

Πf (x, ε) := {w lim
k
yk : ∃εk ↓ 0, yk ∈ Πf (x, εk)},

and also the set of limits through f given by

Λf(x; y) := {lim
k
f(yk) : yk

w−→ y, yk ∈ Πf (x, εk), εk ↓ 0}.

Above the notation w lim
k
yk stands for the weak limit of the sequence (yk)k.

The following proposition, which has its own interest, prepares the next theorem.

Proposition 3.4. Let x∗ ∈ ∂FTf(x̄) and y ∈ w−seq Limsupε↓0 Πf (x̄, ε). Then
the following hold.

(a) For each sequence yk
w−→ y with yk ∈ Πf (x̄, εk) and εk ↓ 0, one has

lim
k
f(yk) = Tf (x̄) − ρG(x̄− y),

and hence Λf (x̄; y) is a singleton, Λf(x̄; y) = {λf (x̄; y)} with λf (x̄; y) = Tf (x̄) −
ρG(x̄− y).

(b) One also has the inclusion

y ∈ x̄− (Tf(x̄) − λf (x̄; y)
)
∂σG(x∗) = x̄− ρG(x̄− y)∂σG(x∗).

Proof. Observe first that the inclusion x∗ ∈ ∂FTf(x̄) assures us that there exists
some function ε(x) → 0 as x → x̄ such that for all x in some neighborhood V of x̄ we
have

(3.2) 〈x∗, x− x̄〉 ≤ Tf(x) − Tf (x̄) + ε(x)‖x− x̄‖.
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MINIMAL TIME PROJECTION 35

Fix any sequence yk
w−→ y with yk ∈ Πf (x̄, εk) and εk ↓ 0 with εk < 1. Putting

tk :=
√
εk we can translate the inclusion yk ∈ Πf (x̄, εk) as

(3.3) Tf (x̄) ≤ f(yk) + ρG(x̄− yk) ≤ Tf (x̄) + t2k.

Setting xk := x̄+ tk(yk − x̄) and using the boundedness of the sequence (yk)k we see
that for some integer k0 we have xk ∈ V for all k ≥ k0. Combining this with (3.2)
and (3.3) gives for all k ≥ k0

〈x∗, yk − x̄〉 − ε(xk)‖yk − x̄‖ ≤ t−1
k [f(yk) + ρG(xk − yk) − f(yk) − ρG(x̄ − yk) + t2k]

= t−1
k [(1 − tk)ρG(x̄− yk) − ρG(x̄− yk) + t2k]

= −ρG(x̄ − yk) + tk.(3.4)

On the other hand, we know by [8, Theorem 4.1(a)] that x∗ ∈ Go and this entails

〈x∗, x̄− yk〉 ≤ σGo(x̄− yk) = ρG(x̄− yk),

the equality between the second and third members being due to (2.4). Therefore, it
follows from (3.4) that

−ε(xk)‖yk − x̄‖ − tk + ρG(x̄− yk) ≤ 〈x∗, x̄− yk〉 ≤ ρG(x̄− yk).

Since lim
k

〈x∗, x̄− yk〉 = 〈x∗, x̄− y〉, we obtain

lim
k
ρG(x̄− yk) = 〈x∗, x̄− y〉.

The continuous convex function ρG being lower w(X,X∗)-semicontinuous, we can
write

ρG(x̄− y) ≤ lim
k
ρG(x̄− yk) = 〈x∗, x̄− y〉 ≤ σGo(x̄− y) = ρG(x̄ − y),

and hence
lim

k
ρG(x̄− yk) = 〈x∗, x̄− y〉 = ρG(x̄− y).

Consequently, (3.3) entails that lim
k
f(yk) exists and

lim
k
f(yk) = Tf (x̄) − ρG(x̄− y),

which implies, in particular, the singleton property of Λf(x̄; y).
Finally, observe that the equality 〈x∗, x̄ − y〉 = ρG(x̄ − y) ensures by (2.5) and

the duality relation (2.9) that

x̄− y ∈ ρG(x̄− y)∂σG(x∗), i.e., y ∈ x̄− ρG(x̄− y)∂σG(x∗).

