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Abstract. We continue the investigation of a general minimal time problem with a convex
constant dynamics and a lower semicontinuous extended real-valued target function defined on a
Banach space. In this paper we obtain an explicit description of the minimal time projection set in
terms of the Legendre—Fenchel conjugate function and provide some sufficient conditions for this set
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1. Introduction. We proceed with the study of the optimal control problem
with constant dynamics which was started in [8] and continued in [9]. Given a
nonempty closed convex set G of a Banach space (X, ||-||) with 0 € G and an extended
real-valued function f defined on X (called the target function), the problem is

(1.1) Minimize ¢ + f(¢(t; x))
over all t > 0 and all solutions ((-) = ((-; ) of the differential inclusion

(1.2) %(t) e -G, t>0,

with the initial condition

(1.3) ¢(0) = .

Since the right-hand side of the differential inclusion (1.2) is constant and convex
closed valued, problem (1.1)—(1.3) can be reformulated as

(1.4) { Minimize ¢+ f(x — tu),

overt >0 and u € G.

As shown in [8] the value function T of the problem (1.1)-(1.3) can be expressed by
the following infimal convolution formula (see [11, 12] for infimal convolution opera-
tion):

(1.5) Ty() = inf (fW) + palz —y)),
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where pg denotes the Minkowski functional of G. The function T is called the
(generalized) infimum time function of the problem. The set of minimizers IIy(z) of
(1.5), given by

(1.6)  Mf(x) := Argmin (f + pg(x —-)) == {y € X : f(y) + pa(z —y) = Ty(2)},

is called the (generalized) minimal time projection set. As the problem (1.5) is a
reformulation of the optimal control problem (1.1)-(1.3), the nonemptiness of the set
ITf () is equivalent to the existence of a solution of the problem (1.1)—(1.3). Moreover,
the nonemptiness of I () is a crucial assumption for various results (e.g., Theorems
3.1,3.2,4.2) in [8].

The outline of this third paper of the series on the subject is the following. In
section 2 we introduce notation and discuss the relation of the problem (1.1)—(1.3)
with a minimal time control problem for a target set, studied previously in Colombo,
Goncharov, and Mordukhovich [5]. The nonemptiness of the minimal time projection
set IT¢(x) is proved in section 3 under diverse conditions on the data, in particular, on
Fréchet subdifferentiability of the infimum time function 7. In section 4 we obtain
an explicit description of the minimal time projection set in terms of the Legendre—
Fenchel conjugate function. The last section investigates the single valuedness and
Lipschitz property of the minimal time projection.

2. Preliminaries. As in [8] and [9] we consider and fix a closed bounded convex
subset G of X with 0 € int G. We follow usual notation in using int S (resp., c1.S and
bd S) to denote the interior (resp., the closure and the boundary) of a set S in X.

An important special case of the optimal control problem (1.1)—(1.3) is the prob-
lem

Minimize ¢ > 0 such that {(¢t) € C and
(2.1) subject to () € =G a.e. T € [0,] and ¢(0) =

with a target set C' C X, which is assumed to be nonempty and closed. Indeed, if we
take the target function f as the indicator function ¥c of C C X (ie., ¥o(x) =0
it z € C and ¢ (z) = 400 otherwise), then the optimal control problem (1.1)—(1.3)
reduces to the problem (2.1). In this case the infimum time function and the minimal
time projection set, correspondingly, are

(2.2) Te(zx) = ;ch pc(r —y),

Ho(z) = Argmin po(x — ) i= {y € C s pa(e —y) = Te(@)}.

ye
If G is, in addition, symmetric, then the Minkowski function pg is a norm || - ||¢ on
X and Te(x) = de(x) := infyec ||z — y||¢ is the distance from the point x to the set
C' associated with the norm || - ||¢. So, if G = Bx (the closed unit ball with respect

to the initial norm | - ||), the function T¢ is reduced to the distance function de(-)
with respect to the norm || - ||, and ¢ (z) coincides with the projection set Projs(x),
that is,

e (z) = Projo(x) :=={y € C: [z —y[| = do(z)}.

