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DELAUNAY SOLUTIONS TO THE CAHN-HILLIARD EQUATION

En esta tesis doctoral se construyen soluciones rotacionalmente simétricas de la ecuacion
de Cahn-Hilliard en R? y se estudian sus propiedades de estabilidad.

En el Capitulo [1] se presenta la ecuacion de Cahn-Hilliard y se explica su origen e inter-
pretacion fisica. Ademas se repasan varios resultados conocidos, se presenta la notacion y se
exponen los dos resultados més importantes de esta tesis: el primero establece la existencia
de soluciones rotacionalmente simétricas cuyos conjuntos de nivel se aproximan a los undu-
loides de Delaunay. El segundo resultado afirma que las propiedades de estabilidad de los
unduloides de Delanay heredan propiedades de estabilidad de las soluciones encontradas, en
el sentido que son no degeneradas y tienen 6 campos de Jacobi con crecimiento moderado.

En el Capitulo [2] se presentan en detalle los principales ingredientes que se necesitan para
probar los Teoremas v [1.2] a saber las coordenadas de Fermi cerca de una superficie de
curvatura media constante, los unduloides de Delaunay y su operador de Jacobi. También se
muestra la primera aproximacion de la solucién anunciada en el Teorema [I.1]

En el Capitulo [3] se demuestra el Teorema [I.1] Usamos una version refinada del método
de reducciéon del Lyapunov-Schmidt que simplifica varios aspectos técnicos de construcciones
de problemas similares. Los resultados de este capitulo fueron obtenidos en colaboracion
con mi Profesor Guia, Dr. Michat Kowalczyk y fueron publicados en la revista Discrete and

Continous Dynamical Systems bajo el titulo Rotationally Symmetric Solutions to the Cahn-
Hillard Equation |31].

Una demostracion del Teorema [I.2] se da el Capitulo[d] La clave es relacionar el niicleo del
operador linearizado alrededor de nuestra soluciéon con los campos de Jacobi que provienen
de invariancias geométricas. Esta relacion se puede realizar debido a que es posible separar
las variables una vez que se ha aplicado la transformada de Fourier-Laplace. Los resultados
de este capitulo también fueron obtenidos con mi profesor Guia y han sido aceptados para su
publicaciéon en la revista Indiana University Mathematics Journal bajo el titulo Nondegene-
racy and the Jacobi Fields of Rotationally Symmetric Solutions to the Cahn-Hillard Equation
[32].



DELAUNAY SOLUTIONS TO THE CAHN-HILLIARD EQUATION

In this PhD thesis rotationally symmetric solutions to the Cahn-Hilliard equation are
constructed. Also we study its stability properties.

In Chapter [1] we present the Cahn-Hilliard equation in R% and explain its origin and
physical interpretation. We also review several known results, introduce some basic notation
and present the two main results of this thesis. The first one states the existence of radially
symmetric solutions to the Cahn-Hilliard equation which nodal sets approaches to Delaunay
unduloids, and the second one claims that stability properties of the Delaunay unduloids
inherit stability properties of the solutions we found in the sense that our solutions are non
degenerated and have 6 Jacobi fields with temperate growth.

Chapter [2|is devoted to present in detail the main ingredients we need to prove Theorem
and Theorem [1.2 namely Fermi coordinates near a constant mean curvature (CMC), the
Delaunay unduloids and its Jacobi operator. We also present the construction of the first
approximation of the solutions announced in Theorem [I.1]

In Chapter [3] we prove Theorem [I.1 We use a refined version of the Lyapunov-Schmidt
reduction method which simplifies very technical aspects of previous constructions for similar
problems. The results of this chapter were obtained in collaboration with my thesis advisor
Dr. Michal Kowalczyk and published in Discrete and Continuous Dynamical Systems [31].

A proof of Theorem[I.2]is given in Chapter[d The key is to relate the kernel of the linearized
operator about our solution with the Jacobi fields that comes from the geometric invariances.
This relation can be performed since we are able to separate the variables once the Laplace-
Fourier transform is applied. The results of this chapter were obtained in collaboration with
my thesis advisor Dr. Michal Kowalczyk and admitted for publication in Indiana University
Mathematics Journal [32].
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Chapter 1

Introduction

The evolutionary Cahn-Hilliard equation

uy = —A(e*Au— F'(u))  in Q,

% =0 on 89, (11)
%(52Au — F'(u)) =0 on 09,

where F' is a double-well potential, is a model introduced in 1958 (see [10]) that describes the
process of phase separation of two components of a binary alloy. Here Q Cc R? d > 1, is a
bounded domain that represents the region where the isolation of the components takes place,
and v, as usual, denotes the outer normal on 0€2. The function u represents the concentration
of one of the components and ¢ is the range of intermolecular forces. The double-well potential
F(u) corresponds to the free energy density at low temperatures, and in what follows we will

take ]
Flu)= (1- w2, fw) = —F'(u) = u(l — ).

Note that the constant functions u = £1 are stable solutions of (1.1J).

Equation (1.1)) can be derived from the gradient flow of the Helmholtz free energy func-
tional

B.(u) = /Q (F(u(a:))—l—%&?ZWu(x)P) iz, (1.2)

for u € H~(€), subject to the average concentration to be constant, i.e.

1
@/udx =m, (1.3)
Q

where m € [—1,1] (see [27, 25|, 26] for details). In this case the constant functions u = £1
are minimizers of this functional subject to the constraint m = +£1.



Stationary solutions of (1.1]) satisfy the Euler-Lagrange equation
((2Au+ f(u) =90, inQ,

ou
— =0 on OQ, (14)

v
1
@/udm—m,
\ Q

where . € R is the Lagrange multiplier associated to the constraint ([1.3)).

Standard methods of Calculus of Variation can be applied in order to find minimizers
(or more generally critical points) of (1.2)), nevertheless understanding the behavior of the-
se minimizers has been the goal of studies for recent years. Using I'-convergence approach
Modica [51] showed that global minimizers u. of under the constraint [-converge
to the function 1 — 2x4, as € — 0, where x4, is the characteristic function of an open set
Ap C Q. Moreover 04y N $Q is locally a surface of constant mean curvature (CMC surface for
short). In [8, 9] Caffarelli and Cordoba shown that the nodal sets of the minimizers u., that is
{z :u.(z) = A}, with A € (—1, 1), converge uniformly over compacts to 04, N 2. As a matter
of fact, the set Ay minimizes of the following isoperimetric problem: minimize the perime-
ter functional Perg(A) (i.e. the Hausdorff measure H"(0A)) among the sets A C € whose
volume is fixed. A generalisation of these results was given by Sternberg [59]. Furthermore
Hutchinson and Tonegawa [34] studied limits of general critical points and showed that
their limits are locally minimal or CMC surfaces. On the other hand Kohn and Sternberg
[39] proved that if a set A C 2 is an isolated minimizer of the perimeter functional subject to
the constant volume constraint then there exists a sequence of minimizers wu. of which
[-converges to A, this allowed to Chen and Kowalczyk [12] to obtain solutions of at
least in dimension 2. Some of these results were generalized in the following sense: let (M, g)
be a compact Riemannian manifold with or without boundary. The corresponding problem
is to study the behavior of the critical points of the functional

B.(u) = /M (F(u(a:))—l—%s?Wu(:cﬂZ) dyo, (1.5)

subject to constraint

1
M/Mudgv =m. (1.6)

Under suitable non degeneracy assumptions (that we will explain in more detail in a while)
Pacard and Ritoré in [55] found critical points of ((1.5)-(1.6) that converges uniformly over
compacts to the function 1 — 2yy where N C M is a CMC submanifold.

The counterpart of this theory for the time dependent problem , in particular the
the dynamics of its transition layers solutions, has been the interest of several authors, for
instance Alikakos, Bates and Chen [6] proved that as ¢ — 0 the time evolution of interfaces
is governed by the Helle-Shaw problem, where of course CMC surfaces are stationary points
of the flow. More detailed description of the Cahn-Hilliard flow and key spectral tools can be
found for instance in [3], [5], [4], [2], [11] and the references therein.



In the case d = 1 Grinfeld and Novick-Cohen [28] 29] completely determined the solutions
of . On the other hand several examples of stationary solutions for the singular pertur-
bation problem in a bounded domain in higher dimensions have been constructed. We refer
to [64, [66], 63, 65, [62], [7]. In [64] Wei and Winter constructed boundary spike solutions, that
is, if m € (\/3/3, 1) and py € 0F is a non degenerated critical point of the mean curvature,
then there exists a solution u. of such that u. — m as e — 0 for z € Q\ {po}. Mo-
reover, u. has only one local minimum p. € 092, and p. — py as € — 0, and u.(p.) —
as ¢ — 0, where ( is some number 5 € (0, m). The same authors also proved existence of
multi-boundary spike solutions, see [66]. In [63] Wei and Winter were able to find interior
spike solutions under some geometric assumptions on the domain €2, and in [65] the authors
constructed multi-interior-spike solutions.

Another result related to the equation ([1.4]) was also obtained by Wei and Winter in [62],
they constructed bubble solutions, namely, u. is a bubble solution if there exists a point
zo € Q and r > 0 such that B(xzg,r), the ball of radius r centered at z, is contained in {2
and ue — 1 — 2XB(z,r)-

It is worth to pointing out that the so called Lyapunov-Schmidt reduction is the funda-
mental method used in most of these works, which is also the main tool we apply in our
study. We also mention that this method can also be applied to the Allen-Cahn equation
which is closely related to the Cahn-Hilliard equation as we proceed to explain briefly. The
Allen-Cahn equation

e2Au+ f(u) =0 inQ,

9 ; 0 (1.7)
— = on
ov ’
in a bounded domain © C R is related to the Cahn-Hilliard equation (1.4)) in the sense that
no mass conservation constraint ([1.3)) is assumed, this yields § = 0.

Scaling x +— x /¢ in (1.4 (respectively in ((1.7])) and letting ¢ — 0 leads in a natural way
to the following way to the following problem

Au+ f(u) =8 inR% (1.8)

Assuming 6 = 0 and d = 1 there exists an obvious solution of ((1.8)), namely the unique odd
and monotonically increasing heteroclinic solution H of the ODE
H'"+ f(H)=0, inR,
f(H) (1.9)
H(£o0) = +1.
We also notice that if a € R? is a unit vector and b € R then the function

u(r) = H(a-z+0b), xcR

is also a solution of (1.8) with § = 0. On the other hand, when ¢ # 0 there exist radially
symmetric solutions to ((1.8)) (see [56]). Note that in both cases the level sets of the solutions
are CMC surfaces, in the former case they correspond to (d — 1)-dimensional hyperplanes in



R? which mean curvature is 0 and in the latter case they correspond to the (d—1)-dimensional
spheres in R? of radius Ry which mean curvature is (d — 1)/ Ry.We also remark that radially
symmetric solutions in R?~! can be lifted trivially to R? giving solutions whose nodal sets are
cylinders, which again are CMC surfaces in this case the mean curvature is (d — 2)/Ry. This
kind of property can also be obtained for a larger class of surfaces, namely in [22] the authors
using the Lyapunov-Schmidt reduction method found an entire solution to the Allen-Cahn
equation in R%, whose nodal sets resembles a large dilation of a given complete embedded, non
degenerate, total finite curvature and minimal surface M. The surface M is also assumed to
have m unbounded components or ends, each of them away of a large ball B(0, R) resembles
either a plane or a catenoid. The existence of this type of surfaces is guaranteed according
to the results of [5§].

The aim of this work is to prove existence of entire solutions to
Au+u(l—u?)=4§ inR% (1.10)

whose nodal sets are not cylinders or spheres, but rather more general surfaces. From now
on we will assume that d > 3 and § > 0 is a small parameter.

Note that dilating of the independent variable by a (large) factor e~ > 0

X — 5’1x,

we obtain the equivalent equation:
1
eAu+ —u(l —u?)=(. inR? (1.11)
€

where we have denoted 0/ = (.. Clearly, if u. is a solution of (1.11)) then v(x) = u.(ex) is
a solution of ([1.10). On the other hand, if v is a solution of (1.10) then u.(x) = v (x/¢) is
a solution of (1.11]). In particular this means that while phase transition of the solutions of
(1.10) are of order 1, for the solutions of they are of order €. Thus the latter are more
“concentrated”.

In the sequel we will focus on solving (1.11)). From what we have said above about the
singular perturbation problem it is clear that level sets of these solutions should converge, as

e tends to 0, to a CMC surfaces in RY. In fact we expect (on the basis of formal calculations
in Section that the Lagrange multiplier

(= —%Hg/ H'(s)*ds + O(e),
R

where X' is the surface of the phase transition and Hy; is its mean curvature. We introduce
a family of embedded CMC surfaces good candidates to be the limiting surfaces. Let us
consider the case d = 3 first. The Delaunay unduloids |23, 24, 45] are a one parameter family
D,, 7 € (0,1) of embedded, periodic CMC surfaces of revolution. When the real parameter
7 tends to 17 the surfaces D, approach to the straight cylinder while when 7 — 01 they
become an array of identical spheres arranged along the x5 axis.

It turns out that Delaunay surfaces can be constructed in any dimension d > 3 that will
be denoted by D., 7 € (0, 7), we note that the parameter 7, is given by:

(d — 2)(@=2/(@-1)
Te =
d—1

4



Again, in the limit 7 — 7, the surfaces D, approach the straight cylinder with z; as
symmetry axis, and when 7 — 07, the surfaces D, resemble a array of spheres arranged
along the x4 axis. It is convenient to “normalize” the Delaunay surface and suppose that the
mean curvature of D, is 1 for all 7 € (0, 7..). We will also denote by N, the vector field normal
to D,. Let us notice that the surface D, divides the space into two disjoint components QF,
such that R?\ D, = QF U Q_, where N, points towards QF By changing the orientation of
D, if necessary we can chose N, in such a way that QF contains the z, axis.

Our first result is

Theorem 1.1 For all 7 € (0, 7,) when d = 3 and with a possible exception of a finite set of
7 when d > 3, there exists a sufficiently small e, > 0 such that for all € € (0,¢,) the problem

1
5Au+g(u—u3) =/( inR? (1.12)

has a solution wu,. which is one-periodic along the z4-axis and rotationally symmetric with
respect to rotations about the same axis. Also it holds that /, =1+ O(1) as ¢ — 0 and u,,
satisfies

Ur. — 1lase—0in QF
Ure - —1lase — 0in

uniformly over compacts.

Remark 1.1. We took f(u) = u — u®, which is the standard nonlinearity for the Cahn-
Hilliard equation. Theorem holds for more general nonlinearities of bistable, balanced
type, namely f € C? such that f(u) = —F'(u) where F is a double well, even potential with
non degenerate wells at +1. Rather straightforward modifications required in the proof of
the more general setting are easy to get.

Remark 1.2. In the statement of the Theorem [1.1| we assume that 7 # 0, 7. In fact solutions
for these extreme values of the Delaunay parameter are known: when 7 = 0 they are simply
the radially symmetric solutions in R? and when 7 = 7, they are radial symmetric solutions
in R4! lifted to R?. However our construction does not cover the boundary values of 7. On
the one hand it has to do with the difficulty of finding an approximate solution which will
give uniformly small error when 7 — 0 and on the other hand with the extra degeneracy of
the linearized operator when 7 — 7,. The latter case could be possibly dealt with within our
construction but we have not purse this since this would not give any new result.

Remark 1.3. Solutions we construct here are rotationally symmetric, periodic with period
T, the same period of D, and also symmetric with respect to the hyperplane x4 = T /2.
This could be used to show existence of solutions to the Cahn-Hilliard equation obeying
these symmetries using for instance variational methods in the spirit similar to [14] or [18].
However, without further analysis it is not immediately clear how to make sure that the
zero level set of such a solution would be a Delaunay surface for ¢ sufficiently small. This is



important if one wants to use them as a basis of a connected sum construction of solutions of
the Cahn-Hilliard equation whose zero level sets is a non degenerate, non compact constant
mean surface with k£ Delaunay ends.

Before we present our second result, we recall that the Jacobi operator on an embed-
ded surface X is defined as the linearization of the mean curvature with respect to normal
perturbations and its formula is

Ts¢ = Aso + |As|?0,

here Ay is the Laplace-Beltrami operator on Y and Ay its second fundamental form. The
elements of the kernel of Js;, also called Jacob: fields, correspond to variations of the surface
which preserve the mean curvature to the second order. In [45] the authors give a complete
structure of the kernel of Jx, when X' = D, (this structure is reviewed in more detail in Section
. In particular they realize that all elements of the kernel of Jp,  with temperate grow
in the direction of the axis of rotation is a finite dimensional family that come from global
deformations which arise from explicit geometric motions, such as translations, rotations and
variance of the Delaunay parameter 7, that are called geometric Jacobi Fields. It is also
remarkable that non of these elements are in L*(D,), but they are periodic (hence bounded)
or at most linearly growing in the along direction of D.. The main tool used to completely
describe the structure of the kernel of Jp_ is the possibility of separate the variables, which
leads to the study of the normal modes of an ODE.

The existence result by Pacard and Ritoré in [55] described earlier relies on the assumption
that the Jacobi operator associated to the minimal (n — 1)-dimensional submanifold N of
a compact closed n-dimensional manifold M which in this case reads Jy = Ay + |An]* +
Ric, (vn,vn) (here Ay is the Laplace-Beltrami operator on N, |Ay|? is the norm of the
second fundamental form, Ric, is the Ricci tensor on M and vy is the normal vector to N)
is nondegenerate in L?(N), that is there are no nontrivial solution ¢ € L*(N) of Jy¢ = 0,
or equivalently it is injective in L?*(N). In particular it follows that N divides M into two
disjoint components M*(N), similarly as D, divides R3.

The assumption of non degeneracy is key in other works, for instance in [19] del Pino et.
al. study the structure space of entire solutions to the Allen-Cahn equation

Au+u—u>=0 in R%

which, at infinity are asymptotic, modulo the action of some rigid motion, to 2k copies of
+H (here H is the heteroclinic solution H (see (1.9)) whose nodal sets are, away from a
compact set, asymptotic at infinity to 2k-oriented half affine lines. They show, under some
non degeneracy assumption, that this space is a smooth manifold whose dimension is equal
to 2k. The non degeneracy they need is that the linearized operator of the Allen-Cahn
equation about one of the solutions described above, that is A 4+ f’(u), defined on the space
of functions that decays or grow exponentially along its nodal set and decays exponentially
in the transversal direction of its nodal set, is said to be non degenerated if it is injective, or
equivalently there are no nontrivial solutions of A¢ + f'(u)¢ = 0 in L?(R?).

Our existence result in Theorem is also based on the non degeneracy of the Delaunay
surfaces, which in this case means that their Jacobi operator does not have kernel in L?(R?),
and moreover it uses the fact the the Jacobi fields of these surfaces can be classified.