The proof is then complete.

Even for f = ψC , examples in [5] show that the nonvacuity of the Fréchet sub-
differential of TC at x̄ �∈ C does not entail the nonvacuity of ΠC(x̄). However, from
[8, Theorem 4.1] and Proposition 3.4 we can derive a nonemptiness result for the
generalized projection set Πf (x̄) through the Fréchet differentiability of the support
function σG. It reproduces the main ideas of Theorem 4.1 in [5] to the context of the
set Πf (x̄).
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36 GRIGORII E. IVANOV AND LIONEL THIBAULT

Theorem 3.5. Assume that X is a reflexive Banach space and that the lsc proper
function f is bounded from below on X with x̄ �∈ cl (dom f). Assume also that there
exists some x∗ ∈ ∂FTf (x̄) at which the support function σG is Fréchet differentiable.
Then the set Πf (x̄) is nonempty.

Proof. Fix a sequence (yk)k in X such that

(3.5) f(yk) + ρG(x̄− yk) −→ Tf (x̄)

and put εk := 1
k +

(
f(yk) + ρG(x̄ − yk) − Tf (x̄)

)
. Without loss of generality, we

may suppose that the sequence (f(yk) + ρG(x̄ − yk))k is bounded from above. Since
the function f is bounded from below, the sequence (ρG(x̄ − yk))k is bounded from
above, which ensures the boundedness of (yk)k. The reflexivity of X allows us by the
Banach–Alaoglu theorem to extract a subsequence (that we do not relabel) converging
weakly to a point ȳ ∈ X . Obviously the sequence (f(yk))k is bounded. Extracting
a subsequence we may also suppose that (f(yk))k converges to some λ and hence by
(3.5)

(3.6) ρG(x̄− yk) −→ Tf (x̄) − λ.

We claim that Tf(x̄) − λ > 0. Otherwise, (3.6) entails first Tf(x̄) − λ = 0 and
then ρG(x̄ − yk) −→ 0, which yields by (2.6) that yk −→ x̄ strongly. The lower
semicontinuity assumption of f and (3.5) give

f(x̄) ≤ lim inf
k

f(yk) ≤ lim inf
k

(
f(yk) + ρG(x̄− yk)

)
= Tf (x̄),

which is a contradiction because f(x̄) = +∞ (since x̄ �∈ dom f by assumption) and
Tf (x̄) is finite.

Since Tf (x̄)−λ > 0, by (3.6) we may suppose (dropping a finite number of integers
k if necessary) that ρG(x̄ − yk) > 0 for all k. Therefore

(3.7) G � uk :=
x̄− yk

ρG(x̄− yk)
−→ x̄− ȳ

Tf(x̄) − λ
weakly.

Observe now that the assumption x∗ ∈ ∂FTf(x̄) ensures by [8, Theorem 4.1] that
x∗ ∈ Go and σG(x∗) = 1. Further, by definition of εk we have yk ∈ Πf (x̄, εk) and
εk ↓ 0. Consequently, Proposition 3.4 and the inclusion λ ∈ Λf (x̄; ȳ) tell us that
λ = λf (x̄; ȳ) = Tf(x̄) − ρG(x̄− ȳ) and

ȳ = x̄− ρG(x̄ − ȳ)∇FσG(x∗),

where ∇FσG(x∗) is the Fréchet derivative of σG at x∗. Using the latter equality into
(3.7) we obtain

G � uk −→ ∇FσG(x∗) weakly and σG(x∗) = 1.

Setting ηk := σG(x∗) − 〈x∗, uk〉 ≥ 0, we derive that for all y∗ ∈ X∗

〈y∗ − x∗, uk〉 ≤ σG(y∗) − 〈x∗, uk〉 = σG(y∗) − σG(x∗) + ηk.

