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Abstract In this paper, a nonlinear constitutive relation is proposed to model the behaviour of sandstone. The
model is based on a relatively new class of constitutive relations proposed recently in the literature, which
cannot be classified as Cauchy or Green elastic bodies. A specific expression for the constitutive relation is
proposed on the basis of some experimental data for the compression of a sample of rock, and several boundary
value problems are analysed, considering homogeneous distributions of strains, as well as a problem wherein
one has a non-homogeneous distribution of strains. Finally, the behaviour of the P- and S-waves is studied
for a sample of rock under compression, and it is discovered that the wave speed depends on the compressive
load, a result supported by experiments.

1 Introduction

Rock is a material that exhibits nonlinear behaviour in the range of small displacement gradients and hence
small strains (see, for example, [1-10]). Traditionally, classical linearized elasticity and plasticity based on the
linearized strain have been used to model the behaviour of such materials'. In the present communication, we
propose a model for the mechanical behaviour of dry rock, which is based on the relatively recent implicit theory
for elastic bodies® developed by Rajagopal and et al. [22—27]. Consider for instance the implicit constitutive
relation

§(T,B) =0, ey

where T is the Cauchy stress tensor and B is the left Cauchy Green tensor. Such a model is appropriate to
model isotropic materials (for classification of anisotropy for implicit constitutive relations see [28]) and as
rock is invariably anisotropic we need to consider a different class of implicit models. However, as a first step
in the development of constitutive relations for rocks, we shall consider the above constitutive relation. The
class of models described by (1) contains the interesting new subclass

B =6(), 2)

1 See, for example, Chapter 11 of [11], Eq. 8.6 of [12], Section 4.8 of [13], Section 9.3 of [7], Eq. 1-2 in [14], Eq. (2.2)(1)
in [15,16] and Eq. 5 of [17]. One of the exceptions to this tendency is the nonlinear models proposed by Lyakhovsky and his
collaborators, see, for example, [18,19].

2 As a first approximation in this work, we neglect the dissipation of energy, which is present even for small strains, see, for
example, Figs. 1 and 3 in [20] and Section 7 of [21].
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as well as the classical constitutive equation for the most general class of homogeneous compressible nonlinear
Cauchy elastic bodies T = §(B) (see, for example, [29]). When the norm of the gradient of the displacement
field is assumed to be very small, we find that B ~ 2e + I, where ¢ is the linearized strain tensor, and I is the
identity tensor, respectively. From (2), we obtain the subclass

e =9, 3)

which is very important in its own right, and which could be used to study problems, wherein we have elastic
bodies that behave nonlinearly even in the case of small strains, such as a variety of metallic alloys, cement
and also rock (see [30-32] and the references mentioned therein).

In this study the model (3) is used to fit some experimental data for Berea sandstone, see [2]. In Sect. 2, the
equations of kinematics and the general form of the constitutive equations are presented, and some constitutive
inequalities are proposed. In Sect. 3, some simple boundary value problems are studied, where we have
homogeneous distributions of stresses and strains. In Sect. 4, a specific model is presented to study the behaviour
of rock and the strains and stresses within the context of the problems presented in the previous Sect. 3 are
determined and plots for the same are documented. In Sect. 5, a boundary value problem where we have
non-homogenous distributions of stresses and strains is solved numerically, and the results for the nonlinear
model proposed in this study are compared against the prediction of the classical linearized constitutive theory.
Finally, in Sect. 6 the incremental analysis presented in [33] is used to obtain the speed of waves for an infinite
medium under the effect of compressive loads.

2 Basic equations
2.1 Kinematics and equation of motion

A particle in a body Z is denoted by X, and in the reference configuration it occupies the position X = k g (X).
The reference configuration is denoted by xg (). In the current configuration, the position of the point is
denoted by x, and it is assumed that there exists a one-to-one mapping x such that x = x (X, ¢). The current
configuration is denoted by «; (). The deformation gradient, the left Cauchy—Green tensor, the displacement
vector, and the linearized strain tensor are defined as

ax - 1 /ou du’
F=-—-, B=FF =x—-X =—\—+— ). 4
0X’ C uExXTA e 2<8x+8X @
The Cauchy stress tensor is denoted by T and the local form of the balance of linear momentum is
pX = divT + pb, 5)

where p is the density of the body and b represents the specific body forces in the current configuration and
where we use the notation ( ) for the time derivative. More details concerning the kinematics of deformable
bodies and about the balance equations can be found in [34].

2.2 Constitutive relations

The behaviour of rock is modelled by the new constitutive equation (3), under the assumption of the existence
of a scalar function IT = IT(T) such that (see, for example, [35-37])

o

Conditions on IT so that the response is actually elastic have been presented in [37].
If we further assume that the function IT is isotropic, then IT = I1(o1, 02, 03), where 0}, p = 1, 2, 3 are
the eigenvalues of T. The function IT must satisfy the symmetry conditions

(o1, 02, 03) = (02, 01, 03) = I1(01, 03, 02). @)
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It follows from (6) that

all
e=Y ——a? @a®, ®)

where a(?) are the eigenvectors of T. If & p» P = 1,2, 3 denote the principal strains, from (8) we have

oIl

- 8op'

©)

Ep

The results presented in Sects. 4 and 5 will be compared against the results obtained for the classical

linearized model
e (14+v)

E
where E and v are the Young’s modulus and the Poisson ratio, respectively.