The second result of this Thesis is related to this type of nondegeneracy, but now of the
linerized operator that comes from the equation and the solution we have found in
Theorem Assuming d = 3 and according to Theorem , the solution u, . (what we now
name simply by w, = w,(x), x = (1, xs, z)) is rotationally symmetric about the z axis and
z-periodic. This means that if we consider a vector h = Z?:l h;e;, where e; are the canonical
vectors and a rotation Ry(x) = Ry, g,(x), where §; is the angle of rotation about the z; axis,
and a number 7 such that |7 is small, then the function

Py g y(wyr) = (Wriy 0 Ry)(x + 1)

is also a solution. It follows that it is natural to study the linearized operator about w,:

1
Lw7—¢ = €A¢ + gf/(wT)gb
Keeping this in mind we say that ¢ is a Jacobi field of L, if it is a smooth null element.

The 5 symmetries described above by ®y 9, (w,) and 0,w, determine 6 null elements of
L, . As we will see in Lemma the behavior of these null elements is governed by Jacobi
fields of Jp, and the first approximation of w, in a sort of “separated variable” version.
In particular we obtain that the former are actually Jacobi fields of L, _, that we refer as
geometric Jacobi Fields. Thus, in analogy with the description of the kernel of Jp_, and the
nondegeneracy property required in similar operators, it is natural to ask whether all Jacobi
fields of L, are the geometric Jacobi fields. The answer is provided by our second main
result:

Theorem 1.2 For all 7 € (0,1) and all small ¢ the operator L, is nondegenerate in the
sense that H?(R3) Nker L, = (). Moreover, there exists a > 0 such that the linear subspace
of H (R3) solutions of

loc

Lw7¢ =0,

with temperate growth in the direction of the axis of rotation of w, i.e. such that
| cosh™ 2| L2 (ms)y < o0, (1.13)

has dimension 6 and coincides with the linear subspace of the geometric Jacobi fields.

Note however that Theorem [1.2] does not exclude the possibility of existence of a solution
of Ly, ¢ = 0 such that ¢ satisfies (1.13) with some large value of a.

Theorem provides a classification of the Jacobi fields of the family w, of rotationally
symmetric solutions of which is key for problems that can be considered for future
work: the construction of more complicated solutions build upon more complicated CMC
surfaces in R3. Tt is clear that this study depends on the invertibility theory of L, and
on the precise knowledge of the Jacobi fields we have described, (see [36], [37] ,[46] , [45],
[43], [35], [34] for examples of such constructions in the geometry of CMC surfaces) and the
already mentioned work [19] (see also [41] in the context of the Allen-Cahn equation on the
plane).

To explain this let us recall that a non compact, Alexandrov embedded, complete CMC
surface with finite topology outside of a compact set consists of finitely many half Delaunay



surfaces ([50], [49], [52]) called Delaunay ends. In addition if the number of ends of such
surface is k£ and this surface is non degenerate then set of nearby CMC surfaces is an analytic
manifold of dimension 3k. This was proven by Kusner, Mazzeo and Pollack in [42] and the
argument of their paper is in many ways inspired by the similar result for the singular Yamabe
problem [48]. One of the problems is to decide whether a given CMC surface is non degenerate
and this is rather difficult problem except for the Delaunay surface for which separation of
variables and ODE methods can be used to prove non degeneracy (see also [40]). Pushing
these arguments further one can also classify Jacobi fields with temperate growth [47] and
show that all of them came from the natural invariances of the family of Delaunay surfaces.
Starting from non degenerate Delaunay surface with k& ends one can built more complicated
examples by gluing to it either an extra end or another non degenerate surface and thus
obtain CMC surfaces with arbitrary many ends. In some cases these new surfaces are also
nondegenerate, see for instance [47|, [46], [36], [35].

Theorem is the precise analog of the result proven in [47] but in the case of the Cahn-
Hilliard equation. Given what we said about the linear properties of the Delaunay surface
its assertion is expected, which does not mean that the proof is equally obvious. Certainly
what needs to be done is to connect the stability properties of the Delaunay surface D, and
the corresponding solution w, of (1.12)) and this can be achieved by expressing w, in the
Fermi coordinates of D, (Section . While w, is localized near D, this kind of expression
is only valid in a neighbourhood of the surface and this is what complicates the situation
(see Section . In order to deal with this in this paper we replace the operator L,,  with
another operator L, (Section , which locally agrees with the original one but which is
easier to analyze.

In the rest of this Introduction we explain explain briefly the tools, the schemes and
differences with related works of the proof of Theorem and Theorem [I.2] Let us begin
with Theorem [I.I] One of the main tools we use is a variant of the Lyapunov-Schmidt
reduction method. Let us first discuss the differences between our approach and the older
implementations which can be found in [55)] and [I5], [16]. To set ideas we recall the standard
Lyapunov-Schmidt reduction method in its abstract version (see [I3]). Given Banach spaces
X,Y and a linear operator A: X — Z and a continuous, nonlinear operator N: X — Z, we
are to solve the problem:

Ax — N(z) =0. (1.14)
Let
N(A) =Y C X, R(A) =W C Z,

and let my, my be the projections on the corresponding subspaces. There exists a bounded
linear operator K: W — R(I — my) (the right inverse of A) such that AK = I on W and
KA =1 — 7y, and moreover the equation ([1.14) is equivalent to the equation

r=y+z, yeyY, zeR(—my)
z— KmwN(y+z) =0, (1.15)
(I —mw)N(y+ z) =0.

In applications the Lyapunov-Schmidt method consists of reducing ([1.14) to (1.15), solving

the first equation for z with y given (which usually can be done by a fixed point argument)



and replacing this solution in the second equation to obtain the reduced problem

(I —mw)N(y + z(y)) = 0.

In practice several complications may arise and we will illustrate this considering a related
to our problem, which was treated by Pacard and Ritoré [55], and in many aspects it is
similar to the problem we consider here. Let M be a compact, closed manifold of dimension
n and N C M a minimal n — 1 dimensional sub manifold which divides M into two disjoint
components. Consider the problem

e2Ayu+u(l—u?)=0  on M. (1.16)
We say that N is non degenerate if the Jacobi operator of N
JN = AN + |AN|2 + Rng (l/N, VN)

has empty kernel. As we already said earlier the result they proved is: given a non degenerate,
minimal sub manifold N of M for each sufficiently small ¢ there exists a solution u, of
such that the zero level set of u. approaches N as ¢ — 0. Moreover, u. converges to +1
uniformly over compacts of the two disjoint components of M \ N. Let us explain now their
implementation of the Lyapunov-Schmidt reduction. It is expected that for x € M near N we
should have u.(z) = H (e 'dist (z, N)) + ¢, where dist (-, V) is the signed distance function
on M, H is the unique odd, monotonically increasing solution of —H” = H(1 — H?) in R
and ¢ is a small perturbation. The problem to solve for ¢ amounts to inverting the linearized
operator around H (e~ 'dist (x, N)) which has form

L= Ay + f/(H(e dist (-, N))).

It is known that the norm of L~! is large due to local translational invariance of the problem.
Thus we need to perturb N as well. To describe this perturbation we consider a manifold
N}, to be a normal graph over N described by a smooth and small function h: N — R.
Furthermore we let t;(z) = dist (z, Ny) to be the signed distance from Nj,. Then we look for

a solution of the form
t
u=H <—h) + .
€

Now both h and ¢ are unknowns. The problem to solve for ¢ is
thp = F(h’a 90)7

where Ly, is the linearized operator around H (%) The Lyapunov-Schmidt reduction strategy
amounts to projection of the above equation onto the function H’ (%) and its complement,
denote this last projection by 7. This leads to a problem for ¢

ThLnp = mF(h, ©),
which we solve first for a given h, and the problem for A
JIn,h = G(h), (1.17)

which we solve next (Jy, is the Jacobi operator of N,). Let us discuss (L.17]). We notice that
the expression of Jy, in local coordinates will depend in general on h and its derivatives
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up to order 3, while the Jacobi operator is itself only a second order operator. This loss of
regularity was dealt with in [55] using a regularisation procedure. In a series of papers [15],
[16], [17] del Pino, Kowalczyk and Wei introduced a slightly different approach to circumvent
this problem. It amounts to considering perturbation in the normal direction of the fized
manifold N so that u = H (%) + - -+, where now t is the signed distance from N and h is
a smooth, unknown function defined on N. Equation takes form

and the problem of the loss of regularity is thus avoided. The problem is now reduced to
finding a fixed point of Jy o G(h), using for example Banach fixed point theorem. To do
this we need to know that G is at least Lipschitz in h. In both implementations of the
Lyapunov-Schmidt reduction described above this is rather complicated technical point since
G depends in a non explicit, non local and non linear way on hA. This is mainly due to the fact
that the linearized operator Ly, still depends on h through the potential f'(H(*%)). Thus
difficulty is to some extend circumvented in [53] where the presentation of the Lyapunov-
Schmidt reduction is state of the art. In this approach modifying the nonlinear problem by
composing it (twice) with a carefully chosen diffeomorphism (and its inverse) both the loss of
regularity and the nonlocal dependence on the perturbation h are avoided, in fact h appears
only algebraically in the problem.

We propose still another modification to the method. The idea is simple: instead of working
with an approximation of the form v = H (%) + - -+ with A unknown we will improve the
initial approximation to w(t,y) = H (ﬁ) +- -+, t being the signed distance to NV and y € N in
such a way that we do not need to “move” N anymore. In other words h will be determined
with some sufficient precision before setting up the Lyapunov-Schmidt reduction, which with
this modification will look like the abstract setting described at the beginning. This way we
avoid both the loss of regularity and technical difficulties due to complicated character of the

nonlinear function G(h). This is described in detail in Chapter

Regarding Theorem [1.2] we start setting the asymptotic behavior of the geometric Jacobi
fields of L, , in particular, we realize that near the surface D, and asymptotically as ¢ — 0
they are proportional to H'(¢~!dist(-, D,)) a Jacobi field of Jp,. Setting the variable

1
t = —dist(-, D,)
€
we notice that, again near D,, the operator L,, resembles

L=e"0;+ f(H))+edp,,

whose kernel is fairly easy to determine using separation of variables, indeed taking u =
H'(t)1, we have that
L(HY) =eH Jp. 1,

thus Jacobi fields of Jp_ determine the Jacobi fields of £ and as we can see they have, at
least near D, the same structure of the geometric Jacobi Fields. One of the main difficulties
we have to face is that above formulas are valid near D, and written in local coordinates,
but our problem is established in global coordinates. Our research is inspired in the work
of del Pino et. al. [I9] where the authors look for null elements of the linearization of the

10



Allen-Cahn equation about a non degenerated solution in the plane. They were able to apply
Fourier transform and the problem is reduced to the study of the Allen-Cahn equation in
R whose structure it is well known. In our context we have that the operator is z periodic,
thus in order to separate the variables it is more appropriated to apply the Fourier-Laplace
transform, which lead us to the study of a complex parameter operator.

11



Chapter 2

Preliminaries

In this chapter we introduce definitions and recall in detail some results needed for our
work. In specific we first exhibit the Fermi coordinates near a CMC surface, then we intro-
duce the first approximation for the solution to equation (I.12)). Thereafter we review the
construction of Delaunay unduloids and finally recall the properties of the Jacobi operator
on a Delaunay surface.

2.1. Fermi coordinates near any CMC surface

Let X in R? be a CMC surface with mean curvature Hy and denote by N its unit outer
normal. We will assume that there exists a tubular neighborhood N5 of X of width 2§ in
which we can introduce the Fermi system of coordinates (y,t) € X' x (—6,6) by setting

Y: N5 — X X (—(5,5),
y+tN(y) =x— (y,1).

This map is in fact a diffeomorphism from N to X x (=49, ) whenever § is taken sufficiently
small. In the sequel we will use the inverse of this map

Y X x (—6,6) — N,
(y,t) — x.

which allows to define the pullback Y*w to X' x (—¢,d) of any real function w: N5 — R,
namely
Yiu(yt) =wo Y '(y,1).

For technical reasons we will chose later the size of the tubular neighborhood § depending
on ¢ but for now on we just take J small.

We will now derive formulas expressing the Laplace operator A in R? in terms of the
Fermi coordinates (y,t) € X' x (—0,9). We define for each t € (-4, ) the normal surface

Yy={x e N;|dist (X, x) =t}

12



In other words X} is the surface obtained from X by translation in the direction of the normal
by t. Then the well known formula gives

A = A, + 0% — Hy, 0, (2.1)

where Ay, denotes the Laplace-Beltrami operator on Y; and Hy;, is the mean curvature of
;. We need to expand these operators in terms of the variable ¢. By g and g, respectively,
we will denote the metric on X, X (induced from R?). Let us fix a point on X and some local
parametrisation X (u), u € U C R4 of X in a neighbourhood of this point (X could be the
isothermal coordinates but any parametrisation will do). In terms of these local coordinates
we get the following relation
Grij = Gij + tai; + b,
where

Then, for the matrix g; ' = (gij )ij=1,..d—1 we get, provided that |¢| is sufficiently small
1 1 2
9, =g +tM+1"Mo,
where
M, = My(u) and My = Ms(u,t)

are smooth matrix functions. The expression for the Laplace-Beltrami operator on X' in local
coordinates is

1 y
Ay = ————=0,. (/det Y Oy,
X \/m J< € (g>g 1,)
= 990y,u, + ———=0,, (\/det 7 0,
90w T ) ( e(g)g> ;

= 9900, = 9" Tuss
where T'%, are the Christoffel symbols. A similar formula holds for X;. Using this we can write
Ax, = Ag + 0y, + diOy,,
where
Cij = gij — 9",
d; = gt ( tre — The) +The (g — g*).

Expressions in local coordinates for ¢;;, d; can be further derived using the above expansions,
however their exact form is not crucial here. The point is that, formally, these functions are
small in terms of |¢|

(2.2)

|cij(u, )] + di(u, )] < Clt. (2.3)

With a choice of local coordinates on X' the constant in the above estimate does not depend
on the point on Y.
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Next, we will expand the mean curvature Hy,. To thisend by k;, j =1,...,d — 1 we will
denote the principal curvatures of Y. Then we have

d—1

k.
Hy =) 1 —thj

Jj=1

d—1 d—1
IR SEEEE
j=1 j=1

= Hy +t|As|* + Qg,,

where
d—1 d—1
Qu(y,t) =) K+ Ki+...
j=1 j=1
and |Ayx| is the norm of the second fundamental form on Y. Summarizing all this using ({2.1])
we can express the Laplace operator in Fermi coordinates as follows

A=0u+Ax — (H2+ﬂ142’2+@2t) O+ As,, (2.4)

where Ay, is a differential operator whose expression in local coordinates are given in ([2.2))

and satisfy (2.3)).

Next we introduce stretched Fermi coordinates

As before we have a diffeomorphism Y. and its inverse Y. 7!: ¥ x (—é, g) — N, and for any

function w: N; — R we define its pullback by Y. by )
Yiu(y,t) =wo Y\ (y,1).
Taking into account formula we get
A=c20y — e (Hs +ct|As]? + Q)0 + Ax + A, (2.5)

where

Qa(yv t) = QEZ (Ya 5t)7 Aa(y’ t) = AEZ (y’ 5t)'

We now define shifted Fermi coordinates. To do this we let h: ) — R be a given smooth
function such that the map

x+— (y,t), wherex =y+ (t+h(y)) N(y),

is a diffeomorphism from Aj into X x (—6,8). We denote this map by Y, and by Y, ' we
denote its inverse, finally by Y, w we will denote the pullback of w: N5 — R by ¥},

Yiw(y,t) = wo Y, H(y,t).
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Now we compute the expressions for the Laplacian in shifted Fermi coordinates. To derive
it, we denote tByx; = Ayx, — Ayx. The operator By, is a second order differential operator.
From this it is easy to obtain a formula for the Laplacian in the shifted Fermi coordinates

A=Ag+0?— (Hs+ Ash+ (t+h)|As?)0; + (t + h)Bxyyn + (t+h)?Qsiin. (2.6)

Finally we combine both stretched and shifted Fermi coordinates: by Y., we denote a
diffeomorphism and its inverse

Ysjhl: X X (—é,é) — N,

g ¢

and for any function w: Ny — R we define its pullback by Y., by

Yohw(y,t) =wo Y, (y,t).

€

Taking onto account formula (2.6) we get

A=Ax+e%0 —e Y(Hg + Ash + (et + h)|As[*) 0,
+ (et + h)By corn + (et + 1) Qs cern. (2.7)

2.2. Formal approximation of the solution concentrating
on any CMC surface X/

Before continuing with our work, let us remark that all the formulas described in the
previous Section are valid in the tubular neighbourhood Nj;. In Chapter [3] we study equation
in the whole space, so we have to split the space into two components. We proceed as
follows: given any CMC surface X' we introduce, by formal means, an approximate solution
w that depends on the stretched and shifted Fermi coordinates (y, t), that is, is defined only
near 2. The properties we need in order to solve our problem comes from when we choose
a specific CMC surfaces: in Chapter |3| we impose 2 = D, the d — 1 dimensional Delaunay
unduloid The problem we have to deal with is that w is not enough, since w is defined
only near the corresponding CMC surface, nevertheless w can be modified to improve the
approximation.

We introduce the first approximate solution in the following way
Yoy t) = U(t) +™o(y, t), (2.8)

for some functions U and 1y which we will determine. Moreover, we will assume that the
function i in (2.7) has the form h = £2hg, where hq is a constant to be chosen.

The expression for the Laplacian in local coordinates indicates the form that U and 1)y
should take, in that sense we have that the error Ne(w) — €. = eAw + Tw(1 — w?) — (., can
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be written as
Ns(w) - gs = 8{57283[] - gilHEatU + 572f(U) - 67165
+ O7hg — eHsOetho + f'(U)ho — (€ + eho)|As|*0.U
+ 2 Axthy — £2(t + ho) | Ax[*Osiho (2.9)
+ [(et + B)Bseorn + (6t + h)’Qu eein] (U + %) }

F2f(w) = () = e (U

In order to get as small as possible this approximation we have to get rid of the first
two lines of the expression above, since they show the lower powers in €. To write things
compactly let Sy and Ly be the operators that these lines define, that is

So(w) == 02w — eHx0uw + f(w),
Low = 02w — eHs0yw + f'(U)w.

With this notation and the ansatz ({2.8]) we can write the problem in the form
So(U) + €*Lotbo + Qo(U + €*¢) = el.
where Q(U + €%¢)) represents the rest of the terms in (2.9)), namely

QU + %) = —&°(t + cho)|As[*0U
+e*Aspg — e*(t + ehg)|As|* 0o
+ & [(et + h)Byeosn + (6t + 1) *Qreern] (U + o)
+ f(w) = f(U) = f(U)*o,

and we also have to determine the Lagrange multiplier /.. Thus we set U as the the function
that yields the following lemma.

Lemma 2.2.1 There exists a monotonically increasing solution of the equation

So(U) = U" — eHyU' + f(U) = b, iR,
F(U(200)) = L. (2.10)

This function is easy to find by perturbing the heteroclinic solution H introduced in ({1.9)).
Note that since f is odd symmetric we have U(+oo) = +1 + ¢, where o= is the small
constant such that

f(E1l+0F) =el..