We will also write sometimes dist(-, C') in place of d¢.
In the case when G = By, the Fréchet subdifferential of d¢ at any point in X has
been studied in Kruger [10]; see also [1, 2, 4, 13] for other subdifferentials of do. The
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Fréchet and proximal subdifferentials of the minimal time function T¢ in (2.2) have
been considered later, when X is finite dimensional, in Wolenski and Zhuang [14], and
then in the Hilbert setting in Colombo and Wolenski [6, 7]. Colombo, Goncharov,
and Mordukhovich [5] obtained some further strong results concerning T¢ and ¢
in (2.2) provided that G is an arbitrary closed bounded convex subset of X. In [§]
we investigate properties of the Fréchet and proximal subdifferentials of the infimum
time function and in [9] we studied the properties of the limiting subdifferential of
this function in the general setting of the problem (1.1)—(1.3).

Let us recall that the Minkowski gauge function (Minkowski functional) of a
nonempty closed convex subset K C X is

(2.3) pr(x):=inf{r >0: z€rK} VereX

with the usual convention inf {) = +oc.

Note that the Minkowski gauge function of any closed convex set is sublinear and
because of the assumption 0 € int G, the function p¢ is finite on X and Lipschitz con-
tinuous on X. We denote by o¢ the support function of G defined on the topological
dual X* and by G° the polar set of G, i.e.,

og(x™) == sup(z*,z) and G°:={2* € X" : og(a™) <1}.
zeG

One can easily see that

(2.4) pc(x) = ogo(x) := sup (x*,x) VreX.
z*eGe

In view of the sublinearity of pg, it is an exercise to verify that
(2.5) ¥ € dpg(x) < (x* € G° and (z*,x) = pg(a:)).

We recall that, for a convex function f: X — RU{+oco} and z € X with f(x) finite,
the Fenchel subdifferential 0f(z) of f at x is defined by

Of (x) :={a" € X*: (2”2’ —2) < f(2) = f(x) Va' € X};
similarly, given a real n > 0, the Fenchel n-subdifferential of f at x is given by
Opf(a) = {a* € X*: (¢, —a) < f(a') — f(&) + 7 Vo' € X).
With = 0 we then obtain
9pc(0) = dogo(0) = G°.

We emphasize that the assumption of boundedness of G and the assumption
0 € int G yield two reals a > 0 and 8 > 0 (which we fix in the whole paper) such that
%BX C G C 1By, which gives

(2.6) allzll < pe(@) < Blla]l Ve € X.

Throughout the paper, f: X — RU{+4o00} is a proper lower semicontinuous (lsc)
extended real-valued function and we will assume that for some real constant

(2.7) fy) > —pc(-y)+~v VyeX;
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recall that such a function f : X — R U {+oc} is proper when it is finite at some
point. Then for all y € X according to the sublinearity of pg

fW) +pc(z—y) 2 pc(z —y) — pc(—y) +7 = —pa(—z) +7,
and this entails that
(2.8) T¢(z) > —pa(—z) + 7, hence in particular, Tf(z) € R Yz € X.

Recall that for € dom f := {u € X : f(u) < 400} the Fréchet subdifferential
OF f(x) of f at x is the set of * € X* such that for any > 0 there exists a
neighborhood U of x such that for all 2’ € U

(@, 2" —x) < f(a') = f(2) +nll2’ — =]|.

If f is, in addition, convex, then all the above subdifferentials coincide with the Fenchel
subdifferential 0f(x) of f in convex analysis, and further (see, e.g., [11])

(2.9) z* € 0f(x) <= x € 9f*(z¥),

where f*: X* — RU{+00} denotes the Legendre—Fenchel conjugate of f, that is, for
all z* € X*
fr(@®) = sup[f(y) — (=", 9)].
yeX

3. On the nonemptiness of the minimal time projection set ITz(Z). Let
us begin with the case when the proper Isc function f is convex. Under the convexity
of f (as already noticed in [8]) we see through (1.5) that the function T} is convex
too. Assuming the convexity of f and invoking a finiteness condition about f*, the
following theorem provides a complete description of the subdifferential of T’ in terms
of the functions f and pg.

THEOREM 3.1. Assume that the Banach space X is reflexive and the proper lsc
function f is conver. Asssume also that the Legendre—Fenchel conjugate f* of f is
finite at some point x* € X* with ||z*||. < «, where a is given by (2.6). Then
for every & € X the (generalized) minimal time projection set I1;(Z) is nonempty.
Further, for any g € I1#(Z) one has

OTy(z) = 9f(y) N Opc(Z — 7).