T—%MBL (10)

2.2.1 Constitutive inequalities and some additional restrictions

Some additional restrictions are imposed on the constitutive relation to ensure that the body exhibits reasonable
response, the first of such restrictions being a modification of the Baker—Ericksen inequality (see [38] and
Section 51 of [29]), which has been already proposed in [39] for the model (2):

(0q — 0p)(€a — €p) > 0, 04 # 0p. (11)

The above inequality implies that we assume that the directions of the principal strains are the same as the
directions of the principal stresses (see (8)). From (9), it follows that the inequality can be rewritten as

oIl Il
(o4 — 0p) —— | >0, o4 #o0p. (12)
do, 00p
In the special case of a body under the influence of a spherical stress T = oI, from (9) we have
all
£s = —, (13)
dog

where eg corresponds to the spherical strain produced by og. With the above definitions and results, we can
propose another constitutive inequality:

(05 —os)(es —es) >0, of # oy, (14)

which is a modification of the pressure—compression (PC) inequality described in Section 51 of [29].
Finally, if we assume that when T = 0 the body does not have residual strains, then

oTl
—(0,0,00=0, p=1,2,3. (15)
dop

2.2.2 A special model

In order to fit some actual experimental data for rock, we propose the following particular expression for IT
(this expression below has been used already in [39] for the model (2)):

(o1, 02, 03) = f1(01) + fi1(02) + f1(03) + f2(01) (02 + 03) + f2(02) (01 + 03)

+f2(03) (01 + 02) + f3 (M) _

3 (16)

Using (16) in (9), we obtain that

oIl

1
= 5. = f/l (Up) + f/z(dp)(aq +or) + fZ(O'q) + f2(op) + gfé (

o1 + 03 + 03
Ep
dop

3 >,p#q#n (17)
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The second derivatives of IT will be used in Sect. 6 and are listed here
I _ | F{(0p) +15(0p)(0q +0r) + 55 (PEFE2) . p=s. pFEq#r,
dopdos | falop) + foloy) + gfy (PFFT2), p#s.
Let us examine briefly the implications of the above model (16). First, we can see that (16) satisfies the

symmetry conditions (7), second from (16) we see that the term f/l (0p) could be used to fit the data from a
tension/compression test in a simple manner, while the terms f;(0,,) (04 + 0,) + f2(0,) + f2(0,) could be used
to consider the effect of lateral loads, while the last term %fg (W) could be used to study the effect of
the spherical part of the load on the behaviour of the body.

From (16), we have

(18)

oTIl , 1,
FP. (0,0,0) =§,(0) + 2§2(0) + =f3(0), (19)
op 3

and (15) is satisfied if we assume
f1(0) =0, f2(0) =0, f3(0)=0. (20)

3 Boundary value problems: uniform distributions of stresses and strains

In this section, we study briefly some simple boundary value problems, wherein we assume homogeneous
distributions of stresses. Some of these problems are considered because they can be used to study some of
the experimental data presented in [2].

3.1 Uniform compression/tension of a cylinder without lateral constraints

Here, we are interested in studying the case of a cylindrical sample of rock that is compressed in the axial
direction, assuming that the lateral surface is free to expand radially. This is one of the experiments that is
routinely performed to study the behaviour of rock [40]. It is necessary to bear in mind that in the actual
experiment it is difficult to obtain such uniform distributions of strains, due to end effects (see, for example,
[4,5,7,40]).

Let us consider a cylinder that in the undeformed configuration is described in cylindrical coordinates by

0<r<ry,, 0<6<2m, 0<z<L. 2D
Let us assume that this cylinder is deforming under the influence of the stress distribution
T=o0.e, Qe,, (22)
where o, is constant. In this problem o1 = o0, and 0o = 0, = 0, 03 = 0y = 0 and from (9) we have
oIl oIl
g, = — , & = &g = . (23)
902 |(0:,0.0) 997 |(5,.0,0)
In the special case of (16), we obtain
1 o
e = fio + 35 (). (24)
/ 1, (o
er = &0 = (o) + 00+ 31 (5). 25)

Since T is constant so is &; therefore, it is possible to obtain u from (4) 4 and the equation of motion (5)
(assuming no body forces) is satisfied automatically. The same will be valid for the boundary value problems
presented in the following subsections. Notice that when using (6), (9) the radial and axial deformations are
obtained directly as functions of the load o.

A restriction on IT can be imposed in view of the above results, namely demanding that when® o, < 0 we
have ¢, < 0 and &, > 0, while if 6, > 0 we have ¢, > O and &, < 0.

Finally, in the case of the classical linearized elastic relation (10) we have

o v

g, = —, & = —Eoz. (26)

3 See [39] for the counterpart of these inequalities for the case of large elastic deformations.
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3.2 Uniform compression/tension of a cylinder with lateral constraints

For this problem, consider the triaxial compression of a cylindrical sample, where the same cylinder described
in (21) is subjected to compression, but where we assume there is a lateral wall that does not allow the cylinder
to expand radially, i.e., we have the constraint

g =0=c¢g. 27

Because of the above constraint, the presence of an axial compressive stress produces reaction loads in the
radial and circumferential directions; therefore, in general we must assume that the stress tensor is of the form

