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In this paper, a new approach is developed for structural shape optimization, which consists in coupling the 

particle swarm optimization (PSO) algorithm and the isogeometric boundary element method (IGA-BEM). The 

IGA-BEM is based on the combination of the isogeometric analysis (IGA) and the boundary element method 

(BEM), where Non-Uniform Rational B-Splines (NURBS) are employed as shape functions for geometry param- 

eterization and approximation of the field variables. The method inherits the main advantage of the IGA-based 

shape optimization, i.e., the control points are used as design variables, thus the design model, analysis model 

and optimization model are uniformly described with the NURBS, providing easy communication between the 

three models and resulting in a smooth optimized boundary. However, the main feature of the proposed method 

is the use of PSO, which provides an attractive gradient-free alternative to complicated sensitivity analysis. The 

efficiency and accuracy of the proposed approach are demonstrated through four 2D shape optimization exam- 

ples. 
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. Introduction 

For the purpose of improving structural characteristics such as re-
ucing stress concentration, structural weight, and maximum displace-
ents, shape optimization is required to obtain suitable designs. In the

arly days of structural shape optimization analysis, the nodes on the
oundaries in the finite element model were directly used as the de-
ign variables, which could lead to serrate shapes because of the inde-
endent changes of these nodes on the boundary [1] , so the optimized
oundary needed to be smoothed. The polynomial and spline functions
ere later successively used in the parametric characterization of the

tructure boundary to constrain the movement of the boundary nodes,
ost commonly with the use of NURBS (Non-uniform rational B-splines)

2] which are defined as the sole representation method of free curve
nd surface in the STEP standard. However, the gap between the finite
lement analysis (FEM) model and the CAD model consumes up to 80%
f the solution time because of mesh generation, and the element-based
olynomial approximation in the standard FEM inevitably leads to dis-
retization errors in complex geometries. 
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In order to seamlessly integrate CAD and finite element analysis,
ughes et al. [3] introduced isogeometric analysis (IGA). The underly-

ng principle of IGA is that NURBS used in CAD are employed as basis
unctions for the approximation of the unknown solution. Due to such
eatures as the exact geometrical representation and high-order conti-
uity of the shape functions, IGA has successfully been applied to many
ngineering problems, e.g., see Refs. [4–15] . 

NURBS only describe the boundaries of objects, so one of the key
ssues in the IGA FEM is generating volume meshes from the parameter-
zation of the boundary surfaces. Since only the surfaces of the domain
eed to be meshed in the boundary element method (BEM), the BEM
s very efficient for problems with a small surface/volume ratio. Addi-
ionally, the accuracy of BEM solutions heavily relies on accuracy of the
oundary representation, which in IGA is always exact. These features
ake BEM an ideal partner for IGA (the concept known as IGA-BEM).
he idea of IGA-BEM was first presented in [16] . The IGA-BEM has

ater been applied for various problems including elastostatic analysis
17–19] , wave-resistance problems [20,21] , flow problems [22,23] ,
coustic analysis [24] , crack problems [25–27] , elasto-plastic inclusions
28,29] , and structural shape optimization [30–34] . 
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Some improvements on the original IGA-BEM were and continue to
e investigated. In order to improve the computational speed, Takahashi
nd Matsumoto [35] and Simpson and Liu [36] combined IGA-BEM with
he fast multipole method, while Marussig et al. [37] proposed a fast
GA-BEM based on an independent discretization for geometry, displace-
ent and traction fields, and the application of H-matrices. Scott et al.

38] developed T-splines based IGA-BEM which allows local refinement
nd handles complex geometry. Peake et al. [39] developed extended
GA-BEM for 2D Helmholtz problems by introducing partition-of-unity
ased enrichments. Wang et al. [40] introduced a multi-patch nonsin-
ular IGA-BEM for complicate structure analysis by coupling trimmed
URBS with a nonsingular BEM. Feischl et al. [41] integrated the adap-

ive concept into IGA-BEM in 2D. 
Some researchers have studied structural topology optimization

42–48] , shape optimization [49–54] , and material optimization [55–
7] by using IGA. Li and Qian [30] presented a boundary integral based
pproach to IGA and shape optimization where NURBS basis is used
o parameterize the boundary shape and to approximate the physical
elds in the analysis. They have extended their approach to both 2D
nd 3D elasticity problems successfully. Kostas et al. [31] presented a
hip-hull optimization process combining a T-spline based parametric
hip-hull model, and an IGA hydrodynamic solver for the calculation of
hip wave resistance. Yoon et al. [ 32 ] and Yoon and Cho [ 33 ] derived
 general configuration design sensitivity analysis method for steady
tate heat conduction problems using the isogeometric boundary inte-
ral equation method, and it was applied for configuration design opti-
ization of heat conduction problems and 2D elastic structures. Lian et

l. [34] presented shape sensitivity analysis and optimization in 2D elas-
icity with a regularized IGA-BEM. Recently, Lian et al. [58] developed a
-spline IGA-BEM to shape sensitivity analysis and gradient-based shape
ptimization in 3D linear elasticity. 

In the majority of works related to isogeometric optimization of
tructures, gradient methods are used in optimization process. The ad-
antage of gradient-based optimization methods is the fast convergence
peed. However, gradient-based methods require data from sensitivity
nalysis, i.e., the object function is specified explicitly as a function of
he optimized parameters and then differentiated, which is not easily ap-
licable in various problems and its derivation and implementation are
ften complicated, unless automatic non-intuitive approaches. In gen-
ral, gradient-based methods find a local optimum. 