Proof. The space X being reflexive and the functions f and pg being proper, lsc,
and convex, we know that f** := (f*)* = f and pZ = pg. On the other hand, we
have that p¢ = ogo by (2.4) and hence the Legendre-Fenchel conjugate pf; of pg is
equal to the indicator function ¢c. of G°. Further, the inclusion G C 1Bx (see (2.6))
ensures that aBx- C G°. Therefore, p is continuous at * € dom f*, that is, the
Moreau—Rockafellar qualification condition is satisfied for f* and p{,. This assures us
(see, e.g., [11, Proposition 9.2]) that the infimum convolution between f** and p{F is
achieved (or exact) and that the equality of the theorem holds true because of the

equalities f** = f and pg = pa- d

The case when the convex function f is bounded from below is of special interest.
It will allow us, in particular, in Corollary 3.3 below to consider for f the indicator
function of a closed convex set.
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COROLLARY 3.2. Assume that X is a reflexive Banach space and that the proper
Isc function f is convex and bounded from below. Then the (generalized) minimal time
projection set I1¢(Z) is nonempty for all T € X. Further, for any § € I1$(Z) one has

Ty () = 0f (§) N Opa(T — 7).
Proof. By the boundedness from below of f we have that f*(0) = inf x f is finite.

The corollary then follows from the theorem above. 0

The following improvement of Theorem 4.2 and Corollary 4.4 in [7] (established
therein for Hilbert spaces) are obtained from Corollary 3.2 with the indicator function
f =1¢ of a closed convex set C. Recall that ¢ (x) is the normal cone of C at z.

COROLLARY 3.3. Assume that X is a reflexive Banach space and that C is a
nonempty closed convex set of X. Then for any T € X the minimal time projection
set Il (Z) s nonempty and for every § € Illo(Z) one has

9Tc(r) = No(y) N dpa(T — 7).

In the general case where the function f is not required to be convex, following
(2.8) for each ¢ > 0 we will denote by IIf(z,e) the e-minimal time projection or
e-Argmin of the function f + pg(z — ), i.e.,

(3.1) Oy(z,e) :={ye X : fy)+ pc(x —y) <Tf(x)+e}.
With the set-valued mapping IT¢(x, -) we associate its w(X, X*)-sequential upper limit

woseq Lirrisupl_[f(x,a) ={v lilinyk D 3en 10, yr € Uy (z,er)},
el0

and also the set of limits through f given by
Ag(zsy) = {lim fye) = yn =y, Yk € Hg(z,er), ex L 0}

Above the notation ¥ lilgn yi stands for the weak limit of the sequence (yy ).
The following proposition, which has its own interest, prepares the next theorem.

PROPOSITION 3.4. Let a* € 0FTy(Z) and y € ¥ ~*°4Limsup, , f(Z,£). Then
the following hold.
(a) For each sequence yx — y with yi € U(Z,ex) and e, | 0, one has

lim f(yx) = Ty (2) = pc(T —y),
and hence Ay(Z;y) is a singleton, Ap(Z;y) = {Ap(Z5y)} with M\p(Z;y) = Ty(T) —

pc(T —y).
(b) One also has the inclusion

y €z — (Tf(x) — A\ (T3 ) 0o (z*) = T — pa(T — y)Ooa(z™).

Proof. Observe first that the inclusion z* € 0¥ Ty(z) assures us that there exists
some function e(x) — 0 as x — T such that for all x in some neighborhood V' of Z we
have

(3.2) (", 2 —7) < Tf(x) — Tf(Z) + e(2)||z — ||
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Fix any sequence 3, — y with y € II;(Z,e) and €5 | 0 with e < 1. Putting
ty := /2 we can translate the inclusion yi € I (Z,¢ex) as

(3.3) T(z) < flyr) + pa (@ — yr) < TH(T) + t.

Setting xy := Z + ti(yr — ) and using the boundedness of the sequence (yx )i we see
that for some integer ko we have xp € V for all k > ky. Combining this with (3.2)
and (3.3) gives for all k > ko

(@, yx — 7) — e(@p) lye — 2| <t [f (i) + pa(@e — i) — fyk) — pa (T — yi) + t3]
= t; ' [(1 = tr)pc(Z — yr) — pa(@ — k) + 7]
(3.4) = —pc(T — yk) + tr-

On the other hand, we know by [8, Theorem 4.1(a)] that z* € G° and this entails
(%% —yp) < 0o (Z — yk) = pa(T — yr),

the equality between the second and third members being due to (2.4). Therefore, it
follows from (3.4) that

—e(@i)llyr — T — te + pa (T —yr) < (2,2 — yx) < pa(T — yi)-

*

Since li]£n<x*, T —yr) = (z*,T —y), we obtain

lilgnpg(;i —yr) = (2", T — y).