T=oe Qe +oyeg Qey +o0.€; e, (28)

where o, is given data and o, oy must be found from the constraint (27). Let us take o1 = o,, 02 = o, and
03 = oy from (9) we have

gzzg’ ():an’ O=E, (29)
do; doy dop
and it follows from (16) that
1 , -
62 = £1(02) + 10007 +00) + F2(00) + Falow) + 5, (#) , (30)
1, (o
0= i(07) + a0 (00 + 02) + a(0w) + 20) + 5 (#) , 31)
/ / l, r T+ +
0= 11(00) + f1(00) (0 +02) + fa(0r) + a(02) + 5 (%) , (32)

and from (31), (32) we see that o, and o should be the same, therefore, if oy = o, from (30)—(32) we finally
obtain

/ / 1, (20, + o,

g, = f1(07) +2f5(0)or + 2f2(0;) + §f3 (T) , (33)
/ / 1 ; 20’r + oy

0= f] (o) + fz(ar)(ar + 0;) + f2(0r) + f2(07) + §f3 (T) . (34)

Eq. (34) should be used to obtain o, as a function of o.
A further restriction on the functions f; could be demanded when o, = 0. In this case, from (34) we obtain
that

3

and it is reasonable that in that case the solution of the above algebraic equation should be o, = 0.
Finally, in the case of the classical linearized elastic relation (10) it is possible to show that

% 1 202
[or— (1 — V)O'Z, &, = E |:1 — m} 0y. (36)

/ / 1 / 26’
0=fi(o) +fr(0r)0r + f2(or) + §f3 ( ) ; (35)

3.3 Triaxial loading of a block

Next, let us work with a block that in the reference configuration is described through
Li o<l (37)
2oy < 28
2 =772

This block is assumed to deform under the influence of the stress distribution

3
T=) osei®e, (38)
i=1
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where o is constant. From (9), if o; = o, j = 1,2, 3 we have

oIl
&S = —, (39)
30’5
and in the case of (16) the above equation reduces to
/ / 1 /
es = fi(os) + 2, (05)os + 2f2(0s) + gfg(ﬁs), (40)
where &5 would be the strain associated with the above stress.
In the case of the classical linearized elastic relation (10), we have
(1-2v) @)
£y = ————05.
s 5 s

3.4 Simple shear of a block

In this problem, we consider the same block described in (37), this time under the influence of the pure shear
stress distribution

T=1(e1 Qe +eReq), (42)
where 7 is assumed to be constant.
From (42), we have 01 = 1, 0o = —7 and 03 = 0 and using this in (9) and appealing to (16), we obtain
that
oIl oIl oIl
— =fi(0) —HO T+ h(-1), — =D +HEDT+HR(), — =) +f2(-1). 43)
do 3007 do3

The eigenvectors of T are
al) = L(el +e), a® = L(—e1 +e), a® =e;. (44)
V2 V2

Let us assume that a distribution of stress of the form (42) applied on the block described in (37) produces
a displacement field of the form

ur = (Ag — Dxy +yx2, uz =@Rp — Dxz, uz = — Dxs. (45)

In this case, we obtain that
14
enn=ra—1, en=»%x—1, e3=»%i—1, fi2 =7 (46)

Substituting (46) in (8) in view of the above results, we finally obtain that

1
ha—1=x—-1= E{ﬁ(f) + §1(=7) + f2(2) + f2(=7) + T[fo(—=7) — FH(D)1} 47)
Ae — 1 =fo(r) + f2(—71), (48)
Yy = i) = f1(=1) + fa(—=1) — f2(x) — [ () + fo(—D)]. (49)

In the case of the classical linearized model (10), there is no coupling between the shear stresses and the
longitudinal deformations, and we simply have

_ 2(1+v)1_

3 (50)
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3.5 Shear and compression of a block
In this last example, let us consider the block described by (37) now under the influence of the stress field

T=0ce Qe +1(e; ey +erQep). (51)

It follows that the principal stresses are

1 1
01=§[G+\/62+4T2], 02:5[6—\/62-1—41:2], 03 =0, (52)
and the principal directions are

al) =Rj(lre; +e), a® =Ry (lre; +¢3), a® =es, (53)

where we have defined

«/51: x/if

N = S N = : (54)
Vo2 +412 + ool + 472 Vo2 +412 — ool + 472
' o+ o4 4r2 o —+or44r? 55)
b= 27 R 27 '
Assuming that the body deforms in the same manner as in (45), from (8) we obtain that
oIl oIl
ha — 1= —RIZ 4+ —R202, 56
a 90, 4+ 90, 2 (56)
oll oIl
Ap— 1= —RT+ —N3, (57)
001 don
orIl
he — 1= —, (53)
8(73
oIt _, oI,
=2 —N7¢ —R50 ), 59
Y (301 1 1+802 22) (59)
where
I 1 o1 + o2
Jor fi(o1) + fyloDor + fa(o2) + gf% ( 3 ) , (60)
daIl 1 o1+ o2
— =fi(02) + fr(02)o1 + fa(o1) + = f5 ) (61)
d0n 3 3

where o1, 07 are given in (52).