It ensues that uk ∈ ∂ηk
σG(x∗). In addition to the latter inclusion, we also have ηk ↓ 0

as k → ∞ according to the fact that

〈x∗, uk〉 → 〈x∗,∇FσG(x∗)〉 = σG(x∗) + ψG(∇FσG(x∗)) = σG(x∗).
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Since the continuous convex function σG is Fréchet differentiable at x∗, the S̆mulian
theorem (see [3, Theorem 4.2.10]) ensures that uk −→ ∇FσG(x∗) strongly, that is,

x̄− yk

ρG(x̄− yk)
−→ x̄− ȳ

ρG(x̄ − ȳ)
strongly,

which gives yk −→ ȳ strongly because ρG(x̄ − yk) −→ Tf (x̄) − λ = ρG(x̄ − ȳ).
Combining this with the lower semicontinuity of f assures us thanks to (3.5) that

f(ȳ) + ρG(x̄ − ȳ) ≤ lim inf
k

(
f(yk) + ρG(x̄− yk)

)
= Tf (x̄),

and hence ȳ ∈ Πf (x̄), which gives Πf (x̄) �= ∅ and completes the proof of the
theorem.

Corollary 3.6. Let X be a reflexive Banach space and C be a closed subset of
X. Let x̄ �∈ C and assume that there exists some x∗ ∈ ∂FTC(x̄) at which the support
function σG is Fréchet differentiable. Then the minimal time projection set ΠC(x̄) is
the (nonempty) singleton

ΠC(x̄) = {x̄− TC(x̄)∇FσG(x∗)}.
Proof. The nonemptiness of ΠC(x̄) follows from Theorem 3.5 with the indicator

function ψC of C in place of f . For any y ∈ ΠC(x̄) one has y ∈ C and Λf (x̄; y) = {0}.
So, Proposition 3.4(b) implies that y ∈ x̄−TC(x̄)∇FσG(x∗). This yields the singleton
property of ΠC(x̄) and its expression.

Corollary 3.6 can be obtained also as a consequence of results of Colombo, Gon-
charov, and Mordukhovich (see Corrolary 3.2 and Theorem 4.1 in [5]).

The second corollary considers the case of the usual projection concept. It corre-
sponds to the result of Borwein and Giles [2].

Corollary 3.7. Assume that X is a reflexive Banach space and that the dual
norm ‖ · ‖∗ of ‖ · ‖ is Fréchet differentiable outside the origin of X∗ (one knows that
such a norm exists according to the reflexivity of X). Let C be a closed subset of X
and x̄ ∈ X \ C. Then ProjC(x̄) is a (nonempty) singleton whenever ∂FdC(x̄) �= ∅,
where dC(·) and ProjC(·) are the usual distance function and projection set-valued
mapping associated with the norm ‖ · ‖. In fact, for any x∗ ∈ ∂FdC(x̄) one has

ProjC(x̄) = {x̄− dC(x̄)∇F ‖ · ‖∗(x∗)}.
Proof. Take G = BX (the closed unit ball of X with respect to the norm ‖ · ‖)

and observe that σG(·) = ‖ · ‖∗, TC(·) = dC(·), and ΠC(·) = ProjC(·). The corollary
is then a direct consequence of Corollary 3.6.

4. The minimal time projection set through the Legendre–Fenchel con-
jugate. Let us fix x ∈ X and x∗ ∈ ∂FTf (x). We consider the following minimal time
problem {

Minimize t+ f(x− tu),
over t ≥ 0 and u ∈ ∂σG(x∗).

This problem is a modification of the problem (1.4) with the face G(x∗) := ∂σG(x∗)
of the set G in place of G.

As in the deduction of (1.5), we see that the infimum value of the problem is

Vf,x∗(x) = inf
y∈X

(
f(y) + ρG(x∗)(x− y)

)
,
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38 GRIGORII E. IVANOV AND LIONEL THIBAULT

where according to (2.3)

ρG(x∗)(u) = inf {r ≥ 0 : u ∈ rG(x∗)} , u ∈ X.