There are some evolutionary optimization algorithms, which are
radient-free methods and do not require that the optimization prob-
em be differentiable as is required by classic optimization methods such
s gradient descent and quasi-Newton methods. For example, Herath et
l. [57] presented a layup optimization algorithm for composite ma-
ine propellers using NURBS based IGA coupled with real-coded genetic
lgorithm (GA). The particle swarm optimization (PSO) is one of the
radient-free optimization algorithms, originally proposed in [59] . Its
ain idea consists in optimizing a problem by iteratively trying to im-
rove a candidate solution with regard to a given measure of quality,
nd it makes few or no assumptions about the problem being optimized
nd can search very large spaces of candidate solutions. PSO has the fol-
owing advantages: (1) search speed is fast, and the rule is simpler than
hat in GA as it avoids the “crossover ” and “mutation ” operations; (2) it
ossesses the memory; (3) few parameters are adjusted in the optimiza-
ion process, and the algorithm structure is simple; (4) the PSO equa-
ions work on real numbers, so it can directly deal with the parameters
n search space, while the traditional GA must convert the parameters
f the problem space into chromosomes or individuals in genetic space
y using the coding operator. The PSO was successfully applied to treat-
ng both the social and computational paradigms [ 60 , 61 ], as well as to
GA shape optimization in [62] . Global optimization methods using ‘soft
omputing ’ tools such as PSO and GA are more suitable to multiple local
inima. The most disadvantage of gradient-free optimization methods

s that the convergence speed is slower that for gradient-based optimiza-
ion methods. This disadvantage can be overcome by high performance
27 
omputing. In this study, we combine the IGA-BEM and the PSO, which
erves our main goal, to form a novel effective approach particularly
or the structural shape optimization in 2D elasticity. The IGA-BEM in
onjunction with the PSO is attractive to the shape optimization problem
s the advantages of both the IGA-BEM and the PSO are taken, which
an be listed as follows: 

• In terms of structural shape optimization, the NURBS control points
are used as design variables, thus design model, analysis model and
optimization model can be fully described through the NURBS in a
uniform and convenient manner; 

• The interaction with the original CAD model is avoided during shape
optimization; 

• The dimensionality of the problem is reduced to the boundary only,
avoiding the need for volume discretization; 

• The optimized boundary is smooth; 
• No sensitivity analysis is required; 
• The implementation is simple. 

The present paper is organized as follows. The problem is described
n Section 2 . The formulation of IGA-BEM for structure analysis is briefly
utlined in Section 3 . Section 4 presents the optimization algorithm and
he numerical implementation. In Section 5 , the advantages of the de-
eloped method are illustrated through numerical experiments. Some
ajor conclusions drawn from the study are given in Section 6 . 

. Problem description 

The mathematical formulation of a shape optimization problem is
escribed as follows: 

in 
x k 

F ( 𝒙 ) (1) 

uch that ℎ 𝑖 ( 𝒙 ) = 0 𝑖 = 1 , 2 , … , 𝑛 ℎ number of equality const raint s (2a)

 𝑗 ( 𝒙 ) ≤ 0 , j = 1 , 2 , … , n 𝑔 number of inequality const raint s (2b)

 𝑘, min ≤ 𝑥 𝑘 ≤ 𝑥 𝑘, max , 𝑘 = 1 , 2 , … , n 𝑥 number of design variables (2c) 

here F is the objective function, depending on the design variables
 ; the functions h i and g j represent the behavioral constraints; x k ,max 

nd x k ,min are the upper and lower bounds of the design variable x k ,
espectively. 

A large number of mathematical algorithms have been proposed to
olve the optimization problem ( 1 ). In this contribution, the PSO al-
orithm is used together with the IGA-BEM as the structural analysis
ethod. 

. Formulation of IGA-BEM for structural analysis 

.1. NURBS basis functions 

NURBS basis functions are defined by means of the B-splines in para-
etric space 𝜉 ∈ [0, 1] on a so-called knot vector k ( 𝜉), which is a set of
on-decreasing numbers between zero and one, k ( 𝜉) = { 𝜉1 = 0,…, 𝜉i ,…,

n + p + 1 = 1} T with i representing the knot index, n being the number of
asis functions, and p – the order of B-splines. By using knot vector k ( 𝜉),
he i th B-spline basis function of degree p , termed as N i,p ( 𝜉), is defined
ecursively as follows [3] : 

 𝑖, 0 ( 𝜉) = 

{ 

1 𝑖𝑓 𝜉𝑖 ≤ 𝜉 < 𝜉𝑖 +1 
0 otherwise for 𝑝 = 0 (3a)

nd 

 𝑖,𝑝 ( 𝜉) = 

𝜉 − 𝜉𝑖 

𝜉𝑖 + 𝑝 − 𝜉𝑖 
𝑁 𝑖,𝑝 −1 ( 𝜉) + 

𝜉𝑖 + 𝑝 +1 − 𝜉

𝜉𝑖 + 𝑝 +1 − 𝜉𝑖 +1 
𝑁 𝑖 +1 ,𝑝 −1 ( 𝜉) for 𝑝 ≥ 1 (3b)
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Fig. 1. A two-dimensional domain. 
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The NURBS basis function in one-dimension is given by [3] : 

 𝑖 ( 𝜉) = 

𝑁 𝑖,𝑝 ( 𝜉) 𝑤 𝑖 

𝑛 ∑
𝑖 =1 

𝑁 𝑖,𝑝 ( 𝜉) 𝑤 𝑖 

(4)

here w i is referred to as the i th weight. 
By using these basis functions, a NURBS curve of order p can be

onstructed with a set of control points B i as 

 ( 𝜉) = 

𝑛 ∑
𝑖 =1 

𝑅 𝑖 ( 𝜉) 𝑩 𝑖 (5)

.2. Boundary element method 

The basic idea of the BEM is to transform the boundary value prob-
em into a boundary integral equation, which can be subsequently re-
uced to a linear system of equations through discretization of the
oundaries. Here, a brief introduction of linear elastic BEM is given,
nd for details, curious readers may refer to [63] . 

In absence of body forces, the boundary value problem for a two-
imensional elastic body occupying domain Ω with boundary Γ, as
hown in Fig. 1 , can be expressed as follows: 

𝑢 𝑘,𝑘𝑖 + 𝐺 

(
𝑢 𝑖,𝑗𝑗 + 𝑢 𝑗,𝑖𝑗 

)
= 0 in Ω (6a)

 𝑖 = �̄� 𝑖 on Γ1 (6b)

 𝑖 = 𝜆𝑢 𝑘,𝑘 𝑛 𝑖 + 𝐺 

(
𝑢 𝑖,𝑗 𝑛 𝑗 + 𝑢 𝑗,𝑖 𝑛 𝑗 

)
= ̄𝑡 𝑖 on Γ2 (6c)

here 𝜆 and G are Lame’s constants; u i is the displacement components;
 i is the surface tractions; �̄� 𝑖 and ̄𝑡 𝑖 are the prescribed displacements and
ractions on the Dirichlet ( Γ ) and Neumann ( Γ ) parts of boundary Γ
1 2 

28 
 Γ=Γ1 ∪Γ2 , Γ1 ∩Γ2 =∅) respectively, and n i is the outward unit normal vec-
or on Γ. 