Regarding this boundary value problem, we are particularly interested in studying the behaviour of y in
terms of o, because, as described in detail in the next section, there is some experimental information for the
shear modulus as a function of the compressive stress for a cylindrical sample under torsion and compression
(see [2]). To obtain such a shear modulus which would depend on the compressive stress, we can start from
(59). From (60), (61) and (52) we see that the right side of (59) depends on ¢ and 7, so let us define the function
H as

Gyl JTI
H(o, 1) =2 —RTl + —R34 ), (62)
d0] doy

then (59) becomes
y = H(o, 7). (63)

For our nonlinear model (63), the shear modulus can be obtained by assuming t to be very small (in comparison
to a given reference value for the stresses), and expressing y as a Taylor series in , retaining only up to linear
terms in . From (63), we have

oH
y & H(o,0) + o T. (64)

=0
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Table 1 Constants for the functions presented in (69)

aj a a3 c 2 3 d dp d3

0.011 —0.0004 0.001 —0.08 —0.05 —0.08 0.1 0.2 0.1

From (54) and (55), it is easy to see that R%Zl =0and N%Zz = 0 when 7 = 0, therefore from (62), H(o,0) =0
and from (64) we finally obtain

oH
y~ ZE (65)
it =0
The shear modulus G = G (o) could be defined as
G = ! (66)
M
at =0
From (122) (see Appendix A) defining 0 = —¢ with ¢ > 0, we have that
oH 20=0) (=)
- :2[f _ — 10 . (67)
T |- D s

4 A model for the mechanical behaviour of rock

The main experimental information to be used in the present study is Figure 4 of [2], where the axial deformation
for a sample under compression assuming lateral constraint are documented. From Table 1 of [3], we also have
some information concerning the behaviour of different types of rock under tension, where the main result is
that most types of rock are less stiff under tension than compression*; therefore, one of the main considerations
here is that the behaviour of rock will be different in tension and compression, i.e., in general for the different
functions that appear in (16) we have

f(=x) # —f(x). (68)

We propose the following expressions for the functions f; in (16):
fi) = o [d" —crInd)x], f2(x) = a2 (d5*" — 1), f3(x) =3a3[d5" —c3In(d3)x],  (69)
where «;, ¢c; and d;, i = 1, 2, 3 are constants. The derivatives of the above functions are
flx) = ajerInd; (di" = 1), f5(x) = aaca In(da)dy™, f3(x) = 3azczInds (d5** — 1), (70)

and it is easy to see that the restrictions (20) are satisfied.
The second derivatives of f1(x) and f3(x) are needed in Sect. 6 and are given as

fl(x) = arct(nd)?d™, f5(x) = 3ezc3(Inds)?ds*™. (71)

Considering the results presented in Sect. 3.2 for a cylinder under compression with lateral constraint and
the data presented in [2], and based on the discussion of the behaviour of rock under tension [3], the list of
constants presented in Table 1 is proposed for the model (69) [see (16)]. In (69), the physical units of ¢;,
i =1, 2,3 are of 1/MPa, while the units of «; and a3 are MPa; finally, the constants d;, i = 1, 2, 3 and o, do
not have units.

Now, regarding the linearized model (10) we obtain the constants by considering (9) and assuming that
loj|,i =1, 2, 3 are very small (compared with a given characteristic value for the stress), in such a case from
(9) we have the approximation

ER
&N s, (72)
0905 | 0,0,0)

4 See also, for example, Fig. 6 of [18] and Figs 1, 3 of [19].



A nonlinear model for describing the mechanical behaviour of rock 259

Fig. 1 Compression/tension of a cylinder subject to lateral constraint. The continuous blue line shows results for the nonlinear
model (16), (69). The circular black markers show experimental results taken from Figure 4 of [2] (where results are shown
only for compression). The dashed magenta line indicates the results for the linearized model (10) considering (75) (color figure
online)

where we have used (15) and where from (16) we have

ER
dopdoy

o C2
B {ﬂ’(owéfg(ox p=s _|aicind)?+ =5i(nd3)’, p=s
- 1¢r - 2
000 | 2H0) +35f50), p#s 2arcrlndy + B3 (Ind3)?,  p#£s

(73)

Replacing the above results in (72) and comparing the expression with (10), it is possible to show that

2
| |:201202 Ind, + oz33c3 (In d3)2i|
E = > ) V= 5 ) (74)
[alcf (nd)? + “5 (In d3)2:| [alc%(ln d)? + 2 (In ds)z}

and considering the values for the constants from Table 1 we have
E ~2600MPa, v~ 0.1038. (75)

With regard to some of the plots to be presented in this and in the following sections, we compare the
behaviour of the rock by considering (16), (69) and for the linearized model (10) by considering (75).

In the following figures, we portray the behaviour of the cylinders and slabs described in the problems
presented in Sect. 3, within the context of the particular expressions for the constitutive functions given above.

In Fig. 1, results are presented for the compression/tension of a cylinder assuming that the lateral surface
of the cylinder cannot deform (see Sect. 3.2), results are shown for the axial component of the strain &, by
comparing the results for our model (16), (69), against the experimental results in Figure 4 of [2].

In Fig. 2, we document the predictions of the model for the radial reaction stress as a function of the axial
stress applied on the cylinder. It is necessary to point out that for the model (16), (69) the restriction that is
proposed in (35) is satisfied.

In Fig. 3, we present results for the cylinder described in Sect. 3.1, for the model (16), (69), deforming
under compression/tension, but now assuming that the lateral wall is free to expand/compress. Results are
presented for the axial and the radial components of the strain as functions of the axial stress. From that figure,
we see that the restrictions proposed at the end of Sect. 3.1 are satisfied.

In Fig. 4, results are shown for the problem presented in Sect. 3.3 for the deformation of a slab under the
influence of a spherical stress.