The continuous convex function pg being lower w(X, X*)-semicontinuous, we can
write

pc(T —y) <limp(T —yr) = (27,7 = y) < 06o(T —y) = pa(T —y),

and hence

1i;£npc(3? —yr) = (", 7 —y) = pa(T —y).

Consequently, (3.3) entails that hin f(yx) exists and

1il£n flyr) =T¢(Z) — pa(z —y),

which implies, in particular, the singleton property of A¢(Z;y).
Finally, observe that the equality (z*,Z — y) = pa(Z — y) ensures by (2.5) and
the duality relation (2.9) that

T—y € pc(T—y)log(x™), e,y €T — pa(T—y)dog(z™).

The proof is then complete. ad

Even for f = ¢, examples in [5] show that the nonvacuity of the Fréchet sub-
differential of T at T ¢ C does not entail the nonvacuity of Il¢(z). However, from
[8, Theorem 4.1] and Proposition 3.4 we can derive a nonemptiness result for the
generalized projection set ITf(Z) through the Fréchet differentiability of the support
function og. It reproduces the main ideas of Theorem 4.1 in [5] to the context of the
set IT¢(Z).
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THEOREM 3.5. Assume that X is a reflexive Banach space and that the lsc proper
function f is bounded from below on X with T ¢ cl(dom f). Assume also that there
exists some x* € OF'Ty(Z) at which the support function o is Fréchet differentiable.
Then the set I1¢(Z) is nonempty.

Proof. Fix a sequence (yx)x in X such that

(3.5) (k) + pc(Z —yx) — T ()

and put e, = + + (f(yx) + pe(@ — yr) — Ty(Z)). Without loss of generality, we
may suppose that the sequence (f(yx) + pa(Z — yx))k is bounded from above. Since
the function f is bounded from below, the sequence (pe(Z — yx))r is bounded from
above, which ensures the boundedness of (yj)r. The reflexivity of X allows us by the
Banach—Alaoglu theorem to extract a subsequence (that we do not relabel) converging
weakly to a point § € X. Obviously the sequence (f(yx))x is bounded. Extracting
a subsequence we may also suppose that (f(yx))r converges to some A and hence by
(3.5)

(3.6) pa (T —yr) — Tp(T) — A

We claim that T7(Z) — A > 0. Otherwise, (3.6) entails first Ty(Z) — A = 0 and
then pa(z — yr) — 0, which yields by (2.6) that yr — Z strongly. The lower
semicontinuity assumption of f and (3.5) give

f(z) < liminf f(yy) < lim inf (flyr) + pa(@ — yr)) = Ty (%),

which is a contradiction because f(Z) = 400 (since z ¢ dom f by assumption) and
Ty (z) is finite.

Since T (Z)—A > 0, by (3.6) we may suppose (dropping a finite number of integers
k if necessary) that pg(Z — yr) > 0 for all k. Therefore

T — Yk T—Y
3.7 Gou = — weakly.
(3.7) " e (@ —yr) Tr(z) — A Y

Observe now that the assumption z* € 97T (Z) ensures by [8, Theorem 4.1] that
z* € G° and og(z*) = 1. Further, by definition of & we have y;, € II;(Z,¢;) and
er 1 0. Consequently, Proposition 3.4 and the inclusion A € Af(Z;7) tell us that
A= Ap(#;9) = T(7) — pe (7 — ) and

y=17— pc(@ —§)VFoa(z®),

where Vo (z*) is the Fréchet derivative of o¢ at x*. Using the latter equality into
(3.7) we obtain

G 2 up — Viog(x*) weakly and og(z*) = 1.
Setting ny = og(z*) — (x*,u) > 0, we derive that for all y* € X*
(" — 2" up) < oa(y”) — (&, uk) = 06(y*) — o (z”) + k-

It ensues that uy € Oy, 0¢(2*). In addition to the latter inclusion, we also have 7 | 0
as k — oo according to the fact that

(x*,ug) = (2", VEag(z*)) = og(z*) + Ya(VEog(z*)) = og(z*).
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Since the continuous convex function ¢ is Fréchet differentiable at z*, the Smulian
theorem (see [3, Theorem 4.2.10]) ensures that uy — V¥ og(2*) strongly, that is,
-y
)

T — Yk
pc (T — y)

T
— strongly,
pa(
which gives yr — § strongly because pa(Z — yx) — T§(Z) — A = pa(z — ).
Combining this with the lower semicontinuity of f assures us thanks to (3.5) that

F@) + pa(z —y) <liminf (f(e) + pa(@ = y)) = Ty (@),

and hence § € II¢(z), which gives IIf(Z) # ( and completes the proof of the
theorem. O

COROLLARY 3.6. Let X be a reflexive Banach space and C be a closed subset of
X. Let ¢ C and assume that there ezists some x* € 0FTc(z) at which the support
function o is Fréchet differentiable. Then the minimal time projection set o (T) is
the (nonempty) singleton

e (z) = {z — Te(2) Vo (z*)}.