The set of the solutions of this problem will be denoted by

(4.1) Mf,x∗(x) = Argmin
y∈X

(
f(y) + ρG(x∗)(x− y)

)
.

Following Colombo, Goncharov, and Mordukhovich [5], we can say that Vf,x∗

is a modified (generalized) infimum time function and the set Mf,x∗ is a modified
(generalized) minimal time projection set.

Proposition 4.1. Let x ∈ X and x∗ ∈ ∂FTf (x). The following statements hold.
(a) Vf,x∗(x) ≥ Tf (x);

(b) Πf (x) �= ∅ ⇔
{
Vf,x∗(x) = Tf (x),
Mf,x∗(x) �= ∅;

(c) if Πf (x) �= ∅, then Πf (x) = Mf,x∗(x).

Proof. Since G(x∗) ⊂ G, it follows that ρG(x∗)(x − y) ≥ ρG(x − y). This yields
(a).

Let y ∈ Πf (x). Note that Tf (x) − f(y) = ρG(x − y) ≥ 0. By Theorem 4.2 we
have y ∈ x− (Tf (x) − f(y))G(x∗).

Consequently, ρG(x∗)(x− y) ≤ Tf(x) − f(y). Thus, using (a), we get

f(y) + ρG(x∗)(x− y) ≤ Tf(x) ≤ Vf,x∗(x).

This gives the assertion ⇒ in (b) and the inclusion Πf (x) ⊂ Mf,x∗(x) in (c).
Now let y ∈ Mf,x∗(x) and Vf,x∗(x) = Tf (x). We have

Tf(x) = Vf,x∗(x) = f(y) + ρG(x∗)(x− y) ≥ f(y) + ρG(x− y).

It means that y ∈ Πf (x). So the assertion ⇐ in (b) and the inclusion Πf (x) ⊃
Mf,x∗(x) in (c) are proved.

Given a functional x∗ ∈ X∗, we consider the following convex cone

Kx∗ =
⋃
λ≥0

λG(x∗).

For x∗ = 0 we have G(x∗) = G, and hence K(x∗) = X since 0 ∈ intG. On the other
hand, for x∗ �= 0, the closed set G(x∗) is bounded (since G(x∗) ⊂ G) and does not
contain 0; so, it is easily seen that the cone K(x∗) is closed. Consequently, K(x∗) is
a closed convex cone in X for every x∗ ∈ X∗.

Lemma 4.2. For any x∗ ∈ X∗ \ {0} one has

ρG(x∗)(u) =
〈x∗, u〉
σG(x∗)

+ ψKx∗ (u) ∀u ∈ X.

Proof. If u �∈ Kx∗ , then ρG(x∗)(u) = +∞ and ψKx∗ (u) = +∞, so the desired
equality holds. Assume now that u ∈ Kx∗ . It means that there exist t ≥ 0 and
v ∈ G(x∗) such that u = tv. By the definition of the set G(x∗) we obtain that
〈x∗, v〉 = σG(x∗) and therefore v ∈ bdG. Thus ρG(x∗)(v) = 1 = 〈x∗,v〉

σG(x∗) . Consequently,

ρG(x∗)(u) = t = 〈x∗,u〉
σG(x∗) and ψKx∗ (u) = 0. This yields the desired equality again.
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MINIMAL TIME PROJECTION 39

Lemma 4.3. Assume that X is a Banach space. Let ϕ : X → R ∪ {+∞} be a
proper lower semicontinuous function such that its conjugate function ϕ∗ is Fréchet
differentiable at a point x∗ ∈ domϕ∗. Then one has ∇Fϕ∗(x∗) ∈ X and

Argmin
y∈X

(
ϕ(y) − 〈x∗, y〉

)
=
{∇Fϕ∗(x∗)

}
.

Proof. Denote ζ := ∇Fϕ∗(x∗) ∈ X∗∗ and g(x) = ϕ(x) − 〈x∗, x〉 for all x ∈ X .
Note that infX g = −ϕ∗(x∗). Consider minimizing sequences (xk)k ⊂ X in the sense
that

(4.2) lim
k
g(xk) = inf

X
g.