In Figs. 5 and 6, we see results for the problem presented in Sect. 3.4 in the case of (16), (69). Figure 5
displays the results for the axial stretching/shortening of the slab under shear stress, while in Fig. 6 we provide
the results for the shear deformation in terms of the shear stress.

Within the context of (16), (69), let us study the constitutive inequality (12). In the case of (16), the
inequality becomes

(04 — op)[f1(0a) — §1(0p) + F2(0p) — f2(04) + f3(02) (9b 4 0¢) — F5(08) (0u + 0c)] > O, (76)
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Fig. 2 Compression/tension of a cylinder subject to lateral constraint. The continuous blue line shows results for the nonlinear
model (16), (69). The dashed magenta line shows results for the linearized model (10) (color figure online)

15 -10 -5 [T
Z0.001 |

—0.002F

Fig. 3 Axial and radial strains for the case of a cylinder under compression/tension without lateral constraints in the case of the
nonlinear model (16), (69)

s
0.002
-/
NN L ! ! ! O-S MPa
20  -15  -10 -5 =
o7 —0002}
’f
/"’ [
e ~0.004
’/,’ L
el ~0.006]

Fig. 4 Strain for the case of a block under the influence of triaxial stress. The continuous blue line shows the results for the case
of the nonlinear model (16), (69). The dashed magenta line presents the results for the linearized model (10) for the values of the
constants presented in (75) (color figure online)

which must be true for o, # op. Now, considering the specific expressions for the functions f; (x),i = 1,2, 3
assumed in (69), and the numerical values of the constants shown in Table 1 that are used to define such
functions, it is easy to demonstrate that (o, — 03)[f}(04) — f}(05)] > 0 and (o, — 0p)[f2(0p) — f2(04)] > 0,
however, that is not the case when considering (o, — 03)[f,(04)(0p + 0c) — §5(0p) (04 + 0c)]. Therefore,
in order to explore if (69) satisfy (76) in Fig. 7 we show contour plots for the function g(o,, 0p) = (0, —
op)[f)(0a) — 1 (b)) + f2(0p) — F2(0a) + F5(0a) (0p + o) — f5(0p) (04 + 0¢)] for some specific values for o,
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Fig. 5 Shearing of a block. Results for the extension/compression of the block under simple shear within the context of the
nonlinear model (16), (69)

Y
0.004 | e

0.002| ?

~0.002}

- ~0.004]

Fig. 6 Results for the shear deformation of a block. The continuous blue line shows the results in the case of the nonlinear model
(16), (69). The magenta dashed line represents the results with regard to the linearized model (10) when (75) (color figure online)

considering a range of values for o, and o}, from —20 to 5 MPa. From such plots, it is possible to observe that
for the range of values for o, and o0}, and for the four specific values for o,, the function g(oy, o) would be
positive and (76) would be satisfied.

Regarding the PC inequality (14), we have not been able to show analytically that such a restriction is
satisfied for (16), but by studying contour plots similar to that is shown in Fig. 7 for the range of values for o
and the og between —23 and 5 MPa, it is possible to see that such an inequality would be satisfied with regard
to (69) for the constants presented in Table 1. For brevity, we do not show such plots here.

Finally, in Fig. 8 some results are presented for the case of the shearing of a slab that is also subject
to compression that was studied in Sect. 3.5. Specifically, the results for the function %(ﬁ, 0)/ %(0, 0) =
G = 0)/G () are depicted (see (67) recalling that H = H (o, t)). These results could be compared with
the experimental results obtained from Figure 7 of [2], where the difference in the shear modulus is presented
as a function of the compressive stress for a cylinder under compression and torsion.

5 Boundary value problem wherein non-uniform distributions of stresses and strains are considered:
expansion—compression of a cylindrical annulus

In this section, we present results for a boundary value problem, wherein the distributions of stresses and
strains are inhomogeneous, to study the predictions of the nonlinear model (16), (69), and then compare these
results, for some cases, with that for the linearized model (10).

Let us consider a cylindrical annulus that in the undeformed configuration is described through

ri<r=<r,, 0<6=<2m, 0=<z<L. (77)
This annulus is assumed to be subject to the following distribution of stresses

T= Trr(r)er ® e + Tyg (}’)eg ey + TZZ(r)eZ ® €z, (78)
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for different values for o.. The stresses are in MPa

G = 0)/G(9)
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Fig. 8 Dimensionless shear modulus for a slab under the influence of a compressive load, in the case of the nonlinear model (16),
(69)
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which we assume produces the displacement field (see [36])
u=u,(rje, + (x — I)ze,, (79)

where A is a positive constant.
For the stress distribution (78), the equilibrium equation becomes

d
Ty = _(rTrr)’ (80)
dr
while from (4)4 and (79) we obtain that
du, U
Err = , 809 = —, &z =Ai—1L (81)
dr r

In this problem, we have o1 = T}, 03 = Tyg = (%(rT,,), o3 =T, and ] = %"r’, ep=""ande3 =1 — L.

From (78), (80), (81) and (9), we have

du,  OII , ur 0l , oIl ,
dr = 8_0_1(Trra Trr’ Tzzv r)’ 7 = 8_0_2(Trra Trr’ Tzz» r), A-—1 :a_o_s(Trrv Trr, Tzz’ r)' (82)
And from (82); 2, we can obtain that
d oIl oIl
— =)= = 83
dr <r 8(72> 80] ( )
The above equa‘tion and (82)3 should be solved for 7,,(r) and T, (r), where u,(r) and Tyg(r) are obtained
from u, (r) = r &5 (T, T/,, Toz, r) and Tpg = 45 (rTy), respectively.