The boundary integral equation corresponding to Eq. ( 6 ) is given as

𝑢 
𝑙 
( 𝒙 ) = ∫Γ

[
𝑡 𝑘 
(
𝒙 
′)𝑢 ∗ 

𝑙𝑘 

(
𝒙 , 𝒙 ′

)
− 𝑢 𝑘 

(
𝒙 
′)𝑡 ∗ 

𝑙𝑘 

(
𝒙 , 𝒙 ′

)]
𝑑Γ

(
𝒙 
′) (7)

here 𝑢 ∗ 
𝑙𝑖 

and 𝑡 ∗ 
𝑙𝑘 

are called the fundamental solutions, which are ex-
ressed as 

 

∗ 
𝑙𝑖 

(
𝒙 , 𝒙 ′

)
= 

1 
8 𝜋𝐺 ( 1 − 𝜈) 

[ 
( 3 − 4 𝜈) 𝛿𝑙𝑖 ln 

1 
𝑟 
+ 

𝜕𝑟 

𝜕 𝑥 𝑙 

𝜕𝑟 

𝜕 𝑥 𝑖 

] 
(8a)

𝑡 ∗ 
li 

(
𝒙 , 𝒙 ′

)
= − 

1 
4 𝜋( 1 − 𝜈) 𝑟 

{ 

𝜕𝑟 

𝜕𝑛 

[ 
( 1 − 2 𝜈) 𝛿li + 2 𝜕𝑟 

𝜕𝑥 𝑙 

𝜕𝑟 

𝜕𝑥 𝑖 

] 
− ( 1 − 2 𝜈) 

( 

𝜕𝑟 

𝜕𝑥 𝑙 
𝑛 𝑖 − 

𝜕𝑟 

𝜕𝑥 𝑖 
𝑛 𝑙 

) } (8b) 

here r = ‖x ′ - x ‖, x and x ′ are the boundary source point and the bound-
ry field point, respectively; 𝜈 is Poisson’s ratio; 𝛿li is the Kronecker-delta
unction; 𝜒 = 0.5 when the source point lies on a smooth surface. 

.3. Isogeometric boundary element method (IGA-BEM) 

IGA-BEM adopts NURBS basis functions as the shape functions for
iscretization of Eq. (7) . Based on the isoparametric concept, the bound-
ry curve, as well as the boundary displacements and tractions are writ-
en as follows: 

 ( 𝜉) = 

𝑛 ∑
𝑖 =1 

𝑅 𝑖 ( 𝜉) 𝑩 𝑖 (9a)

 ( 𝜉) = 

𝑛 ∑
𝑖 =1 

𝑅 𝑖 ( 𝜉) 𝒖 𝑖 (9b)

 ( 𝜉) = 

𝑛 ∑
𝑖 =1 

𝑅 𝑖 ( 𝜉) 𝒕 𝑖 (9c)

here R i ( 𝜉) is the NURBS basis function as shown in Eq. (4) , B i are
he coordinates of control point i of the boundary surface, u i and t i are
he i th control variables corresponding to boundary displacements and
ractions respectively. 

Discretizing the boundary into a non-overlapping set of N e elements
iven by knot spans [ 𝜉i , 𝜉i + 1 ], and introducing interpolation formula
Eq. ( 9 )) in each element, yields the discretized boundary integral equa-
ion as follows: 

𝜒( 𝒙 𝑐 ) 
𝑝 +1 ∑
𝑎 0 =1 

𝑅 

𝑎 0 

(
𝜉𝑐 
)
𝑢 
𝑒 0 𝑎 0 
𝑗 

+ 

𝑁𝑒 ∑
𝑒 =1 

𝑝 +1 ∑
𝑎 =1 

[ 

∫
+1 

−1 
𝑡 ∗ 
𝑖𝑗 

(
𝒙 
𝑐 , 𝒙 

(
𝜉
))
𝑅 

𝑎 

(
𝜉
)
𝐽 𝑒 

(
𝜉
)
𝑑 ̂𝜉

] 

𝑢 𝑒𝑎 
𝑗 

= 

𝑁𝑒 ∑
𝑒 =1 

𝑝 +1 ∑
𝑎 =1 

[ 

∫
+1 

−1 
𝑢 ∗ 
𝑖𝑗 

(
𝒙 
𝑐 , 𝒙 

(
𝜉
))
𝑅 

𝑎 

(
𝜉
)
𝐽 𝑒 

(
𝜉
)
𝑑 ̂𝜉

] 

𝑡 𝑒𝑎 
𝑗 

(10) 

here 𝑢 𝑒𝑖 
𝑘 

and 𝑡 𝑒𝑖 
𝑘 

are displacements and tractions control variables, re-

pectively, corresponding to shape function i on element e ; 𝜉 ∈ [ −1 , 1 ]
s the local coordinate system, e 0 denotes the element containing the
ollocation point x c , 𝜉𝑐 is the local coordinate of the collocation point,
nd 𝐽 𝑒 ( ̂𝜉) is the Jacobian of transformation, is defined as [17] 

 

𝑒 
(
𝜉
)
= 

𝑑Γ
𝑑𝜉

𝑑𝜉

𝑑 ̂𝜉
(11)

ith 

𝑑Γ
𝑑𝜉

= 

√ ( 

𝑑𝑥 

𝑑𝜉

) 2 
+ 

( 

𝑑𝑦 

𝑑𝜉

) 2 
(12a)

𝑑𝜉

𝑑 ̂𝜉
= 

𝜉2 − 𝜉1 
2 

(12b)

here 𝜉1 and 𝜉2 represent the values of the both ends of the element in
he parameter space. 
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Fig. 2. Stress components of boundary points. 
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Fig. 3. Geometry and load of the cantilever beam. 

w

𝐷

𝑆

4

4

 

E  

b  

i  

c  

a  

o  

t  

i  

t  

a  

a
 

k  

p

𝑣  

𝒙  

w  

c
[  

s  

i  

v  

i  

w  

l  

s  

r  

t  

a  

a 1 2 
In IGA-BEM, a system of equations can be obtained by collocating
t a series of control points. In this study, we selected the collocation
cheme given by Greville abscissae, i.e. at the points [17] : 

𝑐 
𝑖 
= 

𝜉𝑖 +1 + 𝜉𝑖 +2 + ⋯ + 𝜉𝑖 + 𝑝 

𝑝 
( 𝑖 = 1 , 2 , ⋯ , 𝑛 − 1) (13)

In this study, singular integrals are evaluated using the subtraction
f singularity scheme [26] . The weakly singular integrals, i.e. those con-
aining the logarithmic terms in 𝑢 ∗ 

𝑖𝑗 
, are evaluated with transformation

64] , which removes the singularity by ensuring that the Jacobian of
he transformation approaches zero at the singular point. 