Let us show that any such a sequence (xk)k converges to ζ in X∗∗. Assume the
contrary: there exist ε > 0 and a sequence (xk)k with property (4.2) such that
‖xk − ζ‖ > 2ε for all k ∈ N. Choose functionals ξk ∈ X∗ with ‖ξk‖ = 1 and
〈xk − ζ, ξk〉 > 2ε and denote tk := 1

ε (g(xk) − infX g) + 1
k . We have tk → 0 and

ϕ∗(x∗ + tkξk) = sup
x∈X

(〈x∗ + tkξk, x〉 − ϕ(x))

≥ 〈x∗ + tkξk, xk〉 − ϕ(xk)
= tk〈ξk, xk〉 − g(xk)

> tk(〈ζ, ξk〉 + 2ε) − inf
X
g − εtk +

ε

k

> tk〈ζ, ξk〉 + εtk + ϕ∗(x∗).

Consequently,

ϕ∗(x∗ + tkξk) − ϕ∗(x∗) − tk〈ζ, ξk〉
tk‖ξk‖ > ε ∀k ∈ N.

This contradicts the fact that ζ is the Fréchet derivative of ϕ∗ at x∗, so (xk)k converges
to ζ in X∗∗. Since X is complete, we derive that there is some x0 ∈ X such that
ζ = x0.

Let (xk)k be a minimizing sequence in the sense of (4.2). As we have shown,
xk → x0. So, by the lower semicontinuity of g we get x0 ∈ Argmin y∈X g(y). Sup-
pose that x̃0 ∈ Argmin y∈X g(y). Then the constant sequence xk = x̃0 satisfies the
minimizing condition (4.2) and as we showed above xk → x0, i.e., x̃0 = x0. Thus,
Argmin y∈X g(y) = {x0}.

We are now ready to state and prove the theorem of this section relying the
minimal time projection to the Legendre–Fenchel conjugate of a function involving
both f and the set Kx∗ .

Theorem 4.4. Assume that X is a Banach space, f is lower semicontinuous,
x̄ �∈ cl (dom f), Vf,x∗(x̄) = Tf (x̄), and x∗ ∈ ∂FTf (x̄). Assume also that the conjugate
of (f+ψx̄−Kx∗ ) is Fréchet differentiable at x∗. Then one has ∇F (f+ψx̄−Kx∗ )∗(x∗) ∈
X and

Πf (x̄) =
{∇F (f + ψx̄−Kx∗ )∗(x∗)

}
.

Proof. By [8, Theorem 4.1] we deduce that σG(x∗) = 1. So, Lemma 4.2 implies
that

ρG(x∗)(u) = 〈x∗, u〉 + ψKx∗ (u) ∀u ∈ X.
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40 GRIGORII E. IVANOV AND LIONEL THIBAULT

It follows by (4.1) that

Mf,x∗(x̄) = Argmin
x∈X

(
f(x) + 〈x∗, x̄− x〉 + ψKx∗ (x̄− x)

)
.

Let us denote

ϕ(x) := f(x) + ψKx∗ (x̄− x) = f(x) + ψx̄−Kx∗ (x), x ∈ X.

We have
Mf,x∗(x̄) = Argmin

x∈X

(
ϕ(x) − 〈x∗, x〉

)
.

Lemma 4.3 yields Mf,x∗(x̄) = {∇Fϕ∗(x∗)}. According to (b) and (c) of Proposition
4.1 we have Πf (x̄) = Mf,x∗(x̄) = {∇Fϕ∗(x∗)}.

5. Lipstchitz property of the minimal time projection. This section is
devoted to the single valuedness and Lipschitz property of Πf . We need first the
following lemma from [9].