It has not been possible so far to solve (83) and (82)3 exactly in the case of the nonlinear model (16), (69);
therefore, we solve them using the finite element method (see [36]), for which we first take the derivative of

(82)3
d (oIl
0=—(—). (84)
dr (803)

and we assume that 77, (r) is given in terms of the auxiliary potential t,,(r) as

dr,,

T,,(r) = ar

(r). (85)

Egs. (83) and (84) correspond to two nonlinear second-order coupled ordinary differential equations for 7., (r)
and 7, (r), which are solved using the program Comsol 3.4 [41].
Regarding the boundary conditions, we consider two cases

Case A: T, (rj)) =—P, T,(r,) =0, (86)
Case B: T,,(r;) =0, T, (ro) =—P, ry,>r. (87)

In the first case A, we are interested in studying the behaviour of an annulus under a radial load applied inside,
while in the second case B we are interested in studying the behaviour of a large body with a cylindrical hole
under the effect of a far away radial compressive load. In both cases, we assume that A < 1, i.e., we assume
compression in the axial direction.

The above conditions have to be supplemented with the following boundary conditions when using the
finite element method for the nonlinear model (16):

rr>

ATl /
TZ(ri)zos )"_1 = (TrrsT Tzzvro) . (88)
003

r=r,
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Fig. 9 Distributions of the dimensionless components of the stress and the strain tensors for the boundary condition case A when
P =1MPaand A = 0.99746

When considering the linearized model (10), Eqs. (82) can be solved exactly obtaining

C c
T, (r) = Co + r—; Ty (r) = Co — 721 T..(r) = E(x — 1) + 2vCy, (89)
u,(r 1 C
) =—{C0[1—v(1+2v)]——21(1+v)}, (90)
r E r
where
Case A: C Pri_ o P ©1)
ase N 0= —"FF">5_>» 1= ——F=F 5>
) 2=r)
CoseB: Co= 100 ¢y = DMi% (92)
ase B: Cop= ——"—, | = ————.
7 =r3) (7 =r3)

For the plots presented in Figs. 9, 10, 11, 12, 13 and 14, we shall use the following notation
T;; rooo_ 7

L=l g 7 ; p=-rt
= Tp 99—Ps @= po r_r,-’ ur—riv _Pmax'
For the case A, we provide plots for r; = 0.1 m, r, = 0.2 m, while for the case B we provide plots forr; = 1 m,
ro = 100 m.

For real samples of rock, the maximum strains before failure are in general smaller than the maximum
strains that are shown in Figs. 9 and 10, but in the present work we are not concerned with a damage theory
for such materials.

In Fig. 9, results are presented for the distributions of the dimensionless components of the stress and the
strain tensor as functions of the dimensionless radius 7, solving the differential equations (83), (84), for the
case of the boundary conditions A [see (86)], when® P = 1 MPa and A = 0.99746.

Figure 10 presents for the distribution of the dimensionless components of the stress and strain tensors,
for the case of the boundary conditions B [see (87)], when P = 600 Pa and A = 0.9985, which were the
maximum and minimum values for P and A, for which the numerical code converges.

In Fig. 11, a plot of &, evaluated at ¥ = 1 as a function of P is presented, for the boundary conditions,
case A [see (86)], where we compare the results obtained for the nonlinear model (16), (69), and the linearized
model (10) with Young’s modulus given by (75).

93)

5 The specific value for A presented here was chosen such that &g, which for this problem is positive, would be ‘small” enough
that the constitutive theory (6) would be still valid.



A nonlinear model for describing the mechanical behaviour of rock 265

________ 2 x 10
1.5¢
Err
1 -~ ~ €66
0.5}
Trr 0 - T T T
- - -Tye
""" Tz- -05
_1 L
-1.5¢
L L L _2 L L L
0 50 100 150 200 0 50 100 150 200
/T /T

Fig. 10 Distributions of the dimensionless components of the stress and strain tensors for the boundary conditions case B when
P =600 Paand 1 = 0.9985
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Fig. 11 Dimensionless radial displacement as a function of P for the case A. It is assumed that A = 1. In the main plot, results
are shown for the nonlinear model (16), (69), while in the subplot results are presented in the case of the linearized model (10)
when considering (75)

The maximum applied load P was Ppax = 1.5 MPa. The results for the nonlinear model are one order of
magnitude larger than the results for the linearized model (10); therefore, the results are presented in a subplot
in the same figure.

In Fig. 12, similar results are presented in the case of the boundary conditions B [see (87)], comparing the
results for the nonlinear model (16), (69) with the results of the linearized case (10).

It can be observed that since the compressive load is applied on the outer surface of the body, the dimen-
sionless inner radial displacement is negative, which is the opposite of what is observed in Fig. 11.