Proof. The nonemptiness of II¢(Z) follows from Theorem 3.5 with the indicator
function ¢¢ of C' in place of f. For any y € Il¢(Z) one has y € C and A¢(z;y) = {0}.
So, Proposition 3.4(b) implies that y €  —Tc(Z)VF og(2*). This yields the singleton
property of II¢(Z) and its expression. d

Corollary 3.6 can be obtained also as a consequence of results of Colombo, Gon-
charov, and Mordukhovich (see Corrolary 3.2 and Theorem 4.1 in [5]).

The second corollary considers the case of the usual projection concept. It corre-
sponds to the result of Borwein and Giles [2].

COROLLARY 3.7. Assume that X is a reflexive Banach space and that the dual
norm || - ||« of || - || is Fréchet differentiable outside the origin of X* (one knows that
such a norm exists according to the reflexivity of X ). Let C be a closed subset of X
and & € X \ C. Then Proj, (%) is a (nonempty) singleton whenever 0¥ dc(z) # 0,
where dc(+) and Projo(+) are the usual distance function and projection set-valued
mapping associated with the norm || - ||. In fact, for any z* € 0¥ dc(Z) one has

Projo(z) = {z — de(@)V"| - [l (z")}.

Proof. Take G = Bx (the closed unit ball of X with respect to the norm || - ||)
and observe that og(:) = || - ||+, Tc(-) = de(+), and IIo(+) = Projo(+). The corollary
is then a direct consequence of Corollary 3.6. d

4. The minimal time projection set through the Legendre—Fenchel con-
jugate. Let us fix z € X and z* € 9" T¢(x). We consider the following minimal time
problem

Minimize ¢+ f(x — tu),
{ over t > 0 and u € dog(x™).
This problem is a modification of the problem (1.4) with the face G(z*) := dog(z*)
of the set GG in place of G.
As in the deduction of (1.5), we see that the infimum value of the problem is

Vi (@) = f (F0) + pece (@ = 0),
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where according to (2.3)
PGy (u) =inf{r >0: verG(z")}, uelX.

The set of the solutions of this problem will be denoted by

(4.1) My () = Argin () + pate (@ - ).

Following Colombo, Goncharov, and Mordukhovich [5], we can say that Vi .-
is a modified (generalized) infimum time function and the set My .- is a modified
(generalized) minimal time projection set.

PROPOSITION 4.1. Let x € X and x* € ¥ Ty(x). The following statements hold.
(a) Vo= (2) = Ty (x);
Via(2) = Ty (),
(b) y(z) #0 <« M - (z) # 0
(c) if Uy(z) # 0, then Iy (x) = My z=(x).
Proof. Since G(z*) C G, it follows that pg(y«) (7 —y) > pg(z —y). This yields

(a).

Let y € IIf(x). Note that T¢(x) — f(y) = pa(z —y) > 0. By Theorem 4.2 we
have y € x — (T (z) — f(y))G(z*).

Consequently, pgz+)(x —y) < Ty(x) — f(y). Thus, using (a), we get

F@) + pa@ (@ —y) <Tp(w) < Vi ().

This gives the assertion = in (b) and the inclusion II¢(z) C My - (z) in (c).
Now let y € My 4+ (x) and Vi - (x) = T¢(x). We have

Tp(x) = Viae(x) = f(y) + po@ (@ —y) = f(y) + palz —y).
It means that y € IIf(x). So the assertion < in (b) and the inclusion IIf(x) D
My o+ () in (c) are proved. O
Given a functional z* € X*, we consider the following convex cone

K. = | AG(a").

A>0

For 2* = 0 we have G(z*) = G, and hence K (z*) = X since 0 € int G. On the other
hand, for x* # 0, the closed set G(x*) is bounded (since G(z*) C G) and does not
contain 0; so, it is easily seen that the cone K(z*) is closed. Consequently, K (x*) is
a closed convex cone in X for every z* € X*.