Lemma 5.1. Let X be a Hilbert space and G = BX , and let f : X → R∪{+∞} be
Lipschitz continuous on dom f with a constant L ≤ 1/2. Assume that f + (γ/2)‖ · ‖2

is convex for some real constant γ ≥ 0. Let x̄ ∈ X, ε0 > 0 and γ1 > γ be such that
2γ1(dist(x̄, dom f) + ε0) < 1−L

1+L . Then

(5.1) 2γ1‖x̄− y‖ < 1 ∀y ∈ Πf (x̄, ε0),

where Πf (x̄, ε0) is given by (3.1). Further, for all positive ε ≤ ε0 one has

(5.2) ‖y1 − y2‖ ≤ max
{

16ε,
√

8ε
γ1 − γ

}
∀y1, y2 ∈ Πf (x̄, ε).

With the above lemma at hand we prove our following theorem.

Theorem 5.2. Let X be a Hilbert space and G = BX . Assume that the function
f : X → R ∪ {+∞} is Lipschitz continuous on dom f with some constant L ≤ 1/2.
Assume also that there is some constant γ ≥ 0 such that f is γ-semiconvex in the
sense that f + (γ/2)‖ · ‖2 is convex (and consequently, dom f is convex). Then, the
following hold.

(a) On the open convex set

U :=
{
x ∈ X : 2γdist(x, dom f) <

1 − L

1 + L

}

the minimal time projection Πf is single-valued, i.e., Πf (x) is a singleton for all
x ∈ U .

(b) On the open set U \ cl(dom f) the (single-valued) mapping Πf is locally Lips-
chitz continuous with K = 16 as a Lipschitz constant.

Proof. Fix any x̄ ∈ U . Due to the inequality 2γ dist(x̄, dom f) < 1−L
1+L there exist

a neighborhood U0 of x̄, ε0 > 0 and γ1 > γ such that

2γ1

(
dist(x, dom f) + ε0

)
<

1 − L

1 + L
for all x ∈ U0.

According to Lemma 5.1

(5.3) 2γ1‖x− y‖ < 1 ∀x ∈ U0, ∀y ∈ Πf (x, ε0),
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and for any positive ε ≤ ε0 and any x ∈ U0 one has

(5.4) ‖y1 − y2‖ ≤ max
{

16ε,
√

8ε
γ1 − γ

}
∀y1, y2 ∈ Πf (x, ε).

(a) Let x ∈ U0 and (yk)k be a sequence satisfying the condition f(yk) + ρG(x −
yk) → Tf (x). It means that yk ∈ Πf (x, εk) with some εk ↓ 0. The inequality (5.4)
implies that (yk)k is a Cauchy sequence and hence converges to some y ∈ X . By
lower semicontinuity of f and continuity of ρG we get f(y) + ρG(x− y) ≤ Tf (x), i.e.,
y ∈ Πf (x). It ensues that Πf (x) is a singleton, and hence Πf is single-valued on U .
We identify below the singleton Πf (x) with its element.

(b) Now let x̄ ∈ U \ cl(dom f), and hence dist(x̄, dom f) > 0. Choose a positive
real δ ≤ ε0

2 such that

(5.5) max

{
16δ,

√
4δ

γ1 − γ

}
<

dist(x̄, dom f)
33

.

Consider the neighborhood W := U0 ∩B(x̄, δ) of x̄. To complete the proof, it suffices
to show that Πf is Lipschitz continuous on W with constant K = 16. Let us proceed
by contradiction in supposing that there are x1, x2 ∈ W such that, for yi = Πf (xi),
i = 1, 2, we have

(5.6) ‖y1 − y2‖ > 16‖x1 − x2‖.

Let us put

x :=
x1 + x2

2
, y :=

y1 + y2
2

, u :=
y1 − y2

2
, v :=

x1 − x2

2
, z := x− y.

Note that (5.6) is equivalent to the inequality

(5.7) ‖v‖ < ‖u‖
16

.