.4. Computation of displacements and stresses at any point on the 

oundary and interior region 

After Eq. (10) is solved, the displacements and tractions of any point
n the boundary can be obtained through Eq. ( 9 ). However, in engineer-
ng analysis, the stresses on the boundary are often required. We briefly
ntroduce a method to calculate the stress at any point on the boundary.
he detailed instruction can be found in [63] . As shown in Fig. 2 , t 1 
nd t 2 are respectively the surface force components in the direction of
 and y, m and n represent the tangential axis and normal axis of point
 , 𝛼 is the angle between normal axis n and t 1 . 

If the displacement and the surface force of point A have been ob-
ained, 𝜎n , 𝜎mn and 𝜎m 

are computed with the following equations. 

𝑛 = 𝑡 1 cos 𝛼 + 𝑡 2 sin 𝛼 (14a)

𝑚𝑛 = − 𝑡 1 sin 𝛼 + 𝑡 2 cos 𝛼 (14b)

𝑚 = 

𝐸 

1 − 𝜈
𝜀 𝑚 + 

𝜈

1 − 𝜈
𝜎𝑛 , (14c)

here E = 2 G (1 + 𝜈), 𝜀 m 

is the strain in the m direction, which can be
alculated by the displacement value in the m direction as follows 

 𝑚 = − 𝑢 1 sin 𝛼 + 𝑢 2 cos 𝛼 (15a)

 𝑚 = 

𝜕 𝑢 𝑚 

𝜕𝑚 

(15b) 

The displacement and stress at the internal point x ′ can be obtained
ith [63] : 

 𝑖 

(
𝒙 
′) = 

𝑁𝑒 ∑
𝑒 0 =1 

𝑚 ∑
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∫
+1 

−1 
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𝑖𝑗 
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𝒙 
′, 𝒙 

(
𝜉
))
𝑅 

𝑎 0 

(
𝜉
)
𝐽 𝑒 0 

(
𝜉
)
𝑡 
𝑒 0 𝑎 0 
𝑗 

𝑑 ̂𝜉

− 

𝑁𝑒 ∑
𝑒 0 =1 

𝑚 ∑
𝑎 0 =1 

∫
+1 

−1 
𝑡 ∗ 
𝑖𝑗 

(
𝒙 
′, 𝒙 

(
𝜉
))
𝑅 

𝑎 0 

(
𝜉
)
𝐽 𝑒 0 

(
𝜉
)
𝑢 
𝑒 0 𝑎 0 
𝑗 

𝑑 ̂𝜉 (16a) 

𝑖𝑗 

(
𝒙 
′) = 

𝑁𝑒 ∑
𝑒 0 =1 

𝑚 ∑
𝑎 0 =1 

∫
+1 

−1 
𝐷 𝑘𝑖𝑗 

(
𝒙 
′, 𝒙 

(
𝜉
))
𝑅 

𝑎 0 

(
𝜉
)
𝐽 𝑒 0 

(
𝜉
)
𝑡 
𝑒 0 𝑎 0 
𝑘 

𝑑 ̂𝜉
29 
− 

𝑁𝑒 ∑
𝑒 0 =1 

𝑚 ∑
𝑎 0 =1 

∫
+1 

−1 
𝑆 𝑘𝑖𝑗 

(
𝒙 
′, 𝒙 

(
𝜉
))
𝑅 

𝑎 0 

(
𝜉
)
𝐽 𝑒 0 

(
𝜉
)
𝑢 
𝑒 0 𝑎 0 
𝑘 

𝑑 ̂𝜉 (16b) 

ith 

 𝑘𝑖𝑗 = 

1 
4 𝜋(1 − 𝜈) 𝑟 

[
( 1 − 2 𝜈) 

(
𝑟 𝑘 𝛿𝑖𝑗 + 𝑟 𝑖 𝛿𝑘𝑗 − 𝑟 𝑗 𝛿𝑘𝑖 

)
+ 2 𝑟 𝑘 𝑟 𝑖 𝑟 𝑗 

]
(17a) 

 𝑘𝑖𝑗 = 

𝐺 

2 𝜋(1 − 𝜈) 𝑟 2 
{ 

2 𝜕𝑟 
𝜕𝑛 

[
( 1 − 2 𝜈) 𝑟 𝑗 𝛿𝑘𝑖 + 𝜈

(
𝑟 𝑖 𝛿𝑘𝑗 + 𝑟 𝑘 𝛿𝑖𝑗 

)
− 4 𝑟 𝑘 𝑟 𝑖 𝑟 𝑗 

]
+2 𝜈

(
𝑛 𝑘 𝑟 𝑖 + 𝑛 𝑖 𝑟 𝑘 

)
𝑟 𝑗 + ( 1 − 2 𝜈) 

(
2 𝑛 𝑗 𝑟 𝑘 𝑟 𝑖 + 𝑛 𝑖 𝛿𝑘𝑗 + 𝑛 𝑘 𝛿𝑖𝑗 

)
− ( 1 − 4 𝜈) 𝑛 𝑗 𝛿𝑘𝑖 

}
(17b) 

. Optimization algorithm 

.1. Particle swarm optimization 

The particle swarm optimization (PSO) proposed by Kennedy and
berhart [59] is an intelligent optimization algorithm, which is inspired
y the foraging behavior of birds. In PSO algorithm, a swarm of particles
s considered, i.e. every possible solution of the optimization problem is
onsidered as a particle which corresponds to a bird in the bird flock,
nd the swarm is promoted to optimal solution by updating the position
f particles based on their fitness. A candidate group of random solu-
ions is initiated, and then optimal solution in the space of the problem
s searched by updating the position and velocity of particles. The posi-
ion of the particles is the desired solution of the optimization problem
nd their velocity corresponds to the rate of change of the position vari-
tions. 

If 𝒙 𝑘 
𝑖 

and 𝑣 𝑘 
𝑖 

are the position and velocity of the i th particle in the
 th iteration, respectively, then the new velocity and position of the i th
article in the k th iteration are updated as follows [65] . 