Also, we have
1
l.=Lly+O(e), ly= _EHE/ H'(s)*ds,
R

and at main order

Ut) = H(t) + O(c),

16



We first have to set function space where it is possible to find a solution of this equation
and the later ones, thus we introduce following weighted uniform norm space

C°(R) = {v € C=(R)

[vllcee®) := sup |v(t)|(cosh t) < oo, for u € R}
teR

Proor oF LEmMMA 2271 We consider the ansatz U = H + ¢, where H is the heteroclinic
solution of ([1.9), and ¢ the corresponding perturbation, we find that ¢ must satisfy

H" +¢e¢" —cHyH' —*Hyp¢ + f(H +e¢) =el.  inR. (2.11)

Taking into account that we can write f(H +e¢) = f(H) +ef (H)o+ [f(H+¢e¢) — f(H) —
ef'(H)¢|, we have that (2.11)) is equivalent to

Lp=¢"+ f'(H)p =L.+ Hs(H +e¢) + O(e¢®) inR. (2.12)

We already know that H’ is an element of the kernel of the second order linear operator L,
the other one can be found with the ansatz vH’, plugging this ansatz into the corresponding
equation we find that v = [ ﬁ, and it easy to see that vH' is exponentially increasing in

fact vH' = O(e*¥*/V2) as t — +oo. In order to find a bounded particular solution of Lo = g
we first notice that the Wronskian W (H',vH’) = 1, therefore using variation of parameters,
a particular solution has the form

t t
u(t) = —H'(t) / o(s)H'(s)g(s) ds + v(t) H'(¢) / H'(s)g(s) ds.
0 —00
This solution is bounded if the following orthogonality condition is satisfied:
/ H (£)g(t) dt = 0.
R

Thus (2.12)) can be written as the integral equation

o(t) = —H'(t) /Ot v(s)H'(s)[l- + Hs(H'(s) + ed/(s)) + O(ed?(s))] ds
+o(t)H'(t) /t H'(8)[le + Hs(H'(s) + e¢/(s)) + O(e¢*(s))] ds. (2.13)

Taking derivative one has:
t

¢'(t) = —H"(t)/ v(s)H' ()| + Hx(H'(s) + e¢/(s)) + O(¢”(s))] ds

0

+ [H"(t)v(t) + H'(t)v'(t)] /_t H'(s)[lc + eHs:(H'(s) + e/ (s)) + O(e¢*(s))] ds. (2.14)

Since the linear operator L has as H' as the only bounded element of its kernel it follows
that the the right hand side of this equation has to be orthogonal to H’ and this condition
reads

/}R&H'(s) ds + /RHE(H'(S) +e¢'(s))H'(s) ds + /ﬂ{(’)(eqﬁ%s))ﬂ’(s) ds =0
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or equivalently

1 10 \2 2 / / !
ga:_WHE/RH(S) d5+(9(5)/Rgb (s)H'(s) ds+(9(6)H2/R¢(5)H (s) ds

_ _EHE/ H'(s)? ds + O(c),
2 R

as we anticipated. Therefore we can write the problem as

6N _ (¢ _ [ Fletred)
¢’ ¢’ G(e¢? ¢
where F and G are the right-hand-side operators from (2.13)) and ([2.14]) respectively.

The presence of the ¢ factor on the non linearity of the above operator allows an im-
plementation of the Banach fixed point theorem which can be done if we consider B C
C22(R) x C3*(R) (equipped with the norm [(u, ) ez cie(e = mioe{ ullog @, [0z s })
of functions that satisfy ||(#, ¢')||ce®)xc®) < K, where K is a large constant to be chosen,
in fact we have that

1(F, G lloz@yxce@ = OIS, 8|l oz @)xce =)
thus we get that M : B — B has a fixed point.

]

We continue with the description of the approximate solution: g should be chosen as the
bounded solution of

Loty = 02y — e Hs0stbo + (1 — 3U)y = (t + cho)|Ax[*0:U, (2.15)
thus we have the following

Lemma 2.2.2 There exists a negative constant 7 such that for all 4 € (n + eHyx, —n] the
following holds. Given go = go(t) € C;°(R) satisfying the following orthogonal condition

/go(t)ﬁtU(t)e_aHzt dt =0, (2.16)

the problem
Lov(t) = go(t) (2.17)

has a unique bounded solution. In addition v satisfies the estimate

[]lege) < Cllgollogee)-

Thus, the solution of this equation defines a linear and bounded operator G in C°(R), namely

v =G(g0)-
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Proor. The fundamental set of the homogeneous equation Lyv = 0 can be found by the
variation of parameters formula, indeed they correspond to the functions

V(t) = 8,U(t) = O((cosht)”), W(t) = O((cosht)”), ast — 0.

where

1 1 1 1
7 = SeHy — 5/ —Au(oo) + 2H3,  iF = SeHy + 5y —diloc) + 223,

here ((+00) =1 — 3(£1 + o).

Let us notice that for 0 small, one has n*, —v* < 0 for all € > 0, thus V is exponentially
decaying in t. We can assume that the Wronskian at the origin is equal to 1, therefore, if gg
satisfies (2.16)) then we can write ¢ = G(go) where

t

G(v)(t) = —V(t) /O W (s)e—<550(s) ds + W (t) / V(s)e—H=%y(s) ds.

—00

For the estimate of the lemma, let us notice that the orthogonality condition gua-
rantees that the function G(go) is exponentially decaying whenever gq is exponentially de-
caying. To be more precise let us assume for instance that if u € (n+ eHy, —n|, where
n =max{n",n"} <0, and

gollce®) < C,
then we have
1]l cgemy < €

as well. O

Now we apply this lemma to the problem (2.15)) with g(y,t) = (t + ¢ho)|As[?0.U(t) as
the right hand side, that is 1y = G((t + ho)0,U), note that this function depends also of y. In
order to get decaying at +oo (in t) we must satisfy the orthogonal condition in (2.17)), thus

/ (& + sho) | As[2(0,U (£))2e—=1¢ dt = 0,
R

this expression tells us how we must pick hg, namely

_ / £ (V(£))% e =t
hy = —& =0(1),

e/R (V(t))? et gy

which is a bounded quantity.
With this choice we define:
Yoy, t) = G ((t +eho)V(t)) |As]”

Note that we have:
[([t] +elho DV (E) leze®) < C, 0 < p < —n,
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and as a consequence
[o(y: t)llee <C, 0 <p < —n.

Sometimes it is convenient to derive a more refined estimate taking into account the
fact that the leading order term on the right hand side is tV(t) = O <|t|(cosh t)”i)> as
|t| = fo00. Thus, we consider (2.17) with right hand side g(y, t) satisfying

||g(Y7t>(1 + |t|)6||C'fj°(R) S Ca

with u € (n 4+ eHyx, —n], and 5 € R. By a simple argument we have as well:

1G(9)(y, £)(1 + |t|)’8”Cg°(1R) <C.

2.3. The Delaunay unduloids

The Delunay unduloids D,, 7 € (0,1) are CMC embedded surfaces of revolution in R3
[23, 24]. In this section we review how to obtain the equations that describe them. Consider
the parametrization obtained by rotate a curve (¢(z),0, z), z € R, around the z-axis, namely

X(z,0) = (¢(z) cos b, p(z)sinb, z),

easy computations gives the following formulas

dz — ——— df

_ 1 _
Hp. = ¢:(1+¢2)7" = 2(1+ 697/
for the second fundamental form and the mean curvature, respectively. In order to have
constant mean curvature surfaces, say —1 (or 1 depending on the chosen orientation) we
impose

AD — ¢ZZ 2 gb 2

bor — %(1 +62) 4 (14622 = 0. (2.18)

One can easily find two special solutions to (2.18)), namely

o1 =1and ¢y = /4 — (2 —2)2, for |z — 2| < 2.

and they arise the cylinder of radius 1 and the sphere of radius 2 centered at (0,0, 2) respec-
tively.

Let us notice, by differentiating, that ¢ solves (2.18)) if

2%
V1+¢?

is constant. In particular this quantity should be negative in order to get embedded surfaces
(see [24]). The existence of Delaunay unduloids are guaranteed according to the following

H(¢v ¢z) = ¢2 -
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Proposicion 2.1 ([45], Proposition 1) For all € € (0,1) the problem

$ze = 5(L+¢2) + (1 +¢2)*2 =0,
¢(0) =, (2.19)
¢'(0) =0,

has a solution ¢. which is periodic and
5§¢5(Z) §2_5>

and lim, o+ ¢ (2) = ¢o(2) = /4 — (2 — 2)2, lim._,1- ¢(2) = ¢1(2) = 1 the solutions descri-

bed above.

Note also that in particular we have H(¢., (¢-),) = € — 2 < 0, that allows to introduce
the parameter 7 = v/2e — 2 € (0, 1) and renaming by ¢, the corresponding function and the
limit surfaces are the described in the introduction: as 7 — 07 we obtain the array of spheres
of radius 2 and as 7 — 1~ we get the cylinder of radius 1.

We would like to have an isothermal parametrization, for that reason we change the
independent and dependent variable: z = k,(s), T0,(s) = ¢.(k-(s)) The new parametrization
reads

X,(5,0) = (1e7"®) cos 0, 7e7") sin 6, k. (s)). (2.20)

And o, and k. must satisfy the following equations (see Proposition 2 in [45])

do\ > 9 ok T2

T h2 = 1 T _ 20,
(85) + 7% cosh” o , 2(1+e ),
72cosho,(0) = 1, k-(0) = 0.

Under this notation the main curvatures are
k1 =e "sinho,, ko=e 7" cosho,

and from here we obtain
|A.|? = ki + K5 = e 77 cosh 20,

If we denote by 2s, the period of o, we get that D, is 27, = k,(2s,)/2 periodic, thus

DT = DT + 2TTe3.

The exposed above is the standard way to introduce the Delaunay surfaces, nevertheless
there are other two. The first one corresponds to a variational approach where the aim is to
find extrema for the area functional of a surface of revolution subject to the constraint of the
corresponding volume is constant. In [24] the author shows that the Euler-Lagrange equation
associated to this problems is (2.19)). The second (see [24]) one is the problem of the roulette
of a conic that rolls along a straight line where its focus is the generator. Depending on the
conic we get different curves and their corresponding surfaces: for the parabola we obtain
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the catenary and the catenoid, for the ellipse we obtain the undulary and Delaunay unduloid
and for the hyperbola we obtain the nodary and its surface is the Delaunay nodoid.

It is also known that the Delaunay surfaces can be constructed in any dimension d > 3,
see [33]. By D,, 7 € (0,7,) we will denote the family of embedded Delaunay surfaces in R?
with axis of symmetry e;R. We note that the parameter 7, satisfies

d — 2)(d=2)/(d-1)
=2 |

d—1

and by T, we keep denoting its period, thus D, = D, + 2T, ey.

2.4. Jacobi operator on Delaunay surface

Let us recall that normal graph surface of X is

Yo ={y+o(y)N(y)},

where ¢(y) € C?*(X) is small. The mean curvature of X, denoted by H, expressed in terms
of ¢ can be written by

N(¢) :=2(Hy—1) = Ay + |As|*¢ + Q(¢, Do, D*9),

where Ay, denotes the Laplace-Beltrami operator on X, Ay, corresponds to the second funda-
mental form and @ is a quadratic nonlinearity that can be found explicitly (see for instance
in [38]). In order to obtain a CMC from X, necessarily Hy = 1, or equivalently N (¢) = 0,
moreover the linearized operator of A about ¢ = 0 yields the Jacobi operator on X

Tso= S-(N(+50)| = Dop+|AsPo,

s=0

and in particular its null elements rise the so called Jacobi fields that corresponds to variations
of X which preserve the mean curvature to the second order.

A surface Y is called nondegenerate if the Jacobi operator of this surface is injective. We
will describe briefly the invertibility theory of this operator in the case where X' is a Delaunay
surface D,. The corresponding Jacobi operator will be denoted by Jp, = Ap, + |Ap, |*.

For our study it is important to understand the kernel of Jp, or the so called Jacobi fields.
These elements are of the three types:

(1) Jacobi fields arising from infinitesimal translations. Given e € R3, |e| = 1 the constant
Killing field associated to translations

X——e
induces the following Jacobi fields

Te __
O °=e- N,
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where N is the unit normal vector to D. The coordinate vectors e;, j = 1, 2, 3 generate
€5

three linearly independent Jacobi fields oF corresponding to translations of D, in the

respective directions of the coordinate axis.
It is important to notice that the Jacobi fields dF

Jacobi fields arising from infinitesimal rotations. Let e € R? |e|] = 1 be such that
e - eg = (0. The Killing vector field corresponding to the rotation about the vector e is:

,e; . .
’ are bounded and periodic in s.

x— (x-e)eg — (x-e3)e.
We define the Jacobi field associated to this vector field by:

dfe = [(x-e)es — (x-e3)e] - N;.

There are clearly two linearly independent Jacobi fields associated to the rotations.
They are:
dfer and  ofte2,

and they correspond to rotations about the coordinate axis. Note that in isothermal
. . R,e]' . . .
coordinates functions "7, j = 1,2 grow linearly as functions of s.

Jacobi field associated with the variation of the Delaunay parameter. We define:
dP = -0,X, - N,.

This Jacobi field is somewhat harder to write explicitly, however it can be shown that
the function ®2(s) is linearly growing (see [44] for the explicit formula)

In summary, the Jacobi operator Jp, has at least 6 explicit Jacobi fields, three of them
are bounded, and the other 3 are linearly growing. By a result of Mazzeo and Pacard in [45]
we know that these corresponds to all Jacobi fields with at most linear growth. In fact the
key property to show this is that in isothermal coordinates Jp_ separates variables into a
sequence of second order ODEs

Jrip=0, J.,;= 8? + 72 cosh(20,) — 42 |7l =0,1,....

Proposition 2.4.1 (J45]) The homogeneous problem J; ;oo = 0 has the following solutions:

1.
2.

one periodic and one linearly growing solution when j = 0 or |j| = 1;

two solutions gpf’j(s) which satisfy:

:tCT,j Sr

%03-[,]'(5 +s;) =e 803—[7]‘(5)7

with
Yrid = ReCT,j > 07

when |j] > 2. The numbers (;; are the indicial roots of the operators L, ; and corres-
pond to the behavior of the solutions of the homogeneous problem at 4oc.
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The numbers (;; correspond to the indicial roots of the operators J.; and determine
the behavior of the solutions of the homogeneous problem at £o0o. In fact eicﬂfsgoij(s) are
periodic, in consequence

|90i,j(3)‘ < Ce~tmis, |90;j(8)\ < CeS%, V¥YseR

iCn factggojj(—s()) = ¢, (s). In light of points . and . of the proposition it is natural to define
7,0 — §r, 41 — Y.

These basic facts can be generalized for the Jacobi operator of Delaunay surfaces in R,
d > 3, namely, there exist 2d Jacobi fields with at most linear growth: @Z’ej(s,@), j =
T,ej

L...,d—1,®77(s), @f’ej(s,@), j=1,...,d—1, ®P(s,0), where (s,0) € R x S2 are the
corresponding parameters of the isothermal parametrisation.
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Chapter 3

Proof of the Theorem (1.

3.1. The Lyapunov-Schmidt reduction

While our formal considerations in Chapter [2] are valid for any embedded CMC surface X
in R?, in what follows we will focus on the special case when ¥ = D, i.e. it is a Delaunay
unduloid. Since we are interested in functions which are periodic in the direction of the x4
axis with the minimal period equal to that of D, we will introduce the manifold ZO?T which is
obtained by identifying the set D, N {xy = 0} with the set D, N {xy = 27T, }. Let us observe
that set IO)T is homeomorphic to the d — 1 dimensional torus T¢~!. We first notice that the
function w defined in (2.8)) is a good approximation of our problem, nevertheless it is only
defined in the tubular neighborhood Njs. Since lim; 1, U(t) = +1 + af, it is natural to
define )

H(x) = {1+aj_ if x € D;_L
—1+o0; ifxe D,
where DT+ , ZO?T_ denote, respectively, the exterior and the interior of D,. Let us notice that
the function w approaches H exponentially. Indeed, we have

o d 9
Vol t) - Va0l < Get yebive (-42),

for any p € (0,]n|). Now we “glue” w and H: take y a cut-off function such that x(s) =1, if
|s] < 1/2, and x(s) = 0 if |s|] > 1. Next, we define the cut-off function y* supported in N

by:
o) =x(5).

We define the global approximate solution w* by
w*(x) = w(x)x"(x) + H(x) [1 = x"(x)].

Now we look for a solution of the equation ([1.12)) in the form

u=w"+ .
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where ¢ is a small (in a way to be specified) function. Thus our problem can be stated: find
¢: RY — R, which is one-periodic with period 27} in the x4 direction, such that

N.(w*+¢)=0C;, nR"' xSy, (3.1)

where Sj;, is the circle of radius 27 and we recall
1 2
N(u) = eAu+ —u(l —u?).
€

Remark 3.1. Let us recall that we want our solution to be rotationally symmetric. That is,
if by Re we denote the rotation of R? about the z; axis by angle © then we should have

(w* +¢)(x) = (W + ¢)(Rex).
Since we already have (by definition)
w*(x) = w*(Rex),

then as a result we will have p(x) = ¢@(Rex) as well, as it can be seen easily from the
proceeding construction.

Since the function ¢ appearing in (3.1]) is expected to be small it is natural to expand the
nonlinear operator N, and study the following equation

Lep= _Ns(w*) - Qs(%p) + L,

where

Lg) = DN.(w')p = g+~ f (w)p,
Qu(9) = Nofw” + ) = Nolu) — Legp

The strategy, based on the Lyapunov-Schmidt reduction is clear. Indeed, using the fact
that, in a certain way, L. separates variables and due to the d dimensional bounded and
periodic kernel of the Jacobi operator Jj given by {@f’ej } 7 =1,...,d which is associated
to translations of D in the directions of the coordinate axis e;, the linear operator L. should

have a d dimensional kernel spanned, roughly speaking, by the functions ZZ: £ where

V5,250 (y, 1) = V(y, 0)®l% (y), j=1,....d,
V(y,t) = Oow = 0. U(t) + e20:10(y, t).

Notice also that in general any function Z such that

Y232(y,t) = V(y, t)®(y), (3-2)

is also “almost” in the kernel of L., in the sense that Y, (L.Z) = o(1).

At this point we introduce the following general set

X = {w(y,t) € L*(D; x R) /RV(y,t)so(y,t) dt = 0} ,
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Notice that any function Z € X+, the orthogonal complement of X, has the form

={Z(y,t) Y0, Z(y,t) = V(y, t)®(y) }

for some function ® that we can even compute explicitly

/RV(y,t)Z(y,t) dt
/RV2(y,t)(t) dv

o(y) =

By II we denote the orthogonal projection on X. We set ¢ = ¢l + p*, where

Yoelex, viet=veext

&,

Finally we split our problem into two equations:

o Y5 [Ne(w* + ¢l + o) — 2]
(Id =)o Y;h[Na(U)* + 90” + SOL) — L]

0, (3.3)
0

When solving we use the fact that the associated linear operator is coercive on
X N HYD; x R). To solve (3.4) we will make use of the theory of solvability of the Jacobi
operator Jp . It is important to note that that this is not direct, basically due two facts:
first, and somewhat technical step which we have omitted in this informal discussion, is to
“transfer” the original problem from the space of functions defined on R4~ x SleT to a space
of functions defined on D, x R. We will explain these details in Section And second,
and more delicate, the operator Jp has non trivial bounded elements in its kernel, roughly
speaking and suggested by , the span of the finitely dimensional set

Z={Z%(y,t) e X |ZE5(y,¢) = V(y, t) L% (y) } . (3.5)

In order to remedy this issue we use the Lyapunov-Schmidt reduction. Indeed, instead of
solving (i3.3)—(3.4) we study the problem

] _
I No(w* + ol + o) — L+ X" e Z8| =0, (3.6)
L Jj=1
- . .
(Id —T0) [ No(w* + @l + o) — L+ X" ;28| =0. (3.7)
L j=1 i

The remaining step amounts to showing that the constants c; = 0 are actually all zero.
To prove this we will use balancing formulae.