Since yi = Πf (xi) ∈ dom f , by the convexity of dom f if follows that y ∈ dom f ,
and hence ‖z‖ ≥ dist(x, dom f) ≥ dist(x̄, dom f) − ‖x − x̄‖. Bearing in mind that
xi ∈ B(x̄, δ), we also have ‖x − x̄‖ < δ. It follows from (5.5) that dist(x̄, dom f) >
33 · 8δ = 264δ. Consequently, ‖z‖ ≥ dist(x̄, dom f) − δ ≥ 263δ. Using once more the
inclusions xi ∈ B(x̄, δ), i = 1, 2, we also see that ‖v‖ ≤ δ, and thus

(5.8) ‖v‖ ≤ ‖z‖
263

.

Due to the equalities yi = Πf (xi) and the inclusions xi ∈ B(x̄, δ), i = 1, 2, and using
the 1-Lipschitz property of Tf (which is easily seen and noticed in [8]) we also have

f(yi) + ‖x̄− yi‖ ≤ f(yi) + ‖xi − yi‖ + δ = Tf(xi) + δ ≤ Tf (x̄) + 2δ,

and hence yi ∈ Πf (x̄, 2δ). According to (5.4) with ε = 2δ we get

‖u‖ =
‖y1 − y2‖

2
≤ max

{
16δ,

√
4δ

γ1 − γ

}
.
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Combining this with (5.5) yields ‖u‖ ≤ dist(x̄, dom f)/33. Taking into account that
‖z‖ ≥ dist(x̄, dom f) − δ ≥ (1 − 1

264

)
dist(x̄, dom f), we arrive at ‖u‖ ≤ 264·‖z‖

263·33 . So,

(5.9) ‖u‖ ≤ ‖z‖
32

.

Due to the Lipschitz continuity of f on dom f we have

(5.10) |f(y ± u) − f(y)| ≤ L‖u‖.
Observe that f(yi) + ‖xi − yi‖ = Tf (xi) ≤ f(y) + ‖xi − y‖, and hence

(5.11) ‖z+v−u‖−‖z+v‖ ≤ f(y)−f(y+u), ‖z−v+u‖−‖z−v‖ ≤ f(y)−f(y−u).

In view of (5.10) the first inequality in (5.11) implies

‖z + v − u‖ − ‖z + v‖ ≤ L‖u‖ ≤ ‖u‖
2
.

Therefore,

‖z + v‖2 − 2〈z + v, u〉 + ‖u‖2 = ‖z + v − u‖2

≤
(

‖z + v‖ +
‖u‖
2

)2

≤ ‖z + v‖2 + ‖z + v‖ · ‖u‖ +
‖u‖2

4
,

and hence −〈z+ v, u〉 ≤ 1
2‖z+ v‖ · ‖u‖. So, −〈z, u〉 ≤ ‖u‖

2 (‖z‖+ 3‖v‖). Similarly, the
second inequality in (5.11) entails 〈z, u〉 ≤ ‖u‖

2 (‖z‖ + 3‖v‖). Using (5.8), we get

|〈z, u〉| ≤ ‖u‖
2

(‖z‖ + 3‖v‖) ≤ 1
2

(
1 +

3
263

)
‖z‖ · ‖u‖.

This and (5.7) yields

|〈z, u− v〉| ≤ 1
2

(
1 +

3
263

+
1
8

)
‖z‖ · ‖u‖.

In view of (5.7) and (5.9) we also have

‖u− v‖2 ≤ (‖u‖ + ‖v‖)2 ≤
(

1 +
1
16

)2

‖u‖2 ≤
(

1 +
1
16

)2 ‖z‖ · ‖u‖
32

.

Consequently,
(5.12)

2|〈z, u− v〉| + ‖u− v‖2 ≤
(

1 +
3

263
+

1
8

+
1
32

(
1 +

1
16

)2
)

‖z‖ · ‖u‖ < 6
5
‖z‖ · ‖u‖.