LEMMA 4.2. For any x* € X*\ {0} one has

(z*,u)

Ug(ﬁ*)

PG (ar) (1) = + YK, (u) YueX.

Proof. If u & K=, then pg(y+)(u) = +oo and ¢k . (u) = 400, so the desired
equality holds. Assume now that u € K;-. It means that there exist ¢ > 0 and
v € G(z*) such that u = tv. By the definition of the set G(z*) we obtain that
(x*,v) = og(x*) and therefore v € bd G. Thus pg(,+)(v) =1 = (@”.0)

og(z*)”
(z™ u)

Pe@y(u) =t = ooty and Yk, (u) = 0. This yields the desired equality again. 0O

Consequently,
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LEMMA 4.3. Assume that X is a Banach space. Let p : X — R U {400} be a
proper lower semicontinuous function such that its conjugate function ¢* is Fréchet
differentiable at a point z* € dom ¢*. Then one has VE¢*(z*) € X and

Argmin (() = ("0)) = {77 ()}

Proof. Denote ¢ := VFp*(2*) € X** and g(z) = p(x) — (z*,z) for all z € X.

Note that infx g = —¢*(2*). Consider minimizing sequences (x)r C X in the sense
that
(4.2) li}gn glxg) = igl{fg.

Let us show that any such a sequence (xj)r converges to ¢ in X**. Assume the
contrary: there exist ¢ > 0 and a sequence (z)r with property (4.2) such that
lxx — ¢|] > 2¢ for all & € N. Choose functionals & € X* with ||| = 1 and
(zk — ¢, &) > 2¢ and denote ty, := 1 (g(zy) — infx g) + +. We have t; — 0 and

@* (2" + tr€k) = sup ({7 + tely, ) — @(7))
reX

> (z" + tulr, i) — o(zk)
=t (Ek> Tk) — 9(Tk)

> tk(<<7€k> + 2¢) —i%fg—é‘tk + £

k
> (¢, &) + ety + @ (27).

Consequently,

" (2" + teér) — " (") — t((, k)

>e VkeN.
te |kl

This contradicts the fact that ¢ is the Fréchet derivative of ¢* at z*, so (xy ), converges
to ¢ in X**. Since X is complete, we derive that there is some xzg € X such that
C = Zg.

Let (z1)r be a minimizing sequence in the sense of (4.2). As we have shown,
Tk — To. So, by the lower semicontinuity of g we get ro € Argmin,x g(y). Sup-
pose that Top € Argmin, cx g(y). Then the constant sequence xj = Zo satisfies the
minimizing condition (4.2) and as we showed above z; — xo, i.e., Zg = zo. Thus,
Argmin ¢ v g(y) = {zo}. u

We are now ready to state and prove the theorem of this section relying the

minimal time projection to the Legendre—Fenchel conjugate of a function involving
both f and the set K «.

THEOREM 4.4. Assume that X is a Banach space, f is lower semicontinuous,
z & cl(dom f), Vi« (Z) = T§(Z), and x* € OFTy(z). Assume also that the conjugate
of (f +vz—K,.) is Fréchet differentiable at z*. Then one has V¥ (f +vz_k, . )" (x*) €
X and

p(z) = {V(f +Yo-k,.) (")}

Proof. By [8, Theorem 4.1] we deduce that og(z*) = 1. So, Lemma 4.2 implies

that
poen) () = (@) +bx.. (u) Vu € X.
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It follows by (4.1) that

My o+ (T) = Arwger?(in (f(x) + ("2 —z) + YK, (T — a:))

Let us denote

p(a) = f(@) + Vr,. (T —2) = f(2) + Y2-x,. (), z€X

We have

My - (Z) = Arwger?(in (gp(x) — {z™, a:})

Lemma 4.3 yields My ,«(z) = {VFp*(2*)}. According to (b) and (c) of Proposition
4.1 we have I (Z) = My .« (Z) = {VFp*(z*)}. 0
5. Lipstchitz property of the minimal time projection. This section is

devoted to the single valuedness and Lipschitz property of 1I;. We need first the
following lemma from [9].

LEMMA 5.1. Let X be a Hilbert space and G =By, and let f : X — RU{+o0} be
Lipschitz continuous on dom f with a constant L < 1/2. Assume that f + (v/2)] - ||
is conver for some real constant v > 0. Let & € X, €9 > 0 and 1 > v be such that
271 (dist(z, dom f) +¢e0) < 1= . Then

1+L
(5.1) Mz -yl <1 Vyell(z,e0),
where I (Z,€0) is given by (3.1). Further, for all positive € < gy one has
8¢
"=

(5.2) ly1 — y2|| < max {165, } Vy1,y2 € 1§ (Z, €).