 

𝑘 +1 
𝑖 

= 𝜔𝑣 𝑘 
𝑖 
+ 𝑐 1 rand 𝑘 1 

(
pbest 𝑘 

𝑖 
− 𝑥 𝑘 

𝑖 

)
+ c 2 rand 𝑘 2 

(
gbes t 𝑘 − 𝑥 𝑘 

𝑖 

)
(18a)

 

𝑘 +1 
𝑖 

= 𝒙 
𝑘 
𝑖 
+ 𝑣 𝑘 +1 

𝑖 
(18b)

here 𝜔 is the inertia weight, which is a non-negative value which
ontrols the effect of the former speed on the current speed; 𝑣 𝑘 

𝑖 
∈

− 𝑣 max , 𝑣 max ] , v max is the maximum velocity of a particle and it is a con-
tant for the given problem and it should be pointed out that if the veloc-
ty of the particle is faster than its maximum value v max , it will be set to
 max ; pbest 𝑘 𝑖 is the best position of the i th particle (i.e., the position of the
ndividual extreme point) and gbest k is the position of the best particle,
hose fitness value is the smallest, up to the k th iteration; c 1 and c 2 are

earning factors or acceleration coefficients, which adjust the maximum
tep towards to the individual best particle and the global best particle,
espectively. If they are too small, the particle may be away from the
arget area, if they are too large, it may cause a suddenly fly to the target
rea, or fly over the target area. c 1 and c 2 take the values between 1.5
nd 2; rand 𝑘 and rand 𝑘 are random two numbers between 0 and 1. 
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Fig. 4. The design mesh of the cantilever beam. 

Table 1 

The initial coordinates and weights of control points for the cantilever beam. 

No. of control point x y Weight No. of control point x y Weight 

1 0 0 1 11 30 6 1 

2 3.75 0 1 12 26.25 6 1 

3 7.5 0 1 13 22.5 6 1 

4 11.25 0 1 14 18.75 6 1 

5 15 0 1 15 15 6 1 

6 18.75 0 1 16 11.25 6 1 

7 22.5 0 1 17 7.5 6 1 

8 26.25 0 1 18 3.75 6 1 

9 30 0 1 19 0 6 1 

10 30 3 1 20 0 3 1 

Fig. 5. Distribution of displacement in y -direction. 
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Fig. 6. Iteration process

30 
A fitness function is a particular type of objective function that is
sed to summarize, as a single figure of merit, how close a given design
olution is to achieving the set aims. The fitness function for the shape
ptimization problem shown in Eq. (1) is expresses as follows 

itness = 𝐹 ( 𝒙 ) + 𝜁 × max 
(
g 𝑗 , 0 

)
+ 𝜁 ′ × ||ℎ 𝑖 || (19)

here Fitness is the fitness function, F is the objective function, g j and
 i , respectively, represent the inequality constraints and equality con-
traints, 𝜁 and 𝜁 ′ are the penalty factors. 
 of optimization. 
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Fig. 7. Optimal shape of cantilever beam. 

Fig. 8. Distribution of displacement in y -direction for optimized shape. 

Fig. 9. Geometry and load of the fillet. 

Fig. 10. The design mesh of the fillet. 
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Fig. 11. The von Mises stress distribution in the initial structure. 
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In this study, the equality constraints are not considered, so the fit-
ess function shown in Eq. ( 19 ) is simplified as 

itness = 𝐹 ( 𝒙 ) + 𝜁 × max 
(
g 𝑗 , 0 

)
(20)

It is noted that too large value of 𝜁 may lead to a local optimum,
hile the optimized target may not meet the constraints for a too small
31 
alue of 𝜁 . The criteria of choosing the value of the penalty factor value
s to set the second term on the right hand side of Eq. ( 19 ) to be one
r two orders of magnitude greater than the first term. The detailed
alue of the penalty factor is determined with the trial method according



S.H. Sun et al. Engineering Analysis with Boundary Elements 88 (2018) 26–40 

Table 2 

Variation of design variables in the cantilever beam optimization procedure. 

No. of design variable Lower bound Upper bound Initial value Optimal value (PSO) Optimal value (MMA) [34] 

1 1.5 10 6 1.5000 1.5001 

2 1.5 10 6 3.2247 3.0951 

3 1.5 10 6 5.9346 5.5876 

4 1.5 10 6 6.9153 6.9434 

5 1.5 10 6 8.2886 8.2222 

6 1.5 10 6 9.1151 9.1364 

7 1.5 10 6 9.4473 9.9619 

8 1.5 10 6 9.8001 9.9999 

9 1.5 10 6 10.000 10.0000 

Table 3 

The initial coordinates and weights of control points for the fillet. 

No. of control point x y Weight No. of control point x y Weight 

1 0 0 1 13 15.5 4.5 1 

2 3.333 0 1 14 13.875 5.625 1 

3 10 0 1 15 12.25 6.75 1 

4 16.667 0 1 16 10.625 7.875 1 

5 20 0 1 17 9 9 1 

6 20 0.75 1 18 7.5 9 1 

7 20 2.25 1 19 4.5 9 1 

8 20 3.75 1 20 1.5 9 1 

9 20 4.5 1 21 0 9 1 

10 19.25 4.5 1 22 0 7.5 1 

11 17.75 4.5 1 23 0 4.5 1 

12 16.25 4.5 1 24 0 1.5 1 

Fig. 12. Iteration process of optimization. 
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o the convergence curve. If premature convergence of the results is
btained, then the value of the penalty factor is reduced. However, when
he convergence ratio is slow, the penalty factor value is increased. 

.2. Implementation of the PSO 

The key steps for implementation of the PSO algorithm are described
s follows: 
32 
Step 1: Initialize the parameters: the maximum number of iterations
N 1 , the number of consecutive iterations N 2 , the learning factors
c 1 and c 2 , the inertia weight 𝜔 , the initial position 𝒙 0 

𝑖 
and the

initial velocity 𝑣 0 
𝑖 

of particles, and the error tolerance. The ini-
tial position 𝒙 0 

𝑖 
and initial velocity 𝑣 0 

𝑖 
of particles are randomly

generated in the allowable range, the optimal coordinate of each
particle pbest is its current position. Compute the corresponding
individual extremum (i.e., the fitness value of individual extreme
point), the global extremum (i.e., the fitness value of global ex-
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Table 4 

Variation of design variables. 