Putting

t1 =
−2〈z, u− v〉 + ‖u− v‖2

‖z‖2 , t2 =
2〈z, u− v〉 + ‖u− v‖2

‖z‖2 ,

we get by (5.9), (5.12)

(5.13) |ti| ≤ 6‖u‖
5‖z‖ ≤ 3

80
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and

‖z + v − u‖ + ‖z − v + u‖
=
√

‖z‖2 − 2〈z, u− v〉 + ‖u− v‖2 +
√

‖z‖2 + 2〈z, u− v〉 + ‖u− v‖2

= ‖z‖
(√

1 − 2〈z, u− v〉
‖z‖2 +

‖u− v‖2

‖z‖2 +

√
1 +

2〈z, u− v〉
‖z‖2 +

‖u− v‖2

‖z‖2

)

= ‖z‖ (√1 + t1 +
√

1 + t2
)
.

Since
√

1 + t ≥ 1 + t
2 − 13

100 t
2 for all t with |t| ≤ 3

80 , it follows by (5.13) that

‖z + v − u‖ + ‖z − v + u‖ ≥ ‖z‖
(

2 +
t1 + t2

2
− 13

100
(t21 + t22)

)

= ‖z‖
(

2 +
‖u− v‖2

‖z‖2 − 13
100

(t21 + t22)
)

≥ ‖z‖
(

2 +
‖u− v‖2

‖z‖2 − 13
50

(
6‖u‖
5‖z‖

)2
)
.

Using (5.7), we arrive at

‖z + v − u‖ + ‖z − v + u‖ > 2‖z‖ +

((
1 − 1

16

)2

− 234
625

)
‖u‖2

‖z‖ .(5.14)

On other hand, since
√

1 + t ≤ 1 + t
2 for all t ≥ −1 it follows that

‖z + v‖ + ‖z − v‖ = ‖z‖
(√

1 +
2〈z, v〉
‖z‖2 +

‖v‖2

‖z‖2 +

√
1 − 2〈z, v〉

‖z‖2 +
‖v‖2

‖z‖2

)

≤ 2‖z‖ +
‖v‖2

‖z‖ ≤ 2‖z‖ +
‖u‖2

162‖z‖ ,

and by (5.14) we obtain

‖z + v − u‖ + ‖z − v + u‖ − ‖z + v‖ − ‖z − v‖

>

((
1 − 1

16

)2

− 234
625

− 1
162

)
‖u‖2

‖z‖ >
‖u‖2

2‖z‖ .

Now note from (5.3) that 2γ‖xi − yi‖ < 1, i = 1, 2, and hence 2γ‖z‖ < 1.
Consequently,

‖z + v − u‖ + ‖z − v + u‖ − ‖z + v‖ − ‖z − v‖ > γ‖u‖2.

This and (5.11) yield 2f(y) − f(y + u) − f(y − u) > γ‖u‖2, which contradicts the
convexity of the function ϕ(x) = f(x) + γ

2 ‖x‖2. Then (5.7) cannot hold, and hence
the desired Lipschitz property of Πf is valid on W .

Observe that under the assumptions of Theorem 5.2 the minimal time projection
can be multivalued and discontinuous away from dom f outside the open set U in the
theorem. Indeed, let X = R

2 be the usual Euclidean plane and G = BX . Consider
the lsc function f satisfying (2.7) and defined on X by

f(x, y) =
{ −

√
1 + y2 if 2|y| ≤ 1, x = 0,

+∞ if 2|y| > 1 or x �= 0.
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Then the assumptions of Theorem 5.2 hold true with L = 1√
5

and γ = 1. Since
Πf (x, y) ⊂ dom f =

{
(0, v) : |v| ≤ 1

2

}
, it follows that

Πf (x, y) =

{
(0, v̄) : v̄ ∈ Argmin

|v|≤ 1
2

(√
x2 + (y − v)2 −

√
1 + v2

)}

and hence, identifying a singleton with its element, we have

Πf (x, y) =

⎧⎪⎪⎨
⎪⎪⎩

(
0, y

1−|x|
)
, |x| + 2|y| < 1,(

0, 1
2 sign y

)
, |x| + 2|y| ≥ 1, y �= 0,

{(0,− 1
2

)
,
(
0, 1

2

)}, |x| ≥ 1, y = 0.

So, the minimal time projection Πf (·, ·) is multivalued and discontinuous at any point
(x, 0) with |x| ≥ 1.
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