In Figs. 13, 14, we provide plots for A as a function of the total axial force exerted on the tube F,, which
is defined as

To
F, = 27‘[/ T,.(r)r dr, (94)
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Fig. 12 Dimensionless radial displacement as a function of P for the case B, assuming A = 1. The main plot shows the results
for the nonlinear model, and the subplot we have results for the linearized model
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Fig. 13 Axial stretching A as a function of the total axial force F (in N) for the case A, assuming P = 1 MPa, comparing the
results for the linearized model (10) and the nonlinear model (16), (69)

which in the special case of the linearized model (10) in virtue of (94) leads to
Fy=n[EG —1) +20Col(r2 — r}). (95)

In Fig. 13 (case A, see (86)), it has been assumed that P = 1 MPa, while in Fig. 14 (case B, see (87)) P is
assumed to be 600 Pa. In both cases, a comparison between the predictions of the nonlinear model (16), (69)
and the linearized model (10) is presented.

6 Propagation of waves of small amplitude

In this section, we study the speed of the S- and P-waves propagating in a sample of rock under compression.
First, it is necessary to mention that we have two options for studying the propagation of waves using the
model (6):
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Fig. 14 Axial stretching A as a function of the total axial force F (in N) for the case B, assuming P = 600 Pa, comparing the
results for the linearized and the nonlinear models

e One possibility would be to consider that the amplitude of such waves (for the stress tensor T) is similar or
larger in comparison with a characteristic value for the stress, and in such a case we would need to solve
in general a complicated system of nonlinear partial differential equations in order to obtain T(x, ) and
u(x, t); such an analysis has been considered, for example, in [42]. In that particular nonlinear case, it is
necessary to take into account the fact that quantities such as the frequency and the speed of a wave could
depend on the stress, but also could change in time.

e A second simpler option is to suppose that the magnitude of the waves for the stresses is assumed to be
very small in comparison with a characteristic stress, and is denoted by AT(x, ¢), superimposed upon a
time-independent stress field T, (x). In this case, the properties of the wave motion Au associated with
AT(x, t) can be obtained by solving some incremental linearized equations. The properties of the wave
motion will depend on the time-independent stress distribution T, (x). We choose this second method to
study the propagation of waves for a rock sample.

Let us briefly present some elements of the incremental analysis within the context of (6) and (8) (see [33]).
Let us assume that there is a time-independent distribution of stress T, (x) that produces a time-independent
displacement field u,(x). These two fields are assumed to be solutions of (5) and (6) (see also (8)). A small
time-dependent stress AT(x, ¢) is superimposed on the body, and we obtain the total stress field

T=T,x) + AT(x, 1), (96)

where we assume that |AT(x, ¢)| < |T,(x)|. This small time-dependent stress distribution is assumed to pro-
duce a small time-dependent incremental displacement field that is denoted Au. We define a total displacement
field u as u = u, + Au. The key step now is to require that T = T, (x) + AT(x, ¢) and u = u,, + Au are also
solutions of (5) and (6), (8), and since T, (x) and u,, (x) are solutions of (5) and (6), (8) after some manipulations
we obtain the incremental equations

. 9% Au
divAT = p PRl Ae = A(T,) AT, 97)
where we have defined
A= il (98)
©ATOT’

In index notation (Cartesian coordinates), (97) becomes

ATy *Au; 1 (0Aw; | dAu;
ox; e 7 2

=A;iuATy. 99
ox, 8x,»> ijkl ATy 99
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In the case that IT(T) is written in terms of the principal stresses I1 = I1(o7, 02, 03), we have (see [43])

302 2 (P) @ aP
1 9°11 oIl d(a'”’ @ a'?
A=YY1 <a<1’> 2a? ©a® ga® +a® ga@ ga? @ a(p)) Ly @” ®a’)
— 2 00,00y — dop oT
g=1p p
(100)
where
9(a? ® aP 1 1
( ® ) = owre) 4 QWP p£g#r,  pnotsummed, (101)
aT op — 0y op — O
and where
1
ore) — glar) — E(a(p) ®a? ®a? ®a? +a?” @a? ®a? gal?
+a(q) ® a(P) Q a(P) ® a(q) + a(q) Q a(]’) ® a(‘Z) ® a([?)). (102)
It is possible to show that
Aijrt = Awiij = Ajiki = Aijiks (103)

C oy .. .- _3*n
which is a consequence of the original definition A = 77

The system of equations (99) is linear for AT;; and Au;, but the components of A;jx; depend on Ty,

Now, considering the solution for T, obtained in Sect. 3.2 and presented in Figs. 1, 2, we proceed to solve
(99) assuming that media is infinite. To assume that the cylinder is an infinite body in order to solve (99) is an
important simplification, but considering the kind of data presented in [2] and in other works (see, for example,
[1,40]), such an assumption is important to simplify the problem and to avoid the appearance of reflection of
waves at the boundary of the cylinder.

In view of the above remarks, we solve (99) assuming that AT;; and Au; are given as

ATy (x, 1) = Ty ™0 Auj(x, 1) = Upe! “Om30), (104)

where 1 = 4/—1 is the imaginary number, w is the frequency of the wave, s is the slowness and n is the
direction or propagation, and where T;;, U; are constant. Substituting the same in (99), we obtain the linear
system of equations