With the above lemma at hand we prove our following theorem.

THEOREM 5.2. Let X be a Hilbert space and G = Bx. Assume that the function
f:X — RU{+o0} is Lipschitz continuous on dom f with some constant L < 1/2.
Assume also that there is some constant v > 0 such that f is ~y-semiconver in the
sense that f + (v/2)|| - |? is convex (and consequently, dom f is convex). Then, the
following hold.

(a) On the open convez set

i 1-L
U := {x € X : 2~dist(z,dom f) < 1—|——L}

the minimal time projection Iy is single-valued, i.e., Il¢(x) is a singleton for all
zelU.

(b) On the open set U \ cl(dom f) the (single-valued) mapping Il is locally Lips-
chitz continuous with K = 16 as a Lipschitz constant.

Proof. Fix any & € U. Due to the inequality 2v dist(Z, dom f) < }jr—f there exist
a neighborhood Uy of Z, g > 0 and y; > ~ such that

1-L
2v1 (dist(x,dom H+ 50) < 71 for all x € Uy.

According to Lemma 5.1

(5.3) 2y llz —yl < 1 Ve e Uy, Yy e Ilf(x,e0),
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and for any positive € < g9 and any x € Uy one has

8¢
=7

(5.4) [ly1 — y2|| < max {165, } Yy1,y2 € Il¢(x, €).

(a) Let « € Up and (yg)r be a sequence satisfying the condition f(yx) + pa(z —
yr) = T¢(x). It means that y, € I¢(z,e) with some €5 | 0. The inequality (5.4)
implies that (yr)r is a Cauchy sequence and hence converges to some y € X. By
lower semicontinuity of f and continuity of pg we get f(y) + pa(z —y) < Ty(x), ie.,
y € IIf(x). It ensues that II¢(z) is a singleton, and hence II¢ is single-valued on U.
We identify below the singleton IT;(x) with its element.

(b) Now let £ € U \ cl(dom f), and hence dist(Z, dom f) > 0. Choose a positive
real § < 5 such that

(5.5) max { 166, (|20 | dist(z,dom J)
"=y 33

Consider the neighborhood W := Uy N B(Z, §) of Z. To complete the proof, it suffices
to show that Il is Lipschitz continuous on W with constant K = 16. Let us proceed
by contradiction in supposing that there are x1,22 € W such that, for y; = II¢(x;),
i =1,2, we have

(5.6) lyr — yall > 161 — 22|

Let us put

_ Tt _ Wty S ) B - B
2 ' 2 ' 2 ' 2

Note that (5.6) is equivalent to the inequality

(5.7) ol < S

Since y; = If(x;) € dom f, by the convexity of dom f if follows that y € dom f,
and hence ||z|| > dist(z,dom f) > dist(Z,dom f) — ||z — Z||. Bearing in mind that
x; € B(Z,0), we also have ||z — Z|| < ¢. It follows from (5.5) that dist(z,dom f) >
33 -85 = 2640. Consequently, ||z|| > dist(Z,dom f) — 6 > 2635. Using once more the
inclusions z; € B(Z, ), i = 1,2, we also see that ||v|| < §, and thus

. < .

Due to the equalities y; = I (x;) and the inclusions z; € B(Z,6), ¢ = 1,2, and using
the 1-Lipschitz property of Ty (which is easily seen and noticed in [8]) we also have

Fyi) + 112 = yill < fyi) + llwi = yill + 6 = Ty (i) + 6 < Ty () + 26,

and hence y; € II¢(Z,20). According to (5.4) with € = 26 we get

) = W=l max{ma, 49 }

2 "=
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Combining this with (5 5) yields |lu|| < dist(Z,dom f)/33. Taking into account that

[|2]| > dist(z,dom f) — 6§ > (1 — 557) dist(Z, dom f), we arrive at [|u]| < %_”;3”. So,

. < —
(59) ol < 52
Due to the Lipschitz continuity of f on dom f we have

(5.10) |fly £u) = f(y)| < Lu].