In Section and we develop the linear theory associated to the problem (3.6)—(3.7)),
and in Section [3.4] we provide the existence results of those equations and we also conclude
the proof showing that actually c; =0Vj =1,...,d.
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3.2. Linear theory for the model problem

In this section we will develop the necessary theory to deal with the operator L.. To this
end we will consider the operator

L. =cAp — (Hp +e(t+ 5h0)x(5t/5)|A§T|2)8t + e 102+ (w), (3.8)

where x(s) is a cutoff function supported in (—1,1) and equal to 1 in (—1/2,1/2). Note that
this operator is defined for functions ¢: D, xR — R (and not just functions defined on
D, x (—g, g)) It is clear that Y, L. ~ LL.. Although the function w = U + ey depends
on both variables (y,t) in some sense the operator L. separates variables. To see this, with
Oyw = 0, (U + %) = V, we consider functions of the form

Z(y,t) =V(y,t)®(y) € X"

Observe that, by construction of w = U + &%y, combining equations (2.10) and (2.15))
multiplied by 2 we get

e 102w — (Hp +e(t+eho)|Ap. 12)O0pw + 7L f (w)
== = &°(t +cho)|Ap,[*)0etbo + &7 Q(evo),
where Q(v) = f(U+v)— f(U)— f'(U)v. Differentiating this equation in t we get for V.= d,w:
5_18t2V — (HﬁT +e(t+ 5h0)|AbT \2)8tV — €’AbT|2V + e (w)V
= —83|Abf\23t¢0 — &3t + 8h0)|AbT‘2a§¢0 — 710, Q(%y). (3.9)
From this, using the definition of L. in (3.8) we get:
Le(p) = L (V®) = eVTp @ + B.(P) (3.10)

where J b, is the Jacobi operator on 107T and

B.(®) = —e(t +cho)(1 — x*)|Ap [P®OV +2:V 5 V-V @
+ePAp V- [(t +eho)|Ap P07 + |Ap [?0ctho] @
+ e [ (w)dew — f(U)dsw — £ f"(U) 0, Unhg) @.
We note that
B.(®) = O()[|®lg1 (.- (3.11)

Identity and its consequence (3.10)) is the key calculation which allows to use the usual
Lyapunov-Schmidt reduction scheme, as we explained in the introduction. Indeed, if we had
taken as the approximate solution only the function U then differentiating the equation ([2.10))
for U' = 0,U we would have gotten

e '0;U — Hp 0.U' + e f/(U)U' = 0.

This equation, unlike 1} does not carry any information about the geometry of lO?T besides
its mean curvature which is constant. Following the method of [55] or [15], [16], [T7], [53] we
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would have to perturb the surface D, additionally introducing new unknown functions in our
problem. With the approach presented here this is no longer necessary and the Lyapunov-
Schmidt procedure in this version is in this sense simpler. Recalling that the linearization of
the mean curvature operator is the Jacobi operator which depends on the second fundamental
form, we see that the operator L. is naturally compatible with the geometric context of
our problem. To put it differently: the operator L. is, up to negligible terms, the correct
linearization of the Cahn-Hilliard operator near a solution whose zero level set is the constant
curvature surface lo)T.

To develop invertibility theory for L. we will we employ two basic facts. First, we observe
that on the subspace of X'+

y:{2@¢»:w%wwwex*

/ O(y)® % (y)dy =0, j= 1,---,d}
DT

we have that the bilinear form defined by

a1, p2) = (Ler, 02) 12(p, xr) = /D R(Lasol)@z dydt
X

satisfies the coercive condition

a(Z,Z) > Ce|| Z|| VZ e YN HY(D. x R).

2
L2(D,xR)

This follows basically from the invertibility of the Jacobi operator Jp on orthogonal functions
to its kernel.

Second, when we consider p € X and g € LZ(IO)T x R) such that ¢ is a bounded solution
of the problem

Lep=y,
where L. = eAp +¢e7'07 + 7! f/(H), then we have

191l L2, xry < CEllgll 25, xmy: (3.12)
To prove this estimate we use Cauchy-Schwarz inequality and the well known fact that from
[ WP pme = Clelfa, i [ v de=o.
R R
It follows that the bilinear form
B.(¢) = (L, ©) 12D, xR)»
is coercive on X N HY(D, x R). In fact

B.(0) 2 Ce™ 10l ap vy TP €XN H' (D, x R).

In the same way as (3.12)) is shown one can prove
52||V15T90||L2([)TxR) + ||3t%0||L2(ﬁTxR) + ”‘PHB(E),Xm) < OHgHL?(f)TXR)' (3.13)
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We refer the reader to [15] or [17] where results similar to estimates (3.12)) and (3.13)) were
proven.

At the same time we can use (3.13]) and the coercivity of the bilinear form B.(¢) to solve
the equation
[IyLep = g. (3.14)

To do this we write L. = L. + (L. — L.) and use a perturbation argument. The solution will
still satisfy estimate (3.13)). The perturbation argument is as follows: for g € X we solve

L.p =g+ cH',
where ¢ = %. Then we define a map
Vi dt
G =p— Vf :
x(9) = TV di

Note that Gy: X — X and it is well defined since bounded elements of the kernel of L. are
precisely given by the span of H' (see also Lemma [3.2.2)). Next we check

IHAL-Gx(g) — g|‘L2(DT><R) < O(l)HgHLQ(f)TXR)'

Indeed, since V= H' + O(e) by the construction of w = H + O(¢) in Section [2.2| we have
el < Celloll i, wmy < Cellgllre i, wmy-
Moreover, from
Le — L. = —(Hp_+e(t +cho)x(et/0)|Ap [)0: + e [f'(w) — f'(H)]
we find

I(L. — Le)¢|lL2(BTxR) < C(||at¢HL2(f)T><R) + H¢||L2(BTxR)> < CgHQHL?(f),xR)

by estimate (3.13)). Therefore IIxIL.Gy is invertible as a map from X to itself and we can
define
(MrLl.) ! = Ge(TxL.Gy) ™t (3.15)

Moreover it is rather straightforward to show that a solution to (3.14)) will satisfy estimates

and (B13)

We will use these observations to solve the following model equation

L.y =g(y,t),

where we will assume initially that g € L2(ZO)T x R). We look for a solution in the form
© = ol + ot where
olex, ort=vdext (3.16)

We write
Lep = MaLe (ol + 1) + i Le (ol + ),
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and then we need to solve
MLl = Mxg — MaL.p*
HyiLept =Hyprg — My Lol

The idea is that terms IyL.o" and L. ol are of smaller order because L.V = o(1) so
that the coupling between the two equations is rather weak. Another important point is that

Lot =eVTp © + B(P),
where B.(®) is small (see (3.11))). We decompose accordingly
g=4g'+g- g-=VZ (3.17)

and B.(®) = Bl(®) + BX(®), BL(®) = Y.(®)V and look for a solution of the system

MyLegl = gl — Bl(®),
_ 1 | d e (3.18)
eJp @+ Yo(®) =E — T /R(ngp Wdt + ) ;@0

Jj=1

Note that in the second equation we have introduced Lagrange multipliers ¢; to be determi-
ned, and we anticipated in the previous section. Let us notice that the main terms to study
in the above system are

Loyl = g,

d
3.19
5]DT<I>::—}-ZCJ-(I>Z’QJ', ( )
j=1

which is a decoupled system that we write as £.(¢ll, ®,¢;) = (gIl,Z). As we saw above, the
first equation in this system can be solved according to (3.15)), meanwhile, for the second
equation we have that the bilinear form associated

ap (®) = (cTp B, B) 1oy ) = / (T, ®(y))2(y) dy

-

is coercive in Y N HY(D,), where

[ ematog) a0},

v—{awerm)|/

In fact, we have the estimate
ap, (@) = (eTp, @, ®)2p,) 2 €ll®ll72p, VR EY N HY(D,).

therefore, taking into account that the bounded elements of the kernel of 7y, are the span of

the orthogonal Jacobi fields ®- | we obtain that for all = € L2(D,) there exists ® € L%(D,)
such that the second equation in (3.19) is solved whenever its right hand side is in Y, which
leads us to the following condition on the coefficients c;

. S, E)2 " (y) dy (3.20)

Jo (@7)2(y) dy

31




Also, it holds the estimate

121125,y < e M IEN L2, (3.21)

In summary we have:

Lemma 3.2.1 Let ¢, g € L2(ZO)T x R) and consider their respective decomposition onto X

and X+ as in (3.16) and (3.17) respectively, and assume that = € Y. The system (3.19), or
equivalently £.(¢!, ®,¢;) = (¢!, =) has a solution that defines an operator

G: X x L*(D,) — X xL*D,) xR
(gH7E) = ((pH7(I)7Cj)7

that satisfy estimates (3.12) and (3.13) and (3.21)). In addition, coefficients ¢; are given by
(3.20)

Finally we can write system (3.18]) in a fixed point scheme of the operator G.

An alternative approach is to use a perturbation as the given recently. We introduce the
notation £.(¢ll, ®,¢;) = (g, Z) for the system (3.18). Let us notice that

||£ G(g",2) - (¢ 7~)||XxL2(D = o(1)||(g' 7~)||XxL2(L°)T)’

which follows basically from the fact that £. — £. only contains negligible terms, and in
consequence the operator

£.G: X x L}(D,) = X x [*(D,)
is invertible, therefore we can define
A: X x L2(D,) = X x L*(D,) x R

as A(gl, ) = G((L. G)~ D(g!l,Z). From this it easy to see that £.2(gl,Z) = (¢!, Z), that is A
is a right inverse of £.. Finally 1f we erte L. = £.4(L£.—L£.) wesee that A(gl, Z) = (¢!, @, ¢;)

still satisfy estimates ( -, and ( -

Given that we can solve (3.18) our purpose is to find suitable estimates for the solution
of the problem

L.p=g(y t)
on X assuming that
g(y,t) = O(e ), [t = oo.

In particular we would like to know that ¢(t,y) = O(e ~"!) as well. This is straightforward
by comparison principle once we know for example that ¢ is bounded. Thus the main issue
is to obtain L> control for oll. We will go a little further now and show how to control a
priori certain weighted Holder norms of ¢l and ¢t

To this end we consider D, x R equipped with the product metric and the associated
Levi-Civita connection and define the following weighted Holder norms
HUHCS’Q(i)MR) = ilelﬂg(COSht>u||u||C0’O‘(l°)7—><(t—Lt+1))7

[ulleep, xmy = ltllcoa(n, xry T 1V b, xrtullco o, s (3.22)

HUHcﬁ’Q(bTxR) = HuHCOO‘(DTXR + HVDTXRU’”CO“ bexr) T HVD XRUHCS’O‘(bTXR)a
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2
bTXR o
By Dp_ and D2 we denote the gradient and the Hessian operator on D, respectively. In

isothermal coordinates they read

where Vp  p and V correspond to the gradient and Hessian operators on D, x R.

1
Dp, = 20207 (s) (s, D),

1 ds 0
2 S
DBT - T4etor(s) ( 0 8@ ) ’
2 20,

These formulas can be obtained easily, since the metric on D, is gr = 72277 ()(ds? + dO?).In
consequence we obtain the following formulas

IV 5, xrl co (D, xR) — ||at“||c2’a(i)fxua) + ||Df)7“||c,9va(ﬁfo)a
Hv?‘lme Cr*(DrxR) — ||at2u||c2’°‘(f)fo) + ||atD15TUHcgva(ﬁTX[R) + ||D257U||c37a(bfo)-

In order to simplify several arguments below and avoid keeping track of negative powers
of € appearing on the right hand side of various estimates we will rescale the y variable. Thus
we introduce y

57 - g, t = t.
We also denote 1077,5 = %lo)T, and we consider the manifold lo)m x R again equipped with the
product metric and the associated Levi-Civita connection. Finally let us define the following

weighted Holder norms on 107775 X R, where as usual 0 < o < 1

||U||c2’0<(1°)f76x1[g) = %UP(COSh E)M“u”CO!a(ﬁT,EX(E—l,‘E+1))’

teR
”uHc,ﬁv"‘(bT,ng) = ||u||cgv“(f)7,€xu@) + ||vbT,€xRu”c2’“(bT,ng)v (3.23)
2
||U||cgv&(f)T7ExR) = ||U||cgva(f)7,exug) + ||vbTysxRu”C2’a(bT’ng) + ”vfpmeuHcg’a(f)me)-

We note that if for a given a real function u defined on D, x R we set @(§,t) = u(ey, t) then
we have

Haylcﬁ’a(bﬂsxﬂk) = Z €mHangT’LLH02(f)TXR) + Z €m+a[angTu]a,u,f)T><Rv (3'24>
0<k+m<¢ 0<k+m<{

where [| - [|co(p, xgy and [, . p. g correspond to the weighted Holder norm and weighted
" T Wy T
Holder seminorm respectively, that is

”UHcg(i)T xR) = ig}g(COSh ) [ull o x (61,611

[u]a7u,b7— xR — ig£<COSh t)u[u]a,bT x(t—1,t+1)"

Consequently by Sﬁ’a(lo?T x R) we denote the space of functions on D, x R whose norm

Nl my = o 105D tllege sy
0<k+m<¥

is bounded. In consequence we have the following result which is based on similar results
from [15],[22], [17].
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Proposition 3.2.1 For all ¢ > 0 sufficiently small the following holds. Given p € [0, —n)
and ¢ satisfying

191l co(p, xm) < 00,
[ sty oz vyd =0
R
there exists a positive constant C' such that any solution of
MyL.ou=g (3.25)

satisfies
llgge o, vy < Ol xay
for ¢ =0,1,2.

Proor. We split the proof in several steps.

Step 1. Rescaling the variables. Given functions v and g on D, x R we introduce

W(y,8) = u(ey, t),  0(F,t) =w(et, £), §(7,t) =eg(ey, £),

and set

Leti = Ap G+ 07+ f/(@)i + £Gos,

where
G=1+¢e(t+che)x(ct/0)|Ap (e7)]?

is a bounded function. The linear problem ({3.25)) is equivalent to
MyL.i=g inD.. xR, (3.26)
where we assume

/Rfl(.'?’, t)V(ey, t)dt = 0.

Step 2. Description of the kernel of the associated operator. We consider a problem of the
form

Ayp+ 0o+ f(H1)p=0 inR"HxR. (3.27)
The following result is known (c.f. [22], Lemma 5.1)

Lemma 3.2.2 Let ¢ be a bounded solution of (3.27). Then ¢ = cH’(t), with some constant
c.

Step 3. A priori estimate of the associated operator.

Consider now equation (3.26)) and assume that g € Cg’o‘(lo)m x R), with € (0, |n])
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Lemma 3.2.3 There exists a constant C' > 0 such that for all sufficiently small ¢ any
bounded solution of ([3.26]) with

/R (5, V(5. £) dE = 0.

satisfies

||ﬂ||cﬁ’a(f)T,ExR) < CHchg’a(Dme)-
A proof of this lemma, is given bellow.

Step 4. Returning to the original variables. Note that with the definitions of the norms

(B22)-(8:23) we have

[[ul EX(DrxR) — ||u||c/°;"(f)T><IR)7

while with the notation of (3.24])) we have
1~ —all ~
C ”uHcf}“(ﬁT,ExR) < HuHEﬁ‘a(ﬁTxR) < Ce H“”cﬁ’a(z")me)-
And from this the desired result. ]
Proor orF LEmMA 3231 The proof of this lemma relies on Lemma [3.2.2] a contradiction ar-
gument and the comparison principle. It follows the same lines as those of similar results in

[22] (see also [20]). By local elliptic estimates we first prove by contradiction the following
estimate

”ﬂ”cg’a(bme) < O||§Hc2’a(f)mxu§) (3.28)
In fact, if (3.28) were not valid, we would be able to find 0 < ¢,, — 0 and @, such that

Hﬁang’a(f)TysxR) =1 Vn, (3.29)
/ (5, £)V(e5. ) d = 0.
R

and g, € Cg’a(lo)m x R) such that ¢, — 0 as n — oo, ||§n||cg,a(5me) — 0 as n — oo. That
satisfy 7

MyL.t, =G, in Do xR
Since ||@, | = 1 it is possible to find (F,,%,) € D, x R such that
T 1
|Pn(Fns tn)| > 9

Since D, . is periodic we may assume that €,y, — Jo € D,.. In terms of isothermal parame-
trizations we have

- 1 ~
X,.(5,0) = EXm(gg, £0), (5,0)==(5,0), (s5,0)cRx 92

thus o = X, .(s0,00), and €,50 = X;.(sn,O,). For some (sg,0p) and (s,,O,) we next
center at (so, ©p), that is we define

(5,0) = = (50,00) + (5,8),
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Now we analyze two cases, namely t, bounded or unbounded.
Case t,, bounded. Let us define the bounded function
Un(s,8,t) = U,((1/¢)(8n, On) + (s,0),t).