My 4 0 0 Mps Ms 0 My 0 0 T 0
0 M » 0 M 4 0 M6 0 M g 0 Too 0
0 0 Mzs 0 Mss Mag 0 0 Mso T3 0
My Myo Myz Mgy Mys Mye Mgz O 0 2Ty, 0
Ms; Ms, Ms3 Msy Mss Msg 0 Msg O 2Ti3 | =10, (105)
Me1 Meo M3 Mes Mes Mee 0O 0 Mg 2To3 0
M71 M7, Mysz Myg Mys Mye My7 Myg 0 Uy 0
Mg Mg, Mgz Mgy Mgs Mgeg Mgz 0 Mgo 8 0
Mo Moo Moz Moy Mos Mo 0 Mog Moo Us 0
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1/s

where we have defined

My | =1sny,

Mo = 1sny,

M3 3 =isn3,

My 1 = A1,
My 6 = Ai123,
Ms,1 = Ati22,
Ms 6 = A03,
Me,1 = A1133,
Me,6 = A3323,
My 1 = A1z,
My 6 = A1223,
Mg 1 = Ai113,
Mg 6 = A1323,
Mo 1 = Aji23,
Mo 6 = A2323,

s

M 4

M 5
My 2

s

My 7
M »
M g

s

M, >

)

Mg 9

where the expressions for 4; ;4 in the case of (16) are computed in Appendix B.
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A non-trivial solution of (105) can be found when

det[M] = 0,

My 5 = Aj113,
Ms 5 = A3,
M s = A3z313,
My 5 = Aj213,
Mg 5 = Aj313,
Mo 5 = A1323,

25

Fig. 15 Results for the wave speed 1/s in m/s as a function of the axial stress —o, in MPa. In a results are shown for the P-wave,
and in b results are presented for the S-wave

(106)
(107)

(108)

(109)
(110)
(111)
(112)
(113)
(114)
(115)

(116)
(117)
(118)
(119)
(120)

(121)

where [M] is the 9 x 9 matrix with components M,,,,. From (121), we obtain a polynomial equation for s.
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We display the results for the wave speed 1/s for the special case n = e3 that is taken to be equal to e,
(see Sect. 3.2), for different applied external loads o,. A wave speed 1/s that is a solution of (121), which is
associated with a vector Uy = U, = 0 and U3 = 1 could be considered as a P-wave, whereas a solution of
(121) for which Uz = 0 can be considered as a S-wave.

The results shown in Fig. 15 could be compared, at least qualitatively, with the results presented in Figure 5
of [2].
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Appendix A

In this appendix, we derive the form of the derivative of H with respect to 7 that is used in Sect. 3.5. From
(62), we have

0H _ 32T 3oy N 3’ 9oy w2 4 O (o 381, +N28€1
ot~ |02 9t " dojdoy ot ) T ao \T o T e

O’ doy  9°Mdoz\ ATl ANy 5,302
+ —+— R3€ + — (28— + RS : 122
(801802 ot 902 ot ) 277 don < ot 2 8r> (122)

but from (52), (54) and (55) we have

dog _ 2t 00n . 2T (123)
0t Jol+4r2 9t Jol+4rZ
\/iO"L' 1_+ \/EO"L' l—+
Ry VoliaZ 0Ny N (124)
dt (02441232 7 4T (02 +472)3/2 7
2
o (tFEm) e (ot W) 125)

dtT 272 BT 272

From (123), we note that as T — 0 this implies that aa% — 0 and aa% — 0. On the other hand, from (124)
and (125) we have

oy g, 228 o o, B2y, 220 o (126)
Vor T e T (02 4 or 2 2r T T (02 +4r)p

which as T — 0 become % -, respectively.

lo|”
If T = 0, from (52), we find that o1 = %(0 +lo|) and oy = %(a — |o’]), then by defining 0 = —¢ with ¢ > 0
we find that oy = 0 and 0, = —1. Using all these results when t — 0 in (122) and recalling (16), we obtain
(67).

Appendix B

In this appendix, we obtain explicit expressions for the components of the tensor .A presented in Sect. 6 (Eq.
(100)) in the case of the particular expression for IT presented in (16), for the special case a; = e;,i = 1, 2, 3.
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In this case, from (100) we obtain that

l
Aitii = (o0 + (o1 (02 +03) + 54 (“l +o ”3) , (127)
1
Ann = f{(02) + f2(02) (01 + 03) + § (a Irot 03> , (128)
1
Assss = {(03) + (o9 (o1 + o) + gy (22T "3) , (129)
1
Az = o) + (o) + 514 (%) , (130)
1
Arizs = (1) + Fo(03) + 5 (W) , (131)
1
Aoz = fy(o2) + o) + 54 (W) , (132)
[f2(02) — fa(o1) + i (01) — 1 (02) + (02 + 03)f5(01) — (01 + 03)f2(02)]
A = (133)
2(01 — 02)
Apsgs = [f2(03) — fa(o1) + fi (01) — 1 (03) + (02 + 03)f5(01) — (01 + 02)f2(03)] (134)
2(01 — 03)
[f2(03) — f2(02) + 1 (02) — f}(03) + (01 + 03)f5(02) — (01 + 62)f2(03)]
A3z = (135)
2(02 — 03)
A =0, Az =0, A =0, A»ip=0, Axniz=0, Anxz =0, (136)
A3 =0, A3313=0, A3zz3 =0, A1z =0, A3 =0, Aiz3=0. (137)
If o1 — 02 = o, it follows from (133) that
A = [f (0) + (0 + o3)f5(0) — 2f4(0)]. (138)
On the other hand, if 0y — 03 = ¢ from (134) we have
1
Az = 3 [f{(0) + (02 + 0)f5(0) — 25 (0)]. (139)
Finally, if 0y — 03 = o from (135) we obtain that
1
Axzy = S [f{(0) + (@1 + 0)f3(0) = 2f(0)]. (140)
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