Observe that f(y;) + [|#; — yill = Ty(x:) < f(y) + [|#: — yl|, and hence

(5.11) [lz+v—ul =[lz4v] < f(y)—fly+u),  [z=v+ul|=|z—v]| < fly)—fly—uw).
In view of (5.10) the first inequality in (5.11) implies

2+ o —ul - 12 + o] < Lljuf < 14,

Therefore,

Iz + vl|* = 2(z + v U> +lull* = llz + v — u?
IIUIIQ

|| I
<|Z+ I+ == <||Z+v||2+||z+v|\ lull + ==

and hence —(z 4+ v, u) < %||Z+UH lull. S

ﬁ |

< z,u) < L)z + 3||v]). Similarly, the
\

=3
second inequality in (5.11) entails (z, u> [Iz|l + 3]|v]|). Using (5.8), we get

(2, u)| <

Il
B+ 3o < §@+ﬂ§)||wn

This and (5.7) yields

1 3 1
— < (14
(2, u vn_2<<+%3+ )WIHW

In view of (5.7) and (5.9) we also have

2
1 2]l Jlull
- 2 1 2 < 1
lu—v||* < (JJul| + HU”) < + 16) [l < ( + 16) 32

Consequently,
(5.12)

2
1 1 1
2z, u— )| + lu—v|? < <1+ 2—2’3 +t5t 3 <1+ 6) ) 2] - flull < gl\zll - lul]-

Putting

—2(z,u—v) + |Ju — v||? B 2(z,u—v) + |lu—v|?

t =
' HE ’ HE ’

we get by (5.9), (5.12)

(5.13) lti| <
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and

|z +v—ul+ ||z —v+ul
= V212 = 2(z,u — v) + [lu — 0|12 + V/[[2]? + 2(z,u — v) + [Ju — v|]?

_ HZ” 1— 2<Z,U—U> + HU_U”Q + 1+ 2<z,u—v> + ||U_UH2
Iz 12112 12112 Iz

=z VI+t+VI+ts).

Since V141 > 14 4 — &¢2 for all t with [t| < 2, it follows by (5.13) that

t1+1 13
s o= ull + = ot ull 2 el (24 252 - i+ )

Jlu—vl> 13 5, lu—v]? 13 (6]u]”
:||z|<2+7——(t +8)) >zl |24+ ——5— - = :
=2 100" "7 212 50 \ 5]z

Using (5.7), we arrive at

1)? 234 Ju?
14 - - 2 ') o '
(5:14)  |lz+v—ull+ ]|z —v +ul > Ilzl+<< 16> 625> [l

On other hand, since v1+¢ <1+ % for all t > —1 it follows that

2(z,v) | || 2(z,v) | [lv]?
Iz + vl + ||z — v|| = ||z]] 1+ + 4+4/1— + —
212 ll=? 202 =]

[[v]}? ul®
<2||z)| + < 2[|z] + ;
121l 162 z||
and by (5.14) we obtain
lz+v—ull+ |z =v+ul =z +0] -z -

2
(LY 234 Ll )
16 625 162 ) |zl ~ 2|z|°
Now note from (5.3) that 2v||x; — vl < 1, ¢ = 1,2, and hence 2v]z| < 1.
Consequently,

lz+v—ull+llz—v+ul = |lz+v] =z — o] > y[ul®.

This and (5.11) yield 2f(y) — f(y + u) — f(y —u) > v|lu|?, which contradicts the
convexity of the function ¢(z) = f(z) + Z|«||*>. Then (5.7) cannot hold, and hence
the desired Lipschitz property of I is valid on W. a

Observe that under the assumptions of Theorem 5.2 the minimal time projection
can be multivalued and discontinuous away from dom f outside the open set U in the
theorem. Indeed, let X = R? be the usual Euclidean plane and G = Bx. Consider
the Isc function f satisfying (2.7) and defined on X by

_ —ViHy? i 2y <1, 2=0,
f(xvy)—{+oo if 2|yl >1oraxz#£0.
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Then the assumptions of Theorem 5.2 hold true with L =

GRIGORII E. IVANOV AND LIONEL THIBAULT

L and v = 1. Since

S

Iy (z,y) C dom f = {(0,v) : [v] < £}, it follows that

If(z,y) = ¢ (0,9) : U € Argmin (\/xQ +y—v)?2—-+v1 +’U2)

1
[v|<3

and hence, identifying a singleton with its element, we have

(0. %) 2] +2ly| < 1,
Hy(z,y) = (0, 3signy), lz] 4+ 2ly| > 1, y # 0,
{(0,-3),(0,3)}, lz[>1, y=0.

So, the minimal time projection Il (-, ) is multivalued and discontinuous at any point
(x,0) with |z| > 1.

[1]
2]
3]

[4]
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