Here and in what follows we write the functions in terms of the parameters of X ., instead of
the variable y. Let’s assume for a while that d = 3. In this case we have a explicit expression
for the Laplace-Beltrami operator. It is straightforward to check that ¢, solves

T2€207(8"+6"S)(a§ + ag)ﬂn(s7 B E) + agﬂn(s7 B E) + f’(@)ﬂn(s, 075)
+€,G(5,8,t) = gu(s, 8, t),

where g, (s,8,t) = Gn((sn,0n) +£(s,8), t). Using elliptic estimates we can obtain bounds for
the gradient, thus by Arzela-Ascoli’s Theorem a subsequence of u,, converges uniformly over
compacts to a function u that satisfies

Ap u+diu+ f'(w)u=0. (3.30)
On the other hand

0= / i (s, 8, E)V (=7, £F) dE — / (5,8, EV(eF, €) dE  as n — 0o
R R

this implies necessarily u = 0 but this is impossible, because of the first condition in (3.29)).
For the general case for d, we use the fact that the Laplace-Beltrami operator can be written
in terms of bounded functions, namely

Ap = a;;(y)0i; +bi(y)0, y=X:(50), (50)cRx Sa-2
then becomes
;j0ijiin(s,8, %) + b;0sli, (5,8, t) + 021in(s,8,t) + f'(0)Pn(s, 8,t) = 0.
And the same arguments can be applied.
Case t,, unbounded. The situation is quite similar and in this case we define

Uin(s,8,t) = " C D3 ((1/€) (50, On) + (s,8),Tn + 1),
Tn(s,0,t) = "G ((5,,0,) + 2(s,8), £, + £)

o

> (Dre xR), and in in this case we have

loc

And @, again is uniformly bounded and g, — 0 in L

Qjj (Sn -+ €nS)aZ'jl_Ln(S, 8, 'E) -+ 5nbi<5n —+ EfnS)aﬂTLn(S, @, 'E) + (9%1%(8, @, 'E)
— 241:05n (5,8, %) + f/(@(F. T+ £4)) + 70 (s, 8,t) = gy

And at the limit we obtain

azjai:jﬂ + 8»6290 — 2u:0zu — (Mi — /LQ)G =0 in lo)m x R.
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where a; ; is a positive definite constant matrix and ¢ # 0. Since ,ujQ — p? > 0 and by the
maximum principle this implies that ¢ = 0, achieving a contradiction. Using (3.28) we can
compare with functions in the following form

Wo(y,t) = (7% +ve)k(y)

here v > 0 chosen such that p?+4v? < 2 and where k(y) is a proper function of the operator
Ajp , this can of functions can be obtained by spectral theory and Fourier decomposition, for
the case d = 2 this theory is developed in [45] [44]. Thus we obtain

(Ap,, +0; =W, = —(2—p* =)W,

and for |t| > 1 we obtain

9 _ 2
Ap G+0;+ fl(w)a < — (TM) e Mt for [t] > 1

We next define the function

U
[(cosh ©)#g[[ oo, )

U=
hence ‘|(COSht)MH:€@‘|L°°(DT><R) <1, and

LW, < Ce ™ <TyL.a t>>1

Using the maximum principle we can compare u with W, in the range above, obtaining
u < W,, thus
u < Wy |[(cosh £)*l L p, xr)

letting v — 0 we obtain
p(t,y) < e || (cosh )Gl ooy, )y Tor £>1
O
Proposition shows that we can control the size of 55’0‘(1037 X R)-norm of the solution
of the first equation in (3.18) using the fact that U — H as € — 0 uniformly over compacts

in D, x R. Meanwhile for the second equation one can use elliptic theory to get Holder
estimates. Thus at the end we get

Proposition 3.2.2 For all € > 0 small enough and p € [0, —n) and ¢ = 0, 1, 2, there exits a
positive constant C' such that if ||g|| g0 (b, xr) < 00 then we have that every solution of both

equations in (3.18)) satisfies

HSDHHgf}a(bfo) < CElfa(Hg”Hgﬁ’“(f),xR) + €2HgLHCﬁ’°‘(BT><R)>7 (3.31)
16 et gy < C= 19 et iy (3.32)
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3.3. The linear problem in the whole space.

Now we will use the theory outlined in the previous section to solve the following problem:
1
eAp + —f'(w*)p = g(x) in R x Syp .
€

From what we have said above it is in general not possible to find a solution with a reasonably
bounded norm unless the right hand side satisfies some extra conditions, or equivalently, we
need to introduce some Lagrange multipliers. Thus, we will solve

1
el + = f'(w)p = g(x) + x Z c;jZ: 5 i RT X Sy, (3.33)
S

where

Y2 x*(t) = x(et/9),
V4,25 =v(y, )0l (y) j=1,....,d,

that is, ij are the elements of the base of Z (c.f. - The idea is to solve 3.33) by
gluing a solution defined near D, and another one defined away from D,. To descrlbe this
construction rigorously we need some preparation.

We introduce the function ¢(x) as follows:

) F(l+07), dist(x,D,) > 6/2,
X) = ;
1 F=1+00), dist(x, D,) < —0/2,
and otherwise ¢(x) is a smooth function such that
min{f'(1+0.), f(=1+0.)} < q(x) < max{f' (1 +07), f'(=1+0.)}

Above, dist (x, DT) is the signed distance function chosen in such a way that the Fermi
coordinate z(x) = dist (x, D,) for x € Nj. Note that ¢(x) = =2 + O(e).

Finally, we need another cutoff function X such that Xx* = x* (take for instance Y, x*(t) =
x(et/28) and chose 0 smaller so that the Fermi coordinates are defined in Nas).

We want to find a solution of (3.33) in the form
p=xPpoYon+,
where the function ¢ solves:

d

L. = Yg*h(x{ngx D o2l 4+ (L. — Lo)po Yy,
7=1

~ [ L@ Yon+e7 g~ fwe}) i D, xR, (3.34)
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and the function 1 solves

eAY + e (1= x)f (w) + x"qlv = (1 — x g+ x* ZCJZTGJ

— [x* ,LE]@ oY.yl  in R¥™! x Sor, (3.35)

where [x*, L:|¢ = 26Vra-1y5,, PVRi-1x8,5, X* + EPARa- xS, x*. In fact, multiplying (3
by x*, adding both equations and using the fact that xx* = x* we get the equivalent relatlon
In the above and in what follows we abuse slightly notation writing for instance ¢ as a function
defined on ZO)T x R and as a function defined on R4~! x Syr. . It is understood that in the latter
case we take @ oY, ;. To avoid complicated notions we will omit the composition with Y., or
Y;Thl whenever it does not cause confusion. Thus the commutator [x*, L.]¢ in R¥™1 x Syp is

X", L@ = 2eV@ o Yo, VX + e o Yoy AXY,

while in D, x R we have to first express L. in local coordinate (y,t) (written as Y, L) and
calculate [x*, Y, Lc]¢. In what follows we will assume that the function g on the right hand
side of this equation satisfies the following general assumptions on its asymptotic behaviour

(x| g0 ) < C

%\ L
| (9x") ||c2va(f)fo) <C, (3.36)
(1 = x*)glleoe (o) < Ce /%,

for some positive constants ¢y, C', where Cor is the cylinder R4~! x SL.. In addition we assume
that ¢ is rotationally symmetric about the z, axis, namely if by Ry we denote the rotation
of R? about the z4 axis by angle 6 then

9(Rex) = g(x). (3.37)

In order to solve this coupled system we need to make sure that all terms on the right
hand side that involve ¢ and v are small in suitable weighted Holder and Holder norms
respectively. It is at this point that we need to chose the parameter ¢ in the definition of
the tubular neighbourhood N small and dependent on e. Thus we take d(¢) = £%3. This
means in particular that for x € A we have et(x) = O(¢?/?). For reasons that will become
clear soon we will also chose the Holder exponent « in the definition of Cg,a(bT x R) and

CO’C“( x R) to be in the interval (0, 110) Finally, the parameter p will be always taken in

the interval (0, —n). The main result of this section is

Lemma 3.3.1 For each sufficiently small ¢ there exists a unique solution of (3.33) in the
form ¢ = x*@ o Y. + 1. In addition, assuming that (3.36))—(3.37) hold, then the solution ¢
satisfy the following estimates

&Ml 2, iy < CE' {H(Ség)” lgoe (i, xy + € ENK 9T llcvaip, xmy
+e ()1 — xT)glleow @1 x5y }

1642y < Ce TN Nty + N E ) lstm oy

+e (1 - X*)cho,a(RdflstTT)}a

(3.38)
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and

—1/8

[9lleza(ra-1xsyr ) < Ce™ (1 = X")glleoa(mi-1xs,r,) + Ole ™ ) IXGlleve (o, wmy- (3-39)

Proor. We first analyze (3.35). Taking into account that [(1 — x*)f'(w*) + x*¢] < 0 and the
exponential decay of the functions g we get that if u is a solution of

1 * * : —
5AU_—[(1—X)f/(w)+X qlu =g, in R? ' Sor,,
then we have an a prior: estimate:

||U||Ce,a(Rd71 XSQTT) S C&fl_e_a Hg“COvO‘(Rd*1 XSZT.,—)‘

The proof of this fact is straightforward and it is omitted, for similar results see for instance
Lemma 4.1 in [21]. From this we get readily an a priori estimate for (3.35)

1 lleta@i-1 x5,y < C'™TN(1 = X )glleon®i-1x550, )

d
ee—1/4 y
te (Z ;] + H(PHC};‘"(ﬁTXR)) - (3.40)

j=1

From the theory developed in the previous section we can also obtain an a priori estimate

for (3.34). If we write
g - {g+x I N AN f'(w*)]w},

then we have using (3.31))
121 gt wmy < C (8"l g0, xmy T €2 N87 Nl i, ) (3.41)

and using (13.32))
165 et (i, xmy < C7H g leom o, xry- (3.42)

We note that the weighted norms we use for ¢!l and ¢+ are scaled differently with e. This
slight nuisance is a result of our choice of the original scaling of the Cahn-Hilliard equation.
We observe as well that with our definitions || - HSS’Q(ﬁTxR) = - HCS’“(ﬁTxR)'

We will now estimate ||9”||52’°“([7fo)' To do this we observe that, with ¢ = ¢l + ¢+, we
have

~ V || 1 - .
(R = L)) | o my < COENET 19l g205, xry + G ez, xr):
> 705_1/3 >
||( X", L] ) Hgoa (DrxR) = Co(e)” 1(||90”Hg;’a(éfo)+O(€ )HSOLHC‘{’Q(EMR)),

H(’ngl[q_f/(w* w) HSS’O‘(ﬁTx]R) S £ ||wl|CO’Q(Rd71X52TT)‘
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Next we estimate the orthogonal complement of these functions

1R = L)8) sy < CUE ey + 218 o)
H(%[X*; 5]90) ||527“(1:°)fo) <O ™ 1/3)(H VHHg};a(DTxR) + gt HC};O‘(ﬁrx]R))’
1(Re"a — £/ (w)le) |

Cr*(Dy xR) <Ce! Hw”co'“(Rd* X Sar, )"

We can estimate the parameters c; by projection of g onto ZTT, . Using the above estimate
we get

lcj] < C{H X 9) ||c°°‘ Doxr) T H( (Le — L) ) ||80“(DT><]R)
+ ||(X[X 7LE]()0) ||82’°‘(DT><]R) + H (Xs [g—f (U’*)]w)
< C{II(% 9 lleoe i, xmy + 19! |2y + €210 ez, xmy
+ 0(6_0671/3

1
Hcg’a(ﬁTxR)}

. <1
)(” H”s};“(f)TxR) + 1@ ”cb“(f»m))
+ el o-txsr,)
< C{H(% 9>L|’cﬂ’a(f)7xﬂ§) + H(p“”éﬁ’a(ﬁ.rxﬂ{) + 52H@LHc§’a(bTxR)

e llene -t s, -
Now we use estimates (3.41])—(3.42). After rearranging terms suitably and using

e e) = o(1)

to absorb @Il in the first inequality below we get

||95H‘|g§va(f)er) < CEliQ{H(SC/ g)HHggﬁa(f)Txﬂ{) +e? (X Q)LHcg’a(DMR)
+ e Y lleon ma-1xsor ) + I ENG ez, xmy ) (3.43)
”90 HCQQ(DMR) 1{“ X 9) ”coa (DrxR) + H90| HgQa (DrxR)

+e HwHCO’D‘(Rd*xSQTT)}-
From (3.40) we get as well for ¢/ = 0,1, 2
%]l ctomi-1x85p,) < Ce (1 — x*)gl|co.ame

—ce= /8 /)~ I
t+e (HXQHCO“(D xR) T It ng (D-xR)
16 ez + Illenn @1y y)}-

Using the fact that 6()e™ = o(1) to absorb term §(¢)||p+ ||c2 o (b, xr) appearing on the right
hand side of the first inequality in (3.43) and combining these estimates we get (3.38 - and
(13.39). [

Using these a priori estimates we can solve the system (3.34)—(3.35)) by a standard fixed
point argument. To do this we replace the functions @, ¢ 1) on the right hand side of the
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system by known functions @/, &+, ¥ which satisfy estimates of the same type as (3.38))—(3.39))
but with constants bigger that those appearing in (3.38)—(3.39)). Then we have a map

from a certain ball in the space Eg’o‘(lo)T x R) x Cﬁ’a(lo)T x R) x C3*(R¥! x Sor ) into itself.
This and the Lipschitz character of this map being evident from the way we have derived a
priori estimates allows for an application of the Banach fixed point theorem.

3.4. Proof of Theorem [1.1]

Now we can finish solving the nonlinear problem

Le@ - Ee - Na(w*) - Qe(@)'

As we saw above we need to modify this equation by introducing Lagrange multipliers. Thus
we will consider

d
Lep= b — N€<w*> - Qs((p) + X* Z CjZZ:’:j~ (344>
j=1

To solve this problem we use a fixed point argument and the linear theory in Lemma
above. The first task is to calculate the size of the error of the approximation ¢. — N.(w*).
This is straightforward using the definition of w* and formula . We recall here that
h = £2hg, where hg is a constant and consequently this last formula simplifies significantly.
We can write:

l. — N.(w*) = x"[lc — No(w)] + [N(w*) = x*"N(w) — (1 = x")NH)] = A; + As,

since /. = N.(H) in supp (1 — x*). Using exponential decay of w — (+1+ 0F) when t — +oo
we get easily:
e/

||Y;h5</A2Hcgva([)TxR) < Coe )

1

(1 = X*) Azl co.c(ra-1x5yp, ) < Coe ™"

To estimate A; some standard calculations which we will omit are needed (c.f Section [2.2)).
As a result we get
Y, 3
||[}/;,hXA1]||||527“(f)TxR) < COE ,

* o~ 1
YK A ey < Coe®
* _p-—1
||(]‘ - X )A1||CO‘O‘(Rd71XSQTT) S 006 b )
where Cy, ¢, and ¢ are positive constants. Now we use the linear theory developed in the
previous section to solve the nonlinear problem (3.44). Thus we write ¢ = x*¢ o Y., + ¢,
and further decompose ¢ = @l + ¢+ where ¢l € X N C»*(D; xR), o= € YNC»(D; x R)

and ¢ € C>*(R% ! x Syr ). To set up a fixed point scheme we fix functions @, @+ and ¢ in
these sets such that i A
M ey < K

15 ez i,y < €2, (3.45)

7 _p—1
‘WHCZa(RdﬂstT) < Ke %,
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where K is a large constant to be chosen and 6 € (6/2,0) is a constant. Let us denote the
right hand side of by g. It is evident that under the assumptions , and with a
suitable choice of the constants o > 0 and p € (0,|n|) we can solve the problem for
functions (@I, ¢t 1)) which again satisfy . Thus we have a non-linear map

(@, 4, 9) — (@1, ¢t 0), (3.46)
of this set into itself. To show that this map is a contraction is straightforward, using the
quadratic nature of the nonlinear function Q(y). At the end we have a solution of the problem:

d
1
eAu+—f(u) =l + Y XG2S, in R X Sy, (347)
8 I
j=1

where ZZ £ is the (approximate) element of the kernel of the linear operator L. associated
with translation in the direction of the z; axis. To show that in fact

c;=0, j=1,....,d
we need:

Lemma 3.4.1 (Balancing formula) Let X = a;0,, be the infinitesimal generator of trans-
lations or rotations in R%. For any C?(RY) function it holds:

div [(§|Vu\2 - %F(u)) X (u) — 5X(u)Vu] S {gAu + %F’(u)} X (u).

Proor. Simple computations yields
—Au(X - Vu) = —div ((X - Vu)Vu) + V(X - V) - Vu
div <%|vu|2x> = %v (IVul’) - X
=((Vu-V)Vu) - X

=V (X -Vu)-Vu
div(F(u)X) = F'(u)Vu - X.

[]

We will take X; = 0,, for some 1 < j < d and integrate the balancing formula over the
cylinder Cgr = Bg x Sar,. Using (13.47) and Gauss theorem we get:

d
1 e
/ (§|Vu|2 - EF<U) + &u) n;dS — Op,udpudS = —/ ( E X*cj/ZZ’EJ ) O U
Cr aCr Cr \j21

NS > >
- ~~ g J/
1 2 ~~
IR IR I3
R

We first analyze d = 3, and distinguish the cases j =3 and 7 =1 or 2.
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Case j = 3. The first integral I}, can be decomposed by the sum of the integrals over the
top, the bottom and the cylindrical surface. The integrals over the top and the bottom cancel
out, because u is periodic, on the other hand on the cylinder surface, say Mr = 0Br X Sor., we
have that the outer normal is 7 = (21, z2,0)/r where r = \/a? + 23, hence n; := 7 -e; = x;/r,
ny = sin#, ny = cosd, and v. = —7 cosh o, (s)7 + o/ (s)es. correspond to the normal vectors.
But the integration on Mg contains the term ez -7 = 0, hence this integral also vanishes. The
integral % admits the same decomposition and again integration on the top an the bottom
cancel out. Let us show that

0
lim [ d,uss dS =0
R—oo Mp or
We note that we may write
u=H(t)+ 0. +*o(y,t) (3.48)

near ZO)T, thus Vu = H'(t)Vt + £2V1)y, where Vi = v,. From the estimates
o] + [Vipo| < C(cosht)”

we obtain

Vu = H'(t)v; + O (¢*(cosht) ") . (3.49)
Using the fact that Z. = v, - e;, we obtain Vu-e; = H'(t)v, - e; + O (¢*(cosh t)™#), hence
OpyuVu - = H*(t)70% cosh o, O ((cosht) ™) + O (e*(cosh t)™#),

therefore

1 5 1 1
P dA = — " cosh — | = — .
o mesin=o ) [, [ oo () = )

Case j = 1,2. Similarly as before we have the top and the bottom integrals in Ir cancel
out, equivalently for I%. Let us show that

1
lim (§|Vu|2 — —F(u) 4+ &su) ng + 0, Vu - 7dS = 0.
R—oo [, \ 2 €
One of the integral involved is

1 st 1 1
Opyu -7 dS =0 | — / / h T2+O(—):(’)<—).
/MR u-r (R2) .y (1 cosho,) 72 7

Using ((3.49)) we obtain
|Vu(x)|> = |H'(t)]* + O (52(cosht)_“) ,

therefore we have

Sr 27
/ € |Vultng dS = / / S(H'(t(=, R)))?sin6 df d= + O (1/R)
Mp 2 0 0

_ /nggsmg R /OST(H’(t(z, R)2+O1/R) =O1/R),

44



because the first integral equals zero and the second one is bounded, thus

Ifm g|Vu|2n2 ds = 0.

R—o0 Mg

With similar arguments we obtain

1
lim loung dS = lim —F(u)ng dS =0,

R—o0 Mp R—o0 MR{—Z

in fact, using the approximate estimate (3.48)) for u we get

/Méungds // t(, R))sinf df d= + O (1/R?)
—/O €sm€d9R/ H(t(2,R)+ O(1/R) = O (1/R).