No. of design variable Lower bound Upper bound Initial value Optimal value (PSO) Optimal value (MMA) [34] 

1 4.5 9 7.875 6.2517 6.0814 

2 4.5 9 6.75 5.2158 5.1486 

3 4.5 9 5.625 4.7057 4.6895 

Table 5 

Variation of design variables. 

Method Parameters Optimal value 

Design variable 1 Design variable 2 Design variable 3 

c 1 = 1.5, c 2 = 1.5, 𝜔 = 0.6, 𝛿= 0.01, N 2 = 15 6.2517 5.2158 4.7057 

PSO c 1 = 2, c 2 = 2, 𝜔 = 0.6, 𝛿= 0.01, N 2 = 15 6.2521 5.2156 4.7057 

c 1 = 1.5, c 2 = 1.5, 𝜔 = 1.0, 𝛿= 0.01, N 2 = 15 6.2635 5.2150 4.7147 

MMA [34] 6.0814 5.1486 4.6895 

Fig. 13. The optimized shape. 

Fig. 14. The von Mises stress contour of the optimized structure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 15. Geometry and load of a square plate with one circular cutout. 

Fig. 16. The design mesh. 
treme point) is the best of individual extremums, record the op-
timal particle number, and set the current position of the best
particle as gbest. 

Step 2: Assess each particle. Calculate the fitness value of each parti-
cle, if it is better than that of the current individual extremum of
the particle (i.e., the fitness value is getting smaller), set the posi-
tion of the particle as pbest and update the individual extremum.
If the best individual extremum of all particles is better than that
of the current global extremum, set its location as gbest, record
the number of the particle and update the global extremum. 

Step 3: Update the particles. The position x i and velocity v i of each
particle are updated using Eq. ( 18 ). 

Step 4: Verify the end condition. If the current iteration number
reaches the pre-set maximum number or the relative difference
of fitness is less than the error tolerance 𝛿 in consecutive N 2 iter-
ations, stop the iteration and output the optimal solution, other-

wise go to Step 2. 

33 
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Table 6 

The initial coordinates and weights of control points for a square plate with one circular cutout. 

No. of control point x y Weight No. of control point x y Weight 

1 − 4.0000 0.0000 1.0000 19 0.0000 2.7500 1.0000 

2 − 3.7500 0.0000 1.0000 20 0.0000 3.2500 1.0000 

3 − 3.2500 0.0000 1.0000 21 0.0000 3.7500 1.0000 

4 − 2.7500 0.0000 1.0000 22 0.0000 4.0000 1.0000 

5 − 2.2500 0.0000 1.0000 23 − 0.3333 4.0000 1.0000 

6 − 1.7500 0.0000 1.0000 24 − 1.0000 4.0000 1.0000 

7 − 1.2500 0.0000 1.0000 25 − 1.6667 4.0000 1.0000 

8 − 1.0000 0.0000 1.0000 26 − 2.3333 4.0000 1.0000 

9 − 1.0000 0.1239 0.9512 27 − 3.0000 4.0000 1.0000 

10 − 0.9373 0.3730 0.8861 28 − 3.6667 4.0000 1.0000 

11 − 0.8047 0.6095 0.8536 29 − 4.0000 4.0000 1.0000 

12 − 0.6095 0.8047 0.8536 30 − 4.0000 3.6667 1.0000 

13 − 0.3730 0.9373 0.8861 31 − 4.0000 3.0000 1.0000 

14 − 0.1239 1.0000 0.9512 32 − 4.0000 2.3333 1.0000 

15 0.0000 1.0000 1.0000 33 − 4.0000 1.6667 1.0000 

16 0.0000 1.2500 1.0000 34 − 4.0000 1.0000 1.0000 

17 0.0000 1.7500 1.0000 35 − 4.0000 0.3333 1.0000 

18 0.0000 2.2500 1.0000 

Fig. 17. The analysis mesh. 
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Fig. 18. The von Mises stress contour of the initial structure. 

d  

t  

e  

t  

t  

f  

o  

[  

l

5

 

l  

p  

b  

i  

P  

t  

𝜔  

a  

i  
.3. Comparative analysis of PSO and GA 

GA is a metaheuristic method inspired by the process of natural selec-
ion [66] , and it can generate high-quality solution to optimization prob-
em by conducting bio-inspired operators such as mutation, crossover
nd selection. In a typical GA, a genetic representation and a fitness
unction are defined, which represents the solution domain and eval-
ates the solution domain, respectively. A GA proceeds to initialize a
opulation of solutions and then to improve it through repetitive ap-
lication of the mutation, crossover, inversion and selection operators.
ommonly, the solutions are represented in binary as strings of 0 s and
 s. The optimization process of GA is governed by several control pa-
ameters including the size of the population and the probability that a
iven encoded trial solution undergoes crossover and mutation. 

The structure of PSO is simple and easy to control, so its performance
s more stable for the dynamic objective function [67] . In solving some
ypical function optimization problems, PSO can get better results than
A [68] . GA is a mature function optimization algorithm, but it is often
34 
ifficult to meet the desired requirements in convergence speed of op-
imization and precision for the super high-dimensional and multi-local
xtreme complex function problems. PSO has not the complex opera-
ions of select, crossover, and mutation operator, so it is more suited to
he solution of such problems, it can achieve the global optimal value
aster [69] . The speed and accuracy of the PSO has improved for most
f the nonlinear benchmark functions optimization problems than GA
70] . As an effective new algorithm, PSO can be used to solve all prob-
ems to which the GA does. 

. Numerical applications 

In this section, four 2D shape optimization problems under static
oading are considered to show the accuracy and performance of the
resent approach. In all numerical calculations, quadratic order NURBS
asis functions are used, while a set of 12 Gaussian quadrature points
s taken for the integration of each element. The parameters in the
SO algorithm are given as follows: the maximum number of itera-
ions N 1 = 100; the learning factor c 1 = 1.5 and c 2 = 1.5; the inertia weight
 = 0.6; the error tolerance is 𝛿= 0.01, and the number of consecutive iter-
tions N 2 = 15. The larger inertia weight can enhance the global search-
ng ability of PSO, while the smaller inertia weight can enhance the local
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Fig. 19. Iteration process of optimization. 

Fig. 20. Optimized shape. 

Table 7 

Variation of design variables. 

No. of design variable Lower bound Upper bound Initial value Optimal value 

A ( − 4,0) (0,4) ( − 1, 0.4142) ( − 2.0523 , 0.3046) 

B ( − 4,0) (0,4) ( − 0.4142,1) ( − 0.8322 , 0.7422) 

x coordinate of point C − 4 0 − 1 − 2.0546 

y coordinate of point D 0 4 1 0.7416 

Table 8 

Variation of design variables. 

No. of design variable Lower bound Upper bound Initial value Optimal value 

a 27 58.25 50.4375 54.7899 

b 27 58.25 42.6250 46.8142 

c 27 58.25 34.8125 31.9088 

35 
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Fig. 21. The von Mises stress contour of the optimized structure. 
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Fig. 23. The design mesh of the connecting rod. 

Fig. 24. The analysis mesh of the connecting rod. 

Fig. 25. The von Mises stress contour of the initial structure. 
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earching ability. The experimental results show that PSO has faster con-
ergence speed for the inertia weight between [0.6, 1.2]. Our test results
how that the good convergence speed of the PSO can be obtained when
he inertia weight is chosen as 0.6. 

.1. Example #1: cantilever beam 

A cantilever beam of length 30 units and height 6 units, as schemat-
cally depicted in Fig. 3 , is considered. The bottom surface of the beam
s subjected to a uniform traction of P = 2 units, applied to the end seg-
ent of the bar with the length 5.6 units. The material parameters are

he Young’s modulus E = 2.1 ×10 5 units and the Poisson ratio 𝜈 = 0.3. 
The initial design mesh is shown in Fig. 4 , and it is also the analysis

esh. Table 1 shows that the initial coordinates and weights of control
oints. The displacements in y -direction are presented in Fig. 5 , the max-
mum value occurs at the beam end. The optimization problem consists
n minimizing the displacement in y -direction at the beam end while
eeping the beam area not less than 220 units. The design variables are
Fig. 22. Geometry and load

36 
he vertical coordinates of nine control points on the top edge, the lower
ound is 1.5 units and the upper bound is 10 units for each variable. 

The fitness function is defined as follows 

itness = |𝐹 ( 𝒙 ) | + 𝜁 × max ( 𝐴 − 220 , 0 ) (21)

here F ( x ) is the objective function representing the displacement in
 -direction at the beam end, A is the area of the structure, 𝜁= 100 is
dopted in this study. 

Fig. 6 shows the iteration process of optimization. As it can be seen
rom Fig. 6 , the process converges after generation 22, when the fitness
unction remains quasi constant. Table 2 shows the variation of design
ariables. The optimized shape is shown in Fig. 7 , and the area of the
ptimized beam is 219.2 units. From Figs. 5 and 8 it can be seen that the
ptimization objective, i.e. maximal vertical displacement of the initial
 of a connecting rod. 
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Fig. 26. Iteration process of optimization. 

Fig. 27. Optimized shape. 
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hape is 0.019 units, while the maximal vertical displacement of the op-
imal shape is 0.0066 units. This corresponds to reduction in almost 35%
hile preserving a smooth geometry and satisfying the constraints. In
able 2 the obtained numerical results are also compared with the data
rom [34] , obtained by the IGA-BEM based on the method of moving
symptotes (MMA). The results are in good agreement, however, the
MA requires complicated shape sensitivity analysis, i.e. the evalua-

ion of the derivatives of quantities of interest with respect to design
ariables. It is noted that the convergence speed of gradient-based al-
orithms is generally faster than that of intelligent optimization algo-
Fig. 28. The von Mises stress conto

37 
ithms. The iteration number is 6 with MMA in [34] , while it is 22 with
SO, however, more coarse mesh with PSO is used than the mesh used
ith sensitivity analysis method like in [34] . 

.2. Example #2: fillet 

In the next example we consider a fillet subjected to uniform traction
 = 100 units in the x -direction. Due to symmetry, only a half model is
eeded, as shown in Fig. 9 . The geometry is given as follows: AB = 20
nits, BC = CD = 4.5 units, AF = FE = 9 units. The material parameters
re Young’s modulus E = 10 7 units and the Poisson ratio 𝜈 = 0.3. 

The initial design mesh is shown in Fig. 10 , and it is also the analysis
esh. Table 3 shows that the initial coordinates and weights of control
oints. The von Mises stress distribution in the initial structure is pre-
ented in Fig. 11 . The stress concentration occurs at the point D, and the
aximum value is 208.16 units. The optimization problem consists in
inimizing the area of the fillet while keeping the von Mises stress be-

ow 125 units by changing the shape of section DE. The design variables
re the vertical coordinates of control points 1–3 ( Fig. 10 ). The lower
ound is 4.5 units and the upper bound is 9 units for each variable. 
ur of the optimized structure. 
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Fig. 29. The von Mises stress distribution along BA boundary. 
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The fitness function is defined as follows: 

itness = 𝐹 ( 𝒙 ) + 𝜁 × max 
(
𝜎max − 125 , 0 

)
(22)

here F ( x ) is the objective function representing the area of the struc-
ure, 𝜎max is the maximum von Mises stress on CE segment, and penalty
actor 𝜁= 100 is adopted. 

Fig. 12 shows the iteration process of optimization, where it can be
een that the process converged after 10 iterations. The optimal shape
s shown in Fig. 13 . Table 4 presents the variation of optimization vari-
bles. The area of the initial shape is 145.1602 units, while the area of
he optimal shape is 138.7947 units. Fig. 14 shows the von Mises stress
istribution in the optimal structure, which varies smoothly on segment
E. In Table 4 the results are compared with the data from [34] obtained
ith IGABEM with MMA and a good agreement between the results is

hown. 
In order to verify the robustness of the proposed approach, the effect

f user-defined parameters in the PSO algorithm on optimized values
s investigated. Table 5 presents the variation of design variables under
ifferent user-defined parameters in the PSO algorithm. From Table 5 , it
s found that the effect of user-defined parameters in the PSO algorithm
n optimized values is small. 

.3. Example #3: a square plate with one circular cutout 

A square plate with one circular cutout is shown in Fig. 15 . The ma-
erial parameters are the Young’s modulus E = 200GPa and the Poisson
atio 𝜈 = 0.3. Due to the symmetry of geometry, 1/4 annulus is consid-
red for the investigation. 