Finally, we multiply (3.47) by each element of the approximate kernel an integrate over
R? x Sor,, using the computations we have just found, we obtain that for each j

d
— T,e]- 2 .
ngrolo]R Cj /DT><]R|ZT7€ | +0(1>ZCJ )

y/

Jj'=1

from which we get immediately c¢; = 0, 7 = 1,2,3. This conclude the case d = 3. For the
general case we argue in a similar way, in fact, using we obtain that v, = ALO + A2ey,
for some bounded functions A?, therefore we distinguish two cases j =d and j =1,...,d—1
which are the equivalent cases as before.
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Chapter 4

Proof of the Theorem 1.2

4.1. Further properties of the radially symmetric solution
and the linearised operator for the periodic Delaunay
solution

For sake of simplicity from now one we will assume that the dimension is d = 3, and
rename by w, the rotationally symmetric solution we have found in Theorem [I.1] In the
present section we will provide extra properties of w, that are needed for the proof of Theorem
1.2l From what we have done in the previous chapter, we can describe in more detail the
local behavior of w,. To begin with, we express w, near D, in the local stretched Fermi
coordinates (y, t): since w; is z periodic it suffices to restrict this last variable to one period
of D,. Thus by D, we denote one period piece of D, with the top and bottom identified. We
recall weighted Hélder norms on D, x R defined in (13.22))

(D xR) = Sup(COSht)'u||u||COva(ﬁT><(t_1,t+1))a

HUHc“‘ (Dr xR) ||“||c0“ (D.xR) T HVDT RUHCOO‘(DTXR)’
HUHc“ (Dr xR) ||u||00a (Dyxr) T HVDT RUHCOQ(DTX]R) + ||V%TXRU||C2’Q([E)T><R)7

where Vp g =V, + d;. With these norms and the results of the previous Chapter there
exists pp > 0 and o > 0 such that for 0 < u < pp and 0 < a < g it holds

V2w (3,8) = U(t) + Oty gy (€7°). (4.1)

Above the symbol Opz.e(p_, g (€?7*) denotes functions whose C3*(D; x R) norm is bounded

by a constant times 52 @, This formula is valid in a tubular neighbourhood Nj = N;(¢e)
of D,, where §(¢) = (’)(52/3). In local variables this means |[t| < Ce~'/3. Outside of this
neighbourhood we have

1/3

w; = £1+ 0 + 9, where ||9]|c2msy < Ce ~/* (4.2)

In fact more is true: we claim that w, converges exponentially to constants +1 + o away
from D.. More precisely, if D, is given as the surface of revolution of the curve x; = p,(2)
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then

|w,(r,2) +1—0_| < Cexp <_§<T - pT(z))) . r>p(2), =z} + 23 (4.3)

with similar estimate when r < p.(z). To prove this we note that valid in a tubular
neighbourhood of D, by and the fact that t and @ are comparable in this neigh-
bourhood. Far form D, we use the fact that w, = +1+ 0F + 1, where 1 is an exponentially
small in e function (see (4.2))) and a comparison argument. These estimates can be made
more precise as far as the rate of exponential decay but we will not need such a precision

here.

One property that we will need in the sequel is

Proposition 4.1.1 w, is differentiable with respect to 7.

Proor. This is consequence of the version of the fixed point Banach theorem (see [30] Theo-
rem 3.2). Since w, can be written as the fixed solution of the system ([3.46[), where all terms
are differentiable functions of 7. For instance, one of these terms is the ansatz U(t) which in
Fermi coordinate we have on D,

0t =10, X, N, = 107,

where ®2 is the Jacobi field on D, associated with the change of the Delaunay parameter. [

4.2. The linearized operator near D,

Our main objective in the next section will be to study the linearized operator of the
Delaunay solution

1
Lw-r =eA+ gf/(w‘r)v

as an operator defined for functions on R? and here we will introduce some basic observations
and notations needed later.

Using (22.5)) we find expression of L,,_ in stretched Fermi coordinates in N
YLy, u=¢e""[Opu—e(Hp, +et|Ap, > + Q.)0u + f'(w-)u] + eAp,u+ eh.u,

where with some abuse of notation we write u and w, instead of Y'u and Y w, (we will
consistently abuse notation this way whenever it is unambiguous). One technical problem we
will have to face is the fact that while the operator L,, is defined in R? its expression in
local coordinates Y*L,, makes sense only in N5 and not as we would like in D, x R. There
are possibly many ways to extend Y.*L,, and we will chose one of them for the rest of the
paper. Let x(s) be a smooth nonnegative cut-off function equal to 1 for |s| < 1 and equal to
0 for |s| > 2. We set

Xe/s(t) =X (%) : (4.4)
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We need to extend the function Y*w, in such a way that it is defined outside of Nj. To this
end we set

wr = XY, + (1= xes(8)) U 1),

Next we define the extension of the operator Y*L,,_ by

Ly u=¢" [&Ctu —¢ (HD, + 8txs/5(t)\ADT\2 + Xg/g(t)@g) Oy + f’(wT)u}
+eAp u+exes(t)Au. (4.5)

As we will see L, resembles the operator
1
Lu = . [Oceu + f'(H)u] + € [Ap,u+ |Ap, [*u]

whose kernel is fairly easy to determine by separation of variables. Indeed, taking u =
H'(£)1(y) we get

L(H"Y) =eH' [Ap, i+ |Ap, [*¥] (4.6)
and therefore the Jacobi fields of D, determine the Jacobi fields of L. Let us explain in what
sense L,,, and L are similar. To do this we will use the operator L,, (our theory of the
operator L, is based on exploiting this link). First we need a function which will play a
role of H'(t). Since our proof is based on a perturbation argument there is no unique way to
define such a function but a natural candidate seems to be 9, Y *w,. An important observation
to make is that 0; and A do not commute so we do not have LL,,_d;w, = 0 and as we will
see below the commutator [A, ;] gives rise to the term |Ap_|* in £. Since 9,Y*w, is defined
only in Ns we define the extension of this function to D, x R by

W= Xa/&(t)at}/:w’r + (1 - Xa/5(t)) U,<t)7 (47)

where U is the solution of (2.10]). Note that W depends on t € R and y € D, but using (4.1
we get

W(y, t) = U'(t) + Oprarp my(€¥™")

globally on D, x R, which means that the dependence on y is mild. Next we calculate

LwTw = X&/JLwTatY;«*wT + (1 - Xa/é) IL’wTUv/ + |:]Lw7—a XE/(S] a1.'.}/:5*'wfr + |:]Lw7—a I X&/J} U'.
(4.8)
The first term above is the most complicated. For brevity let us denote v, = 0, Y*w,. With
this notation differentiating the equation satisfied by w, in Ns with respect to t we have

Lo, v, — €| Ap, |?v, = —€ [Q., Oc] vr + ¢ [AL, Oy) Yoy,

where [A, B] = AB — BA. By definition of Q. we see that

2 2
[Q., 0:] v, = —¢? (2’5 Zk;’ + 3et? Z]k? +.. ) vr = Ocio(p, «ry (e%).
j=1 =1

The differential operator A, contains derivatives in y € D, only while Y*w, is, up to order
Oczop, xpy(€°7*), a function of t. This gives
e[As, 0] Y wr = eA0 Y wr — 0 A(y, et)Y wr = Ocoep iz (e37).
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It follows that in N we get
Lo, vr — €|Ap, |*v, = ch,a(DTxR)(EP’_O‘)
Considering other terms in from the fact that x./s = x/s(t) and we get
[Lwrv Xe/tﬂ Y w, = Ocﬁva(DTxR)(ggia)
Similar estimates hold for terms involving U’(t). In summary we get

]waw - €|ADT |2W = OCS’O‘(DTXR) (53704)‘ (49)

Now let ¢ € C?%(D,) be fixed. Using (4.9) we get
L, (W) = YLy, W+ €W (Ap, + Xeyshe) ¢ + € [Ap, + Xeyshe, W] ¢
= 1/} (H“wfw - €’ADT’2W) +eW (ADT + |ADT‘2 + Xa/dAs) 1/} +e [ADT + Xs/(SAea W] ¢
= eW (Ip, + Xe/she) ¥+ € [Ap, + Xesshe, W] ¥ + Ot _my(77)0-
(4.10)

For future reference we note that
[[AD, + Xe/she, W] ¢H0270(D7xR) < C2 [Pl or(py)-

Observe that formula is quite similar to (4.6) and in particular it is clear that if
L., (¢pW) =~ 0 then v should be a Jacobi field on D, and as a consequence we should get an
approximate Jacobi field of w,. Indeed we can easily describe explicit Jacobi fields of the two
ended Delaunay solution w, which are approximately of the form ¥W. Let h = Z§:1 h;e; be
a vector, Ry(x) = Ry, 9,(x) be a rotation in R?, where 9; is the angle of the rotation about
the x; axis i = 1,2, and 1 be a number such that || is small. Then the function

(I)hﬂ,n(w7> = (wT—M o Ry)(x+h),

is also a solution of the Cahn-Hilliard equation (1.12)). In particular, taking derivatives of
Dy 9. (w,) with respect to the parameters we get

Lw.rahiq)h,ﬁ,n(wT) |h,19,'r]:0 = 07 1= 17 27 37
Lw,—aﬁiq)h,ﬂ,n(wT) ’h,q?,n:[) = 07 1= 17 27
waanq)h,ﬁ,n(wT) |h,19,77:0 = 07
and hence the 6 dimensional linear space
Iw,— = Span {ahiq)h,ﬁ,n(wr) |h,19,77:07 aﬁiq)h,ﬁ,n(w’r) |h,19,77:0a anCI)h,ﬁ,n(wT) |h,19,77:0}- (411>
These are the geometric Jacobi fields of L, introduced already in the introduction. For
future use we state the following lemma
Lemma 4.2.1 With the above notations the following formulas hold in a tubular neighbour-
2
hood Nj(e), d(e) = O(e3)
}/a*ahi(bhyﬁ,ﬁ(wT) ‘h,ﬁ,n:O = 5_1(b;1_179iw —+ OC}L’O‘(DTXR)(1>7
Y209, @ag9(wr) om0 = €7 PFW + Opta(p ) (1), (4.12)
Y0, Pn0(wr) lnpm=o = € LW + OC’}L’O‘(DTXR)<1)'
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Proor. We recall that by (4.1 in Ny we have
Yo,y t) = U(E) + Oy (€2°°). (4.13)
In N we can write explicitly using the isothermal coordinates on D,
x = X;(s,0) + et N,(s,0). (4.14)

Now, fix a unit vector e € R? and denote x;, = x + he. Taking derivative in h of (4.14) and
evaluating at h = 0 we get

e = €0t N, + 0.5[0: X + etOsN;| 4+ 0:.0[0p X + t0p N, ].

Taking the scalar product with N, 0,X, and 9yX, we find expression for J.t, Jss, J.0.
Note in particular that d,,t = e 'e; - N, = e '®X%_ Then, taking derivatives d,, of (4.13)
we get the first formula in (4.12]). We follow a similar argument to show the two remaining
identities. O

This means that the elements of Z,,_ are at most linearly functions in the along direction
of D, and exponentially decaying in the transversal direction of D, thus they correspond
to Jacobi fields of L,, with temperate grow in the direction of of the axis of rotation of w,.
It is reasonable to conjecture that all Jacobi fields which are at most linearly growing are of
this form. Proving this fact is a very important element in our analysis since the invertibility
theory of L,,_ depends on the precise knowledge of this type of Jacobi fields. In order to
establish the precise meaning of a at most linearly growing Jacobi field we need to set up
several weighted Sobolev spaces. First, let dist (x, D,) denote the signed distance function,
where we chose the orientation of D, in such a way that the sign of dist (x, D,) agrees with
that of p,(z) — r. We have globally

|dist (x, Dr) < r — pr(2)],

and the two quantities are comparable near D,. Recall that above we have denoted t =
Ldist (x, D;) as long as |dist (x, D,)| < 6.

We will define the weighted Sobolev norms we will use in the sequel. First, let us consider
Sobolev spaces L2(D, x R) and H*(D, x R). Since functions in these spaces can be expressed
in terms of the isothermal coordinates (s,6) and the Fermi coordinate t we define

LZW(DT x R) = cosh™*(s) cosh™7(t)L*(D, x R)
¢ —a _ ’
H!_(D; x R) = cosh™*(s) cosh™"(t) H (D, x R).

Second, let us consider the subspace H*(R3?), (respectively H‘(R3)_) of H*(R3) which
consists of functions supported in the set {z > —1} (respectively in {z < 1}). We define
weighted Sobolev norms in these subspaces as follows

PT()
||U||H/Z (R3)4+ Z ||6az ’Y )D U||L2 (R3) 4>
|a|=0
4
_ PT(Z)
||u||H4,Y(]R3 Z ||€ @z ﬁ/( )D U||L2 R3)_,

=0

(4.15)
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where o = (a1, a9, a3) is a multi index and derivatives are taken with respect to (x1, xs, 2).
We agree

lullzz @), = llullag, @),
HUHLQW(R3 = ||U||H0 (R3)_-
Note that v measures the rate of decay or growth of the functions in the transversal direction

to D, and a measures the rate of decay or growth along the axis of D, in the positive
(respectively negative) direction. Next, we define

Liq(Rg) = LZ,'y(Rg)-‘r S LZ,'}/(RB)—y
Hﬁ,’y(R?’) = Hﬁ,v(Rg)-i‘ D Hﬁ,v(Rg)—'
With these definitions when v > 0, a > 0 our spaces consist of exponentially decaying

functions, in the opposite case they are exponentially increasing. Combinations of signs for
~v and a are of course allowed.

Finally, we define the weighted Sobolev spaces

Lon(R?) = Li (R N L; _(R®), H, (R®) = H, (R®) N H; _(R%).

Note that u € L, (R?) decays away from D, as cosh™” (LTZ)) if v > 0, and decays (for
a > 0) or grows (for a < 0) along D, at the rate cosh™ z

Theorem 4.1 For all 7 € (0,1), and € > 0 sufficiently small there exits ¢, > 0 and a finite
set Sy such that for all a, v satisfying a® ++? < §, and a ¢ Sy, the operator L,,_ it is injective
in the space EGW(RP’) for some a,y. Moreover, the Jacobi fields of L, that belong to [:?m
correspond to Z,,

It is clear that Theorem is a direct consequence of Theorem [£.I] thus we focus on
proving the last one.

The norms H. (D, x I ;) (where I5). = (=d/e,0/e)) and HS (R* N {|dist (x, D, )| < })
are equivalent in the following sense
H¢||L2 (R3n{|dist (x,D-)|<d}) < CEl/zHY*¢HL2* *(DTXI(;/E)7

(4.16)
91l L2 Ren{dist (x,D,)1<5}) = Ce ||V || 2

Dq— X15/5)7

A x ’Y*

where in general constants a,, a*,v* and a,, 7, are different. In addition, relating the norms
of gradients and second derivatives we expect to loose powers of €. For instance

IV llzz engaise xni<sp) < CeT2IVYIBlliz, (pox1y)s

(4.17)
IV llzz engaise <oy = CeV2IVYBllz, (D x1y -

Similar estimates hold for the second derivatives. We will use these estimates later on.
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4.3. The Fourier-Laplace transform of L,,_

We will consider the linear operator L, acting on the space L2 (R?) with dense domain
D(Ly,) = HZ (R?) defined by

Lwr: H377<R3) — L?z,'y(Rg)?

w —> Ly, .

The important property of the operator L,, is the fact that it is periodic in z. This will allow
us to define the Fourier-Laplace transform of L, (this idea was originated by Taubes [61],
[60] and developed in the form that we adopt here in [48] and [45]).

To begin we define the Fourier-Laplace transform for functions on R by

hoQ)=Fh)y= > e ™ Xno+k), oel0,1), ¢(=p+iv. (4.18)

—oo<k<oo

Observe that with this definition we have

hioc+1,¢) = Z e I (6 4 k4 1) = h(o, ). (4.19)

—oo<k<oo

Note that the definition we adopt here is slightly different from the one in [48] the two differ
by a factor e "¢ and this factor turns A into a periodic function.

The Fourier-Lapalace transform can be inverted and the inverse is given by an explicit
formula. To state it let s € R be given and denote the fractional part of s by smod 1. With
this notation we have

2
h(s) = F(h)(s) = — / ey (smod 1, ¢) dp, (4.20)
27 =0
where we integrate along the line In{ = v, ( = pu + v (see [60]). The Fourier-Laplace
transform is well defined in the Schwartz class & and, by Cauchy’s theorem, the value of the
integral in the inversion formula does not depend on v, since the segment along which we
integrate can be vertically shifted. However, for our purpose it is convenient to consider the
class of functions which are allowed to grow exponentially at +oo (or at —oc). Suppose for
instance that h is a continuous function, supported in [—1, c0) and such that |e*h(s)| < oo.
Then the series in is well defined as long as Im ( = v < a. Likewise, we can define the

transform on a subspace
H.(R); = ¢ H'(R),

of the Sobolev space H*(R) consisting of functions supported in [—1,00), where a is the rate
of exponential decay or growth. In a similar way we define the subspace H'(R)_ of H*(R)
consisting of exponentially decaying or growing functions supported in (—oo, 1]. As long as
Im(¢ = v < a the Fourier-Laplace transform of h € H:(R), is well defined. Moreover the
function h can be recovered from h(-,¢) if the path of integration in the formula (4.20)) is
taken in the lower half plane H, = {Im ({) = v < a}. The situation is similar when instead
we consider the Fourier-Laplace transform in the space of functions H‘(R)_, except that now
the transform is defined in the upper half plane H = {Im({ = v > a}.
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We observe that from Plancherel’s formula
27 1 .
| [ lheoPdodu= [ e hopds,  ¢=ptin
1=0J0 R

it follows that L? norms of the Fourier-Laplace transforms are equal to the exponentially
weighted L? norm of functions. This property is crucial for our purpose.

Note that if u(e, ) is an L*([0, 1]) function which is analytic as a function of ¢ with values
in L%([0,1]) in the lower half plane H then, by Cauchy’s theorem, the path of integration in
the inversion formula can be shifted down to any path ( = p+iv, v < a. If in addition
u(+,¢) is bounded by e~ along such paths then the inverse transform F'u(s) is supported
in [—1,00). This explains the reason we have paid so much attention to functions defined on
a half-line. On the other hand Fourier-Laplace transforms of functions in H(R), have the
property described above.

The Fourier-Laplace transform plays a similar role as the Fourier transform in the theory of
linear PDEs with constant coefficients when the differential operator at hand is periodic with
respect to the independent variable. To fix attention on a concrete example let us suppose
that A(s): L2(R), — L?(R), s € R is a family of densely defined, linear operators. Then it
is natural to define

(Ah)(0,¢) = A(s)h(0,¢).
Now, let us suppose that A is periodic with period 1, i.e. A(s) = A(s+1). We have

(AB)(CR ()= Z e Ao + k)h(o + k) = €_iC0A(U)eiCUﬁ,

—oco<k<o0

hence explicitly . ' ,
‘/4(0_7 C) — 6—'L<UA(O_>€ZCO"

With our definition of the Fourier-Laplace transform we have h(c) = h(oc + 1) and also
A(o,¢) = A(o + 1,(). It follows that the operator A(o,() is naturally defined on functions
in the space of L? functions defined on S'. Through the identification u(c) = u(e?™) we

consider this as a space of periodic functions on [0, 1] and denote it by L2,.([0, 1]).

Often one has to deal with operators that are periodic with period 7" > 0 that is not
necessarily equal to 1. It is elementary to modify our definitions of the Fourier-Laplace
transform of a function and a linear operator in this case. For a given function h and 7" > 0
our objective is to define the Fourier-Lapalace transform of h which is periodic of period T

We set hr(z) = h(Tx) and let naturally lAz(ﬁ’, () = fLT(ﬁ/T, () so that

. . 1 [ .
Q= D, e HOYThE+TE),  h(z) = / De“f“Th(o:modT, ¢/T)dp,
—oco<k<o0o H=

the Plancherel’s formula is

2 T
/ / (o, ) dordp = / e Th(s)Pds, ¢ =t iv,
pn=0J0 R
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and the Fourier-Laplace transform of a T periodic operator A is
A(E,Q) = e T A(g)e ™I,

The operator A(€, ¢) acts on a space of functions L2,.([0,T7). Note that from the Plancherel’s
formula we see that if h € L2(R), and its Fourier-Laplace transform is T' periodic then it is

natural to take ( = u+iv = p+iTa, u € (0,27) as the path of integration.

In many applications, and this will be in particular the case in our context, the family of
operators A(O‘, () is Fredholm and depends holomorphically on the variable (. If this is the
case one can use the analytic Fredholm theorem to conclude that either A(a, () is nowhere
invertible or it is invertible in the set of all admissible { except possibly a discrete set. If the
latter happens then in order to solve the equation

A(z)h =g,

we can pass to the Fourier-Laplace transform

ACOMEQ) =9(6.0) = hlw) = 5= [ =M A g mod T.¢/T) . (421)

T J =0

where in the last integral the path of integration should avoid the poles of A~'g(xmod T, ¢).
If between two such paths there is no pole of A1 g(rmod T, () then the path of integration
can be shifted from one of the paths to the other horizontally without changing the value of
the integral. This follows by Cauchy’s theorem, since the integrals over the vertical segments
cancel out due to (4.19). This means for instance that we can get the inverse of A(z) in
a space of functions L?(R), whenever A1 §(&, ¢) is analytic in some neighbourhood of the
segment ¢ = pu + iTa, pu € [0,27x]. Alternatively, this means that A*lg(g,c) is well defined
in the space L2, .([0,T]), for ( = p+ iTv, |v —a| < x with some x > 0. It may however

per
happen that A=1§(¢,¢) is analytic along two paths (G =p+iTv;, j =1,2, u € [0,27] and
11 < vy, but it has a pole at some (* = p*+iTv*, with vy < v* < vy, u* € (0,27). In this case
formula (4.21)) would give two solutions h; and he (by integrating over the paths ( = p+iT'v;,
j = 1,2) which would differ by an element of the kernel of A(x). This corresponds to the
residue of fl*lg(f, (), ¢* = p*+iTv".

4.4. Mapping properties of L, in weighted Sobolev spa-
ces

Going back to our context, we see that since L, is T, periodic in the z variable, and
so is it induces a family of operators on L2 . .(R* x [0,7;]), which is densely defined and
holomorphic, as a function of (, in a neighbourhood of the segment [0, 27|. Here and below
Ht (R? x [0,T,]) is a subspace of H*(R? x [0,7,]) which consists of functions that are

.per

r—pr(2)
periodic in z and whose grow (decay) away from D, is controlled by 6_7( E ), cf. (4.15]).

In detail

H!  (R*x[0,T.]) = {u € H(R* x [0, T,])|u is T,-peridic in z, ||u| e

¥,per ’y,per(R2X[07T‘f‘]) < OO}’
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where

[l .,

r— P‘r(g) a
(R2x[0,T,]) = Z H‘ﬂ( ) Do

jal<t

L2(R2x[0,T,])

Later on we will also consider the space of functions H!, per(DT x R) consisting of functions

defined on lO)T (here by lO?T we denote a one period portion of D, with the top and the bottom
identified) and whose decay away from D, is controlled by e 7%, i.e.

Il 5,z = 2 ||€7 D5, Yol )|

v,per e LQ(ﬁTXR)

We also agree that

L per(R [0, T7]) = HJ o (R % [0, T7]),

.per vy,per
2 0
L2 (D, xR) = H° (D, x R).

These two norms are related locally, near ZO?T, by formulas analogous to |D|D

If we restrict Ly, to the subspace of L2 _(R?), of L2 (R?) functions that are supported
in the set z > —1, and consider it as acting on Fourier-Laplace transforms of such functions,
then we can obtain a parametrix for the operator L, via the Fourier-Laplace inversion
formula . As we pointed out earlier the advantage in working with the family ﬁwT(C ),
is the fact that we can use the theory developed in [43] and [54].

Using the Fourier-Laplace transform we can consider the family of operators ﬁwT (¢) instead
of L,,_. We will write the operator L,,_(¢) in terms of variables (z1, z3,€) (here £ € [0,75])

A

P, (€) = ] + T2(Dee + 2i¢0e — )] + % Flw)  (here A=02 +32).

This operator is defined for functions in HZ ,.,.(R* x [0,7;]) and induces a densely defined
operator on L2 . (R* x [0,7;]). In order that the inversion formula for the Fourier-Laplace
transform made sense we need to know the Fredholm property at least for ( = u + iv, where
p € [0,27] and |v] is small, or in other words when ( is in a neighbourhood of the segment
[0, 27]. In order to prove that this operator is Fredholm we use the following

Lemma 4.4.1 Let Agp = {(x,€) | r — p-(§) € (=R, R),r = |x| = /2 + 23, € [0,T;]} and
let M > 0 be such that f'(w,) < —\/75 in R? x [0, 7]\ Acps. There exists 6, > 0 such that for
all ( = p +ia, p € [0,27], and 7 such that a*> +~? < §,, and all sufficiently small ¢, it holds

@xp.1) < CllLw, ()97

Fper(

el|Voll7: ®2x[0,75])) T € Hloll7z (R2x[0,T+]) JrO<€_1||€Z5||%2(Ag,\4)-

Y, per ~,per

for any function ¢ € H2 _ (R? x [0,7,]). The constant C' above depends on ¢, M and +.

7 per
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Proor. This type of estimate is well known and it can be found for instance in [I]. We will
outline the proof here (following the proof of a similar result in [19]). We agree that I is one

of the functions

F:(ﬂ(%), I' = cosh” (T‘—Tpr(ﬁ))

We take a cutoff function y.ps which is supported in the complement of the set A.js/» and is
identically equal to 1 in the complement of the set A.j;. Let us denote

b = e/,
so that ]
Ly, ¢ = e T eA + = f'(w,)]oc = g.
€

Multiply the left hand side of the last equation by ¢I'x2,, and integrate by parts. This gives
[ L@ty ==z [ [VecP+ Pl
R2x[0,T] R2x[0,T]

1 -
s PPy - [ Vo) (42)
R2x[0,T%]

€ R2x[0,T%]
Young’s inequality gives for example

|2’vr‘2
r

_ c C
e|Ve - VIo¢| < er|Voc|’T + EW)C < ek|Voc|’T + 45_Z’¢<‘2F'

Combining similar manipulations and adjusting the constants in the Young’s inequality and
the exponent v suitably we find

1
5/ Vo Ty + —/ |6 ’Tx2y < C 91T X2
R2x[0,T] € JRr2x[0,T] R2x[0,T]

w0 [ POl (423)
R2x[0,T%]
As [Vxem| = O(e71) and
m —1 m C m
[bc| = ST, [Vl = V(e Trge)| < eV Vo] + %em Ve,

the Lemma follows from this. O

Remark 4.1. Estimate (4.23]) is of separate interest and it and its variants will be used for
instance when we analyse the operator L,,_ below. In particular we will need such a variant
in the proof Lemmam (to follow). To explain this let us suppose that the weight function

I depends on z as well, say I' = (cosh z)“eV(TipeT (Z)) and consider the problem

Lw7¢ = g7

where ¢,g € L2_(R?). Choosing the cutoff function x.ps as above (understood now as a
function on R?) and multiplying by ¢I'x?,, we see that the term we need to control is of the
form

c
eV - VI¢| < ex|Ve|2T + 45_Z|¢<’2F’
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where the last inequality follows since we still have

VT 1
— < Ce .
T =
As a consequence we get an estimate of the same type as (4.23)) but with integrals taken over
the whole space R3.

Lemma 4.4.2 The operator L, (¢) acting on H2  (R? x [0,T}]) is Fredholm.

.per

Proor. We need to show that ﬁwT(C ) has finite dimensional kernel, closed range and that
codimension of the range is also finite. To see that the dim Ker L,,_(¢) is finite we argue by
contradiction. Using notation of Lemma [4.4.1] let

Bi= {0 € H2,0 (B x 0.7)) | L (0 =0, [éll2any = 1}

By Lemma we know that set B, is bounded in H. ,.(R* x [0,T]) and then by Sobolev
embedding 1t is compact in L?(A.p) and thus it must be finite dimensional. To show that
Ly, (€) has finite range we argue similarly (see for instance [54] for a detailed proof). To

show that the codimension of the range is finite we use the fact that dim Ker L,,_(¢) =

A —

codim Range(L,, (¢)), by duality (the dual of L? _ (R? x [0,T,]) being L?_ _ (R? x [0,T}])).

v.per —,per
[

We will use this in proving

Proposition 4.4.1 There exists 9, > 0 and a finite set Sy, such that for all a,v with
a’+7? < 0,,a ¢ S, for all sufficiently small ¢ and for all g € wa(R?’) there exists a solution
of the problem

L, ¢ =y, (4.24)

where ¢ € H? | (R?).

o

Note that even if the right hand side of (4.24)) is decaying as z — +o0 (i.e. a > 0) we get a
solution which in general may be increasing as z — +o0o at the exponential rate proportional
to e |(l| ‘Zl .

ProoF oF PropositioN LAl The idea of the proof is to show that L, (¢) is an isomorphism
for ¢ in some neighbourhood of [0, 2], except possibly a finite set of points, and then use
the parametrix formula to solve (4.24). Since Ly, (¢) is a Fredholm family of holomorphic
operators in an open set Y C C with [0, 27] C U it is either non invertible everywhere in U or
it is invertible except a discrete subset of U [57]. In particular, if we consider ¢ € [0, 27| (note
that the operator L., (¢) is self adjoint for ¢ € R) and are able to show that it is injective
there except possibly a discrete set of points then we will conclude that it is invertible in
[0, 27] except the discrete set and then the same will be true at least in a neighbourhood U
of this segment.

To carry out this plan we consider [A/wT taken with respect to variable z. This operator is

defined on the space of functions in H, (R* x [0,7;]) which consists of functions which are
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periodic with period 7). Recall that we have

A

Loy () = e /T {eA 4 &7 f(1,) }e i/,

We want to express [:wT in terms of the stretched Fermi co-ordinates in Nj. Let IO)T be the
one period piece of D, (i.e. 0 < z < T)) with the top and the bottom identified. The natural

domain for the expression of the Fourier-Laplace transforms of functions in L2, (R? x [0, T}])

in the stretched Fermi coordinates is D, x [—d/e, 8 /¢]. For example from the definition of the
shifted Fermi coordinates we see that

(Yz-:*€> (Y; t) = [y + 5tNT(Y)] - es3.

It is convenient to extend this function from D, x [~ /¢, 8/¢] to D, x R. We will use for this
purpose the cutoff function x;/. defined in (4.4 and set

5* = Xs/é(yg*€> + (1 - Xs/é)y s e3

for the extension of (Y*¢) = &*, understanding that this is a function of (y,t).

We use the operator L,,_ (see 1) to define also a natural extension of YE*ZwT to D, x R
Iﬁw (€) = e—iCE*/TTLw o 1€/ Tr

The operator L, (¢) is “almost” the Fourier-Laplace transform of L,,,. Note that Ly, (0) =
L, . The strategy of the proof is to show first that the operator L, (¢) is injective and then
conclude from this that L,,_({) is injective.

We will study the kernel of L, (¢) in the space of functions L2 (DT x R). Let us suppose

’y’per

that for some 7, |y| < d,, and ¢ € [0, 27] there exists a function ¢, € H»%,per(Dr x R)

L, (C) 0 = L, (€™ ) = Lo, ¢ = 0,

where we have denoted
o = 5™ gy
We can normalize ||¢oc||2(p, «x) = 1 and then by elliptic estimates for any M > 0 in the set
0% T

ZO?T X (=M, M) the function ¢ is bounded (we bound the real and imaginary parts of ¢gc
separately). Take M large so that f'(w,) < —2 + n with some small n > 0. Take ¢, in the
statement of the Proposition small so that v € (—/2 —n, /2 — 7). Using the comparison
principle for the operator ]LwT it is then easy to show that in fact

[boc(y, )] = |¢o| < Ce V> (4.25)
and therefore ¢y € H2(D, x R).

For complex valued functions ¢y, ¢5 € Lz(lo)T x R) we define Hermitian inner product

<¢17¢2>=/ﬁ RleQ;QdVETdt.
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Above Vp and dVp are respectively the gradient and the volume element on D,. We

introduce an orthogonal decomposition in LQ(ID)T X R) as follows. Let W be the function defined
in (4.7) (we recall that it is an extension of d,Y*w,). Given a function ¢ € L%(D; x R) we
denote ¢ = e¢"/T7¢) and decompose

b¢ = (b!‘ + YW,

where

/ngWdt:/(ﬁwCit:O}, MZM-
R R

Il — 2 g
¢< e X, = {qﬁ € L%per(DT x R) fR T

In particular for ¢y € KerL,, (¢) we have

Ly, $o¢ = Lus, $yc + L, (t00cW) = 0 (4.26)

and

(L obe 0hc) = = (Luvoch, o) (4.27)

We will use this identity to estimate ¢0< in terms of suitable norm of 1. To do so we need

Lemma 4.4.3 It holds

C
(L 0k 00| = = (100U a5, iy + 190025 ) ) + CEIV 5, 6L, iy
Proor. We recall the well known fact: with H(xz) = tanh (

/R WP — P (4.28)

is positive definite on the space of functions L?(R) orthogonal to H'(x). Consider a quadratic
form

) the bilinear form

3

1
Bo.0) = = [ 10l + 2V, 0f - (DI
for ¢ € &,. Write

(¢, H')

=01+ Gl whee (0 H)=0, b=

and where we have denoted

ww:éwm

We have
0:(¢,W):(¢,H,)+(¢,W—H) ¢2(Hl ) (¢W H)

and also

=Vp (60,W) = (Vp o, W) + (¢, VW)
=V ¢ (H H) + (Vp o W—H) + (6, VW)
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Since

W—H =U-H+ Oc,i*“bTxR(EQ_a) = Oc;*“bTxR(5)> Vp W= ch‘*bTxR(EZ_a)
we get

H¢2H,HH1([°).,><R) < Celldll i, xmy- (4.29)
By (4.28)

C
B(o1,81) = = (10115, my + 1001125, cmy + 21V, D112 s )

hence from (4.29)

C
B(9:9) = = (19112205, my + 100112205 ) + 21V 5, Ol2005my)
for any ¢ € &,.
We get

(Lo éhol) =Blehol) — 2 [ 1) = D)l dv, de
Dr xR

e
5 [0 () 1, Plocl v, e
D, xR

+ <X€/5Qaat¢o ¢C> + 5<X€/5AE¢C> ¢C>
= B(oL. o) + (00) + O(/8) + 062) (I8l 2205, 5y + 1951225, )
+ OV 5, 0325 xm

Since § can be taken as small as we wish the assertion of the Lemma follows. O
Now, we need to control the mixed term in (4.27)
(~La, (thocH), 0 = — (W (T, + Xeyshe) v, 0 ) — & {[Ap, + Xesshe, W] toc, o)

+ <06’2’Q(DT><R) (€ oc, ¢il¢>

= <OC’2’°‘(DT><R) (52)Vf),¢00 vf),¢‘(‘)¢> + <002’°‘(DT><R) (53_a)¢0C7 ¢gc> )

where the last equality follows because the coefficients of the operator A, are bounded by et

and W is exponentially decaying in t. By the Cauchy-Schwarz inequality for any some 1 > 0
small we get

(L o), S )| < 1 (5 N8kl ey + e my ) + oMo
It follows from (4.27) and Lemma [4.4.3]

1
= (10l iy + 108, s ) + 2175, Sl iy < O,
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Now consider the orthogonal complement of X,. From (4.10) we obtain
Lo, (YocW) = eW (Tp, + Xeyshe) thoc + € [Ap, + Xepshe, W Yoc + O g p_emy (€7 e,
Using this and projecting onto W and integrating over R we get
Tp, oc =T (Yo¢, doc), (4.30)

where
1T (oc, ¢0<)||L2(1°)T) < C5||¢OC||H2(1°)T) +C (6_1”¢gg||L2(f)7xR) + 52—a‘|¢|(|)c||H1(l°)TXR)>
< O (loclmaqi,) + el o) -

We claim that from this it follows that for any ¢ € (0,1) there exists e, > 0 such that for any
e € (0,e¢) we have 9o = 0 and hence ¢y = 0. To show this claim we note that by definition

(doc, W)
(W, W)
(e 1(5*/TT¢O’ w)
(W, W)
ot g )
(W, W)
eiCY?’/Tf (ei<8Xs/5tNT~es)/TT¢07 w)
(W, V)
= eiCYS/TT ,(LOC’

(4.31)

Yoc =

where 1;04 is periodic in y3 with period 7. We see that 1. satisfies

¢0<(Y17Y27Y3 + TT) = eicl/}OC(ylayQuy?))u y= (Y17Y2’Y3) € DT)

with similar relation for dy,1o;. By Proposition 4.2 in [45] we know that the operator J; is
invertible in the space of functions satisfying these conditions as long as ¢ € (0, 27) with an
inverse whose norm depends on 7. The claim now follows from (4.30]) and (4.31)).

In particular we conclude that the operator L., (¢) is injective for ¢ € (0,2r) and by
the same argument for ¢ € (—2m,0) (note that L% (¢) = L., (—()). A version of Lemma
for IﬁwT (¢) shows that this operator is Fredholm, depends analytically on ¢ and, as a
consequence, it is invertible in a neighbourhood of [0, 27] except for a discrete set.

Now let us suppose that for some ¢ € (0,27) there exists a function ¢y € Hg,per(R2 X

[0,77]), with some 7, |y[ small, such that L. (O)¢o = 0. Since ¢y is bounded locally near
D, we can use comparison principle to show that ¢q is decaying away from D, at least like

¢ V2= (the argument is similar to the one leading to (4.25))). Using Lemma 4.4.1| we
get

1bollr2

+v,per

®R2x[0,T7]) = 05_1||¢0|’Lger(u@2x[o,:rf])' (4.32)

We normalize ||¢g|| g

per

®2x[0,7,]) = 1 and set gzNSO = Xe/5Y. ¢o. With this notation (see (4.16))

|’¢0||L2(13TXR) ~ 5_1/2 ||¢0||L2({dist (z,D;)<8})
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since dtdVp ~ e~ 'dx. Similarly, we have

|’¢0HH1(ET><R) ~ 61/2 H¢0 HHl({dist (z,Dr)<8})"

Next, we observe that since ¢q is decaying exponentially away from D, we have by 1.

9ol zrs., e2xiom ) = 19013 qaist (w.550y<op) T 190l T (qaist .5y 551
< 100 e oy oy + O NNy ooyt onios
< ||¢0||H1 ({dist (2, D) <s}) T O(='e™7%) |01} H1,, (R2x[0,T;])
hence |
||¢0||H1 ({dist (2, D-)<6}) ||¢0||H16T(1R <01]) = 3 (4.33)

Given all this we claim that we can find a nontrivial function b=do+ o, € Lg(lo)T x R),
such that L,,_({)¢ = 0, by solving

L, (61 = = ey L (€)] o
e 7Ty 15(1 = Xegs) [(et]Ap, [P + Q) 9 + eA.] ™€/ T gy
= R./5(y,t).