The initial design mesh is shown in Fig. 16 , and the analysis mesh is
hown in Fig. 17 . Table 6 shows that the initial coordinates and weights
f control points. The von Mises stress distribution in the initial structure
s presented in Fig. 18 . The stress concentration occurs at the boundary
f the cutout, and the maximum value is 921 MPa. The optimization
roblem is stated as that the von Mises stress is minimized by changing
he shape of the cutout, while keeping its area not smaller. The opti-
ization variables are the coordinates of control points A and B, the x

oordinate of control point C and the y coordinate of control point D. 
The fitness function is defined as follows 

itness = 𝐹 ( 𝒙 ) + 𝜁 × max ( 0 . 25 𝜋 − 𝐴, 0 ) (23)
38 
here F ( x ) is the objective function representing the maximum von
ises stress on the cutout boundary, A is the area of the 1/4 cutout,

enalty factor 𝜁= 5000 is adopted in this study. 
Fig. 19 shows the iteration process of optimization, which required

5 iterations to converge. The optimal shape is shown in Fig. 20 , and the
ptimal shape is an ellipse, which is consistent with analytical solution.
able 7 presents the variation of optimization variables. Fig. 21 shows
he von Mises stress distribution in the optimal structure, with the max-
mum value of 439.7 MPa. 

.4. Example #4: connecting rod 

A simplified connecting rod problem is shown in Fig. 22 . The geom-
try size is given as follows: AB = 133.7 units, BC = 74 units, CD = 27
nits, R 1 = 36.25 units, R 2 = 58.25 units. The uniform pressure P = 100
nits is applied at the inner edge, and the material parameters are
 = 10 7 units and 𝜈 = 0.3. 

The objective of optimization is to reduce the stress peak value of
ection AB. The initial design mesh is shown in Fig. 23 , where only
/2 of the structure is considered, and the analysis mesh is shown in
ig. 24 . The initial coordinates and weights of control points are given in
able A1 in the Appendix A . The optimization variables are the vertical
oordinates of control points a, b and c ( Fig. 23 ). 

The fitness function is defined as follows 

itness = 𝐹 ( 𝒙 ) (24)

here F ( x ) is the objective function representing the maximum von
ises stress on BA segment. 

Fig. 25 shows the von Mises stress distribution in the initial struc-
ure. Fig. 26 shows the iterative process of the optimization. The opti-
al shape is achieved after 20 iterations and it is shown in Fig. 27 . 
able 8 presents the variation of optimization variables. Fig. 28 shows
he von Mises stress in the optimized structure. The variation of the von
ises stress of section BA before and after optimization is shown in Fig.

9 . The stress in the optimized boundary is more uniform, and the stress
eak at section BA is reduced from 213.8 units to 151.8 units. 
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. Conclusions and outlook 

An approach coupling the isogeometric boundary element method
IGA-BEM) and the particle swarm optimization (PSO) algorithm is de-
eloped for 2D structural shape optimization. The NURBS basis func-
ions are employed to represent the boundary shape and approximate
he physical fields in analysis. NURBS control points are used as design
ariables, thus design model, analysis model and optimization model
an be uniformly described with the NURBS, and the optimized bound-
ry is smooth. In addition, due to the use of boundary integrals, the
GA-BEM avoids the need for domain discretization, which remains
 bottleneck in current volume-based IGA. The PSO, which is one of
he gradient-free optimization algorithms, does not require complicated
ensitivity analysis in comparison with the gradient-based optimization
lgorithms. Compared with the genetic algorithm (GA), the PSO avoids
he “crossover ” and “mutation ” operations, and works on real numbers,
o the rule and coding for the PSO is simpler than that for the GA. 

In general, the convergence speed of gradient-based optimization al-
orithms is faster than that of the intelligent optimization algorithms
uch as PSO, but more coarse mesh with PSO can be used than the mesh
ith gradient-based optimization. The performance and accuracy of the
resent approach are verified through four 2D shape optimization ex-
mples. 

The proposed methodology is a legitimate candidate to study struc-
ural shape optimization problems. However, the present formulation
hould be extended to handle 3D structure optimization. The present
GA-BEM method will also be improved using T-splines [71] , or LR B-
plines [72] , which allow local refinement and handle complex geome-
ry. In that circumstance, modeling of 3D structure optimization would
e more efficient. 
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ppendix A. The control points data used for the connecting rod 

Table A1 

The initial coordinates and weights of control points for the connecting rod. 

No. of 

control 

point 

x y Weight No. of 

control 

point 

X y Weight 

1 0.0000 0.0000 1.0000 27 204.0000 58.2500 1.0000 

2 9.3193 0.0000 1.0000 28 193.1667 55.6458 1.0000 

3 27.9581 0.0000 1.0000 29 175.1111 51.3056 1.0000 

4 46.5970 0.0000 1.0000 30 160.6667 47.8333 1.0000 

5 65.2360 0.0000 1.0000 31 149.8333 45.2292 1.0000 

6 83.8750 0.0000 1.0000 32 139.0000 42.6250 1.0000 

7 102.5140 0.0000 1.0000 33 128.1667 40.0208 1.0000 

8 121.1530 0.0000 1.0000 34 117.3333 37.4167 1.0000 

9 139.7919 0.0000 1.0000 35 106.5000 34.8125 1.0000 

10 158.4307 0.0000 1.0000 36 95.6667 32.2083 1.0000 

11 167.7500 0.0000 1.0000 37 84.8333 29.6042 1.0000 

12 167.7500 9.4686 0.9024 38 76.2411 27.8681 1.0000 

13 177.3711 26.6289 0.8373 39 69.8900 27.0000 1.0000 

14 194.5314 36.2500 0.9024 40 65.7800 27.0000 1.0000 

15 204.0000 36.2500 1.0000 41 60.2989 27.0000 1.0000 

16 213.4686 36.2500 0.9024 42 53.4467 27.0000 1.0000 

17 230.6289 26.6289 0.8373 43 45.2233 27.0000 1.0000 

18 240.2500 9.4686 0.9024 44 37.0000 27.0000 1.0000 

19 240.2500 0.0000 1.0000 45 28.7767 27.0000 1.0000 

20 243.9167 0.0000 1.0000 46 20.5533 27.0000 1.0000 

21 251.2500 0.0000 1.0000 47 12.3311 27.0000 1.0000 

22 258.5833 0.0000 1.0000 48 4.1100 27.0000 1.0000 

23 262.2500 0.0000 1.0000 49 0.0000 22.5000 1.0000 

24 262.2500 15.2151 0.9024 50 0.0000 13.5000 1.0000 

25 246.7899 42.7899 0.8373 51 0.0000 4.5000 1.0000 

26 219.2151 58.2500 0.9024 52 0.0000 27.0000 1.0000 
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