In fact, since R, /s is supported in the set 6/2e < |t| < /e therefore

HRe/énL?(DTMR < Ce~ CS/EH%HHI

v, pe'r [OvT‘F])mHl

L e (B2X[0.T))-

Next we decompose ¢ = 1 + @1w and use (with only slight modifications) the argument
that we have used to show that L,,_(() is injective to get

1911 15, xmy < Ce™ I Repsll 2wy < Ce ™[l boll 2., w2073
From (4.33) it now follows

101127115,y = NP0l 1 (5, ) = 101l 15, <)
> O 2|1 90ll7 qasst (. <oy + Qe bollz,, 2oz > 0,

for ¢ sufficiently small. This contradicts the fact that ]ﬂwT(C ) is injective. Taking this into
account we see that L, (¢) is invertible at least for ¢ € (0,27), and thus by the Fredholm
alternative is invertible for all ¢ such that |Im (| < §,, expect possibly a finite set where
ZA};TI(C ) has poles. We claim that the required properties of L, follow now by taking the

inverse Fourier-Laplace transform at any a for which ZAL;TIW(C ) is well defined for ¢ = p+iTa,
o € [0,27]. Indeed, given g € L?_(R*) with a® + 7* < d, and cutoff functions x*(z) such
that x™(2) + x 7 (2) = 1 and supp x* = (=1, 00) we can solve

Lo, = xTg.

To do this we let §* to be the Fourier-Laplace transforms of ¢g*. Then we solve
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and by taking the inverse of the Fourier-Laplace transform F we determine
0 = F (Lo (O7'57),
and define
¢ =G, (9) =0 +9¢".
This ends the proof. m

Remark 4.2. We will describe a useful consequence of local elliptic estimates. Let us suppose
that we know a priori ¢, g € L?_(R®) where

Ap =g.

The goal is to obtain weighted Sobolev estimates for the derivatives of ¢. First, consider a
cube Q,(zg) centered at zyp € R® and with its sides equal to r. Standard elliptic estimates
show

D%l 120, o)) + IVl 12600 @o)) < ClIIL2(Qar o)) + C7 18]l L2(Qar (w0))-

If r = € then we get from this

el D29l (@e(woy) + IVOl L2, (@ @o)) < CllglLz,(@aetwo) + Ce 1Ml 22 (e (20)):

since the exponential weights are comparable on the sets with diameters proportional to €.
Arranging now a countable collection of cubes {Q.(z;)};en in such a way that for each x; the
number of cubes Qa.(x;), 7' # j, whose intersection with @).(z;) is nonempty is finite and
bounded independently on j, while at the same time R® = U;enQc(;), we see that above
local estimates can be summed up to yield

el D*llce_ @) + IVOllz_ @) < Cllgllze_ @) + Ce lollz ws).-

Lemma 4.4.4 Let ¢ € L?_,(R?) be a solution of Ly, ¢ = g with g € L?_(R*) where v > 0,
v <~ and a® +~% < §;, a®* +? < 6. Then ¢ € L?W(R?’). An analogous statement holds
when we assume that v < 0 and v < /.

Proor. We follow the proof of a similar result in [I9]. Let x be a cutoff function supported
in the set eM < r — p,(2), > = 2% + 23, and such that x = 1 in the set 7 — p,(2) > 2eM
where M is chosen so that f'(w,) < —1 for r — p,(2) > eM. We calculate

Ly, (x¢) = xg9+ [eA, X]o0 = g1, [eA, X]¢ = eA(xd) — exAd.

We have eVy = O(1) and eAx = O(e7!). Moreover, by local elliptic estimates applied to
the equation

Ap=eTlg+ e f(w)o
we can show that (see Remark

1eVX - Vllrz_ @) < Ce gz ms) + 05_2||¢||L277,(R3)'
We find from this

leVx - Vllzz @) + lledAxllrz @) < Ce M gllez @l + Ce 20l 22 @)
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Above, we use the fact that the weighed norms || - ||z _(s) and || - [|z2  (rs) are comparable
; a,y
in the set r — p.(2) € [eM,2sM]. From this we obtain

l91llz2 sy < Ce™ gz, msy + 0572H¢HL§W,(R3)-

Now we solve the problem
qu—(bl,R =01 in QEM,R?
1R =0 on Qe g,

in a bounded set Q. = {eM < r — p.(2) < R,|z| < R}. Using similar argument as the

one leading to (4.23) in the proof of Lemma we get

o1 alla @) < Ce™ g1l eo)
< 05_3/2”9”L3W(R3) + 05_5/2||¢||L3 (®3):

Note the that in the first of the above inequalities only the right hand side of the equation
appears, which is due to the fact that we assumed homogeneous Dirichlet boundary conditions
on ¢1 p and we do not need to introduce the cut off function x.ps in proving a version of
Lemma needed here. Letting R — oo we get a solution ¢; of the equation L,,_¢1 = ¢;
but now in the set eM < r — p,(z), such that

1l ms sy < Ce™2(lgllz_ s + 05_5/2H¢HL5W,(R3)-

We also have L,,_(x¢ — ¢1) = 0 and ¢1 = x¢ = 0 along the surface eM = r — p,(z). Then,
an estimate similar to (4.23)), shows that actually y¢ = ¢;. Similar argument applied in the
set —eM > r — p,;(z) ends the proof. O

4.5. The deficiency space and the kernel of L,,_

Let us summarize our results so far. Let g € L2 (R®) with a* ++* < d,, and cutoff
functions x*(2) such that x*(z) + x~(z) = 1 and supp x™ = [~1, c0) be given.

(i) As in Proposition we can solve

Ly, ¢* =X7g
where ¢* € Hzlalﬁ(RS)i’ (except for a finite set of a).

(ii) If we have L, ¢ = g, ¢ € L2 ,(R%), g € L} (R?) with v > 0 and 4/ < 7 then
o€ H %(Rg)- In particular if g is decaying exponentially away from the surface D, so
that we have g € L2_(R*)N L2 __(R?) then ¢ € H? (R*)NH;__(R?). This means that
the decay rate of the solution away from the nodal set improves together with the rate
of decay of the right hand side.

(iii) When the right hand side decays both along the nodal set and in the direction trans-
versal to it, for example g € L2 _(R*) N L2 (R?), with a > 0, then we can use the
parametrix to solve the equation L,, ¢* = y*g and determine a solution ¢ such that
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xtot e L2 (R®); N L2 _ (R®);. At the same time we can find another solution ¢,
such that x*¢1 € L?, (R®), NL?, (R?); and we get the following decomposition

k
ot => "7 +¢f,
j=1

where Zj’ are in the kernel of the operator L,, . Then we have
k
ot =xTotHx e =xToTHx T+ Zx

J=1

where (xT¢* + x"¢) € HZ_(R?). Of course we can argue similarly for the equation
Ly ¢~ = x" g and thus at the end we get the following formula

k k
b=+ X 4+ X"
i=1 j=1

where ¢y € H, 2’7(]1%3). This is the so called linear decomposition formula. It says that
any solution to L,,_¢ = g can be decomposed into an exponentially decaying part and
and a linear combination of 2k functions which are related to the residues of [:;Tlﬁ((’ )
at its poles. We say that these functions belong to the deficiency space. Clearly the
elements of the kernel of L, (which is k& dimensional) belong to the deficiency space
and thus removing them from it we obtain a space on which L, is an isomorphism

(see Lemma (4.5.1) below).

Before stating precisely the next Lemma we introduce weighted Sobolev spaces

EQ,W(RS) = LZ,’\/(R3> N LZ,—V(R?’)? ﬁﬁ,’y(R?)) — Hﬁ,'y(Rg) N Hﬁ,—’y(RS)‘

Note that ¢ € L,,(R?) decays away from D, as cosh™! <%T(z)) if v > 0, and decays (for

a > 0) or grows (for a < 0) along D, at the rate cosh™® z. Based on observations (i)—(iii) we
have

Lemma 4.5.1 Let v > 0, a > 0, with a®> +~2 < §, and let us define the deficiency space
Dy, =span{x*Z;,x Z;,j=1,...k,Z; € Ker L, } .
We further decompose D,,_ = K,,. @ &,,., where K, = Ker L,,_. Then the operator

.72 3 T2 3
Lw,— : Ha,’y(R )EngT — La,’y(R )
¢ — Ly .

is an isomorphism.

Note that dim &,,, = k = dim KC,,, and that we know already that k¥ > 6 = dimZ,,. where
the linear subspace Z,,. was defined in (4.11). We will show next that indeed k = 6.
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Proposition 4.5.1 We have ,,, =7Z,,.

Proor oF ProrosiTioN 5.0l The idea of the proof is to relate the kernel of the operator
L., with the space of the Jacobi fields of the operator Jp_ that is explicitly known and
in particular its dimension is 6. Let us consider a ¢ € K,_. A priori it may happen that
¢ is exponentially increasing in the z variable but we know already (see the argument lea-

ding to (4.32)) an also Lemma and Remark that it must be decaying at least like
r—pr(2)

cosh™7(—£221) with some v > 0. In particular all integrations with respect to the transversal
direction to D, that will appear below are justified.

Next, we note that formula (4.10) suggests that near the surface D, the elements of K,
should be proportional, asymptotically as ¢ — 0, to W times a function on D,. To make this
rigorous we first prove the following

Lemma 4.5.2 Let ¢ € K,,, be such that
/ (Y20)(y, t)W(y, t)Xess(t) dt =0 Vy € D.. (4.34)
R
Then we have ¢ = 0.

Proor oF LEmMA 5.2l As we have pointed out it is not hard to show that ¢ decays expo-
nentially like cosh™” (%T(Z)) and so we can compute

®*(z,2) dr = h(2), x = (x1,22).

Direct calculation shows

sdh _ / €| Veo]* — 1f’(w )¢°] dx—l—a/ |0.0|* dz (4.35)
2 dZ2 R2 * 9 i R2 ? ’ .
We claim that the orthogonality condition (4.34) implies
2 1y 2 K 2 k
EV.0P — —fw)¢?] de > & [ (w,z)de =, (4.36)
R2 £ € Jr2 g

with some constant x > 0. To prove this claim we need

Lemma 4.5.3 There exists a constant x > 0 such that for any sufficiently large R and any
v € H'((—R, R)) it holds

R R R
/ |U/|2—f/(H)v22/£/ v?  whenever /UH/XRZO,

R —R —R

where x g is a smooth cutoff function supported in (— R, R) such that yg(z) = 1in (—R/2, R/2).

A proof of this Lemma (using for instance (4.28)) as a point of departure) is omitted.
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Changing to Fermi coordinates we have in N
VL6 = LOYOP + OOV + O() Yo
Next, for a fixed z we consider a diffeomorphism (z1,z9) — (6,t) defined by
r; = (X:(s,0) + etN.(s,0)) - e;
where s = s(0, t; z) is determined from
2= (X;(s,0) +etN.(s,0)) - es.

The Jacobian matrix of this map can be calculated explicitly but for our purpose it is enough
to note that
dl’ldffg = 8#0(9) dfdt -+ 6213[11 (9, t) d@dt,

where pi, p11 are positive densities and
(0, 8)] < C.

From this we find

1 27
[ vl - 2w aox [ { [ loazep - ra@)vzop dt} podo
R2 € 0 [t|<68/e

2 1 2]
+/IR{2\N5 |:5’Vx¢’ + ggb dx
—K((5+5)/ [wmméw] da
]RQ

The potential f’(w,) in the first line on the left can be replaced by f'(H) on the right
of this line since Y*w, = H 4 O(e). The term in the second line above appears because
f'(w;) < —2+n in the complement of Ns. Finally, all the other terms are of smaller size and
can be controlled by the integral in the third line times K (6 + €), where K is a constant.
Using Lemma [£.5.3 and going back to the original variables we get

/027r {/<5/ [|atY:¢|2 - f, (H(t)) |Y;:*¢|2] dt} ,u()de Z g ¢2 dl’

Ns

It follows

/ Vool - L de > & [ 2 de - K(e+0) / {e|vx¢|2 4 1&} dr,
R2 R2 9

£ € Jr2
hence
1 C K )
[1+ K (e + )] / el Veof — = f(w,)¢?| dz > = [ ¢*dx — M/ [1+ f'(w,)]¢” d
R2 £ € Jr2 g R2

which gives (4.36) provided that € and § are small enough. From (4.36]) and (4.35) we find

ed*h K

——— ——h

2dz?2 ¢ >0



By Lemmal[4.5.1] we know a priori that ¢, hence h, is growing in z at 00 at some exponential
rate which is independent on . Applying the comparison principle we see that A, and hence
¢, is actually decaying as z — 400, at some exponential rate proportional to ¢~!. Using
again orthogonality condition we calculate

1 _
(~Lun) = [ [eV6F = 20| dad > ol
hence ¢ = 0 as claimed. This ends the proof of the Lemma. ]

We continue with the proof of the Proposition. For a given ¢ € K,,, we define

o = (Y20)xs/e-

The function ¢ is a cutoff of Y*¢ and is supported in Nj. Since ¢ € f_fgﬁ(RB’) with some a € R,
and v > 0 both small (¢ decays or grows in z like cosh™ z, and it decays like cosh™ (%T(z))
away from D) we have that ¢ € HZ _ (D, x R) with some a, € R and 7, > 0 both small.
We also have

(DrxR) < 05_1/2”¢HL3 (R3)>

with similar estimates for other Sobolev norms. Note that since ¢ decays like cosh™
away from D, then ¢ decays at least like cosh™” t with some 74 > 0. Above estimate holds
then for any 7. < 4 and we will consider only -, restricted this way:.

el 22

Qx 7Y%

("' PT(Z))

In what follows we will argue by contradiction and we will assume that dim &C,,. > 6. Since
we know explicitly six linearly independent elements in IC,,_, which are the geometric Jacobi
fields spanning the subspace Z,,. defined in (4.11)) we can find a function ¢ € IC,,_ such that

¢ ¢ T, and in particular we can assume

/ Noe (Y2 ) (Y2®.) cosh® () dVp, dt =0, Wby € T, . (4.37)
Dr xR

We decompose
o =W + ol / Xeso0! (v, £)W(y, ) dt = 0.
R

From Lemma (4.5.2) we know that ¢ # 0 and therefore we can assume [|¢)[|;2 p,) = 1 (indeed

we expect || HL

2 (p.xr) = 0(1)). We compute
where, more explicitly,

(Y?Lw_r)@ = 571[(}/5*¢)8ttX6/5 + 281: (}/va*(ﬁ)ath/é] - (HDT + Et‘ADT|2 + Qs)(Y:(b)atX‘e/é

Lo, — (Y;:*LwT)]‘P =(1- X6/5>(5t|ADT|2 + Q:)0pp — (1 — Xa/é)Aaw-
It is not hard to see that

||Xa/69||L (D, xR) < O(e _65/€)||80||H3m* (D7 xR)>

Qs 7Y%
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since 7, < 7. Using this we can calculate

/Xe/aLwTSOWdt :/Xe/agSOWdt
R R

which gives
T, = T(¢!, 1),

where T' is a linear operator satisfying

1T )z, 0y < O gz, |, (0o xmy + Celle!l

Ax,Yx Ak, Yx (DTXR)

+Ce Yy, (0, + COllY NIz, (0,), (438)

with some a € (0,1). Next we will estimate ¢l. Since this argument is similar to that of
Proposition we will outline the main points omitting some tedious but straightforward
calculations. Let K > 0 be a large constant and y*: R — R, be smooth cutoff functions
such that x™+x~ =1, x"(s) = 1 when s > 1 and x*(s) = 0 when s < —K and additionally
K71+ Kl < C.

We define o'+ = y*ll. Taking the Fourier-Laplace transform (with respect to s) we get

(L") = (L, ") + ([Lue X 1)
= (x*9)" = (XL, (W) + ([Lu, . ] )"

We can project

~ A N
/ P (L, p1*)" = / Pl (x*g)"
[0,77]x[0,27] xR [0,77]x[0,27] xR

- / PIE (YL, (vW))" (4.39)
[0,T-]x[0,27] xR

+ [ A (L, 1] )"
[0,77]x[0,27] xR

Since we have

/ Yo dt = 0,
R

therefore the bilinear form on the left hand side in (4.39) is positive definite and by an
argument similar to the one in Proposition [4.4.1 we get

~ A
/ (L )
[0,T-]x[0,27] xR

where the last inequality follows from Plancherel’s identity. Using Cauchy-Schwarz inequality
and Plancherel identity again on the right hand side of (4.39)) we find

C
>

pl* H%?([O,TT]X 0,27 xR) = H@”’i ||ig (D7 xR)+

C
> —||
€ €

el

|12, (D, xR) < C(”XiQHLg* (D xmys + X L, (VW) |22, (D, xR)+
+
+ H [qu—v X } QOH HLE*(DTX]R):E ) ’
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Using an argument similar to the one indicated in Remark [£.1] and Remark [£.2] we can show
from this

el

Qs Yok

(DrxR)1 —i—SHVgOH’iHLQ (DrxR)+ —i-EHDQQOH’iHLz (D, xr): < OR, (4.40)

Qs Yok Qs Yok

where
R= <HXigHL§*W* (DrxR)+ + HXiLwT (wmeg*w* (DrxR)+ + H [LWT7 Xi} SOH‘ L?L*ﬂ*(DTXR)i> :
We have
+ <O —cd /e I
IXT9llz,  (p.xrye < O(e™F) (0" lmz, . (D, xr) + 1912, 0. ) 5
||XiLwT(ww)HLgW(DTxR)i < Ce||¥lluz (D)
Ce
+
e X1 2 0,y S T 19 e 00w

Combining these inequalities we get from ({4.40))

0. xz) +ElD*0M2 (p,xr) < Cellllmz p,).  (4.41)

Qx5 Yk

e @Mz, oy + el Vel ll1z, .
This and estimate (4.38)) imply
1T, V) lz2 b,y < Cle™ + Yl 2. b,y + COllYll 2. (D,)-

Decomposing ¢ = 1+ + 1=, where = = xy*1 we can use the Fourier-Laplace transform
to show that

Y =1+
where 1) is a linear combination of the the geometric Jacobi fields and

1¥1llmz. o,y < CIT @ )2 0,y < CE + )Yl m2 (b, + Coll¢ ]l 2. () (4.42)

When a, > 0 then 1)y = 0 and (4.42)) implies that ) = 0. In case a, < 0 from (4.37)), (4.41])

and Lemma {4.2.1| we see that 1) satisfies

Y ®? cosh™ sdVp, =0 = o ®3 cosh™ sdVp, = — 1 ®? cosh™ sdVp,

D D D,

for each geometric Jacobi field ®? of Jp_ . It follows that

HwOHLﬁ*(DT) < CHWHLE*(DT)

which, together with (4.42)), implies ¢); = 0 hence ¥ = 0. In both cases this is a contradiction.
The proof of the proposition is complete. O
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